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Abstract

In this paper, we introduce an improvement of the Debye model for the phonon spec-
trum in a quantum box at low temperatures. This improvement is a direct consequence of
the consideration of the discrete phonon spectrum in some special quantum boxes, named
in this paper, quantum cubic cells (QCC. in which the highest significant level, qr, is
smaller than 100). We show that a discrete Planck spectrum may occur in nanometric
QCC around the temperature IK. Furthermore, we demonstrate that the total energy
density and the heat capacity become functions of the product of cell size by tempera-
ture, Pq, which are clear and measurable quantum effects in solid QCC. The limits of this
quantum regime of the cubic cell are set as Pq e [0.1,1] and a reciprocity rule for the cell
size and temperature is given.
The thermodynamic functions for the phonon gas in QCC are recalculated taking into
account their dependency on Pq. The calculation of the phonon average velocity, which
plays a key role in the Debye model, is also reconsidered and simplified for quasi-isotropic
cubic crystals.
Finally, the theoretical formula of the Debye temperature for quasi-isotropic cubic solids
is corrected (at low temperatures) and put in a form which depends on a single elastic
constant. We show that this correction reduces the errors between the calculated and
experimental Debye temperatures of some elements which crystalize in the cubic system.



1. INTRODUCTION

P. Debye quantized the energy of an elastic wave in a solid cell in a similar manner as
M. Planck has done for the energy of the electromagnetic wave in a cavity. The quanta of the
elastic wave energy are phonons and their energy density in a solid cell can be represented by
the Planck distribution function just as for photons, with a corresponding scaling in the
velocity. In this very simple physical model, Debye calculated the total energy density of the
elastic waves and the heat capacity in solids, introducing the following assumptions for the
solid elementary cell [1-4]:
1. large number of phonons, which allows the use of asymptotic (continuum) mode density;
2. thermal excitation of the acoustic modes (with wavelengths much larger than the distance
between atoms in the solid lattice) at low temperatures (ignoring the optical modes);
3. linear dispersion for the acoustic modes, i.e. 2n f - vmk, where vm is the sound velocity

(assumed the same for all modes) and k - the wavenumber;
4. integration over the entire k-space instead of the integration over the first Brillouin zone.

In this frame, "the only thing which had to be done was to adjust to the fact that every
solid of finite dimensions contains a finite number of atoms and therefore has a finite number of
free vibrations" (P. Debye[l]). If the solid consists of N atoms, the total number of vibration
modes is = 3N. The electronic degrees of freedom are not taken into account in the first
approximation, as they contribute only at very low temperatures (in metals). In the isotropic
solids, the acoustical waves can propagate with three polarizations: one longitudinal (velocity,
v| ; the atom displacement is parallel to the propagation direction) and two transverse (with
the same velocity, vt; the atom displacement is perpendicular to the propagation direction).
Assuming that all modes have a single mean velocity, vm, one can calculate the mean density
of the allowed modes, on the frequency unit interval, for a cubic solid cell of size L and for
each polarization [1-7]:

Dq = (1/V) (dN/dq) =47l/,2 / v(II
3 (1)

where the frequencies of the normal modes, fq = co(/ / 2K , form a discrete spectrum defined by:

fq = (vn/L) Vq , (2)

Etl = hflt = (/tv,,, / L)^ = (hvm I 2nf\ (3)

and q, the integer level number, must satisfy the "spatial quantization" condition (imposed

by the discrete orientations of the modes in the cavity, i.e. of the mode wave vectors k(/):

q = mx - + my 2 + mz 2 , ( mx , my , mz , integers and zero). (4)

It is interesting to remark at this point that:
a) eq. (1) is valid within the asymptotic limit;
b) there are numbers q which cannot be decomposed according to eq.(4). Consequently, at the
corresponding frequencies, named by us antiresonance frequencies, the phonon spectrum of
the cubic cell shows energy minima.

In a previous paper [5], we have derived a more complete form of the mean density of
the allowed modes in a cubic cell (for each polarisation) taking into account the degeneracy of
different frequencies (state density fluctuations) in the photon spectrum:



(5)

The distribution g(q) is strongly and randomly fluctuating, but the average of the distribution
g(q) follows the asymptotic trend given by ^ —>! , (Fig. I) [5, 14 ].

Due to the strong fluctuation of the degeneracy, the density of modes, as defined in
eq.( 1 ) is valid only if the asymptotic assumption and a preliminary averaging (cumulative
sums on certain large intervals) are considered. We found out a more general formula for the
density of modes of the cubic cell, dNq ]/df, taking into account the degeneracy fluctuations[5].
The calculation has to use the general expression of the weight:

dNq

~d7
dNu /dq r- dN

df/dq

= (L

dq

g(q) = 2(L

AN (q)

Aq (6)

) : f • g(q)

g(q)
D L.' U

250

200

150

100

50

n

•

« •

• • •
••

•
• • • • • • • • * • • •

• •

. \ • • . , • • , . ,

*

• • • •

« • *

* • • • • • •

•

* •
• • • • • •

• •
• • • • • • • • • • • • « •

•

25 50 75 100 125 150 175 200

q

Fig. 1. The weights of the cubic cell levels, g(q) tor q <200

for each polarisation state. Let us write the expression from (6) as follows:

(7)

Formula (7) is different from the classical one by the strongly fluctuating factor t,(q), which
includes the spatial quantisation effects, i.e. the discrete orientation of the mode wave vectors
(depending on the box shape and size) and the mode degeneracy. Moreover, this result is valid
for the classical cubic cells with a large number of levels and modes (where the asymptotic



formalism holds), as well as for cells with a small number of levels, i.e. for the quantum cubic
cells.

We define quantum cubic cell (QCC) by a special upper limit on the highest
significant level (HSL) number in the cell: qT < 100. In QCC, the energy density of the
radiation does depend upon the cell form and sizes (volume), i.e. upon the boundary
conditions, this behavior being made more clear in the next sections.

The classical result from eq.(l) can be obtained from eq. (7) for qT >100, when the
random factor t,(q)tends rapidly to the value 1. We have checked this assumption, by the
calculation of the average number of the modes on constant frequency intervals; although the
degeneracy fluctuations are large for a cell with a small number of modes (and must be taken
into account), the average of Dq] tends very rapidly to Dq, so that for a number of levels
larger than 100, the classical mean density formula can be safely used.

In this paper, we introduce an improvement of the Debye model for the phonon
spectrum of a cubic solid cell. This improvement is a direct consequence of the consideration
of the discrete phonon spectrum in QCC. We show that the discrete Planck phonon spectrum
may be observed in nanometric cubic crystals around the temperature 1K.

Furthermore, we demonstrate some clear and measurable quantum effects in solid
QCC: the total energy and the heat capacity dependences on the product of cell size by
temperature, Pq. The limits of this quantum regime of the cubic cell are set for P e [0.1, l]

and a reciprocity rule for the size and temperature in this regime is given.
The thermodynamic functions for the phonon gas in QCC are corrected by appropriate

factors depending on Pq and on a new phonon constant (which corresponds to the Stefan-
Boltzmann constant). Demonstrating that CV1 and S tend to zero (faster than expected), when
LT tends to zero, the validity of the Nernst-Planck principle for the phonon gas is proved.

The calculation of the phonon average velocity in cystals, which plays a key role in the
Debye model, is also reconsidered and simplified for quasi-isotropic cubic crystals. For small
anisotropy, a basic hypothesis in the entire construction of the Debye model, our very simple
formula for average velocity calculation shows small errors in comparison with one of the best,
given by J. de Launay (with a long elaboration in the elasticity theory).

Finally, the theoretical formula of the Debye temperature for quasi-isotropic cubic
solids is corrected (at low temperatures) and put in a form which depends on a single elastic
constant. We show that this correction reduces the errors between the calculated and
experimental Debye temperatures of some elements which crystalize in the cubic system.

2. THE EFFECT OF STATE DENSITY FLUCTUATION ON THE PLANCK
SPECTRUM OF PHONONS IN QCC

The Debye model of phonons in solids starts from the principle that the phonons are
bosons and the calculation of their density of states can be done similarly to the Rayleigh and
Jeans calculation for the density of the electromagnetic modes in a cubic cavity. Considering
the effect of the state density fluctuations (eq.(7)) and the three possible polarisations for
phonons, one can derive:

^ (8)



Eq. (8) can be applied not only to the isotropic solids, but to the low anisotropic crystalline
ones as well. The problem of obtaining the average velocity of the acoustic waves in an
anisotropic cell, vm, has to pass through nontrivial calculations in the theory of elasticity;
moreover, the constant-frequency surfaces in the frequency (three-dimensional) space become
"nearly spherical" surfaces and the problem of the volume (number of modes) calculation is
more complicated.

The Planck spectrum of phonon energy density can be written taking into account the
level degeneracy (including the discrete factor^(q)), and the average number of phonons for a
given quantum energy,8, [5] (the Einstein-Bose factor):

(9)

where a = hvm I kB = 0.4799- 10"lovm [CGS].
It is interesting to remark that one can truncate the Planck spectrum with good

precision at:

= 225(L7/a)2=976.97-l020(L77vm)2 (10)

The elements, which crystalize in cubic systems, have an average phonon velocity in the order
of 105 cm/s; thus, the bandwidth of their phonon spectrum is given by the highest significant
level (HSL) in the cubic cell: qT ~ 1OI3(LT)2. Assuming some cubic nanometric crystals with
L = 31.62 nm and T = 1K, one obtains qT ~ 100. In the quantum regime of these cubic
crystals (QCC), q < 100, one could observe a discrete spectrum of phonon energy density.
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Fig. 2. The conventional Planck (dashed lines) and the "discrete" (solid lines which join the maximun points)
spectra of phonons in a QCC with L = 31.62 nm. when the peak of the former one coincides to the first
antiresonant singlet, q̂  = 7 (at T = 1.52K). The constant A lakes into account the scaling constants of the
phonons.



Moreover, if the first antiresonance, q = 7, coincides with the Planck spectrum peak,

qu = 30.39- IO~°(ZT/ vni)~, only a minimum energy density could be actually measured

instead of the expected maximum energy density, at that frequency. Considering the above
mentioned phonon velocity and L = 31.62 nm. this antiresonance effect will appear for LT ~
0.48.10"s . which leads to T - 1.52K, at fM = 83.7 • 109 Hz (Fig.2).

The exact level degeneracy in the cubic cavity is important for deriving the Planck
spectrum in the above quantum regime. We have found six types of degenerate levels and the
corresponding weights, which take into account the mode symmetries, by reflections and
permutations:
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The random character of the level weights is reflected in the discrete Planck spectrum of the
QCC from Fig. 1.

3. THE EFFECT OF STATE DENSITY FLUCTUATION ON THE DEB YE LAW
FOR QCC AT LOW TEMPERATURES

Following P. Debye hypotheses, the total number of allowed modes (phonons) equals
the maximum number of oscillations of a lattice with N atoms, namely:

J Din(f)df= J (\2Kf2L"/vmX(q)df = 3N (11)
0 0

At low temperatures and small cell sizes, the normal modes with high frequencies, as those
determined by the interatomic distance in the lattice, are not excited. Hence, the upper limit in
the integral can be taken as large as is the most significant level in the Planck distribution and
the situation becomes completely analogous to that of electromagnetic modes in a cubic
cavity.

According to our formulation of the Stefan-Boltzmann law in the quantum regime
[5, 14], the thermal energy of the phonons in QCC is (up to the zero-point energy,

Et(LT) = [u,(f,T)df = f"(l2jc L>f I v,;,)/7/[exp(/z/ / kj)- \]X{q)df =
0 ° (121)

= (12* L!vi,)f /z/3[exp(/z/7 kj)- \]\iq)df



Accounting for the discreteness of the phonon spectrum, we have instead:

where 9 „ = (h I kHpN 14rc )m(ym IL) = {al L)(3N I An)"', a = hvm I kB

(12)

(13)

is the Debye temperature and

F(LT) = ̂  =
a 7TTT

e'-'

<1 (14)
- I

is the correction factor for the degeneracy fluctuations in QCC, shown in Fig.2. It can be
identified with the ratio of the corrected and conventional Stefan-Boltzmann constants (cs/a ) .
In eq.(14), we have observed that g(q) can be replaced by its asymptotic value (2K-Jq) with a
minor error ( = 5-10~3) for the sum value. This numerical calculation has shown that this
quantum effect in the total energy is directly related to the small number of levels (and modes)
in QCC. The exact level degeneracy plays a significant role in the Planck spectrum only. We
checked the highest significant state number (HSL) in the cubic cell, for which the term in the
sum is smaller than 10"^ and we found again: qT =225(LT /af .

The corresponding heat capacity can be derived immediately:

CV] = =(\2K4/5)NkB(T/QDfH(LT). (15)

F (a ILT), G«x / LT), H(a I LT)

0.2 "

o.ob

LT (cm K)

Fig.3. The correction factors of the thermodynamic functions in QCC: F(LT) (marked with +) corrects the

energy; G(LT) (marked with() ) - the free energy and H(LT) = Cy | /Cy = (6 D l / 9 D ) " (marked with A )

- the heat capacity.



This formulation of the heat capacity includes the correcting factor for the small level number
(discrete phonon spectrum) in QCC:

HfLT)-
8TC4

which is drawn in Fig.3, together with F(LT).

Defining the corrected Debye temperature by:

it is possible to write the heat capacity in a similar manner to the classical one:

Q I = ( 1 2 T C 4 / 5 ) M S ( 7 / 9 D , ) 3 (18)

Eq.(l8) is the corrected Debye T^ law for QCC at low temperatures. It provides a smaller
value of the heat capacity than the conventional one, Cv . One can remark immediately that

Cvl I Cv = H(LT) * F(LT) = at I a = F(LT) (19)

A best fit of the correction function F(LT) gives:

F(LT) ~ exp[2.015- 10"12(vm / LT)-9A 15- l(T23(vn, / L7")2]. (20)

The dependence of the heat capacity on the product Pq = LT can be explained by the
phonon number decrease in a cubic cell which has the parameters (L, T) in a well-defined
quantum range. This range prevents the conditions of the classical regime of the cell, which
would appear at small phonon density and large cell; in the classical regime, the mode
development occurs far from the cell walls; thus, the cell shape and size are not important [2].
For QCC, the modes development is close to the cell boundary and consequently, one has to
take into account the cell shape and size.

For high temperatures ( T » 9 D 1 ) , the normal modes can be considered as an
ensemble of classical oscillators, the asymptotic value of the density of states holds and eq.
(12) is replaced by the law of Dulong and Petit.

We have to mention again that the Debye approximation of the density of modes
(states) is a first order one. A more general theory of lattice dynamics [6] started with the
discrete lattice and the more complicated evaluation of the true density of state of the normal
modes of the lattice. However, the Debye model is so simple, widely invoked and well
experimentally checked, that its improvements may contribute to the phonon theory
development.



4. THE PECFPROCITY RULE FOR CELL SIZE AND TEMPERATURE IN QCC

In Sections 2 and 3, we have remarked that the highest significant level (HSL) in QCC
depends on the product Pq. For the elements which can be used for QCC, the average
phonon velocity is i,, ~ 105 cm/sec (as will be shown in Section 7) and HSL is given by:

</, =!O9(3IO 5 Lr) 2 = 10|X(L7)2 (21)

In this case, all results from the photon theory apply in the phonon case with the scaling:
Pq=3-10 sL7\

The calculations in the Planck spectrum and in the total energy density of QCC show
that the quantum regime appears for qT < 100. Eq. (21) provides Pqmax ~
0.33 10~5 [cm.K].

On the other hand, the lowest mode (1,0,0) in QCC imposes an inferior limit to the
level number at qx = 1 (the smallest frequency in the cell) and consequently, one can
introduce the inferior limit Pqmin ~ 0.32 • 10~6 [cm.K]. Thus, we can define the range:

1 < q < 100 (22)
or 0.1 <3-105L7 < 1 [cm.K] (23)

as the quantum regime of the cubic cell.
Therefore, we can assert that the cell size and the temperature are reciprocal

parameters in QCC, i.e. the same effects (total energy) can be obtained either by varying L
or by varying T, if their product remains constant, in the range 3 • 105 LT e [0.1, l] .

The relative simple conditions put on the level number, q, which define the quantum
regime of the cell, do not have the same clear physical meaning in terms of frequency or
wavelength, for example,

2 2 (24)

This fact and the dependency of the frequency limits on the cell size explain why this
quantum regime is not mentioned in the large literature on Planck and Debye laws.

It is interesting to calculate the frequency bandwith of the phonons in a cubic crystal

with L = 10 nm; the result is: / e [l02, \0}]GHz. at T e [.33,3.33]AT. This shows that the

Debye discrete spectrum, the strong variations of the Debye temperature and of the heat
capacity with the product LT could be observed in experiments with nano- to micro-crystals
of dielectics and metals shown in Table 1, at low (but accessible) temperatures.

The inferior limit of the level number in the cell led to a down limit for the cell
parameter product: (LT)min =0.33* 10"6 [cmK]. If we write this equality under the form:

T = 0.33 *10"6/L (25)

we can conclude that T —> 0 implies L —» «>, which means cooling to OK an infinite cell; this
is physically impossible. Therefore, condition (25) can be regarded as a proof of the validity
of the Nernst-Planck principle (unattainability of the absolute zero [2, 7,12]) for the phonon
gas in QCC.



5. THE THERMODYNAMICS OF THE PHONON GAS IN QCC

Using the results from the previous sections for the Debye theory in QCC, we can
recalculate all thermodynamic functions (bearing the subscript 1) for the phonon gas [3, 5].

Up to the zero-point energy, (9/S)Nk8Q D , the total energy from eq. (12) is:

£, =(3TC4 /5)NknQn(T/QD)4F(LT) = <5lu,VT4F(LT) (26)

with the phonon constant o,,n = (37t4 / 5)Nk/)Q~D' I V = (12K5 / 15)/t4(/zv,,,)~", (27)

which is the equivalent to the Stefan-Boltzmann constant (up to a factor 12/8 resulting from
the three allowed polarizations for phonons instead of two polarizations for photons and the
mean phonon velocity, which depend on the QCC material). In (26), we wrote: V = L •

The heat capacity was calculated in Eq.(15):

CVI =(5£, /8T\ =(12TC4 /'5)NkB(T/G JH(LT) = 4al>nVT*H{LT) (28)

From (20) and Fig.3, one observes that the corrected heat capacity tends to zero with the
temperature, which is a proved experimental fact, but this tendency is faster than it was
previously expected.

Moreover, the new fact that the heat capacity tends to zero when the product LT tends
to zero, can be a proof of the Nernst-Planck principle, namely of unattainability of absolute
zero, because a very low temperature cannot be achieved into a very large (say, infinite) solid
cell. Up to the additive zero-point energy, the free energy, FE1, can be obtained as:

F — — fir4 / s W t (T4 /A3 \G(IT} — — (\ I 3VT VTACATT\ C9Q")

where the correction factor is:
IT

G(LT) = - (45 / 2TC 4)(a / LTf £ Jq ln[l - e x p ( a ^ / LT)} (30)

This correction function is shown in Fig.3, in function of the product LT. It is close to the
functions F(LT) and H(LT).

The entropy is: S, =apn VT'[F(LT) + (] / 3)G(LT)] (31)

This expression for the phonon gas verifies the Nernst-Planck principle. The functions F(LT)
and G(LT) are vanishing, thus S -> 0 (faster), when LT -> 0, but absolute zero can never be
reached (by the arguments for QCC given in the previous section).

The free enthalpy can be calculated also for QCC:

& = E + P,V-TS = (l /3) apn VT4[F(LT)-G(LT)] (32)

and the pressure of the phonon gas is (up to the zero point energy):

= £,/3V. (33)

10



6. CALCULATION OF THE PHONON AVERAGE VELOCITY

A key parameter, which Debye preserved in his phonon model from the Planck
radiation (photon) theory, is the equal velocity of the normal modes (at least at low
temperatures). In the case of phonons, this parameter is an average velocity, which is often
calculated, for (quasi-) isotropic solids, with the simple formula [3]:

3 v,n--* = 2 i-,--* + vf3 • (34)v,n

For the evaluation of vm, one has to calculate the transversal and longitudinal velocities, vt

and v| , within the theory of elasticity.
We have introduced some additional assumptions in order to simplify the calculation of

the average velocity for the cubic monoatomic crystals (with small anisotropy):
(a)taking into account that, for q > 1, there is a very large number of oblique modes in the
cavity, the contribution of the axial and tangential modes to the average can be neglected with
respect to that of the oblique modes;
(b)due to the fact that the symmetric modes (by reflection and permutations) have the same
velocity, the mean velocity of the acoustic waves in the cubic cell could be approximated by
the velocity of the oblique wave propagating in the direction [III].
With these assumptions, we can calculate the transversal and longitudinal velocities with the
equations [2, p. 178]:

vt
2=(cn -cl2+ c44)/3p (35)

and Vf2 = ( c/j + 2cl2 + 4c44)/3p, (36)

where c,, , cI2 and c44 are the elastic constants of the cubic crystal and p is its density
(which are tabulated, for example in [2, 8]). Moreover, from (35) and (36) and the tabulated
values, one can deduce that (vt I vjft « 1, thus the average velocity from (34) can be
approximated by:

y m = 1.126 vt = 1.126 [(c / 7 -c,2+ c44)/3p] l / 2
? (37)

For the cubic crystals with small anisotropy, (cu - c12 ) ~ 2c44, eq. (37) takes the form:

vm =0.65(c44 / p)"2{[(cn -ci2)/cu]+ I }"2 « 1.126 (c44 / p)"2 (38)

Thus, we have obtained a simple formula for the average phonon velocity, which includes only
one elastic constant and the crystal density.

Several methods for accurate calculation of an acoustical average velocity suitable for
the Debye model were given by Blackman [9]. Other more accurate methods calculate an
average velocity in the cubic crystals using the summation of the plane elastic wave velocities
in the crystal, which are averaged over all directions. These velocities are related to the elastic
constants of the lattice, c/; and their calculation implies the solving of equations provided by
the elasticity theory [10, 11]. In this direction, we shall remark the numerical calculations and
the comparison with the results of the theory of lattice dynamics, which were done by J. de
Launay [ 12]. He found a single expression of the average phonon velocity for both the bec and
fee lattices, with and without the contribution of the electron gas, which can be written in the
form:

11



v,:, = 1.3683 [c44/p] -f(s,t). (39)

where f(s. t) is called the anisotropy factor and is tabulated [12]. Neglecting the electron
contribution as in the above analysis, one can put: / =0. The argument s = (cj } -c/2)/2c^
can be calculated for all cubic crystals in order to find the value of the anisotropy factor from
de Launay's table. (For small anisotropy, s ~1 leads to f(s) ~1; for highly anisotropic alkaline
elements, for ex. Li, s ~ 0.1 leads to f(s) ~ 0.2 and approximately, one third of the acoustical
normal modes are concentrated in a solid angle of K I 840 ).

The above described methods and numerical integration were compared in [13],
showing a comparable precision and an outstanding simplicity of J. de Launay's method. With
few exceptions, the calculated Debye temperatures show some differences against the
calorimetric ones.

In the case of the small anisotropy ( s ~ 1), the case in which the entire Debye model
was built up (when the constant-frequency sphere in the frequency space is not deformed too
strongly), it is interesting to compare de Launay's formula,

v,;, = 1.3683 [c44 / p f 2 / ( V ) - 1.3683 [c44 / p]m => v,,, = I.I 1 [c44 / p]"2 (40)

with that obtained by us, in (38). This comparison shows a surprisingly small error for our
model, with heuristic assumptions for the calculation of the average phonon velocity.

Collecting all parameters of the Debye temperature and using (38), we can write:

QD] = (3/4K)u\h/kBXN/V)mH-invm = 2.9773 •\0-u(N/V)UiH-mv =
(41)

= 1.9355- 10-"(yV/ V)mH-m{LT)[cM I p]"2 > 6 0

Eq. (39) holds for cubic monoatomic crystals only, when: N/V = N/L^ = p/mmo], with
m m o | = ma t / N ^ = 1.6610"24 niat [g]? the molar mass of the crystal; the biatomic and
polyatomic crystals need further refinements in the calculations, which are beyond the scope of
this paper. Alternatively, one can use the tabulated values of the atomic concentration, N/V
(which can be expressed in function of the cubic lattice parameter only, but in different ways
for fee and bec) [2, p.59].

Using eq. (39), we shall calculate the Debye temperatures for some elements, which
have a small to moderate anisotropy.

7. APPLICATION OF THE IMPROVED DEBYE MODEL FOR CUBIC
CRYSTALIZED ELEMENTS

The Debye model can be applied correctly to dielectrics, such as the crystalized noble
gases. It can be applied, in a limited temperature range, to some metals, which have low
Debye temperatures and low valence, i.e. a low temperature of equal electron and phonon
contributions to the heat capacity [8, 15], TOpn< IK (shown in Table 1). We have carefully
selected the metals, for which, the phonon contribution to the heat capacity by the corrected
Debye T^ law (valid for T <0OI/5O, including QCC regime) is still larger than the electron
contribution (Sommerfeld T law). Some metals, such as Cs and Rb, despite their low TOpn,
have very large anisotropy, do not satisfy the conditions of the Debye model and are not
included in Table 1.
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The classical calculated heat capacities, denoted in Table 1 by Q Dl have limited
agreement with the measured ones, due to the approximations of the continuum model.
The supraunitary correction of the theoretical Debye temperature, introduced by us (Eq.(17)),
leads to calculated values, 0 / v (for L =17.5 nm and T = I K), which are closer to the

experimental data (denoted by 0cxp, taken from [2]), except Ar, for which the previous small
error remains unchanged (Table 1). We remark that this correction of the calculated Debye
temperature leads, for the dielectrics Kr, Xe, Ne, to errors under \% and for Ar, to an
error of 39c , when compared with the experimental data.

If de Launay's anisotropy correction is applied for K, the relative differences between
the corrected theoretical and the experimental Debye temperatures are less than ~ 4% , which
compares favorably with the relative differences between the uncorrected theoretical and
experimental Debye temperatures, which reach -16%. In all calculations, we have used the
simple formula of the average phonon velocity previously found (Eq.(38)). The existing small
errors of the corrected model can be attributed to its simplicity and approximations.

In general, we have to remark that the temperature range, in which the Debye T^ law is
valid, covers the QCC regime and, in this regime, the Debye temperature should be corrected
in function of LT as in (17).

6. CONCLUDING REMARKS

An improvement of the Debye model for the phonon spectrum in a quantum box at
low temperatures was introduced. This improvement is a direct consequence of the discrete
phonon spectrum found by us in a quantum cubic cell (QCC), for which, the highest
significant energy level is smaller than 100. In this regime, the Planck spectrum of phonons
is strongly fluctuating in function of LT, due to the random level degeneracy (discrete
orientations of the mode wave vectors). The second (spatial) quantization of the wave vector
orientation in the spectrum leads to strong effects on the temporal phonon energy spectrum,
which becomes dependent also on the cell size and geometry. We have shown that the
discrete Planck spectrum of phonons may be measured in nanometric cubic crystals around
the temperature IK.

Furthermore, we have demonstrated that the total energy and the heat capacity become
functions of the product of cell size by temperature, Pq = LT, which are clear and measurable
quantum effects in solid QCC. Consequently, the theoretical calculation of the Debye
temperatures of the isotropic solids and of the elements which crystalize in a cubic system
should be corrected by a factor Ft'11* > 1. The Debye T3 law preserves its form, if the Debye
temperature is replaced with a corrected expression.

The limits of this double quantum regime of the cubic cell are set by Pq e [0.1, l] and a

reciprocity rule for the size and temperature in this regime is given. This reciprocity leads to
the unattainability of the absolute zero in QCC.

All thermodynamic functions for the phonon gas in QCC are corrected by appropriate
factors depending on Pq and on a phonon constant (which corresponds to the Stefan-
Boltzmann constant). Demonstrating that CV1 and 5 ^ 0 (faster than expected), when
LT —> 0. the validity of the Nernst-Planck principle for the phonon gas is proved.

The discrete phonon spectrum can play an important role in the recently developed
nanostructured systems [16,17], in the quantum box lasers [18-20] and in the phonon band-
gaps [22, 23].
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The calculation of the phonon average velocity in cystals, which plays a key role in
the Debye model, is also reconsidered and simplified for quasi-isotropic cubic crystals. For
small anisotropy, a basic hypothesis in the entire construction of the Debye model, our very
simple formula for average velocity calculation shows small errors in comparison with one of
the best, given by J. de Launay (with a long elaboration in the elasticity theory).

Finally, the theoretical formula of the Debye temperature for quasi-isotropic cubic
solids is corrected (at low temperatures) and put in a form which depends on a single elastic
constant. We show that this correction reduces the errors between the calculated and
experimental Debye temperatures of some elements which crystalize in the cubic system.
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Table 1. Comparison between the calculated and experimental Debye temperatures (for L = 17.5 nm and T = IK).

1.

2.

3.

4.

5.

6.

7.

Crystal

Ar
diel.fcc

Au
met.fcc

Pb
met.fcc

K
met.bcc

Kr
diel.fcc

Xe
diel.fcc

Ne
diel.fcc

Lattice
param.

a(A)

5.31

4.08

4.95

5.225

5.64

6.13

4.46

Atomic
concentr.
N/V[cnr3]

2.66

5.90

3.30

1.40

2.17

1.64

4.36

Isotropy
param.

S

0.714

0.351

0.26

0.131

0.462

0.365

0.338

Average
velocity
Vm [m/s]

1003.6

1294

1037

1064

843.2

798.2

693.7

Th.Debye
temp.

6 n, [K]
89.2

150

98.99

76.2

-69.9

-60.25

72.6

Th.Debye
cor. temp.

9 n, [K]
94.85

168.53

105.80

81.85
(94.5,with
isotr. cor.)

72.62

62.24

74.15

Exp.Debye
temp.

6 n™ [K]
92

165

105

91

72

64

75

Temp, of
equal contr.

T(Mnhon>[Kl

1.2

0.95

0.8

-

-

-

6 Dcxn

-3%

-9%

-5.7%

-16%

-2.9%

-5.8%

-3.2%

A9 n ,

6 Dcxn

+3%

+2%

+0.8%

-10%
(3.8%)

+0.9%

-2.7%

- 1 %


