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Abstract

The influence of corrugation and disorder at the surface on the critical behaviour of a

ferromagnetic spin-1/2 Ising film is investigated using mean-field theory and finite

cluster approximation. It is found that the critical surface exponent p, follows closely the

one of a perfect surface, in the two cases: corrugated surface and random equiprobable

coupling surface. However, in the case of flat surface with random interactions the

surface critical exponent p. depends on the concentration p of the strong interaction for

p > p = 0.5, while for p < p , such critical exponent is independent on the value of p

and is equal to the one of the perfect surface. Moreover, in the case of corrugated surface,

the effective exponent for a layer z, Peff (z, n), is calculated as a function of the number

of steps at the surface.



I- Introduction:

The influence of the presence of a surface up on the bulk critical behaviour has been the

focus of scientific interest during the last decade [1,2]. Since the free surface is the

natural break of the translational symmetry in any real system, critical phenomena at

perfect surfaces have attracted much interest. Furthermore, the phase diagram for the

semi-infinite Ising model is well established [1,3]. Briefly, depending on the values of

magnetic coupling constants near the surface region, two different behaviours at the

surface can be demonstrated [4]: (i) the surface critical temperature is the same as of the

bulk one when the coupling constant on the surface is smaller than a critical value

("ordinary transition"), (ii) The surface critical temperature may be higher than the

corresponding bulk one when the surface coupling is larger than the critical value

("extraordinary transition"). At the critical ratio, one encounters the "special transition

point", with critical properties of the surface transition deviating from those at the

ordinary or the distinct surface transition. Moreover, surface critical exponents have been

estimated, both theoretically and experimentally. The general agreement is quite

satisfactory [1-3]. The critical behaviour of magnetic materials with variable strength of

coupling on the surface is characterised by surface critical exponents independent on the

bulk exponents. For their theoretical determination e-expansion [3], series expansion

[5], and Monte Carlo (MC) methods [6,7] were applied.

Furthermore, the magnetic properties depend on several geometric features, which

depend on the conditions during the growth. Thus, the connection between experimental

and theoretical results requires a detailed study of the dependence of physical quantities



on the geometry of the systems. Some specific properties have already been considered

in theoretical works, such as the size and the lattice structure of small clusters [8,9], the

thickness of the film [10] and the roughness of one dimensional structures [11], in

particular, the role of surface imperfections, unavoidable in real materials, on the critical

properties has been studied [12-15].

According to the Harris criterion [16], the relevance of the perturbation is connected to

the sign of the specific heat exponent a in the pure system. Small amounts of disorder

do not change the nature of the phase transition, if the corresponding pure system's

specific heat exponent is negative. Currently, there appears to be widespread consensus

that critical exponents of bond disordered (BD) systems in the weak disorder limit are the

same as those of the pure system [17-20]. Monte Carlo (MC) simulations of BD systems

show logarithmic corrections in the behaviour of the magnetizations which persist even

in the strongly disordered regime [20,21]. However, in the 2D spin diluted (SD) Ising

model a continuous variation of critical exponents with the spin density has been found

[22]. A Monte Carlo study [23] shows that the specific heat does not diverge at the

critical point, at least when the concentration of dilution is sufficiently large; the critical

behaviour of the magnetic susceptibility and the correlation length are consistent with the

pure power-law behaviour with the concentration dependent critical exponents.

Moreover, using MC simulations, the site-diluted Ising model in two dimensions has

been studied [24] where it is found that such model belongs to the same universality class

as the pure one, in spite of the strong logarithmic effects. Besides, the surface critical

behaviour of the three-dimensional disordered semi-infinite Ising ferromagnetic has been



studied, using MC simulations [25]; it is found that for Js less than Js , the

corresponding surface critical exponent is equal to the surface exponent of perfect one.

The aim of this paper is to study the surface critical behaviour of a spin-1/2 Ising film.

In the case of perfect and corrugated surfaces we use a mean-field theory (MFT); while

in the case of diluted surface we use a finite cluster approximation [26,27] which is more

appropriate than the mean field theory for random system. The paper is organised as

follows. In section II, we define the model. The MFT and finite cluster approximation

methods are explained in section III. Results and discussion are given in section IV,

while section V is reserved for conclusion.

II-Model:

We consider a spin-1/2 Ising model, with ferromagnetic coupling on a three-dimensional

cubical lattice consisting of d parallel square lattice layer at spacing to make a "film" of

finite thickness, limited by two surfaces top and bottom. Fig. 1 represents a geometry of

the model for, at the top of the film, (a) perfect surface, (b) diluted surface and (c)

surface with n steps but perfect surface in the bottom.

If we consider only nearest-neighbour interaction, the system is governed by the

Hamiltonian:

H = - |J i j (s i , z S, z + S u S. z t l + S i A z _, )



where S. = ±1 is the spin variable of a site i of the layer z, d is the number of layers

and J .are the exchange interaction between nearest neighbour sites which are equal to

Js when the sites are at the surface, Ĵ  when a site is being at surface and its neighbour

in the bulk and Jb when the two sites are in the bulk.

Ill- Methods:

///-/ Mean-field theory (MFT):

Mean-field state equation, for the Ising model (1) may be obtained from the variational

functional.

F[m(x,z)]=X T l-m(x,z) , ,
^ ^Log(l-m(x,z))

x,z
l + m(x,z)

2
T .
Log(l + m(x, z)) (2)

I
— m(x, z) 2 J j m(x, z) + J j m(x +1, z)+ J j m(x - 1 , z)2

+ J2m(x,z-1)+J3m(x,z

The couplings Jj , J~ and J^ are equal either to Js or J, or J, depending on the

positions of the sites (x,z) and its neighbours.

With the free boundary conditions namely:

m(x,0) = m(x, d +1) = m(0, z) = m( j(L -1 ) + 2, z) = 0 (3)

where n is the number of steps and j e [1, n + 1].



At the global minimum of (2), the magnetisation per site in the layer z and at the position

x is (G(X,Z)) = m m m (x , z ) , and the free energy of the system is F = F\mmn(x,z)}-

3F
The stationary condition — = 0 leads to mean-field state equations,

am(x,z)

m(x, z) = tanh ( , z ) ] ( , z ) , ( , z )
T (4)

J2m(x, z-l) + J^m(x,z + 1))]

Equations (4) are solved numerically by iteration. Different initial guesses can lead to

different solutions of the mean-field state equations. The one which makes the variational

functional (2) smallest is selected as the global minimum.

111-2 Finite cluster method:

In order to study disordered systems, the finite cluster method with single site

approximation [26,27] is more appropriate than the mean field theory.

This method, which still neglects correlation between different spins, but takes into

account the correlations relation such as ( (S(x, z)) ) = 1 exactly, where {•) indicates the

thermal average. Such a method, is based on a cluster comprising a single selected site

labelled 0 and the neighbouring sites with which it directly interacts. Hence, the

Hamiltonian containing the central site 0 is given by:

( ]
H0,z = H J0,z-lS0,z-\ + JQ,z+\SO,z+\ + £ / 0 J 5 ; , z \S0,z



JQ . is the exchange coupling between the spin at site 0 and the spin at site j . N is the

coordination number. N=6 is the simple cubic lattice case.

The starting point for the single-site cluster approximation is a set of formal identities of

the type

Tr
(6)

where (Sn } denotes the average value of the spin 0 of the layer z for a given

configuration c of the nearest-neighbouring spins. Tr means the trace performed over

So only. (3 = 1/K T, T is the absolute temperature and Kg is the Boltzmann constant.

By calculating the inner trace in eq. (6), <Sn ) is given by :
\ " i Z / C

(So\ =tanh (7)



At the surface, the coupling Js takes two random, ferromagnetic interactions, being

either strong Js , or weak Js , i.e. Js > Js . Note that, random surface fields using

Monte Carlo (MC) techniques [28] had been considered.

The two couplings J s and J s are independent random variables distributed according

to the following law:

p(Js)=P5(Js-Js,)+(1-P)5(Js-JsJ

Then the ratio R = J /J measures the degree of dilution: the particular case
2 / 1

R , — 1 corresponds to the perfect case.

The magnetisation mz of the layer z is given by performing the average {•) D over the

disorder of the exchange coupling at the surface, and the average (•) over the spin

configurations, namely

with



and for z=2, • • • • ,d-l

with

To develop this expression we use the expansion technique for cluster identities of a

spin-1/2 Ising system [29,30].

The magnetisation of the layer z is given by:

At the surface,

I N-2 N _ 2 N-2 1 p j N _ 2

k3=0 3 p3=0p~=0 r"^ 3

Forz=l,

N-2 1 1 _ _ D *T „

For z=d,

m d =

j 1 k3 N-2-k3 i2 i, j ,

~ ' C p ~ 2 i,=0i,=0 j ,=0 p.:=0M.j=0v3=0

p i , /~il-i2 /->k3pN-2-k3pi3 /->j3 pN-2- i j - j ,

xtanh[p(Js (k3-2i3) + Js (N-2-k3-2j3)

N-2 I !

p,=Op,=Op,=0



! N - 2 1 1 u i,

F F i F ' 2 N ' C i = 0 i 0 i 0 0 0

xtanh[P(J1(l-2i,)1 ( l 2 i ,

J / V Y 2 Y v v

xtanh[p(7i(iV-l-2(/1+i2)))]

and

N-2 1 1 i2 i,
2li Z 2/ L Z 2̂

i ,=0i3=0i =0M-2=0M-I=0M-,=

xtanh[P(Jb(N-2-2(i,+i2+i3)))]

IV- Results and discussion:

IV-1 Case of perfect surface:

Using the mean-field theory, the surface critical behaviour at the ordinary transition, (i.e.

KBT/Jb<KBTc/Jb =6.0 ) is investigated.

Typical magnetisation profiles are depicted in Fig. 2a, at Js/Jb =1 and for several

values of T < T . The magnetisation increases from its surface value to the bulk one.

10



Moreover, the dependence of the surface magnetisation on the position x is also

calculated, it is found that the magnetisation m(x) at the surface decreases when one

moves from the middle site of the surface to the boundaries. At fixed temperature T less

than T , Fig. 2b, shows the dependence of the magnetisation m(x,z) on the position x for

different values of z. Moreover, for any position x, the magnetisation decreases when we

move from the bulk to the surfaces. Qualitatively, these results are in good agreement

with MC simulations [14].

At the vicinity of the critical temperature T , the spontaneous magnetisations vanish
c

with a power law given by,

P f(z,t)
m(z, t . )«t rff (19)

Then the "effective exponent" Peff (z, t) can be defined as:

Peff(z,t) = dln(m(z))/dln(t) (20)

where t = T - T

m(x,z,t) on x.

/T is the reduced temperature and m(.z,t) is the average value of

Asymptotically, for sufficiently small values oft, Peff(z,t) approaches the asymptotic

critical exponent P(z). Here we are more interested in the critical properties of the

surface so we note (3, = (3(z = 1) .

Peff.(z,t) can be approximated at discrete reduced temperatures t[ and t[+[ as:

11



(21)

From Fig. 3, it is clear that the effective exponent of the surface Peff (z = l,t) increases

linearly with the temperature over a wide range of temperatures. In the limit of small t,

the asymptotic exponent for the surface is (3j = 1, which is in good agreement with the

mean-field result of Ref. 9. Furthermore, when we move from the surface into the bulk

the effective exponent is usually lowered. Away from criticality T and sufficiently

c

deep in the bulk (e.g. z=10), the effective exponent follows closely the behaviour of the

effective bulk exponent namely (3b = 1/2, but when we approach T , Peff cross over
to its surface critical value.

IV-2 Surface with random exchange interactions:

It is well known that the mean-field theory is inadequate to study disordered systems, so

we use the finite cluster method with single site approximation [26,27] in order to study

the critical properties of a surface with random interactions. Note that the ratio

R . = J /J measures the degree of dilution at the surface and that the coupling J,,

occurs with a probability p and J~ with 1-p . When p=0.5, we give in Fig. 4a the

dependence of the surface magnetisation on temperature. It is found that for T less than

T , the dilution has for effect to suppress the magnetisation m s , and that the transition

temperature is independent of the value of R, , while a special transition depends on the

12



value of Rd . Moreover, the asymptotic critical exponent (3j (Fig. 5) follows very closely

that of the perfect surface case, leading to pj =0.98 which is better than the one

obtained with MFT (p. =1). Furthermore, Fig. 6, gives the surface magnetisation

dependence on temperature T for several values of concentration p and for a fixed value

of R ,. It is clear that for p less than a critical value p =0.5, the transition temperature is

independent on the values of p and is equal to the bulk temperature Tc ; however, for p

greater than p , the critical temperature increases with increasing the chance of

occurring stronger coupling J- . Accordingly, from Fig. 7, when the concentration p is

higher than the critical value p , the critical surface exponent p\ increases with

increasing the probability p. Moreover, far from the critical temperature, the effective

exponent |3 (z = l,t) decreases with increasing the concentration p i.e. when we

increase the chance to have a strong coupling in the surface.

IV-3 Surface with steps:

Using the mean-field theory, we study the effects of corrugation on critical properties of

the system. In particular, on surface critical phenomena, we consider the system of Fig.

lc with n steps. Then our aim is to study the effect of the number of steps n, on the

critical properties of the surfaces and of the layers near the surface. In Fig. 8, the

magnetisation m(x,z) is depicted at a fixed temperature in the ordinary transition for

several layers, starting at the top by the surface and moving in the bulk. For a fixed layer,

the magnetisation decreases each time the system presents a step, but far away from the

13



surface (e.g. z=10) the magnetisation keeps a constant value except at the boundaries

where it decreases due to the finite size of the system in the x-direction.

In order to examine the impact of the number of steps n (n ^ 0) on the dependence of the

effective exponent on the layer z, we plot in Fig. 9a (3eff(z,n) as a function of z for a

fixed value of temperature. It is clear that at the surface the effective exponent p (z, t)

remains independent on the number of steps. Furthermore, for any layer z with

n, < z < n such as n, < n2 , the effective exponent depends strongly on the number of

steps, while far away from the range [n ,n~], the effective exponent p f f(z,t) is

insensitive to the steps.

Furthermore, for a fixed number of steps, the effective exponent Peff (z,t) of each layer

z is given in Fig. 9b for several values of temperatures. Far from the transition

temperature, P ff (z,t) decreases with increasing z (i.e. when we move from the surface),

presents a crossover at z=n, continues to decrease as far as become constant in the depth

of the system and increases again in the vicinity of the bottom surface. If we increase the

temperature T to approach T , the crossover becomes less pronounced. Obviously, as the

perfect and diluted cases, Peff(z, t) increases with temperature. For a fixed number of

steps, Fig. 10 shows the dependence of the effective exponent P ff (z, t) on the reduced

temperature. Near the critical temperature, p. is insensitive to the corrugation in

agreement with MC results [15]. To examine the effect of the number of steps on the

behaviour of P „ (z,t) for a given layer and at a fixed temperature, in the vicinity of the

14



ordinary transition, Fig. 11 shows the dependence of p f f(z,t) on the number of steps.

For a fixed layer z, when the number of steps n is sufficiently smaller than the value of z,

(3 .... (z, n) is insensitive of the number of steps, when n increases more, (3 ff(z,n)

increases and once n overtakes the value of z, then (3 ff (z, n) becomes independent on

the number of steps i.e. after a certain degree of corrugation, Peff(z, n) will be

insensitive to the number of steps and then takes a saturation value, this value varies with

varying z.

V- Conclusion:

Using the mean-field theory and the finite cluster method with single site approximation,

we have studied the surface critical behaviour of a spin-1/2 Ising film. For a surface

with equiprobable random couplings or corrugated surface, our results provide no

evidence for critical surface depending neither on the degree of dilution nor on the

degree of corrugation. It is found that the surface magnetisation follows a power-law

behaviour with the same values of the exponent as the perfect case. Furthermore, the

mean-field approximation gives a higher value of the surface critical exponent ((3, = 1)

than the finite cluster approximation (Pj -0.98) and the Monte Carlo simulations

(P, =0.80) [15]. Nevertheless, for a surface with random coupling and for p greater than

a critical value p c , the transition temperature and the critical exponent of the surface

depend strongly on the concentration p of the strong coupling. Besides, it is found that

the degree of corrugation has a strong effect on the exponents of layers inside the system.
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Figure captions

Fig. 1: Geometry and interactions of the model for (a) perfect surface, (b) diluted surface

and (c) surface with steps. There are d layers in the z direction. In (a) and (b) each layer

contains L sites, while in (c) each layer z contains z(L + 1) +1 sites if z is less than n+1

and n(L + 1) + 1 sites otherwise. The system is infinite in the direction y.

Fig. 2: Magnetisation profiles for the perfect surface with Jj = J s = Jb and L=60, d=20.

The number accompanying each curve denotes the value of (a) temperature and (b) the

value of the layer z.

Fig. 3: The dependence of the effective exponent as a function of reduced temperature t

in the perfect case, for j =J S = J and L=60, d=20,. The number accompanying each

curve denotes the value of the layer z.

Fig. 4: Surface magnetisation profiles for the diluted case with j ] = J s = J b , p=0.5 and

L=60, d=20. The number accompanying each curve denotes the value of R ..

Fig. 5: The dependence of the effective exponent as a function of reduced temperature t

for j =J S = J, , L=60, d=20 and p=0.5. The number accompanying each curve denotes

the value of Rd>

Fig. 6: Surface magnetisation versus temperature, for the diluted case with Rd =1 /10

and L=60, d=20. The number accompanying each curve denotes the value of the

concentration p.
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Fig. 7: The dependence of the surface effective exponent in the case of a diluted surface

with L=60, d=20 and Rd =1 /10 . The number accompanying each curve denotes the

value of the concentration p.

Fig. 8: Profiles of the magnetisation in the case of corrugated surface, for n=4,

j = J = J , T=0.95 T , L= 15 and d=60. The number accompanying each curve denotes
1 o D C

the value of the layer z.

Fig. 9: The dependence of the effective exponent as a function of layer position z, in the

case of corrugated surface, for L=31, d=60, n=8 and j ] = J s = J b . The number

accompanying each curve denotes, in (a) number of steps n and in (b) the value of

temperature.

Fig. 10: The dependence of the effective exponent as a function of reduced temperature t,

for L=31, d=60, n=4 and with J1 = Js = ^b' ^ e n u m b e r accompanying each curve

denotes the value of layer position z.

Fig. 11: The dependence of the effective exponent as a function of the number of steps n

for J] = Jc = Jh » T=0.90T , L= 31 and d=60. The number accompanying each curve

denotes the value of layer position z.
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