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SYNTHÈSE:
Ce document présente le développement et l'utilisation d'un algorithme de
simulation des grandes échelles de la turbulence (macro-simulation). Contrairement
aux approches communément employées, cette méthode s'appuie sur un stockage
co-localisée des variables et s'applique en outre à des geometries complexes
curvilinéaires. Le développement a été réalisé à partir d'un algorithme de résolution
des équations de Reynolds auquel ont été apportées les importantes modifications
suivantes :
- un schéma centré conservatif pour l'énergie a été utilisé pour la discrétisation
spatiale des termes de convection ;
-la discrétisation temporelle est assurée par un schéma d'Adams-Bashform
d'ordre deux ;
- la pression est obtenue comme solution de l'équation de Poisson ;
- cette équation est résolue au moyen d'un gradient conjugué préconditionné
(CG) ou d'une méthode généralisée de minimisation des résidus (GMRES) ;
- deux types de modèles de sous-maille ont été codés et examinés.
L'algorithme a été validé sur une série d'écoulements instationnaires de
complexité croissante, en partant d'une cavité carrée dans laquelle l'écoulement est
induit par un plafond défilant, pour terminer par un lâcher de tourbillons dans le sillage
d'un prisme à base carrée. Dans ce dernier cas, pour lequel de nombreuses données
expérimentales sont, disponibles, on s'est attaché à déterminer l'influence du
raffinement du mailîage et du traitement des zones de proche paroi ainsi que la
sensibilité au modèle de sous-maille, avec, en particulier, l'utilisation d'un modèle
dynamique avancé. L'algorithme de macro-simulation fournit des valeurs moyennes en
temps globales et par phase en bon accord avec les données expérimentales, ce qui
permet de confirmer que la macro-simulation constitue une approche prometteuse pour
les écoulements instationnaires dominés par de grandes structures périodiques.

F. ARCHAMBEAU : Thésard
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EXECUTIVE SUMMARY:
This thesis documents the development and application of a computational
algorithm for Large-Eddy Simulation. Unusually, the method adopts a fully collocated
variable storage arrangement and is applicable to complex, non-rectilinear geometries.
A Reynolds-averaged Navier-Stokes algorithm has formed the starting point of the
development, but has been modified substantially:
- the spatial approximation of convection is effected by an energy-conserving
central-differencing scheme;
- a second-order time-marching Adams-Bashforth scheme has been introduced;
- the pressure field is determined by solving the pressure-Poisson equation;
- this equation is solved either by use of preconditioned Conjugate-Gradient
methods or with the Generalised Minimum Residual method;
- two types of subgrid scale models have been introduced and examined.
The algorithm has been validated by reference to a hierarchy of unsteady flows
of increasing complexity starting with unsteady lid-driven cavity flows and ending
with 3D turbulent vortex shedding behind a square prism. In the latter case, for which
extensive experimental data are available, special emphasis has been put on examining
the dependence of the results on mesh density, near-wall treatment and the nature of
the subgrid-scale model, one of which is an advanced dynamic model. The LES
scheme is shown to return time-average and phase-averaged results which agree well
with experimental data and which support the view that LES is a promising approach
for unsteady flows dominated by large periodic structures.
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Nomenclature
Acronyms
BCGS
BICGSTAB
CGSTAB
DNS
GMRES
IC

Bi-Conjugate Gradient Squared method
Bi-Conjugate Gradient Stabilized method
Conjugate Gradient Stabilized method
Direct Numerical Simulation
Generalized Minimal RESidual method
Incomplete Cholesky decomposition (preconditioner)

JAC

JACobi method (preconditioner)

LES

Large-Eddy Simulation

NEU

NEUmann polynomial method (preconditioner)

SGM

SubGrid scale Model

SOR

Successive Over-Relaxation method (preconditioner)

Symbols
B

A

coefficient appearing in the power law of the wall u+ = A(

^

with A = 8.3
Area
a

area of a face of the control volume
cell aspect-ratio
B

B

coefficient appearing in the power law of the wall u+ = A( ^ j
with B = i

C

Ca
Conv

constant of the dynamic subgrid-scale model proposed by Germano
component of the Cross term tensor U(Uj + u'(Uj
convective term in the filtered Navier-Stokes equations

CT

constant of t h e subgrid-scale model proposed b y Bardina

Ca

constant of t h e Smagorinsky subgrid-scale model

C'a

parameter computed from C and equivalent t o C3 (dynamic subgrid-scale
model proposed b y Germano)

D

dimension of t h e side of t h e square prism

Diff

diffusive term in the filtered Navier-Stokes equations

d

distance to the wall

E

coefficient appearing in the logarithmic law of the wall
u+ = llnfs^iL\

jXp

E = 9.793'

interpolation function in the x-direction ( $ e — (1 — fxp)$p + f

G,G\,G2
H

w ith

filtering functions
sum of the convective, diffusive, subgrid-stress and pressure
gradient terms in the filtered Navier-Stokes equations

h

height.

Kn

Krylov subspace of dimension n

dj

component of the tensor defined by equation (5.9)

L

lower triangular matrix produced in the incomplete Cholesky
decomposition

Lij
Mij

component of the Leonard tensor UiHj — uiu]
component of the tensor defined by equation (5.16)

N

total number of nodes in the current direction

P

pressure

Pgrd
Pij

pressure gradient terms in the filtered Navier-Stokes equations
production term in the Reynolds-Averaged Navier-Stokes equation for the
Reynolds stress component Rij

He

Reynolds number

Rij

component of the Reynolds stress tensor

r

ratio of the larger to the smaller filter-widths within the framework of the
dynamic model proposed by Germano

r

vector position

rhs

right-hand

r0

initial residual rtJ-

Sgss

side

component of the true subgrid stress tensor uJ-Uj

subgrid-stress terms in the filtered Navier-Stokes equations

Sij

component of the deformation tensor

St

Strouhal number

signQ

function returning +1 for positive values of the argument, -1
for negative values and zero otherwise

T

period

t

time

U

upper triangular matrix produced in t h e incomplete Cholesky
decomposition

Ui, with i = 1,2,3

contravariant velocity component in t h e £*A curvilinear
direction (equivalent t o U, V, W)

Uin

inlet velocity

Um

lid velocity (square cavity flow)
velocity component in t h e ith direction

U{ with i = 1,2,3
Uk

velocity scale based on t h e turbulent kinetic energy

Uk

C/l kv> with Cft = 0.09

uT

friction velocity

u+

Vol

non-dimensional velocity u'

intermediate value for t h e filtered velocity field

control volume

x0

initial guess xt- with i = 1,2,3

y

cartesian coordinates
distance to the wall

y+

non-dimensional distance to the wall y+ = 2^E-

V.

operator divergence

V

operator gradient

V2

Laplace operator

< .>

time-average

G r e e k symbols
a

coefficient controlling the degree of implicitness ( a = 0 for a fully implicit
scheme and 0.5 for a Cranck-Nicolson scheme)

A, A j , A2

width of the filtering functions

8

variation

A<

time-step

K

Karman constant (« = 0.41)

Ai, A2

coefficient of the time-marching Adams-Bashforth scheme

(A, = §, A2 = f - )
v

molecular viscosity

v3gs

subgrid-scale viscosity

£*, with i = 1,2,3
£x

curvilinear coordinates (equivalent to £, 77, Q

derivative of the curvilinear coordinate with respect to the cartesian
coordinate | £

p

density

nj

component of the modelled subgrid stress tensor

TW

wall shear-stress

ftij

component of the vorticity tensor

u>

vorticity

Superscripts
n

time-step

~
*^+>

filtered
filtered

field

field

obtained by applying the test-filter within the
framework of the dynamic model

'

residual part after filtering {u' = u — u)

Subscripts
EE, WW, NN, SS, I T , BB

remote nodes lying beyond east, west, north, south,
top, and bottom nodes, respectively

P, E, W, JV, 5, Ty B

centre of the control volume and surrounding nodes in the

east, west, north, south, top, and bottom directions, respectively
bulk

bulk value

D

diameter

d

discrete

e, w, n, s, t, b - east-, west-, north-, south-, top-, and bottom-face of the control
volume, respectively
H

hydraulic diameter

ih

inlet height

lin, RC

respectively refer to the Rhie-and-Chow and to the linear interpolation

tg

tangential component (relative to the wall)

w

wall

_

vector

co
8

far fields
momentum thickness
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Chapter 1
Introduction
Amongst the various strategies adopted for computing turbulent flows, Reynoldsaveraged methods are usually preferred. Within this framework, the Navier-Stokes
equations are averaged over time.

The resulting system involves averages of

products (correlations) of the fluctuating flow properties. These products give
rise to the 'closure problem', for they have to be modelled to permit the set of
averaged equations to be solved. Although this approach is relatively economical,
many of the more complex turbulent flows of practical interest are not satisfactorily
resolved. In spite of the wide range of models available, serious limitations are
encountered, especially when handling transient features or complex geometries.
Direct Numerical Simulation (DNS) provides, in principle, an alternative
framework. The Navier-Stokes equations are solved on a very fine mesh so that
even the smallest scales (down to the Kolmogorov length-scale) are resolved. No
modelling is required, but this method remains limited to very low Reynolds
numbers. Indeed, because the ratio of largest to smallest scales is of order Re*,
the computational cost becomes prohibitive for industrial applications.
Large-Eddy Simulation (LES), in contrast, resolves only the large scales of the
flow on a tolerably fine mesh, and models only the small structures. The method is
14

attractive because of the modest computational cost involved, compared to DNS,
and because of the limited influence of modelling approximations, compared to the
widespread Reynolds-averaged method. The literature on LES is already fairly
extensive and growing rapidly, with recent conferences such as the ERCOFTAC
workshop on Large-Eddy Simulation [81], providing a good overview of the current
status. A flavour of current efforts is conveyed by drawing attention to a few
representative studies which are noted below without elaboration.

LES has been widely applied to both internal and external flows. In the former
group, Kaltenbach [33] computed a plane diffuser at a Reynolds number of 9000
based on the inlet height (Fig. l.l.a). Wagner and Friedriech [83] studied a sudden
pipe expansion at a Reynolds number of 7000 based on the larger pipe diameter
(Fig. l.l.b). Breuer and Rodi [7] presented results for a square U-bend with a
Reynolds number of 4410 based on the hydraulic diameter (Fig. l.l.c). In the
category of external flows, Potamitis and Voke [69] computed a wake behind a
flat plate, at a Reynolds number of 900 based on the momentum thickness at the
trailing edge (Fig. l.l.d), while Gavrilakis and Vbke [80] resolved the temporal
development of a tripped boundary layer at a Reynolds number of 1000 based on
the momentum thickness (Fig. l.l.e). More complex geometries have also been
addressed: Mochida et al. [55] investigated the flow around the "Texas Tech"
building (Re = 2.4 • 106). Similar flows around a cube, at Re = 40000, and a
square cross-section cylinder, at Re = 21400, are under investigation, while flows
past tube-bundles as in Fig. 1.1.f (Fuchs [23]), in compact exchangers as shown in
Fig. l.l.g (Ciofalo et al. [10]), and over a hemisphere (Manhart and Wengle [51])
have already been studied. LES can also be used to study more complex phenomena
such as chemically reacting flows (Chollet et al. [9]), or stratified and thermal flows
(Gerz et al. [26], Andren et al. [2], Bastiaans et al. [5]). The method has even been
15

applied to the difficult problem of transition (Yang et al. [86]).
The wide range of flows to which LES has been successfully applied indicates
clearly that the method is a potentially attractive approach to industrial problems,
especially those involving turbulent flows in complex geometries.

This has

motivated the development of the present code for LES, starting from the ReynoldsAveraged Navier-Stokes equations algorithm STREAM (Lien and Leschziner [44]).
At present, this is still limited to incompressible flows. The algorithm uses secondorder accurate, energy-conserving schemes in space and time, and the pressure
equation is solved by means of efficient iterative methods. The algorithm solves the
filtered Navier-Stokes equations in conjunction with a subgrid-scale model (SGM)
which accounts for the subgrid-stresses arising from the filtering process. After
several verification and validation phases involving tests on simple flows, shedding
behind a square prism at a high Reynolds number has been computed.
The remainder of this report is organized in eight chapters.

Chapter 2

presents the rationale of LES and focuses on the routes taken by several authors
when developing new subgrid-scale models. Chapter 3 gives a description of the
numerical methods used. In Chapter 4, an overview of different iterative solvers
suited to the pressure Poisson problem is offered. Chapter 5 is devoted to describing
the subgrid models implemented in the code, namely the Smagorinsky model and
Germano's dynamic model. Chapters 6, 7 and 8 present results for cavity flows
and shedding behind a bluff body. Finally, preliminary conclusions are drawn in
Chapter 9, and possible future developments are indicated.

16
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Figure 1.1: Large-Eddy Simulation: representative applications
(a): Flow in an asymmetric, plane diffuser at Reih = 9000 (Kaltenbach [33])
(b): Flow in a sudden pipe expansion at Ren — 7000 (Wagner and Friedrich [83])
(c): Flow in a square 17-bend at Reg = 4410 (Breuer and Rodi [7]
(d): Flow in the wake of a flat plate at Res = 900 (Potamitis and Voke [69])
(e): Development of a tripped boundary layer at Ret = 1000 (Gavrilakis and Voke [24])
(f): Flow past a tube-bundle (Fuchs [23])
(g): Flow around a cube on a flat plate at Re = 40,000 (Breoer and Rodi [7])
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Chapter 2
Nature of LES

2.1

Rationale of LES

In LES, the three-dimensional, time-dependent, large structures of the flow are
computed directly, while the smallest ones are modelled using relatively simple
assumptions. The large, or 'resolved', scales are defined as those earring most of
the kinetic energy and turbulent fluxes of the flow. The smallest scales, or 'subgrid
scales1, are responsible mainly fof the dissipation of the turbulent kinetic energy.
The routes to achieving a separation between the large and the small scales
are numerous (Aldama [1], Schumann [74]). For example, the large scales can
be 'filtered' from the small ones by taking averages over control-volumes; this
is the approach adopted by Schumann and Deardorff (Lilly [46], Deardorff [14],
Schumann [74], Friedriech and Arnal [22]). Alternatively, a filter can be used
within a convolution integral (see Ferziger [19], Leonard [43], Piomelli [67], and
Moin and Ferziger [67] for a comparison of top-hat and Gaussian filters).
If the averaging process, within the former approach, is denoted by an overbar,
18

the following properties hold l:
f = Tf andtF = 0

(2.1)

uiui — ul ui = 0

(2.2)

leading to

In what follows, the latter expression (when non-zero) will be referred to. as the
"subgrid Leonard term". Note that it does not vanish if the filtering operation is
based on a convolution operation and not on an averaging process.
The filtering process can be carried out implicitly through the numerical
discretization of the Navier-Stokes equations: the filtered values are the computed
values, they represent the resolved scales. Yet, it remains necessary to derive the
LES equations theoretically. Indeed, as the Navier-Stokes equations are non-linear,
the filtering process gives rise to additional terms that need to be modelled, as in
the case of the Reynolds-averaged Navier-Stokes equations. However, this is no
Reynolds-averaging method: no time-averaging is involved. Rather, the equations
are filtered in space.
The next section, presenting the LES equations, is followed by an overview of
standard modelling practices for the subgrid-scale stresses.

2.2

LES equations

Applying a filter (denoted by an overbar) to the incompressible

2

Navier-Stokes

equations gives:

dt
1

dxj

pdxi

dxjdxj

Note that the same properties hold within the framework of Reynolds-averaged methods, if

the filtering process is replaced by time-averaging.
2

for the sake of clarity only
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Using the decomposition into filtered and residual fields:
Ui^ui + u'i

(2.4)

and expanding the convective term yields:

Now, adding the term

to the right-hand and left-hand sides of (2.3) so as to exhibit a convective term
involving only filtered values, leads to:
(

dt

d(u- uj) =
dxj

ldP
pdxi

|

^ d%
dxjdxj

diLjj + Cjj + ry)
dxj

— U{ Uj Leonard term
with

tj — U{Uj + u'-Uj Cross term
=

u'£u'j

(2-8)

true stress

Hence, the left-hand side and the first two terms of the right-hand side of the
filtered Navier-Stokes equations involve filtered fields only. The last three terms
have to be dealt with separately. This is the subject of the next subsection.
Before attention is directed towards the modelling practices required to deal
with the closure problem, it should be pointed out that, while the numerical scheme
achieves the implicit filtering, the mesh interval of the grid determines the lower
limit of the resolved scales. Hence, on a coarser grid, larger structures will be
included in the subgrid scales.

2.3

Subgrid modelling

Modelling is required to determine Lij, dj and r,y.
20

The first term, or Leonard term, is often subject to discussion and its
contribution to the total balance is uncertain.
Leonard [43] thought that Lij was responsible for one third of the energy
dissipation of the large scales. Several researchers have computed it explicitly.
For example, Moin and Kim [56] applied an explicit filter in the two directions in
which a pseudo-spectral method was used. In the third direction, however, only
second-order accuracy was achieved, and it did not make sense to compute the
Leonard term, which is second-order accurate in terms of grid spacing, as will be
shown in Section 3.2.1. Clark et a!. [11] chose to model it (as well as the crossterm), using a Laplace operator (the precise formulation is given in Section 3.2.1),
and Kobayashi and Kano [36] followed the same route.
In contrast, many other authors are convinced that the term plays only a minor
part in the energy cascade. Hence, it is either implicitly included in the modelled
stresses, or entirely discarded. Lilly and Deardorff [14] chose not to take it into
account. Antonopoulos-Domis [3] even shows that the Leonard term does not
behave as predicted by Leonard, i.e., that its contribution to the energy transfer to
the subgrid scales is negligible, and, on the contrary, it backscatters energy to the
large scales. Similar remarks were made by Kwak [38]. Subsequently, Ferziger [19]
also agreed that this term - which vanishes in the Deardorff-Schumann approach
- is responsible only for a small amount of energy transfer from the large to the
small scales. Eggels [16] chose to ignore it in his pipe computations. It was also
neglected in the present work.
The cross-term should be modelled or discarded in conjunction with the
Leonard term to satisfy the Galilean-invariance principle (for a general filter,
neither of the terms is Galilean-invariant, but their sum is - see, for example,
Piomelli et al. [68]).
21

The last term, rjj, - or rather its anisotropic part - is modelled. The isotropic
part is often included in the pressure term appearing in the Navier-Stokes equations
(see Moin et al. [57] for the modelling of the subgrid kinetic energy). It is this term
towards which most efforts are usually directed. The remainder of the section gives
an overview of the practices commonly employed.
The use of the Smagorinsky model is the most popular

approach

(Smagorinsky [76], Deardorff [14], Lilly [46]). This eddy-viscosity model uses
the mesh interval of the grid as a length-scale and requires the specification of
a 'constant' which actually varies with the flow and geometry considered. The
model will be presented in Section 5.1.
Although the Smagorinsky model has been widely used, it exhibits many
weaknesses. In particular, it is too dissipative and does not account for backscatter
effects.

The need for a case-dependent constant and the incorrect near-wall

behaviour are also major drawbacks. Many attempts have been made to overcome
these difficulties. For instance, Gerz and Palme [26] excluded the mean shear
from the computation of the subgrid viscosity to obtain a vanishing stress in
laminar shear flows. The over-dissipative character of the model has been corrected
by adding a random divergence-free field to the resolved scales (Leith [42],
Laurence [private communication], Murakami [algorithm LESROOM described
in Appendix B]). While such modifications have been carried out within the
framework of the Smagorinsky model, different routes have also been followed to
provide a better representation of the subgrid-stress tensor, as pointed out below.
The so-called "scale similarity model" (Bardina et al. [4]) is likely to improve
the results obtained with the simple Smagorinsky model in the majority of the
cases. To understand its rationale, it is first necessary to observe that the energy
transfer between resolved and subgrid scales occurs via the smaller scales of the
22

resolved fields and the larger scales of the subgrid fields, that is, scales u,- of order
of magnitude the filter width. If the resolved scales are explicitly filtered, the field
which is obtained, W^ is even richer in large scales, and can be related to u,- as
follows:
(2-9)

U{ = 57 — tZ;

A sensible model accounting for the fact that scales located near to the separation
between resolved and subgrid fields are responsible for energy transfer reads:
Tij = CVu.iTj with T{j = dj + Tij

(2.10)

or rather (Bardina et al. [4]):
nj = Cr(uiuj-WiWj),

with Cr = 1.1

-

(2-11)

Unfortunately, this model turns out not to be sufficiently dissipative, and it has
to be used in conjunction with the Smagorinsky model, the anisotropic part of.
the right-hand side in the equation (2.11) being merely added to the anisotropic
part of the representation of the subgrid-stress from the Smagorinsky model (note,
however, that the Galilean-invariance is no longer satisfied, since CT is not unity,
as pointed out by Laurence [40] and Khoudli [37]).
The dynamic formulation proposed by Germano et al. [25] to take backscatter
into account and avoid the need for a user-defined Smagorinsky constant is one of
the most popular alternatives to the Smagorinsky model. The rationale is simple
to understand.

Consider a subgrid model SGM using 'large' scales to predict

stresses due to 'small' scales and a filter G\ of width Aj used to separate the
'subgrid' structures from the 'resolved' ones. Germano applies an explicit testfilter (?2 of width A2 > Ai to divide the resolved fields into very large scales and
medium scales, which are both computed explicitly. Hence, if the subgrid model
formulation depends on 'user-defined' parameters, applying it to the latter fields
23

provides a set of equations allowing to determine these parameters dynamically. If
the interaction between resolved and subgrid scales is assumed to be similar to the
interaction between the very large and the medium scales, the same model with
the same parameters can be used at both levels. As a consequence, the parameters
determined using the resolved fields are used to model the subgrid-stresses. The
model has been modified by Lilly for stability reasons. It has been extended by
Moin et al. [57] to account for compressibility effects. It is appropriate to point
out that not only the Smagorinsky model but also the mixed Bardina-Smagorinsky
variant have been used within a dynamic framework (Zang et al. [87], and Vreman
et al. [82] for an extension to compressible flows). A more extensive description is
given in chapter 5.2.
More complex modifications have also been proposed. As the Smagorinsky
model is limited by the assumption that the small scales are isotropic, a tensorial
form for the eddy-viscosity has been introduced by Horiuti [28]-[30]. Similarly,
Goutorbe et al. [27] have developed a model including anisotropy (as well as
backscatter effects), based on a dynamic approach and making use of a transport
equation for the subgrid energy.
One-equation models have also been developed (with reference to the popular
k — e). Horiuti and Yoshizawa [30] found that their model, based on the subgrid
kinetic energy transport, performed better

3

than the Smagorinsky model (on

coarse meshes). Schumann [75] also developed a model based on the subgrid kinetic
energy transport. Similarly, Gerz and Palma [26] developed a one-equation model,
transporting the SGS energy. A comparison of. some features of the one-equation
model formulation can be found in Andren [2].
Taking quite a different route, Comte et al. [12], Metais and Lesieur [53]
3

The improvement is related to turbulence intesity. No major difference could be found in the

mean fields.
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proposed a model based on the 'velocity structure function': the subgrid viscosity
is calculated from a cut-off wavenumber (filter width Jj-) and the corresponding
spectral kinetic energy. The latter is determined from, the second-order velocity
structure function:
F2(x,A,t)

= < \\u(x,t) -u(x

+ r,t)\\2 >, t || = A

(2.12)

It has been applied to incompressible plane wakes and low-Mach numbers
boundary-layers.
Although the Smagorinsky model is simple and might perform quite well in
simple flows, the need for more elaborate modelling is clear. The dynamic approach
applied in conjunction with non-isotropic treatments seems to provide promising
routes for further work. However, in this first LES study at UMIST, attention is
limited to linear isotropic viscosity models.
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Chapter 3
Basic numerical framework
3.1

The STREAM algorithm: the starting point

The present LES algorithm has been developed on the basis of a general
geometry finite-volume Reynolds-Averaged Navier-Stokes code (STREAM, Lien
and Leschziner [45]). This approach offers the advantage of geometric flexibility
and convenient code structure compatible with that generally used at UMIST. The
main features of the code are as follows:
• applicable to steady-state flows;
• based on finite-volume approach;
• adopts general non-orthogonal grid formulation;
• uses co-located storage arrangement for all variables;
• incorporate the SIMPLE algorithm and 'Rhie-and-Chow' interpolation for
pressure (Rhie and Chow [70], Lien [44], Majumdar [50], Miller and
Schmidt [54]);
• solves various equations in a sequential (segregated) manner;
26

• approximates convection with the QUICK scheme or a TVD version thereof;
• solves linear systems with a Red-Black ADI solver method.
The non-orthogonal co-located grid is a major advantage when handling complex
geometries.
A number of major modifications were introduced to obtain the LES version of
STREAM:
• Central-differencing was adopted for the approximation of advection;
• In time, the Adams-Bashforth scheme for the convective, diffusive and
subgrid-stress terms was implemented, together with a Crank-Nicolson
scheme for pressure, later replaced by a fully implicit treatment;
• A Poisson equation for pressure is solved iteratively at each time-step rather
than a pressure-correction equation.
• Conjugate Gradients and Generalized Minimal RESidual methods were
incorporated for solving the linear systems.

3.2

Basic choice

The spatial discretization of transport rests on central-differencing. This scheme
conserves energy, but is well known to give rise to unbounded oscillations at
high cell Reynolds numbers, if used in explicit time-marching schemes, unless the
Courant number is severely limited, by chosing a very small time-step.
Central-differencing is also used for aproximating the pressure gradients in the
Navier-Stokes equations, and this normally gives rise to odd-even oscillations due
to velocity-pressure decoupling. However, the fourth-order term introduced by the
'Rhie-and-Chow' interpolation is sufficient to supress chequerboarding. A general
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feature of the scheme, already noted, is that small time-steps are usually required
to ensure stability. However, this is not a drawback within the framework of LES,
since the method demands small time-stepping on grounds of accuracy. Moreover,
higher-order schemes such as QUICK (Leonard) or the Hybrid Linear Parabolic
Interpolation (Zhu and Rodi) have proven to be unsuitable for LES as they produce
highly damped velocity fluctuations (Rodi et al. [71]).
It can also be shown using a Fourier analysis that central-differencing satisfies
the modified wave-number criterion (Mansour et al. [52]) and hence conserves
energy, whereas compact schemes and QUICK, for example, do not possess this
property. A fourth-order energy-conserving scheme has been proposed by Kwak et
al. [38], but the treatment of boundary conditions turns out to be quite tedious,
and central-differencing is still favoured, especially if one wishes to apply LES to
problems involving complex geometries.
In summary, the second-order central-differencing scheme appears to be a
good compromise between accuracy, simplicity of numerical implementation and
computational costs.
The treatment of the subgrid Leonard term and the discretization of the Poisson
equation for pressure within the framework of central-differencing are addressed in
the following subsections.

3.2.1

Central-differencing and Leonard's term

As the spatial approximation scheme adopted is second-order only, the so-called
Leonard stresses do not have to be computed since they are also second-order
accurate with respect to the grid spacing. This is demonstrated below.
A simple formulation for Lij = u,Uj — tZ7 uj can be derived assuming that
the filter is symmetric. Let G denote the filtering function and / a function of r
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(position).
Let the following relation define the Taylor series for f at
( )

|()

)

(3.1)

where the term

( f c - Ib) • Y) V(EO) + O((r! - r)3)

(3.2)

assumes the following form in 2D space:

+ 0 ((x - x 0 ) 3 , {y - Vof, {x - xQf(y - y0), (x - xo)(y - y0)2)
Applying the filter G to f yields:
7(r)=j^ n G(r-r')/(r')(fr'

(3.3)

or again, using the Taylor series for / :

(3.4)
Assuming that G is symmetric, the first and third-order terms vanish, as well as
the cross-terms present in the second-order term; hence:

Replacing / by u,Uj and rearranging yields:
(3.6)
which is second-order with respect to A,- = x, — xj.
Moreover, assuming that the numerical scheme behaves as a Gaussian filter,
i.e.:
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with n standing for the space dimensionality (2 or 3) and A for the filter width
and using:
/

exp{y2)dy = ^

and /

J—oo

y2exp(y2)dy = 2 _

J—oo

(3.8)

Z

the previous formulation can be simplified to give:

7fc) = f(L) + ^ 2 V 2 / + O(A4)

(3.9)

With / = Uitij, the final formulation for the Leonard term reads:
(3.10)
As a consequence, it is possible to calculate the Leonard term with fourth-order
accuracy without using any explicit filtering, but, with a second-order scheme, the
Leonard term should not be taken into account.

3.2.2

Discretization of the pressure Poisson equation

The discrete Laplace operator used to derive the pressure Poisson equation has
to be consistent with the discrete divergence and gradient operators. Thus, the
Poisson equation needs to be derived by applying the discrete divergence operator
to the momentum equations.
The filtered Navier-Stokes equation reads:
j | djUjUj)=
dx
dtt

lflF
pdx

( v

d2Uj
dxjdi

diLy+Cjj + ry)
dij

On the assumption that a time-marching scheme has been chosen for the advective,
diffusive and subgrid-stress terms, and that the pressure terms are handled with a
semi-implicit scheme, the previous equation becomes:
1 dT

r-v^r
j)

T

8%

djLu + Cij + nj)

dx~dx~
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dx~

l

'*

5<

^

'

where a is 0.5 for a Crank-Nicolson scheme and 0 for a fully implicit scheme.
Let an intermediate solution ti; be defined as follows:
*

*

—

— ./V

i.

pn

At

The equation for tT1"*"1 reads now:

Application of the discrete divergence operator V,i to the discrete form of the
previous equation, subject to the fact that V<* • p n + 1 u n + 1 should vanish, yields:
(3.15)
Within a 2D framework, and for a constant density for the sake of clarity, the
previous equation may be integrated over a control-volume to give the following
finite-volume formulation:
[<(&). VoU + v'e(Vx)eVole + u'n(ty)nVoln
-<,(£*)»Vol w - v'w(r,x)wVolw - tt,(tv).Vol.
)<Areae - PP((x)eAreae
-{Pp(tx)wAreaw

+

v'n(Vy)nVoln

- ttfifc).

+ Pne(Vx)eAreae

-

- Pw{&)wAreaw + Pnw(Vx)wAreaw -

+{Pif(T)y)nArean - PP(riy)nArean + Pne(£y)nArean

P3e(Vx)eAreae)
Paw{qx)wAreaw)

- P n u ,(^) n Area n )

-(Pp{Vy)aAreaa - Ps{riy)3Area3 + Pae{Zy)aArea3 - P stt ,(£ y ) a Area,)] (3.16)
(£ and TJ are the grid-related curvilinear coordinates, and £ r stands for | | ) .
The left-hand side can be written using contravariant velocities:
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The right-hand side is much simpler for a Cartesian grid, involving no crossterm, i.e.:

nArean + Ps(T)y)aAreas
x)eAreae

+ ({x)wAreaw + {r}y)nArean + (r}y)3Area3)]

(3.18)

3.3

Boundary conditions

3.3.1

Dirichlet condition for the velocity component
normal to boundaries and associated condition for
pressure

For an impermeable wall, the velocity component normal to the boundary is usually
set to zero. For an inlet with prescribed mass-flow rate, a Dirichlet condition also
applies to the velocity component normal to the boundary. In such a case, it is
possible to use the face-velocity at the boundary to specify a boundary condition
for pressure on the near-boundary node, without making any further assumptions.
This is demonstrated below. For the sake of clarity, the considerations are restricted
to a Cartesian framework, and attention is focused on a boundary located between
the P and E nodes as shown in Fig. 3.1.
On the assumption that all the variables are known at the time-step tn,
the convective, diffusive and subgrid-stress terms as well as the explicit part
of the pressure-gradient terms can be computed to derive the intermediate cellcentred velocity field jz' at every node lying inside the computational domain (i.e.
everywhere but at the boundary nodes). The pressure field Pn+1 at the next timestep has then to be determined as a solution of the Poisson equation,
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Figure 3.1: Eastern boundary illustrating treatment of pressure
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V - PP){T)y)nArean + (Ps -

(3.19)

The above equation involves the intermediate cell-face velocity U'e, determined
using the 'Rhie-and-Chow' interpolation and the cell-centred velocity field on the
neighbouring nodes (u'p and u'g). If, however, the current node P is the last-butone of the domain, u'E has not been determined yet, since the momentum equations
are not solved at the last node E. Hence, no interpolation can be used to calculate
U'e. To overcome the difficulty, U'e can be related to the actual cell-face velocity
1

at the next time-step:

(3.20)
Dirichlet condition

similar term is found in the Poisson equation above
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Use of the above relation to modify the Poisson equation yields:

[{Pw - PP){Zx)wAreaw + (PN - PP)(i)v)nArean + (Ps - Pp){T}y)sAreas

n+l

As far as the Poisson equation is concerned, no assumption about the pressure is
necessary. The resulting boundary condition is of the Neumann type. It should
be noted that knowledge-of the cell-face velocity U?+1 at the time-step t n + 1 is
required before solving the Poisson equation for the pressure field Pn+1. Hence, such
an approach is especially suited to impermeable walls or inlet boundaries, where
the normal component of the velocity field is known in advance, whereas further
assumptions are required to deal with an outlet boundary (when no prescribed
velocity is available). The above formulation has also been used to specify a
boundary condition at symmetry planes1.

3.3.2

Boundary condition at fluid outlet

The above approach can also be applied at the outlet, but only if a value for the
cell-face velocity U?+1 can be determined without using the pressure field Pn+1.
The most appropriate treatment for doing so is presented first, followed by a brief
discussion of other less successful attempts.
To provide the necessary value for (7"+1, the cell-face velocity component
normal to the boundary is 'converted' using a bulk velocity:

with
(3.23)
1

Note, however, that symmetry is a crude numerical simplification within the framework of

LES, and must be used with due attention to physical realism.
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A local convective velocity could be used instead of the bulk velocity, but this would
be more computationally demanding, less stable and would not yield better results
(J.C. Wu [84], [85]). Once the value for J7en+1 has been determined, the method
described in the previous section applies and provides a boundary condition for
Ihe pressure Poisson equation. The face velocity at the boundary is then copied
to the last cell-centre node, which is merely a ghost-node (outside of the domain).
The other velocity components at the last cell-centre node are then determined
assuming that vorticity is convected through the outlet boundary, again with the
same bulk convective velocity. In a two-dimensional framework, the only relevant
equation is:
-or + tftutto-= 0 with w = - — - —
at
ox
2\ox
ayj

_

(3.24)

An alternative would have been to convect the velocity field itself, instead of
converting the streamwise velocity and the vorticity (Rodi et al. [71]). However,
as the condition was derived principally in order to compute shedding behind a
cylinder, it appeared sensible to convect the vortices.
Both methods allow major earlier difficulties caused by back-flow to be
overcome (see Fig. 3.2). When a strong vortex reaches the outlet, momentum is
introduced locally into the computational domain. Convecting the velocity field or
the vorticity prevents the incoming momentum rate from increasing continuously,
eventually reversing the flow and leading to divergence. Instead, the disturbances
introduced in the velocity field at the outlet are simply removed by the convective
process.
It is appropriate to note that, from a practical point of view, solving the pressure
Poisson equation (V 2 JP = rhs) is not possible without enforcing the compatibility
condition / rhs dVol = 0, the integral being taken over the whole computational
domain. This condition merely expresses mass conservation over the whole domain
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U

time
Figure 3.2: Reverse-flow problem at the outlet boundary
and can be enforced by correcting the convected face-velocity at the outlet to match
the inlet mass-flow rate.
Several attempts have been made to avoid the need for an updated outlet facevelocity field before solving the pressure Poisson equation. In one, a partially
'decoupled' pressure Poisson equation was solved near to the outlet boundary:
P
At(l

_

a)

[K ~ K'] = [(PN - PP)(vv)nArean + (P, - PP)(Vy),Areaa]n+1

(3.25)

This equation is obtained by removing the east- and west-related terms from the
complete Poisson equation. Hence, in a 2D framework, a ID Poisson equation is
solved along the last-but-one column of the domain, whereas in a 3D framework, a
2D Poisson equation arises on the last-but-one plane of the domain. However, this
treament leads to a significant perturbation of the velocity field which was found
to have a corrupting influence upstream.
For a 2D problem, the approch leads, on the last-but-one column, to a constant
V-velocity, determined only by the conditions imposed on the north and south
boundaries, as no U-velocity is included in the source term of the Poisson equation
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NI-1 NI
Figure 3.3: Zero-tranverse velocity along the last-but one column when the pressure
boundary condition is obtained by isolating the last-but-one cells
for pressure (Fig. 3.3). Moreover, with such a boundary condition, the pressure field
is strongly pertubed at the outlet. As an elliptic equation is solved for pressure,
the disturbance is propagated far upstream. This influence is best illustrated
by Fig. 3.4 showing the instantaneous pressure field behind a square cylinder at
Reynolds number 21400 (2D LES with Smagorinsky constant of 0.1 and filter
width being twice the mesh interval of the grid). The only difference between
the two computations is the pressure boundary condition: in the first one, the
last-but-one column of cells is decoupled (Fig. 3.4.a), and in the other, the above
pressure boundary condition, using the converted velocity field has been employed
(Fig. 3.4.b).

3.3.3

Determination of pressure at the boundaries

The above approach allows the pressure to be determined at each node located
inside the domain (nodes 2 to N — 1) without any assumption. However, a value
37

(b)

Figure 3.4: Pressure field arising from alternative treatment of pressure boundary
condition (2D LES) - (a): last-but-one column isolated - (b): cell-face velocity
convected
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for pressure is still required at the boundaries (1 and N) to correct the velocity
field on the near-boundary nodes (2 and N — 1).
At the wall, the problem can be overcome by assuming either that PE = Pp
(Fig. 3.1), or P = a-cP+b-d+c, {d standing for the distance to the wall). The latter
approach is more consistent with a second-order scheme. If the quadratic variation
is chosen, a and c can be determined using Pp and Pw, with the assumption that
| £ vanishes at the wall (a much less stringent condition than Pe = Pp), yielding
6 = 0 and

(3 26)

'

Although this quadratic scheme requires further assessment, it does not seem to
yield major improvements for the test case of a square cylinder. Nevertheless,
one might expect it to lead to better results than Pe = Pp, especially where the
pressure field exhibits rapid variations in space (near to sharp corners for example).
At an inlet or outlet boundary, the pressure is linearly extrapolated in the
direction normal to the boundary.

3.3.4

Wall functions

For an impermeable wall, the velocity components on the cell-face lying on the wall
are set to zero (or to the wall velocity, in case of a moving boundary). Different
formulations can be used to specify the wall shear stress. As the test cases to which
these conditions were applied in the present study did not prove very sensitive to
the wall stresses, it is not possible at this stage to decide which formulation should
be favoured.
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Basic model
The shear stress at the wall can be derived from the following formula:
Tw = pUrUT

(3.27)

with uT obtained by solving either one of the following implicit equations:
T=

(3.28)

(3.29)
with K = 0.4187, E = 9.793, A - 8.3 and B - \ and Utg standing for the tangential
near-wall velocity in the fully turbulent region.
Launder and Spalding's model
To couple the law of the wall for velocity to the level of turbulent kinetic energy,
the wall shear stress is expressed as follows:
rw = puTuk

(3.30)

The velocity scale uk is determined from:
uk = C4 kl

(3.31)

where kw stands for the near-wall turbulent kinetic energy. This formulation is
compatible with a state of turbulent equilibrium. In a LES calculation, k^ is
evaluated from the time-mean value of the total fluctuating kinetic energy at the
near-wall node (as in Murakami et al. [58]).
The velocity scale uT can be evaluated using either a logarithmic or a power
law:
uT =

j ^ — ^
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(3.32)

No significant difference in the level of predicted stresses was found when using
either of the two models, though this does not establish that either was accurate.
In both cases, y+ has to be determined first. If y+ based on Uk, uT can be
computed directly. In contrast, if t/+ is computed on the basis of u T , an implicit
equation has to be solved. In the latter case, if the power-law relation (U^ = Ay+

)

is used, an analytic solution for uT can be determined:

A test has to be performed to ensure that the power-law treatment is applied only
in the region where y+ > A^5

— 11.81 is satisfied. To avoid calculating y+, the

test can be carried out on Utg, the previous condition being equivalent to

p)

(3.35)

y

3.4

Time-marching scheme

The Adams-Bashforth scheme was chosen to ensure second-order accuracy in time,
whilst avoiding an implicit scheme. It was applied to the advective, diffusive and
subgrid-stress terms. It has previously been used successfully for LES by Murakami
et al. [58], Gavrilakis [24], Horiuti [30] and Antonopoulos-Domis [3] , among others.
The pressure term was initially approximated with the Crank-Nicolson scheme to
achieve an overall second-order accuracy, but it turned out to be necessary to adopt
a fully implicit method so as to avoid numerical instabilities. No attempt has been
made with an intermediate value of the parameter controlling implicitness (a — 0.6
could have been used, for example).
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Convection, diffusion and subgrid-stress are added to the explicit part of the
pressure gradient term, and an intermediate velocity field u' is produced, which
is not divergence free. The pressure field obtained as a solution of the Poisson
equation is used to correct it.
Let Conv. Diff, Sgss and Pgrd stand, respectively, for the cell-integrated
convective, diffusive, subgrid-stresses and pressure terms. Pn denotes the pressure
at the time-step n. Ai = | and A2 = — | are the coefficients of the Adams-Bashforth
scheme, and a is the coefficient controlling implicitness in time (a = \ for CrankNicolson and 0 for a fully implicit method).
The successive steps are as follows:

Dif£+Sgss)n
+ XofConv + Diff + Sgss)11'1
+ aPgrd"]

un+1 = ii + (1 -

(3.36)

tt)^P£r^+1

(3.38)

A simple explicit Euler scheme replaces Adams-Bashforth for the first iteration,
but the latter is used when the calculations are restarted.

3.5

'Rhie-and-Chow' interpolation

3.5.1

Identification of chequerboarding problem

Central-differencing of the pressure gradient, applied within a collocated storage
scheme, is known to lead to odd-even velocity-pressure oscillations. This may be
avoided by the Rbie-and-Chow interpolation, which must be used with some care
in time accurate computations.
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Consider a ID distribution of nodes with a uniform spacing and a co-located
variable storage.

Let vl be an intermediate velocity field resulting from the

convective, diffusive, subgrid-stress terms and, eventually, from the explicit part of
the pressure term. Let the gradient and divergence operators be discretized in a
centred manner. The momentum and continuity equations read:

'

= \Convection+Dif fusion+Stresses+aPressuregradient |

(3.39)

=

At

p

2Ai

The pressure at the nodes i — 2, i and i + 2 is clearly determined from the «' field
at the nodes i — 1 and £ + 1 . The latter intermediate velocities receive information
from the nodes (i—2, i"), and (i, z + 2), respectively. Hence, the even nodes end up
decoupled from the odd ones, which is likely to lead to pressure chequerboarding.
Although it is possible to couple the odd and even nodes through boundary
conditions, Rhie and Chow's approach was favoured here.

The coupling is

introduced through the convective velocity field in the form of a fourth-order
smoothing term. Without it, a test case as simple as an impulsively started, liddriven cavity flow at a low Reynolds number (Re •=• 300) could not be computed.
The implementation of the Rhie-and-Chow interpolation within the present
time-marching framework is presented in the next subsection. Attention is then
directed to the fourth-oder term introduced by the scheme.

Finally, after a

brief remark about the independence of the time-step of the formulation, a
comparison is drawn between the Rhie-and-Chow approach and the so-called
'Arakawa correction'.
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3.5.2

Formulation for a time-marching scheme within t h e
finite-volume approach

The 'Rhie-and-Chow' interpolation is derived here for the Adams-Bashforth scheme
used in conjunction with a semi-implicit scheme for pressure. For the sake of clarity,
we consider a 2D case.
The cell-centre velocity satisfies the following relation:
)

U

{ j U

+ ^H

+ W

(p; Vol + (i? + 1 - Pn"+1) (^) Vol]

- a

with Ai = | , A2 = — 5 and a = | . P e , Pu», P»u and P s are linear interpolations of
pressure between the East and Central nodes, Central and West nodes, North and
Central nodes and Central and South nodes, respectively. Hn stands for the sum
of the integrated convective, diffusive and subgrid-stress related terms evaluated
at the time-step n. AreaxE is the cell-face area normal to the curvilinear direction
x and taken at the grid node E, while Areax is taken at the central node P. £s is
the derivative of the curvilinear coordinate with respect to x.
The intermediate cell-centre field u' is introduced again:

(VolP\Up „/ _ (VolP\ Up
,,n

y-r)

-

(-r)

n
a

- P:) (r)x)Vol]

(3.42)

The computation of the source term of the pressure Poisson equation requires the
cell-face velocity u'e. A linear interpolation $ e = (1—fxp^p+fxp^E

between the

East and Central nodes is used for all terms appearing in the previous equation,,
except for the pressure-gradient term, for which the 'Rhie-and-Chow' interpolation
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is used:

(3.43)
Explicit part of the pressure gradient for u'c

Thus, the pressure gradient in the a:,- direction (for the u,- component of the velocity
field) is evaluated at the cell-faces using the nearest neighbours.
As for the numerical implementation, the following form was adopted so as to
be able to derive the cell-face velocity directly from the cell-centre velocity field:

Explicit part of the pressure—gradient term for u'p

Explicit part of the pressure.—gradient term for u'E

(3.44)
Explicit part of the pressure gradient for u't

Once the pressure Poisson equation has been solved using the previous cell-face
values of u' for the source term, the cell-face velocity has to be updated with the
implicit part of the pressure gradient. The cell-centre velocities are first corrected
as follows:

(Volp\

(3.45)
The cell-face velocity field can then be determined from the new pressure and
cell-centre velocity fields:
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/mpiicjf part of the pressure—gradient term for u£ +

Implicit part of the pressure—gradient term for u j + 1

(3.46)
Implicit part of the pressure gradient for u j + l

3.5.3

Fourth-order term

From the comparison of the previous expressions with a formulation resting on
linear interpolation, it is possible to exhibit the artificial term introduced by the
Rhie-and-Chow approach. With URC and uun standing, respectively, for the cellface values of velocity obtained with the 'Rhie-and-Chow' interpolation and with
a linear interpolation:'
-£r(uRC-u«n)=a{
(1 - fxp)

fxP

- fxP)
[(P; +1 - Pg1) {t*)EVolE}} (3.47)

fxP

For the sake of clarity, consideration is restricted to a Cartesian regulax mesh and
a fully implicit treatment of the pressure gradient (or = 0, fx = 0.5 and ^ = ^ ) .
With these simplifications, equation (3.47) reads:

At

- uifa) = Areax {[(PP - PE)] - (\) [(P« - P.) + (P. - P&)]}
(3.48)
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Use of a Taylor series centred on the East cell-face yields:
Volp /
\
Ax*d*P
At [URC
V "" - u
" lin
" /) = Area*x——g8 5a;3 + Areax0(Axs)

(3.49)

Hence, the Rhie-and-Chow approach introduces the following fourth-order term:
AreaJunc - uiin) = Area*—
v
'
op

3.5.4

—T
ox

(3.50)

Dependence of fourth-order diffusion on the timestep

It has been observed that, depending on the approach taken to implementing
an underrelaxation within the framework of the 'Rhie-and-Chow' interpolation in
steady-state codes, the value obtained for the cell-face velocity is, inappropriately, a
function of the underrelaxation factor. Miller and Schmidt [54] and Majumdar [50]
proposed similar implementations to cure the problem. Here, however, the value
for the cell-face velocity does not depend on the time-step. To demonstrate this,
the previous formulation is applied to a steady-state problem, for which up"1 = u%
u£+1 = u% (cell-centre velocities) and P" + 1 = Pn (at the cell-centres and cell-faces).
The cell-face velocity u"+1 can then be written as follows:

(l-fxP){[(Pw-Pe)(tx)pVol]}

(3.51)
Hence, it is clear that u™+1 = ti", as expected for a steady-state problem.
The previous remark might be obvious, but is designed to point out the
fact that the 'Rhie-and-Chow' interpolation does not and should not include any
modification related to the time-marching process. In particular, attempting to
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derive a momentum equation for the cell-face velocity would be misleading. This
argument is pursued below.
Consider the following equation for the cell-face velocity, analogous to the
momentum equation for the cell-centre velocity:
-1

+(1 - a) [(P2+1 - P£+1) {t*)Vole + (P5ne+1 - P ^ 1 ) [*)VoL],

(3.52)

the terms He, Pne and P, e being linearly interpolated from the cell-centre values
at each time-step.
Consider next the steady-state limit of the above relation on a regular, Cartesian
grid (r}x = 0 and &. = £).
Hn+i =

Hn

_

Hn-x

^

With up = ttp+1 holding at the cell-centres,

pn _ pn+i

a t t h e ceU-faces

and at the cell-centres,

equation (3.52) reads:
- Hc = (PP - PE) ( t ) Vole

(3.53)

Similarly, the steady-state limit of the momentum equations for the velocity at the
cell-centres reads:
-Hp

=

Ax

(3.54)

Hence, from the comparison of equations (3.53) and (3.54), it is clear that, if
He = ^(Hp+Hs) holds, as assumed above, the discrete third derivative of pressure
must vanish (—3PE + PEE ~ Pw + 3Pp = 0). This indicates the inconsistency of
such an approach: the Rhie-and-Chow interpolation has to remain a purely spatial
process.
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Figure 3.5: Two-dimensional staggered arrangement: pressure nodes.

3.5.5 Arakawa correction
On a semi-staggered grid, pressure chequerboarding can also be encountered if
central-differencing is used. Consider the two-dimensional regular staggered grid
shown in Fig. 3.5, with Ax = Ay. The discretized Laplace operator applied to
pressure involves nine nodes:
{j

= ^[((PGBX

- PGAX) + (PGCX - PGDX))
+ {PGBy-PGCy))]

(3.55)

PGAX stands for the pressure gradient in the x direction at the velocity node A:

PGAX = ^ ( t o + i " JUfti) + to " Pi-

(3-56)

Use of (3.56) in conjunction with (3.55) yields:
V2P

(3.57)
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Hence, the nodes for which i x j is odd axe decoupled from those for which i x /
is even. This might lead to spurious pressure chequerboarding. The problem
can be overcome by introducing a different discretization of the Laplace operator,
involving only five nodes:
V^Ptf = jl[((P»ii-Pij)-(Pii-Pi-»))

+ ((PiJ+i-Pii) + (Pii-Pv-i))} (3.58)

and by modifying the original pressure Poisson equation using equation (3-58)
weighted by a coefficient cxArakawa of order 0.1:
[(1 - aATakawa)V2 + CtAraka^V^Pij = - ^ V • u'

(3.59)

For the sake of clarity, the Arakawa correction is expressed as an additional source
term on the right-hand side:
SA=«Arak™a\y2-V'2]

SA =

^2OU>° [

2^'+li+1

+

(3.60)

Pi+V-1 + "ft-li-1 + Pi-lj+1 ~ ^Pij)
],

(3.61)

using Taylor series expansion centred on the node (i j ) yields:

SA = —&-1-Y-QJQS + O(± )) = « * * « . T g ? g p + O(A )

(3.62)

The above source term might be compared to that arising from the 'Rhie-andChow' interpolation:

the latter being obtained from equation (3.50).
Both corrections are fourth-order, but Rhie and Chow's approach decouples the
effects in the x and y directions and is independent of the arbitrary choice of an
artificial dissipation parameter.
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Chapter 4
Iterative solvers
4.1

Introductory remarks

The determination of the pressure field is the most computationally demanding step
of a LES algorithm, often requiring around 50% of the total CPU time because
of the need to satisfy mass continuity to a high accuracy within any one timestep. Hence, it is crucial to use an efficient solver. Within the present study,
pressure is computed as the solution of a Poisson equation with Neumann boundary
conditions. This leads to a singular matrix. Although the singularity can be
removed, in principle, by applying a Dirichlet condition at one cell, this proved
to introduce numerical perturbations. Moreover, the system is not symmetric on
a non-regular grid and, on a non-orthogonal one, the operator involves 27 nodes
instead of 7. Thus, finding a reliable and fast solver is not straighforward, especially
as the best one might not be the same for each case.
The pressure Poisson equation was first solved using a Red-Black ADI linear
solver. The solution is achieved for a 3D case by sweeping over the planes of the
domain, with the terms of the equation involving unknowns on the neighbouring
planes being subsumed in the source term. In each plane, a Red-Black procedure
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is used to reduce the pentadiagonal problems to tridiagonal systems. This solver,
while robust, is unfortunately quite time-consuming. It may be suitable for steadystate cases, but not for transient flows with mass-continuity having to be ensured
as accurately as possible at each time-step.
As a result of the availability of the NSPCG library [64], it was possible to try
various accelerators and preconditioners to solve the Poisson problem. The library
is portable, and if some effort is made to set up properly the parameters for the
first run, it proves to be quite useful and efficient. It also provides a convenient
framework for programming new solvers, since many standard operations have
already been coded and optimized.
In the remainder of this chapter, attention is mainly directed to two fast
iterative solvers, the Bi-Conjugate Gradient Squared method (BCGS) and the
Generalized Minimal RESidual method (GMRES). Each has been tested with
several preconditioning techniques. The final subsection offers an overview of
solvers which turned out not to be efficient for the problems considered hereafter,
but have been reported to perform quite well on different geometries.

4.2

Bi-Conjugate Gradient Squared method

The structure of the matrix for the Poisson problem - being neither symmetric, nor
definite, nor positive - dictated the choice of the accelerator amongst the Lanczos
methods (Bi-Conjugate Gradient variants, see Jea and Young [31], Lanczos [39] and
Fletcher [20]), Orthomin (see Jea and Young [31]), a Least Square method applied
within the framework of the Normal Equations (due to Paige and Saunders [66])
and the Bi-Conjugate Gradient Squared method (BCGS). The last one is said to be
the most efficient. Rather than focussing on the algorithm which has been proposed
by Sonnefeld [77] and is also extensively described by Joly and Eymard [32],
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attention is directed to the performance obtained when different preconditioned
are applied. Two test cases are investigated.
The problem considered first was a square cavity with a 32x32 grid. Various
preconditioned have been tested, and the best one turned out to be the line Jacobi
method in its modified version (see NSPCG manual [64]). The CPU time required
per iteration was 0.6 seconds, whereas with the linear ADI method, 1.3 seconds per
iteration were needed. The performance of different preconditioners is conveyed
in Fig. 4.1. The figure shows the CPU time vs. the number of iterations required
to achieve a predefined level of convergence. The acronyms identify Incomplete
Cholesky methods (IC), Jacobi methods (JAC), Neumann polynomial method
(NEU), Successive OverRelaxation (SOR), and the letters B, L stand for Block
and Line respectively. X indicates a variation of the factorization method (see
NSPCG manual [64]). It should be pointed out that the calculation of the pressure
field (including the calculation of the source term of the Poisson equation) took
about 54% of the total time and that the call to the solver itself took 16% of the
total CPU time.
The poor efficiency of the incomplete Cholesky preconditioners is surprising:
actually, they were applied here with a 'fill-in' level of 0 only, and it was found
later that the optimum level was 2. Thus, the Incomplete Cholesky method can be
expected to be more efficient than indicated in Fig. 4.1. 'Fill-in' refers to the fill-in
of the upper- and lower-triangular matrices (U and L) involved in the Cholesky
decomposition of a matrix A. With a fill-in level of 0, only the coefficients of U and
L whose location correspond to a non-zero coefficient in A are kept. With a fill-in
level of 1, the latter coefficients are kept, as well as the elements which they create
directly (the decomposition is a recursive process). As an example, a sketch of the
structure of U and L is given in Fig. 4.2 for a tridiagonal matrix.
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Unfortunately, BCGS was found not to converge for the test-case of a square
cylinder embedded in a non-regular grid containing 70x41x9 nodes (streamwise,
transverse and spanwise direction respectively). This grid was refined near the
solid body, and the 9 spanwise planes were equally spaced. This might be due
to the size of the problem, as the BCGS was converging for a similar grid in two
dimensions with a 70x41 grid. The stretching of the grid in the first two directions,
rendering the system non-symmetric, might also be of significant influence since
the solver was converging on a 70x41x9 grid stretched in the second direction only.
In any event, another solver had to be used.
The Lanczos variant of Orthomin (being usually reported as performing better
than the Lanczos variants resting on Orthores and Orthodir) was not converging.
The Least Square method applied to the normal equations [66] was very slow.
In the end, the Generalized Minimal RESidual method (GMRES) of Saad and
Schultz [72] turned out to be encouragingly efficient.

4.3

Generalized Minimal RESidual method

GMRES is an iterative method appropriate for solving nonsymmetric linear
systems. Let A be a mxm nonsymmetric matrix, x an unknown vector of dimension
m and rhs the right-hand side of the system Ax — rhs.

Let XQ stand for an

arbitrary initial guess, and r 0 for the initial residual rhs — AXQ. At every iteration
n, the GMRES algorithm minimizes the norm of the residual vector r n =

rhs—Axn

over the Krylov subspace Kn spaned by the vectors ro, Ar0, A2rQ... A71'1^.

The

algorithm is derived from the Arnoldi process for constructing a /2-orthogonal basis
of Krylov subspaces. The desired level of accuracy can be achieved by increasing
n continuously, but the computational cost, in terms of memory space and CPU
time, becomes probative. Hence, two alternative approaches have been proposed.
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In the first approach, or "truncated* method, only the p last directions of Kn are
stored (p < n), reducing the dimension of the subspace over which the norm of
the residual is minimized. In the second variant, or "restarted" method, the n
directions of the subspace Kn are stored as long as n remains lower than a userdefined limit nre3tart. When n reaches nreatart, the n spanning vectors are discarded,
and the algorithm is "restarted" from the beginning with the last updated solution
xnrettart

as initial guess (observe that it is sometimes useful to combine the restarted

and truncated methods).
In the present study, GMRES has been used in a purely restarted way (no
truncation) and the precise algorithm is detailed in Appendix C.3.2. On the cavity
test-case, described in Chapter 6, the optimum value for nrestaTt was found to be
45. Various preconditioned were applied: Jacobi, SOR, and incomplete Cholesky
factorization. The last performed best.
GMRES was then used on the 2D test-case of a square cylinder with a 140x81
grid refined aear to the body. A modified incomplete Cholesky method was chosen
as the preconditioner, and the best level of fill-in was found to be 2. No truncation
was applied, and the solver was restarted every 45 iterations, which proved again
to be the optimum value. Out of the 4.2s per iteration, the solver itself needed
1.31s (31%) and 18 iterations to solve the Poisson equation (V 2 P = rks), with a
stopping test * TP^IT = 10~4, where r n stands for the residual at the nth iteration.
The whole routine calculating the pressure needed 1.5s per time-step (36% of the
total CPU time).

1

The norm of the vector v_ is defined as follows: ||«|| = vCCi vi
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4.4

Other attemps

A Conjugate Gradient STABilized method, CGSTAB, (Chin et al. [8]) was
implemented and preconditioned with an incomplete Cholesky factorization. A
fast convergence has been reported for this solver, which rests on a conjugate
gradient method. Moreover, the stabilizing modification is expected to provide a
monotonic variation for the norm of the residual. However, the conjugate gradient
methods are known to have difficulties with non-symmetric systems and CGSTAB,
was not, in fact, converging in tests performed in the present study.
The Bi-Conjugate Gradient STABilized method (BiCGSTAB, Van Der
Vorst [78]) nearly overcame the problem. Indeed, being a bi-conjugate method,
it can deal with non-symmetric systems. Unfortunately, it was not converging
faster than GMRES. Nevertheless, it is a solver to keep in mind, as it turned out
to be nearly as fast as the latter and exhibited a monotonicaly decreasing residual
norm, hence reducing the dependence of the results on the stopping test value.
In summary, GMRES, restarted every 45 iterations and preconditioned with a
modified incomplete Cholesky method (fill-in level 2), remains the best solver and
was used in the present study for later shedding computations.
The structure of a NSPCG solver may be found in Appendix A.
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Chapter 5
Subgrid scale modelling
5.1

Smagorinsky model

It will be recalled that a subgrid scale model is required to approximate the stresses
u'iu'j in equation (2.7). The Smagorinsky model, being the simplest subgrid-scale
model, was first implemented in the present algorithm. The filtering operation
was assumed to be carried out by the numerical scheme, the Leonard term was
neglected, being second-order with respect to the mesh interval of the grid. The
cross term HiUj + u'(Sj was not modelled. Hence, the subgrid tensor is limited to
the true stress term r,y:
Tij=Wj

'

(5-1)

Within the Smagorinsky framework, this is modelled as follows:
T-. — — T,, — —97/

?.-

Ci O\

with

2^;w

(5 3)

-

and
(A) 2 |2S t i S#
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(5.4)

The Boussinesq assumption, on which the model rests, does not usually hold in
complex flows. Some have argued (Piomelli et al [67], [68]) that the problems with
this model are mainly linked with the large scales which are computed directly in
LES. There is thus the hope that the Boussinesq assumption could be applied to
the small scales in the present study.
The term — \rkk appears in the momentum equations for the three components
of the velocity field as —§—• and can hence be included in the pressure term. The
subgrid energy is not accounted for (though Murakami et al. used T ^ = 2-—£a2-cr).
(0.094AJ

As a result, the numerical implementation is similar to that of a k — e model: only
the viscosity needs to be modified to account for the subgrid-stresses.
In the near-wall region, a van Driest damping function is often used:

vag3 = (C,A) 2 |25^#(l - exp(-|l)) 2

(5.5)

This proves to be necessary in channel flow computations (for example, Horiuti [28])
when integration is carried up to the wall.
The filter width A used here was related to the mesh interval of the grid as
follows:
1

r

A = 2 (A r A y A 2 ) *
A = 2(AxAj,

)2

in 3D and
inW,

where A x , A y , A*, stand for the mesh intervals of the grid in the x, y and z
directions. It should be observed that the filter width chosen is tvrice the mesh
interval of the grid and not simply the mesh interval of the grid. This is not of
great importance, however, as the Smagorinsky constant is user-defined, and can
hence be easily multiplied or divided by 2.
Both options have been used by different authors. Germano et al. [25], using
twice the mesh interval of the grid, computed Smagorinsky constants of order 0.15
from the dynamic model. Mansour et al. [52] also used twice the mesh interval
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and constants of order 0.2, but with a vortical model. Moin et al. [56] used twice
the mesh interval of the grid with Ca = 0.065. On the other hand, Deardorff [14]
computed his channel flow with a filter width equal to the mesh interval of the grid
and C, = 0.1. Lilly [46], however, also with the mesh interval as the filter width,
found that the Smagorinsky constant should be 0.23 for homogeneous turbulence.
With the same choice for the filter width, Murakami et al. [58] used constants
ranging from 0.10 to 0.20 to compute shedding behind a square cylinder and found
that 0.13 gave results closest to experiments. Madabhushi and Vanka [49], with
the mesh interval as filter width, used C3 = 0.1.
Constants ranging from 0.075 (i.e. 0.15 for a filter width equal to the dimension
of the mesh interval) to 0.15 have been used in the present study.
It is clear, in any rate, that the so-called Smagorinsky 'constant' is not constant
at all and an alternative approach as the dynamic model proposed by Germano is
much sounder - at least from a theoretical point of view.

5.2

Germano's dynamic model

To avoid the need for choosing a constant for the subgrid model, and the inevitable
arbitrariness associated with this choice, a new filter, denoted by an overbrace and
having a larger width, is applied to the previously filtered Navier-Stokes equations.
Three scales are hence used to describe the physical fields. On the assumption that
the fluctuations characterized by the intermediate one and by the smallest one can
be described by the same model (and the same constants), the unknown parameters
can be computed dynamically.
The model is derived as follows. Let T^ be the subgrid tensor, with:
(5.7)
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and Tij its couterpart using the test filter:
Tij = uJtZJ - 'vTVs'

(5.8)

A Cij tensor can now be defined as follows:
r..

—

T-.—'T^

It can be computed in two different way:
• directly, since only filtered quantities are involved in the second expression
above,
• using modelling assumptions for Tij and T^
On the assumption that the Smagorinsky model can be used at both levels of
filtering, with the same constant, the following identities hold for Tij and r^- :
n*

2C^\Sii

T | ^

(5.10)

(5.11)

with .
*
—

/

(5.12)

\£

A = 2(A r Aj,AJ 3
V
,
2
A = 2(A r A y )

in ZD and
(5.13)
in2D,

where A s , Ay, A z , stand for the mesh intervals of the grid in the x-, y- and zdirections. Hence, the £# tensor is modelled as:

A 2| S 1 5 ^ - A 2 ! ^ ^ )
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(5.14)

As dj can be computed directly, the latter relation is an equation for C which
requires contraction to be solved. Germano used Sij to obtain:

i!>

(5.15)

with
• ^

Mij = A^{T\%-Wx

(5.16)

A
Strictly, this requires

A ^ i j ^ = A 2 |fi5?

(5.17)

This formulation proved to be unstable, however, as the denominator can vanish
locally. Lilly, thus, proposed the following form:
*> >

(5.18)

Mij >

v

'

To ensure numerical stability, both numerator and denominator need to be
averaged. If a homogeneous direction is available, this is quite straightforward.
Otherwise, averaging along the characteristics or over a small number of
neighbouring nodes might be sufficient. Rodi et al [71] suggested to underrelax
in time the value for C:
^effective ~ 0- ~ e)CT//erfi»e + e^mipute<f

(5.19)

with e = O(10~3). Many authors also found it necessary to set limits to C,
especially when negative values arise:
• Sagaut et al [73] set an upper bound of 0.2, corresponding to a value for the
Smagorinsky model constant leading to an pver-dissipative model. The lower
bound was imposed through the following constraint on the total viscosity:
u + CA2\'S\>0
v being the molecular viscosity.
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(5.20)

t Orlsson and Fuchs [65] chose an upper bound of 0.5 and a lower bound of
-0.01.
• Fatica et al [18] also enforced a lower limit for C through (5.20).
As shown by Orlsson and Fuchs [65], these constraints affect the dynamic coefficient
C on a very limited number of grid nodes but are necessary to ensure numerical
stability. Computing an axisymmetric jet, they observed that the upper and lower
bounds affected, respectively, less than 1% and 4% of the domain.
In the present study, the numerator and denominator of the right-hand side
of equation (5.18) have been averaged over the homogeneous direction.

The

upper limit for C was set to 0.5, while a lower bound was enforced through the
constraint denned by equation (5.20), which might not be more natural, but is
certainly safer than the lower bound imposed by Orlsson and Fuchs. The numerical
implementation of the explicit filtering was achieved by taking an average over the
27 neighbouring control-volumes (see Ciofalo et al [10]). r — - ^ - is the only
geometrical parameter needed to determine the subgrid viscosity. According to
Germano, r should be of order 2, but it was reported that doubling this value had
little influence on the results in a plane channel (Germano [25]). The ratio r can be
computed during the test-averaging process, and is not uniform on a non-regular
grid. Within the present study, r at the node P was computed in line with Ciofalo
et al.'s proposal [10]:
_ \V°IPI + ^Neighbours VoW g J»11

~I

voTp

JJ '

with Volp standing for the control-volume surrounding the node P and Neighbours
referring to the set of 26 nodes surrounding P. Yet, approach (5.21) is open to
question. The test filter in the physical space is clearly a top-hat filter, but it
is unlikely that the implicit filter would have exactly the same shape. Hence,
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although the width of the former is well defined, the width of the latter cannot
be determined with any degree of certainty. It can only be assumed that its value
lies within the range of 1 to 2 grid spacings. Hence, the value for r might be overestimated. This seems to lead to smaller backscatter regions, but this tendency
needs further assessment.
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Chapter 6
Lid-driven square cavity flow
6.1

Overview

The temporal development and the steady-state motion in an impulsively started
square cavity flow with a constant lid velocity is the first of four test cases examined
in the present study. Next, the recirculating flow generated by a horizontally
oscillating lid is considered. These computations have been carried out at low
Reynolds numbers and are to be considered merely as preliminary verification tests
to assess the numerical implementation of the schemes. Vortex shedding behind
a square cylinder has also been computed at low Reynolds numbers to serve the
same purpose (the results are presented in the next chapter). Hence, no subgrid
modelling technique feature is addressed in this section.
The cavity flow results are compared to computations by Nasser [59] and
Karlsson and Fuchs [34]. The same case has also been computed with Murakami's
code, LESROOM, described in Appendix B.
Karlsson and Fuchs used a multigrid technique over a 40x40 grid to compute
the oscillating motion in a lid-driven cavity for Re = 200. The convective terms
were discretized using an upwind scheme and the remaining terms using central65

differencing. Temporal discretization was based on the Crank-Nicolson scheme.
Nasser carried out a fairly extensive study of the case using an upwind scheme
over a 64x64 grid {for the steady-state solution only) as well as characteristicsbased compact cubic-spline and quadratic schemes on a 32x32 grid.
The main features of the code STREAM, used in the present study, have been
previously described. Two points of difference pertaining to the present cases are,
first, that the Crank-Nicolson scheme has been used to deal with the pressuregradient terms, and second, that the Bi-Conjugate Gradient Squared algorithm
preconditioned by a simple Jacobi method has been applied to solve the pressure
Poisson equation. As pointed out earlier, this test case was the very first computed.
At that early stage a simple preconditioner seemed appropriate. The present
computations were carried out on a 32x32 regular, Cartesian grid. The steadystate solution was obtained as a limit of the impulsively started flow.

6.2

Impulsively started lid-driven cavity flow

The main features of the test calculation were as follows:
• cavity height: h = 1;
• lid velocity: Um = 1;
• Reynolds number: Re = 400;
• impermeable walls with no-slip conditions;
• the pressure at the boundary-nodes was determined using the assumption of
zero normal pressure-gradient near to a solid wall;
• the scales h and Um were used to make all variables dimensionless.
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Starting from a zero-velocity field throughout the cavity, the steady-state
solution was reached after 20^- seconds and was not found to depend on the timestep: the use of CFL = 0.5 and CFL = 0.25 led to virtually identical streamlines
(CFL number based on the grid interval and the lid velocity). With both STREAM
and Murakami's code, LESROOM, numerical instabilities occured for CFL > 1.
Grid dependence has not been examined in this test case.
In Fig. 6.1, the present results were compared to Nasser's [59] and were in
better agreement with his quadratic-scheme results than with his upwind-scheme
computations. The present computations were also found to be in very close
agreement with the LESROOM results as seen in Fig. 6.2. Finally, the twodimensional computations on a 32x32 grid were compared to three-dimensional
computations on a 32x32x8 grid. In the third (spanwise) direction, the width of
the domain was h, and symmetry boundary conditions (or frictionless walls) were
implemented. No differences were observed between the 2D and 3D solutions.

6.3

Oscillating lid-driven square cavity flow

The parameters of this test case were as follows:
• cavity height: h = 1;
• lid velocity: Umcos(2n^) with Um = 1 and St = j^f = 1;
• Reynolds number: Re = 200;
• impermeable walls with no-slip conditions;
• the pressure at the boundary-nodes was determined using the assumption of
zero normal pressure-gradient near to a solid wall;
• h and Um axe used to make all variables dimensionless.
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Starting again from a zero-velocity field throughout the cavity, no more than
three periods were required to reach a quasi-periodic state. As for the case of
the impulsively started lid, the results were not found to depend on the timestep: simulations were carried out with CFL = 0.5 and CFL = 0.25 (because of
numerical instabilities it was not possible to increase the CFL number up to 1 )•
As seen from Fig. 6.3, the results obtained for this test case are not in very
good agreement with Karlsson's or Nasser's computations, possibly because the
grid is relatively coarse. It is observed that STREAM predicts counter-rotating
vortices which are too weak and a main vortex which is too strong. However, the
present computations match the results produced by LESROOM and the solutions
were found not to depend on the magnitude of the time-step, as seen from Fig. 6.4.
Again, a three-dimensional computation on a 32x32x8 grid extending over one
length-unit in the third dimension and with symmetry boundary conditions at the
first and last planes did not exhibit any diiFerences relative to the two-dimensional
computations on a 32x32 grid.
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Chapter 7
Application to laminar vortex
shedding behind a square
cylinder.
7.1

Introductory comments

A sketch of the test-case is provided in Fig. 7.1 together with the solution
domain and information on boundary conditions. The case represents a convenient
framework for testing a physically more complex flow than the lid-driven cavity, a
non-regular grid and wall boundary conditions, as well as the treatment of fluidinlet and outlet. This case, more than being merely a means of assessing the
numerical methods implemented in STREAM, was an initial step towards the
ultimate turbulent flow of the same geometry, for which extensive experimental
measurements are available (Lyn [47], Lyn and Rodi [48]).
Experimental data (Okajima [62], Davis [13]) as well as computational results
(Nasser [59], Davis [13], Franke and Rodi [21]) are available for low Reynolds
numbers, shedding frequencies being usually best documented (see Nasser [59]
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for a review of previous related work). However, the available experimental data
feature significant scatter. For instance, Davis measured Strouhal numbers of
0.16 for Reynolds numbers of order 300, whereas Okajima reported only 0.13.
Similarly, whereas Davis' computations are in fairly good agreement with his own
measurements, Franke's or Nasser's results are much closer to Okajima's data.
Nasser carried out laminar-flow computations of the test case at Reynolds
numbers ranging from 100 to 300, with a characteristics-based cubic-spline scheme
on a 76x50 grid. The Strouhal numbers he predicted with this higher-order scheme
are in fair agreement with Okajima's experimental data. His computations were
considered here as a benchmark, as they provide some information about secondary
modes of shedding by way of power spectra. The precise value of these frequencies
can be expected to be sensitive to the numerical scheme. Hence, attempting to
reproduce them exactly is difficult. Nevertheless, secondary modes have been
reported at Reynolds numbers as low as 250 (Okajima [62]) and they should be
reproducible, at least qualitatively.
To strengthen the assesment of the STREAM code, the present computations
were also compared to results obtained in the present study with Murakami's code,
LESROOM.
Following a brief description of the two-dimensional test geometry below, two
major changes to the numerical procedure are discussed. The influence of the grid
density is then examined and some results are finally presented.

7.2

Test-case geometry - Boundary conditions

As shown in Fig. 7.1, a square prism of cross section DxD =1x1 is placed at zero
angle of attack, with prism centre located bD from the upstream boundary of a
rectangular computational domain. The latter is extended 15D downstream of the
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prism. The domain height is 14D. In what follows, the x-axis is oriented in the
direction of the flow, pointing to the outlet, the y-axis points upwards, and the
origin is the square centre.
As explained previously, the BCGS algorithm failed to converge for the present
case and it was necessary to use the GMRES method to solve the pressure Poisson
equation.

The boundary conditions used for pressure are those described in

Section 3.3. At the outlet, however, the last-but-one column of cells has been
isolated and the pressure determined as the solution of a one-dimensional Poisson
equation. This treatment is not optimal, as has been pointed out earlier. At the
inlet, a invariant velocity, Uin — 1, was prescribed together with a zero transverse
velocity. At the outlet, a zero-gradient condition for both velocity components was
applied, together with a bulk correction to ensure conservation of the mass-flow
rate. No problems related to back-flow have been encountered at low Reynolds
numbers.

At the bottom and top boundaries, a zero-gradient condition was

prescribed for the streamwise component of velocity, while the transverse velocity
was set to zero. At the solid walls, a no-slip condition was applied and the pressure
gradient was assumed to be zero to provide a value for pressure on the body.

7.3

Approximation of pressure gradient

As an initial test, a simple channel flow was computed at Re = 300. The CrankNicolson scheme was used for the pressure-gradient terms, but seemed to create a
numerical instability. Decreasing the time-step did not help, and it was necessary
to apply a fully implicit scheme to the pressure-gradient term to cure the problem.
It has been pointed out earlier that the Crank-Nicolson scheme has been used to
compute the cavity test-cases without any difficulty. The question whether the
outlet boundary condition for pressure may have been the source of the instability
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arises. This point remains to be fully resolved.

7.4

Influence of grid refinement

The test-case was first computed for a Reynolds number of 300. The smallest
mesh interval of the 70x41 grid was 0.1D, and the non-dimensional time step
0.01. Use of the Smagorinsky model with a constant Cs of order 0.15 suppressed
shedding altogether: with such a diffusive process, the Reynolds number had to
be increased up to 5000 to allow some vortices to be convected away from the
body. With a much smaller value for Cs (0.05), some shedding could be obtained
at Re = 300 (approximately 700 iterations were needed for the quasi-periodic
regime to be established). The results, however, were not satisfactory. Although
the shedding frequency was close to Davis's experiments and computations (0.17),
it remained much higher than Okajima's measurements. More importantly, no
secondary modes were observed in the lift, drag or transverse velocity spectra.
Results for a Reynolds number of 5000 were even worse: again no secondary modes
could be observed, and the shedding frequency was as high as 0.2, whereas both
Okajima and Davis agree on a value close to 0.13. Doubling the grid density in both
streamwise and transverse directions solved the problem: the computed shedding
frequency approached Okajima's data and some secondary modes began to appear.

7.5

Discussion of results

The final runs at Re = 300 were carried out on a 140x81 grid, the dimension of the
smallest mesh interval near the body being 0.05D and 30 grid-nodes being located
upstream of the square prism. The same grid density was used with Murakami's
code, together with a Smagorinsky constant Cs — 0.15 and a filter-width equal to
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the mesh interval (rather than twice the mesh interval). Hence, to be consistent, a
value of 0.075 was adopted in STREAM.

A Fourier analysis of the results on more then 2 14 data points led to the results
contained in Table 7.5 for the main modes of the pressure-related drag and lift,
and of the transverse velocity in the wake. The transverse velocity signal was
recorded at the grid point (62,39), (coordinates: 1.16, -0.075) for STREAM, and
(62,46), (coordinates 1.12, 0.25) for LESROOM. The Strouhal number based on
the dominant mode of the lift is compared to experimental data in Fig. 7.2.

Fourier analysis

Dominant mode

Secondary modes
(strongest to weakest)

Nasser

0.130

0.085 0.220

LESROOM

0.143

0.086 0.202

STREAM

0.134

0.092

0.171

0.113

0.154

Nasser

0.075

0.270

0.130

0.193

0.330

LESROOM

0.058

0.116

0.228

0.176

0.346

STREAM

0.238

0.036 0.067

0.024

0.311

Transverse

LESROOM

0.143

0.085 0.20i

0.301

0.286

velocity

STREAM

0.134

0.074

0.104

0.158

Lift

Drag

0.171

0.079

0.280

Table 7.5: Fourier modes for lift, drag and transverse velocity.
Considering the overall scatter in the experimental measurements and previous
computations, the results obtained here with STREAM and LESROOM can be
considered as reasonable and consistent. They are in fair agreement with Nasser's
computations and Okajima's data. The lift spectrum exhibits three equally spaced
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major modes, as noticed by Nasser. The drag power-spectrum consists of five
major modes. They are somewhat different from Nasser's predictions, but the
value obtained for the dominant one is close to twice that of the strongest lift
mode, accounting for the fact that two vortices (top and bottom sides) need to be
shed for the lift to have gone through a complete cycle, while only one is necessary
for one drag period.
A representation of instantaneous pressure contours and streamlines may be
found in Fig. 7.3, as well as the temporal variation of the lift and drag coefficients.
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Chapter 8
Application to turbulent vortex
shedding behind a square
cylinder.
8.1

Overview

The first section of the chapter gives a brief overview of the previous experimental
and computational work related to turbulent vortex shedding behind square
cylinders. After a presentation of computational results obtained with a k — e
model in the second section, attention is directed to LES computations using
the Smagorinsky model (two- as well as three-dimensional simulations) and the
dynamic model proposed by Germano (three-dimensional simulations only).

8.2

Previous work

A wealth of experimental data is available for this case. Shedding-frequencies
have been well documented by Okajima [62] for a wide range of Reynolds numbers
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(from 100 to 10,000). Pressure distributions, lift and drag forces have been reported
by Ohtsuki et al. [61]. Vickery [79] has obtained mean and fluctuating pressure
distributions at several angles of attack (0 to 45 degrees), Reynolds numbers of
105. Lee [41] has reported measurements around a square cylinder for laminar
and turbulent flows, various angles of attack in the range 0-45 degrees and Re =
176,000. Bearman and Obasaju [6] have measured shedding frequencies, meanand fluctuating-pressure distributions on fixed and oscillating square cylinders, for
Reynolds numbers in the range 5,800 — 32,000. Measurements have also been
carried out by Durao [17]. Finally, Lyn [47], and more recently Lyn and Rodi [48],
have reported very extensive experimental measurements for this geometry, at
i2e = 21,400.
Correspondingly, several sets of relevant computational results are available.
Franke and Rodi [21] have compared two-dimensional Reynolds-averaged NavierStokes equations results obtained with a k — e model, a Reynolds-Stress model
with wall-functions, and the latter model with a two-layer approach in which
a one-equation model due to Norris and Reynolds [60] was employed at the
walls. Agreement with experimental data was generally unsatisfactory in the wake,
especially for the simple k — e model. Kato [35] has also computed shedding behind
a two-dimensional square cylinder using a fc — e model with a modified formulation
for the production of turbulent kinetic energy. Large-eddy simulations have been
carried out by Murakami et al. [58] using the simple Smagorinsky model in two
and three dimensions. In particular, the influence of the Smagorinsky constant was
studied. More recently, the same flow has been computed by Rodi et al. [71] and
Miet and Laurence [private communication].
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8.3

Two-dimensional computations with a k — e
model

It is sensible to examine, prior to a LES study, whether the most important features
of shedding can be captured by an unsteady Reynolds-Averaged Navier-Stokes
calculation with a conventional turbulence model; this is the focus of the present
section.
As pointed out by Franke and Rodi [21], the basic k — e model usually fails
to capture or seriously misrepresents the shedding process in the wake of a bluff
obstacle. One reason is that the model generates excessive turbulent kinetic energy
in impingement regions - for example, ahead of circular cylinders. The turbulent
kinetic energy is then convected downstream, and the shear layer appearing on
the faces of the cylinder is much too thick and turbulent, preventing separation or
causing an early reattachment. Hence, the flapping of the shear layer, which has
been observed in experiments, is not reproduced. Moreover, the reattached shear
layer, deflected by the side-faces of the obstacle causes the vortices to form too far
away from the body in the wake region and leads to a serious underestimation of
the drag force.
A useful modification of the k — e model has been investigated by Kato [35]
and shown to yield major improvements. The kinetic-energy production term into
which the the eddy-viscosity relation is inserted, can be written:

(8.1)
where Sij = \(j£- + fjf) and Ri, stands for the Reynolds-stress tensor.
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Kato has proposed to replace Pkk by P^k, with
2/itStf

fly

(8.2)

This modified turbulence energy production vanishes in irrotational
impingement regions, and this reduces dramatically the level of turbulence energy
in front of the obstacle, allowing the shear layer to flap and vortices to be shed
from the bluff body.
The model proposed by Kato was applied here to the same geometry as that
considered in the previous chapter, but at Re = 21,400 corresponding to the
measurements by Lyn [47] and Lyn and Rodi [48]. The solutions were obtained
within a two-dimensional approach, on a 140x81 Cartesian grid. 21 grid-points
were placed on the body in each direction, the uniform dimension of the mesh
intervals being set to 0.05 of the cylinder side. 30 grid-points were placed in the
upstream region as well as under and above the obstacle. The code used was the
LES version of STREAM, with spatial discretization resting on central-differencing
and Adams-Bashforth in time except for the pressure gradient which is treated in a
fully implicit manner. The upwind scheme was chosen to discretize the convective
terms in the equations for the turbulence energy and the disspation rate. This
approach ensured stability, without adverse effects on the accuracy of the solution
as a whole, because of the relatively small contribution of transport to the balance
of turbulence processes.
At the inlet, a uniform streamwise (U) velocity and a zero-transverse velocity
were imposed. At the outlet, the streamwise component of the velocity and
the vorticity were convected from inside the domain. At the top and bottom
boundaries, the transverse component of the velocity and the transverse gradient
of the streamwise component of the velocity were set to zero. Wall-functions were
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used to predict the surface shear-stresses.
Various treatments of the pressure boundary conditions have been described
in Chapter 3.3. Here, a one-dimensional pressure Poisson equation was solved at
the outlet, on the last-but-one column of the grid, weakening the coupling to the
remainder of the domain and perhaps degrading the results. To obtain a value for
the pressure at the boundary nodes, a zero-pressure-gradient assumption was used,
except at the outlet and inlet where the gradient was assumed to be uniform in
the direction normal to the boundary.
For the turbulence properties, zero-gradient conditions were imposed at all the
boundaries, except at the wall where the approach described in Lien [44] (pp.
117-118) was used.
Results are plotted in figures 8.1 to 8.11. In statistical terms, only time-averaged
(as opposed to phase-averaged) quantities were extracted from the calculations.
These were obtained by integration over 17 time units. The predicted Strouhal
number based on the dominant mode of the lift was found to be between 0.09 and
0.15 (more accurate predictions would require longer integration times). The drag
spectrum was found to exhibit two major modes at 0.08 and 0.2. The time-averaged
drag force was 2.
From Fig. 8.5. it is clear that the mean recirculation length on the centerline is
larger than expected. This is also a feature of the results obtained with the basic
k — e model. The fluctuating kinetic energy in the wake is much too low, exhibiting
profiles very different from the experimental ones (Fig. 8.6) and suggesting excessive
damping. On the side-faces, however, the streamwise velocity profiles are in fair
agreement with measurements provided by Lyn and Rodi (Fig. 8.7). Vorticity
thickness is reasonably well predicted (Fig. 8.10). The agreement is even better in
respect of the loci of streamwise-velocity derivative shown in Fig. 8.9. This level
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of agreement proved to be difficult to achieve within the framework of later LES
computations. The vorticity thickness1 growth on the side-face is fairly linear, as
expected (Lyn and Rodi [48], Djilali and Gartshore [15]), but a little too high.
Finally, the pressure distribution, Fig. 8.11, is close to the experimental data on
the windward side but not along the horizontal faces.
While the Kato-Launder model predicts the flow in the immediate vicinity
of the cylinder as well as many of the LES computations considered below, the
production-term modification leads to significant errors in the near wake where S
and f2 in general differ greatly.

8.4

Computations with the Smagorinsky model

8.4.1

Introductory comments

The present section includes four sets of results obtained at Re = 21,400 for the
same geometry as that considered in the previous section. Unless otherwise stated,
with reference to specific computations, the parameters are those described in
Section 8.4.7. Note that, in what follows, the bulk velocity and the height of the
side of the square are used to render all variables dimensionless.
After some remarks about grid-stretching, the influence of the dimensionality
of the simulation and that of the magnitude of the Smagorinsky constant are
addressed. The effects of the pressure boundary condition at the outlet and of
the use of a van Driest damping function near to the wall are also investigated.
Finally, two complete sets of results are presented: the first has been obtained on a
1

The vorticity thickness on the top face is defined as *um*

w
*

. AUmax is the difference

' max

between the maximum and minimum values of the streamwise velocity evaluated on an axis
normal to the top face of the body, while (4£)
V

* / T71OI

the streamwise velocity profile on the same axis.
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stands for the maximum (positive) slope of

three-dimensional grid using a high value for the Smagorinsky constant; the second
one has been computed with a lower Smagorinsky constant on a two-dimensional
grid only. The statistics extracted from these results have not been obtained by
integrating over the same number of shedding periods. However, a test has been
systematically carried out to ensure that increasing the integration length had
virtually no effect on the time-averaged fields.

8.4.2

Grid stretching

A coarse Cartesian grid (Fig. 8.12) containing 70x41 nodes was used for initial
computations. A total of 15 points were placed upstream of the body in the
streamwise direction, 15 points were placed above and under it and 11 points were
used on the body in both directions. The grid, uniform on the body, was stretched
to ensure refinement near to the walls, the smallest internodal distance reaching
0.1. This grid density was not sufficient to obtain results in credible agreement
with experimental data. Hence, the grid was doubled in both directions to contain
140x13x81 points (Fig. 8.13), with 30 points placed upstream of the body, 30 points
below and above it and 21 uniformly spaced lines intersecting on each side. The
smallest mesh interval was 0.05. With this grid, agreement with experimental data
improved markedly. The grid was finally compressed close to the sharp corners
of the body, to reach a minimum mesh interval of 0.025 (Fig. 8.14). This led to
slight improvements in the refined region close to the walls, but the general level
of agreement with the experimental data remained similar to that obtained with
the earlier grid.
It should be pointed out that the use of a Cartesian grid to compute such a
geometry inevitably leads to high aspect-ratios, even with modest grid-stretching
ratios. In the present 140x13x81 grid, compressed in the near-wall regions (see
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Fig. 8.14), the ratio of the length of neighbouring cells is less than 1.15 everywhere
and the maximum aspect-ratio, reached on the top boundary of the domain, is 29.6.
The distribution is given in Fig. 8.15. It is of interest to examine the proportion of
cells whose aspect ratio is lower than a specified limit. Thus, the distribution for
a = max(^, ^f), with Ax and Az denoting the streamwise and transverse cell
dimensions, respectively, is given in Table 9.1 for a total of 10245 grid points (the
whole domain except the boundaries).
Interval

% number of grid points

1 < a < 5: 73.9

7569

5 < a < 10: 17.6

1806

10 < a < 15:

5.8

593

15 < a < 20:

2.0

206

20 < a < 25:

0.5

55

25 < a < 30:

0.2

16

Table 9.1: Distribution of cells by aspect ratio in x-z plane.
Considering the third dimension as well, the distribution is given in Table 9.2 (with
a total number of grid points of 102450).
Interval

% number of grid points

1 < a < 5: 59.0

60430

5 < a < 10: 32.5

3332

10 < a < 15:

5.8

5930

15 < a < 20:

2.0

2060

20 < a < 25:

0.5

550

25 < a < 30:

0.2

160

Table 9.2: Distribution of cells by aspect ratio in all 3 dimensions.
Within the framework of the Smagorinsky model, the filter width is based on
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an average of the dimensions of the mesh intervals in the x-, y- and z-directions,
assuming that the implicit filtering introduced by the numerical scheme is isotropic.
If the cells exhibit high aspect-ratios, the grid will resolve smaller structures in
one direction relative to others. This phenomenon is not accounted for in the
modelling. In fact, the results obtained with the Smagorinsky model are worst
in the far-wake, where high aspect-ratios are encountered, than near to the body,
where the aspect-ratio is close to unity (though, the better agreement may merely
be due to the higher grid density). The alternative would be not to use a Cartesian
grid, or to use a unstructured approach allowing arbitrary local grid-refinement,
but this poses its own challenges.

8.4.3

Influence of the dimensionality of the computations

Two sets of results, one arising from 2D, the other from 3D computations, are
compared to determine to what extent it is important to compute the case in
a three-dimensional framework. Both have been obtained with a Smagorinsky
constant Ca = 0.10 and without van Driest damping function near to the solid
walls. At the outlet, the pressure boundary condition using the face velocity,
described in Section 3.3.2, was implemented. Time-averaged fields were obtained
by integration over 38.5 time units in 2D and 53.5 in 3D, representing respectively
5 and 7 shedding periods. It has been pointed out earlier that the subgrid-viscosity
is computed differently in 2D and 3D computations. The difference emerges from
equation (8.3) where Ax, Ay and Az axe the cell-lengths and A is the filter width.
A = 2(A,AVA2) *

in 3D and
(8.3)

i

A = 2(AxAy

Y

in2D,

For the present computations, the grid spacing in the spanwise direction was
uniform and equal to | . Figure 8.16 shows the contours of the ratio of the square
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of the 3D filter width to the square of the 2D filter width. This ratio is similar to
that of the corresponding subgrid viscosities, provided the norm of the deformation
tensor is the same in 2D and 3D, since
vtgi = (CA)2\2Si^

(8.4)

Within a 3D framework, the subgrid viscosity is likely to be much higher than
in a 2D approach in regions in which the mesh has been refined (near-wall and
wake regions). The highest ratio is reached close to the corners where the viscosity
obtained in 3D turns out to be 3.5 times higher than that observed in 2D. This
feature is likely to have contributed substantially to the differences found in the
recirculation region on the windward half of the top face, where the 3D simulation
predicts a near-wall streamwise velocity lower than that obtained from the 2D
computation (Fig. .8.17). It is pointed out that, in this region, the 3D results
are slightly in better agreement with the measurements than the 2D ones. In the
rear part of the face (profile taken at x — 0.25), the tendency is reversed, the 3D
solution returning the stronger recirculation in better agreement with experiments.
This latter difference cannot be explained using the same argument as above, since
the ratio

VZBJV^J)

is higher than 1 in this region as well (Fig. 8.16).

2

In the wake, the centreline variation of the streamwise velocity obtained from
the 3D simulation exhibits a slightly stronger and more intense region of reverse
motions, in better agreement with the experimental data than that observed in
the 2D solution (Fig. 8.19). In contrast, the far-wake streamwise velocity on the
centreline is lower and hence better predicted in 2D than in 3D. The reason for this
feature might well be rooted in the subgrid diffusive terms, since the ratio
2

The shear layer develops over the horizontal faces after separation, hence, the 3D features of

the flow and the resolved transverse motions are likely to be more important close to the leeward
corner.
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is higher than unity in the wake. Nevertheless, the shape of the centreline profile
is better accounted for in the 3D simulation.
As a conclusion, it might be said that, while a two-dimensional calculation is
a fast and economical way of performing preliminary computations, it is certainly
not completely realistic. The discrepancies found in comparing 2D and 3D results
indicate the need for three-dimensional computations.

8.4.4

Smagorinsky constant - Filter-width

The major drawback of the Smagorinsky model is its reliance on the use of a ad
hoc constant C s . It is acknowledged that the 'optimum' value for Ct depends on
the test case. To assess the influence of the constant, two sets of 3D results are
compared, the first obtained with Cs = 0.15, and the second with C9 = 0.10. Timeaveraging was achieved by integrating over 61.5 and 53.5 time units respectively.
Both computations were performed without the van Driest damping function and
using, at the outlet, the pressure boundary condition described in Section 3.3.2.
Results are shown on Fig. 8.22 to 8.27.
On the top face, decreasing the Smagorinsky constant leads to a stronger and
thicker time-averaged recirculation (Fig. 8.22). However, the magnitude of the
near-wall tangential velocity obtained with the smallest constant is excessively
high, and the use of C, = 0.15 achieves a better agreement with the measurements.
The stronger recirculation predicted with the lower constant leads to the main flow
being more easily diverted away from the cylinder. This is likely to account for the
smaller magnitude of the pressure drop near to the windward corner obtained with
Cs = 0.10 instead of 0.15 (Fig. 8.23). While the recirculation is quite sensitive to
Cs, the contours of a ^ > exhibit little dependence on the constant (Fig. 8.25). The
rear part of the top face, however, is slightly affected. A lower level of agreement
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with the experimental data is found when Ca — 0.10 is used, the maximum for
9 >

^

being reached closer to the wall than with C3 =0-15. Similarly, Ca has only

little influence on the excessively high levels of vorticity thickness over the top
face (Fig. 8.24). However, with Ca = 0.10, the slope of the distribution becomes
slightly negative close to the center of the face, whereas it remains positive and
virtually constant with C, = 0.15. It is appropriate to point out that Lyn and
Rodi's measurements feature a non-uniform growth of the vorticity thickness over
the top face. The slope of the profile is smaller in the center of the face and
phase-averaging even reveals negative values.
In the wake region, the streamwise velocity variation on the centreline shown in
Fig. 8.27 reveals a smaller and weaker recirculation when Ca = 0.10 is used rather
than Ca = 0.15. Indeed, a higher value for Ca leads to a weaker recirculation on
the top face. This causes the shear layer to reattach more easily at the rear part
of the obstacle and to be deflected, resulting in the downstream shift of the vortex"
formation region. In the far-wake, the streamwise velocity on the centreline is lower
when the smaller Smagorinsky constant is used and in better agreement with the
experimental data. This is probably related directly to the lower magnitude of the
subgrid scale diffusion.
In summary, increasing the Smagorinsky constant has the following effects:
- the recirculation region on the top face becomes thinner;
- the magnitude of the pressure drop at the windward corner is larger;
- the slope of the vorticity thickness tends to vary less over the top face;
- the centreline streamwise velocity in the far-wake reaches a higher level;
- the magnitude of the near-wall tangential velocity on the top face decreases;
- the location of the maximum for

9<

jj£> moves away from the wall in the

rear part of the face;
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- the recirculation region in the wake on the centreline increases in size.

The study does not make clear whether the use of a large constant should be
favoured: only the last three items out of the seven in the above list indicate an
improvement in the quality of the results obtained with Ca = 0.15 over those
computed with Ca = 0.10. This gives a clear indication for the need for an
alternative to the Smagorinsky model.

8.4.5

Outlet pressure boundary condition

To assess the influence of the pressure boundary condition applied at the outlet
of the domain, two computations have been performed within the two-dimensional
framework, without van Driest damping at the solid walls, the Smagorinsky
constant being set to C3 = 0.10. In the first calculation, performed over 38.5 time
units, the pressure boundary condition described in Section 3.3.2 was used, whereas
a partially decoupled one-dimensional pressure Poisson equation was solved at the
outlet in the second simulation, carried out over 54.5 time units.
The streamwise velocity profiles on the top face do not exhibit any significant
differences (Fig. 8.28). The pressure distribution (not included here) also remains
virtually unaffected. Similarly, the strength and the length of the recirculation
region on the centreline do not seem to be sensitive to the outlet boundary
condition. In contrast, however, the shape of the streamwise velocity variation
on the centreline, downstream of the recirculation region, is different, the recovery
of the velocity proceeding more slowly when a two-dimensional Poisson equation
is used at the outlet (Fig. 8.29).
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8.4.6

Influence of the van Driest damping function

As shown by Horiuti [28], the use of a van Driest damping function near to
the wall for simple channel-flow computations reduces the far too high level of
subgrid Reynolds shear stress produced around y+ = 5. The approach taken is to
multiply the length scale appearing in the subgrid viscosity by the damping factor
1 — exp(—^-), with A+ = 26, the latter parameter determining the region where
the viscosity is to be damped (y+ < 60 with this choice). Other authors have used
different damping functions for different test-cases. For example, Rodi et al. [71]
used yl — exp[— ^-] 3 , which has a slightly different shape. In any case, there
is no theoretical argument to decide whether any particular damping function is
appropriate, or, indeed, whether the use of the damping function is fundamentally
meaningful.
To assess the influence of the van Driest damping function, 1 — exp(^\

two

sets of three-dimensional results obtained with C3 = 0.15 are compared. In
the first, a van Driest damping function was used near to the solid walls and
the pressure boundary condition at the outlet consisted of a partially decoupled,
two-dimensional Poisson equation solved on the last plane of the domain. Timeaveraging was achieved by integrating over 58.5 time units. In contrast, no van
Driest damping function was used to obtain the second solution and the fields were
averaged in time over 61.5 time units3.
It has been observed above, on the basis of two dimensional computations,
that the pressure boundary condition at the outlet has virtually no influence in the
region close to the top face of the obstacle, and does not modify dramatically the
main features of the recirculation region on the centreline. However, there is still
3

Previous simulations had shown that computing statistics by integrating over slightly different

integration lengths as those considered here had virtually no effect on the time-averaged results.

some uncertainty as to the extent to which the influence of this boundary condition
can be neglected in the present test, since the effect has not been investigated within
a three-dimensional framework.
The use of the damping function 1 — exp(—|g-) strengthens the recirculation
on the top face (Fig. 8.30), probably because damping the viscosity reduces the
influence of the diffusive terms. Hence, stronger gradients are allowed in the shear
layer region and entrainment turns out to be less pronounced. As a result, with a
damping function, the thickness of the recirculation region is better accounted
for -although it remains underpredicted- but the magnitude of the near-wall,
tangential velocity becomes excessively high. This stronger recirculation, leading
to an enhanced deflection of the main flow away from the obstacle, accounts for
the smaller pressure drop observed close to the windward corner of the body
(Fig. 8.31 and Fig. 8.35). Moreover, the slope of the vorticity thickness over the
top face, which is positive and virtually uniform when no damping function is used,
exhibits slightly negative values near to the center of the face if 1 — exp(—^-) is
employed (Fig. 8.33). It is observed, however, that the vorticity thickness levels
remain excessively high in both simulations. The contours of

8<

^- axe better

accounted for when the van Driest damping function is used, which is in accord
with the observation of the velocity profiles. Without it, the shear layer location
is excessively close to the wall (Fig. 8.34).
In the wake, the solution obtained on the centreline with the van Driest function
exhibits wholly insufficient recirculation. Moreover, the streamwise velocity in
the far-wake is too high (Fig. 8.32). In contrast, without van Driest damping,
the recirculation zone nearly matches the experimental data and the level of
the streamwise velocity in the far-wake is only marginally higher than expected
from the measurements. Although these features might conceivably be due to the
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outlet boundary condition (this should be investigated within a three-dimensional
framework), it is much more likely that the reason lies in the effect of the
modification to the shear layer on the upper and lower faces. In particular, the
modification reduces the viscosity, enhances unsteadiness and favours a vortex
formation closer to the obstacle, which reduces the reverse-flow zone. A consistent
explanation is that the weaker recirculation on the latter favours the deflection of
the shear layer by the rear part of the obstacle and causes the vortex formation
region to move downstream, which in turn might account for the increasing size of
the recirculation in the wake.
The effects reported when a van Driest damping function is introduced are quite
similar to those observed when the Smagorinsky constant is decreased. Whereas
some features of the flow benefit from the use of the near-wall damping of the
viscosity, others exhibit lower levels of agreement with the experimental data,
making it difficult to recommend the practice.

8.4.7

Discussion of 2D and 3D results

In this section, special attention is directed to two out of the four simulations
already referred to in the above discussion. After a brief summary of the major
parameters for the runs,, time-averaged as well as phase-averaged distributions are
discussed. For both, features specific to the flow over the top face of the obstacle
and in the wake region are examined. Finally, distributions of pressure-related
values and spectra are presented.
For both 3D and 2D results, the following geometric and grid parameters apply:
- dimensions of the obstacle: 1x2x1 or lxl;
- center of the body located at x = 0, z = 0;
- inlet at x = —4.5, outlet at x = 14.5;
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- top boundary at z = 7, bottom boundary at z — —7;
- grid: consisiting of 140x13x81 or 140x81 nodes, Cartesian and
stretched near to the corners;
- 30 points upstream, above and under the body;
- 21x13x21 or 21x21 points on the body (stretched near to the corners);
- smaller mesh interval: 0.025.
Moreover, the following boundary conditions apply in both cases:
- uniform and constant inlet velocity, with u = 1, v = 0 and w = 0;
- convective outlet boundary condition for the streamwise velocity and the orticity;
- symmetry boundary conditions at the top and bottom planes;
- linear-power law for the wall shear-stresses with /JTWO« = «T
The formulation prwau = uruk, presented in Section 3.3.4, has not been used in
the present computations.
To obtain the 3D solution, periodic boundary conditions were applied in the
spanwise direction, the van Driest damping function was used in conjunction with
a Smagorinsky constant4 Ca = 0.15 and a partially decoupled Poisson equation was
solved on the last plane of the domain. In total, 7500 iterations were performed
with CFLmax = 0.5. Time-averaging was carried out over 58.5 time units (more
than 7 periods). In contrast, the 2D simulation was performed without damping
the viscosity near to the solid walls, with Cs = 0.10 and using the outlet pressure
boundary condition presented in Section 3.3.2. In this case, 7000 iterations were
performed, with a maximum CFL number of 0.40. Time-average values were
integrated over 38.5 time units (approximately 5 periods). In both cases, a test was
performed on the variation of the averaged fields before stopping the calculation to
4

The filter width is based on twice the mesh interval of the grid.
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make sure the statistics were reliable. Solutions arising from the 2D computations
are given in Fig. 8.36 to 8.58, while the corresponding 3D computations are
presented in Fig. 8.60 to 8.84.
Lyn and Rodi [48] provided measurements near to the top face for 8^*,

the

derivative of the streamwise velocity in the transverse direction. The 3D results
appear to be closer to experiments than the 2D ones. In particular, the location of
the maximum value of 2£jj£. is best predicted in the former, being located farther
away from the wall (Fig. 8.38 and 8.62). The above discussion suggests that the
van Driest function may be responsible for this feature in the center region of the
face, while the Smagorinsky constant is likely to account for it close to the rear
corner.
In both sets of results, the time-averaged vorticity thickness is excessively
high compared to the measurements presented by Lyn and Rodi (Fig. 8.39 and
Fig. 8.63). The reason may be rooted in defects close to the windward corner. It is
remarked that no free-stream turbulence has been introduced in the computations,
whereas a level of 3% was present in the real flow. This difference is bound to
affect the streamwise velocity profile but its influence may be small. This point
requires further investigation. In both simulations, the growth of the vorticity
thickness is uneven over the top face. This is probably related to the magnitude of
the viscosity near to the wall, higher levels tending to produce greater variability
in the slopes. Indeed, it was observed earlier that, without the use of a van Driest
damping function and with Ca — 0.15, the 3D simulation led to a uniform growth,
and that if the Smagorinsky constant was then decreased to 0.10, the non-linear
variation was recovered.
The streamwise velocity profiles on the top face, (Fig. 8.40 and 8.64), exhibit
the same defects with either constant: the recirculation zone is excessively thin and
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the slope of the profile becomes positive too close to the wall. As shown earlier, it
is possible to increase the recirculation thickness by using a van Driest function or
decreasing the Smagorinsky constant, but the magnitude of the near-wall velocity
becomes excessively high. Another defect in the predicted velocity field is the
absence of time-averaged recirculation near to the leeward corner, at x = 0.5 (the
profile shown is a linear interpolation between points located above the face at
x = 0.4875 and at x = 0.5125). This point requires further investigation.
Reference to the transverse velocity profile on the side-face (Fig. 8.41, Fig. 8.65)
reveals satisfactory agreement with experimental data, especially for the 3D results.
This is gratifying, for this is a difficult region to resolve with conventional ReynoldsAveraged Navier-Stokes equation codes.
As for the streamwise-velocity fluctuations, (Fig. 8.42 and 8.66), both the 3D
and 2D computations predict slighly excessive values. However, the 3D simulation
succeeds in capturing fairly well the near-wall peak, whereas it is underestimated in
the 2D solution. Use of the van Driest damping function is most likely to contribute
to the level of agreement. Indeed, the 3D simulation was also performed without
the van Driest damping function and revealed a tendency similar to that observed
on the 2D results.
The transverse fluctuations (Fig. 8.43 and 8.67) are not in very good agreement
with the experimental data. Above all, the expected peak near to the leeward
corner is not predicted by either of the simulations, this feature being probably
related to a difference between the real and predicted reattachment location of the
upper-face separated flow.
In the wake, attention is directed especially to the streamwise velocity profile
on the centerline (Fig. 8.44 and 8.68). These are, generally, in better general
agreement with Lyn's data close to the body than in the far-wake, especially in. the
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2D case. This may well be partly due to the high aspect-ratios of the grid present
far from the body (see Fig. 8.15).
The 3D streamwise velocity variation is in good agreement with the 3D LES
data of Murakami and Rodi [58] (performed with Ca = 0.13) and closer to the
experimental data than that obtained .within the present Kato-Launder k — e
computations as well as that by Franke and Rodi [21], using Reynolds-stress and
k — e models. Nevertheless, the recirculation zone is too short and too weak, and
the recovery of the velocity proceeds too rapidly in the wake. The 2D results, in
contrast, do not exhibit these weaknesses to the same extent: the recirculation
length and strength as well as the centreline velocity in the far-wake are in better
agreement with Lyn's data. On the other hand, the transverse velocity profile
and the velocity fluctuations obtained from the 3D simulation are closer to the
measurements than those resulting from the 2D one.
The distributions of pressure and its fluctuations in 2D as well as in 3D were
quite disappointing (Fig. 8.49 and 8.73). Both feature an excessively sharp pressure
peak at the windward corner, and the pressure difference between the top and the
windward face remains too high. Stretching the grid near to the windward corner
improves the profile but only to a small extent.
Phase-averaged values have been measured by Lyn using the pressure signal at
the centre of the top face as a sensor for phase definition. The same method was
used in the present 3D calculations (Fig. 8.50 and Fig. 8.74). In the 2D calculation,
however, this pressure signal does not display a clear periodic variation (Fig. 8.50).
Hence, the phase definition with respect to the experimental data is achieved as
follows: after the Strouhal number based on the dominant mode of the lift has been
determined, the period is divided into 20 'phase-bins'. The experimental phase-bin
exhibiting the largest recirculation in the wake region is assumed to correspond to
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the computational phase-bin showing the strongest computed recirculation. For
the 3D results, use of the pressure signal at the centre of the top face leads to a
result virtually identical to that obtained with the above matching scheme. The
phase-bins are numbered from 1 to 20, the first one corresponding to a peak in the
pressure signal in the 3D computations and the experimental data.
For the 3D run, the streamwise velocity profile on the top face showed the
same weaknesses as the averaged profiles (Fig. 8.75 and Fig. 8.79). Close to the
windward comer, the recirculation is too weak, while on the remainder of the face,
it is too strong and its extent is too narrow. For the 2D run, the recirculation is
also too weak at x = 0.25, perhaps indicating that the shear layer remains attached
to the body for too long (Fig. 8.51 and Fig. 8.55).
The level of agreement between the predicted transverse velocity and
experimental data is similar to that found for the time-averaged values. The worst
profiles are found near the leeward corner of the square (Fig. 8.52 and Fig. 8.56,
Fig. 8.76 and Fig. 8.80). In the wake region, the transverse velocity is generally
close to the experimental level (Fig. 8.54 and Fig. 8.58, Fig. 8.78 and Fig. 8.82),
but there are considerable discrepancies in the streamwise velocity variations. A
lack of recirculation on the centreline for some phases and poor agreement with the
experimental data in the far-wake are the main weaknesses (Fig. 8.53 and Fig. 8.57,
Fig. 8.77 and Fig. 8.81).
As regards principal spectral features, the Strouhal number based on the
dominant mode of the lift is 0.122 (+/- 0.008) in the 3D case. This value compares
relatively well to value measured by Okajima (0.134) and shown in Fig. 7.2. It
is observed, however, that many more time-steps would be required to achieve a
better resolution. A second mode was found for the lift (Fig. 8.83), whose value
turned out, as expected, to be nearly twice that of the first one (0.227). The
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power spectrum for the drag also exhibits several modes: 0.244, 0.11 and 0.14 are
dominant, while the mode 0.471 is much weaker. It is reassuring to find a frequency
whose related Strouhal number is twice that of the principal mode of the lift. The
pressure signal was recorded at two locations on the windward face (Fig. 8.84). At
the center of the face, a spectral analysis revealed three modes: 0.244, 0.087 and
0.471. Two of these are related to the drag force. At the top quarter of the face,
a single mode was found, 0.122, corresponding to the lift force. No other pressure
fluctuation in time could be observed. In the 2D case, the Strouhal number based
on the dominant lift mode is 0.133 (+/- 0.01). The other frequencies arising from
the power spectrum for the lift are 0.244 and 0.088 (Fig. 8.59). The drag spectrum
consists of three major peaks at 0.12, 0.07 and 0.28.
In summary the following conclusions may be drawn, in relation to the largeeddy simulations performed with the Smagorinsky model.
• A LES computation achieves better agreement with the experiments than
any turbulence model in the wake.
• The Strouhal number based on the dominant mode of the lift is fairly well
predicted.
• The recirculation on the top face remains too narrow. A smaller Smagorinsky
constant or the use of the van Driest damping function increases slightly its
thickness, but causes the magnitude of the near-wall tangential velocity to
be overpredicted.
• The magnitude of the pressure drop on the top face is too large, the
excessively narrow recirculation on the top face relating probably to this
feature or even causing it.
• It might be possible to reduce the excessively high vorticity thickness at the
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windward corner by adding turbulence at the inlet boundary of the domain.
This should be investigated.
• The use of a van Driest function seems to reduce the recirculation in the
wake; decreasing the Smagorinsky constant has a similar effect.
• The level of the streamwise velocity in the far-wake is overpredicted. Using
a smaller Smagorinsky constant yields results in better agreement with the
measurements.

8.5

Computations with a dynamic model

Simulations have been performed with the dynamic model proposed by Germano
on two different grids containing 140x13x81 nodes. The first grid, which has been
used in conjunction with the Smagorinsky model to obtain the two- and threedimensional results presented in the previous section, is stretched at the corners of
the body (see Fig. 8.14), and the dimension of the smallest internodal distance is
0.025. This is referred to in the present section as the 'stretched grid'. The second
grid is uniform on the body, where the dimension of the mesh interval reaches
its minimum, namely 0.05. Although the grid spacing is not constant over the
whole domain, the grid is referred to as 'uniform' or 'non-stretched'. In both cases,
21x13x21 nodes are located on the body.
3444 time-steps have been performed on the 'stretched grid' and 4000 timesteps on the 'uniform' one, with a maximum CFL number of 0.6 in both cases,
leading respectively to total non-dimensional times of 29 and 56.
Germano's model has been applied with Lilly's modification, the numerator
and the denominator of the ratio appearing in equation (5.18) being averaged over
the spanwise direction to compute the dynamic coefficient C. An upper bound
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for C has been specified so that the value of the equivalent Smagorinsky constant
would be lower than 0.5 everywhere. No explicit lower bound has been chosen.
Rather, the total viscosity has not been allowed to take negative values. No other
smoothing or averaging process was found necessary to ensure stability.
In the remainder of the section, results obtained with the dynamic model on
both grids and with the Smagorinsky model on the stretched one are compared.
Attention is mainly directed to time-averaged values over the top face and in the
wake region.
From the results of the simulation performed with the dynamic model, it is
possible to compute C'3, the quantity corresponding to the Smagorinsky constant
Cs. To take into account the fact that C, the constant used within the dynamic
approach, can take negative values, C'9 is affected of the sign of C. The timeaveraged contours of C's = \f\C\sign(C) on the stretched grid are shown in
Fig. 8.85. Backscatter regions, characterized by negative values of this quantity
cover nearly half of the domain. In particular, backscatter regions are observed
near to the windward and leeward faces of the body, and in the rear part of the
top face, where the spatial variations of C's are fairly large. In the wake region, on
the contrary, C'a is positive, relatively uniform and close to those values used for
the computations with the Smagorinsky model. Hence, the differences observed
between results obtained with the Smagorinsky model and the dynamic approach
are most likely to be rooted in the region close to the horizontal face of the body.
Near to the top face, the time-averaged pressure contours (Fig. 8.87) and the
magnitude of the time-averaged pressure drop between the windward face and the
top face obtained with either model are quite similar. On the leeward face, however,
the pressure distribution is better predicted by the dynamic model. The pressure
contours obtained with the dynamic model on the stretched grid (Fig. 8.87) and the
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pressure distribution obtained on the uniform grid (Fig. 8.114) may be compared to
the solutions computed with the Smagorinsky model on the stretched grid (Fig. 8.61
and Fig. 8.73). The use of the stretched grid, increasing the resolution near to the
body, Leads to a location of the pressure TnimTrmrp closer to the windward corner
(Fig. 8.87 and Fig. 8.101) without affecting to a great extent the magnitude of the
pressure drop between the windward and the top faces.
The contours of
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obtained with the dynamic model on the stretched grid

are shown in Fig. 8.88. Their level of agreement with the experimental data is
similar to that exhibited by the results obtained with the Smagorinsky model
(Fig. 8.62). However, agreement deteriorates with the use of the uniform grid,
with 8^^

reaching its maximum closer to the wall (Fig. 8.102). Moreover, without

stretching, the vorticity thickness at the centre of the top face is not satisfactorily
captured. Its level is higher than that predicted on the stretched grid, and the
latter is already overestimated

5

(Fig. 8.89 and 8.103). Hence, the streamwise

velocity features on the top face are better captured if the grid is stretched. It
is relevant to remark that grid-stretching increases the number of nodes located
inside the time-averaged recirculation from two to four.
The transverse velocity profiles obtained with the dynamic model on the
stretched grid (Fig. 8.91) compare fairly well to experiments, as do those obtained
with the Smagorinsky model (Fig. 8.65). Again, stretching the grid brings a slight
improvement (compare Fig. 8.91 and 8.105).
The time-averaged velocity fluctuations on the top face obtained with the
dynamic model and the stretched grid (Fig. 8.92 and 8.93) are in better agreement
with Lyn's measurements than those obtained with the same model on the uniform
5

As AUmax reaches slightly higher levels on the stretched grid than on the uniform grid,
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* a^so b e larger on the former, although this does not appear clearly from the

velocity profiles (Fig. 8.90 and 8.104).
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grid (Fig. 8.106 and 8.107) and with the Smagorinsky model on the stretched grid
(Fig. 8.66 and 8.67). In particular, the location of the peak in the transverse
fluctuations is quite well captured. Hence, the dynamic model performs slightly
better than the Smagorinsky model close to the top face. The reason for this might
be rooted in the backscatter region predicted near to the leeward corner.
In the wake, the time-averaged streamwise velocity profiles on the centreline
obtained with the dynamic model (Fig. 8.94 and 8.108) are in better overall
agreement with the experimental data than those obtained with the Smagorinsky
model (Fig. 8.68).

Moreover, the dynamic model gives a more pronounced

recirculation on the centreline with the uniform grid and, hence, better agreement
with the experimental data. The recirculation zones obtained from the dynamic
model on both grids exhibit similar lengths, and both compare significantly better
with the measurements than those obtained from the Smagorinsky model. In the
fax-wake (x > 4), the streamwise velocity profiles on the centreline obtained with
the dynamic model on the uniform grid are similar to those obtained with the
Smagorinsky model on the stetched grid and with Ca = 0.15. Observe that the
Smagorinsky constant, equivalent to the dynamic constant computed in this region
is close to 0.15. On the stretched grid, however, the dynamic model predicts a
smaller viscosity and the streamwise velocity does not recover so rapidly, reaching
levels closer to the experimental data.
The variation of streamwise velocity fluctuations on the centreline obtained with
the dynamic model on the stretched grid (Fig. 8.96) is in good agreement with the
measurements. Comparing this to the results obtained with the Smagorinsky model
(Fig. 8.70) seems to provide clear indicators to the need for a dynamic approach,
although the levels of fluctuations predicted on the non-stretched grid are too low
in the far-wake. This is likely to be linked to the fact that the dynamic constant
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computed on the uniform grid is lower than on the stretched grid, as seen from the
comparison of Fig. 8.99 and 8.85.
The transverse velocity fluctuations on the centreline are best predicted with
the Smagorinsky model and Ca = 0.15 (Fig. 8.71). The levels of fluctuations
obtained from the dynamic model are too low, especially on the non-stretched grid
(Fig. 8.97 and 8.111).
As a conclusion of the analysis of the time-averaged fields, it can be said that
the dynamic model performs at least as well as the Smagorinsky model and in
several respects better. The main advantage is clearly that no constant has to
be provided, and the fact that no arbitrary near-wall damping is required is also
a major asset for industrial problems. The use of grid-stretching improves the
resolution of the recirculation region on the top face and leads to a better prediction
of the velocity fluctuations in the wake, but also results in an underestimated
recirculation strength on the centreline. The non-isotropy of the filter might have
to be taken into account to rectify this problem.
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Chapter 9
Conclusions and
recommendations
A numerical code for LES has ben developed and assessed. This is based on a
non-orthogonal grid and finite-volume formulation, using a fully collocated storage
arrangement for all variables. The 'Rhie-and-Chow' interpolation method has been
implemented to avoid pressure checkerboarding, while a pressure Poisson equation
is solved at each time-step with a fast iterative method (GMRES preconditioned
by an Incomplete Cholesky factorization).

A second-order accurate central-

differencing scheme is used to discretize the convective, diffusive and subgrid-stress
terms. In time, the second-order Adams-Bashforth scheme is adopted for advective
and subgrid-stress terms. The treatment of pressure in time is fully implicit.

The Smagorinsky model and the dynamic model proposed by Germano have
been tested for turbulent vortex shedding behind a square prism at Re = 21,400.
Both perform better than turbulence models resting on the solution of the
Reynolds-averaged Navier-Stokes equations. The following conclusions can be
drawn from the computations performed with the Smagorinsky model:
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• The grid density has a large influence since no shedding could be captured
with a grid containing 70x40x13 nodes, while periodic motion could be
resolved on a 140x81x13 grid.
• The aspect-ratio of the cells is an important issue when a Cartesian grid is
employed, this is exemplified by the fact the worst results were obtained in
regions of the far-wake where very high aspect-ratios were present.
• Modifying the Smagorinsky constant has a dramatic influence in regions close
to the horizontal block face as well as in wake regions. This is dearly one of
the major drawbacks of the model.
• The main features of the flow are very sensitive to the treatment of the
near-wall regions. This accounts for the relatively large influence of the
van Driest damping function in the region close to the horizontal face as
well as in the wake. Moreover, as the approach does not rest on any firm
theoretical background and does not improve dramatically the agreement
with the experimental data, an alternative near-wall treatment is needed.
The results obtained with the dynamic model proposed by Germano generally
exhibit at least as high a level of agreement as those computed with the
Smagorinsky model, and the fluctuating fields are well resolved1. Moreover, with
the dynamic approach, no ad-hoc constant is required, there is no need for any
specific treatment in the near-wall regions and backscatter is accounted for. Hence,
the dynamic approach is clearly more appropriate to industrial use involving
complex geometries than the Smagorinsky model.

The test case has raised several issues requiring further investigation.
1

except the transverse fluctuating velocity in the wake
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• It has been observed that the relatively poor agreement of some of the result's
with the experimental data might be rooted in the large values of the aspect
ratio of the grid cells. Hence, it would be of interest to investigate further
the influence of grid anisotropy on the solutions. This might be achieved
either by introducing a non isotropic filter or by reducing the anisotropy of
the grid-cells, for example with a non-orthogonal grid or with a unstructured
approach.
• Moreover, the influence of the grid density, especially in the spanwise
direction, and of the spanwise width of the domain remains to be investigated.
This will require large amounts of computer memory and CPU time.
• It is also crucial to insure that the statistics are reliable by computing the
case on large number of time-steps (typically 30,000 or 50,000).
• Finally, subgrid modelling still requires some effort, as neither of the models
tested in the present study are completely satisfactory.

Subgrid energy

transport, used in conjunction with a dynamic approach, for example, might
be an interesting avenue to pursue.
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along block faces obtained in 3D with and without van Driest
damping function (Ca = 0.15)
Shedding past a square cylinder at Re = 21400:

2D LES - Smagorinsky model with C9 = 0.10
8.36

Time-averaged velocity vectors obtained in 2D with

the

Smagorinsky model and Ca = 0.10
8.37

Time-averaged pressure contours obtained in 2D with the
Smagorinsky model and Ca = 0.10

8.38 Loci of constant principal velocity gradient d <U > fdy obtained
in 2D with the Smagorinsky model and Ca = 0.10
109

8.39 Vorticity thickness (A < U >)

/(dU/dy)

obtained in 2D

with the Smagorinsky model and C, = 0.10
8.40 Time-averaged streamwise-velocity on the top face obtained in 2D
with the Smagorinsky model and C3 = 0.10
8.41 Time-averaged transverse-velocity on the top face obtained in 2D
with the Smagorinsky model and Cs = 0.10
8.42

Time-averaged streamwise-velocity fluctuations on the top face
obtained in 2D with the Smagorinsky model and Ca = 0.10

8.43 Time-averaged transverse-velocity fluctuations on the top face
obtained in 2D with the Smagorinsky model and C3 — 0.10
8.44 Time-averaged streamwise-velocity on the centreline obtained in 2D
with the Smagorinsky model and C, = 0.10
8.45 Time-averaged transverse-velocity on the centreline obtained in 2D
with the Smagorinsky model and Cs = 0.10
8.46 Time-averaged streamwise-velocity fluctuations on the centreline
obtained in 2D with the Smagorinsky model and Ca = 0.10
8.47 Time-averaged transverse-velocity fluctuations on the centreline
obtained in 2D with the Smagorinsky model and Ca = 0.10
8.48 Time-averaged total fluctuating kinetic energy on the centreline
obtained in 2D with the Smagorinsky model and Ca = 0.10
8.49

Time-averaged pressure coefficient and pressure fluctuations
obtained in 2D with the Smagorinsky model and Cs = 0.10

8.50 Pressure signal on top face obtained in 2D with the Smagorinsky
model and Cs = 0.10
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Phase 5
8.51 Phase-averaged streamwise-velocity on the top face obtained in 2D
with the Smagorinsky model and Ca = 0.10 - Phase 5
8.52 Phase-averaged transverse-velocity on the top face obtained in 2D
with the Smagorinsky model and Ca = 0.10 - Phase 5
8.53 Phase-averaged streamwise-velocity on the centreline obtained in
2D with the Smagorinsky model and Ca = 0.10 - Phase 5
8.54 Phase-averaged transverse-velocity on the centreline obtained in 2D
with the Smagorinsky model and Ca = 0.10 - Phase 5

Phase 20
8.55 Phase-averaged streamwise-velocity on the top face obtained in 2D
with the Smagorinsky model and Ca = 0.10 - Phase 20
8.56 Phase-averaged transverse-velocity on the top face obtained in 2D
with the Smagorinsky model and Ca = 0.10 - Phase 20
8.57 Phase-averaged streamwise-velocity on the centreline obtained in
2D with the Smagorinsky model and Cs = 0.10 - Phase 20
8.58 Phase-averaged transverse-velocity on the centreline obtained in 2D
with the Smagorinsky model and Ca = 0.10 - Phase 20
8.59 Spectral analysis of the lift, drag and transverse velocity signals
obtained in 2D with the Smagorinsky model and Ca = 0.10
Shedding past a square cylinder at Re = 21400:
3D LES - Smagorinsky model with Ca = 0.15
8.60

Time-averaged velocity vectors obtained in 3D with the
Smagorinsky model and Ca = 0.15

8.61

Time-averaged pressure contours obtained in 3D with the
Smagorinsky model and Ca = 0:15
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8.62 Loci of constant principal velocity gradient d < U > /dy obtained
in 3D with the Smagorinsky model and Ca = 0.15
8.63 Vorticity thickness (A < U >)
V

'max

l(dUldy)
\

obtained in 3D
'max

with the Smagorinsky model and C3 = 0.15
8.64 Time-averaged streamwise-velocity on the top face obtained in 3D
with the Smagorinsky model and Ca = 0.15
8.65 Time-averaged transverse-velocity on the top face obtained in 3D
with the Smagorinsky model and Ca — 0.15
8.66 Time-averaged streamwise-velocity fluctuations on the top face
obtained in 3D with the Smagorinsky model and Ca = 0.15
8.67 Time-averaged transverse-velocity fluctuations on the top face
obtained in 3D with the Smagorinsky model and C, = 0.15
8.68 Time-averaged streamwise-velocity on the centreline obtained in 3D
with the Smagorinsky model and Ca = 0.15
8.69 Time-averaged transverse-velocity on the centreline obtained in 3D
with the Smagorinsky model and Ca = 0.15
8.70 Time-averaged streamwise-velocity fluctuations on the centreline
obtained in 3D with the Smagorinsky model and Ca = 0.15
8.71 Time-averaged" transverse-velocity fluctuations on the centreline
obtained in 3D with the Smagorinsky model and Ca = 0.15
8.72 Time-averaged fluctuating kinetic energy on the centreline obtained
in 3D with the Smagorinsky model and Ca = 0.15
8.73

Time-averaged pressure coefficient and pressure fluctuations
obtained in 3D with the Smagorinsky model and Ca = 0.15

8.74 Pressure signal on top face obtained in 3D with the Smagorinsky
model and Ca = 0.15
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Phase 5
8.75 Phase-averaged streamwise-velocity on the top face obtained in 3D
with the Smagorinsky model and Ca = 0.15 - Phase 5
8.76 Phase-averaged transverse-velocity on the top face obtained in 3D
with the Smagorinsky model and Cs = 0.15 - Phase 5
8.77 Phase-averaged streamwise-velocity on the centreline obtained in
3D with the Smagorinsky model and Cs = 0.15 - Phase 5
8.78 Phase-averaged transverse-velocity on the centreline obtained in 3D
with the Smagorinsky model and C, = 0.15 - Phase 5

Phase 20
8.79 Phase-averaged streamwise-velocity on the top face obtained in 3D
with the Smagorinsky model and C3 = 0.15 - Phase 20
8.80 Phase-averaged transverse-velocity on the top face obtained in 3D
with the Smagorinsky model and Cs = 0.15 - Phase 20
8.81 Phase-averaged streamwise-velocity on the centreline obtained in
3D with the Smagorinsky model and C» = 0.15 - Phase 20
8.82 Phase-averaged transverse-velocity on the centreline obtained in 3D
with the Smagorinsky model and Ca = 0.15 - Phase 20
8.83 Spectral analysis of the lift, drag and transverse velocity signals
obtained in 3D with the Smagorinsky model and Ca = 0.15
8.84

Spectral analysis of pressure signals obtained in 3D with the
Smagorinsky model and Ca = 0.15

Shedding past a square cylinder at Re = 21400:
3D LES - Dynamic model - Stretched grid on the body
8.85 Dynamic value of the Smagorinsky constant J\C\sign \Cj obtained
in 3D with the dynamic model and the stretched grid on the body .
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8.86 Time-averaged velocity vectors obtained in 3D with the dynamic
model and the stretched grid on the body
8.87 Time-averaged pressure contours obtained in 3D with the dynamic
model and the stretched grid on the body
8.88 Loci of constant principal velocity gradient d<U>

jdy obtained

in 3D with the dynamic model and the stretched grid on the body .
8.89

Vorticity thickness (A < U >)
V

/max

l(dUldy)
\

obtained in 3D
i max

with the dynamic model and the stretched grid on the body

....

8.90 Time-averaged streamwise-velocity on the top face obtained in 3D
with the dynamic model and the stretched grid on the body

....

8.91 Time-averaged transverse-velocity on the top face obtained in 3D
with the dynamic model and the stretched grid on the body
8.92

....

Time-averaged streamwise-velocity fluctuations on the top face
obtained in 3D with the dynamic model and the stretched grid on
the body

8.93

Time-averaged transverse-velocity fluctuations on the top face
obtained in 3D with the dynamic model and the stretched grid on
the body

8.94 Time-averaged streamwise-velocity on the centreline obtained in 3D
with the dynamic model and the stretched grid on the body

....

8.95 Time-averaged transverse-velocity on the centreline obtained in 3D
with the dynamic model and the stretched grid on the body
8.96

....

Time-averaged streamwise-velority fluctuations on the centreline
obtained in 3D with the dynamic model and the stretched grid on
the body
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8.97

Time-averaged transverse-velocity fluctuations on the centreline
obtained in 3D with the dynamic model and the stretched grid on
the body

8.98 Pressure signal on top face obtained in 3D with the dynamic model
and the stretched grid on the body

Shedding past a square cylinder at Re = 21400:
3D LES - Dynamic model - Uniform grid-spacing on the body
8.99 Dynamic value of the Smagorinsky constant yJ\C\sign \C) obtained
in 3D with the dynamic model and a uniform grid-spacing on the
body
8.100 Time-averaged velocity vectors obtained in 3D with the dynamic
model and a uniform grid-spacing on the body
8.101 Time-averaged pressure contours obtained in 3D with the dynamic
model and a uniform grid-spacing on the body
8.102 Loci of constant principal velocity gradient d <U > fdy obtained
in 3D with the dynamic model and a uniform grid-spacing on the
body
8.103 Vortidty thickness (A < U >\
V.

/(dU/dy)

/ max \

obtained in 3D
I max

with the dynamic model and a uniform grid-spacing on the body . .
8.104 Time-averaged streamwise-velocity on the top face obtained in 3D
with the dynamic model and a uniform grid-spacing on the body . .
8.105 Time-averaged transverse-velocity on the top face obtained in 3D
with the dynamic model and a uniform grid-spacing on the body . .
8.106 Time-averaged streamwise-velocity fluctuations on the top face
obtained in 3D with the dynamic model and a uniform grid-spacing
on the body
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8.107 Time-averaged transverse-velocity fluctuations on the top face
obtained in 3D with the dynamic model and a uniform grid-spacing
on the body
8.108 Time-averaged streamwise-velocity on the centreline obtained in 3D
with the dynamic model and a uniform grid-spacing on the body . .
8.109 Time-averaged transverse-velocity on the centreline obtained in 3D
with the dynamic model and a uniform grid-spacing on the body . .
8.110 Time-averaged streamwise-velocity fluctuations on the centreline
obtained in 3D with the dynamic model and a uniform grid-spacing
on the body
8.111 Time-averaged transverse-velocity fluctuations on the centreline
obtained in 3D with the dynamic model and a uniform grid-spacing
on the body
8.112 Pressure signal on top face obtained in 3D with the dynamic model
and a uniform grid-spacing on the body
8.113 Spectral analysis of the lift and velocity fluctuations signals
obtained in 3D with the dynamic model and a uniform grid-spacing
on the body
8.114 Time-averaged pressure coefficient and pressure fluctuations
obtained in 3D with the dynamic model and a uniform grid-spacing
on the body
LESROOM
B.I Boundary condition at the wall on a staggered grid
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Appendix A
Structure of a NSPCG solver
A.I

Notations

A.pres = rhs is the system to solve:
— A is stored in coef, jcoef
(the dimensions depend on the storage format used);
— pres(ndimm)
contains the initial guess and the solution after call to nspcg]
— rhs(ndimm)
is the right-hand side vector. It is modified by the library if the
elimination of the Dirichlet conditions is required (parameter elim =
iparm(24)).

A.2

Execution parameters

• test: iparm(l)
The test number 2 might be misleading if the solution goes to infinity, as it is
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defined as the ratio of the residual to the current solution. The test number
5 should be favoured (based on residual and rhs).
• Umax: iparm(2)
Contains the maximum number of iterations allowed before the solver returns.
After the call it contains the actual number of iterations performed. Hence,
it should be reset before the next call to nspcg.
• iscal: iparm(lZ), iperm : zparm(14)
Scaling and permuting the matrix are quite demanding operations in terms
of storage.
• if act: iparm(15)
If the same system is to be solved several times, it might be useful to store
the factorization. This can be achieved by saving the wksp and iwksp arrays
after the call to nspcg (save wksp,iwksp). iparm(15) should be set to 0 for
the next call.
• zeta : rparm(l)
contains the stopping test value. After the call it contains the actual value
of the stopping test (even if the solver fails to converge), and should hence
be reset before the next call to nspcg.

A.3

Working arrays

To determine the amount of work-space needed (nw and inw for the number of
reals and of integers respectively), the package can first be run with arbitrary values
for nw and inw. If the memory space allocated is not sufficient, an error will occur
and the program will stop or crash. Otherwise, the variables irpnt, irmax, iipnt
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and Umax (common cwkcon) can be printed out:
• irpnt
points to the next free element in the wksp array;
• irmax
is the maximum number of elements of the array wksp that have been used.
Hence, it provides a minimum value for nw.
• iipnt and Umax
have a similar meaning for the array iwksp.

A.4

A NSPCG-solver

In the present section, some remarks are offered concerning useful routines,
following a brief description of the structure of a solver (GMRES) within the
NSPCG library.
• main call: call nspcg
calls the library specifying the solver, preconditioner, system and initial guess.
The matrix is eventually rearranged (scaled, permuted ...)• In particular, for
non-symmetric diagonal storage, move2 rearranges the matrix so that the
main diagonal is stored first, followed by the upper diagonals and finally by
the lower diagonals. It is convenient to adopt the above storage if the matrix
has to be used after the call to the library, since nspcg does not return it to
its previous form,
• factorization: call pfact
A factorization is stored in wksp, iwksp (according to the storage mode
specified). The common cfactr locates the factorization, ifacti and ifactr
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are pointing to the initial elements in wksp and iwksp. nfacti and nfactr
are the number of integers and reals stored.
• preconditioner: call mic
The routine calls split which determines which external routines should be
passed to the accelerator according to the preconditioning technique chosen
(left, right, split or none):
call gmres (suba, subat, subql, subqlt, subqr, subqrt... wksp, iwksp,...).
The factorization is passed to the accelerator in the arrays wksp and iwksp,
its location within these being determined by the common cfactr.
• accelerator: call gmresw
The factorization is stored in jfac(ifacti)
iwksp(ifacti) and wksp(ifactr).

and wfac(ifactr)

instead of

maxt is the number of upper diagonals

of the factorization, wk is the working array for reals (length nw). The
external routines (determined in split) and the actual solver are only called
at this stage. All the working arrays and vectors are stored in wk.

A.5

Some widely-used routines

• vdot(n,a,b) (function): scalar product of the n-vectors a and b
• vtriad(n,b,c,d,e,f):
b and c are vectors of length n
if / = 1, b =

vexopy(n,b,c,d,e):
b, c and d are vectors of length n
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if e s s 1, b-c

+d

lie = 2, b = c-d
if e = 3, bi s=
if e = 4, k =
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Appendix B
LESROOM: LES code of Mochida
and Murakami
B.I

General features

LESROOM is a 3D LES code made available to the writer by Mochida and
Murakami [55] (IIS, University of Tokyo). It has been developed to analyze nonisothermal room airflow. In the present study, it has been applied to isothermal
impulsively started and oscillating lid-driven cavities and the solutions have been
compared to those obtained with STREAM. The algorithm has the following
features:
• the approach, based on a fully staggered Cartesian grid arrangement, is
geometrically less flexible than that chosen in the present study
• central-differencing is used for spatial dicretization;
• Adams-Bashforth is applied to the advective, diffusive and subgrid-stress
terms. Buoyancy is fully explicit (Euler);
• a pressure-correction equation is solved using a linear Red-Black method;
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• Smagorinsky's model is used together with a stochastic additional velocity
field.
Hence, an iteration consists of the following steps:
• u' is computed from:
it' = u n + A
+ •?[Convection + Diffusion + Subgrid stresses)
— - {Convection + Diffusion + Subgrid stresses)
+

(—Pressure Gradient)

+

(Buoyancy)

+

[Stochastic velocity fluctuations)

f5

(B.I)

• boundary conditions for u' are enforced;
• pressure- and velocity- corrections are computed to obtain P n + 1 and u n+1 ;
• temperature is updated using the second-order Adams-Bashforth scheme.

B.2

Pressure and velocity corrections

Each horizontal plane is divided into 4 sets of nodes: (i even, j even), (i even, j
odd), (i odd, j even) and (i odd, j odd) which are treated successively (Red-Black
method).
The solution starts with a calculation of the divergence of the current velocity
field (Divijk)- Then, the pressure is updated with SPijk(B.2)
Urf being an 'underrelaxation factor' (> 1), and A^ 2 an averaged value of Ax2,
Ay2 and Az2 (squared dimensions of the mesh intervals).
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The latter pressure-correction is derived below by taking the divergence of the
momentum equation, assuming that the pressure-correction is zero on the nearest
neighbours. This assumption is justified since the nearest neighbourgs belong to
another set of nodes (Red-Black method).
The pressure-correction Poisson equation reads:
V 2 i" = ~ V •«'

(B.3)

In the following, only one term out of the three second-derivative terms
appearing on the left-hand side is discretized. With Di+e standing for DXi+cjk,
DYij+tk or DZijk+t,

and P/ +£ for P'i+tjk, P'ij+tk or Pjjk+C (e being 0, + 1 or -1), the

Laplacien for P{ reads:
*

Si
Derivative at the I velocity node

)

(B.4)

Derivative at the /—I velocity node

or again:

(2(A + Di-i)Pj+l + 2(A+i + Di)PU - 2(A+i + 2D, + DW)P{)
(

A(A+i + A)(A + A-i)

5)

In a Red-Black method, Pt'+1 and P\_x are assumed to be zero. Hence, the
pressure-correction reads:

A(A+i + A)(A + A-i) ' "

P

A<

An underrelaxation factor can be introduced by substituting -g^j to At (BETA =
1.4 was chosen here).
The boundaries require special care. Consider the West boundary of the domain
between the first and second pressure nodes, coinciding with the first velocity node
(the pressure node / is located westward of the velocity node /). If a Dirichlet
condition applies to the velocity, no value for the pressure correction is required to
ensure continuity: P[ (outside of the domain) can be set to anything. Moreover, if
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the normal pressure gradient is assumed to vanish, a consistent boundary condition
for the pressure correction would read: P'2 — P{. This is merely theoretical
since P{ is not used, but allows to derive the pressure correction for / = 2 from
equation (B.6), leading to
2

V • u'
p'\

(p'

—

fD 7\

For a Red-Black method, P{+1 vanishes, and the above equation reads:
2
,
Pl
Di{Di+i + Di)

=

V • u'
AT

^B'8^

In the next step, the velocity is updated on the whole domain using the gradient
of the pressure-correction determined on one of the four sets of nodes defined above:

and

The negative sign-on the left-hand side is due to the relative location of velocity
and pressure nodes, together with the assumption that, for a Red-Black method,
the pressure-correction is zero on the nearest neighbourgs.

B.3

Wall boundary conditions

With reference to the impermeable plane wall shown in Fig. B.I, boundary
conditions for the velocity field can be specified as follows:
(B.9)
2Vwatl —
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Pressure node

Figure B.I: Boundary condition at the wall on a staggered grid.

As for the wall shear stresses, a linear-power-law is used to determine the
velocity scale.

B.4

Files and routines

• files
commons and parameters (include file)

- padq:
- unit 5:

execution parameters

- unit 10:

maximum CPU time

- unit 21:

input data (restart file)

- unit 22:

output data (restart file)

- unit 24:

output data (time-averaged mean velocity and temperature)

- unit 25: output data (time-averaged turbulent intensities and heat fluxes)
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- unit 26:

output data (time-averaged subgrid scales components)

• read20
- initialize arrays
- read unit 5 (execution parameters)
- read the grid if necessary
• sxtubc
- set SX, SY and SZ to 0 at the boundaries
• tubset
- set the boundary conditions for the velocity
- calculate the velocity gradients
• main
- open files
- call read20
- initialize the inlet and outlet velocities
- read the restart file (unit 21)
- call tubc20
- write the results
• tubc20
- compute from the grid the coefficients required to calculate various
derivatives (H.. )
- initialize the arrays for time-averaging
- determine the last even and odd nodes (i-j planes) to be used for the
pressure-correction
- call tubset
- compute subgrid viscosity
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- set boundary conditions at solid walls
- update velocity, pressure and temperature fields
- compute time-averaged values
• hsmac
- correct pressure and velocity simultaneously

B.5

Variables

ARNO

Archimedes number

BB11M, BB12M, BB13M, BB22M, BB23M, BB33M

mean time-averaged

values for the subgrid-stress (the viscosity is not averaged)
BC

convection, diffusion at time-step n — 1 used in the
Adams-Bashforth scheme for temperature

BET

used to compute the pressure-correction
for 2<i<

idiv - 1, 2 < j < jdiv — 1, 2 < k < kdiv — 1
BBTA
BET = —At[2HXX+2HYY+2HZZ\

for i = 2 and i = idiv - 1, 2 < j < jdiv - 1, 2 < k < kdiv - 1
BET = —
for t = 1 andi - idiv
BETA
BU, BV, BW

BETA
HXX+2HYY+2HZZ]

BET - 0

underrelaxation factor for pressure-correction (= 1.4)
convection, diffusion and subgrid-stress at

time-step n — 1 used in the Adams-Bashforth scheme for U, V and W respectively
(equal to DUDT"-1, DVDT1-1 and DWDT"-1).
C

temperature (at pressure nodes)

CA
CAVE

cf. UA
instantaneous temperature averaged value over the whole domain
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CM

cf. UM

CR

cf. UR
subgrid viscosity at the pressure nodes: DXYZ • S = (CA)2S

D
DAVE

subgrid viscosity instantaneous averaged value over the whole domain

DCDT1

diffusion related increment for C (times Prandtl)

DCDT2

opposite value of the convection and sources related increment for C

DCDT

-F^—DCDTI

DDXY, DDYZ, DDZX

- DCDT2

subgrid viscosity computed at the
same location as XY, YZ, ZX

at the pressure control volume cell-faces, in between U, V, W nodes respectively
divergence of the velocity field

DIVES
DM

cf. UM

DR

cf. UR
time-step.

DT

DUDT1 - DUDT2

DUDT
DUDT1, DVDTl,

diffusion and subgrid-stress

DWDTl

related increments for U, V, W respectively
opposite values of the convection

DUDT2, DVDT2, DWDTl

related increments for U, V, W respectively
DVDT

DVDTl - DVDT2

DVDTl

cf. DUDTl

DVDT2

cf. DUDT2

DWDT

DWDTl - DWDT2

DWDTl

cf. DUDTl

DWDT2

cf. DUDT2

DX, DY, DZ

grid steps defined from the pressure grid
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(the pressure control-volume edge lengths are DX, DY, DZ)
ENAV averaged value over the whole domain and at each time-step for ^ energy
ENMX
EPS

cf. tubc20 (1. 1170)
maximum value allowed for the divergence of the velocity field

HFLX
H

R

heat flux value at boundary wall

E

Reynolds

HPRS

Subgrid Prandtl
1

Reynolds -Subgrid Prandtl

HXl
coefficient used to compute UX = | ^

coefficient used to compute the derivative of pressure with respect to x

coefficient used to compute the derivative of pressure with respect to x
2\[DX(i-l)+2DX(i)+DX{i+l)}

coefficient used to compute the second derivative of velocity.

used to compute BET
HYl, HZ1, HY2, HZ2, HY4, HZl, HY5, HZ5, HYY, HZZ
have similar meanings as
HXl, EXZ, HX4, HX5, HXX for y and z directions and V and W velocities.
IDTV
IEVEN

number of nodes of the computational domain
the largest even integer smaller than IDIV

INIC

switch: 1 to start from initial condition, 2 to restart.

10DD

the largest odd integer smaller than IDIV
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IORD
JDIV
JEVEN

cf. tubc20 (1. 1103)
number of nodes of the computational domain
the largest even integer smaller than

JINB, JINL
JODD

locations of supply openings
the largest odd integer smaller than

JORD

JDIV

cf. tubc20 (1. 1103)

JOUTÉ, JOUTL
KDIV

JDIV

locations of exhaust openings
number of nodes of the computational domain
locations of supply openings

KINB, KINL
KORD

cf. tubc20 (1. 1103)

KOUTB, KOUTL

locations of exhaust openings
cf. tubc20

KSTL
KSTM

maximum time-step allowed

NSTM

maximum number of iterations for pressure-velocity
correction

PAVE

averaged value over the whole domain and at each
time-step for pressure

PM
REP

cf. UM
Reynolds number for turbulent test cases

S

TMAX
UA, VA, WA, CA

maximum CPU time
mean time-averaged values between two
given time-steps for U, V, W, and C

UCM

cf. UVM

UIN

velocity at supply openings
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UM, VM, WM, PM , CM , DM

mean time-averaged values
for U, V, W, P, C and D (subgrid viscosity).

UOUT

velocity at exhaust openings

UR, VR, WR, CR , DR

mean time-averaged values

for the correlations UU, VV, WW, CC and DD (subgrid viscosity).
UU, VV, WW

total increment for U, V and W before pressure-correction

UVM, VWM, WUM, UCM, VCM, WCM

mean time-averaged values

for the correlations UV, VW, WU, UC, VC and WC
UX

j£ evaluated on pressure nodes

VA

cf. UA
cf. UVM

VCM

d.UM

VM

1
Number of control volumes of the domain

VOLM
VR

cf. UR

VWM

cf. UVM

VY

| p evaluated on pressure nodes

WA

cf. UA

WCM

cf. UVM

WM

cf. UM

WR

cf. UR

WUM

cf. UVM

WZ

— evaluated on pressure nodes

XY

j£ + | j on the pressure cell-face in between velocity nodes.

YZ

f£ + 221 on the pressure cell-face in between velocity nodes.

ZX

~9W -f ^ on the pressure cell-face in between velocity nodes.
Smagorinsky constant

ZCl
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Appendix C
Computational issues
C.I

Purpose

This section is intended to provide some infonnation about the different computer
architectures on which the code has been run. Some optimization features for the
CRAY YMP are first described. The necessary modifications to port the code on
parallel computers (CRAY T3D MPP and Intel iPSC/860) are addressed, and, in
particular, the restarted GMRES algorithm is detailed.

C.2

Vector-computers

CRAY YMP-EL and

CRAY YMP-4E
C.2.1

Vectorization

The code includes a number of long loops and few conditional statements, and is
easily vectorized, simply with a compiler directive: c/77 -c -Zv -Wf -dp -em -o
aggress".
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• -Zv activates all phases of the compilation except the translator frnp. As a
result, the program features maximum vectorization but no autotasking.
• -Wf specifies the options to be passed to the compiler eft77. Here, double
precision is disabled (-dp), a listing is required (-em) and -o aggress raises
the limits for internal tables and searches, so that the vectorization level can
be higher.
The -Wf-Ra" and -Wf'-Rb" options can prove quite useful when debugging the
code. The first one checks the routine arguments consistency and the second one
arrays bounds. A run-time error occurs if an error is found. - Wf-ei" also causes
a run-time error when non-initialized variables are used as arrays subscripts or in
floating-point operations. These options, if used with vectorization, might provide
misleading information as the loops might be rearranged by fpp. The use of - Wd"dp", disabling these fpp optimizations, solves the problem.

C.2.2

Flowtrace

The use of Flovrtrace ( c/77 -F) is useful to determine which routines are the most
time-consuming. In particular, Flototrace points to the routines which might be
suitable for inlining (small routines called very often). It it is pointed out that
the compiler is able to vectorize loops containing calls to inlined routines, allowing
a further increase of the speed-up. Hence, the use of the compiler directive c/77
-Wd" -I RTN1 -S RTNl.f

RNT2.f to inline RTN1 in RTN2 allows a much more

user-friendly way of programming (splitting the algorithm in several small routines)
without deteriorating the program speed-up.
The routine determining the convection scheme (central differencing, upwind,
hybrid ...) has been inlined. Before this modification, the calling routine consumed
2.6 seconds per iteration. After the modification (but still without vectorization),
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the CPU time per iteration dropped to 1.7 seconds (65%). Vectorization brought
a further improvement, decreasing the CPU time to 0.16 seconds (9%). Of course,
such a gain is not possible everywhere in the code, and vectorization usually
achieves smaller speed-up factors.

C.2.3

Statistics

The code was also run on a more powerful YMP-4E (the front-end of the CRAY
T3D MPP). No modifications were required. 50 iterations were performed to obtain
the following statistics for a grid of 140 x 6 x 81. Such a small grid was used on
account of the limited amount of disk space available on the YMP-4E.
routine

time per iteration (seconds)
YMP-EL

YMP-4E

viscosity calc.

0.16

0.04

u-velocity calc.

0.74

0.28

v-velocity calc.

0.60

0.24

w-velocity calc.

0.78

0.14

pressure calc.

32.32

9.20

total

34.60

9.90

routine

total time (seconds)
YMP-EL

YMP-4E

preprocessing

7.00

2.00

output

49.00

21.00

time per grid node and iteration (seconds)

J

II

YMP-EL

YMP-4E

1

5.10.10"4

1.50.10"4

1
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The YMP-4E proves to be between 3.and 4 times faster than the YMP-EL.
The calculation of pressure requires 90 % of the total CPU time. It should be
observed, however, that it includes not only the call to the Poisson solver, but also
the computation of the face-fluxes, of the right-hand side of the Poisson equation,
and the correction of the velocity field after determination of the updated pressure
field. Moreover, the number of iterations needed to solve the Poisson problem is
usually larger for the first few iterations of a run, depending on the solution used
as an initial guess. The solver proved to consume significantly less than 90% of
the time if the statistics were computed on a larger number of time-steps (around
50%).
References have been provided by W.P. Jones, who computed a jet cross flow
on a 80 x 30 x 30 grid. For 1000 time-steps, 8 CPU hours were necessary on a
DEC alpha 3000 workstation, and 18 hours on a SGI Iris Indigo R4000. Hence,
4.0 x 10"* seconds per grid node and iteration were required on the DEC, while the
Iris needed 9.0 x 10~4 seconds. The latter figures compare well to those obtained
on the YMPs.

C.3

Parallel architectures Intel iPSC/860 and
CRAY T3D

C.3.1

iPSC/860 and T3D architectures

The iPSC/860 consists of a hypercube of 64 nodes (RX nodes, each with 8Mbytes
module and 8Mbytes daughter card expansion) with its own controller and and a
concurrent file system. The number of processors is always of the form 2d with d
integer between 1 and 6 (1 and 7 on the Intels in general, but only 64 processors
are available at the Daresbury Laboratory).
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The MPP CRAY T3D consists of a 3D torus of 256 DEC Alpha 21406 processors
(150 Mflops peak, 150 Mhz, 64 Mbytes memory, 8 Kbytes data- and instructioncaches, supporting 64-bit integer and IEEE floating operations). Apart from the
256 x 64Mbytes=16 Gbytes memory, another 212 Gbytes memory are available on
disk and a 1 Tbyte IBM tape silo can be automatically accessed.

C.3.2

General features of the parallel version

Decomposition
Each processor executes the same program on different parts of the computational
domain. Some switches are required for the boundary treatment (each processor
needs to know what its location is within the global domain and which processors
are its neighbours). Here, the decomposition of the parallelepipedic domain is
achieved by dividing it into 2^ parallelepipedic subdomains, each with the same
number of nodes. As different nodes might not require the same treatment, the
computational load is not optimally balanced between the processors. Nevertheless,
this simple method is quite flexible since it allows the total number of subdomains
(processors) to be modified without any difficulty.
Each sub domain consists of a core region and a halo data region. The latter
is designed to receive information from the neighbouring subdomains. As centraldifferencing was used, the halo region has been restricted to one cell layer. The
Navier-Stokes equations are solved from the second to the last-but-one local
node, using the halo values on the first and last local nodes (in each direction).
Nevertheless, the 'Rhie-and-Chow' interpolation involves 4 cell-centre nodes in the
west-to-east direction to compute the eastern cell-face velocity, and 2 halo data
cells for the pressure are required at the eastern boundary of a subdomain intead
of a single one. The problem has been overcome by overdimensioning the pressure
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array (P(NX + 1 , NY + l,NZ + l)if the subdomain consists of NX x NY x NZ
nodes) so that the pressure values at the first and second nodes of the eastern
subdomain covld be transmitted and received on the NXth and NX + lth local
nodes.
Output
The output, necessary to store any time-dependent values, is usually done by the
front end. Therefore, it is quite time-consuming, but this cannot be avoided in
transient problems. On an Intel machine, the concurrent file system can be used
quite efficiently. On the T3D machine, the output proved to be relatively fast,
especially when using unformatted files. Nevertheless, as the graphics treatment
is usually carried out elsewhere, the latter files have to be translated to formatted
files anyway before being transmitted to other machines.
Pressure solver
The pressure solver, being the major source of communication overhead because of
the large number of global operations to be carried out (global sums), is liable to
remain the bottleneck for parallel efficiency. The restarted version of the GMRES
method (without preconditioning) implemented in the parallel version of the code
is presented hereafter.
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Let Ax — f be the linear system to solve.
1) Initialisation
- Choose XQ
- Send the boundary values of XQ
ro = f - Ax0,
- Compute

fio = | M

fei,o = I N I ,
*>i = r o /||r o ||

- Perform stopping test
2) Iterate for j = 1, m (m: restart limit)
- Compute the Hessenberg matrix:
send the boundary values of Vj
compute hij = (Avj,V{) for i = l,
- Compute the new Arnoldi vector:

get the norm: A i+lj - = ||t5y+i||
and scale: vj+1 =

vj+1/hj+lj

if j = m the norm can be computed as follows instead:
— UAv II2 — Vm

h2

Minimization step:
apply the old rotations Fi(i = 1 , / — 1) to the last column of A,j:

the i1^ Une being the first non-zero line
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define the new rotation to transform the current hij matrix
into a triangular one:
denom = ^{^

j+1J)

/denom

apply the new rotation to the - current - hij matrix:
jj — denom

and to the - current - right-hand side:

perform stopping test:
if \fij+i\ < e compute x and exit
3) Compute x
- Solve the j x j triangular system Hy = 0,
with H standing for the triangulax matrix obtained by applying
the successive rotations to the matrix of the hij
and /? standing the right-hand side obtained by applying
the successive rotations to the first right-hand side /?0
- Compute xm = XQ + 23fci viVi
- Send the boundary values of xm
4) if the residual is not small enough
- Restart (back to 2), replacing Xo by xm
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A few remarks might be usefully added here:
• the Arnoldi vectors are not explicitly scaled. A scaling factor is stored
instead;
• the use of the alternative presented above to compute the norm of the Arnoldi
vector for j — m has not been used, as it might introduce round-off errors;
• the Hessenberg matrix, hij, is computed and stored on each processor at the
same time, as well as the rotations needed to transform it into a triangular
matrix. The system defined by the latter is then solved redundantly on each
processor to reduce the communication overhead;
• the matrix products are carried out using the halo data;
• the implementation of the GMRES method requires the use of dot-product
which is a global operation. On the Intel, the GDSUM routine allows a global
sum over the total number of processors. On the T3D, such a routine does
not exist at the moment and has to be implemented by users.
The next subsection provides more information about the latter issue.

C.3.3

T3D specific issues

Preliminaries
PVMFSEND/RECV: if PVM is used as message passing library, the use of
PVMFSEND requires to specify the length of the information-bits being sent. On
the T3D, one should specify INTEGER8 and REAL8 (8 bytes reals and integers).
Inlining is not yet supported by the MPP fortran compiler. One way to tackle
the problem is to call fpp separately. Let rtnsml be the routine to inline in rtnJbig,
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and the files containing them be rtnsml.f and rtnJbig.f respectively:
fpp -dcv -I rtnsml -S rtn.sml.f-o rtnJtig-tmp.f-I rtn.big-tmp.l rtnJbig.f
creates the temporary rtnJbig.tmp.fwith rtnsml inlined,
cf77 -Ccray-t3d -c -Wf'-dp -Ta -P /xisr/include/mpp' HnJbigjtmp.f
compile it, creating rtnMg-tmp.o. The latter has to be 'mv'ed to rtnJbig.o before
linking all the .0 files together to create the executable, (apprentice will not work,
though, not being able to find any cif file for rtn.big.fas rtnJ>ig.tmp.fwas compiled
instead.)
Deadlock:

the use of write, read or inquire functions in parallel and

simultaneously might not cause any problem if less than 64 processors are being
used, but a deadlock might occur with 256 processors, resulting in a program crash,
usually without much information being displayed.
Global sum
Some suggestions for an efficient implementation of a global sum on the T3D
follow. The first one uses PVM and is portable, the second one uses shared memory
routines and is much more T3D specific.

Using PVMFSEND and PVMFRECV- (or the faster versions PSEND and
PRECV), a hypercube algorithm can be implemented quite efficiently.

For

example, consider the global sum of X over 8 processors.
Define 2 groups Ai of 4 processors (Ai and A2)
in each Ai, define 2 groups J?,-j of 2 processors (i?,-,! and £,-,2)
in each 5 , j , define 2 groups of 1 processor (C,,j,i and Cijj)
Within each group Bij, the processor Cij,i sends the value stored in the local X,
X,,j,i, to C t j i2 . Meanwhile, Citj^ sends X,j, 2 to Cij,i- All the processors add Xijj.
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and Xij,2 and store the result in Xij. Hence, in each group B.j, all the processors
have the same value in Xij. The same can be done within the A{ groups, each
Bi,i,k exchanging information with Bii2,k- At last, Aijf exchanges information
with A2j,k-

The summation is then completed in N steps, N being the number of processors.
The fortran for such a routine is included below.
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PVM global sum
1
2
3
4

SUBROUTINE GLOBSOTKN.VECT.KSIZE.TEKP)
C
C SUM Or THZ COMPONENTS OF TOT VECTOR VECT OVER M i THE PROCESSORS
(BINARY TREE STRUCTURE)

c

5 c
<
7
t c

INCLUDE • p a r a a . i n c '
INCLUDE - c o a . i a c -

9

COMMON /POWER/ HPOW

10

c TKER MIX 2'NFOW PROCESSORS
c
DIMENSION VICTIM] .TEMPIN)
c
IDH1 * IDHODE-1

11
12
13
14
IS
16
17
11
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47

-

rnus * 700

XTAGS = ITAG • ISH1

c
c

c

c

NSE2 a 1
DO NSENS « 1, NPOH
NSM12 * NSE2
NSE2'2*NSE2
XFIKODCIDH1.NSE2) .CE.NSM12)THEN
IDSDRC = IOK1 - NSK12
ELSE
IDSDRC < IDM1 • MSM12
ENDIF
IFLKCS = ITAGS
I F U S R * ITAC - IDSDRC

c

c

c
c

CAU
CALL
CAU.
CALX.
CAU.

* HPROC" (NSEND-1)
* MPKOC* (NSEND-1)

FVHFINXTSEND(PVMRAW.iBfO)
PVHFPACX[REAL8.VECTIl).MSI2X.l.io£o)
FVXrSEHD(icid(XDSDRC*l).IFLAGS.info)
7VMFXECV(icidCZSSD*C*l),IFLAGR.iafo)
?VNFUKPACK(REAU.TEMP(l).MSXZe.l.iafo)

D O I « 1, KSIZE
VECT ( I ) «TEKP < I ) •VECTtI J
ENDDO
mBDO
RETURN
ENS
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A more efficient way of writing a global sum routine is to use the shared
memory library. Although it is not portable and has to be handled with care (the
information is not sent but directly written to the memory of other processors), it
might be the only way to increase the speed-up. An example is given below.
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Shared memory
1
2

Compile w i t h
cf77 - C c x a y - t 3 d -X4 -wf- - P / u s r / i n c l u d e / n p p ' - o te«t_shmein test_shmein.f s h a e a j s u m . f

3
4
5
6
7

test_sbmem.f
PROGRAM GLOBALSUK
REAL j
C

sec number of processors
CALL ini.t_gsum(N$FES)

8
9
10
11
12

do i=1.10
3 = REALti)
CALL g_sum( j )
WRITE(V) j
end do

13
14

end

15
16
17
la
19

———shnem_9sum. h — - — — - . - . - .
C
C
c Include f i l e Cor shmem gsum routines
C

...—.——...

20 C Note REALS are assumed CO be I bytes
21 C
22
INCLUDE 'mpp/shnem.fh'
23
24
25
26
27
28
29
30
31

INTEGER Logmaxpe, Csum_bloelc. Cache
INTEGER Gsum_vrksize. Gsun_syncsize
PARAMETERC Logmaxpe=8. Cached. Gsun_block*512)
PARAMETER (
$
Gsui»_vrksize=C(<GsumJblock/2)»l» ( C a c h e - ! ) ) / C a c h e ) ' C a c h e ,
$
Csua_syncsize<(((2*L09Baxpe>*2 - Cache-!)/Cache)-CacheI
c Che w o r k s p a c e v e c t o r mast be a t l e a s t
C aaxt(nreduce/2)-l.SH)JEH_REDDCEjlIK_WRKnATA_SIZE] and b e a m u l t i p l e of
C the c a c h e - l i n e
siztii).

32
INTEGER gsum_worlc(Gsum_wrksize)
33
INTEGER gsync (Gsun_syncsize)
34
INTEGER iscratcfatcachel
35
REAL fscratch(Cache)
36
INTEGER npes
37
LOGICAL is.boss
38 C
39 c cache a l i g n e d common block
40 C
41
COMMON /SHMEHA/ gsum.vork. gsync,
42
$
iscracch. fscratch
43 C
44 C just a common block
45 c
46
COMMON /SKKEMN/ npes
47
48

COIRS cache_align /SHMEHA/
SAVE /SKKEHA/ , /SHMEKN/

50
. . . .——shmem_gsujn. f
-——-—-.-—-——
51 C
52 C
53 C Global sun routines implemented in T3D shaen
54 C

..._......

55 C As t h i s i s totally T3D specific any CRAFT features are also fair game
56
57
58
59
60

C in tnis file.
C
C We require all arguments except scalar variables to be aliened on all
C processors. For single variables we will perform an internal copy
C Variables will only be aligned if they are in COMMON blocks or SAVEd

61 C

62 C
63 c ~init_g;suai I n i t i a l i s e the gsum (you need to t e l l i t the number of procst
64 C
65
66
67
6B
69
70
71
72
73
74
75
76
77
78
79
B0
81
82
83

SUBROUTINE init_gsum(nproe)
IMPLICIT NONE
INCLUDE -shnem_gsun.h'
INTEGER nsroc. i

C
c I n i t i a l i s e the sync variables and syncronise the processors
c
DO 20, i»l > Gsum_syncsize
gsync (i) = SHMEK_SYNC_VALOE
20
CONTINUE
npes = npxoc
CALL BARRIER!)
RETURN
END
C
C *chcck_addr_same check all processors have the sane address for a variable
c
SUBROUTINE eheck_addr_same( t e x t , v a l )
IMPLICIT NONE
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Shared memory
84

INCLUDE 'shmesugsum.h'

85

CHARACTER'(•) text

86

INTEGER val

8?

iscratchll) • LOC( val )

SB
89
.90
91
92
93

CALL
CALL
CALL
S
CALL
CALL

94
95

shmem_set_eaehe invl)
BARRIER!)
shmem_INT8_and_to_all(isexatch.iseratch.l.0.0.npes.
gsu»_worlc,gsyne)
BARRIER<>
5hmem_clear_cache_inv()

IF( LOC(val) .NE. i scratch 11) I THEN
WRITE!*,*) t e x t . ' addresses differ accross processors',LOC(val)

96
97

STOP
END IF

98
99

RETURN
END

100 C
101 C "g_sum single precision global sux
102 C
103
SUBROUTINE g_sum( rval )
104
IMPLICIT NONE
105
INCLUDE 'shmem_gsum.h*
10S

REAL rval

107 c copy a single value into a common block to ensure alignment,
108
fscratcb(l) - rval
109
110
111
112
113
114
115
116
117
118

CALL
CALL
CALL
S
CALL
CALL

shmem_set_eache_invi)
BARRIER!)
shmem_REALB_sum_to_all(f scratch, f scratch, l.O.O.npes.
gsum_work,gsync)
BARRIER ()
shaem_clear_cache_inv<)

rval = fseraceh(l)
RETURN
BID
C

119 C "vg_sua single precision global vector SUB
120 C
121 C The vec argument MOST live at the sane address on all processors.
122 C ie it should be in a COMMON blocs or saved.
123 C if you are unsure that this is always the case uncomnent the
124 C cbeck_addr_same line call and run the program to check that this is
125 c the case
126 c
127
SUBROUTINE vg_sumt length, vec )
128
IMPLICIT NONE
129
INCLUDE -shnem_9SUB.h130
131
132

INTEGER length
REAL vec(O:length-l)
INTEGER start, count

133
134

C uncemment this line for run-time address checking
C
CALL check_addr_sameCvg_sum>.vec)

135
136
137
138
139
140
141
142
143
144
145
14S
147

C the workspace needed depends on she number of elements in vec
C the workspace has been declared for up to Gsum_bloclc elements.
C for longer vectors we do things in chunks of this size.
C
CALL shmcin_sec_cache_inv (|
CALL BARRIER O
DO 10 start-0, length-1. Gsua.block
count * MINI Gsum_block, length-start I
CALL shmem_REAL8_sum_to_all [vec(start! .veclstart) .count,
S
0,0.npes.gsujn_work.gsync)
CALL BARRIER! I
10 CONTINUE
CALL 5hmem_clear_cache_invu

148
149
150

RETURN
END
-

159

Further improvements of performance
Improving the performance of the T3D is not straighforward. In particular, there
is no 'magic' compiler flag as on a YMP vector processor.
Apart from the use of BLAS routines, it might be useful to take advantage of
the data-cache. Although the principles are quite simple, they might be difficult to
apply in 'real-life' cases. The 8 Kbytes of data-cache of the Alpha chip are organized
in 256 cache-lines of 32 bytes (4 words) each. Each time the code requests data
from memory, it first attempts to get it from cache. If it is not available, a cacheline containing the requested data item is loaded. The performance is liable to be
affected as an item in cache takes only 3 clock periods to be accessed, whereas at
least 23 periods are needed if cache-lines have to be loaded. The effect can be seen
by considering the following code fragments.
real a(1024), b(1024),c(1024)
do i=l,1024

enddo
In this example, corresponding elements of the arrays b and c map to the same
location in cache (because the arrays dimensions are a multiple of the cache size).
Hence, each element will cause a cache miss. A significant performance gain is
possible simply by changing the declaration to offset arrays b and c:
real a(1024), b(1024), pad(4), c(1024)
Now, arrays b and c are offset by a cache-line. Each time there is a cache miss on
either b or c, the following three data items from the array will be in cache and,
hence, access will be faster. Another feature of effective cache usage is to ensure
that array accesses are of stride 1. Thus, the following code fragment will use cache
inefficiently:
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real a(100,30), b(100,30), c(100,30)
do i=l,100
do j=l,30

enddo
enddo
By interchanging the i and j loops, access will be stride 1 (rather than stride 100
above).

C.3.4

Performance

The same code has been run on a 140 x 6 x 81 grid and over 15 iterations on
the T3D (2, 4, 8, 16, 32, 64, 128 and 256 processors) as well as on the Intel (8
and 16 processors), on the YMP-4E and the YMP-EL. On the T3D, the code
could not be run on a single processor, not because of a lack of memory space (64
Mbytes per processor) but because interactive sessions were too short. Comparing
the previous multi-processor runs with a single-processor run consisting of fewer
iterations would have introduced a bias, as the pressure solver does not require the
same CPU time for each iteration. On the Intel, the memory space is the limiting
factor, accounting for the fact that no run has been carried out on less than 8
processors. Moreover, the load of machine made it difficult to carry out runs with
64 processors.
To make sure that the parallel implementation was reliable, the residuals of the
pressure solver were compared at each iteration for different number of processors
on the Intel. The relative difference was found to be less than 10~ n per grid-node
(with a machine precision of 10~16). On the T3D, the agreement was similar up
to 64 processors. However, a bug seems to remain in the program since no such
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agreement can be obtained with either 128 or 256 processors. Hence, the statistics
obtained on 256 and 128 are biased, as the pressure solver went through many
more iterations.
The following notations are adopted:
Nproc

total number of processors

t2p CPU time used per iteration by one T3D processor during a two-processor run
tp

CPU time used per iteration by one processor during a multi-processor run

Tp

CPU time used per iteration and grid-node by one processor during a
multi-processor run
t%p — 100 jy2*2^ percentage efficiency compared to two T3D processors
CPU time per iteration on the YMP-EL
CPU time per iteration and grid-node on the YMP-EL
= 100 NtELt

percentage efficiency compared to the YMP-EL

162

Time is given in seconds.
tp

10 3 r P

YMP-EL

1 53.2

YMP-4E

1 11.4

machine

T3D

iPSC/860

™proc

e2P

tEL.

tp

tp

e-EL

.782

1.44

2.88

1.00

100.

.168

6.71

13.4

4.67 467.

2 (2x1x1)

76.5

1.12

1.00

100.

.695 34.8

4 (2x1x2)

42.0

.617

1.82

91.0

1.27

31.8

8 (2x2x2)

29.2

.429

2.62

65.5

1.82

22.8

16 (4x2x2)

16.2

.238

4.72 59.0

3.28

20.5

32 (4x2x4)

10.4

.153

7.36 46.0

5.12

16.0

64 (8x2x4)

8.38

.123

9.13 28.5

6.35

9.92

128 (4x2x4)

9.54

.140

8.02

12.5

5.58

4.4

256 (4x2x4)

16.9

.248

4.53

3.5

3.15

1.2

8 (4x1x2)

57.1

.839

1.34

33.5

.932

11.7

16 (4x2x2)

46.3

.680

1.65

20.6

1.15

7.19

A general feature which is not shown in the above table is again the high
percentage of CPU time used to compute the pressure. Between 70% and 85%
axe necessary on the YMPs and T3D, and the Intel uses between 80% and 90% .
As previously stated, these statistics were obtained on a few iterations only. At the
beginning of the run, the restart file having been taken from results obtained with
diiferent execution parameters, the pressure solver required many more iterations
to converge than after a hundred time-steps typically. As the solution of the Poisson
equation is the bottleneck for the parallel efficiency, the performance on the T3D
and the Intel has been underestimated. Indeed, a run over 5000 iterations on the
T3D using 64 processors required 'only' 5 hours on a 140x13x81 grid, whereas it
took 70 hours (i.e. 14 times as long) on the CRAY YMP-EL. This lead to an
efficiency esL — 22% (instead of 9.9 above), and to Tp = 2.4 10~5second used by
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iteration and grid node (wall clock time), with only 43% of the CPU-time devoted
to the solution of the pressure Poisson equation.
As a conclusion of this section, the following points are underlined:
• on the basis of the previous comparisons, the YMP-4E, approximately five
times as fast as the YMP-EL, seems to be the best machine used in the present
study. Nevertheless, the comparison to the T3D is somewhat biased since the
code has been optimized on vector-processors and further improvements of
the parallel version are still to be implemented. Moreover, running the code
on a large number of iterations exhibited higher parallel efficiencies than on
the first few iterations;
• with 64 processors, the wall-clock time required on the T3D is already more
than 6 times smaller than on the YMP-EL for the first iterations and up to
14 times as small for runs over a few thousands time-steps;
• the T3D machine is between 2 and 3 times faster than the Intel.
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Figure 8.12: Coarse grid (70 x 41) used in initial LES computations
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Figure 8.14: Near-wall region of the second fine grid used in LES computations
(140 x 81 x 13 nodes, stretched at the corners of the body)
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Figure 8.15: Contours of cell aspect-ratio for the fine grid stretched at the corners
of the body
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Figure 8.16: Ratio of 3D to 2D filter-width for the fine grid stretched at the
corners of the body
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Figure 8.17: Comparison of time-averaged streamwise-velocity on top face
obtained from 3D and 2D LES computations witk Ca = 0.10

Figure 8.18: Comparison of time-averaged pressure contours obtained from 3D
and 2D LES computations with Ca = 0.10

u
140x81 grid (stretched at the comets)

140x13x81 grid (stretched at the coiners)
domain -width: 2h

Smagorinsky model
Re. = 21400
Lines: present computations
Symbols: experiments (Lyn)

Figure 8.19: Comparison of time-averaged centreline velocity obtained from 3D
and 2D LES computations with Cs = 0.10
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Figure 8.21: Comparison of time-averaged loci of principal velocity gradient on
the top face obtained from 3D and 2D LES computations with Ca = 0.10
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Figure 8.22: Comparison of time-averaged streamwise-velocity on top face
obtained in 3D with two different Smagorinsky constants C, = 0.15 and Ca = 0.10
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Figure 8.22: Comparison of time-averaged streamwise-velocity on top face
obtained in 3D with two different Smagorinsky constants Ca = 0.15 and Cs = 0.10
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Figure 8.23: Comparison of time-averaged distribution of the pressure coefficient
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Cs = 0.15 and Cs = 0.10

U

Straight line: Slope of the Kneai growth law for bluff plate flow
(Djilali and Gartshore)

Figure 8.24: Comparison of time-averaged vorticity thickness obtained in 3D with
two different Smagorinsky constants Ca = 0.15 and Cs = 0.10
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Figure 8.25: Comparison of time-averaged loci of principal velocity gradient on
the top face obtained in 3D with two different Smagorinsky constants Cs = 0.15
and Ca = 0.10
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Figure 8.26: Comparison of time-averaged pressure contours obtained in 3D with
two different Smagorinsky constants Cs = 0.15 and Cs = 0.10
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Figure 8.27: Comparison of time-averaged centreline velocity obtained in 3D with,
two different Smagorinsky constants Cs = 0.15 and Cs = 0.10
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Figure 8.28: Comparison of time-averaged streamwise-velocity on top face
obtained in 2D with two different outlet pressure boundary conditions and
C3 = 0.10
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Figure 8.29: Comparison of time-averaged centreline velocity obtained with two
different outlet pressure boundary conditions and Cs = 0.10
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Figure 8.30: Comparison of time-averaged streamwise-velodty on top face
obtained in 3D with and without van Driest damping function {Ca = 0.15)
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Figure 8.30: Comparison of time-averaged streamwise-velocity on top face
obtained in 3D with and without van Driest damping function (Ca = 0.15)

Figure 8.31: Comparison of time-averaged pressure contours obtained in 3D with
and without van Driest damping function (Cs = 0.15)
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Figure 8.32: Comparison of time-averaged centreline velocity obtained in 3D with
and without van Driest damping function (C3 = 0.15)
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Figure 8.33: Comparison of time-averaged vorticity thickness obtained in 3D with
and without van Driest damping function {Ca = 0.15)
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Figure 8.34: Comparison of time-averaged loci of principal velocity gradient on
the top face obtained in 3D with and without van Driest damping function
(Cs = 0.15)
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along block faces obtained in 3D with and without van Driest damping function
(C, = 0.15)
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obtained in 2D with the Smagorinsky model and Cs = 0.10
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obtained in 2D with the Smagorinsky model and Cs — 0.10
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Figure 8.51: Phase-averaged streamwise-velocity on the top face obtained in 2D
with the Smagorinsky model and Cs = 0.10 - Phase 5
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with the Smagorinsky model and Cs = 0.10 - Phase 5
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with the Smagorinsky model and Cs = 0.10 - Phase 5
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with the Smagorinsky model and Cs = 0.10 - Phase 5
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with the Smagorinsky model and Cs = 0.10 - Phase 20
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Figure 8.66: Time-averaged streamwise-velocity fluctuations on the top face
obtained in 3D with the Smagorinsky model and Cs = 0.15
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Figure 8.71: Time-averaged transverse-velocity fluctuations on the centreline
obtained in 3D with the Smagorinsky model and Cs = 0.15
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with the Smagorinsky model and Cs = 0.15 - Phase 5
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Figure 8.78: Phase-averaged transverse-velocity on the centreline obtained in 3D
with the Smagorinsky model and Cs = 0.15 - Phase 5
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Figure 8.80: Phase-averaged transverse-velocity on the top face obtained in 3D
with the Smagorinsky model and Cs = 0.15 - Phase 20
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with the Smagorinsky model and Ca = 0.15 - Phase 20
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Figure 8.113: Spectral analysis of the lift and velocity fluctuations signals obtained
in 3D with the dynamic model and a uniform grid-spacing on the body

QONM*)

gBauman

M&R: Murakami and Rodi

140x13x81 grid (uniform on the body)
Re = 21400
-3.0
-.40

1.20

£00

- 0.6

U

Figure 8.114: Time-averaged pressure coefficient and pressure fluctuations
obtained in 3D with the dynamic model and a uniform grid-spacing on the body

