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Abstract

We consider Compton scattering from a pion in the framework of chiral
perturbation theory (x/*T). We investigate off-shell effects in the s- and u-
channel pole diagrams. For that purpose we perform a field transformation
which, in comparison with the standard Gasser and Leutwyler lagrangian,
generates additional terms at order p* proportional to the lowest-order equa-
tion of motion. We demonstrate that the two lagrangians which generate dif-
ferent off-shell form factors predict the same Compton scattering S-matrix.
This result is interpreted as an application of a generalized equivalence the-
orem.

1. Introduction

The electromagnetic vertex of an off-shell pion is, in general, more com-
plicated than the on-shell vertex. It involves two form factors which depend,
in addition to the squared four-momentum transfer, on the invariant masses
associated with the initial and final legs of the vertex. Compton scattering
from the pion provides a simple process to investigate off-shell effects in the
electromagnetic vertex. The reason is that the s- and u-channel pole dia-
grams involve an intermediate pion which is not on its mass-shell. We study
the Compton scattering amplitude in the framework of xPT. To that end,
we first discuss two forms of the chiral lagrangian which can be related by
an appropriate field redefinition and which generate different off-shell ver-
tices. Using these two lagrangians, we then calculate the Compton scattering
amplitude and we show that both lagrangians yield the same answer.

2. The chiral lagrangian and field ^redefinitions

The most general chiral lagrangian at order p2 is given by [1]

£, = q- U(x) = e X p )
(1)

where <j>(x) is a traceless, hermitean 3 x 3 matrix containing the eight Gold-
stone bosons, £>„ is a covaxiant derivative, Fo is the pion decay constant in
the chiral limit, and x contains the quark masses (for further details see refs.
[1,2]). The equation of motion (EOM) derived from C3 is [1]

OEOM = D*VW - U(D*V)* - XVX + VX
X + \TT (XW - UX<) = 0. (2)

We now introduce a field redefinition, V = ezp(iS)U = U + iSU + . . . , where
S — S\ jTr(S) = 0, and then look for generators S which i) are of order
p1, ii) guarantee that V has the correct S I / (3 )L X SU{3)R transformation
properties, iii) produce the correct parity and charge conjugation behavior,
P : V'(x,t) -* Z/'t(-£,*), C :V -* Ua. After some algebra one finds two
such generators at order p2,

S = iaW

where ac\ and
we obtain

where, to leading order in S, A£j(t7) is given by

AC2(U) = total divergence + -£-Tr(iSOEoM) + O(S2).

(3)

are arbitrary real parameters. If we insert U' into eq. (1)

(4)

(5)

As usual, the total divergence is irrelevant. Note that ££2 is of order p4,
since both the equation of motion and S are of order p*. Furthermore,
when inserted into the p* lagrangian of Gasser and Leutwyler [1], the field
redefinition induces a change at order p6 which we are not interested in here.
Thus by a simple transformation on the interpolating field we generate an
infinite set of new lagrangians depending on two parameters 01 and aj .

Setting aj = 4/V^o *nd a» = -4(/?i + ft)/F0
2, one can bring eq. (5)

into the completely equivalent form chosen in ref. [2],

CU-.H*U = 0ITT(OBOMO^OM) + 02Tr{(XU< - UX*)QEOM). (6)

In ref. [2] it was explicitly shown that eq. (6) results in contributions to the
electromagnetic vertex which appear only when one of the legs is off-shell.



3. Application to Compton scattering

In ref. [2] the most general irreducible off-shell electromagnetic vertex
compatible with chiral symmetry was derived to order p*. For positively
charged pions and for real photons (q2 = 0, q = j / — p) it is given by

The corresponding propagator satisfying the Ward-Takahashi identity reads

i
iA(p) = (8)

Let us now consider the process f(e, k) + 7r+(p.) -• 7'(e\ k') + T+(p/). The
crossing related process 77 —• irir was calculated in standard chiral perturba-
tion theory (/?t = 0i = 0) in ref. (3]. Note that in this calculation the electro-
magnetic vertex is simply given by the pointlike vertex, rp(p',p) = (p' -f- p)M,
i.e., there is no off-shell contribution. Furthermore, the propagator is just
the free propagator.

For ft/0 one expects a different contribution of the pole terms, since
the intermediate pion is not on its mass-shell. With the help of eqs. (7) and
(8) this change in the pole amplitude can easily be calculated*

AMP = = 0) = - te O)

However, this is not the complete modification of the total amplitude, since
the very same term in the lagrangian which contributes to the off-shell elec-
tromagnetic vertex, also generates a two-photon contact interaction. The
relevant term in the lagrangian in terms of the electromagnetic field A reads

A + 2Ad)v+(d-A + 2Ad)ir-), (10)

and translates into the following contact contribution (real photons!)

(2e• e'(p} + p? - 2 M ? ) + 4 ( P / • e'p, -e + pj- ePi • e'j) .

*Of course, using Coulomb gauge 1* = (0,f), t'" = (0,c'), and performing the calculation in
the lab frame (p{* = (M»,0)), the additional contribution vanishes, since p; • t = j>, • (' = 0.
However, thiB is a gauge-dependent statement and thus not true for a general gauge.

The first term does not contribute to the Compton scattering amplitude, as
long as the initial and final pion are on-shell. The second term precisely
cancels the contribution of eq. (9). We emphasize that this cancellation hap-
pens only when one consistently calculates off-shell form factors, propagators
and contact terms. Thus the two lagrangians generate the same Compton
scattering amplitude at order p*.

4. Conclusion

We considered two forms of the chiral lagrangian (/?i = 0 and fii £ 0;
the parameter /?j does not enter into the discussion of Compton scattering)
which can be related by a field transformation. They produce the same
on-shell matrix element for Compton scattering with different off-shell elec-
tromagnetic vertices. We interpret this result in the following manner. For
ordinary lagrangians involving fields and their first-order derivatives the va-
lidity of the equivalence theorem [4] is well-established (for an extension
to effective field theories with higher-order derivatives see ref. [5J). This
theorem states that lagrangians which are related by field transformations
generate the same on-shell S-matrix elements and thus the same observables.
It does not make any statement about the off-shell behavior of Green's func-
tions.

The above example also suggests that it is impossible to experimentally
test and uniquely identify contributions from off-shell form factors. In con-
trast to the S-matrix element, the specific prediction for the off-shell Green's
function depends on the choice of the interpolating field.

In fact, we believe that the argument is neither restricted to spin zero
particles nor to real photons. The situation for the reaction ep —• ep7,
proposed at CEBAF to study off-shell effects involving the nucleon, is very
similar, even though the additional spin degrees of freedom require a more
complicated theoretical description.
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