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Abstract
The effect of the Dzyaloshinskii-Moriya interaction on the stability of the Neel phase
and the energy gap for the XXZ Heisenberg model on a d-dimensional hypercubic lattice
is investigated using the linear spin-wave theory. In one-dimension, the disordered phase
disappears above a critical value of the easy-axis anisotropy. In two-dimension, the
instability of the Neel order occurs below a critical value of the easy-axis anisotropy. We
find that for all d-dimensional systems, the energy gap vanishes above a critical value of
the DM interaction.
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I- Introduction

The study of one- and two-dimensional quantum antiferromagnetic Heisenberg
models with Dzyaloshinskii-Moriya (DM) interaction [1,2] have received much attention
from physicists over the past few years, perhaps due to the advent of high-Temperature
superconductivity[3-14]. The DM interaction arises from a mixture of superexchange and
spin-orbit coupling. It has been estimated for several cuprate crystal structures as in the
compounds La2_xBaxCuO4 and YBa2Cu306 [3-10]. The effect of this interaction on the
ground state and excitation spectrum of the one-dimensional Heisenberg Hamiltonian has
been studied in the past for both ferromagnetic and antiferromagnetic cases [11-13]. In
the ferromagnetic case the spiral structure persists for weak DM interaction and the
ferromagnetic state has never been a ground state [12,13], while in the antiferromagnetic
case, the effect of the antisymmetric DM interaction was found to produce a resonant
hybridization of the singularity at the edge of the continuum and spin-wave excitation
[11].
The linear spin-wave theory has been applied to various low dimensional systems,
in particular, those with different anisotropies [15-19]. In this paper, we apply this theory
to the XXZ Heisenberg model with DM interaction, defined on a d-dimensional
hypercubic lattice. Specifically, we shall be interested in one- and two-dimensional cases.
In this theory, we always start from a Neel ground state. This means that we consider the
case of easy-axis anisotropy and address the stability of the Neel phase. This allows one
to find the boundary separating the long-range-order Neel phase from the disordered
phase where the energy gap vanishes. In one dimension, our results are in agreement with
those derived from the exact solution [12] within the regions of the parameter space
where the spin-wave approach is expected to work well (the regions with long-rangeorder state).
The paper is organized as follows. Section II describes the model and its
symmetries on a d-dimensional hypercubic lattice. In section III, we develop the linear
spin-wave theory on this system. In section IV, results are given on both one and two
dimensional systems. Section V is devoted to the conclusion.

II- The model and its symmetries (hypercubic lattice)
1- Model
Consider a d-dimensional hypercubic lattice, with lattice sites labelled as
d

Here |n M } is a set of integers, (n^ = 0,±l,±2,...) and Jc^ are mutually orthogonal unit
vectors
*, =(l,0,0,...,0),

x2 = (0,1,0,. ..,0),

xd =(0,0,0,... ,1).

The hypercubic lattice is a bipartite lattice. This means that it can be divided into two
sublattices, A and B, such that for a site n belonging to the sublattice A all its nearestneighbouring sites n+g belong to the sublattice B, and vice versa. There are Z=2d vectors
g for a d-dimensional hypercubic lattice:

g-±xlt

±x2,..., ±xd

The Heisenberg model we consider describes interactions between pairs of spins
located on neighbouring sites. Assuming that the model is translationally invariant, the
XXZ Heisenberg model with Dzyaloshinskii-Moriya (DM) interaction can be written as

The anisotropy parameter is defined as A =

Jz/Jxy.

We shall also need an equivalent form of H:
(2)
(3)

H =J y y
2- Symmetries

• J2 —> — J2 symmetry

szsz..

Consider a unitary transformation which represents a global (i.e. the same for all
spins Sn ) rotation in spin space around the x -axis by angle n :

sxn^s*n,

s>n->-sz,

s;-*-s*n.

(5)

Under transformations (5), the Hamiltonian transforms as follows:

which means that the spectrum remains invariant under the sign reversal of J2.
• J^ -» ~JV symmetry
Consider a n -rotation around the z-axis only for the spins belonging to the
sublattice B. Namely,

s:-><ri)"'s;,

s;->(-ir»s:,

s;-+s;

(7)

where the site-dependent integer number

Notice that (-1)^* -eiQn

where the wave vector Q = {n,%,...,Tt).

If the site n belongs to sublattice A, Mn is even, whereas for n belonging to
sublattice B, Mn is odd. Then from (8) it follows that the spins of the A-sublattice are not
changed at all, while the spins of the B-sublattice are rotated by angle TC around the z axis:
vx

_A

c*

c* _^ _ c*

SyA^S^A,

S*B-*-S>B

SA~^

Sg —> S*g.

SA,

(9)

Since, in our Hamiltonian with nearest-neighbour interaction we always have terms with
the structure S^SJ^, we conclude that, under transformation (9), HB remains unchanged
while H effectively changes its sign. This means that
H(JM,-JV,-J2).

(10)

Combining (6) with (10), we also obtain
^

)

(11)

Thus we can independently change the signs of J^ and J2; in both cases the spectrum of
the model remains invariant.
• Special nonuniform unitary transformation: J <-> J2 symmetry
Let us consider now a special, site-dependent, rotation of spins:
5 n + - » e K % l 2 ) K S+n ,

S~ -*e-i(nl2)M"S-R,

Szn-*Szn

(12)

where Mn is defined in (8). One can understand this transformation as follows. Start from
any site n, choose one of d possible directions and go along the chosen axis. The rotation
of the spins along this axis represents a spiral in the xy-plane (of the spin space) with
characteristic angle 71 / 2 .
Notice that, under transformation (12)

Clearly

Mn^-Mn=l.

Therefore

• ^

-* -is:s;+iv,

s ; ^ -> is;s;+iii.

(14)

Using (14) in (3), we see that
H(jv,J2)-*H(jlt-Jv)

(15)

J^-^H^J,-^).

(16)

or, for the total Hamiltonian

But due to (6) and (10) we can also write
tH^J,,^).

(17)

So we have established a symmetry which effectively interchanges the XY and DM parts
of the Hamiltonian.
The above symmetries imply that one can always choose a fundamental region in
the parameter space (J^, J2)
0<J2<Jxy,

(18)

where the properties of the model should be studied for arbitrary values of the anisotropy
parameter A. This includes the ground state, excitation spectrum, thermodynamics and
correlation functions. Using these symmetries, one can always produce a mapping onto
any sector of the model starting from (18). Since all transformations are unitary, the
spectrum of the model remains unchanged. This means that, for a given value of A, the
excitation spectrum of the model should not depend on the signs of the coupling constants
J^ and J2 and be symmetric with respect to the interchange J2 <-»/„,. However, the
above transformations change the wave functions. Therefore the symmetry of the ground
state will, generally speaking, depend on the chosen sector of the model; the same applies
to the correlation functions.
Ill- Linear spin-wave theory (hypercubic lattice)
In this section, the antiferromagnetic spin-wave theory introduced by Anderson
and Kubo in Ref. [19] is applied to the Hamiltonian (1). Assuming that the classical
ground state of the system is a long-range ordered Neel state, we shall study the stability
of this state against small quantum fluctuations. Let S, and Sm be the spin operators on
the sublattices A and B, respectively. The standard Holstein-Primakoff transformation of
these operators is defined as follows:

.
/

at a,
' \

2S

b+b

,
V

25

where a ; , a/, 6m and 6^ are the creation and annihilation operators of spin deviations
for sublattices A and B, respectively, satisfying the Bose commutation relations,
(20)

We substitute Eq. (19) into (1) and keep only the lowest order terms denoted by
Then

'
/

«

i

(21)
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where Z denotes the number of adjacent sites, 8 denotes the unit vector to adjacent sites,
Y=l+iX
We apply the Fourier transformation

(22)
bm =.
where k is a vector in a reciprocal lattice of a sublattice. Using Eq. (22) the commutation
relations become
[ak,a+t] = [bk,b;] = 8kk,

Then Eq. (21) is given by
^(

) (24)

where T| = Y y k with y k = —
Z 8

We introduce new Bose operators
ak = alke

2

,

where tg((£>) = X.. Then T\akbk = \(\\alkblk

bk = blke

2

,

and

(atkau + KAk)

+ Kll (aubik + aikKk)) •

(25)

Now, one can use the Bogoliubov transformation
alt = cosh(9 k)ak +sinh(9,)p;

(26)

bXk =si
As Eq. (26) is a canonical transformation, the commutation relations (23) are preserved,
namely

[o t ,a;] [p4,PJ]

6w

Then the Hamiltonian (25) becomes

= -N-JxyAS2

+^(w"wr(k)(a+kak+$+kVk)+WIJ'ir(k)-JxyAZS).

(28)

Formula (28) should be rewritten as

NJ

[

]

(29)

where the dispersion relation is given by
WLslfT(k) = JxyZS(A2-(\

+ X2)y2ky.

(30)

Therefore ak, a+k, $k and P£ are the creation and annihilation operators of the
elementary excitation, and the ground state is their vacuum state. Then the spin deviation
averaged over the ground state has the form

The ground state energy per spin is

f

l

/

A

^

(32)

-X2 -1)2.

(33)

The energy gap has the form
Eg = WaswT(n,...,%) = JxyZS(A2

Notice that these formulas (31)-(33) will be treated numerically.
IV- Results and discussion
The spin-wave theory results for quantum spin-1/2 antiferromagnetic anisotropic
Heisenberg systems with DM interaction are given in one- and two-dimensional cases.
A- One-dimensional case
The sublattice magnetization behaviour as a function of DM interaction,
X = J21J^,

(Fig. 1) and the phase diagram as a function of the easy-axis anisotropy,

A > 1, and DM interaction (Fig. 2) show the existence of two different phases namely,

ordered and disordered phases. For 1 < A < A^ = 1.43, the disordered phase appears in the
region X <X<XC , while ordered Neel phase occurs in the region 0 <X < XC{ and
X > XC2. The critical values XC! and XC2 of the DM interaction are functions of the
anisotropy A. For A > A c , the disordered phase disappears (Fig. 2). Sublattice
magnetization vanishes continuously at X = Xc< and X = XC2, where transitions between
ordered and disordered phases occur. This means that the transitions are of second-order
type (Fig. 1). Moreover, for J 2 = 0 , we recover the usual spin-wave sublattice
magnetization for anisotropic chain which is in qualitative agreement with the results
obtained by Baxter [20].
The effect of the DM interaction on the energy gap is displayed in Fig. 3.
However, the energy gap of the anisotropic chain opens for A > 1 and 0 < X < Xc, and
decreases with increasing value of X; while for X > Xc the energy gap vanishes. For
J2 = 0, we recover the usual spin-wave energy gap for anisotropic chain which is in
qualitative agreement with the results obtained by Parkinson and Bonner [21].
In conclusion the DM interaction favours the closing of the energy gap. This result
is in excellent agreement with the exact result obtained by Alcaraz and Wreszinski [12].
B- Two-dimensional case
The sublattice magnetization and phase diagram as a function of the easy-axis
anisotropy, A > 1, and DM interaction X = J2 IJ^,

which are displayed in Figs. 4, 5,

respectively, show the instability of the Neel phase in the region ^'Ci < X < X'C2 for all
anisotropy 1 < A < Ac = 1.42. XCi and XCi are functions of anisotropy A . Indeed, the
Neel order occurs for 0 < X < XCi and X > X'C2; but for A > Ac, the Neel order appears
for any value of X (Fig. 5). For J2 = 0 (Fig. 4), we recover the usual spin-wave
sublattice magnetization for anisotropic square lattice [17].
The energy gap of anisotropic square lattice opens for A > 1 and 0 < X < Xc, and
decreases with increasing the DM interaction X; while for X > Xc the energy gap vanishes
(Fig. 3). For J2 = 0, we recover the usual spin-wave energy gap for anisotropic two-

dimensional system [17] which is in excellent agreement with the known isotropic results
[22,23].
The ground state energy given in Eq. (32) decreases with increasing DM
interaction or decreasing easy-axis anisotropy for X < 1, while for ^ > 1 it increases with
increasing X or the anisotropy A.
V- Conclusion
We have studied the XXZ Heisenberg model with DM interaction and its
symmetries on a d-dimensional hypercubic lattice. Furthermore, we have studied the
influence of DM interaction on the magnetic order and energy gap for one and two
dimensional quantum spin-1/2 antiferromagnetic anisotropic Heisenberg systems. In the
one-dimensional case, the disordered phase exists below a critical anisotropy. In the twodimensional case, the instability of the Neel phase occurs below a critical value of the
anisotropy. However, above a critical DM interaction the energy gap vanishes for all ddimensional systems. The known exact result in one-dimensional system of Alcaraz and
Wreszinski [12] is also obtained.
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Figure captions

Fig. 1: The dependence of the sublattice magnetization on the DM interaction
X = J21 J,<y for S=l/2 and d=l. The number accompanying each curve
denotes the value of the easy-axis anisotropy, A =
Fig. 2: Phase diagram in (A = Jz IJ^, X = J21J^)

Jz/Jxy.

plane, for S=l/2 and d=l.

Fig. 3: Phase diagram showing the gap and gapless phases as a function of the
anisotropy parameter, A = Jz/Jxy,

and DM interaction, X = J21' J^,

for all d-dimensional systems.
Fig. 4: The dependence of the sublattice magnetization on the DM interaction
X = J21J^

for S=l/2 and d=2. The number accompanying each curve

denotes the value of the easy-axis anisotropy, A = Jz
Fig. 5: Phase diagram in(A = Jz/Jxy,X

= J2/Jxy)
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IJ^.

plane, for S=l/2 and d=2.
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Fig. 2
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Fig.3
1

1

i

i

6h
5h

Q.

Gap Phase

4h

2
Z<n

"c
<

3H

2h

Gapless Phase

i

0
0

i

2
3
4
Dzyaloshinskii-Moriya interaction (J2/Jxy)

i

16

Fig. 5
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