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RIASSUNTO

Geodetiche nei sistemi di numeri ipercomplessi. Appli-
cazione ai quaternioni commutativi
Alle funzioni di variabili ipercomplesse sono associati dei campi fisici.
Seguendo le idee che hanno condotto Einstein alla formulazione della
Relatività Generale, si intende verificare la possibilità di descrivere il
moto di un corpo in un campo gravitazionale, mediante le geodetiche
negli spazi "deformati" da trasformazioni funzionali di variabili
ipercomplesse che introducono nuove simmetrie dello spazio. Il
presente lavoro rappresenta la fase preliminare di questo studio più
ampio.
Come prima applicazione viene studiato il sistema particolare di
numeri, chiamato "quaternioni commutativi", che possono essere
considerati come composizione dei sistemi bidimensionali dei numeri
complessi e dei numeri iperbolici. Utilizzando per questi sistemi le
stesse trasformazioni funzionali che, in precedenti lavori, si sono di-
mostrate valide nei casi bidimensionali, si trovano, come geodetiche,
delle ellissi con l'eccentricità legata all'inclinazione rispetto ad un
piano di riferimento.
Queste geodetiche non rappresentano le orbite di Keplero, ma
mettono in luce un aspetto di anisotropia dello spazio, che potrebbe
essere collegato alle orbite dei pianeti del sistema solare.

[FUNZIONI DI VARIABILE IPERCOMPLESSA, GEOMETRIA DIFFEREN-
ZIALE, RELATIVITÀ GENERALE]

ABSTRACT

The functions of hypereomplex variable can be related to the physical
fields.
Following the Einstein's ideas, by which the Theory of General Rela-
tivity was developed, we want to verify if a generalisation is possible,
in order to describe the motion of a body in a gravitational field, by
the geodesies in spaces "deformed" by functional transformations of
hypercomplex variables, these number systems introduce new space
symmetries. This paper is just a first step in the more extended
study
As a first application we consider the "commutative quaternions"
system that may be considered as a composition of complex and
hyperbolic numbers. By using in this system the same functional
transformations valid for the two dimensional case, elliptical
geodesies are obtained, with the eccentricity related to the angle
between the orbit plane and a reference plane.
These geodesies do not describe the Kepler orbits, but they show a
space anisotropy that might be related to planet orbits of the solar
system.

[FUNCTIONS OF HYPERCOMPLEX VARIABLE, DIFFERENTIAL GEOM-
ETRY, GENERAL RELATIVITY]

Ssft BLA3SK
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1 Introduction
Einstein, in the historical paper on General Relativity [1] used the tensor calculus, but, at the
same time, he complained about the lack of mathematics that could simplify the description
of the Nature. So Einstein himself seemed to suggest the development and the application
of different mathematics that could be creative for the physical laws.
It is well known [2] that a physical phenomenon is better described if mathematics with
the "symmetries" of the problem is employed. The most common example is the use of
polar coordinates in problems of central field. Another example is the case of a two dimen-
sional potential satisfying the Laplace equation, that is described by using complex numbers
z = {x + iy; x, y € R; i2 = — 1} and their functions [2]. This can be explained by the
group properties of the operator i [3]. It has also been shown [4] that the two units numbers
z = {x + jt; x,t G R; j 2 = 1} (called hyperbolic numbers) and their functions are able
to describe the wave equation space-time symmetry. This can be explained by the group
properties of the operator j [4]. Moreover, in [3] has been shown that each hypercomplex
number system, together with its functions, has particular group properties and can describe
phenomena with a particular symmetry.
Now, a few months after the first connection found by Einstein between gravitational field
and space geometry by means of Ricci tensor, L. Bianchi, in a paper written in Italian [5]1,
showed a "strange" relation between the Riemann symbol (today better known as Riemann
tensor) and the hypercomplex number systems. In particular he showed that the commuta-
tive hypercomplex numbers are related to "Riemann flat" spaces.
We don't know if a correlation exists between the paper of Bianchi and the work of Einstein,
but Bianchi, connecting the Riemann tensor (used by Einstein in the Theory of General
Relativity) with hypercomplex numbers, proposed an interesting argument, which has to be
investigated more closely by a physical point of view.
The work of this paper is just a first step in a more extended study by which we want to
verify if a generalisation is possible, in order to describe the motion of a body in a grav-
itational field, by transformations with hipercomplex functions [3]. It is well known that
"Riemann flat" is a more restrictive condition than "Ricci flat", but, on the other hand,
the gravitational field is a particular field that satisfies Laplace equation. Because the two
dimensional case, already studied [4] is not sufficient to describe the Physical World only
the four (or more) dimensional case will give the suitable confidence about the limits of the
exposed idea.
The task is not an easy one and it will require many steps. There are, indeed, many argu-
ments that must be investigated:
1) which hypercomplex number
2) which hypercomplex function
3) extension to non-Euclidean spaces, at least to constant curvature ones.
The first step in this work, will be to show how the hypercomplex systems may be referred
to classical differential geometry and then to geodesies and bodies trajectories. We'll begin
with the general case and then we'll consider a four dimensional particular hypercomplex
system. This is the hypercomplex system called "commutative quaternions" [3], that is a
combination of complex and hyperbolic number systems. As far as the transformation func-

1 Resumed in appendix A



tions are regarded we will start taking into account the exponential function, that, in the two
dimensional cases, gives results in agreement with experimental evidence [4]. By calculating
the exponential function of hypercomplex variables, linear functions are transformed into
elliptical geodesies in the four dimensional space.

2 Hipercomplex transformation

2.1 Symmetries of functions of hypercomplex variables

The problem simplification obtained by using hypercomplex number can be related with two
ideas reported in [2, p.349 p.353]:
. a physical problem is simplified if we use a mathematics with the same symmetries
. the functions of a complex variable can be obtained substituting in a "good function" of x
the linear combination x =$• x + iy and working with the operator "i" as is well known.
For the first point we saw some examples in the introduction. For the second point we must
say that starting from a function of one variable, we obtain two functions of two variables:
the real and the imaginary part of the complex function. These functions are related one
to the other by two partial differential equations (the Cauchy-Riemann conditions) [3, 6,
p. 205], and we have shown [3] that these equations define the symmetry properties of the
continuous infinite group of the number system.
This is true for the functions of every hypercomplex variable we are going to consider [3]: i.e.
the components of any function of hypercomplex variable are linked by a partial differential
system, that defines an infinite group.
Then the functional transformations, as the conformal ones, maintain the symmetry prop-
erties of the number system.

2.2 Physical interpretation of functional transformations: motion
in a field

We start from Einstein ideas taken from the introduction of his article [1] on General Rel-
ativity .
If we refer space-time to Cartesian coordinates, the inertial motion is represented by straight
lines and, by the linear Lorentz transformation, these lines remain straight lines. A func-
tional transformation changes the straight lines in one reference frame to curved lines in the
other.
From a physical point of view, these lines represent a non inertial motion, i.e. a motion in
a field.
It is the same problem that Gauss and Riemann resolved extending the geometry of an
Euclidean space, usually represented by Cartesian coordinates, to a non-homogeneous space
represented by curvilinear coordinates, and Einstein has found the suitable mathematics:
the Riemann differential geometry developed by Ricci and Levi Civita, as tensor calculus,
he starts from the following principles:
. the Special Relativity is valid far from fields
. the equivalence of the inertial and gravitational mass, may be interpreted with the impos-
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sibility for an observer to distinguish if he is in an accelerated frame or in a gravitational
field.
When we read the words of Einstein [1] "we can obtain a gravitational field only by chang-
ing the coordinate system", we may think that we could obtain a gravitational field by a
variable transformation from an Euclidean space. Indeed also if we start from a flat space, a
functional transformation "generates" a field, but in this way it was not possible to obtain
good results.
The example that is usually cited [17] is a rotating reference, and it is easy to show that the
corresponding metric element cannot be reduced to one of a flat space.
The conclusion of Einstein is that the most general Riemann space must be the starting
point.
We have already observed that he regretted this inevitable choose, and E. Cartan [18, Art.
71, 73, 105] remarked that when Einstein used the differential geometry, he left the group
theory that was peculiar of the Special Relativity and of the way of thinking he had fol-
lowed up to that time. Taking all the possible transformations, the symmetries among the
coordinates are not preserved, unlike what we have shown in the two dimensional cases. In
those cases, indeed, the symmetries between two spatial variables are preserved by conformal
transformations and between time and one spatial variable by hyperbolic transformations

[10].
If the use of particular transformations were able to give the right results, we would obtain
the same simplification obtained by functions of complex variable in solving problems which
may be described by the Laplace equation.
But of course, in that case, something else would have to be changed in the space character-
istics. We will consider a first application with new spatial symmetries.

2.3 Geodesic equations in flat spaces
We will see how in variable transformations relative to a flat space the geodesies can be
obtained, from the transformation functions. We start from the geodesies equations in the
usual form [8]:

(s indicates the coordinate of the metric element and the Greek letters, running from 0 to
N-l are the indices of the current variables, and, as usual, the sum symbol on repeated
indices, is omitted).
Let's consider a metric element in normal form ds2 = Ylea(dxa)2; ea = ±1 and a generic,
but equivalent one ds2 = gapd^du13 transforming each other by the functions

xa = xa(u°...uN-1), (2.2)

that we suppose inverted in
ua = ua(x°...xN-1). (2.3)

From differential geometry we know that the transformation functions between two generic,
but equivalent, metric element have to satisfy the following partial differential system [9,
p.89]:

<v + r ( u ) » J = r(*)j>7, (2.4)



the u derivatives are calculated from the (2.3). From these equations we can obtain the
Christoffel symbols [8, p.228]: T(u)lp = ^(xY^x^x^u^ - x^x^u1^ the x derivatives are
calculated from the (2.2). In our case the Christoffel symbols F(x) = 0 and then we have :

<V + r ( u ) » ; = 0 or Y(u)l0 = - x » : v . (2.5)

Substituting this expression of Christoffel symbols in equation (2.1) we obtain:

<„ - *>^>> a AM = 0 (2-6)

The geodesies in " i" space are straight line, i.e. linear functions of the linear parameter 5

xa = xZ+aas (2.7)

we now consider the composed functions:

ua(x°(s)...xN-1{s)) (2.8)

and, recalling that «• = u j s j ; u°a = u^arjxj + u jx j , ; (x* = aa, x°a = 0), we substitute
in (2.6): apa'luojh - axaa x\u\x0juv

au
a^ = 0 and because x\u\ = 6} and x\v?a = Z>). Then

oV(«^ - « r̂) = 0. _
So the geodesic equations are satisfied by the composed functions (2.8) i.e. they can be
obtained putting the straight line equations (2.7) in the transformation functions.
This result is general and it is true for any space [10, p. 421].
If we cosider the transformations with functions of hypercomplex variable we can go from
(2.2) to (2.3) by the inversion of a function of a real variable.

3 An application: commutative quaternions

3.1 Introduction

The first hypercomplex number system we consider is a composition of the two dimensional
complex and hyperbolic systems. It was shown in [4] that the complex system has the sym-
metries of two spatial variables and the hyperbolic system has the symmetries of one spatial
variable and time.
Let us remind something about these numbers, that have been called [3] commutative quater-
nions .
In a work that was famous, C. Segre [18], proposed to complessify the complex plane. In-
deed, starting from the variable z = x + iy, he posed i - 4 i i + kyt and y —)• x2 + ky2 where
the operator k had the same properties as i, i.e. k2 = — 1, but, from a geometrical point of
view, represented a new axes.
Substituting and posing ik — j he had the hypercomplex number c — {x + iy + jz +
kt); x, y, 2, t, eR ; i2 - -j2 ~ k2 = - 1 ; ij = -k; ik - j ; jk = - i } .
We have shown in [3] that this process of complessification can be generalised obtaining other
hypercomplex numbers and that the Segre's quaternion can be obtained in 3 equivalent ways
that allow the study from different points of view.
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Considering the hypercomplex number defined by:
c = {x + iy + j(z + it); x, y, z, t, € R; i2 = -j2 = k2 = - 1 ; ij = k; ik = -j; jk = i} it is
more easy to see that, in any case, one variable used for describing the space, together with
time, has the symmetry of an indefinite form. So we have to give up the space homogene-
ity. There is, indeed, a more general property [3] for which only one commutative system
describes an Euclidean space and this is the two dimensional complex number.
Hamilton, that represented the three dimensional space by his quaternions, had to renounce
the commutative property and [3], as a consequence, the classical differential calculus and
the association of his quaternions to an infinite group.

3.2 Geodesies for Commutative Quaternions

As in the examples of previous works [4] we will start considering the exponential transfor-
mation from a flat space of a particular straight line.
For commutative quaternions the exponential and logarithmic functions are respectively
given by:

x = e^cos V cosh W cos S — sin V sinh W sin S]

y = e [sin V cosh W cos S + cos V sinh W sin S]

z — e^fcos V sinh W cos S — sin V cosh W sin S]

t = e^cos V cosh W sin S + sin V sinh W cos 5] (3.9)

U = l/4ln[(x + zf + (y + t)2][(x - zf + (y - tf]
V = l/2(arctan(x + z)/(y + t) + arctan(x - z)/(y - *))
W = l/41n[(* + zf + (y + t)2}/{(x - zf + (y - *)2]
S = l/2(arctan(i + z)/(y + t)- arctan(x - z)/{y - t))

We start from the two dimensional example [10], and extend the geodesies there obtained
for a point source to a four dimensional space-time.
So we calculate the geodesies transforming the particular straight lines u = lnao ; v = &o ;
w = Co ; s = d\T + do, by the exponential function.
We obtain:

x = a0 [cos bo cosh CQ cos(di r + do) — sin bo sinh Co sin(rfj r + do)]

y — a0 [sin b0 cosh CQ cos(d\T + do) + cos &o sinh CQ sin(rfir + do)]

z = a0 [cos b0 sinh Co c o s ^ r + <f0) — sin 60 cosh CQ sin(diT + do)]

t = a0 [cos bo cosh Co sin(<fiT + do) + sin £>o sinh CQ cos(diT + do)] (3.10)

3.3 Elliptical planar geodesies

A formal simplification of these expression is obtained introducing the phase angles:
a — tan"1 (tan 60tanh Co), fi = tan~x(tani>ocothco), from which j3 — a = tan"1 ( s^ffi ) ,
and posing:
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c = aoy(cosh2co + cos260)/2, a = ao^Acost^co — cos260)/2, do = 0, d\ = 1.
The (3.10) become:

x = ccos(r -f a)
y = asin(r + /?)
z — a cos(r + (3)
t = csin(r + a)

As a first step we control the orbits spatial planarity checking if the osculating plane is
independent from r.

Calling /;m; n three quantities proportional to direction cosines of the binormal, given by:

I — yz — zy ; m = z'x — x'z ; n — xy — yx (3-H)

where the dots stand for derivation respect to r. We obtain:

I =—a2 ; m = acsin(/3 — a) ; n = abcos(/3 — a) (3-12)
£>2 = /2 + m2 + n2 = a2(a2 + c2)

The orbit is, then, plane. If we take together with d\ ^ 0 also bt or c\ ^ 0 the geodesies are
not planar as we will see in appendix C.
The equations (3.11) show: the projection of the orbit on the coordinate planes x, z and
i , y are ellipses and on the y, z plane circumferences. Then the orbits are ellipses and their
axes can be calculated by the square of the distance from the origin (r2(r)). We obtain:

r2(r) = x2 + y2 + z2 = )^[c2 + 2a2 + c2 cos 2(r + a)] (3.13)

The ellipses, centered in the origin, have half axes and foci distance given by:

A = a ; B = Va2 + <? ; C = \IB2 - A2 = c. (3.14)

Let us call 9 the angle between the y, z plane and the orbit plane, by the scalar product of
their normal given by (0,0,1) and (l/D, m/D, n/D) we obtain:

cos U — —

and from (3.14) the ellipses eccentricity (c) can be calculated:

c

and the relation: cos2 9 -f c2 = 1, from which

sinfl = ±c (3.15)

Then we obtain: the elliptical orbits cannot be anyone but their eccentricity is
determined by the direction of the orbit plane.
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So the geodesies are not Kepler orbits, but we obtain the interesting result that the planes
xy, xz, yz are not equivalent, i.e. the three dimensional space is not homogeneous. This
depends on the multiplicative rules of the versors2. On the other hand, if we consider the
planet orbits in Solar system, we find a rough agreement with the relation between eccen-
tricity and angle.
Following Newton and Einstein gravitational theory, the elliptical orbits must be plane, but
the plane position does not depend on the eccentricity.
Indeed, we note that the planet motions take place beside a same plane and that the most
eccentric orbits (Mercury and Pluto), are also characterised by the largest angles between
the orbit plane and the ecliptic one. This behaviour, not interpreted by Newton and Einstein
theories, might be explained, at least partially, by a space anisotropy.

4 Conclusions
We have shown how the hypercomplex numbers and their related functions are connected
with the differential geometry and, by applying the principles of general relativity, with the
physical fields.
As an example we have applied these results to a particular number system (commutative
quaternions ), and to a particular transformation function (exponential).
From the obtained results we can conclude:
1) the hypercomplex number systems introduce new symmetries that can simplify some
problems;
2) the dependence of the eccentricity of the elliptical orbits on the direction of the orbit
plane, in the geodesies obtained by commutative quaternions , and the comparison with the
orbits in the Solar system, suggest an interesting hypothesis about a space anisotropy.
These new preliminary results encourage researches on other transformations, new hyper-
complex numbers and connections between hypercomplex systems and constant curvature
spaces.

2We can verify that the three spatial equations of the geodesies (3.11) satisfy the second order differential
system:

x = —x
y=-y
z = -z (3.16)

The equations (3.16) describe the motion on an elliptical orbit, with the eccentricity value and the orbit
plane position which may be anyone, depending on the values of six initial conditions. On the contrary, the
geodesies (3.11) depend only on two parameters and have a strong limitation in the orbit characteristics.
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A A Bianchi's theorem

Let us resume the following theorem due to Bianchi [5]:
"every system of commutative (and, therefore, associative) hypercomplex numbers (which
possesses unity) can be associated to a metric element of a space with null Riemann tensor".
Let us find the generic metric element of these spaces. The Riemann tensor is defined by
[12]: Rt

apx = T^p - r ^ i X + ru
axrip - r ^ r ^ x . If the Christoffel symbols are assumed to be

constants and proportional to the structure constants (i.e. Yv
ap = KCv

ap) of any associative
hypercomplex number [3], the first two terms of the Riemann tensor are null and the last
two cancel each other. Then R%,0X = 0 and [5, 12]:
. it is possible to obtain the metric tensor gap from FX/3

. by a variable transformation, the metric element assumes its normal form gap = ±Sap.
These results can be obtained by solving a partial differential system of N2(N+l)/2 equations
[5, 12]. Making use of the hypercomplex number formalism, the solution is obtained solving
only one normal differential equation. In fact, given two expressions of the metric element
of the same N dimensional flat space ("space" can stand for "space-time") [12]:

N-l

ds2 = Yl te,(dxa)2; ta = ±1 and ds2 = ga0duadu0,
cr=O

the functions xa(u°,... u^" 1 ) , transforming the first form in the second one, must satisfy
the following linear, partial differential, system with constant coefficients [5, 12]:

zip - T(uyxpx^ = 0 (1.17)

Let Txp — KCxp and solving system (1.17), the gQp will be found by the transformation
functions.
Consider equations (1.17) with the same \,fi, multiply the equation with xa by ea and sum
over a. By means of the definition of hypercomplex number [3] it is obtained:

xiXp - Txpx,u = 0 (1.18)

The conditions on derivability of hypercomplex functions [3] give: xiXp = exepxtUU; CxpXtl/ =
Cx0eux,u, and equation (1.18) is reduced to: exep{x<uu — A'xtU) = 0.
The solution, independent of the particular indices chosen and valid for every hypercomplex
number system, is:

x - x0 = g exp K(u — u0) (1-19)

(g real constant and x0, u0 arbitrary hypercomplex constants). Equating the terms with the
same versors, real transformation functions are obtained.
For a physical interpretation of the transformation functions (1.19), consider the case of
complex variables, for which (1.19) becomes z — z0 = g exp K(w — wo), and by inversion:
w — w0 — K'1 In (z — zo)/g that represents the complex potential of a point source in the
singular point z = zo and K~x is the field strength. Starting from a flat space, the curvilinear
coordinates transformation (1.19) will describe the deformation of straigth lines (geodesies),
induced by a point source.
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B Geodesies in Riemann spaces

B.I Introduction
In the section (2.3) we have seen that if we have two equivalent spaces and we know the
coordinate transformations between them and the geodesies in one of them, we can obtain
the geodesies in the other one by the same coordinate transformation.
In the particular case of flat spaces, one of which in normal form, the geodesies in the other
are the transformed of straight line.
In this appendix we summarise the general methods of differential geometry for obtaining
the equations of geodesies from the metric element.
These are the methods used in General Relativity and they are the same we must use if we
want to extend them to more general spaces, starting from the symmetries of hypercomplex
numbers .

B.2 Geodesies in parametric form
Applying the general methods of differential geometry to the particular case of a space linked
to a hypercomplex number system, we may see again that the use of the "right mathematics"
can reduce the solution of a partial differential system to the solution of just one equation.
Let the Christoffel symbols be constant and proportional to the constants of structure of
a hypercomplex number (i.e. F ^ = KC2p)- Let us consider the system (2.4) referred, as
before, to two flat spaces, one of which in normal form.
We can take V(x) = 0 or T(u) = 0: 3 the solutions are some functions or the inverse ones.
If T(u) = 0 the system is linear, if T(x) = 0 the system is reduced to (2.5) and is quadratic
in the first derivative, like the system (2.1).
Apparently the systems (2.1) and (2.5) are similar, but the mathematical nature is very
different.
The (2.1) involves functions of one variable, the (2.5) is a partial differential one.
This "formal" analogy can be used for simplifying the solution of (2.1). Let x = eox° + etx*
be a hypercomplex variable ; u = e<ju° + e,«' a function of x, and eae$ = C2/?e7 the "versors"
multiplication rule with el — eQ ; eoe, = e, ; i = 1,...N — 1.
Let us consider the equations of system (2.5) with the derivatives respect to x°:
«?oo + r ^ t x J u J = 0 for 7 = 0 . . . TV - 1.
These equations are similar to the geodesic equations, where the x° variable has the place
of the parameter s.
They become equal if we consider u depending only on a;0 and the other variables xi as
parameters.
Let us suppose that ua be the a component of a hypercomplex function of a hypercomplex
variable x, let us multiply the (2.1) by e° and sum over a, we obtain:
u,oo = - I ^ e V o u X = -K(e^)fi(e^)t0 ~ -Ku0u<0 or u<xx + K{u>xf = 0
with the elementary solution:

u — u0 = K~1ln(x — x0) (u0 , x0 hypercomplex constants) (2.20)

3in this latter case the metric element would be in normal form relative to u variables
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If in the hypercomplex number x we put all the variables but x° constants these constants
can be inserted in x0, and we have the solution of geodesic equations with the right number
of constants. Then for the unicity theorem, the (2.20) is the true solution for the differential
system (2.1).

B.3 Geodesies from Weingarten equations
We show now a method commonly used in differential geometry but less known than the
previous one.
We have observed that equations (2.4), referred to transformations between flat spaces, one
of which in normal form, is reduced or to a linear one or to a system non linear in the first
derivative as the geodesies one. This means that the geodesic equations can be obtained
solving a linear system and inverting the solution functions. We now will see this result in
a more formal and general way. We return to equations (2.4) with T(u) = 0 and obtain

^ - W = 0 (2.21)

already solved in [4] but, now we will examine the system closely. These equations are known
[10, p. 480] as Weingarten equations referred to a flat space, but they can also have the two
following meanings:
1) the covariant derivative [9, p. 84] is null;
2) the Beltrami equation [9, p. 84] that is a generalisation of Laplace equation to curved
space, is null too.
We have to note an important property of equations (2.21). These equations follow from
(2.4) and then it seems that they are written for N variables ua. Indeed they do not depend
on a, then the ua are solutions of the same system and they are different only for constants.
The (2.21) can so be written

UM - r»XllU,v = 0 (2.22)

and is equivalent [10, p. 482] to A\U = const.
Ait/ is called [9, p. 76] [12, 11, p. 41] differential parameter of the first order.
The solution of this equation depends on N-l essential constant [10, p. 425].
A very important property of this equation is that differentiating the solution respect to
the N-l constants and equating to N-l new constants we obtain the geodesic equations in
implicit form [10, 12].
We can obtain the geodesic equations in the usual form defining a linear element s = U and
writing all the variables as functions of s.
The choice between these two methods will depend on the particular problem, as in the
studies of dinamics we can use the Newton differential equations or the Hamilton-Jacoby
partial differential equations.
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C Planar orbits

We now consider a general exponential transformation and look for mathematical conditions
which have to be satisfied, so that the points P(x, ?/, z) lie on a plane. We start from the
exponential function (3.9) where U, V, W, S are given as functions of a parameter r.
The expressions of the first and second derivatives of t,x,y, z respect to r are indicated by
dot and are.given.by linear combinations of the same functions £,z,y,z, expressed by:

i\
x
y

\z

v if
w -s
s w

w ~s\
s w
i/ -v
v u

/t\
X

y
\z /

- IA\
= ( )

(t\
X

y
\z /

And the second derivatives by:

= (A2 + A)
y

Planarity conditions are achieved, by imposing binormal direction numbers (3.11) to be
independent of r.
The expression for i,m,nas functions of U, V, W, S, and their derivatives are shown in table I.
By the analysis of these formulas 3 groups of conditions that must be satisfied by U, V, W, S,
are obtained.
The orbit is plane if:
1) 5", V are constant and U, W are arbitrary functions provided that l,m,n ^ 0, and this
implies:
U2 W — W3 — WU + UWy^O, that can be integrated giving:
U ^ — log [cosh(W^ + kj)] + ks
2) 5, W are constant and U, V are arbitrary functions provided that:
U2 V + V3 — VU + UV^Q, i.e.:U ̂  — log | cos(V + jfc$)| + k4

3) V, W are constant and U, S are arbitrary functions provided that:
s3 + sir2 + irs-su^o,i.e.: u#-log|cos(s + ks)\ + k6.
Then the orbit is plane if and only if two, between the three functions V; W\ S, art
constant: U and the last one can be arbitrary functions.
Lastly we obtain 4 identities:
4(xy - tz)2 + {-t2 ~x2 + y2 + z2)2 = 4(tx - yzf + (t2 - x2 - y2 + z2)2 =

TABLE I

2U

y f
Ut + y)2 + (x + z)2}

[ S2 V + U2 V+ V3 + 2SUW - VW2 - VU + U V) +

(cos(2 S) + cosh(2 W)) (2 S2 V + 2 V W2 + W S - S W)

- sin(2 S) ( - 2

sinh(2 W)
m —

2Ue2U [{- cos(2 5) - cos(2 V)) ( -2 S2 W + 2 V2 W + V S - S V) +

sm{2S) (-
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(- cos(2 S) + cos(2 V)) (-2 5 U V + S2 W + U2 W + V2 W - W3 - W U + U W)
- sin(2 V) (53 + S U2 - S V2 + 2 U V W - 3 5 W2 + U S - S U - W V + V W )] (2
n =
e2U [(-cos(2V) + cosh(2W0) (S3 + SU2 + SV2 + 2UV W - SW2 + US- SO)
sinh(2W)

sin

(cos(2 V) + cosh(2 W)) (2 S V2 + 2 S W2 + W V - V W )] /2
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