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ABSTRACT
The European School of High-Energy Physics is intended to give young
experimental physicists an introduction to the theoretical aspects of recent advances in
elementary particle physics. These proceedings contain lectures on Field Theory, the
Standard Model, Quantum Chromodynamics, Flavour Physics, Physics at LEP II and
Heavy Ion physics, as well as reports on Cosmology, Dark Matter and a Quantum Theory
of two-dimensional space-time.
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PREFACE
The 1997 European School of High-Energy Physics was held in Menstrup, near Naestved,
Denmark from 25 May to 7 June. The 1997 School was attended by 109 students, representing 29
different nationalities, mainly CERN and JINR Member states. The 1997 School was the fifth in
the new series organised on a yearly basis in collaboration between CERN and JINR, Dubna.
The School was sponsored by CERN and JINR, Dubna. Nine students from Former Soviet
Union countries received financial support within the framework of the INT AS programme of the
European Community; UNESCO provided financial support for ten students.
Substantial local support was obtained from NORFA and the IEP centre covering the fees for
several lecturers and students.
Our sincere thanks are due to the lecturers and discussion leaders for their active participation in the
School and for making the scientific programme so stimulating. Their personal contribution in
answering questions and explaining points of theory was undoubtedly appreciated by the students
who in turn manifested their good spirits during two intense weeks.
The major responsibility for organising the 1997 School was with the Niels Bohr Institute,
University of Copenhagen. Our warmest thanks are extended to Prof. Jorn Dines Hansen, who
acted as Director of the School, and who took care of the local arrangements. Together with an
efficient team of colleagues and students they ensured the smooth running of the day-to-day
organisation and the social programme. We would in particular like to thank Joan and Anders for
all their help.
We are as always grateful to Susannah Tracy and Tatyana Donskova for their untiring efforts in
the lengthy preparations for and the day-to-day care of the School. A special word of thanks goes
to the Manager of Menstrup Kro, Mr. Kristoffersen, and to his staff for their warm hospitality.
Our thanks also goes to the cook for providing an excellent selection of Danish food. The media
coverage for the School was good.
It has become a tradition at the School to hear a special lecture outside the field of Particle Physics.
This year Professor C. Hammer gave an interesting evening lecture on the study of Ice Cores in
Greenland. Chris Llewellyn Smith, CERN Director General, presented an inspiring outlook of the
future possibilities of High Energy Physics.
The students will remember bicycle rides through the gentle landscape around Menstrup and a
very pleasant visit to Tivoli in Copenhagen. Also the tasting of the famous Danish Beer was well
appreciated. The success of the 1997 School was to a large extent due to the students themselves.
Their poster session was as good as at any previous School, and throughout the School they
participated actively during the lectures, in the discussion sessions and with genuine interest in the
different activities and excursions.

Egil Lillest0l
on behalf of the Organising Committee
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FIELD THEORY
J.L. PETERSEN
Niels Bohr Institute,
Blegdamsvej 17, DK-2100 Copenhagen 0, Denmark
Abstract
The following 5 lectures introduce various key concepts in perturbative quantum field theory. The discussion is based on rather detailed treatments of examples rather than on expositions of a more general nature.
1
1.1

LECTURE 1. VERY ELEMENTARY FREE FIELD THEORY
Introductory remarks

To motivate the study of quantum field theory in the late 1990'ies is not a difficult task: The Standard
Model works amazingly well; field theory is obviously just the right language for dealing with the laws
of nature at the most fundamental level that can be experimentally investigated now. It was much less
apparent in the 1960'ies that this should be so. At that time field theories of the strong interactions
based on mesons and baryons, appeared complicated and untractable, in perturbation theory at least. The
breakthrough came with the realization that quarks (and later gluons), not hadrons should form the staring
point of simple descriptions, and that deep inelastic scattering and later asymptotic freedom indicated that
in some situations at least, the interactions could indeed be described by perturbation theory. Effective
field theories based on hadrons have become phenomenologically popular again, but that is a different
story not covered here.
Apart from the fact that it works, there are some more fundamental hints that quantum field theory
is the right language. The notion of a single particle wave function, for example, so useful in non
relativistic quantum mechanics, is an untenable concept in relativistic physics. Physically this is because
a very precise determination of the position of a particle requires very short wavelength radiation, hence
the presence of a quantum with sufficient energy to pair produce a particle-antiparticle pair, so that the
single particle description breaks down. A crucial experimental hint comes from the remarkable identity
of like elementary particles. The deep identity of all electrons is not dealt with at all in non relativistic
quantum mechanics, but is directly related to the concept of an electron quantum field.
It used to be the case that most people regarded renormalizability of a quantum field theory as a
necessary condition for the theory to make sense. And indeed in these lectures we shall deal only with
renormalizable field theories of which of course the Standard Model is the prime example. However the
attitude has changed perhaps in response in part to the impact of string theory. String theory (whether
related to the real world or not) is not a field theory, yet at low energies it cannot help looking like one,
and in fact one containing non renormalizable ingredients, such as supergravity. The view has emerged
that the characteristics of quantum field theory is an inevitable consequence of quantum theory combined
with relativity - plus some other ideas such as locality in one form or another. For a recent account of
this see the talk by Weinberg [1] further explained in his text book [2].
The attitude in these lectures is going to be that it will not be possible to provide a systematic
introduction to the subject in the 5 lectures, so the emphasis will be on somewhat detailed illustrations
of key concepts by way of examples, rather than by way general expositions. Several details were left as
exercises when I gave the lectures, but here some of them are incorporated in the text.
In preparing these lectures I have mostly made use of the references given at the end, notably our
Copenhagen lecture notes [3,4] and the textbook by Peskin and Schroeder [5]. Numerous other excellent
text books exist.

1.2

Scalar field theory

It turns out that a powerful way of realizing the requirements to a theory coming from relativity and
quantum mechanics, consists in formulating the theory in terms of the action. This is particularly true
in perturbation theory, and we shall deal with field theory almost exclusively in terms of perturbation
theory. The action is a Lorentz scalar and so is the lagrangian density. The idea of locality may be made
precise by requiring that the lagrangian density be a local function of the field(s) and a finite number of
derivatives; here we shall consider first order dependencies only. Thus with (x) being coordinates of a
space time point, <f>(x) an associated field (taken scalar for simplicity here), the lagrangian density C and
the action S are given by
C = C{<t>{x),d»4>{x))

S = / d4x£(<^, d^cp)

(1)

A few words about notation. We shall use units so that c = h = 1. Coordinates of an event are denoted

Likewise the 4-momentum 4-vector is denoted

For any 4-vector, we go between lower and upper indices using the metric
rT = diagonal (+1, - 1 , - 1 , - 1 )
thus Pn = (E, —p). Under Lorentz transformation we shall write
with summation over repeated indices understood. The Lorentz transformation coefficients are restricted
by the requirement that a^b11 is an invariant for a, b 4-vectors. For example

where m is the (rest) mass of the particle with 4-momentum p. The derivatives
d

produce 4-vectors with indices as indicated when acting on scalar fields.
Classical field theory selects the classical field 4>d{x) satisfying the equations of motion (plus in
practice certain boundary conditions). These equations are obtained from the condition that the action
evaluated at the classical field is stable with respect to small variations of the field: <f>(x) — <f>d{x) +
5(j)(x) =>• 5S = 0. This condition is rather easily seen to give rise to the Euler-Lagrange equations of
motion:
(
This kind of equation generalizes trivially to the case with more than one field (-component).

For a free field we want quanta having 4-momentum p^ satisfying the mass shell condition p2 =
m . That suggests that we should get the (free) wave equation for the field by the substitution p^ -> id1*,
familiar from quantum mechanics, leading to the Klein-Gordon equation
2

= m2<f>

(6)

A lagrangian giving rise to that equation as a result of the Euler-Lagrange equations (5) is

Namely

A complete set of solutions to the Klein-Gordon equation consists of the plane waves
<j>p{x) = e-ip^

= e-i(-pOt-Ps)

(9)

provided p2 = m2 or

p° = ±^p + m2

(10)

Here we see the celebrated mystery of "negative energy" solutions, a serious problem in the old wave
function interpretation of the field, but a problem completely solved in the quantum field interpretation
of it. Let us write a general solution to the equations of motion as a linear combination of the complete
set, and let us write the "negative energy solutions" in the form e+ikx with

k° = +\/£2 + m2
Thus

4(x) = J2 (a(k)e-ikx + a\k)e+ikx)

(11)

fc
Here we use the short hand notation

?-/

Sk

which is a Lorentz invariant integration measure. In the classical theory the coefficients a(k),a^(k)
would be arbitrary complex coefficients, and reality of </> would imply that the two are each other's
complex conjugate.
In the operator description of quantum field theory on the other hand, <p(x) is treated as an operator
- a time dependent one in the Heisenberg picture. And the coefficients a(k), a^(k) are now annihilation
and creation operators satisfying harmonic oscillator type commutation relations

[

)

)

[}

where we have written

5^

=2k°(2ir)363{k~k')

(12)

so that
k

We shall not derive these commutation relations using standard canonical quantization. But a hint to
what goes on is obtained by working out the hamiltonian

H = f £ xU

+ mV)

^

(13)

One finds

(fc)

(14)

the familiar expression for a sum of many harmonic oscillators, one for each possible 3-momentum.
This expression demonstrates that the hamiltonian is positive definite: the possible eigenvalues of Ng
are 0,1,2,.... The Hilbert space of our free quantum field theory is the Fock space spanned by states of
definite particle number:
|0)

vacuum

o(jfe)|0) = 0
\k) = <J(k)\0)

1-particle states

I&I1&2) = at(ki)at(k2)\0)

2-particle states
:

!

(15)

These particles are bosons by virtue of the commutation relations (12):
\kiM
1.2.1

= \k2M)

(16)

The scalar propagator 1

A simple interaction term which we shall study later is obtained by writing
£ = £0 - ^

4

(17)

with the equation of motion
( c ^ + m2)</>=-^3

(18)

For now we prefer to study the simpler case of en external source J(x) for the scalar field
Cj = £ 0 + J{x)<f>(x)

(19)

+ m2)4>(x) = J(x)

(20)

with the equation of motion
(8^

We can solve this classical equation thereby obtaining the field </)(x) resulting from the "transmitter
source" J(x). The key to solving this problem is the propagator D(x) satisfying
(a2 + m2)D{x) = -i5A{x)

(21)

by means of which we would clearly get

<t>{x)=ijdiyD{x-y)J{y)

(22)

as is immediately verified. It seems easy to find the propagator since

D(x)=ij

d4k

e~ikx

(2TT) 4 k2 -

(23)

m2

evidently satisfies the defining equation (21). However, a subtlety remains, since the propagator as
we have written down does not make mathematical sense due to the presence of the singularity in the
integrand at k2 = m2. In quantum field theory Feynman realized that the correct cure was to use the
Feynman prescription
JAU

p-ikx

/

(a^f-m' +

fc

<24)

where e is a small positive number that has to be taken to zero at the end of the calculation. As we
shall see, this prescription is linked to a particular choice of boundary conditions. Actually, in a classical
context one would usually prefer different boundary conditions from the ones in the quantum theory as
we shall see in lecture 4. Evidently classical solutions obtained using different propagators will differ
from each others by solutions to the homogeneous, i.e. the free Klein-Gordon equation. In other words
the difference between particular solutions consists of "radiation". Classically we might impose the
boundary condition that no radiation should be present before the source is turned on. That would give
rise to the so called causal propagator.
Apart from that subtlety, we have learned an easy and powerful way of constructing the propagator:
we naively invert the differential operator in the relevant classical wave equation, and then we insert the
Feynman +ie.
1.2.2

The scalar propagator II

Now let us argue for eq.(24) using quite a different, quantum picture of what the propagator is. In fact
we want to show that
DF(x) = <0|T{</>(aO<£(0)}|0)
(25)
Remember that the field operator <f>{x) may be thought of as a combination of terms that create, respectively annihilate 1 particle at the point x. The object in question represents the amplitude for first creating
one particle at x = 0 and subsequently annihilating one at x. This amplitude is therefore the amplitude
for a particle to propagate from 0 to x. We have emphasized the time ordering implied: If t = x° > 0
the situation is as described. If on the other hand x° < 0 the time ordering operator T reverses the
order of the two field operators, so that always creation comes before annihilation. That is the boundary
condition crucial in the Feynman ie prescription.
We leave the proof of eq.(25) as an exercise, using the following hints: Introduce the step function

0(x)= { l l l ^ l

(26)

then write
(Q\T{(f>(x)(f>(Q)}\0) = 6{x0)(0\{<f>(x)<j){0)\0) + 6>(-a;0)<0|<£(0)</>(a;)|0)

(27)

Use the plane wave expansion of the free field, eq.(l 1) to get for the first term

k,k'

where E% = +yk2

+ m2. Verify that

(x°)e-iElx°=i

I

oo
J-oo

2TT

A;0 - E%

(29)

by showing how to close the integration countour in the upper (lower) complex A;0 half-plane by a large
semicircle, according as a;0 < 0 (a;0 > 0), and then by using residue calculus. Carry out a suitable
similar treatment of the second term, and finally collect pieces.
1.2.3

The path integral. The scalar propagator HI

So far we have used the operator formulation of quantum field theory. Let us briefly mention the path
integral formulation. It gives rise to the easiest derivation of Feynman rules in the general case. It gives
the cleanest treatment of perturbative quantization of non-Abelian gauge theories. It provides the best
intuitive approach to renormalization theory. And it forms the starting point for non-perturbative lattice
simulations of quantum field theories. We refrain completely from proving the "equivalence" of the two
formulations. We restrict ourselves to providing a simple example of how the formalism works.
For a simple scalar theory the equivalence between the two formulations may be given more
precisely as the following equivalent expressions for the so-called Greens functions:
(0\T{(j>(x1)<j>(x2)...<f>(Xn)\0) = N'1 j '

V^S^(f>{xl)<t>{x2)...4>{Xn)

N = I V<f>eiisM

(30)

In the first equality, the fields cf)(x) on the left hand side are Heisenberg operators. On the right hand side
we have the path integral with an integration measure V<p over "all classical field histories". The action
S[4>] is evaluated at a particular such classical field, but in general one not satisfying the classical field
equations. Also the objects <t>{x\) etc. are the values of that classical field at the space time points x\ etc.
The meaning of the path integral is defined in terms of slicing up space-time, replacing it by a mesh of
discrete points to be made denser and denser in some suitable limiting procedure. As mentioned we will
not prove this result but restrict ourselves to illustrating it in the case n = 2, in other words show how
the path integral gives rise to the same propagator as before. So we shall demonstrate that

DF(Xl - x2) = N'1 jvtjS^8^*-™2^1^^)^)

(31)

where we have introduced a "convergence factor" e~€^ making sure that the oscillating integrand is
damped for large fields.
It is very convenient first to introduce another object the (free) generating functional defined by
Z0[J] = fVfyj
N = Z0[0]

J' ^x^d^d^^-m^^i^+i

J' d*xJ(x)<l>(x)
(32)

The index 0 is to remind us that this is the free generating functional. From this generating functional,
Greens functions, including the 2-point function namely the propagator, may be easily obtained by functional differentiation. We define the functional derivative by

Then
* / * / ( ) « ( )
SJ(xi)

!^Jix)m

(34)

Hence
/

^

^

^

s

o

(35)

We want to show that this is the propagator (up to normalization by Zo[O]). We can do the integral since
it is of Gaussian type. The integrand is the exponential of something which we rewrite as

- m2<f>2 + ie<j>2} + J<t>}
= f d*x{~(j>{d2

+ m2 - ie)4> + J<p}

(36)

First consider 1-dimensional Gaussian integrals
TOO

/

dcpe

J-oo

= J—
const.e *A
[W
const. = A —
(37)
VA
The reader is invited to generalize this to the finite dimensional case with the result (A is a symmetric or
hermitean n x n matrix with positive eigenvalues)
J—oo

j Jl d4>ie~^Al^mJriJ^k

= const.e-3 Ji(yl

X J

^i
(38)

1*51 J±

We naively generalize this to the functional case and obtain
Z0[J] = Z0[0] exp{^ [ dAxd*yJ(x)(d2 + m2 - ie)-\x

- y)J(y)}

(39)

But from our discussion of the propagator we already know that
(d2 + m2 - ie)-1 {x) = iDF(x)
Now the assertion that eq.(35) represents the propagator follows directly.

(40)

1.3

Fermions, the Dirac equation

Fermions are described by so-called spinor fields usually represented as 4-columns

(41)

rf>(x) =

The 4 degrees of freedom account for the 2 spin degrees of freedom for a fermion and an antifermion.
Dirac found the wave equation for spinors by seeking a first order differential equation that would imply
the second order Klein-Gordon equation. The most general first order equation may be written as

- m)ip{x) = 0

(42)

where the 7^'s will turn out to be 4 x 4 matrices, the Dirac gamma matrices, and where m is a constant
(times the 4 x 4 unit matrix) that will turn out to be the mass of the quanta. From the Dirac equation (42)
follows a second order equation
(43)

= 0

which is easily seen to be the Klein-Gordon equation provided
(44)

{7^>7tJ = Itilu + lulu =
with / the 4 x 4 unit matrix.
Under a Lorentz transformation

(45)

with (x) and (a;') representing the same space-time point in coordinates of different inertial frames, the
spinor ij)(x) transforms linearly
•4>{x) ->• if}'{x') = S(A)if>{x)

(46)

with 5 (A) a certain 4 x 4 matrix depending on the Lorentz transformation and satisfying

7" = rfvlv

(47)

When the transformation is infinitesimal one may obtain (w infinitesimal)

S(A) = 1 - (48)

The reader may verify that a possible realization of the gamma matrices is the set
0

CTM

0 -/
01
1 0 ) '

t

0 ]'

1 0
0 -1

(49)

where of course the a1 are the Pauli matrices and where I is the 2 x 2 unit matrix and 0 sometimes
represents the 2 x 2 matrix with 0 entries.
It is the transformation rule eq.(48) that implies that quanta described by these spinors have spin
^. Namely one learns about the spin by studying transformation properties under rotations, and these are
a subset of the general Lorentz transformations.
One further defines the adjoint spinor ip = ^ 7 ° which transforms under Lorentz transformations
as
^(ar) ->• ~$\x') = ^(x)S-1

(A)

(50)

so that it is very easy to build objects transforming in simpler ways under Lorentz transformations, for
example
ip(x)ip(x)

scalar

>J

il>(x)j 'ip(x) 4-vector

(51)

Parity (t, x) ->• (t, —x) is a particular example of a Lorentz transformation A = P for which one verifies
that S(P) = 7 0 . The chirality matrix
c

* 0

1 2 3

7 = 75 = «7 7 7 7
(52)
plays a crucial role in weak interactions; we shall not use it much here. One finds the following transformation properties under Lorentz transformations
il}(x)'ysip(x)

pseudoscalar

tp(x)'yIJ'j5'>p(x) axial 4-vector

(53)

Suitable lagrangians for free fermions are

C = ^ ( z X r ^ - m)ip(x)

d ^ z H f f y + m)ij){x)

(54)

These two give rise to the same action after partial integration. The first one gives the Dirac equation
for ip(x) by the Euler-Lagrange equation for (a component of) ip, whereas the second gives the Dirac
equation for ip by the EL equation for ij).
Let us introduce Feynman's slash notation. For any 4-vector a^ we write j6, ~ a^7M. Thus the
action may be written
Sfree Dirac = J

d4

^{x){i ft - m)ij){x)

(55)

Chiral components are defined by
tp = tpL + il>R = 2 ^ - 7 5 ) ^ + 2 ( 1 + 75)i/)

(56)

Verify that
(57)

= /

showing that left and right degrees of freedom separate for m = 0 in which case the two represent
definite helicity ± | .
We shall need the plane wave solutions of the Dirac equation. Let us represent these as
'P*, vs(p)e+i?x

(58)

for positive and negative energy solutions respectively. There are 4 linearly independent solutions in
total, labelled by s — ±\ indicating spin. Clearly the Klein-Gordon equation demands p2 = m 2 and we
take in both cases p° = -\-\Jp1 + rri2. Then the Dirac equation for u and v spinors becomes
]6u(p) = mu(p)
jfo(p) = -mv(p)

(59)

A convenient Lorentz invariant normalization is
us(p)us<{p) = 2m5ss>
vs{p)vs'(p)

= -2m5ss>

(60)

Having found a complete set of solutions to the Dirac equation we are ready to write an arbitrary Heisenberg quantum field operator satisfying the free Dirac equation as a superposition of these with certain
operator coefficients:

) = E E {*,(p)u.(fle-** + 4(P>S(P>+'PX}

(61)

with p° = + V F 2 + m2 a s usual. So we have introduced fermion annihilation and creation operators
bs(p)>bl(p) and anti-fermion annihilation and creation operators d s (p),dj(p), which we shall take to
satisfy the anti commutation relations

= 6py6ss>

= 0 - {4(p),\tf)}
(62)
with
{A,B} = AB + BA

(63)

These imply Fermi-Dirac statistics and the Pauli principle for the particles. The propagator is constructed
entirely like in the bosonic case, either by inverting the wave operator (the Dirac equation) or by considering the two point function (a 4 x 4 Dirac matrix!)
SF(x-y)

= (0\T{il>(x)$(y)}\0)

(64)

where now the time ordering operator is defined such that one takes the above order for a;0 > y° and the
opposite order with an extra minus sign for Fermi statistics, when y° > x°. The result is easily seen to
be

_e-ipx

(2TT)4 p2 - m 2 + ie

= (jl + m)DF(x)

(65)

One may worry here as well as in the case of the scalar propagator, that the time ordering can be ambiguous. Indeed for x and y separated by a space-like distance this ambiguity occurs. Consistency then
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requires that the two field operators commute in the bosonic case and anticommute in the fermionic
case so that we get the same result whatever the ordering. This makes sense since spatially separated
events cannot be causally connected and therefore the quantum field operators should in some sense
be independent. One may check that with the commutation relations we have imposed for bosons and
for fermions, this vanishing of the (anti) commutator for operators that are spatially separated indeed
takes place. One may similarly check that an inconsistency would arise were we to quantize the Dirac
quanta by commutators or the scalar quanta by anti commutators. This is the heart of the celebrated spin
statistics theorem.
1.4 Free Quantum Electro Dynamics
In a Lorentz invariant framework Maxwell's equations are best expressed in terms of the field strength
tensor F^v = —Futl built from the electric and magnetic fields E, B as
FOi = -Ei
Flk = -elkjBj

(66)

(ci23 = + 1 = even permutations = — odd permutations). Also we use the 4-current density built from
the charge density p and the current density j as j M = (p,j). Then the Maxwell equations take the
covariant form
d^Fyp + dvFP(l + dpF^ = 0
d^"

=f

(67)

Charge conservation implies the continuity equation d^ = 0. The first set of Maxwell equations (the
ones without currents) imply the existence of a 4-vector potential A^ such that
Fp, = d^Au - dyA?

(68)

The field strength tensor is invariant under the gauge transformation
Ap->A'lt = All + d^x

(69)

with x(x) an arbitrary scalar function. The lagrangian density
^Maxwell =-\FM!/F>"

- j,A*

(70)

gives rise to the equations of motion dtlFIMV = j v under variation after An, the other "equation of motion"
being treated as an identity satisfied by using the 4-vector potential as the field. From the equation of
motion for F^v follows the equation of motion for A^ itself:
SfiAli-d^ff/Av)=jtt

(71)

Due to the presence of the second term this is not the Klein-Gordon equation for a massless photon field
(for jn = 0), except if we also impose the Lorentz-gauge
dvAv = 0

(72)

Because of gauge invariance eq.(69) we cannot construct a meaningful photon propagator immediately
by inverting the differential operator acting on the photon field in eq.(71). This is because a given current
in fact does not at all uniquely determine the radiation field A^, since for any one solution we may
perform a gauge transformation eq.(69) on it an obtain a new field containing exactly the same physics.
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The solution to this problem consists in choosing a gauge in one way or another. For example we may
add a gauge fixing term to the Maxwell lagrangian of the form

-^A,f

(73)

where £ is an arbitrary parameter labelling a whole family of possible gauges. Evidently if we do that in
the path integral, certain things obtained from the path integral will depend on £. But one may show that
quantum amplitudes involving gauge invariants are independent of £ (or indeed of any way in which we
may choose to impose a gauge condition). Including the gauge fixing term, the part of the action bilinear
in A^ may be written (after a partial integration)

ogauge fixed _ 1 f ,4 . ,

Ufl2

•//« /\

i U ^ .

w

r74 ^

This differential operator may be inverted with the resulting photon propagator

as is easily verified. Often we shall use the Feynman gauge £ = 1
F

=

,2

.

v'o)

•

The quantum field operator may be represented as
•

kx\

( 7 7 )

Here e^ (k) is a polarization vector related to the 3-vector k and further specified by the polarization index
p. As is well known, physical photons possess 2 polarization states. This may be made manifest by going
to a unitary gauge such as the radiation gauge A0 = 0 = V • A. In that gauge e°(k) = 0 = k • e(k)
so that we have the expected two polarization vectors perpendicular to the momentum k. Taking them
orthonormal they are seen to satisfy

4(k)eT(k)=8lm~^~

(78)

The photon creation and annihilation operators pertaining to the 2 polarization states satisfy
t '

Mfc*'

(79)

This gauge leads to Lorentz non-invariant intermediate calculations and it is not obvious that the scheme
is at all Lorentz invariant. Therefore one often prefers to use the covariant gauges above, with a formal
polarization index p running over 0,1,2,3 and creation and annihilation operators satisfying
[

te

(80)

These agree with the physical ones eq.(79), but involve 2 additional unphysical photons, a longitudinal
one p = 3, and a scalar one p = 0. The scalar photon has "wrong sign commutation relations" that
imply a scalar photon state with "negative norm" or "negative probability", a non-sensical or "nonunitary" property. However, it turns out to be consistent to carry out calculations where the unphysical
photons are produced in the process provided we always sum over the associated probabilities, since the
12

two unphysical probabilities precisely cancel each other. In this case the polarization tensor eq.(78) gets
replaced by
3
iWiP/

£ e${ky>{k) = i r - (i - Ons-

(si)

in the "£" gauge introduced above. One notices the occurence of the same tensor as in the photon
propagator. It is possible (but non trivial) to prove that any gauge, whether unitary or non unitary gives
rise to identical predictions for gauge invariant objects.
2

LECTURE 2. CROSS SECTIONS, FEYNMAN RULES. NON-ABELIAN GAUGE THEORY
(QCD)
2.1 5-matrix and cross section
Scattering experiments are described by means of the S-matrix and the T-matrix, the two being related
by
(f\S\i) = </IO + i(2^54(Pf ~ Pi)(f\T\i)
(82)
where i,f denote initial and final states with total 4-momentum Pi and Pf. We shall learn how to
calculate the T-matrix (often also called T/j or Mfi) by means of Feynman rules. It is related to the
cross section in a process of the form
(83)
by
fof*

=

/ ,

„

=\Tfi I

2

X(x, y, z) = x2 + y2 + z2 - 2xy - 2xz - 2yz

2^\(s,m2,ml) = imb\pfh\ = ...

(84)

We use state vector normalizations derived from the commutation relations between creation and annihilation operators in lecture 1; thus for a boson
(p\p) = 2p°(27rfS3(0) = 2p°V

(85)

where V is a quantization volume (cf. (2ir)s6{p) = J d3xe&s =» (2TT) 3 5 3 (0) = V).
The differential scattering cross section for the process
a + b —> c\ (p
takes the following form in the centre of mass frame
da

p

;.m.
s

Pi

= (Pa + Pb)2 = (total cm. energy)2

Pi = Wa\ = \fb\
Pf = \Pi\ = \P2\
13

(86)

Fig. 1: Feynman diagram for the process e e+ -¥ y, fi+ to lowest order in the fine structure constant.

2.2

e~e+ ->• fx~fj,+

In this section we want to "derive" the QED Feynman rules for this very famous monitoring process.
This will serve as an illustration of how the rules are derived in general. We only consider the lowest
order in the fine structure constant a — f^ ~ ^ . The well known Feynman diagram for the process is
given by fig. 1. Time is flowing from left to right. Fermions are represented by solid lines with arrows in
the time direction for fermions and against the time direction for antifermions. The wavy line represents
a photon propagator. One builds T/j as a product of several factors: one for each fermion line and one
for the photon propagator. Each of these is a complex number. The numbers for fermion lines is built
as a matrix product with the structure (adjoint spinor)- ( 4 x 4 matrix (matrices))-(spinor). Remembering
that adjoint spinors are row matrices and spinors are column matrices, this indeed gives a number. One
picks up the different pieces by walking against the fermion arrow. External fermions give w-spinors (or
adjoints); external antifermions give u-spinors (or adjoints). Vertices in QED give a factor —ie^ and the
photon propagator we have already met. It has two Lorentz-indices which must be used to glue together
whatever Lorentz-indices come on either sides of it by way of vertices. Here we shall use the Feynman
gauge. With the notation of the figure we get

iTfi = vs+ (p+)(-iejfj,)us_ (p-) (electron line)
• ua_(q-){-ie'yl/)va+(q+)
(muon line)
v
-iif
• 7-=
— (photon propagator)
kz + te

V =£+}&

= <£ + <£

s = k2

(87)

One uses 4-momentum conservation in all vertices. Thus
e2

iTfi = i— (t7(p+)7M«(P-)) («(9-)y«(g+))
s

(88)

Notice that the ie is irrelevant here since s > 0 for a physical process. Also notice that the spinors satisfy
different Dirac equations
^_«(p_) = meu(p-)
i-u{<l-) = mpuiq-)

(89)

etc. Fig.2 summarizes the Feynman rules of QED. In addition there are some further complications
• extra minus signs occur with fermions whenever
- fermion lines cross (pick a definite vertical ordering of external lines)
- an antifermion line passes all the way from initial to final state
- fermion loops are present (there is a factor —1 for each loop)
• weight factors different from 1 may occur for diagrams with loops. We shall give examples in
lecture 3.
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u(p)
v(p)

<\/\s\/\j v

ji-m+ie

Fig. 2: Feynman rules of QED.

2.2.7

Dyson's formula

Dyson's formula for the S'-matrix is

S = Texp{i f dAxd((t>, drf)}

(90)

where the precise meaning of the Time-ordering sign will be presented below and where the interaction
lagrangian density £ / (for notational reasons only) is taken to depend on just one scalar field. The field
operators are in the interaction picture where they have a free field time dependence even when non
trivial interactions are present, so that our description in lecture 1 in terms of creation and annihilation
operators can still be used. This formula is often derived in elementary quantum mechanics treatments of
time-dependent perturbation theory. Here for completeness we briefly indicate how it is derived leaving
some details to the reader. We do this in the traditional operator formulation. Later we shall briefly
indicate how to do it with path integrals.
We split the hamiltonian in a free part and and interaction part
H^HQ

(91)

+ HJ

In the Schrodinger picture a time dependent state satisfies the Schrodinger equation

idt\t)s = {Hfi + HI)\t)s

(92)

Define the interaction picture by
(93)
It satisfies

idt\t)r = Hi{t)\t)j
Hi{t) = e i t H o tf/e- i t H o

(94)

Introduce the time evolution operator by

\t)i = U(t,to)\to)i

(95)

It satisfies
o)
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(96)

Together with the boundary condition U(to,to)

= 1, this implies the integral equation

U(t,t0) = 1 -i I dt'Hi(t')U{t',tQ)

(97)

Jto

which we may solve by iteration to obtain

U(t,t0) = I-i f dt'Hr{t') + {-if f dt' f dt"'#, (*')#/(<") + ...
J to

Jto

(98)

Jto

Finally the S-matrix U{—oo, +oo) is obtained as
U{—oo, oo) = ^2
T~ /
d4xi / d4X2... /
U
J
J
n=0 - -°°
-°°
•'- 0 0
T{%i{xi)...Ui{xn)}

dixn
(99)

For simple theories without derivative interactions Hi = —Cj. Thus we obtain Dyson's formula eq.(90).
2.2.2

Derivation of the amplitude for e~e+ -4 /x~/i +

For this process we use the free lagrangian

(where we have left out gauge fixing for simplicity). The interaction part we take as
LM

(101)

(We hope that there is no confusion coming from the fact that /i is used both to denote a Lorentz index
and to denote the name of the muon particle). The precise form of the elctromagnetic current used here
is obtained by replacing d^ in the free lagrangian for electrons and muons by c?M — ieA^. We shall see
towards the end of this lecture how that follows in a gauge theory. For now we merely remark that this
current is conserved by virtue of the Dirac equation as is easily verified.
Now remember that
VX

(102)

^{x) = £ (us(P)bt(p)eipx + vs(p)ds(p)e-^x)

(103)

(

)

p,s

annihilates fermions and creates antifermions, whereas

p,s

creates fermions and annihilates antifermions. Thus to obtain a non-vanishing contribution to

we must annihilate an electron, annihilate an anti-electron, create a muon and create an anti-muon. Hence
we must expand the •S-matrix according to Dyson's formula to at least 2nd order. This gives the lowest
order non vanishing contribution. The result becomes (leaving out terms that give zero)

(104)
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Now work out
<0hMx)|e-(p-,s_)) = us_(p-)e-ip-x

(105)

etc. Also we have seen in lecture 1 that {0\T{A/J,(x)Al,(y)}\0) is the photon propagator. The various
"plane wave factors" will produce 4-momentum conservation at the two vertices ((x) and (y)) after
integration over x and y. This completes the derivation of the Feynman amplitude for e~e+ -> /z~// +
eq.(88) from Dyson's formula eq.(90).
2.2.3

The cross section for e ~ e + —> /x~[J,+

We now want to work out the cross section according to eq.(86) based on the amplitude eq.(88). Thus
we must learn how to square amplitudes. Also since most detectors trigger on particles no matter what
their spin is, we must sum over final spins to compare with results from such detectors, and since most
accelerators give unpolarized beams we must perform an average over cross sections for the various
possible initial spins. Thus we must sum over all spins and divide by the number of initial spin states,
here 2 - 2 = 4. The absolute square of the amplitude is the amplitude times it's complex conjugate. The
latter is best evaluated as the hermitean conjugate of the matrix products (that result in 1 x 1 matrices).
Thus

spin

spin

spin

= u{q-)1»v{q+)
ft = w(p+)7/»«(P-)
spin

s+,s-

where we used v — ^ 7 0 . Now check that
7o = 7o = 7 ° ,

7o = !•> 707^70 = 7M

Then

S+,S

(108)
Here we used that for a row matrix V and a column matrix U
VU = Tr{UV}

(109)

We now use the spin projection property

(110)

17

These identities between 4 x 4 matrices are proven by verifying that the left hand sides and the right
hand sides have identical actions on the 4 linearly independent spinors us> (p),vs>(p). That in turn is easy
to show using the normalization relations and the Dirac equations for these spinors given in lecture 1.
Hence
-me)lll{pl-+mf?nv}
(111)
We now provide a small toolbox for doing traces of gamma matrices
Tr(AB) = Tr(BA) => Tr{AB...CD) = Tr(DAB...C)
Tr(7 M ) = 0 = Tr(odd number of -y'^s)
(Proof : Tr( 7Ml ...7 Mn ) = t r f r ^ . . / ^ ) =

Tr(y5j,,,...

(112)
The last two are obtained using the anti commutation relations for the gamma matrices (and some work
for the last one).
With the help of these rules we rather easily obtain

+ qv_W - 2q[L<f_ - rfvk

•«/_)

(113)

(A; = p_ + p+). Let us choose the frame so that

qt =

^

2

AE = s

(114)

Then

= 4s2{l + p2e/3lcos20+-(m2e + ml)}
s

a2

2.3

87nb

Feynman rules from path integrals

We have already indicated the relationship between the operator formulation and the path integral formulation of quantum field theory. It is essentially the statement that Greens functions are given by the
following two expressions (for a scalar field theory for simplicity)
G{xu...,xn;yi,...,ym)

=

j V<f>eiS<i>{xl)..4{xn)4>{yl)..4{ym)

18

(116)

These Greens functions are related to •S'-matrix elements as follows: first take the Fourier transform
G(pi, ...,pn; fci, •••, km) say pertaining to n incoming and m outgoing particles. Here in general the 4momenta need not be on the mass shells pf = mf, but in the limit where they do the Greens function
develops poles in p? and fe|. The residue of all poles is the 5-matrix element (up to a certain wave
function renormalization).
It turns out to be simplest to first develop Feynman rules for these Greens functions. As in the case
of the free theory we introduce the generating function of Greens functions,

Z(J) = f
2 ¥ e i S V — / d*x1...dixnJ(xi)...J(xn)(f>(x1)...(l>{xn)
n

n l J

= H-\ fd4xl...dAxnJ(x1)...J(xn)G(xu...,xn)
n

n

(117)

J

-

so that

For the free theory we found

- i jd4xd4yJ(x)DF(x

Z0(J) = J
( J • <j> = J dixJ{x)<f){x))

- y)J(y)}

(119)

and for any function f((f>) of the fields we have

^

= f(^j)Z0(J)\j=0

(120)

In particular we get for the full generating function including interactions described by Sj(4>)

=

iS
e

'^

I'V(f>eiSti^+iJ^

(121)

Thus
Z(J) = e^&e'*

S'd4x^yJ{x)DF{x-y)J(y)ZQ(Q)

(122)

This may be viewed as a path integral version of Dyson's formula eq.(90). It was derived without
assuming that there be no derivative interactions. In other word it will be applicable to non-abelian
gauge theories. It provides the most efficient starting point for proving the Feynman rules.
For a general theory based on several bosonic fields the above treatment trivially generalizes.
When fermions are present there is a non trivial new point which occurs in the path integral formalism.
We only make a very brief mention of that. The point is that in the path integral fermion fields have
to be treated as so-called Grassmann valued fields. To motivate the notion, remember the commutation
relations between bosonic creation and annihilation operators

[a(p),Jtf)]=h6j!f

(123)

where we have explicitly introduced Planck's constant. In the classical limit h —i 0 the commutator vanishes implying that the operators may be replaced by ordinary complex numbers. Hence we use ordinary
complex valued classical fields in the path integral. For fermions, however, we have the anticommutation
relations

l t f 6
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p f

(124)

so in the classical limit h -> 0, b\{p), bs>(j7) anticommute and cannot be represented by ordinary (complex) numbers. Instead they must be represented by Grassmann numbers which indeed precisely anticommute. Also the Grassmann spinor fields i(>(x), ip(x) must be coupled to Grassmann valued (spinor)
currents j](x),ri(x):
d4xrj(x)i/j(x); ijj • r\ = / d4xi()(x)r)(x)

rj • tp =
and

6

6

7\ • ip = ipQ(y);

-z—rTV

—

(125)

—

(126)

• V = -fPaiv)

where the last minus sign arises because Grassmann derivatives are taken to anticommute with Grassmann numbers.
A general function of a single Grassmann number 9 may be expanded in a Taylor series, but since
92 = 0 (indeed 99 = —99 since 9 anticommutes with itself), the most general function is just a linear
function! And it suffices to understand how to carry out the two Grassmann integrals
fd9 = 0,

fdB6 = l

(127)

It may be shown that these definitions provide a path integral quantum mechanics that agrees with the
operator quantum mechanics for fermions. But we shall go into no further details here.
Based on eq.(122) it is possible to derive an efficient rule for obtaining the vertex part of Feynmari diagrams corresponding to any interaction term, however complicated. For each field entering this
term in the interaction there will be a corresponding leg in the vertex. The vertex is obtained by (1)
taking functional derivatives with respect to all such fields of the corresponding iSj; (2) doing a Fourier
transform of the result. To illustrate let us show how the rule works on QED. Thus we consider
8
8
8
(
f A —
T7~i—\ Ti—7—r — —r I ~%& \ drxip{x)'y
8Af1{xz) oipa{x2) 5ipp{x\) \
J

Au[x)ip[x)

\
)

= -ie f d4x84{x - X!)84{x - x2)84{x - x3)rfa

(128)

Taking the Fourier transform of that, i.e. acting with

/ •

(signs on momenta depend on whether they are taken to flow into or out of the vertex) finally gives the
vertex
the vertex of QED already given, including the rule that 4—momentum is conserved in the vertex.
We leave it as an exercise to obtain the vertex of Ac/)4 theory from the interaction term

- i ^ j d4x<j>4{x)
as
(130)
Finally we give one first example concerning weight factors of Feynman diagrams: Tree diagrams have
weight factors = 1. Consider as an example the (j>4 tree-diagram in fig.3. There are 2 vertices, so we
must expand Dyson's formula to second order giving us

2!
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5

6

2

3

•+

+•

Fig. 3: Example of tree diagram for 6 external scalars. In the second figure, contractions yet have to be performed.

to start with. Beginning with the 6 external lines and the 2 vertices of fig. 3 we must work out in how
many ways we can connect lines and vertices while still getting diagrams topologically equivalent with
the original one, fig. 3. We see that line 1 may be connected to each of the 8 legs from the 2 vertices,
giving a factor of 8, then line 2 must be connected to one of the remaining 3 legs from the same vertex,
giving another factor of 3. Continuing this way it is easy to count the total number as
8 - 3 - 2 - 4 - 3 = 2-4!-4!
so that indeed the weight factor is 1.
2.4

The construction of the lagrangian of (Non-)abelian gauge Theory

For definiteness, let us think mostly of QCD, but the algorithm applies equally to electroweak theory and
grand unified models. Thus we consider a theory based on quark fields carrying a colour index i = 1,2,3.
The requirement of a non-abelian gauge theory is that all the physics, including the lagrangian should be
invariant under the gauge transformation
Qifa) -> q'i(x) = Uij(x)qj(x)

or q ->• Uq

qi{x) -» q'^x) = qjWUJiix)

orq^qU^

(131)

with sums over repeated colour indices understood. The Dirac spinor indices have not been explicitly
denoted. The expressions to the right are matrix expressions treating q and q as a colour-column and a
colour-row respectively. Here we shall take U to belong the the group 5t/(3) the group isomorphic to
the group of 3 x 3 matrices with determinant 1. But the construction applies just as well to any simple
group, and with minor modifications to non-simple groups as well.
The pertinent point about a gauge transformation is that it is local i.e. that U(x) depends on the
space time point x. For constant group elements independent of x one speaks of a global transformation
and a corresponding global symmetry. Evidently the free lagrangian of quarks (one flavour only, the case
of several flavours is given by a trivial sum over such terms)

Co^UxKi P-™)qi(x)

(132)

(sum over colour index i implied) is invariant under the global transformation, but due to the presence
of dpt in P it cannot be invariant under local gauge transformations. We can repair this by replacing the
derivative <9M by a "gauge covariant derivative"
Vtt = dli + All(x)
21

(133)

where A^(x) is a new matrix valued gauge field to be identified with the gluon field, and where it is
understood that the term <9M is multiplied by the relevant unit matrix: (X^)y = S^d^ + {A^ij. Now the
repaired lagrangian
Cqqg = q(iy + m)q(x)
(134)
will be gauge invariant provided the covariant derivative transforms "covariantly" that is
(135)
locally. This implies a non trivial transformation of the gauge (matrix) field:

A'^x) = U{x)Ail{x)U\x) + U(x)d^(x)

(136)

In the special case of QED we use the abelian group, U{1) consisting of the set of unimodular numbers
{U = eiX^} with x r e a l- Then U and A^ are "1 x 1" matrices, i.e. just numbers and they commute
with each other. The gauge transformation for A^ then becomes
A'lt{x)=Aft{x) + idllx(x)

(137)

familiar from electrodynamics. Notice that both dM and (therefore) Ay.{x) are antihermitean (remember
V\i ~ idfi)- Also as we have just seen, an A^ proportional to the unit matrix describes a QED like theory.
Hence in our present study of a non-abelian gauge theory we will take A^ to be a linear combination
of antihermitean matrices with trace equal to zero, so as to exclude the unit matrix. These are just the
matrices of the Lie algebra of SU(3): the linear space of matrices T such that U = 1 + eT is in SU(3)
for e -> 0.
Exercise: show that a ZY-matrix close to the identity U = 1 + ieT is a matrix in SU(N) for e —> 0
if and only if T is hermitean and has trace = 0.
It is now easy to count that the number of such matrices in SU(N) is iV2 — 1. Let us take as a
basis of the Lie algebra
{T\ a = l , . . . , i V 2 - l }
Exercise: Argue that if 71 and 7i are in the Lie algebra, then g\ = eieiTl and 52 = e " 2 ^ are in the
group. Expand the group element g\g2Q\X92X t 0 second order in ei and €2 and thereby show that
[Ti,T2] e Lie algebra

(138)

From eq.(138) follows that there exist structure coefficients so that
[Ta,Tb]=ifabcTc

(139)

sum over c implied. It is possible to show that we may always choose linear combinations so that

tr(TaTb) = Uab

(140)

in which case fabc is totally antisymmetric in a, b, c.
Having obtained the "quark-quark-gluon" piece
£qqg =

q{iV-m)q

= q{i @ — m)q + iq jfLq

(141)

containing the free quark part plus the interaction part, we ask the question: can there be other Lorentzinvariant and gauge invariant terms that can be added to the lagrangian, in particular can there be terms
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describing the kinematics and dynamics of the gluon field A^. As is well known the answer is yes, and
if we furthermore restrict ourselves to renormalizable terms there is essentially just one possibility (in
perturbation theory). To find it we first construct the (matrix valued) field strength tensor
T^{x) = [V^Vu] = [dp + Ar{x)tdv + Av{x)]
= d^Auix) - duA^x) + [A»{x),Av(x)]

(142)

where the last expression demonstrates that despite the construction this is a field, not a differential
operator (the proof is by letting the definition act on some suitable field, and then using the chain rule of
differentiation). We notice the special case of QED where A^x) etc is not a matrix, but just a number.
In that case the last commutator in F^x) vanishes leaving the familiar QED expression. From the
definition of Tp.v (x) follows at once that it transforms covariantly under gauge transformations
T'lxu{x)=U{x)Tilv{x)U\x)

(143)

in particular that it is gauge invariant in the abelian or QED case. The dimensions of the gauge fields are
as follows
= d i m [ ^ ] = L~x
>

= L~2

(144)

Hence we may write down a possible new Lorentz-invariant and gauge invariant term in the lagrangian
^

}

(145)

This term is clearly Lorentz invariant. The gauge invariance follows (easy exercise) from the covariant
transformation property of the field strength tensor and from the cyclic property of the trace. The dimension of the lagrangian is L~4 since the action is dimensionless (in units where h — 1). It follows
that the gauge theory "coupling constant" g is dimensionless. This property turns out to be linked to
renormalizability. Clearly we could add new terms to the lagrangian which would be Lorentz-invariant
and gauge invariant, simply by taking powers of the term in CYM- But for dimensional reasons such
terms would have to be multiplied by dimensionful coupling constants, and therefore turn out not to be
renormalizable. We shall not prove that, but we shall discuss aspects of renormalization theory in lecture
3.
We are now ready to write down the full QCD lagrangian in the matrix notation
CQCD

= Y,qf{iV- mf)qf + ^ T r ^ F ^ }

(146)

where we have summed over possible quark flavours, / . Very often, however, one prefers an alternative
notation where the matrices A^ and T^ are expanded on the Lie algebra basis

^(x)Ta

(147)

(implied sum over a — I,..., Nj — 1 in SU{Nc), i.e. over a = 1,..., 8 in SU($)). Using the expressions
above it is then an easy matter to establish the following

CQCD =
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Fig. 4: 3-gluon vertex.

+fa1a3bfba2ai
+faia4bfba2a3

Fig. 5: 4-gluon vertex.

£-YM = —-7

C4g = A

(14g)

The term L<ig is similar to the QED kinetic piece and will give rise to a gluon propagator equal to the
photon propagator with a colour Kronecker Sab added. The terms Czg and C4g represent the principal
new feature of non-abelian gauge theory and describe triple- and quadruple-gluon interactions. The
corresponding Feynman rules are worked out from the rule given in subsection 2.3 with the results given
in figs. 4 and 5. Just like in QED, in order to define the propagator we have to fix a gauge, make a gauge
choice. For non-abelian gauge theory there is an important subtlety associated with that, which we only
very briefly indicate. To impose a gauge condition like
9MA"'° = 0
say, we want somehow to insert a delta function in the path integral imposing that condition. This
essentially implies changing integration variables from the gauge fields themselves A^, to something
involving 9Mj4M'a. Such a change of variable inevitably involves a Jacobian, here called a Fadeev-Popov
determinant. In QED that determinant turns out to be independent of the field configurations, and thus
may be absorbed in a normalization constant. But for non-abelian gauge theories this is not so, the
determinant cannot be neglected. We might write it as an exponential of it's logarithm in order to attempt
24
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Fig. 6: Ghost-antighost-gluon vertex and ghost propagator in a covariant gauge.

treating it as a new term in the action, but that new term would be terribly non-local and it would not be
possible to evaluate the path integral using Feynman rules. Fadeev and Popov noted, however, that any
determinant may be written as a formal Gaussian path integral over Grassmann fields, with the operator
of which we need the determinant standing between the fields. This is in contrast to the Gaussian integral
over ordinary numbers which involves the inverse of a determinant. Using this trick, the resulting path
integral takes the form of a more or less ordinary path integral with local action functions so that it
may be evaluated by Feynman rules. The price is that we have been obliged to introduce the FadeevPopov ghosts, thus called because the Grassmann fields are Lorentz scalars and thus have the wrong
spin-statistics relation. Since they merely represent a mathematical trick and not real particles, this is
not a worry. It remains a fact that the formalism involves a Hilbert space which is somehow too large.
The physical subspace has to be identified. The most elegant treatment is in terms of the so-called BRST
operator, but a discussion of that goes beyond the scope of these notes. We finally remark that there
does exist non-covariant gauges in which the Fadeev-Popov determinant is trivial, and ghosts may be
forgotten about.
We finish by listing some good and some bad points about the classical QCD lagrangian we have
established:
• Couplings between particles and gluons are given entirely by the representation matrix and one
single coupling constant. In particular the gluon self-coupling is in terms of the structure constants
jabc w hich may be shown to be the relevant representation matrices of Ta in the so-called adjoint
representation in which the gluons take their colour. Indeed, unlike quarks which are labelled by a
colour index i — 1,2,..., Nc with Nc — 3 for QCD, gluons are labelled by a = 1,2,..., Nc — 1
with Nc — 1 = 8 for QCD. This corresponds to the adjoint representation the dimension of which
is the dimension of the Lie algebra. The matrix representation of the generator Ta is described
by a matrix, the (6, c) element of which is —ifabc. Concerning the quarks it follows that they all
couple with the same strength since they all lie in the same (triplet) representation of colour. This
remarkable flavour independence tends to explain why flavour isospin invariance, for example is
such a good symmetry. The flavour symmetry is broken by the non-equal quark masses.
• In the limit where quark masses may be neglected there is an enhanced chiral symmetry of the
lagrangian. Namely the quark-gluon part may be written

/

/

/
1

1

This implies the U(Nf)n x U{Nj)L invariance
qfR ->

U(R)ff'qfR

q[ -> U(L)ff'q{
25

(150)

One part of this symmetry (U(R) = U(L)) appears to be realized in terms of approximately
degenerate multiplets, whereas the other part (U(R) = U{L)~l) appears to be spontaneously
broken, the pion appearing as the approximate Goldstone boson for Nf = 2. In the quantum
version of the theory it tunrs out that a U(l) subgroup is anomalous, and the invariance group is
only SU(Nf)R x SU(Nf)L x U{1), the last U(l) representing baryon number conservation.
• An apparently very bad feature of the theory is that (in the limit where quark masses are neglected)
it depends on no dimensionful parameters (the coupling constant g is dimensionless as we have
emphasized), whereas the strong interactions clearly know about a definite scale ~ lOOMeV —
200MeV. Fortunately the quantum version of QCD remedies this in a nontrivial way. Due to
renormalization, the coupling constant turns out to depend on the scale at which a given experiment
is performed, introducing the concept of the "running coupling constant" which to one loop order

(33-2Nf)logQ2/A2QCD

4TT

with Q2 the scale in question and with KQCD a new scale introduced by the quantization and
renormalization. The conversion of a classical dimensionless parameter to a quantum dimensionful
parameter is often denoted "dimensional transmutation". It will be studied in lectures 3 and 5.
Further, eq.(151) implies that QCD is asymptotically free: for Q2 -> oo, <72(<22)/4?r —^ 0.
3

LECTURE 3.1-LOOP RENORMALIZATION OF A</>4 THEORY

In this lecture we give an illustration of how loop calculations may be performed in the simplest case,
and how the phenomenon of dimensional transmutation and the running coupling constant arises.
First a technical remark. The (scalar) propagators
1
2

p —m

2

1
+ie

PQ

1

— p — m2 + ie

have a cumbersome singularity when pa = i-^/p 2 +m2. The mathematical nuisance becomes smaller
if one invokes the trick of carrying out a Wick rotation to imaginary energies. The point is that all
amplitudes will turn out to be analytic functions of Lorentz invariants. Hence we may evaluate them
for whatever unphysical values we please, and still obtain the physically relevant answers by analytic
continuation. Thus we go to "euclidean" time and energy:
t -»•
E ->•

-HE

+iEE

J ^XE^d^d^ + ^mV + ^ 4 )

(152)

There is no longer any need to distinguish between upper and lower "Lorentz" indices. And we change
now the overall sign of the euclidean metric so that

The euclidean Feynman rules are easily worked out to be given by fig.7
Our aim will be to look for quantum corrections to m and A.
3.1 Propagator and coupling constant corrections, a first look
3.1.1

Propagator corrections

Every time we have a propagator in a Feynman diagram, we may consider the infinite series of Feynman
diagrams which are identical to the first one, except that the propagator is "decorated" by extra loop
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Fig. 7: Euclidean Feynman rules of <j>4 theory.

Fig. 8: Example of repeated single loop decorations of propagator in a Feynman diagram, represented by the "shaded parts".

corrections. An example is given in fig. 8. More generally we have the situation shown in fig. 9,
where the blobs, denoted II (p2) (p is the euclidean 4-momentum flowing through the blob) are meant to
represent the sum of all possible 1-particle irreducible decorations. The term means that the decoration
in question may not be separated in two disjoint pieces by cutting 1 single line. When we consider the
sum of all such propagator decorations we reproduce the original Feynman diagram with the exception
that the original propagator
p2 + m 2
is replaced according to
1
p + m2

1
p + m2

2

1
p + m2

2

_

rllfr2)

2

1
2

p +m'

I
2

p + m2

1

(153)

~ p2 + m2 - n{p2)

(remember 1 + x + x2 + ... = jz^) Now consider the lowest order non trivial contribution to H(p2)
given by fig. 10:
1

r

^n

1

(154)

+

1 Particle-Irreducible "blobs"

Fig. 9: Sum over 1-particle irreducible blobs in propagator correction.
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The factor of ^ comes from a weight factor which in this case is not just 1. In fact, we have to expand
q

Fig. 10: 1-loop contribution to the 1-particle-irreducible propagator correction in $ 4 theory.

Dyson's formula to 1st order, so we start with | j . Then we count the number of topologically equivalent
contractions. The first of the 2 legs may be connected to any of the 4 legs of the vertex, giving a factor
of 4. Then the second leg may be connected to any of the remaining 3, but after that the diagram may be
completed in just one way. So The sought number is 4 • 3 = \ • 4!, whence the weight factor of ^. The
problem is that the integral in eq.(154) is badly - in fact quadratically - divergent. At the upper end of the
integration we get approximately after introducing a cut-off:
q3dq^

~ A2

(155)

(which of course does have the correct dimension, namely the same as p2 + m 2 ). So we have a problem
to which we shall have to soon come back.
3.1.2

The 4-point amplitude to 1 loop order

The amplitude for the scattering 1 + 2 - ^ 3 + 4 is given to 1-loop order by the diagrams in fig. 11. The

Fig. 11: The Feynman diagrams for the scattering amplitude of 1 + 2—> 3 + 4 to 1-loop order in 4>A theory.
3 1-loop diagrams are entirely similar and it is enough to work out the first one. Again we get a weight
factor of ^ by counting the number of possible ways of completing the diagram in fig. 12. The first

X

X

Fig. 12: The uncompleted Feynman diagram corresponding to the first 1-loop diagram in fig. 11. It may be completed in
8 • 3 • 4 • 3 • 2 = (4!) 2 ways. Since it is second order in the coupling, that should be compared with the factor jr ( J T ) . thus
producing a weight factor of \.

1-loop diagram in fig. 11 is repeated in fig. 13 with momenta in the propagators indicated. Then we find
for the corresponding part of the amplitude, to be denoted -4s(p
q)2
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+

m 2)

p+q

Fig. 13: The s-channel part of the 1-loop amplitudes for 4-particle scattering in 4>A thory. The variable loop momentum
is q. The other internal propagator has loop momentum p + q according to 4-momentum conservation at vertices. Here
p = pi + p2 = -(j)3 + PA).

where p = pi + p% — — (P3 + PA)- Again the loop integral diverges. Introducing the same sort of crude
cut-off we find
q3dq\~

log A

(157)

So we must rethink completely what it is we are trying to do.
3.2

Renormalization

Let us very briefly indicate Wilson's intuition for what renormalization means. It is very useful to think
in terms of the path integral

L

(158)
/All fields
(we think in terms of the Wick rotated or euclidean formulation). Obviously the concept of integrating
over "all fields" is a very dubious one. It will include quite "crazy" fields that vary in arbitrarily wild
manners. Perhaps it is better to think of the problem in two (or more) steps. We may imagine a split
between field variations defined in terms of Fourier or momentum modes (the details are hopefully not
too important), so that we first imagine integrating over all the wild modes with momenta larger than
some cut-off, A, and giving rise to some effective action depending on that cut-off
/
crazy modes

e-S*ffW

4

(159)

In the second step we should complete the path integral by using the effective action S^ and only
integrating over slow modes corresponding to momenta smaller than A. In fact we need not even imagine
understanding precisely how the effective action is obtained as a result of integrating over the fast modes.
All we need imagine is that it exists. If it exists we may use it to give a much better definition of our path
integral, and we may use it to derive Feynman rules just as before, but with the important difference that
in the new Feynman rules we should only carry out loop integrations for loop momenta smaller than the
cut-off.
The crucial point about renormalizable theories turns out to be the following: The effective action
looks almost exactly like our original action, but with the crucial modification that all the parameters,
like mass and coupling constants acquire a dependence on the cut-off. In fact the normalization of the
field itself does too. But when that is all that happens, we talk about a renormalizable theory. The loop
integrals carried out up to the cutoff will not strictly diverge, but they will behave in a singular way as
the cut-off is removed. However, the parameters, coupling constants etc. will also behave in a singular
way, and precisely so that the net result is non-singular when the cut-off is removed. We thereby have a
well-defined, renormalizable theory.
Thus we are faced with the following issues: (i) We must introduce a convenient cutoff in our
Feynman loop integrals, (ii) We must accept to work with a modified, cut-off dependent action, called
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"the renormalized action" (a bad word, but this is the historical term) of the form

fo + \™l<t>l + ^4

(160)

(iii) we must discover in the process of the calculation how in fact <fo>"ioi -^o depend on the cutoff.
One common practical way of doing that is to write the renormalized lagrangian as the original one
plus a perturbation, and then attempt to find the a priori unknown perturbative part order by order in
perturbation theory in A (or whatever coupling constants will appear):

•Cren = ^d^d^o

+ c\d^d^
=

+ ^ml4>l + — 4>i

+ B±m<t> + A±<f>

^bare + ^counter term

(161)

Here m and A are cut-off independent finite parameters characterizing the theory. A, B, C are functions
of the cut-off and of these parameters. They are unknown to begin with, but will be determined in the
process of the calculation order by order in A. The meaning of A will become clear shortly.
3.3

Dimensional regularization

Many different regularizations schemes have been employed. Perhaps the most intuitive one is the lattice
regularization in which the meaning of the cut-off is very clear. It has some interesting properties, and
gives rise to a non-perturbative definition of QCD and provides a regularization that respects the gauge
invariance of the theory. But of course it breaks Lorentz invariance very badly and it is not convenient
for performing perturbative calculations based on Feynman diagrams. For this purpose dimensional
regularization seems the most convenient scheme. It is the only one known which respects both Lorentz
invariance and non-abelian gauge invariance. Unfortunately it rather lacks intuitive appeal. The idea is
that the divergent integrals we have met, would in fact converge in lower space-time dimensions. One
therefore attempts to define them as analytic functions of the dimension, well defined at first only for
small unphysical dimensions, but subsequently defined by analytic continuation in dimension d. One
then finds (of course) that the integrals exhibit a singularity (a pole) when d — 4. The regularization then
consists in taking d = 4 — e with e somehow small. It is perhaps understandable that effectively this
procedure is not too different from a momentum cut-off: Reducing the dimensionality of the momentum
integration means somehow removing some volume at high momentum, which is what we do in a very
crude way in a momentum cut-off. A crucial aspect of renormalizable theories is, that when defined by
the limiting procedure mentioned, the limit is independent of the fine details of the choice of cut-off.
This is rather like defining the derivative of a function. This universality has been checked in a number
of cases.
3.3.1

The one loop master formula

We shall need a few simple facts about Euler's Gamma function
roo

T(z) = / daaz-xe-a
Jo

= (z - 1)!

(162)

This integral converges for any complex z such that 3tz > 0, and it generalizes the elementary factorial
defined on integers. It is possible to extend the Gamma function by analytic continuation to the entire
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complex z plane, with the exception of z = 0, —1, —2, —3,... at which points the Gamma function has
simple poles, in fact

7 = 0.57721... Euler's constant

(163)

Now consider the integral in the propagator correction in d dimensions
/ (2n)d

q2
f°°

2

(•K\aii

1

m'"''"1

d

where we have employed gaussian integration to do the integral over q. We see that the result is an
analytic function of d with poles at d = 2,4,6,.... So as anticipated, we regain the original infinity of
the integral in 4 dimensions. We obtain our master formula by differentiating n — 1 times with respect
torn 2
(2ir)d {q2 + m 2 ) "
3.3.2

(47r) n r(n)

(165)

\4n

Mass renormalization

It seems that dimensional regularization is parametrized by a dimensionless parameter, d or e (with
d = 4 — e) only. Actually we have to introduce a dimensionful one as well just as with a momentum
cut-off. This may be seen by the following dimensional considerations. In d dimensions we may work
out

[JddxC] = l => [C] = Ed
[m2<j>2] =Ed^

[<j>] =

Edl2~l

[\4>A] = Ed = • [A] = Ee

(166)

Hence we want to write
A = //A

(167)

where /z is an arbitrary energy scale we must learn how to get rid of eventually.
Now

finite>

-+

)

<168)

This is the result we obtain by dimensional regularization using the term C^^Q in £ren- But we must
remember also the contribution from the so-far unknown £Counter term m eq.(161). This term we see
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will contribute new Feynman rules when treated as a perturbation. The new rules will give new 2-leg
vertices and a new 4-leg vertex. In particular the B term B\rr?§2 will give a two leg vertex with the
value -Bm2. We refer to the rule in sect. 2.3 according to which we should work out the Fourier
transform of the double derivative (for 2 legs) of -S (in the euclidean case) with respect to <f>. B is a
priori unknown, but in order for the complete calculation to provide a finite result for II (p2) the simplest
possibility is to take
(169)

\

Additional finite modifications are possible. This present prescription of making the counter terms simply
remove the e pole and nothing else, is called minimal subtraction or the MS-scheme. Different schemes
will give rise to different physical meanings to the parameter A but will otherwise describe exactly the
same theory. We notice that our calculation of II (p2) did not give rise to any p2 term to 1-loop order.
Hence we have no need for the C term in eq.(161), so
C =0

(170)

to first order in A. So we have seen that the propagator correction II(jp2) may be treated at least to
lowest order by renormalization theory: we need counter terms only of the kinds already present in the
lagrangian.
3.3.3

Coupling constant renormalization

To understand the 1-loop correction to the amplitude for 1 + 2 —> 3 + 4 figs. 11,13 requires more work.
With our new notation in d dimension we find for the diagram fig. 13

Unfortunately our master formula eq.(165) does not tell us how to carry out this integral. For this we
somehow need to manipulate the integrand into the form
(172)

{q2 + A2)2
In fact it is possible to show that we may write

f ddq
1
f ddq fl
2
2
2
J (2TT)« [q2 + m2}{(q + p)2 + m2} ~ J ( 2 ^ F Jo *{q
* { + m - a(l - a)S)
with
s = -{pi+P2?

(174)

the usual Mandelstam variable (the minus sign is because we are in euclidean metric). This is of the form
eq.(172) with A2 = m2 — a(l — a)s. So the master formula may be applied. To arrive at eq.(173) we
have introduced a so-called Feynman- or Schwinger-parameter as follows:
Let Ai = q2 + m 2 and A 2 = (q + p)2 + m2. Eq.(173) follows from the following identity

±-= r
iiA 2

7o

Proof: write
— = / " daida2e-aiAl-a2A2
A i[A
A 2 Jo
2
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(176)

Change variables: a\ = t{\ - a), ot2 = ta, a\ + a-i = t with t 6 [0, oof and a E [0,1]. Integration over
t then produces the desired result (using the Euler integral for the factorials, eq.(162)). Eq.(175) then
gives the result eq.(173). In fact
(1 - a ) A i + a A 2 = q2 + 2aq -p + M2 + ap2
— (q + ap)2 + a ( l - a)p2 + m2
= q'2 + m 2 - a ( l - a)s

(177)

So we see we also have to shift the integration variable q as q —> q + ap. Then eq.(173) obtains.
Collecting pieces, we then get
1x2 2e fl j

r

( § ) (M

tt(l

= 5 A V /o daj^L (

^

a)s\

^

, , ^

J

(178)

There are 2 more 1-loop diagrams obtained form this one by the substitutions s —> u and s -> t with
n = — (pi + P4)2 and t = — (p\ + pz)2. It is then a simple matter to sum these 3 contributions. We
further expand for small e:

-a(l - a ) ^ r f = 1 - |log[a(a- 1 ) ^

(179)

Hence the scattering amplitude for the process becomes (before the counter terms in eq.(161) are taken
into account) summing all 3 loop terms
\2
I4

= —XjJL -

/q

^ (4vr)2 \e '

v

F(s,t,u,n,e) = -(1 - 7 1

- - /

^1

o

da{log(l-a:(l-o;) — ) + (s->t) + (s-+u)}

(180)

Exercise: Show that
(181)

/'
Jo

We now have to include the contribution from the counter term Afj,e ^(f)4. And we have to discover
what A should be in order that the complete value for T4 be finite when the cut-off e is taken to 0. The
counter term will give rise to a new 4-leg vertex, the value of which according our standard rule from
sec. 2.3 will be — A/j,€X. We see that if we take (in the MS scheme)
e (An)2
then we obtain a finite renormalized scattering amplitude. Let us notice that if we add to A a simple finite
contribution so that F in eq.(180) is modified in such a way that the terms - 7 + Iog4-7r are removed,
then one talks about the MS scheme.
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Let us summarize our findings
_
^counterterm -

(183)

((4^!)
3.4

The renormalization group equations

We have obtained a renormalized finite scattering amplitude, but we are not yet quite happy because
the result depends on a strange "arbitrary" scale /z. We want to get a more convenient parametrization
and interpretation. The finite scattering amplitude may be either considered to be a function of the
renormalized parameters T4({/jj}; m, A, //, e), or if we prefer of the bare parameters T±{{pi}, mo, Ao, e)The relation between the two sets is given by eq.(183). Also the two forms of T4 are entirely identical:

Thus, depending of our taste we may consider one set of parameters or the other to be the dependent one,
the functional relationship between the two in any case being given by eq.(183):

T4 =
Ao = A0(A,/x,e)
mo = mo(A,/z, e)
X - A(A0,/i,e)
m = m(Ao,mo,/i,e)

(185)

A technical but important remark is that in the MS or the MS scheme A is independent of moWe now derive the renormalization group equations by using the fact that the scattering amplitude
is independent of (i for fixed Ao, i.e. when we use (mo, Ao, e) as the independent set of variables. We act
with
d
d
d/i

d log /J,

and obtain
0 =

JI

M({pi}]mo,Xo,€)
•i intr m.

a

\

(186)
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Denote
)

where we have introduced the notion of the beta function and the mass dimension.
Let us find the beta function to 1-loop order for the <fr4 theory from our calculation. We act with

\

(188)

ytix)- t/

giving

(189)

( ^
So finally

(190)

^

Notice that in this calculation we have made expansions order by order in A for fixed e. In other words,
we have considered the limit A —>• 0 before the limit e ->• 0.
3.4.1

Scaling and the running coupling constant

It will be convenient to find an improved version of the renormalization group equation eq.(186) in order
to get rid of the unknown \i. We shall use a somewhat simplified treatment here avoiding to introduce
greens functions and continue to talk about scattering amplitudes. The (small) problem will be that for
the scattering amplitude pf. = — mf (in the euclidean case) whereas we shall really want to consider
external momenta not on this mass shell. Forgetting this subtlety we first notice that T4 is dimensionless
(the lowest order contribution is simply —A). Hence it will be invariant under a simultaneous scaling of
all dimensionful parameters:
Pi —> tpi,

m - > trrii,

/j, —> t/j,

Also notice that log(fm) = log t + log m. Hence we find the trivial scaling property
-j^-tTA({tPi};tm,\,tn)

= 0 =>

Eliminating d/d log/i between that and eq.(186), we get our final renormalization group equation
j i + (TW - D g ^ ) Tt({tPi);rr>,X,») = 0

(192)

This equation is solved by
i};m,A,Ai) =T 4 ({pi};m(t),A(t))
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(193)

where the running coupling constant and the running mass are solutions of the equations

In fact this follows trivially from

which is just eq.(192).
Let us finally find the famous running coupling constant for the <jfi theory by solving eq.(194):
(4?r)2

dlogt
d

1

d\{t)

1
(4TT) 2

3

•logi/io =>

-tn i~

<4*>2

(196)

In particular, expressing the running coupling constant as a function of a typical momentum transfer
(squared) type of scale, we would write

We see that all of a sudden the theory depends on some characteristic scale A ^ analogous to the famous
h-QCD whereas the classical theory only depended on a dimensionless coupling constant. This is the
phenomenon of dimensional transmutation.
In the present case we found a positive beta function. That resulted in the minus sign in front
of eq.(197). That sign again tells us that the calculation only makes sense provided we are the infrared
regieme where q2 <C A| 4 , so that the logarithm gets large and negative and the running coupling small
and positive so that perturbation theory makes sense. This of course is opposite to QCD, and we shall
come back to QCD in lecture 5.
Equation (192) tells us that we may perform reliable perturbative calculations when we "scale" to
small (in this case) values of \tpi\. The result is obtained by using the running coupling constant (and the
running mass).

4 LECTURE 4. THE INFRARED PROBLEM IN QED
The famous infrared problem in QED is one that essentially only arises when we ask meaningless questions. Classically any scattering process involving charged particles will be associated with electromagnetic radiation having a spectrum with an infrared tail involving infinitely many photons. Thus it is not
really surprising that quantum amplitudes involving a definite number of produced particles will have
something strange about them. In particular there will be meaningless "infinities" of probabilities for
such processes, associated with the fact that the quantum calculation is somehow trying desperately to
reproduce the classical phenomenon involving an infinity of produced photons. The solution to the problem may be presented at any given order in the fine structure constant a. It involves the production of
infrared photons not registered by the detector, and it involves certain radiative corrections to do with
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loop amplitudes. Both of these effects must be taken into account. When they are, a consistent picture
emerges at any given order in a. An even more satisfactory result is obtained in a so-called leading log
approximation, where certain diagrams involving arbitraryly high orders in a may be taken into account
in some approximation. For that we shall merely state the result, the so-called Sudakov form factor. The
treatment in this lecture is based rather closely on [5] Ch. 6, on [6] sects. 1-3-2 and 4-1-2 and on [3].
Very similar treatments may be found in several other books.
We shall concentrate on the example illustrated in fig. 14 describing the scattering of a single
electron off a "heavy particle" for which the amplitude may be obtained to lowest order as
(198)

iTfi =

Most of the time we shall not be interested in the structure involving the heavy particle, and we shall

Fig. 14: Graph representing the sum of all Feynman diagrams for scattering of an electron with 4-momentum p off a heavy
particle indicated by the double line, to become a new electron with 4-momentum p'. Only single photon exchange is taken
into account, and only vertex corrections will be considered.

replace the part
(199)
describing the scattering of the electron off a certain external "classical" field,
transform A^q), where

with Fourier

and with A^q) oc (2ir)5(p'o — po) for a static external field.
Eq.(198) gives the result to lowest order in the electron charge. In general we would have a
replacement
i(27r)S(p'o -Po)Tfi -> uip')(-ier^(p,p'))u(p)A^(q)
(200)
describing the sum of all diagrams contributing to the process, see fig. 15. In addition there will be

Fig. 15: The contributions to the two lowest orders for fig. 14.

mass renormalization diagrams and vacuum polarization diagrams which we shall not consider. They
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contribute to different physical effects. The order a contribution to the cross section comes from the
interference between the two diagrams infig.15. The result will turn out to be of the form
da

la

(du\ \
=

a

o

I-Q2\

1

<201)

(in) ' o _* --//*(9 )togM r + -

ail
\a\l/o \
ir
\ ur j
Here we have been obliged to introduce a "photon mass" parameter (j, by the substitution -^ —> T T ^
the photon propagator. Clearly this expression behaves in a singular unacceptable way when /j, —>• 0.
This illustrates the problem of obtaining bad answers to bad questions. The question involves cross
section for the scattering of an electron without any associated photon radiation. This is a physically
unreasonable question. There will necessarily be some very soft photon emission that the detector might
not be able to register and which would have to be included in a physically sensible counting rate. Thus
we also want to consider the production of a single photon according tofig.16. That will turn out to
solve the problem.

"small k"

Fig. 16: Lowest order (soft) bremsstrahlung radiation diagrams.

4.1

The classical radiation problem

It is very instructive to work out the classical radiation associated with a deflected charged point particle.
We consider the situation in fig. 17 where the particle experiences a sudden kick at t = 0, x = 0
resulting in a change in 4-momentum from p^ to p"*. Of course treating the momentum change as

Fig. 17: Diagram for the "classical" scattering of an electron off an external field. The "sudden kick" approximation is implied.
At the position of the arrow, t = 0, x = 0 an instantaneous momentum transfer of q11 = (p' — p) M is given to the electron.

instantaneous is unrealistic and would require infinite force. We shall meet some mild disease arising
from that approximation. It is immediately regulated by introducing a finite time interval At for the
4-momentum change. Quantum mechanically we expect At ~ l/|g|.
The classical calculation is extremely straight forward. The 4-current density is given by the
particle trajectory x^ = y^(r) (T = proper time)
j»(x) = e f dr^^-64(x>i
J

- i/"(r))

UT

where the 4-velocity in our case is given by

ff

r<0

ch~~\p"i/mr>0
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(202)

So
fix)

= e / dr—54(x - Z-r) + e / dr^-64(x - —r)
Jo
m
m
J-oo fn
m

(204)

with Fourier transform

f(k) = f d*xeikxf(x) = ie ( , ^
J

, - , ^

\k-p' + te

. )

(205)

k -p — itj

the ±ie's being introduced to provide convergence. We can find A^ix) or Ali(k) now. We impose the
Lorentz gauge d^A^ = 0 and find

( 2 0 6)

The photon propagator this time will not be regulated according to the Feynman prescription, but according to one which will impose boundary conditions reasonable for the classical problem at hand. We
shall want the so-called retarded propagator relevant when we want there to be no radiation prior to the
kick of the charged particle. This is achieved by shifting both poles at ko = ±\k\ into the lower half
plane. In that case we may close the ko -integration contour for t < 0 in the upper half plane without any
contribution from these poles. There are also the poles at

Kp

= K • p T 16

(Z\) I)

For t < 0 we thus close in the upper half k° plane and get the contribution from the last of those poles
(in the p = 0 frame)
r

VT*J*S4^

(208)

which is just the Coulomb potential from the charged particle at rest for t < 0 (exercise: show that).
We neglect that (and the similar term from the final particle) since we are only interested in the resulting
radiation. For the radiation part we get

k-p? k - p

/

E(k) = -ikA°{k) + ik°A(k)
B{k) =ikx A(k) = kx E(k)
Energy = \ J d3x(\E\2 + \B\2) = \ j j~^E{k)
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• E*(k)

(209)

Transversality k • E(k) = 0 implies that we may choose two polarization vectors for the radiation,
ei±k, e2±k, ei±e2, |e^j = 1 such that E(k) = ?i(k)(ei • E) + e*2(£)(e*2 • E). Hence
p
k • p'

Energy =
Now

p ^
k •p

2

(210)

2

E e\(k)e{(k)

= <JV = <5U —

fc1^

(211)

In a frame where A;^ = (A;0,0,0, A;0) we may take
e? = (0,1,0,0)
6^ = (0,0,1,0)
4 = (0,0,0,1)
eft = (1,0,0,0)

(212)

Since
=
, , — T~^
0
\k-p' k - p l
the contribution from the unphysical photons with polarizations e^, eg satisfies

^

(213)

so that we may use
A=0

and (introducing k^ by k^ = k^k^)
3
f dd?k
k e22 (
Energy - J ^ 3 g

2pp'

m2
(A . p , )) 2

m2

f

(2TT) 3 7 O

{V V)

'

=

/• d% /
2(1-iT-^)
[( - k • v)(l - k • v")
J ~4^~ [(1

m2/E2
_
1 2
(1-k-v )

2
m /E

{l-k-v)2

where we use a frame such that
p? = EilM"

= E(l,if)

We see that the bremsstrahlung radiation predominately is emitted along the directions of the incoming or
the outgoing charged particle. Namely, the first term in the integrand for I(v, v1) is nearly singular when
k « v or A; « if . In fact, denoting the angle between k and v (and similarly for if) by 0, the angular
integration defining I(v, if) is an integration over d cos 6 which is nearly log-behaved. The divergent log
is cut off at 0 = 0 or cos 9 = 1 at one end, and at something like k • v « v • if at the other end (the
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details are not important in leading log approximation). This gives the approximate leading log estimate
ff)
_ ^

I{v v) lo

.

(1-v-iT)2

> ~ *-(r^WT
" 21°g

.

= log

(E2-p-j?)2

^

The k° integral for the energy diverges at the upper end since /(#, i?) is completely independent of k°.
As we have anticipated this is to be expected from the instantaneous kick approximation. We repair it by
integrating up to some kmax ~ \/—q2 only.
Energy = - / """ dk°I{v, v1) ~ — kmax log ( ^ \ )
TT Jo
n
\mz J
Although this calculation is classical, we may use it to derive the photon multiplicity spectrum:

^^-p(^}

(218)

(219)

•K fcU

which diverges at k° —> 0, but as already emphasized that is no worry at all. There are just lots and lots
of extremely soft photons, building an essentially classical field.
This finishes the classical calculation.
4.2

Single photon emission

Now let us compare the classical calculation with a quantum calculation of bremsstrahlung to lowest
order in a where only a single emitted photon is involved. We shall find an unacceptable diverging
probability which however, will be capable of canceling a similar trouble in the radiative correction to
the zero photon emission problem, eq.(201) to be worked out in the next subsection.
The relevant Feynman diagrams are shown in fig. 18 with the result
iTfi = u(p') \-ie

(p — k)2 — m2
•ip)

(220)

We shall use the calculation only for soft photons so we put A^ip' —p + k) ~ A^q) and we ignore
k

q=p-p

Fig. 18: Feynman diagrams with momentum labelling for lowest order bremsstrahlung.

ft in the numerators. Then we may work out

{p1- fi + m) fu(p) ~ (p' + m) fu(p)
= **(- $ + m)u{p) + 2p-e*u{p)
= 0 + 2p • e*u(p)
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(221)

(using {7/*,7i>} = 2 v , ) , and
iTfi = {u(p')(-ie4a(q))u(p)}

\ie

d3k

da{p -> p' + 7) = daQ{p

p•
p • A;

(2TT) 3 2A: 0

p' • k

(222)

Here d<7o(p —> p') is the lowest order cross section for electron scattering without photon emission.
The last factor describes the probability for photon emission. This result may be compared with the
classical expression for the energy, eq.(210). In fact the two expressions agree when the above quantum
probability is multiplied by k° to give the energy. However, dividing the classical energy by A;0 gave
an acceptable divergent photon multiplicity, whereas in the present case it gives an unacceptable divergent single photon emission probability. When the full probability is to be calculated, we regulate the
divergent integral over k° both at the upper and at the lower end:

dk°

i.

f\i\dk

/

f q \

i ]

, )^
(223

The upper limit is a phase space effect here, not an approximation. At the lower end we have introduced
a "photon mass" /j, in order to get a finite integral. The probability is unacceptably divergent in the limit
/i —> 0. That difficulty will have to be solved. Doing the integral gives
do(p -> p' + 7) = dao(p -> p ' ) ^ log f - \ J I(v, v1)

~ dao(p —> p')— log j —g" I log I —2" J

(224)

for log(—q2) -¥ 00, showing the so-called Sudakov double logarithm.
4.3

The vertex correction

We now start on the somewhat harder work of understanding the order a vertex correction alluded to in
eq.(201). We wrote in general to any order eq.(200)
iTfi(2n)6(p'o - p 0 ) = u(P')(-ier^p,p'))u(p)A"cl(q)

(225)

where we know that

STpfap') = O{a)

(226)

The form of this 4 x 4 matrix is constrained by Lorentz invariance and current conservation: g T ^ (p, p') —
0. Namely, in order to transform as a 4-vector we must have
2

(227)

and current conservation is automatically satisfied for the first two terms but violated for the last, so
C(q2) = 0. Also there is the Gordon identity
- (p* + p ) "

42

(228)

where o»v = \[Y,1V]- This is proven by using u{p') p1' = mu(p') etc. and Y fi = - fi'j11 + 2p^
from the commutation relations {7^,7"} = 2r)fiU. It is then costumary to write the vertex T^ip,^) in
terms of the two so-called electron form factors
(229)
To lowest order
Fj (0) = 1, F 2 (0) = 0

(230)

Also, the normalization of the electron electric charge is defined by the condition
Fi(0) = 1
JF2(0)

(231)

is related to the electron magnetic moment F2(0) = \{g - 2) (see exercise, sect. 4.3.3).

4.3.1 The 1 loop evaluation of the vertex correction
With the notation provided byfig.19 we obtain (in the Feynman gauge)
a

K

—i l\t

\£il f

{k-pf

HA ' "*/

i/\

•

TU\D It—ICY
;
(9TT^

\A ' " * / i

a

•

p\

i l\

1—n
'Y —^
^
1—tCV )UW I
;
t'2_rn2j-«
t2_m2 i , • /
J ) \y I
/C

— //I T^ t t

"*

lit

T^ i t

+ ie
d4k

16 U{P>)

\J (2TT)4' ()fc'2 - m2 + jc)(/fe2 - m2 + ie)((k - p ) 2 + ie)

x 71/(/i</ + m)7' i (^ + m)7 I/ }tj(p)

(232)

This integral is log divergent and we must carry out a (dimensional) regularization, even though in fact
p-k

Fig. 19: Momentum labelling in the 1-loop vertex correction Feynman diagram.

the infra red problems we attempt to study will be associated with a (ultra violet) finite part of the integral.
We cannot use directly our master formula for 1 loop integration eq.(165) until we have (i) introduced
Feynman parameters and (ii) carried out a shift in the momentum integration.
In lecture 3 we met the Feynman parameter trick in the case of two propagators. Here we have
three propagators. We therefore use the following:
DiD2D3
D = xDi + yD2 + zD3
D1 = k2-m2+

ie; D2 = k'2 -m2 + ie; £>3 = {k -p)2 + ie

(233)

Proof: We do the general case in fact and write
-1

poo

=/
v...Dn

"ft

TT d&

Jo f^
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HnDn)

(234)

Put £j = txi, t = J2i &•> J2i X{ = 1. Do the integral over t, using

T{n) - I dtP^e'1
Jo

= (n - 1)!

to obtain
l

U\...Dn

r1 JL
^
— / TT dr b(S^ r- - 1)

Jo f-1-

—

in-IV
-

C2351

^-r"

This proves eq.(233).
Working out D of that equation we find that it has a linear term in the loop momentum k. We get
rid of that by the shift k* = P — (yg — ^p)^ resulting in
D = I2 - A + ie
A = - z y g 2 + (1 - zfrr?

(236)

We would now be able to do the loop integral

f ddl

1
d

J {2ir) (/2 - A + ie)3
(after Wick rotation) using our master formula eq.(165). But unfortunately we have a complicated numerator to worry about:
Numerator = ju[(}i+ 4) + m]^[ ft + m] 7 l ,
(237)
The reduction of that is the most boring part of the calculation. Clearly we are going to have terms (i)
quadratic in I, (ii) linear in 1 - those vanish by symmetry under l^ -» — P , and (Hi) terms independent of
J.
The quadratic term in I is the easiest to deal with, but in fact will not contribute to the infrared
problem we have in mind. Nevertheless for completeness we also treat that. Writing
i

In

liv

— 7 7 7 7 7i/'a'/3

(2JO)

We see that we must understand how to do the integral
d
l II
f dfUlj

This integral is a 2nd rank Lorentz tensor and in fact completely invariant under Lorentz transformations.
Hence it must be proportional to r}ap. Contracting with r)aP the coefficient is easily found:

f ddl lal0

J j2nrW

=

1

f ddl I2

d^J J2^D

(239)

and that integral we can do by our rules for dimensional regularization. In addition we must generalize
the gamma matrix algebra, in particular we use
7

« 7 X 7 Q = (2 - d)^

(240)

which is easily seen to hold for d any integer (use commutation relations and rj% = d). It is a definition
for d non integer. The integral is then worked out to be
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We expand that for small e in the by now familiar way. There is a pole term in 1/e which we subtract
by a counter term in the lagrangian, leaving a log A(q2, x, y, z), but due to the condition F\ (0) = 1, we
further subtract a finite contribution and end up with
iOg

A(q2,x,y,z)
A(0, x,y,z)

We then go to the terms independent of I. They are easily identified, but we want to reduce
the numerator gamma algebra so as to identify contributions to F\ and F2 according to eq.(229). This
requires a lot of boring gamma matrix algebra. One uses again and again

= mu(p)
x + y+z = 1

(241)

Also one uses eq.(228) and the fact that we know that eventually (i.e. after integration over Feynman
parameters) terms of the form p'^ — p^ cannot contribue, so that we may replace p'^ -» ^(p1^ + pM) etc.
The result of a long calculation is

u{p')Y[ 4il - y) + z i> + m]7^[ - y 4 + z p1 + m]-fvu{p)
= -2n(p')[7"((l -x)(ly)q2 + (1 - 4z + z2)m2)
!£p

- z)]u{p)

(242)

The loop integral is convergent, but it is still convenient to use the master formula eq.(165). The result
of combining everything is
F\ [q2) = 1 + ^ f dxdydz5{x + y + z - 1)

= — / dxdydz5(x + y + z — 1)—^^
g—
(243)
2TT JO
mz{l — z)1 — q xy
Now we can see that the Feynman parameter integral for F\ is (infra red) divergent. In fact in the corner
z ?« 1, x « 0 s; y we may estimate

/ ~2m2

— f1d d d M
2n Jo
a rl
fl~z
a2
= - / dz
dx-jj?
n Jo

Jo

+ q2

~2r"2 1

1 ?n 2 (l — z)2 m 2 ( l — z)2 j
a2 a f1
1
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m -n Jo

(244)

\ —z

which is log divergent. The problem may be regulated by a "photon mass"
1
1
{p-k)2 "*" {p-k)2+fj,2
(after Wick rotation) so that this regularization adds z^2 to D. This modifies the expression for F\ a
little. The infra red singular part now becomes (same corner z « l , x « 0 « y , slightly better estimate)

"* , f

- 2 m 2 + a2
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-2m2

1

Evaluate by putting x = (1 - z)£, w = (1 - z) and go to the w2 variable. Then in the limit fj, -> 0 (so
that we only do leading log (j?)

/V

( Z £ ^)

£

0)

~ log [ ^ \ J for - g2 -> oo

(246)

It is possible to verify (ref. [5] p.206) that
I(v,v') = 2fIR(q2)

(247)

with / defined in eq.(216):

r dnk_j_
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7 4TT (k
(jfe.•pp)
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I rii
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p
m
For the first term in the definition of 7 in eq.(216) we use the Feynman parameter trick for two factors in
the denominator eq.(175)
f d£l:

fl

2pp'

y 4TT rfcn'Vte)
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f d£l?
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2pp'

(249)

4TT

and then do the integral over solid angle as above. Then eq.(247) is easy to verify.
If for simplicity we concentrate on the leading log limit where — q2 3> m2, then

da

,

da

(250)

where we worked out the interference between the lowest order diagram and the vertex correction diagram to the scattering of a single electron without bremsstrahlung. The result is evidently infrared
singular for fi —t 0.
4.3.2

Resolution of the infrared problem

For the bremsstrahlung process we found in the same limit eq.(224)

da(p -+ p' + 7 ) = daQ(p -> p')^ log (^-j

log ^

J

(251)

Of course the sum of the two is independent of /i 2 . But we should not really consider the sum. Rather
we should make an appropriate sum depending on the energy resolution of the photon detector used in
the experiment. When measuring the cross section for scattering of the electron without an associated
bremsstrahlung photon, in reality we only measure the inclusive cross section for the situation where
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possible bremsstrahlung photons have an energy lower than some Emax,
Hence we should work out
da(p-+p' + r,Emax)=da0(p->p')— /

the cut off of the detector.

-j^I&if)

(252)

with
(^~\

(253)

in the leading log approximation. Now adding the relevant contributions we obtain (leading log)
da(p ->• p'\ measured) = dao(p -> p')[l

log -^— 1 log — j ) ]

(254)

This is acceptably independent of /j,2, it is infrared finite. That fact works also outside the leading log
approximation due to the identity eq.(247).
We have solved the problem we set out to solve completely to first order in a. The solution is
still not totally satisfactory from a physical point of view, perhaps. When Emax is very small (for a very
good detector), the order a correction term becomes large, so we should go to higher orders in a. Indeed
from the classical calculation we expect that there will always be infinitely many soft photons emitted,
corresponding to arbitrarily high orders in a. It is of course not possible to carry out a complete treatment
to any order in a, but it is possible to do so in the approximation of large logarithms

The result is that the corrections exponentiate, resulting in the so called Sudakov form factor

(255)

This vanishes in the limit Emax -> 0. That is a physically sensible result: The probability that there
be absolutely no associated photon emission in a scattering process for a charged particle, is zero. The
leading log calculation involves considering all possible diagrams of the form indicated infig.20.

Fig. 20: Generic Feynman diagram contributing to the leading log approximation resulting among other things in the Sudakov
form factor.
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4.3.3

Exercise: The electron anomalous moment

To lowest order the electron has a magnetic moment
(256)
with a g factor of 2, the famous Dirac result. QED corrects that result. Huge calculations going to 3'd
order in a has provided a result in spectacular agreement with the equally impressive experimental result
of
-{g - 2) = 0.001159652193(10)
(257)
From eq.(243) we may already derive the very interesting first correction to first order in a. We just need
to understand why g = 2(JF\(0) + F 2 (0).
The matrix element

iT = -ieu{p'

(258)

we may regard as the Born approximation to the energy described by an effective hamiltonian. Using the
explicit realization eq.(49) of the gamma matrices and of the spinor solutions

Xs

(259)

we find for small q

]

iTfi = -i{2m)eX]

[-^

(260)

with magnetic field

Bk(q) = -iJftJA'

(261)

We compare that with the magnetic energy

-pi-B
using S = \S, and read off
(262)
It is now quite trivial to do the integral over Feynman parameters in eq.(243) with the result

F2(0) = £- + O(a2) = 0.0011614 + O{a)
2?r

(263)

which is already in impressive agreement wit experiment (it was first derived by Schwinger and by
Feynman).
5

LECTURE 5. HOW COUPLING CONSTANTS RUN

In lecture 3 we saw how it came about that (f>A theory developed a running coupling constant (1 loop)

48

In this lecture we would like to understand in some detail why the corresponding expression in QCD
(generalized to Nc number of colours) has the form (1 loop)

g

-*r

= aQCD{q2) = +

(nNc-2Nf)lgiqyAi)

(265)

Here Nf is the number of "open" quark flavours, meaning the number for which the quark masses are
much less than \fq*. We wish to understand the all important change of sign between </>4 and QCD,
the latter being asymptotically free: when q2 —>• +00 the log in the denominator becomes positive and
very large and the (positive) strong fine structure constant goes to zero. Further, what is the origin of the
numbers +11 and - 2 in front of Nc and JV/? Also, if we generalize QCD to SUSY QCD, then
>• 9NC
-2Nf

-> -3JV)

(266)

How does that come about? And indeed, will it be possible to develop some sort of physical picture for
all that?
In lecture 3 we obtained the result by studying Feynman 1-loop diagrams. The same procedure will
be possible here and probably represents the technically safest way of doing the calculation. However,
that way leads to a very large amount of rather boring calculations, and also one does not gain much
physical intuition from it. Instead we shall use a different method. We shall calculate what amounts to
the so-called effective potential in a certain classical background of constant colour magnetic field. Such
calculations also provide the result with much less effort, and they give a certain amount of idea as to
the physical mechanism. In this lecture we shall follow the treatment of N.K. Nielsen [9]. It is precisely
designed to provide a pedagogical presentation while sacrificing only a little in technical precision. In
addition it provides an interesting unifying formula for various contributions to the way the coupling
constant runs.
5.1

The idea and the result

The running of the coupling constant is associated with the occurence in a quantum field theory of a scale
dependent polarizability of the vacuum. Vacuum fluctuations associated with the zero point motion of
the infinitely many harmonic oscillators, will give rise to pair creation of quanta that will tend to screen
or antiscreen the measured colour charge of a test quark. Thus, for close separation between two test
quarks of colour charges q\, 92 where forces are approximately coulombian, the potential between them
has the form
V(r) = j ^ (267)
where e(r) is a dielectric "constant" that will turn out to be dependent on distance, or in Fourier space,
on momentum (squared). It is the "running" of e we would want to understand. It provides for a "running

charge" of q\{r) ~ q\/e{r).
However, rather than subjecting the vacuum to an electric field it will turn out to be more convenient to test the vacuum with a constant colour magnetic field. That way we may learn about the magnetic
permeability of the vacuum, /J, and since the vacuum is Lorentz invariant, we know that (Maxwell taught
us that)
fie = c2 = 1
(268)
Thus we have

screening :
e > 1, /i < 1 QED, <f>A
antiscreening: e < 1, /i > 1 QCD, asymptotic freedom
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We may learn about the permeability by studying the shift in energy due to the presence of the magnetic
field. In fact the energy density is
Energy density = — -Anx{H)H2
H = 1 + 4TTX

(270)

Here x is the magnetic susceptibility which we anticipate will be scale dependent like everything else,
and the only scale in the problem here will be the magnetic field itself, H.
In fact let us make a short cut in the discussion. The polarizability implies that in fact the effective
measured field also "runs". However, the combination

does not run! It is a renormalization group invariant. We shall not prove this fact, but it is very plausible
that this should be so. Remember that we introduced the gauge covariant derivative 1)^ = 5^ + A^ in
lecture 2, and that
The statement is that A^ does not run. Only the individual factors g and A^ do. Of course d^ cannot
run, so the gauge invariance would become a mess if A^ started to run.
Accepting that gH is a non-running renormalization group invariant quantity, we may write for
the well known energy

Energy _ \vH> - \ v $ L

(271,

Here V is the volume of the system. We see that if we can evaluate the energy in the presence of a colour
magnetic field, including the effect of quantum fluctuations (to some approximation), then we can read
off the running coupling constant from the result at the scale which is gH. Thus for QCD we shall find
EQCD=lv(nNcJI2^

2

48TT

JgHi
2

g

A2

12TT

4*

(UNc -

^

which of course is just the result we would like to understand. Notice that gH has the same dimension
as a q2.
In actual fact we shall be able to do somewhat better than that. We shall establish a master formula,
which will describe the contribution of various kinds of quanta to the effect of the quantum fluctuations.
Namely we shall consider 3 kinds of massless quanta of spin s and with helicity S3 = ±s for s ^ O . We
shall consider scalars of spin 0, fermions of spin \ and gauge bosons of spin 1. The contribution of a
pair of particle-antiparticle-quanta will contribute the following

Here ±q denotes the strength by which the quanta in question couple to the background field H in units
of g. We notice the following:
• When spin is presents it plays a dominant role - via a magnetic moment coupling. Paramagnetism
is dominating over diamagnetism.
• There is a crucial difference in sign for bosons and fermions (—)2s.
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• There is fixed diamagnetic contribution independent of spin. It has the opposite sign to the paramagnetic contribution.
It is instructive to work out the numerical factors for the 3 kinds of quanta:
— 7k scalars
(

)

Zw

o

OA I

*

- | fermions

(274)

*3

11

gauge bosons

We shall also need the sum over a multiplet (R) of SU(Nc) of q2, the various strengths by which
quanta-antiquanta pairs couple to the background. It will turn out to be the case that
J2
q2 = r(R) • C2(R)
multiplet(«)

(275)

where C2{R) is the quadratic Casimir of the representation R (in a suitable normalization) and r(R) is
\ for real representations and 1 for complex representations. We shall just show for SU(Nc) that

{

\

fundamental rep.
(276)

^rp adjoint rep.

It is now immediate to see that all that reproduces the QCD result eq.(265). Also it is interesting to
see how things are modified in the case of supersymmetry. Thus the effect of adding gluinos (spin ^
fermions) to gluons is to carry out the replacement
lltfc,

/ll

l\iVc_9iVc

1~2~2

I ~12 ~~ fi/ ~2~ ~

2~2~

Similarly, adding squarks has the effect
9 \ TV, = _iVy-

(27g)

Both of these fit the claim in eq.(266). Notice that according to supersymmetry, the SUSY partners have
the same number of degrees of freedom as the original ones. Thus 2 gluon-helicities correspond to 2
gluino helicities, characteristic of so-called Majorana fermions. However, as emphasized we shall use a
counting with quanta and anti-quanta taken together. Thus we shall count gluons two at a time, rather
like the W~*~ and W~ particle-antiparticle gauge bosons. Therefore it is correct, as done here, to use
the contribution strictly worked out for Dirac fermions. Similarly since quarks have 2 spin states, SUSY
needs 2 squarks (in addition to the anti-squarks), thus the factor of 2 on scalars above. Notice also that
the master formula, powerful as it is, is not immediately applicable to the electroweak case, since there
one uses chiral fermions, whereas the derivation we shall give below is based on Dirac-fermions.
Thus the master formula is capable of giving us a physical picture of how the various quanta
contribute to the polarizability of the vacuum-medium. The rest of the lecture is devoted to deriving the
master formula, eq.(273) together with eq.(276).
5.2

The contribution of massless scalars

Scalars will provide a contribution independent of spin, which we shall find again in the following two
subsections about fermions and gauge bosons.
51

We consider a particle-antiparticle pair of scalars. Before an external magnetic field is imposed,
they are described by "harmonic oscillators" of creation and annihilation operators as explained in lecture
2:
The energy spectrum of these 2 harmonic oscillators is very well known
E+, = u>An + \) = E~,
n,k

fcv

2

(280)

n k

>

where E^ refer to the particle and the anti particle, n is the occupation number, and for massless fields
(which are the only ones we shall consider)
W£ = \k\

(281)

obtained as the positive energy solution of the massless Klein-Gordon equation

Ji - k2 = 0
Thus we see that the theory provides for the hugely divergent vacuum energy of

vacuum energy = £ ) ( -u>£ + -u%) = ^ Zwfc
k

(282)

k

The Klein-Gordon equation
dpdP<t> = 0

-A4> = -d?(f> = E2<f>

(283)

is modified in the presence of a magnetic field by
(284)
where g is the gauge coupling constant, and ±q is the strength in units of g by which the two quanta
couple to the background A^. We introduce the notation
gq = e

(285)

We may take
Af, = (0,0, xiH, 0) =• diA2 = F12=H

(286)

describing a magnetic field along the z axis. Also in this gauge d^A^ = 0. So now we merely have to
extract d2 from the equation of motion
= 0
The result is that the new energy is determined by the eigenvalue equation
(A - e2H2x\

- 2iex! d2)<t> = -E2<j)

(287)

Physically this equation describes levels analogous to the Landau levels in a non relativistic situation.
We find the spectrum by introducing the following ansatz for the eigenfunctions

4>(x) = e^+^Unixi
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- ^)

(288)

This brings the eigenvalue equation to the form
{d2x - e2H2x2)<f>nM(x)

= -{E2nM
X = X\ —

k2)4>nM{x)

-

(289)

eH

This equation is nothing else that the non relativistic Schrodinger equation for a harmonic oscillator.
Thus we find the spectrum immediately
1,

(290)

2'

We see the translational motion along the 3 axis, and the spiralling motion of the quanta manifested in
the harmonic oscillator levels. We have to remember that we have been dealing with a shifted harmonic
oscillator, the shift being given by
(291)
Thus, for each n, &2, £3 there is a zero mode we have to include in the total vacuum energy
(292)

22uac(scalars) =

We shall have to come back to understanding how to make sense out of that sum. Notice in particular,
that the spectrum does not depend explicitly on &2 after we have performed the shift eq.(291). The details
here depend on the gauge choice we have made.
5.3

Massless Dirac field

Consider "quarks" in the fundamental representation of SU(Nc). The set of generators are represented
by Nc x Nc matrices {Ta}, a = 1,2,..., NQ — 1 and normalized as

Tr(TaTb)

= -5ab

(293)

Let us fist concentrate on the NQ — 1 commuting diagonal matrices. We can satisfy the normalization
eq.(293) when we use the set
\

/I

/I

\

-1
-2

/I

T =

y/2Nc(Nc

-

-(Nc-l)J

\

We shall not need the non-diagonals for now. We decide to take the gauge field along the direction of T,
our short hand name for the last diagonal matrix, in algebra space. Thus we take the background gauge
field to be
(294)

53

with An just as before for scalars eq.(286). Thus we see that the Nc different quarks couple with
strengths or colour charges
qg=—j=®

{1,1,...,1, -(Nc

- 1)}

(295)

so that obviously
= j

< 296 >

fundamental multiplet
as promised in eq.(276).
In the present fermionic case we have two sets of fermionic creation and annihilation operators
for the quark and the antiquark. The crucial difference this time is that the vacuum zero point energy is
negative for fermions. The easiest way to understand this is to think in terms of Dirac's picture of what a
vacuum is: for a pair of fermionic oscillators it is the state where the negative energy solution is occupied
and the positive energy solution is not. The result is that when we sum over the energy spectrum to obtain
the contribution to the vacuum energy, we must have an extra minus sign in front.
We now work out the spectrum taking into account the background gauge field. The Dirac equation
in the presence of the background is T^ip — 0. From that we derive the equations

= 0 or

= 0

(297)

The last term is exactly what we met in the scalar case and we know the spectrum for that. The first term
is the magnetic moment coupling. For the background chosen we only get terms for (/i, v) = (1,2) or
(2,1), and the gamma matrix commutator then involves 2az, so that altogether we obtain from that term
-2eHs3
and the eigenvalue equation
(A - e2H2x\

- 2ieHxid2 + 2eHsz)4> = 0

(298)

Based on the scalar result we may now immediately write down the spectrum
E

lMM,sz

= *3 +

2eH

(" + \) +

2effs

3

(299)

Here S3 = ±\. As we shall see in the next subsection, we obtain exactly the same formula for gauge
bosons, only there S3 = ± 1 .
5.4

The contribution from gauge bosons

When we consider the effect of quantum fluctuation of the gauge field itself, we must distinguish between
the background part A\i and the fluctuating quantum part A$ of the gauge field. Correspondingly we
write

f
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{ )

(300)

The equations of motion for a non-Abelian gauge field may be derived from lecture 2 and are (exercise)
— o meaning

=o

(301)

where as before
whereas
(302)

sum over a implied. We see from the equation of motion that if [T, Ta] = 0 then the quantum fluctuation
labelled a will be neutral with respect to the background, and will not contribute to the shift in vacuum
energy due to the background. This in particular will be true for all those T a ' s that are diagonal. For the
non diagonal ones we may choose matrices that generalize the two non-diagonal Pauli matrices
(303)

except we put the l's and ±i's at arbitrary positions (i,j) and {j,i). However, just as for SU(2) it is
often more convenient to work with a different (complexified) basis in which we take linear combinations
of those two, so that our general basis of non-diagonals consists simply of matrices with O's everywhere
except for a 1 at (row.column) = (i,j) (i ^ j). In general these matrices too will commute with the
matrix Teq.(294). The only exceptions are i = Nc or j = Nc, for which we have Nc — 1 of each. We
denote those
with a = 1,2,..., Nc corresponding to
/ 0 0 0

•••

1\

0 0 0 ••• 0

/ 0 0 0 ••• 0 \
0 0 0 - 1

/ 0 0 0 ••
0 0

0 •••

(304)

0 0 0 ••• 0
0 0 0 ••• 0 /

0 00
000

0

0 00 ••
0 00 • o

and with T~a = (T a )t. It is easy to work out that

[T,Ta} =

Nc
:T°
2(NC -

(305)

showing that these Nc — 1 gauge bosons have charge q = •Jw^^Tj w ' i m ^ P 6 0 1 1 0 the background.
Similarly the anti gauge bosons corresponding to the T~°"s have the opposite charge. Hence we find
Nc
'2(NC-

adjoint

(306)

Here the factor 2 comes because the sum over the full multiplet involves both the T a ' s and the T~°"s.
However, these represent gluons and antigluons, and in our notation we should only count the pair as
one. Hence we obtain the result

as promised in eq.(276).
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We may now write for small quantum fluctuations
a

Z

a

) + .-

(307)

where the dots represent terms commuting with the background, and where
_ ff>An
v
a

+

O((Aa)2)

- duA»a - ie{A»Ava -

A"A*)

^ T )

(308)

WAft + [A®, A{q)"] = 0

(309)

We now impose the background gauge condition

One then finds after a few lines of algebra that the equations of motion become
{{82 - A) + 2ieXlHd2 + e2H2x2}A* - 2ieF^A% = 0

(310)

The first piece we recognize from the scalar problem. The last piece is the (colour) magnetic moment
coupling. It is not quite an eigenvalue equation, but we make it into one by considering the combinations
A? ± iA%
Then the spin part gets exactly the same form as in the Dirac case with 53 = ±1 as promised.
There is a technical point to worry about. How about the 2 degrees of freedom without any
magnetic moment coupling? The correct treatment of these would be in terms of the Fadeev-Popov
ghost contribution and by showing that in the present case, with the precise background gauge condition
we have imposed, these ghost contributions cancel the extra gauge boson contributions. We shall not do
that here, however, but merely go on with the contribution from the two "physical" gauge bosons with
the two physical polarization states.
5.5

The vacuum energy

We have seen that a formal expression for the vacuum energy in all cases may be written
+ ^ + s3)}12

(311)

We shall now try to make sense of this rather badly diverging expression. In particular we shall want to
understand the H-dependence, not worrying too much about the infinite vacuum energy in the absence
of a background. We shall be looking for a behaviour of the form
(gH)2\og(gH/h.2)
with A a cut-off. That cut-off will be converted to the finite QCD scale AQCD as a result of renormalization, more or less along the lines of lecture 3. But that part we shall not pursue. We shall be satisfied with
finding the gH dependence and with working out in particular the numerical coefficient corresponding
to eq.(273).
Let us first consider the sum over ^2,^3. There is a trivial divergence coming from the infinite size
of the world. We regulate the problem by introducing a quantization volume V = L3. The number of
quantum states with momentum in the interval A A; is then ^Ak in each dimension. There is a seeming
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mystery since we have no k% dependence. However, remembering that we were obliged to shift the
position of the harmonic oscillator by the amount fo/eff eq.(291), we see that we should demand

£

(312)

££

Thus
( 3 1 3 )

IK-

—

and
Eyac

=

(—) 17.—\oeH /

I dk3\k3

+ 2eH(n + — + S3J12

(314)

The sum over n and the integral over k$ we now regulate by an energy cut-off
E2 < A 2
Then

A2
1
0 < n < ——
—— = n A ; k\ < A 2 - 2eH(n + - + s3) = kA ~ A 2
Zen.
Zen.
I
Consider doing the sum over n. The first idea would consist in replacing the sum by an integral

But then a shift of variable n —>• eHn shows that the result of this approximation would be completely
independent of if! In other words, that approximation will precisely give us the vacuum energy in the
absence of a background field. So, we are exactly interested in the corrections to replacing the sum by
an integral. This correction is provided by a simple rule due to Euler:
"•2-1

1

pri2

E /(«+«)=/

1

/(*)<** - W-J'^Tnl + -

(315)

Proof:

x) =

{f{n+ ]

I\ \

-) + - / » ( n + -)

/-n+1

1

n2

I

1

I '
Til

Here the last sum may be replaced by the integral since it is already a correction. This proves eq.(315).
The usefulness of Euler's rule depends on / ( n ) being sufficiently smooth that higher order terms may be
neglected.
We may now write for the interesting (H-dependent) part of the vacuum energy
T^A

Evac = (-)

1

2-j\Z^ / ( n + 2~
S3 Ln=0

Z

v
r
fix) = —.-AeH)2- /
A l
~
Jo

kA

S3

>~

rn A
Jo

o
1
dk3[kj + 2eHx]2
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1

dnf(n + - - s3)

1
J
(317)

For technical reasons we want to split the sum
n\

N

0

0

N

with an N large enough that we may use Euler's summation formula on the last part. The final result of
course must be independent of N. Thus

Evac = (~)2s £ £ \f(n +h- s3/'(n + 1) + |/"(n +\) + J + *(eH, N)
«3 n=N L

(318)

J

Here $(ei?, N) will be independent of A and therefore (for dimensional reasons) proportional to {eH)2
without any log contribution. In other words $ will be a non-leading-log contribution which we may
ignore. The term linear in S3 will vanish upon sum over S3. The sum over / " terms may be replaced by
an integral and converts to an / ' term at the limits, just like the correction term in the Euler formula.
To work out / ' we use the definition eq.(317) and find

2eHx

A2
2eHxjn

2ellN

(319)

Here we may ignore the N in the argument of the logarithm to leading log order. Putting the pieces
together, we exactly reproduce the master formula eq.(273).
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BASIC IDEAS OF THE STANDARD MODEL
V.I. ZAKHAROV
Randall Laboratory of Physics
University of Michigan, Ann Arbor, Michigan 48109, USA
Abstract
This is a series of four lectures on the Standard Model. The role of conserved
currents is emphasized. Both degeneracy of states and the Goldstone mode are
discussed as realization of current conservation. Remarks on strongly interacting Higgs fields are included. No originality is intended and no references are
given for this reason. These lectures can serve only as a material supplemental
to standard textbooks.
PRELIMINARIES
Standard Model (SM) of electroweak interactions describes, as is well known, a huge amount of experimental data. Comparison with experiment is not, however, the aspect of the SM which is emphasized in
present lectures. Rather we treat SM as a field theory and concentrate on basic ideas underlying this field
theory.
Th Standard Model describes interactions of fields of various spins and includes spin-1, spin-1/2
and spin-0 particles. Spin-1 particles are observed as gauge bosons of electroweak interactions. Spin-1/2
particles are represented by quarks and leptons. And spin-0, or Higgs particles have not yet been observed
although, as we shall discuss later, we can say that scalar particles are in fact longitudinal components of
the vector bosons.
Interaction of the vector bosons can be consistently described only if it is highly symmetrical, or
universal. Moreover, from experiment we know that the corresponding couplings are weak and can be
treated perturbatively. Interaction of spin-1/2 and spin-0 particles are fixed by theory to a much lesser degree and bring in many parameters of the SM. Moreover, at present it is not known whether self-interaction
of the Higgses is weak or strong and we should reserve for both possibilities.
Standard model is too extended a subject to be covered in a series of four lectures. The outline of
the lectures was shaped to a great extent by an internal message to lecturers at the present School which
in the part relevant to us reads:
Standard Model:
• 5(7(2) x 17(1) gauge theory but no QCD (!);
• Higgs mechanism and spontaneous symmetry breaking; Goldstone and equivalence theorems;
• electroweak radiative corrections, LEP physics, triple gauge boson coupling;
• brief introduction to CKM matrix but no detailed discussion of flavour physics and CP violation.
In the written version, the notes consist of three parts. First we consider general cosequences from
a current conservation. In Part 2 we review Lagrangian models where the general relations of Part 1 are
realized on concrete exmaples. There are also some model predictions. In Part 3 radiative corrections are
discussed briefly. Both general relations of Part 1 and specific predictions of Part 2 are utilized here.
After these preliminaries we proceed to a systematic presentation.
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1

PART I: CONSERVED CURRENTS

The outline of this part is as follows:
(a) Noether's theorem (symmetries vs. conserved currents)
(b) Conserved currents as sources of massless vector bosons
(c) Realizations of current conservation:
(i) Degeneracy of states, or minimal coupling
(ii) Goldstone mode
(iii) Higgs mode
1.1

Noether's Theorem

Noether's theorem states that to every continuous symmetry of a Lagrangian there corresponds a conserved current.
To prove the theorem consider a Lagrangian L(</?W, </r^/) and the corresponding action 5 :

S = j d^xL^ixW^x))

(1)

where (i) labels various fields (and will often be omitted in fact) while (ptfi denotes a derivative:

Moreover, we assume that there exists a symmetry transformation on the fields which leaves the
action invariant. We distinguish between two possible kinds of transformations. Namely, discrete (or
"large") such as
(3)

<p - > -ip

and continuous transformations when the change in the fields can be made infinitesimally small. As an
example of the second type, consider the Lagrangian which is just a kinetic term of a spinor particle,
Lkin = \ [*7M(0M*) + ( M b " * ]

(4)

Then there are two independent transformations which leave the Lagrangian (4) invariant:
i

i

(5)

where ei2 are two independent infinitesimally small parameters.
Turning back to the general consideration, we note that symmetry means that the action is not
changed:
5S = 0.
(6)
Let us evaluate, on the other hand, the change in the action directly:

5

^ + E $'$

SS = / d *x6L, SL =

™

where 5(p, 5<pitJ, are variations of the fields and their derivatives. Moreover, since the parameter of the
transformation e does not depend on x^ (i.e. we consider what is called global symmetry transformations)
(W

^

Applying chain rule we get then:
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(8)

Expressions in front of ipW are in fact the Lagrange equations of motion and therefore we have for the
variation of the action:

5S = f d^dJ-^6^)

=0

(10)

where 8S = 0 because of the assumption that we deal with a symmetry transformation.
Substitute

where e^ —> 0 and the index (a) labels independent transformations. Since e(a) does not depend on xM:
SS = e(a) / d x(dpj(a))

— 0.

(12)

Therefore

—-jfa = 0

(13)

.„
v ^ dL StpW
3{a) ~ z^,—TTT^—'

^ '

where

This is the Noether current.
Integrating (13) over d3x and assuming that there are no fields at spatial infinity:

we get conservation of charge:
JtQ{t)

(16)

where

Q(t) =

fjo(x,

(17)

So far we considered a classical field theory. It is important to emphasize that the construction
generalizes in fact to case of QFT (quantum field theory) as well. Let me outline the steps in this generalization. QFT is introduced in close analogy to the case of quantum mechanics (QM), see also lectures
on QFT at this School. In quantum mechanics we have the fundamental commutation relation:
[q,p] = tft

(18)

where (q, p) are canonically conjugated variables and the hat reminds that we dealing now with operators.
Time dependence of the operators is fixed in terms of commutators with the Hamiltonian H:

i - »•*]• i - MI-

<">

If there are a few degrees of freedom then
[4i,Pk] = ihtik-

(20)

Moreover, QFT deals with systems with infinite number of degrees of freedom which are fields at each
spatial point x:
q(t) -> <p(x,t), p(t) -» 7r(x,i) =

fly(xt)

while the fundamental commutation relation has the same form:
[0(x,t),*(x / > t)] = i M 3 ( x - x ' )
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(22)

Using these canonical commutation relations it is straightforward to prove that

§

= [Q,H] = 0,

(23)

[<9,<£w] = Q^<P{i)

(24)

which is conservation of charge. Also,

where ev is the charge of the field so that ev is an ordinary number (not an operator). The crucial point
of the derivation (24) is that the zeroth component of the current, jo(x> t) is constructed as a product of
the canonical momenta and coordinates:
,

.

dL

StpM

(t)

f

(25)

since variations of the fields y?W j s reexpandable in the fields themselves in the examples we considered.
1.2

Conserved Currents as Sources of Massless Vector Bosons

The importance of conserved currents is that they can be coupled to massless vector particles, as we will
demonstrate now.
Note first that conservation of a current,
d»f

= 0,

(26)

implies that the corresponding vertex in momentum space, T^(q) is transversal:
= 0

(27)

1

where q^ is the momentum carried in by the current and T * is the Fourier transform of the matrix elements
of the current:
(28)

/

where |1,2) are some states.
Let us now couple the current to a massless vector field:
SL = ejM M

(29)

where e is the (gauge) coupling and AM is the vector potential. Furthermore, consider S-matrix element
corresponding to an exchange of a vector particle:
5(1 + 1' _> 2 + 2') = e 2 r ^ 2 ( " ^ ) r ^ 2 ,

(30)

where the three factors describe emission, propagation and absorption of a massless vector particle, respectively, and poo = -511 = ~922 = -£33 = 1The expression (30) should be consistent with the fact that there exist only two independent polarization states for the vector particle (left- and right-handed polarized photons). This is not a trivial condition since to ensure Lorentz in variance of the matrix element (30) we had to use the g^ tensor where (fiv)
run from 0 to 3 and, al least superficially there are four degrees of freedom involved . Conservation of
the current is crucial at this point. In more detail, if a particle is absorbed far oof the point of ots emission
then
q2 « 0.
(31)
Or, choosing the third axis along the momentum of the photon,
% « <Z3,
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(32)

and the transversality condition (27) reads:
p(3)

p(0) <fo

=

This allows us to rewrite:

4)

« 0 at the pole.

(34)

Thus,
^ p
2 i l'->2'

p
l-»2 2

L

where F-1- includes only the transversal indices, 1 and 2.
Thus, we have proven that only transverse photons are emitted if photons are coupled to a conserved
current. It is worth emphasizing that any amount of violation of the transversality condition q^V11 = 0
would result in negative probabilities of emission of photons since the propagator ~ 9ixu/q2 contains
terms of both signs. To avoid the catastrophe we must couple photons to a strictly conserved current.
Then the unitarity is not violated.
1.3

Current Conservation: Minimal Coupling

Now, that we are convinced that massless vector bosons can interact only with conserved currents let us
discuss possible ways, or modes of realization of current conservation. We will try to do so by guessing
what kind of vertices can satisfy the transversality condition (27). First we consider the realization which
is well known from the example of electromagnetic current and which can be called degeneracy of states.
Consider first an example of a single complex scalar field. Then we can introduce the following
vertex for a transition between one-particle states:
r» = ( P « + P < ? V ( J ) V ( I )

06)

where p\t2 are four-momenta of the particles and y>(1>2) are the corresponding wave functions, solutions
of free equations of motion. Then we have:
gMr" = ( p W - p W . p W + p W ^ V 1 ) = ( m ^ 2 - m<2>2) < ^ 2 V 1 } - 0

(37)

where q^ = p\i — p\i and we used p\ = m\,p\ = m\. We see that (36) can be a matrix element of a
conserved current only if
m ^ = m<2>
(38)
and that is what we mean by degeneracy of states. Namely, there should be degeneracy of masses and only
diagonal transitions are allowed. In this particular case the degeneracy is between real and imaginary parts
of the complex field ip. Indeed, the most general realization of two (field) degrees of freedom is two real
scalar fields with different masses. A complex field unifies in this sense two fields with same mass.
A similar vertex can readily be constructed in case of spinors as well:

where 7M are Dirac matrices, v^1'2) are solutions to the Dirac equations, wave functions of the initial and
final particles. For the matrix element of the divergence of the current we get:
)

(

)

= 0

(40)

where we used the Dirac equation,
(>2> - m<2>) *<2> = 0 ; (pW - m' 1 ') * ( 1 ) = 0.
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(41)

The conclusion is same: the vertex (39) is allowed only if m^ =
For fermions we could consider an axial coupling as well:
r (5)

. Then the charge may not be zero.

=

(42)

Multiplying by q^ we immediately get:
= 0

(43)

which can be satisfied only if
(1)

(2)

= m
= 0.
(44)
m
In other words, the particles must be massless. For massive particles, the axial charge is to be zero.
This kind of interaction when only diagonal transitions are allowed on mass shell and the vertices
are determined by the magnitude of a conserved charge is called minimal coupling. As is mentioned above
this kind of coupling is well known in case of electromagnetic current. A point which might worth emphasizing is that we did not assume our fields ip, \£ to be either elementary or composite, interacting weakly
or strongly. The transversality of the vertex (27) was the only input in the analysis.

1.4 Current Conservation: Goldstone Mode
In the previous section we saw that the transversality condition (27) is very restrictive. Why should not
we make a fresh start and try to satisfy this condition so to say automatically? Indeed, let us write
(45)

r" =
Then

- «V) f „ = o

(46)

for arbitrary f u.
Still, after thinking for a while we would rather decide that our solution (45) is in fact uninteresting.
Indeed as far as f\, is finite as q —> 0 our original vertex Tv ~ q2 and vanishes. Since charges can be
measured in the limit of q —> 0 our solution (45) corresponds then to all charges equal to zero, i.e. to a
trivial solution.
To avoid this situation we can rewrite (45) as

and now assume that f „ is finite in the limit q —> 0. This change is very significant in fact (and it might
have been better to use even double tilde for the vertex f „ in (47) to distinguish it from the vertex in
(45)). Indeed, now we have a pole at q2 = 0 in the "original" vertex r M entering Eq. (45). This pole is
to be identified with a physical massless particle. Moreover from (47) we can conclude that this a scalar
(or pseudoscalar) particle with derivative couplings. Indeed, in this case we reproduce then factors q^ in
front of the pole in Eq. (47). These massless spin-0 particles are called Nambu-Goldstone (NG) bosons
and are very important in constructing the Standard Model of electroweak interactions.
In the presence of the NG-bosons current conservation restricts interactions of these bosons. Indeed, the two terms in the r.h.s. of Eq. (47) can obviously be interpreted as pole due to an exchange of
a massless scalar and as a direct coupling of the vector particle (see Figures la,b). The coupling of a
massless NG-boson to the conserved current j ^ is parametrized in terms of a single constant fa:
(0\jM

(48)

= i

where we used only Lorentz covariance. Note that for the matrix element of the divergence of the current
we get:
-iqv)
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= «?2/G

(49)

'\/\/\/\/\/\i

fa
(a)

(b)

Fig. 1: (a) Coupling of a vector boson (wavy line) to a fermion (solid line) via a massless boson (dashed line); (b) direct coupling
of the vector boson to a fermion.

and this matrix element does vanish for massless particle on the mass shell, i.e at q2 = VTCQ = 0 even if
fa 7^ 0. Strictly massless particles are thus an exception since for a massive particle coupling of the type
(49) is forbidden by the current conservation.
Moreover the pole term in (47) is to be equal to
(50)

where TQ is the vertex describing interaction of the NG-boson with other particles. To ensure the current
conservation we should have then:
f
(51)
where f M describes direct interaction of the vector boson (coupled to the current j ^ ) . Note that there is
no restrictions like m^ = vrS2^ any longer. They are replaced by (51).
Thus, there are two basic features of the Goldstone mode of current conservation: existence of
(strictly) massless spin-0 bosons and connection (51) between the vertices TQ of interaction of these
bosons and vertices f M describing interaction of vector bosons.
1.5

Goldstone Theorem

The theorem states that the two kinds of solutions to the transversality condition q^T^ = 0 discussed
above are in fact most general ones so that there are no further alternatives. The theorem has been proven
within QFT and is based on the analysis of the commutation relations between operators of conserved
charge and fields (24). The theorem states that there are two and only two possibilities:
(i) Operator of charge annihilates the vacuum:
Q\0) = 0

(52)

where by the vacuum we understand the lowest energy state. Eq. (52) means then that the vacuum has
no charge. In this case we have degeneracy of states. The other possibility is that
(ii) Vacuum expectation value of a charged field ip is non-zero:
? 0

(53)

and then there exists a massless spin-0 particle. Moreover, the matrix element
(NG\Q\0) + 0

(54)

where by | NG) we denoted a state containing this massless Nambu-Goldstone particle.
The case (ii) is called spontaneous symmetry breaking. But it is worth emphasizing that in both
cases (i) and (ii) the symmetry is exact (in the sense that the corresponding current is strictly conserved)
although realized in different ways. (Note that one could also consider a case when the symmetry is not
exact but is violated by a small term in the Lagrangian. Then the corresponding current is not exactly
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conserved and cannot be a source of a massless vector boson. Nevertheless, Eq. (47) for interactions of the
nearly massless NG bosons still holds approximately in this case as well. There is a well-known example
of nearly Nambu-Goldstone particles of this kind, that is pions. However, in case of the Standard Model
we do couple vector bosons to conserved currents and the corresponding symmetry should be exact.)
Let me briefly outline the derivation of the Goldstone theorem. One takes vacuum matrix element
of the commutators (24):
(0\[Q,<p]\0) = QV(O|0|O> = Qvv
(55)
Now, if <5|0) = 0, i.e. charge of the vacuum is zero, then the vacuum expectation value of 0 in the r.h.s
of Eq. (55) is vanishing. Moreover since charge is conserved its matrix elements between two states may
not vanish (see also below) only if two states have the same energy.
If, on the other hand, the vacuum expectation value in the r.h.s. of (55) is nonvanishing,
<0|£|0> t 0,

(56)

then one sandwiches the commutator in Eq. (55) by a complete set of intermediate states and (56) implies
that there exists at least one intermediate state \n > such that (n|Q|0) ^ 0. Moreover this should be a
massless state, En — 0. Indeed, we start with
(Q\QH\n) = En(Q\Q\n).

(57)

(0\QH\n) = {0\HQ\n) = 0

(58)

On the other hand [Q, H] = 0 and

since H\0) — 0. Comparing (57) and (58) we conclude that En — 0.
Since only the contribution of this massless state survives now in (55), one derives also an expression for fa in terms of the vacuum expectation value v:
fa = Qvv.

(59)

To summarize, the Goldstone theorem proves, in the language of Quantum Field Theory that the
two possibilities which we considered above, namely minimal coupling and existence of massless spin-0
particles is in fact an exhaustive list.
1.6 Higgs Mode
Imagine that conservation of a current is ensured by existence of a massless spin-0 particle, i.e. we are
in the Goldstone mode. Assume furthermore that this conserved current is coupled to a massless gauge
boson. Then the two massless particles mix with each other. This is a well known quantum mechanical
phenomenon of mixing of two degenerate states. As is well known, if two states are degenerate then even
weak interaction may determine which states are in fact eigenstates of energy and the resulting basis may
differ substantially from the original basis. This can be readily understood from the equation for a change
in the wave function in first order in perturbation theory:
- E&0)

(60)

where ty\ ' are unperturbed wave functions, Vin is the matrix element of the perturbative interaction, E\
are eigenvalues evaluated in the zero order in perturbation V. It is obvious that if there is a degeneracy,
E\'' & Ef.', then even a small perturbation would have a drastic effect. Perturbation theory does not
apply and one should solve the corresponding secular equation exactly.
Now we apply this technique to clarify the mixing of the two massless particles. The Higgs mechanism is the statement that as a result of the mixing the massless spin 1 and spin 0 bosons (two and one
spin degrees of freedom, respectively) are unified into a massive vector boson (three degrees of freedom).
66

(a)

(*)

VWVI-

(d)
Fig. 2: Building up a massive vector exchange from massless vector and scalar exchanges: (a) exchange of a massless vector
particle; (b) exchange of a massless scalar particle to first order in perturbation thoery; (c) exchange of a massless vector particle,
with transition into an intennediate massless scalar particle. The shaded area stands for the polarization operator in general, while
the dashed line is the massless scalar particle; (d) mixing of vector and scalar particles.

We will demonstrate this diagrammatically and start with an exchange of a single (massless) vector
boson (see Figure 2a):

= eWf-^M2)

(61)

where T^' ^ are the corresponding vertices. Single scalar boson exchange (see Figure 2b) gives the contribution:
(62)
2
Q

fa

where we used (51) to reexpress the scalar vertices VG' ' in terms of the vector ones. The two graphs are
unified then into
(2)

r a )

(63)

) "

where we introduced notation

m2v =

(64)

Compare now (63) with the expression which would correspond to an exchange of a massive vector particle:
p(J) [ ~ff * Q Q /mv j p(2)
£g^j
M

\

Q2 ~ mv

J

The difference between (63) and (65) is that in (65) the pole is shifted to q2 = m,y and our next step is to
verify this shift diagrammatically.
The crucial graph is that in Figure 2c where the vector boson goes to the scalar boson and back.
The corresponding matrix element is:
Mc = e 2 r u | - ^ r
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(66)

where Upa describes the transition of the vector boson to the scalar one and back. To ensure the condition
qpUpa = 0

(67)

we write:
IW = (qPq, - 9P*q2)n(q2).
Moreover the behaviour of n(# ) near q2 = 0 is fixed by the pole due to the Goldstone boson:

(68)

2

s

= e2/^.

^

(69)

where the factor e 2 arises because the gauge boson interacts with ej^ not simply j ^ . As a result we can
rewrite Mc as:

(=f)..f

(70)

and Mc can be recognized as the corresponding to the first term in the expansion in my of the pole corresponding to a massive exchange:
1
1
ml
z
l
q - mp
q
q*
It is obvious now that summation over further replicas of the same transition brings in the whole geometrical series for (q2 — mv)~2. In this way we convince ourselves that the massive propagator (65) is
reproduced as far as the term proportional to g^ is concerned.
The remaining step is to prove that graphs with one scalar and one vector particles attached to the
sources (see, e.g., Figure 2d) build up the series which sums up to
2 -

2-u

•

(72)

- ql - mf,
This is left as an exercise (not an easy one !).
To summarize: accounting for transitions between the two originally massless states is equivalent
to solving a secular equation in QM and the result in our case is the unification of two massless states into
a massive one with mass given by (65).
1.7

The Equivalence Theorem

At first sight, in the Higgs mode there is nothing left from the original symmetries, massless particles and
perturbative expansion since mv ~ e 2 and enters a denominator of q^qv /mv sending the small coupling
e 2 to inverse powers.
However, this happens because two small parameters are mixed up and compete, that is coupling
e 2 and small momenta q < my ~ e • v. It is natural to expect then that if the momenta are not especially
small then amplitudes can safely be expanded in e 2 and we can go back to the original basis of massless
particles.
This is obviously so if q2 3> mv. i.e. the vector particle is far off-mass-shell. Then all the mixing
effects we considered in the preceeding section are apparently negligible. Consider however, a particle
close to mass shell but with large energy,
Ev > mv.
(73)
Then the equivalence theorem says that up to corrections of order
(74)
one can also use the original basis of massless spin-1 and spin-0 states and neglect their mixing.
The reasoning runs as follows. Consider the propagator for a massive vector particle (65) which
we derived considering the mixing of the two massless states. The term proportional to q^q" can always
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be converted back to an exchange of the Goldstone boson since q^Y11 = /G^G amd at high energy we
can neglect the kinematical effect of the mass of the vector boson. However the term ~ g**" describes
now, generally speaking, interaction of both transversal and longitudinal vector bosons. Only in the limit
myjE —> 0 the condition qMr^ = JQYG reads in its leading terms as qzY% — q°T§ K, 0, or 1^3 « ToAs we discussed in one of the preceeding subsections the latter condition implies that only interaction
of transversal vector bosons survives. Thus, we can use indeed the basis of original massless vector and
scalar states as is stated by the equivalence theorem. Let me mention, however, that the actual center of
gravity in proving the equivalence theorem lies in the case when a few vector bosons are involved. We
have not considered in detail the consequences from current conservation in that case and cannot discuss
it in any detail here.
1.8

Summary

In this part of the lectures we have considered consequences from symmetries of Lagrangian. We considered so called global symmetries when the parameters of the symmetry transformations do not depend on
x. The Noether theorem states that there exist conserved currents and we discussed two different modes of
realization of this conservation, namely, degeneracy of states and Goldstone mode when there exist massless spin-0 particles. We have demonstrated also that these conserved currents can be used as sources of
massless vector bosons since only in this case one satisfies the unitarity condition (that is, only physical, or transversal degrees of freedom of massless vector bosons are emitted). Moreover, if the conserved
current is coupled to a massless vector boson then the massless Nambu-Goldstone boson and massless
spin-1 particle are unified into a single massive vector particle. It is worth emphasizing that we did not
use any particular form of the Lagrangian so that the only assumption was the existence of a symmetry.
Thus all our conclusions so far are of very general nature and apply, for example, if the fields entering
the Lagrangian cannot be even observed as free particles. What we have not done, however, we did not
consider in any systematic way the case of a few massless vector particles and/or Nambu-Goldstone particles interacting with each other. In principle, by imposing condition of conservation of the source of each
massless vector particle we could have obtained analogs of (51) in this case as well. But technically this is
more sophisticated than what we can do in these lectures. The only exception in fact was the derivation of
the mass term of a vector particle via the Higgs mechanism (see Eq. (68) and related discussion above). A
systematic way to describe consistently processes with a few vector bosons is to extend the global gauge
invariance to a local one (see the course on Field Theory at this School and a short discussion in part 2 of
the present lectures).
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PART II: LAGRANGIAN MODELS
A. SPONTANEOUS SYMMETRY BREAKING

In Part 1 we tried an as general approach as possible and basically exploited only the notion of a global
symmetry. Here we shall consider Lagrangian realizations of the general relations found in Part 1. Lagrangian formulation is especially useful if all the interactions in the Standard Model of electroweak interactions are indeed weak, including the Higgses self-interaction. Then the particle content of the real
world can be directly read off from the Lagrangian. At present we do not know whether it is indeed the
case but it could well be true. Therefore, we will not only rederive general relations in the context of a
particular Lagrangian model but will emphasize specific consequences of the perturbative regime as well.
2.1 Spontaneous breaking of a discrete symmetry
We start our model building with the simplest possible case of a single real field </? and consider a lagrangian of the form:
L = ^ipd^tp

69

- V{<p)

(75)

<p

Fig. 3: Double-well potential in field theory with spontaneous symmetry breaking. For the vacuum state, (p) =

where the potential V(ip) is chosen as:
(76)
where m is the mass of the field and A is a coupling assumed to be small, A < 1. A few words on
the choice of the potential (76). It is a polynomial of fourth order. If we included higher powers of <p
the corresponding couplings would have dimension of mass in a negative power and this would signal
nonrenormalizability of the theory (see part 3 of the lectures). There is also one special feature about the
Lagrangian (76). Namely the Lagrangian is invariant under a discrete transformation:
V - > -¥>•

(77)

and, in particular, this symmetry forbids a cubic term in (76).
Thus, the Lagrangian (75) is a renormalizable Lagrangian with a weak coupling. Imagine now that
the mass m, which simply a parameter in the Lagrangian, is in imaginary. Which in fact means that <p = 0
is a wrong place to start with. In more detail, up to a overall constant (which is not important) we can now
rewrite the potential as
* ' '

" ^

(78,

see also Figure 3. It is obvious that <p = 0 is an extremum but no longer a minimum of the potential.
There exist, however, two minima, with Vm{n — 0 at

and the vacuum, which is the lowest in energy state, corresponds to one of these minima. It is at this
point that the phenomenon of the spontaneous symmetry breaking comes into game. Namely, so far all
the expressions respected the symmetry under the change of the sign, <p —> —ip. However the vacuum
state picks up a particular sign in (79), let it be "+".
To get the actual mass spectrum of the model we should now expand <p near its vacuum expectation
value:
(80)
And in terms of ip we have:
(81)
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X
Fig. 4: Double-well potential in quantum mechanics. For the ground state, (x) = 0.

To find the mass of the physical excitation we need the Lagrangian only in the quadratic in <p approximation:
Lyp ) ~ —dn.'fi d^ip — vni yp ) + O((y ) ).
2

(82)

In other words, we finally have for the Lagrangian written in term of excitations about the physical vacuum:
(i) Particle of
(mass)2 = 2m2 ;
(83)
(ii) No symmetry under the change
<p
2

3

-+ t p .

(84)

4

Note, however, that the terms ( y ) , ( y ) and (</?') in the Lagrangian (82) are controlled still by two
independent constants, not three. This is a manifestation of the original symmetry of the Lagrangian (75)
under <p —» — <p so that the symmetry is not entirely lost.
2.2

Excitations of "another vacuum"

It is useful to discuss at this point the difference between QM (quantum mechanics) and QFT (quantum
field theory) . Namely, imagine that the double-well potential (see Figure 4) is considered not in QFT
but in QM so that the potential refers now to a (one-dimensional) z-space and the question is what is the
wave function of the ground state. The answer is well known and is that the wave function is symmetric
with respect to the two minima and the probability to find the particle near each of them is the same. The
reason is that there is a barrier transition and even if we start with a wave packet concentrated in one of
the wells the particle will travel back and forth between the minima.
Now, is not it so that we have accepted as equally obvious two answers which are opposite to each
other? Namely, in the preceeding section we considered it obvious that the vacuum expectation value of
^ is equal either + y/rri2/\ or - v / m 2 /A while in case of QM we accept that < x > = 0.
There is no actual contradiction between our answers for QFT and QM because there exists a very
important difference between the two cases. Namely, in QFT we deal with a system with infinitely many
degrees of freedom (remember: the field at each space point x is quantized). Therefore, although the
probability of the barrier transition in case of a single degree of freedom is finite, in case of field theory
we should consider this transition simultaneously for an infinite number degrees of freedom. And this
probability is zero. Thus, it is only superficially so that the answers in QM and in QFT look contradictory.
Let us, however, try to pursue the line suggested by QM further and ask, whether there still could
be a difference in excitation spectra in field theories with one (see Figure 5) or two (see Figure 3) minima
of the potential V(<p). We normalize the potentials in such a way that in both cases near the minima the
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•

<p
= 0 the potential is the same as near <p = ±y/m2/\in

Fig. 5: Single-minimum potential in field theory. Near
double-well potential in Figure 3.

case of the

ip(x)

X

Fig. 6: Profile of a scalar field ip(x) as a function of the spatial coordinate x for a heavy particle associated with the excitation
of a drop of "another vacuum".

expansion is V(<p) ~ m V 2 with the same m2. The answer to this question is generally, yes. There exist
excitations with large mass which are due to the existence of the other minimum in the potential energy.
The idea is that although the vacuum expectation value is equal to, say, v — + \/m 2 /A, the other vacuum
with v = — \/m'2/\ can be realized in a finite volume so that the profile of the field (p looks as in Figure 6.
Since the volume is finite it is a resemblance of a QM barrier transition. If one estimates what kind of mass
would be associated with such a particle it is easy to find
M2 ~ ~

(85)

T

The scope of these lectures does not allow us to discuss the issue further in any detail but the conclusion is of paramount importance:
Infield theories with spontaneous symmetry breaking it is natural to expect heavy excitation whose
mass is inverse proportional to a small coupling A and which correspond to transition to other possible
vacua states in a finite volume.
In the limit A —> 0 theory of such states can be fully developed. The best known example of such a
particle is the magnetic monopole which appears in theories with spontaneous breaking of a gauge symmetry.
2.3 Spontaneous breaking of a continuous symmetry
Let us make a step towards more complicated systems and consider two real fields with same mass. The
Lagrangian is:

E i)

£ \

t=l,2

i=l,2
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(86)

where the potential V(J2 <pt) l°°ks similar to the previous case:

t=l,2

\

(87)

4) •

»=1,2

The Lagrangian (86) can be rewritten identically in terms of a single complex field,
^

i=(<Pii<P2),

as

(88)
2

2

2

2

( -^X) '

(89)

An important new point about the Lagrangian (89) is that it possesses a continuous symmetry since it does
not change under rotations of ipi^'Stpi=

e<p2, Sip2 =

-ttpi..

(90)

As usual, there is a Noether conserved current corresponding to this symmetry:
i

k

) ,

(i,k = 1,2)

(91)

where elk is the completely antisymmetric tensor in the internal space of the fields, e12 = —e21 = 1. In
terms of the complex field (88) the symmetry is symmetry with respect to the phase rotations:
V? - > eu<p,

ip* - > e~utp*,

(92)

and the Noether current is:

The physical picture becomes more transparent if the Lagrangian (89) is rewritten in terms of the
modulus and phase of thefield<p:
(p = pc

Then

,

ip — pc

,

v-^U

L(p,a) = (dfip)(dflp) + p2(dtla){d>"a) -V(p2),

(95)

where
V(P2) = A (p2 - ^ )

.

(96)

We see that for the p-field the situation is the same as for the real field <p considered above (apart from the
overall normalization of the field). For the cr-field it is very different: there is no dependence on a in the
potential. As is commonly said, there is a flat direction in the potential.
The phenomenon of spontaneous symmetry breaking is now that p-field acquires a vacuum expectation value,
(97)
and the phase field a is also somehow fixed for the vacuum state. Moreover, we can always denote the
phase (a) = 0. The mass spectrum of the model is easily recognizable:
m2p = 2m2 = v2\
for the excitations of the p-field and

m2a = 0
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(98)
(99)

for the excitations of the CT-field.
Eq. (99) indicates that cr-particle is in fact a Nambu-Goldstone boson. To check this identification
we have to verify that fa = v (see Part 1). To this end let us express the current (93) in terms of the pand cr-fields:
j M - 2p2cosodfj,a -sinad^p 2 .
(100)
In the approximation
p = ^f,

p « v

(101)

sincr w a, cos a « 1
we have:
j M = vd^a + 0{a2)

(102)

where a = vo so that the field a has the conventional dimension of mass (and standard normalization
of the kinetic term in the Lagrangian). Thus, the massless u particle is annihilated by the current and its
coupling satisfies the general relation <cr|jM|O) = vq^.
To summarize, in our simplest Lagrangian version of the spontaneous breaking of a continuous
symmetry we did reproduce all general relations derived in Part 1. What is specific for the Lagrangian
approach is that the Nambu-Goldstone fields can be identified directly in terms of the fields entering the
Lagrangian. This identification would be physically relevant as far as the couplings are indeed small so
that interactions can be included perturbatively.
2.4 Increasing number of degrees of freedom
So far we have considered cases of one and two real fields. Introduce now three real fields which can be
thought of as a vector in an internal space, <pi, i=l,2,3. The Lagrangian is:

E l

(103)

t=l,2,3

where
)

T)

(104)

V=l,2,3
j
The continuous symmetry is now the symmetry with respect to rotations:
Sipi = tikltm,

(i,M = 1,2,3)

(105)

where e ^ is the totally antisymmetric tensor, e^ are three (infinitesimal) independent parameters of rotations about three axes. There are three corresponding Noether currents:
jl = elmn{d^m)Vn.

(106)

Minima of the potential are at

Yjivi? = x

s u2

-

(107)

i

Moreover, one can choose the axes in the internal space in such a way that
(108)
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so that to study excitations we substitute the original field ip in the Lagrangian as
(109)
Then it is straightforward to read off the masses of the physical particles:
ml = 2m2 (for <p'3)

(110)

2

m\ = m , = 0 (for fi^)
Thus, we find two massless scalar bosons which can be unified into a single massless complex field:
VGN = -j=(tpi+i<P2).

(HI)

We can also rewrite the original Noether currents (106) in terms of the physical fields. Namely for
the current j \ we have:
2
(112)
where \x is the Lorentz index and indices 1,2,3 refer to the internal space. Similarly:
3 n,2 =

(^)

Eqs (112),(113) demonstrate that the fields ipip describe indeed Nambu-Goldstone bosons.
As for the current jz, it is bilinear in the fields:
JM.3 = i((d*V>')<P-<P*(d»<P))

(114)

where the complex filed (p is the field describing the Goldstone-Nambu particles and introduced in (111).
Note that conservation of jz is realized through what we called degeneracy of states, in case considered it is the degeneracy of masses of the two Goldstone-Nambu bosons. On the other hand, conservation of ji ( 2 is realized in the Goldstone mode when the current has a nonvanishing transition to a single
NG boson. The coexistence of the two modes of realization of current conservation is a new phenomenon
brought by the increase in the number of the degrees of freedom and corresponding extension of the group
of the symmetry transformations. The reason for j 3 to be in a minimal-coupling mode is that symmetry
with respect to the rotations about the third axis is still preserved even if v ^ 0. Which is obvious from
the form of the matrix of the vacuum expectation values (108).
We may use this example to derive a general rule:
(# of massless bosons) = (# of original symmetries) - (# of surviving symmetries).

(115)

Indeed, we had two examples so far:
N N G = Norig - Nsurv = 1 - 0 = 1

(116)

for a single charged field <p, ip* and
NNG = 3 - 1 = 2
(117)
in case of the vector field >p since 3 is the number of independent rotations in general, while only rotations
about one axis are allowed upon the spontaneous symmetry breaking.
It is worth emphasizing that the important relation (115) is in fact of general nature and is not specific for a particular Lagrangian model. The use of the Lagrangian (and of the weak-coupling approximation) allows, as usual, for a direct identification of the NG bosons in terms of the fields entering the
Lagrangian.
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2.5 Realistic (i.e. Standard Model) case
Increasing the number of fields by one more unit we come to the SM case which postulates existence of
a quartet of real fields <pi, (i = 1,2,3,4) degenerate in mass:

= E idnVi
i = l , 2,3,4

where

i=l,2,3,4

The Lagrangian (118) is invariant under 0(4) rotations in the internal space of the fields ^1,2,3,4, and there
are six conserved Noether currents associated with these rotations:
£fc

=

eMm{d^i)<pm,

(*,fe,l,m = 1,2,3,4),

(120)

where tlklm is, as usual, the compltely antisymmetric tensor in the internal space.
We can also rewrite the Lagrangian (118) in terms of two complex fields, <p°, ip~:
<fi° = -7={Vi+iV>2),

¥>~ = -j=(<Pz + i<P4)-

(121)

Moreover, these two fields can be unified into a doublet of complex fields $ a :

(122

••-(£)•

»

where a = 1,2. Note that the indexes "0, + " are in fact meaningful and indicate the electrical charge
of the fields. At the moment such an identification is not motivated and is not important. It will become
significant however when we include interaction of $ Q with fermions and will treat (122) as a doublet of
left-handed fields. In terms of <&a the Lagrangian (118) takes the form:
2

)

(123)

where
^

2

^

(124)

As usual, the potential (124) reaches its minimum for a nonzero vacuum expectation value of the field
<J>a. Moreover, we can always rotate the matrix of the vacuum expectation values to a standard form:

7l(o)

(125)

where v is a real number.
The Lagrangian (123) is invariant under SU(2) rotations of the complex field $a. In more detail,
transform doublet $ Q :
$ a -*Uaf,Q()

(126)

where U is a matrix and summation over repeated indices is understood (as usual). Then
(**)* -> (*pr(U%a

(127)

where
%
(U0a)*.
(128)
The Lagrangian (123) is invariant under transformations (127) provided that the matrix U is unitary, i.e.
satisfies the condition:
* =I
(129)
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where / is a unit matrix. For an infinitesimal transformation with independent parameters e^ we can
write
U = I + te(a)S(o)
(130)
and substituting it to (129) find that £ is a hermitian matrix:
S =Sf

(131)

Thus to enumerate all independent transformations of the type (129) we have to enumerate all independent
hermitian matrices 2x2. There are four such matrixes: unit matrix and three Pauli matrices. Therefore
for an infinitesimal transformation
U = I + ieoI + i^n
(132)
where i — 1,2,3 and:

T3=

(o

0 -A

i J ' T 2 = (< o J ' T l

= /0 1

( i oj"

There are four Noether's currents associated with invariance under SU(2) rotations (126):
-

(134)

Note that we can construct in fact six conserved currents (120) which means that the SU(2) rotations
(126) realize only part of O(4) rotations.
Next let us check which SU(2) transformations are compatible with a non-zero vacuum expectation value of the field <fra, see (125). It is quite obvious that if we try the transformation
+ ieol + i ^ ) <f>,

(135)

then the matrix (125) remains invariant provided that
e0 = -2e 3 , ei = e2 = 0.

(136)

It implies in turn, that then three currents out of our (see (134)) have tadpoles corresponding to the NG
bosons while one linear combination of jo,3 survives in its bilinear in the fields form (134). The three
massless fields which are manifested as NG bosons through can be readily identified in terms of the fields
entering our Lagrangian (123) as:
<p+, if', W \
(137)
and a massive field with mass squared equal to 2m2 corresponding to excitations of the field (Rey?° — v).
Let us apply now the general rule (115) to the case considered. There is a subtlety there. The point
is that to count the number of original symmetries of the Lagrangian we should turn to the form (118)
rather than to (123). Then we have four degenerate fields 0i,2,3,4 and the symmtery is 0(4), that is the
group of rotations of a four dimensional space. There are six inependent generators of such rotations and
six conserved currents (120) While the SU(2) transformations (126) discussed so far are characterized
by 4 independent generators (see above) and therefore do not realize the full symmetry of the original
Lagrangian (118). Why then we discussed these SU(2) transformations in such detail? The answer is
that this symmetry will be also common to other sectors of the SM while the 0(4) symmetry is specific
for the Higgs sector only. Continuing our counting, because of the spontaneous symmetry breaking one of
the fields, let it be <pi, acquires a non-vanishing vacuum expectation value. Then the surviving symmetry
of the Lagrangian is 0(3), or the group of rotations of a three dimensional space span by ^2,3,4- There
are three independent rotations in this case. Therefore Eq. (115) becomes:
NNG = 6 - 3 = 3.

(138)

The three surviving symmetry transformations are relaized now as rotations among the three massless NG
bosons.
Thus, the number of NG bosons is the same whether we start with the 0(4) symmetry or with
SU(2) symmetry. And at first sight, it does not matter how we describe the symmetry of the Lagrangian.
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The difference will be manifested, however upon inclusion of the radiative corrections (see Part 3). Namely,
spontaneous brealing of the SU(2) symmetry assumes existence of three massless NG bosons but there
interactions can be different. Spontaneous breaking of 0(4) symmetry implies existence of three massless
NG bosons whose interactions are different generally speaking.
To summarize, the Higgs sector of the standard model shares all the general features of the models
with spontaneous breaking of a continuous symmetry. What is specific for the SM, it is the choice of the
Higgs fields as belonging to a doublet. An interesting question is what happens if there are more scalar
fields in the original Lagrangian. Consider, say, two doublets $a and <&a . Then to have electromagnetic
current conserved without NG bosons we need to require that the vacuum expectation values have the
same generic form (125):
(0|<&<2>|0) = ( ^ 2 ) ) .

(^;

(139)

Dynamically, however, there is an important difference from the case of a single doublet. Namely the
form (125) was the most general for one doublet. There was no dynamical input at this point (except for
assuming that there is a single doublet of Higgs fields). If there are two doublets it is not automatically so
that their vacuum expectation values can be rotated to the form (139). Now it is a dynamical question in
the sense that it depends on the particular form of the potential. To ensure the validity of (139) the potential
y ($(!), $( 2 )) should be such that the aligning of the doublets (139) would follow from minimizing the
energy. This is true for a range of parameter in the potential but not at all for a most general form of the
potential.
B. GAUGE INTERACTIONS
2.6

Choice of the gauge group

There is no unique a priori choice of the symmetry of the Lagrangian of electroweak interactions. It is
rather deduced from basic experimental facts. Historically, it was of fundamental importance that charged
currents include only left-handed fermions and that there exists a massless photon. From these fundamental observations one may conclude that the minimal group is SU(2)L X U(l). Indeed, SU(2) is the
minimal group which can accommodate charged currents (as Noether currents) and this SU(2) should
transform left handed fermions. The photon, on the other hand, interacts with right-handed fermions as
well and therefore we need at least one extra U(l) to accommodate the electromagnetic current.
Moreover, it is natural to group leptons and quarks into doublets since only transitions with | AQ| =
1,0 are known. For example:
'"e\

( V„ \

IV.

TLJ

(140)

To construct the minimal electromagnetic current we start with definition of electric charge for left-handed,

Q=Y

+ YL

>

(141)

and right-handed particles:
Q = YR.

(142)

Here, YL, YR denote hypercharge of left- and right-handed particles, respectively. For example, Yi =
- 1 / 2 for leptons (140), YL = - 1 / 6 for quarks, YR = - 1 for right-handed electron and so on. One can
construct Noether currents associated with

SU(2)L x U(1)L x U{l)R
group of symmetry where U(1)L,R are associated with YL,R. One could speculate, furthermore, that all
these currents are coupled to (originally) massless vector bosons.
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One could look for further [/(I) symmetries as well. Thus, the choice of t/(l) currents which could
be coupled to gauge bosons is not unique at all. I mention it mostly because string-based phenomenologies
do introduce extra U(l) gauge bosons and these are discussed on other occasions as well. We see now,
why the U(l) sector is not fixed. The minimal choice of the gauged group, however, is

SU(2)L x U(l)y
where U(l) is associated with YL + YR. And this is the choice of the SM. Interaction of fermions with
gauge bosons is described, therefore, by the following Lagrangian:
L^t = gj^W^

+ gj^Y^

(143)

where g,g' are two independent gauge couplings, W^)^ (a = 1,2,3), Y^ are gauge boson fields while
3(a)in 3{Y)fi a r e m e corresponding Noether currents:

where index % runs over various fermions, Y[ R are the corresponding values of the hypercharge and in
terms of the Dirac spinors *&D, ^L,R — 1/2(1 + 7 S ) * D - Note that the Noether currents (144) correspond
to variation of the kinetic term of the fermions. Since we do not include further terms in the currents
we tacitly assume that there is no further interaction with derivatives for fermions. This assumption is
justified by the requirement that the theory is renormalizable.
2.7 Neutral currents
While W£ can be identified directly with the physical of W± bosons, two neutral fields introduced in
(143) are, generally speaking, linear combinations of the physical photon, A^ and Zo-boson, Z^\

\
AJ

f
Vsin#VK

-smBw\
cos8w )

where &w is the rotation angle from one basis to the other.
The angle 0w is determined from the condition that the photon interacts with electric charge. From
inspection of (143) we immediately find then that:
tan 6W = —
9

(146)

where g, g are the two independent gauge couplings introduced in (143). When rewritten in terms of the
physical fields, the Lagrangian (143) exhibits neutral currents which are the source of the field orthogonal
to the photon field AM:

where the currents j ± > 3 are build on left-handed fermions alone while j Y incorporates both left- and righthanded fermions. From (148) one immediately gets expression for electric charge in terms of g, g:
e = g cosOw = gsinOw

(148)

and identifies a neutral current
JNC = 2 OS as the current coupled to the Z°-boson.

sin2
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8wft.m.)

(149)

2.8

Triple gauge boson coupling

Vector bosons W*constitute a triplet with respect to the group SU(2)w- Therefore they carry weak charge
and should interact not only with fermions but among themselves as well. In particular triple boson coupling was measured recently at CERN in the process of production of a pair of W±.
We could derive the vector boson self-interaction by applying patiently the same procedure that we
used in Part 1 for a single vector boson interactions, namely by constructing conserved source for each of
the interacting bosons. There exists, however, a more elegant way based on introduction of the so called
covariant derivatives. The statement is that knowing interactions without vector bosons which involve
derivatives from other fields one can reconstruct the interaction of gauge bosons as well. This should not
come as a surprise because conserved Noether currents can also be found once interactions containing
derivatives from the fields is known.
Consider a simple example of a kinetic term of a fermionic field. Then it is invariant under (7(1)
transformations, 5^(x) = el<L<S> where the parameter e does not depend on x. Imagine now that we
would like to generalize this symmetry to the case of local gauge transformations when e does depend on
x:
*(x) -> exp(iqe(x))W(x), *(x) -+ exp(-iqe(x))V(x)
(150)
where q is the corresponding (7(1) charge. Ordinary derivatives are no longer invariant:
(x).

(151)

Covariant derivative, D^ plays the same role with respect to the local gauge transformations as the
ordinary derivative does with respect to the global transformations. Namely, let us define the covariant
derivative as an object transforming under the local gauge transformations in the following way:
Dp ^eiei{x)D^e-iet{x\

(152)

Then a new "kinetic term",
would obviously be invariant under the local"gauge transformations (150).
Try the following solution to (152):
p

n

p

(153)

Then the condition (152) is satisfied provided that
A^ -

4 , = A,, - aMc(x).

(154)

Consider now 5(7(2) transformations. Which means that we introduce a local analog of (132),
with eo = 0 since €Q corresponds to (7(1) transformations. For infinitesimal transformations
)

(155)

where a = 1,2,3, ra are the Pauli matrices (133) and * is a doublet with respect to 5(7(2). We are
looking again for a solution to (152) in a form similar to (153):

f
Eq. (152) is satisfied if the vector potential A^ itself transforms in the following way:
Aa -+ Aa - d^a{x) - eb{x)Ac^eabc.
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(157)

In this way we again construct a new invariant "kinetic" term which is
^
Finally, this construction can be extended to self-interaction of vector bosons as well. Consider
first the familiar case of Lagrangian describing free photons:
L}ree

= -^F^F^

(158)

where
F^ = {duAy-dvAn) = ^-[D^D,,]

(159)

where [, ] denotes commutator and the latter equality can be immediately verified from the solution for
the covariant derivative (153). In case of SU(2) we can introduce similarly the Lagrangian:
LYM = ^Tt([Dlt,Du][Dll,D''])

(160)

where the trace is taken over the Pauli matrices entering the covariant derivatives. Knowing the transformation law for the covariant derivative (152) we immediately conclude that the Yang-Mills Lagrangian
(160) is indeed invariant under the local gauge transformations (157). The Yang-Mills Lagrangian (160)
contains triple and quartic interactions of the vector fields. All the coupling are uniquely fixed by in variance under the local gauge transformations (155).
C. GENERATION OF MASSES
2.9 Higgs mechanism in Lagrangian approach
Formalism of covariant derivatives just developed allows for derivation of the Higgs mechanism in language of Lagrangians. Namely we know now that the kinetic energy term of the Higgs doublet is to be
completed to a covariant form:
Lkin

= (D^(D^)

(161)

1

where $ is the doublet of Higgs fields and D *® in our case of 5/7(2) x [/(I) symmetry takes the form:
(162)
where the notations are the same as in (143) and we accounted for the fact that Y = —1/2 for the doublet
of Higgs fields considered.
Retaining only the vacuum-expectation part of the field $ (see Eq.(125)) we get terms bilinear in
the fields of the vector bosons:
(163)

In other words, we get mass terms for the vector bosons:
Mw = \gv, Mz = -¥%-, M7 = 0.
(164)
2
cos 0w
Note that the ratio of Mw and Mz is related to the same 6w which governs, say, neutral current transitions. This is a theoretical prediction which follows from the Higgs mechanism for the vector bosons.
2.10

U(l) Higgs mechanism and superconductivity

As a point of digression, let us mention that the Higgs mechanism was in a way used for a phenomenological theory of superconductivity long time ago. It is remarkable that nowadays similar ideas (with change
of magnetic field to electric field in case of color interactions) are used in QCD to visualize confinement
mechanism. Thus, it might worth reviewing briefly the superconductivity case.
Within the Ginzburg-Landau approach one introduces
(if)

(T - Tc)
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(165)

where Tc is a critical temperature (of a phase transition) and {<p) serves as an order parameter distinguishing between two phases. Moreover, ip is an effective scalar field which later was identified as a condensate
of Cooper pairs.
Eq. (165) introduces a vacuum expectation value for a charged scalar field. As a result photon
inside superconductor acquires a mass:
A2 = Q2(</>}2
(166)
where Q is the charge of the field </?.
Moreover electrical current is the source of the photon and can be found therefore by varying the
Lagrangian (D^ipYD^ip with respect to the vector potential A^.
oL

. ,-,„

.„
/ \* r» 1
0) (fi — {if) Dn^Pl-

/7^
(167)

n

In the approximation ip ss (tp) = const, we find that the current is proportional to the vector potential:
2
M

(168)

Eq. (168) demonstrates that the current does not vanish even if there is no electric field (E = dA/dt = 0)
which is the very phenomenon of the superconductivity. The nonzero photon mass (166) implies that the
magnetic field falls off exponentially inside a superconductor (Meissner effect).
2.11

Generation of fermion masses

As was mentioned in Part 1, minimal coupling for an axial current is allowed only for massless fermions.
Phenomenologically of course we have massive fermions. This is one more reason to consider conservation of current in the Goldstone mode since in that case there is no constraint on the vertices FM and,
in particular, on the masses of fermions which can be arbitrary. Lagrangian approach allows to visualize
generation of mass in a dynamically explicit way.
To this end we should include further terms in the Lagrangian. The general constraints remain the
same: the Lagrangian is to be SU (2) i, x U (1) y invariant and renormalizable. Note that for spin 0 and spin
1/2 fields the renormalizability condition simply means that coupling with dimension of inverse powers
of mass are not allowed. Let us consider a trilinear coupling which is also commonly called Yukawa
coupling:
$ ^ a $ a ¥ f l + h.c.
(169)
where a is spinor index with respect to SU{2)i and ^R is the right-handed field, scalar with respect to
SU{2)L which has the same charge as the upper component of the doublet of the left-handed fields. The
Lagrangian (169) does observe the 577(2)/, symmetry because the summation over the index a makes it
SU(2)L scalar. The {7(1) symmetry is also respected since the U(l) invariance reduces to the requirement
of charge conservation and charge is conserved by the interaction (169). Moreover, this is no accident
since in fact we have chosen the charges of the Higgs fields in such a way as to ensure the hypercharge
conservation for the Yukawa coupling (169). Also, the Lagrangian Ly is Lorentz-invariant since it is well
known that scalar (or pseudoscalar) interactions mix up left- and right-handed fermions. If we would
like to add the Yukawa interaction for right-handed fields with negative charges we should have used
transposed Higgs doublet, see textbooks.
Substituting instead of $ the corresponding matrix (125) of the vacuum expectation values we see
that (169) contains also bilinear in fermion fields terms, or mass terms:
LY - ^JL^L^R

+ h.c. + cubic terms,

(170)

V'

from which we conclude that
mf = ^ L _ ,
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(171)

where gyj is the Yukawa coupling, independent for each fermion / . Indeed, the values of the Yukawa
couplings gyj are not constrained by any symmetry or by renormalizability and each fermion can be given
a different mass. This is the way how fermions acquire mass in the SM.
Now we can check how our general relation g T ^ = /G^G is satisfied. Consider, for example, a
charge current vertex for a transition between a massive fermion and neutrino. Then for the divergence
of the source of a charged boson we find:

where gy^ is the Yukawa coupling for this particular lepton. The vertex TQ and the constant fa for the
charged NG boson can be also easily found in the tree approximation. Namely, for Ya we find from (169):
V

= ^r*j(l+75)^.

(173)

As for the constant fa it is fixed by the condition that the Higgs fields belong to a doublet with respect to
SU(2)L.
Therefore the interaction of gauge fields with the doublet $ a is similar to the interaction with
fermion doublets:
Linter = <W(a)MWW» j<f> = i(d^*)^-$

- i^(d^);

Linter = y [W+'^d^ip-) + W^^d^)

(174)
+ ...] .

Thus, for the coupling of the NG boson to the current we find fa = \ and general relation q^T^ = / G F G
is indeed satisfied (compare (173) and (172)).
The next important point is that our Lagrangian model not only complies with the general relations
but contains specific predictions as well. What is specific for the SM is that it contains originally one
doublet of scalar fields. Three scalar fields become longitudinal components of the vectro bosons as a
result of the Higgs mechanism and there is one (massive) scalar field left which is called Higgs field. As
we have seen in the section on Lagrangian models of spontaneous symmetry breaking massive excitations
correspond to of scalar fields from their vacuum expectation value
v 4- w

* = ~vt'

(175)

Upon substituting in the Lagrangian the first term, that is the vacuum expectation value v gives rise to the
mass terms while terms with <p describe interactions of the physical Higgs particles. Clearly, the Yukawa
couplings of the massive mode are automatically the same gy which enter the interaction Lagrangians like
(169) and which are responsible for the values of the fermion masses, see Eq. (171).
Thus, we conclude that the physical Higgs couplings are proportional to fermionic masses. Phenomenologically this is a very significant prediction which underlies all the current estimates of cross
sections of the Higgs particle production. Note however that it is a model-dependent prediction based on
the assumption that there is only one doublet of fundamental scalar fields.
2.12

CKM matrix

Generation of quark masses through the mechanism described above introduces in fact quite a few new parameters in the SM. The point is that we have now two different definitions of quarks, namely as states with
a definite mass and as components of SU(2)L doublets. In more detail, we can always choose u—, c— and
t— quarks as upper components of weak doublets where by u—, c—, t— quarks states with definite masses
(and charges) are understood. Then charged currents transform u—,c—,t— quarks into some states which
are called lower components of the weak doublets. It is obvious that these lower components of the weak
doublets are not, generally speaking the same states as d—, s— and b— quarks with definite masses.
One set of states can be obtained from the other by a unitary transformation:
(qWeak)i = Vik(qmass)k
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(176)

where to preserve the sum over norms of the states the matrix V is to be a unitary 3x3 matrix:
)*(V&m) = 8ik.

(177)

The matrix Va. is called the Cabibbo-Kobayashi-Maskawa matrix and we will find now how many parameters are introduced through the CKM matrix. For the sake of generality we will find this number
for n x n unitary matrix, reserving for the further generations. The derivation below follows closely the
Okun's book.
We start our counting by observing that the matrix Vik has n 2 complex numbers which is 2n 2 real
numbers. We observe next that the constraint (177) imposes n 2 relations among these 2n 2 numbers. Note
that at first sight Eq. (177) represents n 2 constraints on complex numbers, that is separate for the real
and imaginary parts of the products in the left-hand side of the equation (177). If it were so we had 2n 2
constraints. However, it is easy to see that if we take complex conjugation of (177) we are getting the
same equations which means in turn that in fact we have n 2 independent conditions, not 2n 2 . Therefore,
at this stage he number of independent real parameters is 2n 2 — n2 = n2.
The number of physically significant parameters is less than that because we can still rotate phases
of both "weak" and "mass" eigenstates without affecting any observable. Phase rotations are generated
by the matrix elements Vi& and V^i and the arbitrariness in the fixation of the phases means that we can
choose this matrix elements, say, real. Which kills (2n — 1) parameters (note that Vn belongs both to the
V\k and to V^i series and that is why we have not In but rather (2n — 1) phases removed).
The total number of physical parameters is equal therefore to
n2 - ( 2 n - l ) = ( n - 1 ) 2 .

(178)

These parameters can be further split into two groups. Namely we can distinguish parameters of angle
type and physically significant phase parameters. The point is that only the latter parameters may characterize CP violations. The number of independent rotations of n-dimensional space is
nangie = \n(n

- 1).

(179)

z
Note that to derive (179) one counts the number of independent planes in n-dimensional space, not the
number of independent axes. The independent rotation axes are orthogonal to the planes. It is only for
n = 3 that the numbers of coordinate axes and of independent rotation axes are the same.
Remaining parameters are the phase parameters:
nphaSe = {n - I) 2 - ^n(n - 1) = | ( n - l)(n - 2)

(180)

Eqs (179) and (180) are thus our final answers. In case n = 2 we get:
nangie = 1, nphase = 0. (two generations)

(181)

and this single angle parameter is of course the Cabibbo angle. In the realistic case n = 3 we get:
nangie = 3, nphase = 1- (three generations)

(182)

It is indeed amusing that in the realistic case of three generations there is a natural place for CP-violations
through a phase parameter.
One may construct matrix Vn- explicitly in various ways since there is no unique way to fix the
meaning of three independent rotation angles. One of natural choices is the following:
(fi

C f)

/I

0

0
\0

C2
-S2

0\

/ ci
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si
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0
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0
0
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0

0

C3 S3 } ( S | .
- 5 3 C3

(183)

Indeed, here we combined the rotation by the phase S with the standard Euler construction of three independent rotations of a three-dimensional space so that si^.3 and £1,2,3 are sines and cosines of the corresponding Euler angle. The phase factor is chosen in such a way that it cannot be rotated away by redefining
the phases of the quarks states (see for a discussion above). Multiplying the matrices in (183) we finally
get:

(

ci

S1C3

S1S3

\

- S 1 C 2
Sis2

C1C2C3
- ezSS2S3
-C1S2C3 - etfic2S3

C1C2S3
+elSS2C3
I
-ciS 2 S3 + etSc2c3)

/d\

s

\b

)

(184)
j

which is the CKM matrix.
3 PART III: RADIATIVE CORRECTIONS
This is a lecture which should bring the two pieces together: general relations of Part 1 and the Lagrangian
formulation of Part 2. The Lagrangian formulation has an advantage of apparent simplicity and expliciticity. On the other hand, the advantage of Part 1 emphasized so far is that relations derived therein hold for
strongly interacting Higgs particles. In fact even if all the couplings are small evaluation of loop corrections is not so straightforward as one might think. Some of the relations derived by the Lagrangian method
stay valid while the others should give way for corrections. Straightforward calculation is helpless to resolve which relation is which and it is the relations of the type discussed in Part 1, generically called Ward
identities, which make the choice. In reality there is a technique of dimensional regularization which has
been proven once and forever to respect the Ward identities, the full set of them. However, we cannot
appeal to this result because its derivation is much more complicated than examples which we are going
to consider.
The part on radiative corrections naturally includes other topics as well. In particular the radiative
corrections is the only way available now to trace effects of the Higgs boson. The outline of the lecture
is as follows:
(1) Renormalizability and naturalness of the SM
(2) Constraints on the Higgs mass:
(a) Coleman-Weinberg potential
(b) Triviality bounds
(3) ml corrections
(4) Quantitative analysis of the radiative corrections (remarks)
3.1

Renormalizability, naturalness

It is natural to expect higher order corrections to be small if couplings are small. In actual calculations,
however, this is not true in many cases, and this in turn might be a signal that theory should be modified.
One of the earliest examples of this type is the paradox of a bright sky. One starts by observing that
the amount of light received from, say, the Sun is inverse proportional to the distance squared:
i ~ ^ -

(185)

Then one may try to estimate correction to this amount due to distant sources:
(186)

where n{r) ~ const is the density of "suns" in the Universe. The integral (186) diverges at large distances. The resolution of the paradox is highly non-trivial. Namely, one should take into consideration
that the speed of light is finite and that the age of the Universe is finite. These observations were far off
the limits of knowledge in times when the paradox of infinitely bright sky was discussed first.
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In field theory, problems arise mostly with too much of contribution coming from very short distances. As can be readily seen, the problem is rooted in the assumption that particles remain pointlike
at all distances. Indeed, in Part 1 we already mentioned that perturbatively admixture of higher energy
states is suppressed by (AE)'1. Which is of course a consequence of the uncertainty principle that allows
excited states exist as virtual ones during the time
At ~ - | ,

(187)

where E is the excitation energy. The estimate remains true in the relativistic case as well (in the rest
frame). Integrating over energy then gives for a generic radiative correction S:
dE

'

kuv

(188)

where a is a coupling (replacing the matrix element of the perturbative interaction in equations of QM),
AUV,AIR
are ultraviolet and infrared cuts off, respectively. As for AJR, it is provided by the lowest
energy mass gap. If the ultraviolet cut off AJJV tends to infinity then the radiative correction diverges. One
might think that contribution of high E is suppressed by a kind of a form factor in the coupling to higher
states but the example of Deep Inelastic Scattering (i.e., of the parton model) is convincing enough to
demonstrate that form factors are not possible. Thus, we are not protected against logarithmic corrections
in any case and if there are only such corrections the theory is rendered satisfactory, or renormalizable.
The idea is that at Planck scale the very structure of space-time changes and this settles the problem of the
divergence (188). Because the dependence on the Auv scale is only logarithmic the radiative correction
can well be small even for Auv ~ m-Pianck ~ 10 19 GeV.
Estimate (188) worsens if the interaction itself grows with E and this brings in an uncontrollable
series of power-like corrections aAuv, a2AjjV, a3AffV.... This is a sign of a disease of the theory, or
its non-renormalizability. In many cases, presence of such uncontrollable corrections can be deduced on
dimensional grounds alone. Namely, if there is a coupling which had dimension of inverse powers of
mass, then as a rule the dimension is compensated by the corresponding power of Auv upstairs.
The SM is renormalizable. First, it does not contain couplings of "dangerous" dimensions mentioned above. However, even given that couplings are dimensionless, the statement on the renormalizability of the SM is far from being obvious. The point is that the propagator of a massive vector boson is
given by
2

Note that the form of the propagator is uniquely fixed on very general grounds, such as Lorentz covariance
and counting the number of spin degrees of freedom. Indeed, the term ~ q^qv ensures that at the pole,
q2 = mv, (qo = my, q = 0) there survive only terms proportional to 5{k, ik — 1,2,3 which correspond
to three spin degrees of freedom of a vector particle (for a similar discussion in case of the photon see
Parti).
At high energies or large virtualities, however, the factor q^qu/m2/ grows and brings, generally
speaking, with each iteration new and new power-like divergencies, A^v. However, in case of a spontaneous symmetry breaking, it is built into the theory that
q^T" = / G r G

(190)

and this "Ward identity" removes the strong energy dependence from the nominator of the propagator
(189) once it is contracted with the corresponding vertices, YtiDIJLVTl/. This softening of interactions of
massive vector bosons at high energies because of the Ward identity (190) was a major theoretical breakthrough which explained how interaction of vector bosons can be made renormalizable.
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3.2 Naturalness of the Standard Model
Killing the q^qv terms in the propagator (189) does not save SM from a single quadratically divergent
radiative correction, that is to the physical Higgs mass:
8m2H ~ XAly.

(191)

where A is the coupling of Higgs self interaction. Such a correction is present in pure scalar theory and
can be guessed again on dimensional grounds: Eq. (191) is perfectly consistent even for a dimensionless
A. Correction (191) does not make the theory non-renormalizable since the powers of AfjV do not grow
with the order of perturbation theory. Which again can be concluded on dimensional grounds alone.
Compare, however, the situation to the QED case. In that case,
m% = 0

(192)

to all orders in perturbation theory by virtue of gauge invariance of electromagnetic interactions. On the
other hand, the Higgs mass is not protected against the quadratic divergence (191) by any symmetry and
one may argue that if one uses a "natural" cut off Auv ~ mpiancki then the physical Higgs mass is
naturally huge as well as the Higgs vacuum expectation value. Then the SM would be irrelevant to the
currently accessible energies. For this reason one may say that SM with v « 300 GeV is unnatural although renormalizable. Another language frequently used, is that the Higgs mass should be fine tuned to
fall onto a physically acceptable mass range of about or less than 1 TeV.
3.3

Radiative corrections to the vacuum energy

To quantify the remarks on the Higgs mass and vacuum expectation value renormalizations let us evaluate
first loop corrections to the vacuum energy. Indeed, a non-vanishing vacuum expectation value (ip) ^ 0
was obtained by minimizing the potential V((p) which can also be viewed as the vacuum energy evaluated
classically. Therefore, quantum corrections to the vacuum energy are also relevant.
It is well known that free field equations allow for plane-wave solutions with 3-momentum p. It
means that free fields can be considered as a collection of oscillators which are not interacting in the p
basis. The physical vacuum is then the ground state of all the oscillators. Quantum mechanically, the
energy of the ground state of an oscillator is not zero but is equal to:
Eo = iftw

(193)

where in our case u> = \ / p 2 + r " 2 - Moreover, following the idea of the Dirac sea we should count the
energies for the vacuum fermions as negative. Therefore, we get for the vacuum energy density:
tvac, —

+»<>•"-

x/&&+<*?*

where the summation over the index {%) labelling various particles assumes also summation over the spin
degrees of freedom.
Evaluation of the vacuum energy density (194) can be considered as evaluation of the vacuum expectation value of the component Too of the energy-momentum tensor Tm. This is just by definition.
What is less trivial, we could have started from other components of T^ as well. The reason is that for
the vacuum expectation value of TM!/ we should have:
|0) =

9fll/e,

(195)

where #oo = —9u — 1- Indeed vacuum is Lorentz invariant and the tensor g^ is then the only one
available for the vacuum expectation value of T^. In particular, from (195) we conclude that for the
pressure we should get:
] T <0|Tfcfc|0> = -Zevac
(196)
87

which corresponds to a negative pressure in vacuum.
Although (195) is self evident for a vacuum state, it is not trivial at all to get a negative pressure
by summing over the zero-point fluctuations as we are doing now. Indeed, our normal modes are plane
waves with momentum p which have positive pressure of course. In more detail:

r

d3

pi

p2

and, indeed, condition (196) is obviously violated. Let us expand, however, the integrands in (194) and
(197) at large momentum p = |p|:
+

p2

(.

m2

m4

V~V

m2

+

\

(198)
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We see that Eq. (196) does not hold for the first two terms in the expansion but is true for the third terms.
These terms, as we shall see in a moment correspond to a logarithmically divergent parts of the integrals.
Indeed, for the energy density we get:
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Here, Nf,j are the total number of bosonic and fermionic degrees of freedom, respectively.
Let us discuss first power-like divergencies ~ AfjV, AfjV. There exist different views on importance of these divergencies:
(a) one may argue that the A.yV, A ^ v terms should be ignored. Indeed, they do not satisfy the
constraint (196) automatically and are obviously dependent on details of the UV cut off.
(b) one may try, on the other hand, to pursue the line of reasoning that these divergencies should
actually cancel by themselves. Which is true if the real world satisfies the conditions:
Nb = Nf
m2b
bosons

(200)

fermions

These conditions are obviously not fulfilled within the standard model and, therefore, their discussion goes beyond the scope of the present lectures. I cannot help mentioning however that the conditions
are automatically satisfied within supersymmetric extensions of the SM, provided that SUSY is broken
spontaneously.
Within the SM one may try, however, to impose a weaker condition:
(Ct;ac)(¥,)=0 - ( W W O = 0 • Afjy + 0 • A%v + ... OI

Vbosons

fermions
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(201)

fermions

In other words, we impose the condition that the difference of energy densities in the real world with
(</p) ^ 0 and the unstable state with v = 0 is free from the quadratic divergence (note that the quartic
divergence automatically cancels from this difference). The logic is that it is just this difference of the
vacuum energies that determines that the vacuum with (<p) = v ^ 0 is favoured energetically.

It is straightforward to evaluate the sum over m 2 for the known particles. It is dominated by:
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where we accounted for spin, color and charge degrees of freedom. The counting for the would-be world
with (ip) = 0 is more amusing. All the particles would be massless in the world with v = 0 except for
four tachyon Higgs masses:
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V=Q

where vn?H is the mass squared of the physical Higgs boson and we took into account that "tachyon" mass
squared is minus one half of m2^.
Thus, finally the condition (17) reads
3m2H = 12m? - 6m^, - 3m|.

(204)

This relation was derived first by Veltman from the condition of vanishing of the quadratic divergence in
one-loop radiative correction to Higgs mass. Numerically, Eq (204) predicts UIH ~ 320 GeV. Theoretically, the most sensitive issue is higher order corrections to (204).
3.4 Coleman-Weinberg potential
Let us now leave the treachery land of power-like divergencies and concentrate on the logarithmic piece:
F~~2 l n ~^T

evac = - E

+

( f e r m i o n s )-

( 205 )
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Substituting
M
(206)
v
where v is the vacuum expectation value in the real world we get the vacuum energy as function of the
vacuum expectation value (<p) and are in position to discuss the possibility of a transition to another vacuum with (tp) ^ v.
Eq. (205) is still plagued with logarithmic ultraviolet divergencies. We can get rid of them, however, by observing simply that for (<p) = v the logarithmic term is to be included into the renormalized
value of the coupling \(p which describes self-interaction of Higgses. Thus, if we normalize the potential
to its value in the physical world we get for its change with (<p):
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Note that the log factor vanishes at (<p) = v as a result of the choice of the renormalization point, {<p) = v.
Eq. (207) is the famous Coleman-Weinberg potential.
This radiative correction should be now added to the classical piece, \{<p)4/4. Note that heavy
fermions now would destabilize the physical vacuum since they would drive potential down for higher
values of (ip). It tells us that if there exists a heavy enough fermion then the vacuum energy as a function
of {</?) has a deeper minimum and the physical vacuum decays into a new vacuum with larger value of (</?}.
Whether the observed i-quark is heavy enough to trigger the vacuum decay depends (provided that here
are no other heavy particles) on the physical Higgs mass. Indeed, it is the classical piece in the potential,
~ X(ip)4 which "resists" the drive to higher values (</?) since it is positive and grows at large (</?). On the
other hand the value of A is related to the physical Higgs mass, m2H ~ Xv2. From the condition of the
stability of our vacuum one can deduce:
mH > 130 GeV. (vacuum-stability bound)
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(208)

It is worth emphasizing that this bound is based first of all on extrapolation of the SM far beyond the
experimentally studied domain. Indeed, the corrections to the potential (207) are controlled by fourth
powers of masses and we assumed that there are no other heavy particles, but the Higgs boson.
Moreover, to derive a precise bound like (208) a few subtle points should have been settled first. In
particular, in actual calculations one asks not for an absolute stability of the physical vacuum but rather
for a lifetime larger than the age of the Universe. The most serious reservation concerning our derivation
is that we could not include the effect of the Higgs mass itself on the level of m^ correction. Indeed, the
relation (206) holds for all the masses except for the Higgs mass itself. The latter is defined only at the
position of a minimum (extremum) of the potential V({<p}). If we have dV(ip)/d(p / 0 then to formulate
our vacuum energy problem we should have introduced external currents which would support the system
in this non-equilibrium position. We have not discussed energetics with inclusion of these currents. Thus,
the right way to view Eq. (207), as we derived it, is to say that it applies if the effect of the fermion mass
is indeed the dominating quantum corrections. The stabilizing effect of the Higgs mass is accounted then
only on the classical level (term A</?4) and is neglected in the loop correction.
3.5

Triviality bound

Thus, a relatively high value of A is needed to protect the SM against instability of the vacuum. However,
too high a value of A brings a potential problem as well. Namely, iteration of the Higgs self-interaction
results in a growth of the effective, or running coupling A(Q2) at short distances or large Q2. The phenomenon is opposite to now famous asymptotic freedom which is the decrease of the effective coupling
of strong interactions as(Q2) at short distances.
The effect of running of a coupling has been discussed so many times that I do not think that it is
worthy of another explanation here. Namely, the iteration of the Xip4 interaction results in the following
expression for the running coupling:
X
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As a normalization point we can choose QQ = v so that at this value of QQ the coupling assumes its
physical value which determines the physical Higgs mass (see for a discussion the preceeding section).
Now, if we go to a high enough value of Q2, Eq. (209) tells us that we can reach a point where the
effective coupling blows up, A e // —> oo. One can reverse the statement and say that if Xeff is normalized
to a finite value at the position of the pole exhibited by Eq. (209) then it vanishes at low Q2. In other
words, the interaction vanishes at low energies and the theory becomes a trivial theory of non-interacting
fields. The condition that it does not happen is called therefore a triviality bound.
At first sight, it is not possible to avoid the conclusion on triviality since for any A e //(Qo) m e r e
exist a pole in (209) at sufficiently high value of Q2. However, if the pole occurs at energies higher than,
say, Planck scale than one may not trust the expression (209) since it is derived without inclusion of gravity. Thus, usually one imposes the condition that there is no pole in (209) below mpi. Also, we have
neglected in (209) contribution of fermions which tends to decrease A e // at large Q2 (see the preceeding section). Thus, the triviality bound is phenomenologically significant only if the physical coupling
A e //(u 2 ) is large enough.
Numerically,
mH < 300 GeV (triviality bound)
(210)
which is quite a stringent bound. However, one has to keep in mind again that the bound is a consequences
of extrapolating the SM to the energy scales up to the Planck mass. Indeed, if there are heavier particle
coupled to <p they could modify the effective coupling at large Q2. There are some theoretical reservations
as well. Namely Eq. (209) can in fact be questioned near the pole since any small correction may have a
drastic effect near the pole (see, for example, our discussion of the Higgs mechanism in Part 1). Therefore, it is more appropriate to say that occurrence of the pole in (209) indicates that the self interaction
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Fig. 7: Interaction of a massless Goldstone-Nambu particle (dashed line) with a t-quark (solid line). This interaction is responsible for a radiative correction proportional to ml.

becomes strong at energies near Q^ole but not necessarily infinite. Experimental manifestations of such a
new strong interactions at large virtualities should have been discussed thoroughly before accepting the
triviality bound (210). Despite all these reservations the triviality bound is a very interesting indication
that the Higgs mass may be not too heavy.
3.6

Radiative corrections proportional to mf

Let us now turn to radiative corrections within the SM itself, without stretching the validity of the model
to hypothetically high mass scales. It is of course a hard job which we cannot at all do in full. To find a
simple but still an actual example let us consider radiative corrections which are proportional to mf. Quite
recently, when the mass of the top was not known from direct measurements evaluating these corrections
was an intriguing way to get insight into top physics. Now, it would rather serve to us as an example of
problems which are brought by evaluating radiative corrections in theories with spontaneous symmetry
breaking.
The only coupling which is proportional to mt is that of Higgs bosons to top quark. Indeed, gauge
couplings are universal and are not mass-dependent. Thus, at first sight by performing measurements
on W- and Z-bosons alone one cannot detect effects proportional to mf. However, such a conclusion
would be superficial. The point is that the observable massive vector bosons incorporate scalar-boson
degrees of freedom as well (for a discussion see Part 1). The couplings of the scalar bosons, on the other
hand, do know about mt and that is how masses and couplings of the massive, or physical vector bosons
become sensitive to m^ as well. Moreover, since the gauge couplings are small they can be switched on
perrurbatively. Namely, we may consider first massless Nambu-Goldstone bosons and only at the latest
stage account for the Higgs mechanism due to the coupling of the NG bosons to gauge vector bosons.
Thus, we consider the Lagrangian:
L

= £ Vd^i? + ~h^z

+ -^-f(l + 75 )V + + -^-5(1 + 7 5 ) ^ -

+f

(211)

1

Here the first term represents the kinetic-energy term for the three massless Goldstone bosons. The next
three terms describe interaction of the NG bosons with the t-quark, <p± = l/y/2(ipi ± 11^2)- These terms
can be either read off from the Lagrangian describing the Yukawa interaction (see Part 2) or can be found
from the condition the massless scalars interact with the divergencies of the corresponding vector currents.
The last group of terms describe interaction of the vector bosons with the NG bosons. Its form follows
from the form of the currents, sources of the vector bosons and was considered in detail in Part 2.
We would now like to integrate over the heavy t-quark assuming mf » mv. The result should be
an effective Lagrangian for light degrees of freedom, in our case for the vector and scalar bosons. As we
could easily anticipate, the actual evaluation of the loop corrections is plagued by ultraviolet divergencies.
For example, the Feynman integral corresponding to the graph in Figure 7 describing interaction of the
neutral field y>3 is quadratically divergent:

- ™1- f
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diq

~ v* J (2TT)
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The whole art of performing the renormalization procedure is to reduce this, apparently senseless expression to a finite number which is subject to a direct experimental check.
In our case, we first observe that the quadratic divergence corresponds in fact to a correction to
the mass of ip°. However there should be no correction to the masses of the Nambu-Goldstone bosons.
Indeed, they should remain massless as a direct consequence of the spontaneous symmetry breaking (see
Part 1). Thus, we can impose condition Mr = 0 at q2 = 0. This is equivalent to one subtraction so that
the integral (212) is becoming logarithmically divergent. This is our first use of the Ward identities.
Furthermore the logarithmic divergence is absorbed into the renormalization of the kinetic term,
or wave-function renormalization of the neutral and charged Goldstone bosons, Zo,±. Thus, at this stage
we get:
(213)

+f
where, say, for the renormalization factor ZQ we get from the expression (212) after subtracting it at q2 =
0:
3 ^ f1 v
(214)
Note that at this point we have rewritten the Feynman integral (212) as a dispersive integral and expressed
the corresponding absorptive part as a function of the heavy quark velocity v^. This technique is quite
common and simple although its explanation goes beyond the scope of the present lecture. It goes without
saying that any other way of evaluating the Feynman graphs (see, for example, lectures on field theory
at this School) would produce the same result (215). Note also that the deviation of the normalization
Z-factor from unit is negative since we account for the mixing of (p° with the heavy quark states.
Finally, the difference of the logarithmically divergent factors in the channels with charge 0 and ± 1
is finite. For this difference we get explicitly:
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Note that we evaluated this difference for NG bosons on mass shell, i.e., at q2 = 0. If on the other hand,
we would consider q2 S> m2 then this difference would tend to zero, and the symmetry between charged
and neutral particles is restored. This restoration of the symmetry at large virtualities is needed for the
renormalizability of the theory upon inclusion of the vector bosons. Indeed, divergencies of graphs at
high q2 cancel only if the interaction respects the SU(2) symmetry. That is why we are not allowed, for
example, introduce further subtraction constants such that, say, would reduce Z±^ —> 1 on the mass shell.
This is our second use of the Ward identities to fix the radiative correction in point.
The calculation of the difference (215) can be transformed into a prediction for the ratio of m | and
mjy. Indeed in Part 1 we discussed in length that the graph with exchange of NG boson reduces to the
term qp,qvjq2vn^ in the propagator of the corresponding vector particle. Here the factor \/q2 is simply the
propagator of a massless scalar particle. Now this propagator is modified to Z/q2 since the normalization
of free particles, ip^ is not standard.
As a result:
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This correction is commonly called correction to the p-parameter, Ap.
3.7

Custodial symmetry

At first sight, we could expect a radiative correction which is proportional to m2H as well. Indeed, because of the spontaneous symmetry breaking an SU(2) doublet unifies now the massive Higgs particle
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and massless Goldstone bosons. And this mass splitting, one might think, works the same way as the mass
splitting between t-a nd b- quarks we have just discussed. But closer inspection shows that this is not the
case and there are no one-loop correction proportional to m2H. This can be established of course by a direct computation. But there is a symmetry behind this non-appearence of the m2H correction which is easy
to explain. The point is that the Lagrangian describing Higgs self-interaction possesses wider symmetry
than SU(2)L X C/(l), namely 0(4) symmetry, see Part 2. Even when SU(2)L is spontaneously broken,
there is 0(3) symmetry surviving. This is the symmetry of rotations among massless Goldstone bosons.
This symmetry is called custodial symmetry. In particular, this symmetry forbids ZQ / Z± as far as only
interactions between Higgses is taken into account to any loop order. Moreover in the limit cosO = 1
which numerically is not a bad approximation, interaction of the massless NG bosons with vector bosons
also respects this symmetry, see (27). Therefore, inclusion of interaction with the vector bosons in higher
orders cannot break the O(3) symmetry either. On the other hand, the mass difference mt — m& violates
the custodial 0(3) symmetry explicitly and that is why the m2 correction is allowed.
In practice, the custodial symmetry is responsible for the fact that the radiative correcions are much
less sensitive to m # than one could naively expect.
3.8

Realistic case

The approximation m2 » mv is not adequate in fact and the radiative corrections should be evaluated
in full. We do not have much to say about such calculations within the scope of these lectures. Within the
SM there are three basic parameter, namely coupling constants g, g and the vacuum expectation value
v. Three experimental numbers should be used, therefore, as an input. Usually, these are GM, aei,mzAmong these three numbers, the electromagnetic coupling is known in fact to a worst accuracy, so that
the relative error bars are about order of magnitude larger than in the other two cases. The point is that to
describe electroweak physics one needs to use aei normalized at mass scale /J,2 « mv while very precise
measurements of aei refer to a low normalization point (j,2 ~ m2. The extrapolation to the high normalization point utilizes a dispersion relation for the running coupling. This dispersion relation involves, in
particular, an integral over total cross section of e+e~ annihilation into hadrons at intermediate energies,
and this cross section has not been measured to the desired accuracy. Thus, overall fits to the SM could
be improved if this cross section is measured to a better accuracy.
The outcome of the fits to the SM is usually a bound on the mass of the Higgs boson. At the moment
it is about
mH<6Q0GeV
(217)
at the 90% probability level. There are authors who believe that this bound can be improved to about
300 GeV relatively soon. It goes without saying that the discovery of the Higgs boson would be crucial
for the completion of our understanding of the electroweak physics and for further attempts to uncover
theoretical structures which go beyond the SM.
CONCLUSIONS
The success of the Standard Model in describing experimental data has dramatically confirmed the ideas
of the spontaneous symmetry breaking and of the Higgs mechanism. The fact that the i-quark mass was
correctly estimated basing on the evaluation of the m2 radiative correction implies that there is no much
room for heavy fermions with substantial mass splitting within weak doublets. Which might be a challenge to any model introducing new particles, like SUSY. In contrast, there are no firm theoretical bounds
on the Higgs mass, mainly because of the custodial symmetry surviving the spontaneous symmetry of
SU(2)LStrictly speaking, one can only claim that either there is a Higgs particle with mass lighter or
about 1 TeV or there is a new interaction in the TeV region. There is accumulating indirect evidence,
however, that the Higgs mass can well have mass below, say, 300 GeV.
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INTRODUCTION TO QCD
P. NASON
CERN, Geneva, and INFN, Milan, Italy
Abstract
I give an introduction to perturbative QCD. I illustrate its applications in e+e~
physics, deep-inelastic scattering, and hard production phenomena in hadron
collisions.
1

STRONG INTERACTIONS

Strong interactions are characterized at moderate energies by the presence of a single dimensionful scale,
of the order of few hundred MeV, a scale that we will call in the following As- No hint to the presence of
a small parameter, in which to develop a perturbative expansion, is present in the strong interaction world.
Thus, typical cross sections are of the order of 10 millibarns (corresponding roughly to 1/A|), the width
of hadronic resonances is of order As, and the size of a baryon is typically of the order of I/As. This is
very much different from the case of electromagnetism and of weak interaction, where all reactions can
be viewed as originating from a weakly coupled point-like vertex, the fermion-fermion-photon vertex
in electrodynamics, and the four fermion vertex in weak interactions. The development of a model of
strong interactions has therefore followed a rather intricate path. Aside from what can be inferred from
symmetry properties, S-Matrix models where developed in the 60's, since the general feeling prevailed
that it was impossible to describe strong interactions using a field theoretical framework similar to the one
used for QED. Dual models, which eventually gave origin to string theories, were discovered precisely
in this context, but failed to give a consistent explanation of strong interaction dynamics.
2

MOTIVATIONS FOR QCD

Today we have a satisfactory model of the strong interaction, which is given in terms of a non-Abelian
gauge theory. The main motivations for this model are essentially the following.
2.1

Hadron Spectrum

The hadron spectrum can be completely classified from the following assumptions
1. Hadrons are made up of spin ^ quarks. The charge and masses of the known quarks are given in
table 1. One usually refers to u, d, s, c, b and t as "flavours", and commonly refers to u, d and s as
the light flavours, and c, b and t as heavy flavours.
Electric Charge= | e
up
m—
few MeV
Electric Charge= — | e
down
m =
few MeV

charm
« 1.5 GeV
strange
few hundred MeV

top
«170GeV
bottom
«5GeV

Table 1: Known quarks

2. Each quark flavour comes in 3 colours. Therefore, quark fields are spinors, and carry a flavour and
a colour index: w:
3. The SU(3) symmetry acting on colour is an exact symmetry.
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4. Observable hadrons are neutral in colour, in the sense that they are colour singlets under the SU(3)
colour group ("singlet" means invariant under the action of the group).
The SU(3) group is the group of 3 x 3 complex unitary matrices U with unit determinant
f/fC/ = l ,

detl7 = l .

(1)

Invariants can be easily formed out of quark-antiquark states

E Wi - » E vWo Uik^ = E ( E ujiu*) ^
i

ijk

kj

\

i

= E ^k,

/

(2)

k

which gives us the possibility of forming integer spin color singlet states with a quark and an antiquark.
We can form colour singlet also from three-quark states

E
ijk

ijk,i'j'k'

i'j'k'

where the last equality is a consequence of the identity
= det U / ' ' f e '

(4)

ijk

and det U — 1 for SU(3) matrices. Therefore we have the possibility of forming colour neutral, semiinteger spin hadrons formed of three quarks. The most important hadron multiplets are displayed in
fig. 1. Multiplets are classified according their transformation properties under the flavour group. Each
multiplet contains particles with similar properties. Observe that we need colour if we want a particle
like the A + + , which is made of three up quark with the same flavours and same spin, to have similar
properties to the S°, which has three different flavours. In fact, if we didn't have colour, because of
the Pauli principle, the spatial wave function of the A + + should be antisymmetric, while that of the S°
could very well be symmetric. With colour, instead, the colour wave-function itself is antisymmetric, and
so there is no problem to have the particle of the multiplet all in a symmetric spin, flavour, and spatial
wave-function.
It can be shown that in order to form an SU(3) singlet in a system with nq quarks and rig antiquark,
we have the constraint
nq — riq = n x 3
(5)
with n integer. It is a simple exercise to show that because of this condition observable hadrons must
have integer charges.
2.2

Scaling

Scaling was first observed in deep inelastic scattering experiments at SLAC (Stanford Linear Accelerator
Center, Stanford, California), around 1968. The deep inelastic scattering process, depicted in fig. 2, is
the collision of a lepton (an electron in the SLAC case) with a nucleon target, which fragments into a
high multiplicity, massive final state. The scattering process kinematics can be defined by the following
dimensionless variables

Fk-p

^

2p-q

(6)

where Q2 — —q2. The value x^ — 1 corresponds to elastic scattering. In fact

pf = -Q2 + ml + 2u = 2i/(l - zBj) + ml.l.
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(7)
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>sss

spin 3/2

Fig. 1: Hadron spectrum.

X

Fig. 2: Deep inelastic scattering.

Scaling means that the differential cross section, when expressed in terms of these dimensionless parameters, in the limit of high energy with x and y fixed, scales like the energy in the process, according to its
canonical dimension
d

This property is quite remarkable, since the right hand side does not depend upon As, like most moderate
energy cross sections, and it looks more like the behaviour one may find in a renormalizable field theory
with a dimensionless coupling, like electrodynamics. Even more spectacular scaling phenomena are
observed in e+e~ annihilation, where the total hadron production cross section becomes proportional to
the muon pair cross section at high energies.
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The discovery of scaling phenomena in deep inelastic scattering and in e+e annihilation, has
given a strong evidence that if a field theory was to describe strong interactions, it had to be weakly
coupled at high energies, that is to say, it had to be "asymptotically free". The only known asymptotically
free four-dimensional field theories are the non-Abelian gauge theories. It becomes therefore natural to
attempt to describe the hadronic forces by using an SU(3) non-Abelian gauge theory, coupled to the
colour quantum number. This is also hinted by the fact that the condition of colour neutrality of the
hadron spectrum must have a dynamical origin.
2.3

The QCD Lagrangian

The QCD Lagrangian reads

l

J2

^Al.

(9)

b,c

Sum over repeated Lorentz and colour indices is always assumed. The sum over different flavours is
explicitly indicated. The symbols i°- are the 517(3) generators and the fabc are the structure constant of
the 5C/(3) algebra. The matrices ta form a complete basis of traceless 3 x 3 matrices. There are 8 such
matrices, and therefore there are 8 gluons. The basis is chosen in such a way that
Tr (tatb^ = ^6ab

(10)

The symbols / are then defined by (square brackets indicate the commutator)
[ta,tb] = ifabctc

(11)

I also give the important property (which follows from completeness, tracelessness and relation (10))

02)
The colour structure of the Lagrangian may seem complicated at first sight. One simple way to look
at it, is to think of quarks as objects having 3 colour states. The gluon can be thought as carrying the
combination of a colour and an anticolour, except that out of the nine possible combinations the "neutral"
one, formed by the sum of all equal colour-anticolour pairs is subtracted away. Figure 3 shows how to
compute colour factors by using this intuitive point of view. The Feynman rules for the QCD Lagrangian
are given in fig. 4.
The QCD Lagrangian is very similar to the QED Lagrangian. The Feynman rales are also very
similar. The most apparent difference is due to the fact that the fermions carry a new quantum number,
the color (the indices i,j = 1,2,3 in eq. (9)). Also the gluons carry a colour related quantum number.
Unlike the case of QED, therefore, the gluons are charged, and can emit other gluons.
As in the case of electrodynamics, one defines the strong coupling constant

as = f •

(13)

As we will see in the following, this coupling constant has a strength that depends upon the energy scale
of the process in which enters. In leading order

±
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(14)

fermion
gluon

Fermion-Gluon Vertex (ta)

3-Gluon Vertex (/ a6c )

= 0

= 4

Fig. 3: Colour Feynman rules for QCD

where

UCA-ATFnf
(15)
^
where TF = 1/2 and CA = N for SU(N) (3 for SU(3)) and nf is the number of flavours. Thus A is the
parameter that characterizes the QCD coupling constant.
=

2.4

Symmetries

We know that the strong interaction world has a very good symmetry property, the isospin symmetry.
Particles in the same isospin multiplet, like the proton and the neutron, or the charged and neutral pions,
have nearly the same mass. Furthermore, the Wigner-Eckart theorem can be used to relate decay and
scattering processes which are connected by isospin transformations. This symmetry properties must be
present in some way in the fundamental QCD Lagrangian, whose fermionic sector is given by
jSf)

(16)

An isospin transformation acts on the quark field as a unitary matrix
(17)
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V

=

k,m

6 ab

p2 + ie

_ rifc
— 771 + ie

= -gsfabc [gal3(p c,y

a, a
a, a

-iglrdfxbc{gaPgl5-gQ1gp5)
d 6

'

-ig2sfxabfxcd(ga"gps-gaSg^)

a, a

= gsrc ga

k,m
Fig. 4: Feynman rules for QCD
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where / and / ' are restricted to the up and down flavours, and U is a unitary two dimensional matrix.
By a simple exercise, one can verify that, in order for the fermionic Lagrangian to be invariant under
the isospin transformation, we must have either mu = m^ or mu, md -> 0. The distinction of the two
possibilities is a physical one. It can be phrased as follows: if the up and down masses are of the order
of the QCD scale A or larger, then they must be nearly equal in order for the isospin symmetry to work.
Alternatively, the up and down masses must be much smaller than A, for the isospin symmetry to work.
The first possibility is not very appealing from a theoretical point of view. From what we know from
the theory of weak interactions, particles belonging to different families have different masses. It would
be very hard to justify the fact that two quark flavours have equal masses while all the others are very
different. In fact, there is a large body of evidence that favours the second possibility, that is to say, that
the up and down quark masses are very small. This fact has a few remarkable consequences, due to the
fact that, for small masses, the QCD fermionic Lagrangian has a much larger symmetry than isospin
alone. In order to see this fact, let us define left and right-handed field components

and substituting if) — tpL + ipR in the fermionic Lagrangian we have (suppressing colour indices)

(19)
Terms that mix left and right components in the kinetic energy, and terms diagonal in the left and right
component of the mass terms are absent because of the following elementary identities
V>L = j ^ 1 ~ 7&) 4>L

TPR =

i>L = i>L g (1 + 7s)

g (! + 76) i>R

i>R = $R 2 (1 - 7s)

(20)
(21)

and from the fact that 75 anticommutes with 7^. If we could neglect the fermion masses the Lagrangian
would have the large symmetry
SUL(iV) x SVR(N)

x U L (1) x Ufl(l)

(22)

where N is the number of flavours. In fact, the transformation

r
#Vif)

(23)

where UL and UR are (independent) matrices of SU(iV), leaves the Lagrangian invariant. The phase factors constitute the two U(l) groups. The isospin symmetry group is a subgroup of the above, also called
the vector subgroup, characterized by equal transformation matrices for the left and right components.
Besides the isospin transformations, there are other independent symmetry transformations, in which the
left and right-handed component transform with matrices that are the inverse of each other. These are
called axial transformations (they do not form a subgroup by themselves). In the following, I will only
state what happens of all these symmetries, without giving detailed explanations
• The vector SU(N) subgroup is realized in the spectrum. It is the observed isospin symmetry. The
U(l) vector subgroup is a phase symmetry related to baryon number conservation.
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• The axial U(l) symmetry does not survive quantization, because of the so-called triangle anomaly.
This symmetry is simply not there in the full theory.
• The remaining axial transformations are broken symmetries. The Goldstone bosons of these broken symmetries are the pion fields.
Goldstone bosons are massless particles, while the pions are not. This is a consequence of the fact that
the axial symmetries are only approximate, due to the fact that the quark masses are not strictly zero.
Thus, by assuming that the up and down quark masses are small, we explain the presence of isospin
symmetry, as well as the lightness of the pions. Other dynamical predictions follow, like relations among
the low energy scattering properties of the pions and the pion decay constant. The interested reader can
find many good references where to study this subject [1].
2.5

Summary

In summary, by accepting QCD as the fundamental theory of strong interactions we can
• Explain the low energy symmetry properties, and give a justification of the observed spectrum.
• Explain scaling phenomena at high energies.
• Leave Weak interactions in peace. The QCD colour group commutes with the electroweak group
SU(2)xU(l). Since the electroweak interactions are less symmetric (they break parity and CP),
this guarantees that there is no mixing between electroweak and strong interactions that enhances
the parity-violating effects (giving rise, for example, to parity violating interactions of size ftewas
instead of a e w/^vy) or flavour changing neutral current effects.
• Give a description of the hadronic forces which is similar to electroweak forces, thus opening the
possibility of a uniform description of the forces in nature in terms of gauge theories (unification).
There are two common points of view among physicists, with regard to QCD.
Many believe that QCD is an extremely well established theory, much better established than the
Electro-Weak theory. In fact, the Lagrangian is fully specified in term of a single parameter. Remember,
in fact, that quark masses have electroweak origin, and are related to the Yukawa coupling and to the
electroweak symmetry breaking. In Electroweak theories, on the other hand, we have lots of parameters
and quite a few alternatives are possible for the symmetry breaking sector.
Others believe that Electro-Weak theories are much better established. In fact, we can compute
every accessible phenomenon we like with great accuracy, and seek accurate comparisons with experimental results. On the other hand, in QCD, we are unable to explain rigorously even basic phenomena
like colour confinement, and perturbative calculations rely upon unproven assumptions.
The first point of view can be stated by simply saying that QCD must be right because we cannot
think of anything else that is even plausible as a theory of strong interaction. The second point of view is
more humble, and assumes that in order to establish a physical theory one must make testable predictions,
and compare them with experiments.
Thus, we find that essentially no viable alternative to QCD have been formulated so far, and yet
there is a huge ongoing effort in theoretical and experimental physics aimed at testing the predictions of
QCD.
At low energy, QCD is a strongly interacting theory. Besides the phenomenological results that
follow from its symmetry properties, the only known way to perform calculations in this regime is by
computer simulation of QCD on a lattice, that is to say on a finite and discretized model of space-time.
This approach is bound to improve as time goes by, since people become more and more clever, and
computers become more and more powerful.
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At high energy, in many cases, standard perturbative methods can be applied. In these lectures I
will deal mostly with the perturbative applications of QCD. We will see that, even at high energy, the
application of perturbative techniques is not straightforward. In fact, we will be able to perform calculations only when the long distance (low energy) part of the process we examine has no or little influence
upon the quantity we want to compute. In the following, I will illustrate the basics of perturbative QCD
by examining the process of hadrons production via the annihilation of an e+e~ pair at high energy. This
process is particularly simple, since no strongly interacting particles appear in the initial state.
3

AN ILLUSTRATION OF ASYMPTOTIC FREEDOM IN THE PROCESS e+e~ -»• HADRONS

We will now introduce the basic features of QCD via the simplest process in which it can be applied, that
is to say the production of hadrons in e + e~ annihilation. By studying this process we will illustrate the
remarkable property of asymptotic freedom, and its physical implications.
We are considering the process depicted in fig. 5. The production of hadrons takes place via the
\

Hadrons

X
Fig. 5: Electron-positron annihilation into hadrons.

production of a virtual photon, or of a real or virtual Z boson. From the point of view of QCD, the
decay of a virtual photon, or of a W or Z boson, are very similar, and in fact strong corrections to these
processes are given by essentially the same formulae. For simplicity, however, we can always think
about the decay of a virtual photon. We will begin by attempting to compute the total cross section for
the decay of a virtual photon, with a virtuality (q2) much larger then typical hadronic scales. Our attempt
will be extremely crude. We will simply use the QCD Lagrangian and the corresponding Feynman rules,
and try to compute the cross section order by order in the strong coupling constant. The prediction at
zeroth order in the strong coupling comes simply from diagram a of fig. 6. It is usually expressed in

c

d

Fig. 6: Diagrams for the QCD calculation of R(e+e~ -* Had.) up to the order as •
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terms of the ratio of the hadronic cross section divided by the cross section for the production of a /J,+/J,
pair. It is given by
( b a t o n s ) = 3 £ e 2
(24)
where / runs over the quark flavour species, and c/ is the electric charge of the quark of flavour / in
units of the electron charge. The factor of 3 accounts for the fact that there are three colours for each
quark. The sum extends to all the flavours that can be produced at the given energy. The formula is valid
in all cases when we can neglect quark masses. Near the threshold for heavy quark production one must
include a correction factor, which in the general case of a vector boson decay is given by
(25)
Corrections of order as to R can be computed in a straightforward way. The relevant contributions
come from the interference of the virtual diagram b with diagram o, plus the square of the real emission
graphs c + d. There are also diagrams with self-energy on the fermion lines, not shown in the figure,
that should be included with the appropriate weight. The result turns out to be completely finite. All
ultraviolet divergences that arise in intermediate steps of the calculation cancel among each other. This
is a consequence of the fact that the electromagnetic current is a conserved current, and therefore it is
not renormalized by strong interactions. Other kind of singularities arise in intermediate steps of the
calculation, namely soft and collinear singularities. They all cancel in the total. Their meaning will be
discussed further on. The corrected value of R becomes

?f).

(26)

If we go on, and compute the corrections of order o?s something new happens. We find ultraviolet
divergences that do not cancel, and the result is

2

[^](?) )

(27)

where M is the ultraviolet cutoff (for those who are familiar with dimensional regularization, the cutoff
scale in d = 4 — 2e dimensions is M = fi exp £), and

to = ^ S L

(28)

lTT

and rif is the number of light flavours. The divergence is dealt with the usual prescription of renormalization. We define a renormalized charge, function of an arbitrary scale \x,
M2
as{n) = as + b0 log —ots

(29)

and express the result in terms of as (/z) instead of as. We obtain then
(30)
The formula for R is now finite. The theory of renormalization guarantees that with this procedure we
can remove the divergences from all physical quantities. This implies that the one loop divergence of
any physical quantity which in lowest order has the value Aa™ must have the form nAbo log M2a%+1.
Observe that, as a consequence of this procedure, we end up expressing our results in terms of a coupling
constant which is function of a scale.
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3.1

Renormalization group and asymptotic freedom

I will now give a more general and abstract description of the renormalization group and asymptotic
freedom. From the following discussion it should be clear that the existence of the renormalization group
follows from the property of renormalizability of field theory, and that asymptotic freedom is a possible
consequence of the renormalization group. I will not give any technical details on the computation of
the renormalization group flow (i.e. of the so called ft function), which can be found in many good
textbooks.
In field theories we encounter ultraviolet divergences, which in renormalizable theories can be
removed by a suitable redefinition of the coupling constants and the fields. In the simplest case of a
theory characterized by a single coupling constant, renormalizability can be stated in the following way.
A physical quantity G will be given in such a theory as a power expansion in the coupling a (which we
will assume to be dimensionless), with possibly UV divergent coefficients. We will write:
G = G(a,M, a i . . . « B ) ,

(31)

that is to say, G depends upon the coupling, the ultraviolet cutoff M, and some invariants s\... sn
constructed out of the momenta and masses involved in the process in question. Renormalizability means
that I can define a renormalized coupling a r e n
<*ren = a + c\a2 + c2a2 + ...

(32)

d = CiiM/p)

(33)

with
in such a way that
G(a, M, s i . . . s n ) = G(a r en, fi, si...sn).

(34)

So, the physical quantity can be expressed in term of the renormalized coupling, the finite scale p and the
invariants, in terms of a finite function. In other words, all the divergences have been reabsorbed in the
renormalized coupling. The finite scale p has to be introduced in order for the dimensionless coefficients
Cj to depend upon the dimensional quantity M. We will also write
«ren = Oren(o;, M/ p) ,

a = a(c*ren, M/p) .

(35)

and
G{a{aren,

M/p), M , si... sn) = G{aien,p,

si...sn).

(36)

Therefore, renormalizability means that by a redefinition of the coupling of the form (35), eq. (36) holds
for all physical quantities. The same redefinition of a makes all physical quantities independent of the
cutoff.
In the redefinition of eq. (35) we are forced to introduce a scale p. If we change /i and a r e n by
keeping a and M fixed, the physics remain invariant, because physical quantities, to begin with, are
functions of a and M only. Let us study the infinitesimal transformation daren dp? that leaves the
physics invariant. This will lead us to the introduction of the renormalization group. In order for daTen,
dp,2 to leave the physics invariant, we must have
da{aien,M/p)
daren

daren +

da(aTen,M/p)
2 _
x~2
"^ Op,1

which implies
Op1
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From equations (37) and (38) we get
l,Sl...Sn)

from which it follows that
=

^ ^

^(aren)

(40)

where /3 does not depend upon s i . . . sn, M or /x. Observe that /3 does not depend upon M, because M
does not appear on the right hand side of the second equality of (39), it cannot depend upon s i . . . sn
because they do not occur on the right hand side of the first equality. Finally, it could only depend upon
fi. But /i is dimensionful, while /? is obviously dimensionless, and so it cannot even depend upon /z.
Using the expression
a ( a r e n , M/JU) = aren + ci(M/n)a%n

+ ...

(41)

we find
/3(«ren) = « L ^ ^

CX (M//x) + . . .

(42)

Comparing this equation with eq. (29), we immediately get
(3(aTen) = -b0a2Ten

+ ...

.

(43)

and therefore

^L

-hala

+

...

(44)

which characterizes the evolution of the coupling constant as a function of the scale p. Equation (44) can
be also written, at the lowest relevant order
1

as(fi)

=&o

(45)

which can be easily solved to give
(46)
Mo
Without loss of generality, the solution can be written

1

M2
= On log -rx =>

where A plays the role of an integration constant. In QCD, 60 is positive, and eq. (47) makes sense only
for /i > A. One is tempted to infer that A is the value of fj, at which the coupling constant becomes
infinite. In fact, this identification is superficial. When the coupling constant starts to be large, we can
no longer trust the perturbative expansion, and the above equation has been derived only at the lowest
order in perturbation theory. It is better therefore to think of A as the scale parameter of the theory which
defines the value of as at large scales. In other words, A is defined only through the formula for a s (/x),
and this formula has a meaning only for large /i.
QED is very similar to QCD in many respects, and one may wander why we never talk about a
AQED analogous to the A in QCD. In fact, the basic difference between QED and QCD is the value of
bo. We have

r = -%
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a negative value. The expression for the running coupling in QED is then

!

g-£--.

(49)

AQED

The expression in eq. (49) makes sense only for fj, <g; A (so that the right hand side is positive), while the
expression in eq. (47) makes sense only if \i > A. In other words, QCD is a weakly coupled theory at
high energy, while QED is weakly coupled at low energy. This is the content of the statement that QCD
is asymptotically free, while QED is not. The scale at which QED becomes strongly coupled is obtained
by solving the equation

\

g^L.

a Q E D (m e )

A| B D

(50)

which gives
AQED

= m e exp I

^-

r .

(51)

This formula is valid only if all charged fermions have the same mass, equal to me, and the same charge.
However, even if one does a more accurate job, the basic result is that AQED is an astronomic scale,
and this is the reason why we never talk about it. Notice that this fact indicates that QED cannot be a
fundamental theory. The existence of a high scale at which the theory becomes strongly coupled makes
it impossible to measure the basic vertex of QED at short distance, which is somewhat of a contradiction,
since we assume that we know the local Lagrangian of the theory.
We have now discussed the evolution of the coupling constant at the leading order level. The
content of the theory of renormalization is much deeper. It states that up to any order in perturbation
theory, we can remove all ultraviolet divergences from a physical quantity just by a redefinition of the
coupling constant. Furthermore, it states that equation (44) generalizes to all order of perturbation theory,
and the right hand side of the equation is free of ultraviolet divergences. In other words

62a4s(M) + ....

^ 4

(52)

where bo, b\, fo, etc., are ultraviolet-finite.
From eq. (29), we see that as = as(M), that is to say that the original bare as was in fact the
running coupling evaluated at the cutoff scale. It is not useful to try to express physical quantities in
terms of as evaluated at a scale which differs widely from the scales involved in the physical quantities
under consideration. In fact, in this case, large logarithms of the ratio of the physical scale to /u. arise in
the perturbative expansion, as one cannot trust the truncated (fixed order) result. In order to get a reliable
result, one should instead use p, « Q, so that no big logarithms appear in the perturbative expansion. Of
course, we do not know the precise value of \x we should use. We can use \i = Q, p, = 2Q, \i — Q/2,
without the possibility of arguing what is the best choice. In practice, a difference in the value of the
scale used makes a difference in the result, but this difference is of the order of the neglected terms in
the perturbative expansion. This can be easily verified from formula (30) (students are encouraged to try
this).
It is now tempting to formulate the first prediction of our theory. From the expression of the
running coupling, eq. (47), we see that the strong coupling constant is of order 1 when the scale /i
approaches A. It is tempting to set A = 300 MeV, the typical hadronic scale, and then predict that
R(MZ) = RQ{MZ)

(l + a

s {

^ ]

= Ro(Mz)(l + 0.046)

(53)

in reasonable agreement with the LEP value. Of course, this example is very sloppy, does not take
into account the heavy flavour thresholds, higher order effects, and other important facts. It is however
important to remark that, had we found R/RQ = 1 + 0.08 at LEP, this would have implied A = 5 GeV,
an absolutely unacceptable value.
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3.2

Relation among the couplings with different number of light flavours

Now I will spend a few words concerning the number of light flavours. In order to make the discussion
clearer, let us assume that there is a top quark of 100 GeV, and that all the other quarks are massless.
Intuitively, we should then be able to describe the effects of QCD, for scales much below 100 GeV, but
still much above A, in aperturbative fashion, forgetting about the existence of the top quark. The formula
for e+e~ -» hadrons contains then &o evaluated with ny = 5. On the other hand, if the heavy top is
really there, the true description of our phenomenon should be given in terms of the theory with top.
While up to the order as a top loop never enters our Feynman graphs, at two loops we do have a top loop
contribution, represented in the graphs of fig. 7. In spite of the fact that there is not enough energy to

Fig. 7: Top loop contribution to e+e

-» hadrons.

produce the top, these graphs do contribute. They are always associated to a propagator.corrections, so
that their effect is simply to multiply as by a factor 1 — as/(6ir)(d+log(M2/m2)),
where d is a number
which depends upon the particular renormalization scheme one uses. This result can also be guessed on
the basis of the fact that the UV divergence coming from the top loop must have the same form as the
UV divergence coming from any light fermion. We have then
(54)
With a's we indicated the true (bare) coupling, of the theory in which the heavy quark is taken into
account properly, instead of the "fake" theory in which the heavy quark is ignored. The renormalization
procedure for the theory including the top requires now the substitution
^ '

2
s

(55)

where b'o = (33 — 2{nj + 1))/(12TT), and the renormalized formula for R becomes

R.

ft (l + Slfel + [„+ ^ log £ - I („+ ,og £ ) ] («5M)) + O («.W) • (56)

Equation (30) and (56) must be completely equivalent, at least up the order a | . It turns out that in the
commonly used MS renormalization scheme, we have d = 0. In this scheme, the equivalence of the two
formulas imply that
as(fi) = a'si/j.) ioxn = mt.
(57)
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Therefore, in the MS scheme the relation between coupling constants defined by ignoring a heavy flavour,
and the coupling with the heavy flavour included, is simply stated by saying that the two running couplings should coincide for /i = m^, where m^ is the mass of the heavy flavour. In practice, we have three
useful definitions of the coupling constants. One that ignores the charm quark (and heavier flavours),
which has three light flavours, and may be indicated with as , one that ignores bottom (as ) and one
that ignores top (as ).
A plot of the ratios of a^ '/ars'

and crs /ors ' is given in fig. 8. The couplings are correctly
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Fig. 8: Ratios of the coupling defined for different values of n / .

matched at the heavy flavour thresholds according to the MS prescription. From the plot, it appears
that the couplings for four and five flavours are not very different. This is indeed the case. One should
however be careful, because the corresponding value of A is in fact very different. The values used in the
figure have A3 = 0.310 MeV, A4 = 0.260 MeV and A5 = 0.170 MeV. A common error is, for example,
to use values of A4 where A5 should be used. One should never forget that A is nothing but a parameter
in the formula for a s . If we change the formula (going for example from one to two loops) the value of
A should be changed. Similarly, if we plug in the same value of A in the expression for ocs and ccs ',
their value would be very different, even for /j, = mi,, while if we use the appropriate value of A3 and A4
in the corresponding formulas, their value will be identical at that scale.
3.3

State of the art in the beta function and R

The expression of the beta function known today has the form
- ha5s

(58)

where the term 62 has been computed in ref. [2], and the term 63 has been very recently computed in
ref. [3]. Here I report below only the values of 60 and b\, and the corresponding solution of the renormalization group equation at the two loop level. This is what is commonly used in most applications.
1

(59)

a.

108

m

247T2

The reader can verify that the above formula satisfies equation (58) up to terms of order a | .
The radiative corrections to R have been computed up to the order a | in ref. [4], a rather remarkable achievement. The result for nf = 5, expressed in the MS scheme reads
R = RQ h + — (1 + 0.448a s - 1.30a|) \

(62)

where as = crs (Q), Q is the annihilation energy. Besides finding applications in e + e~ annihilation
physics, this formula has found recently a very interesting application to the determination of as from
the hadronic decay of the r lepton [5]. After what we have learned in this section about the ratio R, it
should be easy for us to compute the ratio between the hadronic and the leptonic branching ratios of the
r, at zeroth order in the strong coupling constant. This is depicted symbolically in fig. 9. From the figure,

Fig. 9: The ratio between the r hadronic and leptonic width.

it is clear that the top and bottom processes only differ by the number of possible final states. Thus, the
top graph has a factor of 3, because of the three colours. Only an up-anti-down, or up-antistrange pair
can be produced, since phase space forbids the production of charmed final states. Neglecting the mass
difference between the down and the strange, one can see that the Cabibbo angle is irrelevant in this
case. Thus, the ratio of the hadronic width to the (for example) electron width is 3 at zeroth order in the
coupling constant. As in the case of R, this ratio will receive strong corrections, and the displacement of
this ratio from 3 can be used to attempt a determination of the strong coupling constant from r decays.
Observe that the value of as at the scale of the r mass is quite large, around 0.35. At LEP1 energy this
value is around 0.12. In table 2 (taken from ref. [6]) the experimental determinations of as coming from
R below the Z peak, R on the Z peak, and tau decays, are reported. All determinations are performed
at the relevant scale of the process (thus, for example, the r determination is performed in terms of
as(MT)), and then evolved at the Z mass for comparison. Notice the rather remarkable agreements
among the different determinations.
4

JETS IN e + e - ANNIHILATION

The computation of the total hadronic cross section in e+e~ annihilation presented in the previous
sections has left open a few important questions, that I will resume in three points.
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Measurements
Rr

Re+e- (n/s < 62 GeV)
Z line shape (Assuming SM)

as(mz)
0.122 ±0.006
0.124 ±0.021
0.120 ±0.004

(Th)
(Exp)
(Exp)

Table 2: The determinations of as from inclusive hadronic decays. The error is either theory dominated (Th) or experiment
dominated (Exp).

1. How can we identify a cross section for producing quarks and gluons with a cross section for
producing hadrons?
2. Given the fact that free quarks are not observed, why is the computed Born cross section so good?
3. Are there any other calculable quantities besides the total cross section?
We will see in the following that question 1 and 2, although unanswerable in QCD, imply no contradiction. We will also see that, under the same assumptions that make 1 and 2 work, also question 3 has an
affirmative answer.
Looking at the lowest order formula, we immediately wonder how a formula describing the production of quarks in the final state should also be able to describe the production of hadrons, since we
never observe free quarks in the final state. The structure of the perturbative expansion by itself give us
a hint of how this may happen. Consider in fact the corrections of order as to the total cross section.
They are given by diagrams in which a real gluon is emitted into the final state, and diagrams in which a
virtual gluon is exchanged (interfered with a Born graph) as depicted in fig. 10. In the previous section I

Fig. 10: Soft gluon emission in e + e~ annihilation

have just stated that the total of the corrections of order as is finite, and equals a s /7r. I will now show
that the individual real contributions (those with a gluon in the final state) and the virtual ones (which
have only the quark-antiquark pair in the final state) are individually infinite, and only the total is sensible
and finite. Let us therefore compute the diagram of fig. 10. We will perform the calculation under the
simplifying assumption that the gluon energy is much smaller than the total available energy. It turns
out that in this approximation the computation will require very little effort, and the approximation itself
contains all the interesting features of the result. It is easy to convince oneself that the colour factors for
all contributing diagrams (after squaring and taking the colour traces) are one factor of Cp (which equals
4/3) relative to the Born term (which has a factor of 3, equal to the number of colours that can flow in the
loop), a result wich is illustrated in the last equality of fig. 3. The amplitude for the Born process is
M

(63)
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where e is the virtual photon polarization, q is the incoming four momentum, k is the momentum of the
outgoing fermion and k' = q — k is the momentum of the outgoing antifermion. Defining
^ i

(64)

M = u(k)Af.

(65)

we have
Consider now the diagram of fig. 10, in which the gluon is emitted from the outgoing fermion. The
amplitude is given by

^±^M.

(66)

Actually we should have also substituted k' = q — k — I in Af, but we are assuming that / is small.
Fermion masses are also being neglected, since we assume we are considering a high energy process.
Neglecting / in the numerator, and using the identity u(k)ft = 0, and expanding the denominator (recall
that I2 = 0, k2 = 0) we obtain

Mi m

2

k)

M

M

- w "=* ih - t, -

67
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Analogously, for the amplitude with the gluon emitted from the outgoing antiquark, we obtain
(68)

^M

and the total is
(69)
which vanishes when contracted with la, as gauge invariance requires. Taking the square (with the extra
minus for the gluon projector)

From the amplitude square we turn to the cross section by supplying the phase space factor for the gluon
d?l
/

k • k'
2

W&v2

(k • i)(k> • iy

At this stage I have also included the coupling constant and the appropriate colour factor. Let us now
consider the process in the rest frame of the incoming virtual photon, with q = (q°, 0,0,0), and k = —k'.
Let us call 0 the angle that the gluon makes with the fermion direction. We have then
'k

2

= -5

(72)

so that (using as = g2/(4ir))
n,

„

f

dl°

A
(73)

The cross section for producing an extra gluon is therefore divergent in three regions:
• when the emitted gluon is in the direction of the outgoing quark (6 = 0)
• when the emitted gluon is in the direction of the outgoing antiquark (0 = TT)
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• when the emitted gluon is soft (1° —> 0).
The first two kind of divergences are called collinear divergences, while the last one is called a soft
divergence. Both divergences are of infrared (IR from now on) type, that is to say, they involve long
distances. In fact, because of the indeterminacy principle, we need an infinite time in order to specify
accurately the particle momenta, and therefore their directions. Unlike UV divergences, there is nothing
like renormalization for the IR divergences. Their meaning is the following: the cross section is sensitive
to the long distance effects, like the fermion masses, the hadronization mechanisms, and so on. In fact, if
we give a fictitious mass to the gluon, the result becomes convergent, but it will be sensitive to the value
of the gluon mass.
It was stated in the previous lecture that the total of the corrections of order as to the production
of hadrons in e+e~ annihilation is finite, and equals 2£. The way this happens is due to the fact that also
the virtual corrections have the same kind of infinities, which are negative. If we cutoff these divergences
with some method (like dimensional regularization, or by giving a mass to the gluon), and then sum up
real and virtual contributions, the divergences cancel, and the left-over is finite and equal to as/Tr times
the Born cross section, independent of the method we used to regularize the diagrams. This cancellation
is a consequence of the Kinoshita-Lee-Nauenberg theorem. Roughly speaking, this theorem deals with
divergences that arise because of degeneracy in the final state. For example, the final state with an extra
soft gluon is nearly degenerate with the state with no gluons at all, and the state with a quark split up into
a quark plus a gluon, with parallel momenta, is degenerate with the state with no radiation at all. The
theorem states that the cross section obtained by summing up over degenerate states are not divergent.
We are now ready to show, as promised, that point 1 and 2 imply no contradiction. We have in fact
shown that if we attempt to compute the cross section for the production of a pair of quark-antiquark
alone, while the zeroth order term (the Born term) is finite, the term of order as is infinite, being collinear
and soft divergent. This means that a perturbation expansion for this quantity does not work, since the
coefficients of the expansion are large (actually infinite). Therefore, even the Born term alone, cannot
represent the cross section for producing a quark-antiquark pair. Thus, the fact that a final state with a
quark-antiquark pair and nothing else is not observed is not in contradiction with perturbation theory,
since we have shown that there is no valid perturbative expansion for this quantity. On the contrary, the
cross section for producing strongly interacting particles (no matter how many quarks or gluons) remains
finite even after perturbative corrections are added. One can show that in fact it remains finite order by
order in perturbation theory. Its lowest order approximation is in fact the Born cross section. So, the
Born cross section is the lowest order term in a well defined perturbative expansion with infrared finite
coefficients, which is just the cross section for producing strongly interacting particles (no matter how
many and which types). This is why the Born cross section represents quite accurately the total hadronic
cross section. We are now also in the position to answer the third question. We will show that there are
quantities which characterize the hadronic final state, which are infrared finite in perturbation theory, and
therefore, with the same right as the total cross section, should be calculable in perturbative QCD.
4.1

Sterman-Weinberg jets

Sterman and Weinberg [7] first realized that one can define a cross section which is calculable and finite
in perturbation theory, and characterizes in some way the hadronic final state. The definition goes as
follows.
We define the production of a pair of Sterman-Weinberg jets, depending on the parameters e and
S, in the following way. An event contributes to the Sterman-Weinberg jets cross section if we can find
two cones of opening angle 5 that contain all of the energy of the event, excluding at most a fraction e of
the total. The jet event is depicted in fig. 11. We will now show that the computation of the cross section
for the production of Sterman-Weinberg jets, in the approximation introduced in the previous chapter, is
infrared finite. The various contributions to the cross section (illustrated in fig. 12) are as follows
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Fig. 11: Sterman-Weinbergjets.

• All the Born cross section contributes to the Sterman-Weinberg cross section, irrespective of the
value of e and 8 (fig. 12a).
• All the virtual cross section contributes to the Sterman-Weinberg cross section, irrespective of the
value of e and 6 (fig. 12b).
• The real cross section, with one gluon emission, when the energy of the emitted gluon /° is limited
by 1° < eE (fig. 12c), contributes to the Sterman-Weinberg cross section.
• The real cross section, when 1° > eE, when the emission angle with respect to the quark (or
antiquark) is less than <5 (fig. 12d), contributes to the Sterman-Weinberg cross section.
The various divergent contributions are given formally by
Born = a0
Virtual = - a

(74)
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(77)
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Observe that the expression of the virtual term is fixed by the fact that it has to cancel the total of the real
contribution. Since we are looking only at divergent terms, and since the virtual term is independent of
<5 and e, the expression (75) is fully adequate for our purposes. Summing all terms we get
Born + Virtual + Real (a) + Real (b) = a0 - a0
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(78)
which is finite, as long as e and S are finite. Furthermore, as long as e and 5 are not too small, we find
that the fraction of events with two Sterman-Weinberg jets is 1, up to a correction of order as.
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Fig. 12: Contributions to the Sterman-Weinberg cross-section. Born: (a), virtual: (b), real emission: (c) and (d).

Now we are ready to perform a qualitative step: we interpret the Sterman-Weinberg cross section,
computed using the language of quarks and gluons, as a cross section for producing hadrons. Thanks to
this qualitative step, we make the following prediction: at high energy, most events have a large fraction
of the energy contained in opposite cones, that is to say most events are two jet events. As the energy
becomes larger as becomes smaller. Therefore we can use smaller values of e and S to define our jets.
Thus, at higher energies jets become thinner.
It should be clear now to the reader that, by the same reasoning followed so far, the angular
distribution of the jets will be very close, at high energy, to the angular distribution one computes using
the Born cross section, that is to say, the typical 1 + cos2 9 distribution. These predictions have been
verified experimentally since a long time.
4.2

A comparison with QED

The alert reader will have probably realized that the discussion given in this section could have been
given as well with respect to electrodynamics. In fact, the Feynman diagrams we have considered are
present also in electrodynamic processes, like e+e~ —>• /J-+fi~, and they differ from the QCD graphs
only by the color factor. Thus, from the previous discussion, we would infer that Sterman-Weinberg
jets in electrodynamic processes at high energy do not depend upon long distance features of the theory.
For example, they become independent from the /u. mass when E 3> /i. Also in electrodynamics, the
cross section for producing a /J,+n~ pair plus a photon is divergent, as is divergent the cross section for
producing the pair without any photon. In many books on quantum electrodynamics these divergences
are discussed, and it is shown that a resolution parameter for the minimum energy of a photon is needed
in order to have finite cross section order by order in perturbation theory. In electrodynamics, we can
go even farther, and prove that by resumming the whole tower of divergent graphs, the infinite negative
virtual correction to the production of a fx+(j,~ pair with no photons exponentiates, and gives a zero cross
section. In other words, as it is well known, it is impossible to produce charged pairs without producing
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arbitrarily soft photons. What is then the difference with QCD? Why is that we cannot prove similar
results in QCD? The answer is asymptotic freedom, and its contrary, that is to say, the strengthening of
the coupling constant for soft processes. Thus it is not so much the technical problem of resumming
divergent classes of graphs that is more difficult to approach in QCD, but the fact that when the scale of
an emission process approaches a few hundred MeV the coupling constant becomes of order one, and
perturbation theory becomes inapplicable. It is in this sense that perturbative QCD is an incomplete theoretical framework. In order to make predictions we need to assume that the soft phenomena characterized
by scales of the order of few hundred MeV do not spoil completely the computation of the high energy
part of the process. This assumption is consistent with perturbation theory; it is however an assumption,
and it cannot be proved using perturbation theory alone.
4.3

Shower Montecarlo programs

Perturbation theory can be used to compute radiation processes as long as the energies involved are
safely above the typical hadronic scales. It is then possible to construct event generator programs that
implement the properties of QCD Feynman diagrams for the splitting of partons into more partons, as
long as the splitting is energetic, and then use some plausible model for last step of the splitting process,
in which the partons become hadrons. These programs are generally called shower Montecarlo event
generators [8,9, 10], and are an invaluable tool for experimental physicists. They essentially sum a large
class of Feynman graphs, precisely the most collinear and (in some cases) soft-singular ones. In the
attempt to describe the full final state, they give up the accuracy that can be obtained in perturbation
theory. They are (until now) compatible with QCD only at the leading order in the strong coupling.
While the QCD part is quite similar in all of them, for the last step of the final state formation, that is to
say the hadronization, they differ widely, since they have to rely on models, like the so called Lund string
model or the Herwig cluster model. Hadronization models are tuned to data. Nevertheless, one should
not forget that there is very little predictivity in these models, since they are only qualitatively based
upon the theory. One can expect in general that the hadronization properties for which the Montecarlo
has been tuned for will be well reproduced by it, but not much more than this.
4.4

More jet definitions and shape variables

The key property of the Sterman-Weinberg jets, that makes them calculable in perturbation theory, is the
insensitivity of the jet definition to radiation of soft particles, and to the collinear splitting of an particle
into two particles that share its momentum. This insensitivity is necessary to guarantee the cancellation
of effects that depend strongly upon long distance phenomena, that is to say, those effects that have
infrared divergences when computed in perturbation theory.
After the paper of Sterman and Weinberg, it was soon realized that it is not difficult to build a
whole class of final state observables that do have the same property of soft and collinear insensitivity,
and can thus be computed in perturbation theory, and compared with experimental measurements: thrust,
oblateness, the C parameter, clusters, the mass of the heaviest hemispheres, etc.. The important thing
which is assumed in these definitions is that the same definition must be applied to the final state hadrons
by the experimenter that measures this quantity, and by the theorist that computes this quantity in terms
of quark and gluons. Only if this condition is satisfied, one can assume that in the high energy limit
the computed quantity will agree with the measured one, up to corrections that are suppressed by some
inverse power of the energy.
One of the first of these infrared safe shape variables is thrust. It is defined by the equation

Ik!^*l.

(79)

£ \P\
In words, one takes an arbitrary vector (in the centre-of-mass frame of the colliding electron-positron
pair) and sums the absolute values of the projection of the momenta of all final state particles into that
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vector, normalized to the sum of all absolute values of the hadron momenta. The vector is rotated until a
maximum is found. The maximum direction is called the thrust axis, and the value at the maximum the
thrust of the event. The maximum value of thrust is one, for a final state of two massless particles in the
back-to-back direction. It is easy to check that thrust is an infrared safe shape variables. In fact, a soft
emission does not alter the thrust abruptly, since all emitted particles enter weighted by their momenta.
Also collinear splitting does not alter the thrust of an event, as one can easily verify. An example of a
quantity which is not infrared safe is the total number of particles in the final state, which changes by
one unit in case of soft emission. Examples of a quantities which are sensitive to collinear splitting are
the axis of the tensor

which were actually used in the past to classify the "jettiness" of an event.
A modern, and very clever way to define jets is by clustering [11]. For a given events, one forms
the invariant mass of all pairs of particles in the final state. The pair with the smallest mass is merged into
a single pseudoparticles, and then the procedure is continued with the pseudoparticles, and it is stopped
when the smallest mass of a pair exceeds a given cutoff y x S. One ends up with a definite number of
clusters, and one can thus define the cross section for producing two, three, four or more clusters for a
given y cut. It is easy to convince oneself that these cross section definitions are infrared safe.
Since the computation of these cross sections performed using partons should in first approximation give the correct answer, we see that in perturbative QCD we roughly expect (for not too extreme
values of y) that most events will be made up by two clusters, a fraction of order as will be made up by
three clusters, and a fraction of order a | will be made by four clusters.
Analogously, we expect thrust to be near one in average, and its departure from one to be of order
as. Also, we expect that a fraction of events of order as will have thrust well below one.
Because of the obvious interest in the determination of as from jet shape variables, a lot of effort
has gone in the study of jet and shape variables that are directly proportional to as, which we may call
"three-jet sensitive", like the thrust distribution, and the fraction of events with three clusters. There are
tens of variables of these kind that have been studied at e+e~ machines.
The present state of the art for the determination of as from jets in e+e~ annihilation is the
following. Three-jet sensitive shape variables can be computed up to the next-to-leading level, that is
to say at order a | , thanks to the results of ref. [12]. Various computer programs for the computations
of these quantities are available, and many of these quantities have been tabulated [13]. Effects due to
the mass of the heavy quarks can be also computed at the same order [14]. These quantities have been
intensively studied at e+e~ machines, The recent results of LEP1 and SLDhave given a quite remarkable
contribution to the tests of QCD, and considerably reinforced our confidence in perturbative QCD. Fourjets sensitive quantities (like, for example, the fraction of events with four clusters for a given y cut) have
been known only at the leading order (that is to say at order a | ) for a long time, and only recently a
next-to-leading order calculation has been completed [15]. The corresponding experimental studies are
somewhat less developed.
4.5

Thrust as an example

Let us focus upon the case of thrust as an example. The thrust distribution has the perturbative expansion

+

i t ~ ^~ « ^

+

( ^ ) h>^'<4 + am] + o )

The first term, proportional to a delta function, is the Born contribution, which corresponds to the production of two back-to-back massless partons. The functions A(t) and B(t) can be computed using the
machinery of the [12] calculation, see for example ref. [13]. The renormalization scale /z is explicitly
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indicated in the formula. As in the total cross section formula, the explicit scale dependence of the term
of order a2s is related to the coefficient of the term of order as. Again, using the renormalization group
equation at 1 loop (i.e., das/d\ogii2
= —6oct:|), one can prove that the scale dependence of the above
2
equation cancels up to the order a . Of course, if the whole perturbative expansion was included in
the right hand side, no scale dependence would survive, since the left hand side is scale independent.
However, only terms up to the order a2 are included, and thus one expects a residual scale dependence
at order a | .
Radiative corrections are generally quite large. For example

(o) = 1.29as(Q)(l~4.3as)
2

^

- 0.025a 5 )

(82)

where the second quantity is oblateness (for a precise definition, see ref. [13]), and the third quantity is
the difference of the square of the masses of the heavy hemisphere with respect to the light hemisphere,
with the hemisphere defined according to the thrust axis. Thus, corrections can be as large as 40% even
at LEP1 energies. Because of this, it is mandatory that corrections of even higher orders ( a | and higher)
should be at least estimated and given as a theoretical error. There is no universal rule to estimate the
theoretical error in this case. A commonly used method is to look at the scale dependence of the result.
Since the remaining terms of the perturbative expansion should compensate the scale dependence, they
must be at least as large as the scale variation of the truncated result. The scale should be varied in a
range around the typical scale of the process. It should not be chosen neither much higher of this typical
scale, nor much smaller, since in these cases the perturbative expansion is not well behaved. A common
choice is m z / 4 < /J, < mz, which accounts for the fact that the typical scale of the process is somewhat
below the Z mass.
Hadronization effects should also be estimated, and included in the theoretical error. A naive
estimate can be made for the observable (1 — t) in the following way. Let us assume that the emission of
an extra soft pion is a process that takes place with a probability of order one in the formation of the final
state. This emission takes away from the thrust a value of few hundred MeV (the transverse mass of a
soft pion) divided by the total available energy. Tofixthe numbers, let us say that St = 0.5/90 « 0.0055,
assuming a 500 MeV average transverse mass for the pion. The perturbative value of (1 — t) is roughly
as/ir « .04, increased by the a2 correction to roughly 0.055. Thus St/(l — t) = 0.1. This means that
we can expect that hadronization effects may have a 10% effect in the determination of as from (1 — t).
An instructive example of a QCD study at LEP can be found in ref. [16]. There it can be seen
how a hadronization correction of the order of 10% needs to be applied to the data in order to get a
good fit. Experiments typically estimate the hadronization correction by running a shower Montecarlo
with or without the hadronization stage. The corrections are determined by looking at the difference
between the two runs, and are then applied to the data. The error on the hadronization corrections are
estimated by using different Montecarlo programs with different hadronization models. It is quite clear
that this procedure is perhaps a bit risky. The QCD stage is in fact similar in all shower Montecarlo. The
hadronization step is different, but it is in all cases tuned to fit the data. This means roughly that there is
a bias towards determining the same value of as used in the Montecarlo. On the other hand, the size of
the radiative correction is reported in the [16] paper, and thus, the pessimistic reader may use the whole
hadronization correction as an error on the determination, if he wishes to do so. Even assuming this
most pessimistic attitude, one must recognize that LEP results do show a remarkable consistency with
perturbative QCD results. I find figure 13 most instructive. There, a determination of as was performed
for several shape variables. The determination was performed first using a leading order formula (left
plot), and then the full O(a2) formula. No hadronization correction was applied to the data. Three
values of the renormalization scale were chosen for each variable: /z = mz/4, mz/2, and mz. In the
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Fig. 13: Bin-by-bin determination of as for several different shape variables.

figure, parallel bands correspond to these three choices. The errors on the various point are experimental
errors. If we had a perfect QCD calculation, e.g. all orders in perturbation theory, and hadronization
corrections were truly negligible, we should expect all experimental point to lie (within errors) on a
constant line. If we only have a leading order calculation, we expect instead large differences among the
various points, that should become smaller and smaller as we include higher order corrections. In the
plot, of course, we can only represent the leading and next-to-leading result, since an 0 ( a | ) calculation
has never been performed. It is quite striking to see how, by including the next-to-leading corrections,
the various determinations become much closer to each other. It is left to our fantasy to imagine what
would happen if we could include the O(as3) effects. Table 3 summarizes the determinations of as from
event shape variables.
5

PROCESSES WITH HADRONS IN THE INITIAL STATE

We will now turn to describe the application of perturbative QCD to processes in which hadrons are
present also in the initial state, like Deep-Inelastic Scattering (DIS), or the production of some objects
of high invariant mass in hadronic collisions. It turns out that cross sections for these processes can be
computed and related to each other. In general the cross section for the production of some final state
with high invariant mass (which could be made of a heavy weak vector boson, a lepton-antilepton pair,
heavy quarks, jets, and the like) will be expressed by the so called improved parton model formula
(83)

whose meaning is depicted in fig. 14.
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Table 3: A summary of measurements of as from shape variables. The label "resum" refers to an improved next-to-leading calculations, where terms that are logarithmically enhanced near the two jet region (analogous to log e log 8 in Sterman-Weinberg
jets) are resummed to all order.
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Fig. 14: A graphic representation of the improved parton model formula.

The description of processes with a single incoming hadron is even simpler. For example, in DIS
a

it(p)

=

dx H

fi Hxul*)

Y1
i

6-i(%,v) i

(84)

J

Formulae (83) and (84) are applicable for inclusive processes with large momentum transfer. By inclu-

\q2\ » A2

Fig. 15: The improved parton model formula for DIS.

sive, we mean that no detailed question on the distribution of the final state hadrons is asked in order to
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measure the cross section. The generic concept of a process with large momentum transfer is better illustrated via examples. We may, for example, require that a very large invariant-mass lepton-antilepton pair
(the so called Drell-Yan process) is present in the final state. Or that jets (for example, of the StermanWeinberg kind) with large transverse momentum are observed. In the case of DIS, we simply require
|<72| to be very large.
The recipe for the improved parton model formulae can be summarized in the following points:
• An incoming beam made of hadrons of type H is equivalent to a beam of constituents (also called
partons), that is to say of quark and gluons, with a longitudinal momentum distribution characterize by the parton density functions (pdfs from now on) f\ '(x, n). More specifically, the probability to find the parton i with momentum between xp and (x 4- dx)p is precisely dx f> ' (x, n).
The pdfs are universal, that is to say, they do not depend upon the particular process considered.
• The short distance cross section a is calculable as a perturbative expansion in as
)als(^) •

(85)

The lowest order term of this expansion is precisely the cross section one would compute naively
at lowest order. For the computation of higher order, a more complex prescription is specified.
The pdfs have a mild dependence upon the scale fi, determined by the Dokshitzer-Gribov-LipatovAltarelli-Parisi equation [17]
f1 dz \T^ r, t < \ \AH), i
\
,o^
/ — > Pij{as(iJ.),z)fj '{x/z,n).
(86)
Jx z i
Using the above equations, given the pdfs at a specified value of fx, we can compute them at any
other value. The functions P are called splitting function, and have a perturbative expansion in
powers of as (/i)
d
JH),
,
'(X,/J,)=
dlogfj,2'1

P£\z) + O(a3s).

(87)

The functions P^ are given in [17], and the functions P^ are given in [18]. The scale \x is
arbitrary. The /j, dependence in the pdfs is compensate by the // dependence in the short distance
cross section. As in the case of e+e~ -> hadrons, the scale fi is taken to be of the order of the
typical scales in the process, in order to avoid the appearance of large logarithms to all orders in
the short distance cross section. In this way, a truncated expression for the short distance cross
section may be used safely.
The approach described above gives the cross section in terms of a power expansion in as(n). Since
OIS(M) ~ 1 / 1 ° S M M , this means that by increasing the perturbative order at which the computation is
performed, one adds corrections which are suppressed by one more inverse power of log/i/A. Corrections which are suppressed by powers of A//x are not included in this approach. Thus, for example, the
pdfs describe the longitudinal momentum distribution of the partons. Since the partons are confined in
a hadron, one knows that they must also have a transverse momentum of the order of the inverse of a
typical hadron size, that is to say I/A. This transverse momentum is neglected, since it would give rise
to power suppressed corrections.
In the following I will try to illustrate and justify the improved parton model approach. I will do
this in three steps.
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I will first give arguments to show that one would naively expect a somewhat simplified version
formula like eq. (83) to work. The simplifications consist in the absence of the scale n in the pdfs and
in a. Such a simplified formula can be called a parton model formula (i.e., not yet improved). It can be
used to compute, for example, DIS cross section, or Drell-Yan pair production cross section. The parton
model formula predicts correctly the existence of scaling in DIS.
The second step will be to try to compute QCD corrections in the context of the parton model
formulae. I will show that this approach does not survive when radiative corrections are included.
The third step will consist in finding a way out of the problem found at the second step. The
solution of the problem will have as a consequence the appearance of a scale in the pdfs, and the existence
of scaling violations in DIS.
5.1

The parton model formula

The basic parton model ideas are based upon a very commonly used intuitive picture of inclusive high
energy scattering of composite systems, when we require a very large momentum transfer. Suppose, for
example, that we collide to hydrogen beams, and require that in the final state we find a pair of electrons
with large transverse momenta. It is clear that the most likely mechanism for producing such an event is
the collision of two electron from the two incoming hydrogen atoms. If the transverse momenta of the
electrons are much higher than the hydrogen binding energy, we may think that, to a good approximation,
the cross section may be computed from the elementary electron-electron cross section, applied to a beam
of incoming free electron. The fact that we want to observe a high transverse momentum scattering
implies that the binding of the electrons to the nuclei cannot have an important effect in this case. In
other words, the electrons behave as free particles in the collision. Observe that the inclusive character of
the reaction, and the presence of high momentum transfer, are both necessary conditions for this approach
to be valid. Inclusiveness is needed, because after the two electron collide, the remaining constituent of
the original atoms (i.e., the protons in the case of hydrogen) are also found in the final state. The high
momentum transfer is instead needed for the reaction to take place in a very short transverse distance. If
this was not the case, like, for example, in the case when we look for small angle scattering, the atoms
may interact coherently. Or, more simply, if the momentum transfer was of the same size as the typical
momentum of the electron in the atom, the binding properties of the system could no longer be neglected.
Assuming now that we have ultra-relativistic monochromatic beams of hydrogen atoms of energy
E, in order to compute the above cross section we would assume that these beams are equivalent to
electron beams with energy Ee = E x me/mp. In reality, even if the atom beams were perfectly
monochromatic, the electron beam would not be perfectly monochromatic. The electrons are moving
inside the atom, with a typical velocity of the order of the electromagnetic coupling v « a e m . A simple
exercise in relativistic transformations would show that its energy spread would be of the order vEe. In
fact, the electron energy could be characterized by a pdf fe(x), peaked around the value x = me/mp,
and a width of order vx. Also the transverse momentum of the electron would be of order vme. However,
while the transverse momentum remains invariant under boost, and thus becomes truly negligible at high
energy, the spread in longitudinal momentum is amplified by the boost, and it thus scales with the energy.
This discussion applies to a boosted, non-relativistic system. We can now try to guess what happens for
a relativistic system, in which all constituents have velocities of order 1, and comparable energies. This
transverse momenta will still remain fixed at high energies. Their pdfs, however, will no longer be peaked
around a particular value. Their spread would be of order 1.
Knowing that the basic building blocks of our hadronic world are quarks and gluons, we thus
expect that for a proton projectile, we will have structure functions for quarks, antiquarks and gluons.
We also naively expect the momentum sum rule

fjp\x) = l,
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(88)

because the total momentum of the incoming projectile must be conserved. We also expect that the
proton flavour is conserved. Thus, for example
=2 .

(89)

Since we know that the proton is a relativistic system, we expect that a good fraction of its energy should
be carried by the binding force, that is to say, by the gluons. Thus, the gluon pdf should be sizeable.
Based upon these assumptions, we can now compute various high energy processes involving
hadrons in the initial state. The rules are simple: compute the cross section you are considering for
colliding partons, and then assume that your hadron beam is a beam of partons, with momenta distributed
according to the pdfs. Always neglect the transverse momenta of the partons, and their masses.
Let us now apply this model to Deep-Inelastic electron scattering. There we collide an electron
with a proton. The kinematical variables of the process are usually defined as

q = k-k',

Q2 = -q2,

S = (k + p)2 , Xj

Experimentally, one measures S, y and xBi. One only needs to observe the outgoing electron to obtain
these quantities. The process is an inclusive one, that is to say, no conditions are imposed on the hadronic
final state. The variable y has a simple interpretation in the laboratory frame of fixed target experiments,
where it is the fractional energy loss of the electron.
The corresponding partonic process is the scattering of a charged parton, that is to say a quark
or an antiquark, with the electron. The cross section for this process is easily computed, by using the

Fig. 16: DIS in the parton model.

standard Feynman rules of electrodynamics
\

(1 + (1 - yf)

(91)

where I runs over all quarks and antiquarks, and Q is the corresponding electric charge. The kinematics
is given by
2

p,

y

|| 4
4 ,

2
p + q) 2p= 2p-q-Q
(p
q
Q = 0.

(92)

Observe that eq. 91 is a full cross section, properly normalized, divided by the appropriate flux factors.
Now we write, according to the parton model, the hadronic cross section

122

We now observe that
p •a

v •a

Q2

k •p

k •p

2p- q

(94)

2p • q

and thus we have

Observe that y has a simple interpretation also in the centre-of-mass of the electron-quark system, where
it is given by y = (1 — cos 9e\)/2, and 0ei is the scattering angle of the electron in this frame.
In its simplicity, the parton model makes rather striking predictions. First of all, it shows that the
DIS cross section scales with energy at fixed xBi and y. Furthermore, the y dependence of the cross
section is fully predicted. As we will discuss further on, this y dependence is characteristic of vector
interaction with fermions, and is thus direct evidence of the fact that charged partons are fermions (this
is formally expressed by the so called Callan-Gross relation, as we will see in subsequent chapters).
The same type of reasoning can be applied also to other processes. For example, in a collision
of two hadrons, a quark from one hadron may annihilate with an antiquark from the other hadron, and
produce a lepton-antilepton pair, provided there are enough antiquarks in the projectile, like in pionnucleon collisions, or in proton-antiproton collisions. This is the so-called Drell-Yan process. Its parton

Fig. 17: Drell-Yan pair production in the parton model.

model interpretation is illustrated in fig. 17. There, as before, we define
Pi = z i Pi,

S = (p1+p2)2

P2=X2P2,

= 2plP2,

Q2 = q2 = 2xlX2S.

(96)

The partonic cross section is given by
9Q2
which is very similar to the cross section for e+e~ -> yu+yu~, except for en extra factor of 1/3. This
comes from the colour average for the initial state quark. Its physical meaning is that, in the average,
the probability for the colour of the initial quark to match that of the antiquark is 1/3. According to the
parton model interpretation, the hadronic cross section is
\

= £ f dx1 dx2 (f^Hxx) f^\x2)
i

J

_

A rrr

f\i

1

+ ( l e I))

,

(98)

i

for Q2 = s = x\ x2 S. The validity of the above formula is restricted to the range where Q2 is large. It
is therefore usually written as
dx\ dx2 [ fl

{x\) jj

(%2) + (t •*-> j) J o{xix2b — Q ) / ^ty

I
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n/O2

.

(y9)

Pushing further our parton model interpretation of hard scattering processes, we can go on and compute
the cross section for producing high transverse momentum jets (ignoring for the moment the problems
related to the jet definition), of heavy bb pairs, of tt pairs, and so on. In these processes, also gluons
could enter in the initial state.
Not all hadronic processes can be computed in this way. For example, Drell-Yan cross sections,
for Q2 approaching typical hadronic scales, cannot be computed. The rule of thumb for deciding if a
process is a hard process or not, in the context of the parton model, is to ask whether it is insensitive
to the initial transverse momentum of the partons, which is of the order of typical hadronic scales. The
parton densities do not carry any information about this quantity.
5.2

Does the Parton Model survive radiative corrections?

We will now try to add perturbative QCD corrections to the Parton Model. As in the case of e+e~ —>
hadrons, we will find soft and collinear singularities associated to radiation of gluons from final state
partons, which we expect to cancel for appropriately defined final states. For example, in fully inclusive
hadronic final states, like in DIS or in Drell-Yan pair production. Or, for appropriately defined jets, like
in the case of the Sterman-Weinberg jets.
A new element that can arise in the case of reactions initiated by hadrons, is the appearance of
initial state soft and collinear singularities. We will show that initial state collinear singularities cannot
possibly cancel, and thus spoil the Parton Model interpretation of hard processes. Let us thus consider a
generic hard process initiated by a hadron, and its parton cross section, which we assume for simplicity
to be initiated by a quark

= M{p)u(p) .

(100)

Here M indicates the amplitude for the process, and u is the Dirac spinor. All the complexity of the
process is hidden in M, and we don't care about it for the moment. The cross section is obtained by
squaring the amplitude, averaging over the initial state spin and colors, and dividing by the appropriate
flux factors

^Mp)^5>(p)(p)Mp)

% ( P ) H P )

(101)

where N is whatever normalization factor arises from the rest of the amplitude.
We want to focus upon the initial state corrections

- 0 ^ Z ^ 2 7 " « ( p ) e^l) ,

(102)

where e/u(/) is the polarization vector of the final gluon. We also observe that this may not be the only
correction of order as. One may also have a process in which an initial gluon splits into a quark-antiquark
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pair, and the generated quark gives rise to the reaction

We will assume that this complication does not occur. For example, we may assume that the hard cross
section measures some effect due to the difference of the quark content for two different flavours. Since
the gluon produces equal number of quarks for all flavours, it could not contribute in this case. In
these cases, one says that the cross section is only sensitive to the non-singlet component of the parton
densities. We thus concentrate on the non-singlet case now. Further on we will describe how to treat the
general case.
Experience with the e+e~ case tells us that as I becomes parallel to p we will have a collinear
singularity. It is convenient thus to write / in the following way

l = {l-z)p + lL +

to

(103)

where rj is an arbitrary vector such that rj2 = 0 and rj • p ^ 0. For example, in the centre-of-mass frame
of the collision process we can choose
P=(P°,0x,p°),»/ = ( l , 0 x , - l ) .

(104)

The phase space for the emission of the gluon is
dH

dH
2

2 (2TT)3

5(l

2

)

2 p

(105)

1-Z'

which yields, from the on-shell condition for the gluon,
(106)

The most singular part of this cross section can be obtained similarly with what was done in the case
of e+e~ annihilation. It does not make much sense, in this case, to assume that I is small, and thus
the derivation is a little bit more involved. It is nevertheless instructive, so I will report it in the next
subsection. People who are willing to accept the result without discussion, can skip it.
5.3

Derivation of the singular part of the cross section

The amplitude in eq. (102), using our kinematic definitions, can be written as

When squared, it seems to give rise to terms of order \/l\_. We will see that these terms, however,
cancel. The trick is to make careful use the relation I1*eft (I) = 0. The singular region is the one when I
is collinear to p, that is to say when l± vanishes. In this region l « ( l - z)p, and thus p w 1/(1 — z), up
to small corrections. Inserting this expression forp in eq. (107) will lead to simple Dirac algebra, since
by anticommuting / with 7^ we get P , which vanishes when dotted into the polarization. We thus write
P-

l

~!X " ^
1—z
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(108)

and replace it in eq. (107). The term in £ kills the singularity, and we drop it, since we are only interested
in the singular part. We obtain

J

9.M(p-l)Z'~J?->fu(p)etl(l) ,
I' 'l l

(109)

which becomes

=

g%

= gsM(p - I)

2zl

±

(1

* ) r j / y "«tfMO ,

(111)

where the first step is obtained by anticommuting f and 7^, which we can do as explained before. Then
we rewrite I in terms of p. Next, we drop the p1 term, since it is in front of the spinor u(p), and thus gives
zero, according to the Dirac equation. Finally, we use the anticommutation relation •y^f ± = —f j.7^+2/^
In this last form, the singularity appears to be at most of order 1/ |Zj_|> so that the amplitude squared will
give at most a l/l\ singularity. The rest is simple algebra. We square eq. ( I l l ) , replace the gluon spin
sum with the transverse projector —g^u, replace the fermion spin averaged product u(p)u{p) with p/2,
and obtain

(1 - z)Wf) \ (-M± - (1 - *h7x) {-

(112)
XI
2
To get the cross section, we should multiply the above expression by N/pA2
, and integrate over the phase
space. We obtain

where

(H

^

^

H

^

t

l

)

.

(114)

where we have made use of the relation g2 — A-!ras. The factor C F = 4/3 arises from the colour algebra.
It can be obtained according to the colour Feynman rules of fig. 3, as illustrated in the graphic equation

(115)
There we see a factor of 3 arising in the first term, because of the sum over the colour entering the Born
amplitude, and a factor of 3 in the second because of the colour loop, the net effect being (3 + l/3)/2 =
4/3.
The result obtained so far arises from the real emission of a gluon. Virtual corrections are also
present, i.e. a gluon can be emitted and reabsorbed by the same line.
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5.4

Effects due to the emission of a collinear gluon

The final result is

where the second term in squared parenthesis is due to the virtual corrections. We see that there is a
singularity at z = 1 which cancels between real and virtual corrections. The region z —> 1 corresponds
to soft gluon emission. Thus, soft singularities cancel. There are also collinear singularities, associated
to the small l± region. These do not cancel.
We first make the following remark. In the initial amplitudes, the presence of a denominator of
the form l/l\ may seem to give rise to divergences like d?lx/l\. The singularity we find at the end is
instead weaker, of order d2l±/tj_, because of an l\ we find from the numerator algebra. We can easily
convince ourselves that this is a consequence of angular momentum conservation. Vector interaction,
in fact, do not change the helicity of a particle. Thus the helicity of the incoming quark must be equal
to the that of the outgoing quark. On the other hand, physical gluons have ± 1 helicity. Thus, in the
collinear limit, the total angular momentum contributed by spin is not conserved. This gives rise to the
extra l\ suppression in the cross section. Also, by dimensional analysis, we see that we cannot expect
divergences stronger than d 2 /j_//^ in theories with dimensionless coupling constants.
In the case of e+e~ —> hadrons, we made the approximation that z K. 1, for simplicity. If we had
been more careful, instead of formula (71), we would have obtained a formula similar to eq. (116). There
would be, however, a very important difference: in the Born cross section for the real emission, under
the integral sign, we would have a^{p) instead of a^(zp). This property is characteristic of splitting
processes taking place in the final state, rather than in the initial state. Figure 18 illustrate this fact. This
T(O) (ZT> )

Fig. 18: Collinear processes in the final and in the initial state.

is the reason why collinear singularities cancel in the e+e~ -* hadrons case, and do not cancel in this
case.
Equation (116) exhibit a rather intuitive property of collinear emission. Since the singularities are
due to the fact that the intermediate propagator goes near its mass shell, the intermediate particle travels
for a relatively long time and distance. Thus, when it initiates the interaction, behaves essentially like an
on-shell particle, and the phenomenon can be described in probabilistic terms. In other words, the total
amplitude squared for the splitting process and the hard scattering, becomes the product of the square
of the amplitude for the splitting process, times the square of the amplitude for the hard scattering (i.e.,
the cross section). The l\ integral is divergent in the lower limit. Its upper limit is instead some scale,
of the order of the typical momenta involved in the hard process, which we now call Q. Equation (116)
can then be interpreted intuitively in the following way. In a hard process, taking place in a time of order
l/Q (by the Heisenberg indeterminacy principle), an incoming parton is also probed for a time of order
1/Q. In a short period of time, a quantum state may fluctuate into states to which it couples, even if they
have energies that differ by an amount of order Q or less. This is what happens to our incoming quark.
This also explain why the larger is Q, the more likely is the splitting to take place.
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5.5

Failure of the parton model

The presence of collinear divergences tells us that there must be something wrong with the parton model.
Of course, we know that divergences, in the real physical world, are never there. In our case, for example,
if we introduce the mass of the quark, the divergence goes away. Or, we may use the known fact that
at low scale confinement effects take place, and thus put a lower cutoff of order A in the transverse
momentum integral. Or again, we may remember that the parton is off-shell in the incoming nucleon,
by an amount of order A. This also would act as a cut-off. However, neither of these remedies would
really solve the problem. Our cross section becomes strongly dependent upon low energy details, like
the quark mass, the off-shellness in the nucleon, or confinement effects, while the Parton Model assumes
that these details do not count. Furthermore, the physics of these details is low scale physics, and is thus
uncalculable in perturbative QCD.
We will now show that, in spite of the collinear divergences, the Parton Model can be rescued,
provided we accept some modifications to make to the original concept. In fact, these modifications are
interesting testable features of QCD.
We begin by introducing some notation. First of all we define

where the notation with the + suffix is called the plus prescription. It specifies that the expression in
parenthesis is to be interpreted as a distribution, and its integral against a smooth function f(z) is given
by
(118)

o
Next we introduce the notation
. . . dxn fi(xi)fi(x2)

• • • fn{xn)o(x\

... xnp) = / i ® f2 ® . . . <g> /„ a(p).

(119)

In the above notation, we define I = 5(1 - a;), so that I a(p) = a(p). The operator <g> is called a
convolution. It has many properties of the multiplication. In particular, it is commutative. It is easy to
show that, if

f = fa <g) / 2 <g> . . . <g> fn

(120)

then
f(x) = / fi{xx)f2{x2)
Observe that the order of the f\...

• • • f n { x n ) 5{x - x i x 2 . . . x n ) d x 1 d x 2 . . . d x n .

(121)

fn is irrelevant in the ® product.

Now we can rewrite eq. (116) as
(122)
where the index q is to remind us that this is a quark cross section. We have performed the l± integral,
with an infrared cutoff A. We always assume now that we keep only the singular terms of order as
relatively to the Born term. We now rewrite this equation as

oq(P) = ^ (p) + aW (P) = (i + g log £
The above equation is easily verified by expanding the product of the terms in parenthesis, throwing away
the term of order a2s, and combining the logarithms according to log p?/X2 + \ogQ2/ji2 =
\ogQ2/\2.
128

We now remember that the above parton cross section should be convoluted with parton densities. According to our new notation, the parton model formula is written as
°{P)

= / oq{p) .

(124)

Thus, using eq. (123), we immediately obtain
a{p)=f{^a{p,/2)

(125)

where we have defined

and a(p^)= ( l + g l o g ^ 0 ) ) <r<°>(/}) .

(126)

Equation (125) is known as the QCD-improved parton model formula, and it forms the basis for the
application of perturbative QCD to phenomena initiated by hadrons. A considerable difference with the
"naive" Parton Model formula is the appearance of a scale /x in the parton densities. Let us know try
to understand in words what we have done. We have attempted to compute radiative corrections to a
parton process. We have found that part of these corrections are large, and depends upon unknown low
scale dynamics, which is represented here by the cutoff A. However, we have found that these large
corrections can be absorbed into a redefinition of the parton densities. The parton densities redefinition
does not depend upon the hard process in question: it is universal. The physical cross section can then
be denned in terms of these new parton densities. Instead of the partonic cross section, in the QCDimproved parton model formula we have a so called short distance cross section a. This is obtained
by subtracting the infrared sensitive (or long distance) part from the partonic cross section. Thus, the
short-distance cross section is controlled by high momenta, and is thus calculable in perturbation theory.
It is important to choose the scale \x of the order of the scale Q of the hard process, in order to avoid the
appearance of large logarithms in the perturbative expansion.
Of course, our argument was only carried out at leading order in perturbation theory. There is a
variety of more complex arguments that show that formula (125) actually holds to all order in perturbation
theory. This is called the Factorization Theorem [19]. We will comment later on its present status. For
now, we will assume that the procedure outlined above can in fact be carried out to all orders in the
coupling constant. Thus, the short-distance cross section can be given as a power expansion in as. If
the scale at which as is evaluated is near the typical scale of the hard process, no large logarithms can
appear in the coefficients of the expansion, since all the scales entering in the coefficients are of the same
order. Thus, one can improve the accuracy of the short distance cross section by computing higher and
higher orders in perturbation theory. The scale fj, introduced in this context is called the factorization
scale. The scale at which as is evaluated is the renormalization scale, and should be of the same order as
the factorization scale. In principle, they can be taken to be different. Here, for simplicity, I will always
assume that the renormalization and factorization scales are taken equal.
The new pdf / ( ^ ) contains uncalculable long distance effects. It has to be measured, by using
formula (125) with some reference hard process, which is typically chosen to be DIS. One then extracts
/(/z) at a given scale /z. Its n dependence is however calculable. In fact, the left hand side of (125)
is n independent, and the short distance cross section a is calculable in perturbative QCD, due to its
short-distance nature, and thus also its scale dependence is calculable. Thus, the fi dependence of f(fi)
must also be calculable. We have

and thus
=

~/(/•*) I A* "5—o ^(P; A1)
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)
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and using the expression for a given in equation (126) we obtain in leading order
(129)
and since the hard process is arbitrary, we get

^

0

)

(130)

The above equation can be written in standard notation

This is the Altarelli-Parisi equation (or Dokshitzer-Gribov-Lipatov-Altarelli-Parisi equation) for the
non-singlet case. It allows us to compute the (non-singlet) parton densities at any scale, once we have
measured them at an initial scale.
5.6

The evolution equations in the general case

In general, the Altarelli-Parisi equations can be written in our symbolic notation

or, more extensively
x V •
where

where the P^^]]'(y)
'(y) are given in ref.
ref [17],
[17] and the Py
Py[['(y)
'
in [18]. We report below the formulae for the
Pij (y) • I t s on^y non-vanishing components are

P$(x)

= P$(x)

= Ti {x2 + (1 - x)2) ,
i l

+

-

x ) 2

,

(136)
(137)

i ^ i + ,(1 - ,) + (11 - J2-) «1 - x,]

(B8,

We do not report here the higher order P^-' (y) functions. Observe, however, that at higher orders the
components Pqiqj for i ^ j and P ^ . (for any i and j) do arise. Here we limit our discussion, for
simplicity, to leading order evolution only.
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We begin by taking the difference of eq. (132) with itself, for two different quark or antiquark
flavour labels i and j . We find

E

= E (pikfk(l*) ~ Pjkfkin)) •

A

(139)

As discussed earlier, if i is a quark (or antiquark), then k can only be the same quark (or antiquark) or a
gluon. The gluon contribution cancels among the two terms in parenthesis, and one gets
- fjfjt)) = Pqq {fiifi) - fj(n)) .

(140)

Thus, if we have m light flavours, there are 2nf — 1 independent combinations of the parton densities
that evolve independently from each others. They are called non-singlet components. Next, we take the
sum of eq. (132) for all quark flavours and antiflavours. We get

E ^2 /*(**) = E *w*(*o = E E P*SM+E
i^g

i^g

"

i^g k^g

*WAO
i^g

On the other hand, eq. (132) for the gluon reads

£2/9(1*) = E P9i/iM = E
Thus, defining

we get the system of equations

Q

+ 2m Pig fg(li) ,

(144)

which define the evolution of the so called singlet component S and the gluon. Thus, while the nonsinglet components evolve independently, the singlet component mixes with the gluon density in its
evolution.
5.7

Sum rules

We said earlier that we expect sum rules from our parton densities. Thus, for example

Jdx[fW{x)-fJ!>){x)\=2.

(145)

We must make sure that evolution equations do not spoil the sum rules. Since the difference of the quark
and antiquark parton densities is a non-singlet component, we have
S(x - yz) dydz

[fip)(z) - fip)(z)] = 0

(146)

because J Pqq(y)dy — 0. Similarly, one can show that the momentum sum rule is also preserved by
evolution.
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5.8

Scheme dependence

There is some ambiguity in the way one defines the parton densities, the first of eqs. (126). This ambiguity is best seen as an ambiguity in the type of infrared cutoff one uses. For example, one could give a
mass to the quark, or assume it is slightly off-shell. By doing this, the large logarithm does not change,
but different finite pieces can arise in the calculation. In the present context we have only looked at
the divergent parts. When doing next-to-leading QCD calculation, however, one would like to compute
precisely the finite pieces. The reader can find interesting examples in [20] and [21]. There the same
processes are computed (the Deep-Inelastic and the Drell-Yan cross section), but with different infrared
cutoffs. Thus, the finite terms in the various cross sections turn out to be different. However, when
expressing the DY cross section in terms of the DI cross section, both approaches get the same formula.
Thus, to some extent, the definition of the parton density is a matter of convention, like the definition of
as. It has to be specified together with a procedure for the computation of short distance cross section.
Fortunately, today, the so called MS scheme is widely used, and most parton densities are given in the
MS scheme.
5.9

Summary

We summarize what we have learned in this chapter.
First of all, by intuitive reasoning, we derived cross sections for high energy inclusive processes,
assuming that the transverse momentum of constituents in hadrons was limited to typical hadronic scales.
We tried to compute radiative corrections to these formulae, and we found inconsistencies, i.e.
uncancelling collinear divergences.
With a procedure very similar to renormalization, we showed that the collinear divergences could
have been reabsorbed into the parton densities.
Let us discuss how is the procedure of factorization similar to renormalization. In renormalization,
we reabsorb our ignorance of UV effects into a redefinition of the strong coupling constant. Here, we
reabsorb our inability to compute IR effects into a redefinition of the parton densities.
As a result of this procedure, we find that the parton densities are actually scale dependent. We may
think of a hard process as a probe of transverse dimensions of order l/Q. When we probe a constituent
at higher and higher values of Q, that is to say at smaller and smaller distances, we may find it in states
in which it has split into more constituents. This is why parton densities evolve with the scale at which
they are measured.
The original assumption of limited transverse momenta fails in the parton model. We have seen,
in fact, that because of initial state radiation, integrals of the form d2l±_/l2± arise. Roughly, we expect
•

(147)

Thus the transverse momentum is not limited, but it is "perturbatively" small, i.e. it is suppressed by a
coupling constant factor.
5.10

How solid is the Factorization Theorem?

The argument given in this chapter does not certainly pretend to be fully convincing. Thus, we would
like to have a more solid proof of this theorem.
In the case of the DIS process, such proof exists. It relies upon a clever analytic continuation
property of the DIS cross section, that can be used to apply the powerful language of the operator-product
expansion (O.P.E.) to the problem.
For production processes in hadronic collisions, things are much more difficult. Even in the simplest case, the Drell-Yan process, the factorization theorem has a long controversial history, which was
132

finally settled by a calculation performed by [22]. All-order arguments for factorization have been given
in [23]. Thus, today, the factorization theorem is widely accepted in the physics community.
6

DEEP INELASTIC SCATTERING

Deep-Inelastic Scattering (DIS) is the next-to-simplest QCD process after e+e~ annihilation into hadrons.
It is experimentally quite simple, since in order to define the DIS cross section one does not need to introduce jet definitions, and in general, it is enough to measure the momentum of the outgoing lepton in
order to measure the cross section.
The Deep-Inelastic cross section is also the best place where to measure structure functions, as can
be seen from eq. (95). Thus, many QCD prediction for hadronic collisions rely upon the experimental
determination of structure functions performed at DIS experiments.
From a theoretical point of view, DIS has also a privileged status. There are in fact good reasons
to believe that power corrections in DIS processes behave like 1/Q2. This is unlike, for example, jets in
e+e~ annihilation, where one expects corrections of the order of 1/Q. Thus, DIS is a good place where
to measure as.
The most general form of the DIS cross section for electromagnetic processes is given by

dxdy

Q4

where F2 and Fi are called the structure functions for DIS, y corresponds to the variables defined previously, M is the mass of the target nucleon and x — xBi. I will not illustrate the derivation of this formula,
which is found in many textbooks. It is a simple consequence of electrodynamics at the lowest order
in a e m , and of Lorentz invariance. It does not, therefore, contain any dynamical consequence of strong
interactions, aside from its symmetry properties. From formula (95), and after what we have said in
the previous chapter with regard to the factorization theorem, we can now write down the leading order,
QCD-improved parton model formula for DIS

do
2 l SxBj
dy dx = ™ Z
Q

(1 + (i - y?) E c " M*> Q) •

(149>

In this leading order formula, it is sufficient to choose \x « Q. For simplicity, I have chosen \i = Q.
From eqs. (148) and (149), neglecting mass effects, we find
= 2xF1(x,Q),

(150)

which is the so-called Callan-Gross relation, and

Yffi(x,Q).

(151)

The Callan-Gross relation is a prediction of the parton model, and it is a consequence of the fact that
the only charged partons are fermions. It is however only a leading order prediction. When radiative
corrections are included, it is violated. One defines Fh = F2 — 2xF\.
It is useful to focus now upon the y dependence of the parton model formula. We have

p •k

p-k

2

and thus y is related to the electron scattering angle 9 in the CM frame of the electron-parton collision
(sometimes called the partonic CM frame).
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The scattering of the lepton on a quark of the same helicity, gives rise to a y dependence proportional to 1, while in the case of a quark of different helicity, the y dependence is (1—y)2. Thus, in the case
of spin-averaged cross sections in electromagnetism, the y dependence is 1 + (1 — y)2. The verification
of these properties is a simple exercise with Feynman graphs. In fact, the vanishing of the cross section
in the backward limit (i.e. y = 1) for the quarks and lepton with opposite helicity is easily explained.
The spins of the lepton and the quark are aligned, since their helicities are opposite, and their momenta
are opposite. Thus, they have a total angular momentum 1 in the collision direction. Vector interactions
conserve helicities. Thus, the quark and lepton will have the same helicity after the interaction. In the
case of backward scattering, however, they have opposite momentum, and thus they have opposite total
spin. Thus, conservation of angular momentum imposes the vanishing of the backward cross section,
which in fact what the (1 — y)2 dependence predicts.
Parity violating processes contribute anti-symmetrically in the exchange of the helicity of the
incoming lepton. Thus we expect a (1 — (1 — y)2) = 2(y — y2/2) dependence to be present in case
of parity violating processes. Thus, a third structure function appears in these cases. For example, in
neutrino charged current DIS (i.e. u^N —>• ju^X or v^N —»• IJ>+X) we have
G2F(S-M2)

da
dxdy

V x Ff(x, Qa) ±(y- y2/2) xF? I ,

(153)

where the sign in front of F$ is chosen positive for u, and negative for v interactions. The parton cross
section is given by
da
dy

G%s
Ml
(l
same helicities
ft
(Q2 + M2 ) 2 \ (1 ~ y)2 opposite helicities

The neutrino is left handed, and charged current interactions involve left-handed quarks and their antiparticles, which are right-handed. Thus, when the neutrino scatters off quarks, we get the 1 y dependence;
when it scatters off antiquarks, we get the (1 — y)2. Because of charge conservation (i.e., the neutrino
goes into an electron, and thus gives one unit of positive charge to the quark) only negatively charged
quarks or antiquarks can be involved. Thus, for example, for v^p -> yTX, neglecting for the moment a
possible charm or bottom parton density in the proton
da

=

G2Sx

Ml

r

_

+

+ (1

d(x Q) = f

(x Q)

)2

_,

.,

Here we introduce the common notation
u(x Q) = f^(x

Q)

etc.

(156)

for the quark densities in the proton. The corresponding densities in the neutron are obtain from isospin
symmetry
f(n)(% Q\ = d(x Q)
f (x O) = u(x Q)
etc..
(157)
Thus
F?(x, Q) = 2xF?(x, Q) = 2x{d{x, Q) + s{x, Q) + u(x, Q))

(158)

FT(x, Q) = 2(d(x, Q) + s{x, Q) - u(x, Q)) .

(159)

Similarly, for Pp —> e+X
^2C(x, Q) = 2x{u(x, Q) + s{x, Q) + d(x, Q))

(160)

F3cc(a;,

(161)

Q) = 2(-J(ar, Q) - s{x, Q) + u(x, Q)) .
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One gets the sum rule

f dx [F*p(x, Q) + F^(x, Q)] =

(162)

Jo
2

Jo

dx [u{x, Q) - u(x, Q) + d(x, Q) - d(x, Q) + s{x, Q) - s(x, Q) + ...] = 6

which is called Gross-Lewellyn Smith sum rule, and expresses the fact that there are three quarks in a
proton.
The phenomenology of DIS scattering is quite complex, and it is really impossible to review it in a
satisfactory way in the context of these lectures. Several complications of experimental nature arise, and
have to be dealt with properly. When extracting the structure functions Fi or F^ from data, it is usually
assumed that F\ and F<i are related on the basis of the Callan-Gross relation
1 4-

where, if the Callan-Gross relation was satisfied exactly, one would have R — 0. Different experiments
are performed on different targets. The structure functions for a nucleon embedded in a nucleus are
distorted (EMC effect). Finally, the size of power suppressed effects (the so called higher twist effects)
should be assessed, especially for low Q2 experiments. In the present context I will not try to explain
how to deal with these complications. I will instead try to give a rough idea of how the strong coupling
constant and the parton densities are extracted from data.
The strong coupling constant can be extracted from DIS data using sum rules, like the GrossLewellyn Smith sum rule. Sum rules are in fact calculable in perturbative QCD, and the difference from
their parton model value can be used to extract as. For the Gross-Lewellyn Smith sum rule

f

dx

6 [l - ^

x (l + 3 . 5 8^^ + 19 ( ^ ) 2 ) + O(a4s) - A HT | .

(164)

A CCFR determination [24] obtains

as(1.76GeV) = 0.260±§;{$ -> as(Mz) = 0.110±8;g| .

(165)

These determinations have the advantage that these quantities have been computed at very high order in
perturbation theory [25] , and thus the theoretical error are reduced. Since, however, they are performed
at a rather low scale, some estimate of higher twist effects (the A H T are necessary.
The standard method to measure as in DIS is however the study of the evolution of the parton
densities. It is convenient to use a singlet structure function, in order to avoid uncertainties due to the
poor knowledge of the gluon density. Thus, for example, one can use F3 in neutrino scattering [26].
Alternatively, one can use structure functions at very large x. Since gluons are not valence particles, they
are quite soft. In general, there is little gluon content in the hadrons for x > 0.2. Using this fact, one can
also use muon data to determine as. A summary of as measurements from DIS is reported in table 4.
Neutrino scattering allows independent access to the quark and antiquark content of nucleons. It
is generally carried out on heavy, approximately isosinglet targets. F% measurements in electromagnetic
and charged current experiments give access to the combinations reported in the table 6. In principle,
strange and antistrange content could be extracted from neutrino and antineutrino data on isosinglet
targets. Or, assuming s = s, we can use the combination b/QF^ - 3Fgd = x2s. In practice, the strange
content is better constrained by looking at charm production in neutrino DIS. The corresponding signal,
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Q
[GeV]

Process

GLS sr
DIS [polar.]
DIS [ HERA F2]
DIS [u]
DIS [fi]

1.73
2.11
4.5
5.0
7.1

a
)
0 .32 ±0.05
0 .31 +- 0.08
0.06
0 .23 ±0.04
0. 215 ± 0.016
0. 180 ± 0.014

as(Mz)
0.115 ±0.006
n i o n + 0.010
U.lill _ 0.008

0.120 ±0.010
0.119 ±0.005
0.113 ±0.005

Aas (Mz)
theor.
exp.
0.005
0.003

+ 0.004
- 0.005

+ 0.009
- 0.006

0.005
0.002
0.003

0.009
0.004
0.004

Order of
perturb.
NNLO
NLO
NLO
NLO
NLO

Table 4: A summary of measurements of as from DIS. In the first row is the measurement from the Gross-Lewellyn Smit sum
rule. The second row refers to polarized DIS, not discussed in this lectures.

F?fx
pud
pud
pud
pud

Uu + u) + ±{d + d + s + s)
§(u + u + d + d) +jf(* + a)
2{u + u + d + d + 2s)
2(u + u + d + d + 2s)
2{u-u-\-d-d + 2s)
2(u-u + d-d-2s)

Table 5: F2 in various experimental configurations of interest.

in the case of u^ scattering, is given by an unlike sign muon pair, one arising from the charged current
scattering, and the other from charm decay.
Assuming that we have measured the strange content, we have access to the combinations u + u,
d + d,u 4- d and u + d. These quantities are not independent, since the sum of the first two equals the
sum of the last two. Thus, one more input is needed. It is usually assumed that u = d. This assumption,
supplemented with sum-rule restrictions, is however in conflict with data. In fact, using theflavoursum
rules
fdx[u{x,Q)-u{x,Q)} = 2, fdx[d(x,Q)-d(x,Q)]=l,
,
(166)
we obtain

= Jof dxl[u(x,Q)+u(x,Q)-d(x,Q)-d(x,Q)]
(167)
which, if u = d gives the so called Gottfried sum rule. Experimental measurements of the sum favour a
negative contribution from the u — d difference.
In order to access the u — d difference as a function of x, one has to use different experiments.
Drell-Yan pair production in proton-proton collisions is one example.
The x integrals of F2 are proportional to a combination of the momentum fraction carried by the
quarks and antiquarks. In particular, for example, the integral of F%d gives the total momentum fraction
carried by quarks. This quantity is measured to be roughly 0.5. Thus, one expects that a large fraction
of the hadron momentum is carried by gluons. This poses a valuable constraint on the gluon density
g(x, Q). From DIS, the traditional way to determine g(x, Q) is from its influence upon the evolution of
the singlet structure functions. This is viable at relatively small values of x, where the gluon density is
not small. At large x, however, one needs to rely upon direct methods, since the gluon density is too
small there to influence evolution. Direct photon production is one such process.
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Today's tendency for structure function studies is to perform global fits to a large variety of data
samples. One recent description of structure functions fits is given in ref. [27], where many aspects are
discussed in detail. The result of these fits is shown in fig. 19.
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Fig. 19: Parton distributions by the MRST group.

7

QCD IN HADRONIC COLLISIONS

Perturbative QCD applications in hadronic collisions is extremely important, due to the impact it has had
in the recent past for the discovery of new particles, and the impact it is going to have in the future for
the search of new physics at the LHC. Thus there are essentially two main points of study for QCD at
hadron colliders, and they clearly go hand in hand
• QCD tests in hard processes
• Modeling of particle production processes (computing cross sections for top, higgs, etc.) and
computing backgrounds.
Unlike the case of e + e~ annihilation into hadrons, where each event is a hard process, in hadronic
collisions most events are soft, even if the CM energy is very high. This is because, even if the colliding
energy is high, the momentum transfer involved is not large. However, in the production of very massive
particles, or in processes in which particles at high transverse momentum appear, hard momenta are
actually present, and we can apply perturbative QCD. As a rule of thumb, when we try to compute a
process using the parton model formula, and find that it is dominated by small momenta, this means that
we can no longer neglect low energy details, like the off-shellness of the partons inside the colliding
hadrons, or their mass. In this case, the process is controlled by long distance dynamics, and cannot be
computed using perturbative QCD.
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7.1

The kinematic variables for hadronic collisions

Given the two colliding hadron beams, one defines the kinematical variables of any outgoing particles
according to the figure below

Thus, the transverse momentum k± is the projection of the particle momentum into the transverse plane
(the plane orthogonal to the collision axis). The azimuthal angle <p is defined with respect to the collision
axis. One usually defines
Transverse energy = ET = sinOE
Transverse mass = my = \/k% + m 2

1,

l

k° + 0

The rapidity has the nice property that under a longitudinal boost it is simply translated by the boost
angle: y -> y + log 7. The transverse momentum, and thus the transverse mass, are simply invariant
under longitudinal boosts. Thus, these variables are particularly useful to study hard processes, since in
general the parton centre-of-mass system for the process will be translated with respect to the hadron
CM. For particles of small mass, we have
'2'

(168)

and thus one defines the pseudorapidity
o

77 = - l o g t a n - .

(169)

It is useful to remember the following formula for the single particle phase space
(170)
Thus, the single particle phase space is uniform in transverse momentum and rapidity.
7.2

Total cross section

The total hadronic cross section is in the range of several 10mb range, and it grows logarithmically with S.
This is roughly the inverse of few hundred MeV squared, the characteristic scale of strong interactions.
We cannot compute the total cross section using perturbative QCD. Phenomenological models based
upon Regge theory are usually employed to describe the data.
If we attempted to estimate the total cross section using parton model concept, we would end up
computing a parton production cross section integrated over the transverse momentum of the parton. On
dimensional ground, this cross section would be divergent at small transverse momenta
do

1
J

Krp

A

where the last step follows from the fact that some non-perturbative hadronic scale (for example, the
off-shellness of the incoming partons) should act as a lower cutoff of the integral. Thus, perturbation
theory, although incapable to give a definite answer, fails precisely at the point when the cross section
becomes of the order of the total cross section.
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7.3

Typical inelastic processes

The typical inelastic events in hadronic collisions are quite complex. Several hadrons are produced, the
average charged multiplicity (nCh) being typically of the order of 30 to 40 per event for Ecm — 600
to 1800 GeV, and it grows logarithmically with energy. Fluctuations in multiplicity are large, of the
order of 100%, a typical feature of cascade processes. The transverse momentum distribution of the
produced hadrons are characterized by an average transverse mass of the order of few hundred MeV,
growing slowly with energy. The produced particles are distributed uniformly in rapidity, the distribution
dropping smoothly to zero when approaching the maximum rapidity.
7.4

Looking for hard processes in hadronic collisions

Hadron collider physics is complicated by the fact that interesting events are rare with respect to the
common low p T inelastic events. This is immediately understood if we estimate the cross section for
the production of a 100 GeV object to be of the order of 10~4 GeV~2, while the typical inelastic cross
section is of the order of 10~4 MeV~2. We expect roughly 1 hard event every 106 soft ones, and this
estimate ignores eventual suppression due to the coupling constant.
Furthermore, soft events may look like hard ones, because of fluctuations. Thus, with a multiplicity
of 30 and an average pT of few hundred MeV, the average total transverse energy can very well be of the
order of tens of GeV. Fluctuations may favour occasionally even larger transverse momenta.
7.5

Jets at Hadron Colliders

Thus, unlike the e+e~ case, where above a certain energy all events look like jet events, in hadronic
collisions establishing the existence of jets has required the use of an appropriate trigger. In fact, one
has to look only at events with a large total transverse energy. If the total transverse energy is larger than
the typical value for a soft event, the events show the presence of jets. This was the method followed by
the UA2 and UA1 experiments at the CERN SppS collider, to establish the existence of jets in hadronic
collisions. It was found there that requiring a transverse energy larger than 70 GeV, most events look like
jet events.
The description of jet production in QCD follows the lines of the QCD-improved parton model.
At the leading order level, in order to compute jet cross section we only need the Born cross sections for
parton parton scattering, reported in table 6. The 2-jet inclusive cross section can then be obtained from

Process

da

qq' -*• qq'

1 4 s^u*
2s 9 £2

qq —> qq 2 2s [9 ^
QQ ~~* Q'Q'

qq->qq
QQ-> 99
99-+QQ
9Q -» 9Q

99->99

1 4 ff+fl2
2s 9 i 2

2J [ 9 {
1 1 32 P+ft2
221 27 ~ S
1 'l P+fl2
2s

8P+Ji 2 l

3~I^-J
3 P+u 2 ]

6~lfl~
8~P~J
4 s2+u2 , «!±|i|

2l
9 s« "" ?2
i J_ 9 fo _ £fi _ su _ st ^

Table 6: Cross sections for light parton scattering. The notation ispi p2 -> k I, s = (pi +P2)2, i — (pi - k)2, u—
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{pi-1)2

the formula

da = Vctei&a/**1 W ) / j * W ) ^£^<»2

(172)

that has to be expressed in term of the rapidity and transverse momentum of the quarks (or jets), in order
to make contact with physical reality. The two particle phase space is given by
+P2~ k)2),

(173)

2fc0(27r)3

and using eq. (170), in the CM of the colliding partons, we get
2 d2kT dy 2 S(s - 4(fc0)2) .

d$2 = ^

(174)

Here y is the rapidity of the produced parton in the parton CM frame. It is given by
y =^

(175)

where y\ and y2 are the rapidities of the produced partons in the laboratory frame (in fact, in any frame).
One also introduces
yi + s/2
l , a;i
s
yo = —7,— = ol o § ~ '
T = - = X1X2.
(176)
I
I
x2
s
We have
dx\ dx2 = dyo dr .
(177)
We obtain
ijkl

which can also be written as
da
ijkl

The variables x\, x2 can be obtained from y\, y2 and p T from the equations
(180)

4/0

yl

y

(181)

2

xr

(182)

s
yo
coshy
XT e

xy

=

x2

= XT

(183)

e~yo coshy .

(184)

For the partonic variables, we need s = s x\ x2 and the scattering angle in the parton CM frame 6, since
-cos0).

(185)

Since we are neglecting parton masses, rapidity and pseudorapidity are identical, so that the equation
y =-log t a n 140

(186)

gives us 6.
The Born cross section formulae given here predict the production of back-to-back jets, with opposite transverse momenta. Details of the jet distributions depend upon the knowledge of the structure
functions. However, it has been observed that, to a good approximation, scattering processes with gluon
exchange in the t channel dominate, and that they are roughly proportional to each other. More specifically, the gg -> gg, qg —> qg and qq' —> qq' processes are in the ratio 3 x 3, 3 x 4/3 and 4/3 x 4/3
respectively. This property is exact in the small angle scattering limit, but holds to a good approximation
also at large angles. It can be obtained from Table 6, by keeping only the most enhanced terms when
t -> 0 (and u —>• — s) or when u —> 0 (and t ->• —s). The processes with identical particles in the
final state have an extra factor of 1/2, but on he other hand have enhanced terms when t —> 0 and when
u —> 0, while those with different particles in the final state have only the t singularity. Thus, at the end,
the qq —i qq process at small angle gives the same contribution as the qq' —> qq' process.
Using this property the jet cross section simplifies

dyidy2cPkT
with

&H

f W) + |£/fW) •

(188)

Equation (187) gives a definite prediction for the angular dependence of jet production. It can also be
written, more explicitly, in terms of x\, x2 and cos 6, where 9 is the scattering angle in the rest frame of
the partons.

/CT

A

*

\

W

d

^f

(189)

Early studies of the UA1 and UA2 experiments have confirmed this behaviour [28].
Modern studies of jet physics at colliders are performed at the next-to-leading level in QCD.
Calculations of jets cross sections at next-to-leading level have been available for quite a long time.
Comparisons between data and calculation require agreement on a jet definition to be used. Such a
definition should be of the Sterman-Weinberg type, that is to say, it should be infrared and collinear safe.
Several algorithms have been proposed to define jets. For the purpose of this lectures, it will be enough
to know that the most commonly used definitions make use of a circle of a given radius R in the (f>9 plane.
The circle is moved in the plane until one finds a maximum of the transverse energy deposition inside
the circle, and a jet of the given cpr] and BT values is associated with this point. The single inclusive
distribution of jets found in this way, as a function of ET, is compared with QCD NLO calculation. An
example of this is shown in fig. 20, taken from ref. [29] (similar studies were performed previously by
the UA1 and UA2 experiments). The analogous plot with CDF data shows instead a discrepancy of the
QCD calculation with data at very high ET. This is shown in fig. 21. Even if DO does not have evidence
of a discrepancy, systematic errors are smaller in the CDF case, and thus the above studies have been
taken as a hint of signal for new physics. At this time, it has become clear that the very high ET region
probes a previously unexplored region for the structure functions, and that it is possible to modify parton
density fits to account for the CDF data. It is however interesting to point out the value of studies of
this kind. Since the QCD jets parton cross sections drop with a the square of the transverse energy, a
contact, 4-fermion interaction (similar, therefore, to weak interactions at low energies) would stick out
at sufficiently high ET. In particular, a 4-fermion interaction with a coupling constant G, would give
rise to corrections to the cross section due to the interference terms with the standard QCD amplitude.
On purely dimensional ground, such corrections would be of order G, and would thus overcome the
strong interaction at some Er. Thus, high transverse momentum jets studies can be used to put bounds
on these kind of interactions. Sometimes, these bounds are called, somewhat improperly, compositeness
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Fig. 20: Central inclusive jets cross section.
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Fig. 21: Comparison of inclusive jets cross sections with QCD calculation at theTevatron.

bounds, since these kinds of 4-fermion interactions would naturally arise in composite models, due to
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the exchange of heavy composite particles.
Point interaction would also lead to a different angular distributions for the dijet cross sections. The
dominance of the 1/t contribution gives rise to an angular dependence of the form 1/P = 1/(1 — cos 9)2.
Defining the variable £ = (1 + cos 9)/(I — cos 6), we would expect da/d£ to be roughly flat in this
case. This is illustrated in fig. 22. Also in this case, the contribution of a contact interaction would be
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Fig. 22: Dijet angular distributions.

suppressed for large £, and it would show up as a deviation of the data from the QCD prediction at low
£ (see for example ref. [30]).
7.6

Production of W, Z, and Drell-Yan pairs

From the point of view of perturbative QCD, the production of W, Z and Drell-Yan pairs are very similar
processes. Some graphs contributing at leading, next-to-leading, and next-to-next-to-leading order in the
strong coupling are shown in fig. 23. The corrections of order as have been given a long time ago in

0(1)

0(as)

0(a%)

Fig. 23: Some graphs contributing to the Drell-Yan partonic cross section in QCD.
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refs. [20, 21], while the a 2 corrections have been computed in ref. [31]. In order to get acquainted with
the kinematics, let us compute the parton cross section for the production of a hypothetic massive vector
meson. The amplitude is
M=gv{p2)^u(pi)
(190)
and the partonic cross section is

spin,col.

where we have included a factor of 1/4 for the initial spin average, 1/9 for the initial colour average,
l/2s to go from an amplitude squared to a cross section, and the one-particle phase space c?$i. We have
\M\2 = 3g2 Tr[#i7 /i (-#'2)7 M ] = 12s 2 s ,

(192)

spin.col.

and
d$i — I

0

3

(27r)4 S (pi + p 2 — q) = 2-K 5({p\ + p2) — Mv)

(193)

so that at the end we get
4TT2

_

„ 2x

a = - r - a <5(s - M^) ,
3
with a = <72/(4TT). For W ± production, the coupling is g = gem/(\/2
quarks, and right handed antiquarks, can contribute. We get

(194)
sin9w), and only left handed

2

aw = n

aem

sin" 2 0w 8{s - M*,) .

(195)

The full hadronic cross section is then
aw = / dx\ dx2
x

Tp^—5{sxix2 — Mw)
3 sin # w

(196)

where one should not forget the appropriate CKM factors. Cross section studies for W/Z production are
resumed in fig. 24, which is taken from ref. [32]. The agreement of the data with the theoretical prediction
is quite satisfactory, especially in view of the theoretical accuracy one reaches in these calculations.
However, this is not the only reason why the perturbative calculation is useful in this case. From the
measured ratio
aw.B(W-+eu)
R
(197)
~ az • B(Z -> ee) '
assuming that the ratio of the production cross section is accurately calculable, one can extract B(W ->
ev), and from it I V ,
T(W -> ev)
Tw
(198)
~ B(W -> ev) '
assuming that the ev width is correctly given by the standard model. This width measurement is sensitive
to non-standard decays of the W.
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7.7

Heavy Flavour production

The production of heavy flavour in hadronic collisions involves strong interactions directly. Furthermore,
in many cases of interest, the gluon densities play an important role. This is unlike the case of W/Z
production, in which the main production mechanism does not involve the strong coupling constant. The
search and discovery of the top quark has therefore relied on the whole machinery of perturbative QCD,
factorization, and structure function physics.
The leading order process is proportional to the square of the strong coupling constant. Next-toleading (order a | ) calculations for the production of heavy flavour production have been available for a
long time. Furthermore, a large amount of work has been performed on resummation of effects enhanced
in particular kinematic regions [33].
Since the top is very heavy, one expects that perturbative QCD should work well in this case.
In fig. 25, taken from ref. [34], I show a comparison of theoretical predictions with the CDF and DO
measurements.
CDF data for bottom production has always shown a tendency to be higher than the theoretical
predictions, as one can see from fig. 26, a problem that is being actively investigated. A large body of
data is available for charm production. Theoretical calculations are, however, not very reliable in these
cases, since the charm mass is only moderately heavy, and thus one cannot safely rely upon perturbation
theory. Some results are shown in fig. 27. A recent review of heavy flavour production is given in [33].
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CONCLUSIONS

In these lectures I have given an overview of perturbative QCD. As we have seen, the application of
perturbation theory in strong interactions is not straightforward, unlike the case of weak interactions and
electrodynamics. Nevertheless, a consistent and testable framework for the application of perturbation
theory in strong interactions can be defined. This framework has been severely tested in e+e~, ep, and
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hadron-collision physics. It is perhaps true that, after the very extensive work performed at LEP1 and
at the SLD, our confidence in perturbative QCD has become quite solid. Testing QCD remains however
an important activity, due to the large number of applications that heavily depend upon it. The near
future in particle physics research is in hadron collider physics, where the application of QCD is more
complex. We should not forget, for example, that Higgs production at hadronic colliders is essentially
a stong-interaction phenomenon, driven by gluons. Thus, it is important to build more confidence upon
our ability to compute hadronic processes.
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FLAVOUR PHYSICS
C.T. SACHRAJDA
Department of Physics and Astronomy,
University of Southampton,
Southampton SO 17 1BJ,
England
Abstract
In these four lectures I review the theory and phenomenology of weak decays
of quarks, and their r61e in the determination of the parameters of the Standard Model of particle physics, in testing subtle features of the theory and in
searching for signatures of new physics. Attempts to understand CP-violation
in current and future experiments is discussed.
1

LECTURE 1: INTRODUCTION

Flavourdynamics, the study off the electroweak Lagrangian and its implications, is one of the central
areas of research in particle physics. For example, in the United Kingdom the Mission Statement of the
Particle Physics Community, as defined by our research council, is to obtain insights into the following
three fundamental questions:
• the origin of mass,
• the 3 generations of elementary particles and their weak asymmetries,
and
• the nature of dark matter.
The second of these topics is flavourdynamics, which is the subject of this lecture course. I will review the
theoretical and experimental work being done in an attempt to determine the parameters of the Standard
Model (SM) accurately, to test subtle properties of the SM and to define and search for signatures of
New Physics. Although this primarily involves weak interactions, the major theoretical difficulty in
interpreting experimental data on weak hadronic processes is controlling the non-perturbative strong
interaction effects necessarily present in these decays. For this reason any review of flavour physics must
contain a discussion also of these QCD effects, and much of the presentation below concerns this subject.
In the next few years much of the effort of the experimental community will be concerned with
trying to gain an understanding of CP-violation. Indeed, one of the Sakharov conditions for generating
a matter-antimatter asymmetry in the universe in the big-bang cosmology is the requirement for the
existence of CP-violation. The existence of three generations of quarks and leptons, and hence of a
complex phase in the mixing matrix, implies the presence of CP-violation at some level. Very little
is known, however, about the value of this phase and hence of the magnitude of CP-violation induced
by this mechanism, and also about other possible sources. It is hoped that the intensive studies, which
are about to begin will significantly further our understanding and this will be one of the main topics of
discussion towards the end of this lecture course.
The program for the four lectures is as follows:
1: The first lecture will be an introduction to weak decays in the Standard Model. Among the topics
which will be covered will be charged and neutral currents, the Cabibbo-Kobayashi-Maskawa
matrix and unitarity triangles, parity and charge conjugation symmetries, effective Hamiltonians
and Operator Product Expansions and the Heavy Quark Effective Theory.
150

I

I

3
o
o
o
o
o

o
o
o
o
c

o
a
o
o
o

w±

z°

7

Q

(a)

(b)

(c)

(d)

Fig. 1: The basic vertices representing the interactions of the quarks with the gauge bosons. The labels i and j represent the
flavour quantum number (i, j = u, d,c,s, t, b).

2: In the second lecture I will review the determination of the Vcb and Vut, matrix elements from
semileptonic decays of B-mesons. Lattice computations, which provide the opportunity to evaluate non-perturbative strong interaction effects in weak decays in general, are introduced in this
lecture.
3: The third lecture will contain a review of K°-K° and B°-B° mixing.
4: Finally, in the last lecture I review CP-violation in 5-decays and the subject of inclusive Bdecays.
The theoretical framework introduced in these lectures will be applied to several important physical processes. It will not be possible, however, to discuss the full range of interesting processes which are
providing, or will provide, fundamental physical information. A much larger set of physical quantities
is considered in detail in the beautiful review by Buras and Fleischer [1], to which I refer the student,
and from which I will quote extensively. I also refer the reader to ref. [2] for a broad introduction to
the Dynamics of the Standard Model and to references [3] and [4] for modern reviews of B -decays and
CP-violation respectively. I will assume a familiarity with elementary Quantum Field Theory (as discussed for example by J. Petersen and V. Zakharov at this school [5]), but will try to avoid technical
complexities, focussing instead on the underlying ideas.
1.1

The Interactions of Quarks and Gauge Bosons

The interactions between the quarks and gauge bosons in the Standard Model are illustrated in Fig. 1.
In these lectures we will be particularly interested in the weak interactions. The vertex for the charged
current interaction in which quark flavour i changes to j is depicted in Fig l(a) and has the Feynman rule
^

7

5

)

,

(1)

where gi is the coupling constant of the SU(2)L gauge group and Vij is the ij element of the CabibboKobayashi-Maskawa (CKM) matrix (Vji = V*j) [6]. Eq. (1) illustrates the V—A (vector-axial-vector)
structure of the charged-current interactions.
At low energies, so that the momentum in the W-boson is much smaller than its mass Mw, the
four-fermion interaction mediated by the W-boson can be approximated by the local Fermi /3-decay
interaction with coupling Gp, where

L

V2 " 8M2,

(see Fig. 2).
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Fig. 2: Approximation of the VF-exchange interaction, by the four-fermion current-current vertex.

1.2

CKM - Matrix

The charged-current interactions are of the form
(3)
where (assuming the Standard Model with 3 generations) the CKM-matrix, VCKM is a unitary 3 x 3 one,
relating the weak and mass eigenstates. The 1996 particle data book [7] gives the following values for
the magnitudes of each of the elements:
'0.9745-0.9757 0.219-0.224
0.002-0.05 \
0.218-0.224 0.9736-0.9750 0.036-0.046
.
0.004 - 0.014 0.034 - 0.046 0.9989 - 0.9993 J

(4)

The subscript L in eq. (3) represents left handed, (tpi = i ( l — jb)ip).
If we have 2Ng quark flavours, (Ng is the number of generations) then VCKM is a Ng x Ng unitary
matrix. It therefore has N2 real parameters, however (2Ng — 1) of these can be absorbed into unphysical
phases of the quark fields l, leaving (Ng — I ) 2 physical parameters to be determined.
In the two flavour case there is just one parameters, which is conventionally chosen to be the
Cabibbo angle:
/ cos0 c s i n 0 c \
I — sin 6C cos 6C J
With three flavours there are 4 real parameters. Three of these can be interpreted as angles of rotation in three dimensions (e.g. the three Euler angles) and the fourth is a phase. The general parametrisation recommended by the Particle Data Group [7] is
S12C13

si3exp(—1612

C12C23 — 512S23513 exp(i$i3)

S23 c i3

ex

— 5l2C23Sl3 P(^13)

I

(6)

C23C13

where Cy and sij represent the cosines and sines respectively of the three angles 0y, ij = 12, 13 23. £13
is the phase parameter.
The parametrisation in eq. (6) is general, but awkward to use. For most practical purposes it
is sufficient to exploit the empirical fact that the elements get smaller as one moves away from the
diagonal of the matrix (see eq. (4)), and to use a simpler, but approximate parametrisation. It has become
conventional to use the Wolfenstein parametrisation [8]:
1 - 4jVCKM = |

AA 3 {p - ir})

A

-A

1- %

3

^AX {l-p-irj)

-AX

2

AX2

\ .

(7)

1

'The reason why the number of phases is (27V9 - 1) rather than 2Ng, is that if the fields are multiplied by the same phase
factor then j£c is unchanged. Thus there is one fewer phase, which can be absorbed.
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A is approximately the Cabibbo angle, and the terms which are neglected in the Wolfenstein parametrisation are of O(A 4 ). Much of the current effort of the particle physics community is devoted to determining
the four parameters A, A, p and r\, with ever increasing precision, and this will continue for some time to
come. For this reason I will spend a significant fraction of these lectures on the theoretical issues related
to the determination of these parameters.
From the unitarity of the CKM-matrix we have a set of relations between the entries. A particularly
useful one is:

vudv:b +vcdv;b + vtdvtt = o.

(8)

In terms of the Wolfenstein parameters, the components on the left-hand side of eq. (8) are given by:

VcdV;b = -AX3 + O(X7)

(9)

where p = p(l — A2/2) and f} = 77(1 — A 2 /2). The unitarity relation in eq. (8) can be represented
schematically by the famous "unitarity triangle" of Fig. 3 (obtained after scaling out a factor of AX3).
A = (p, fj)

p + ir] ^ ^

\

C=(0,0)

1 - (p + irj)

£ = (1,0)

Fig. 3: Unitarity Triangle corresponding to the relation in eq. (8).

The notation in Fig. 3 is standard, and in the following lectures I will describe current and future
attempts to determine the position of the vertex A, and hence the values of the angles a, /? and 7. By
using many different processes to overdetermine the position of A, one will be able to test the consistency
of the SM, and check for evidence of physics beyond this model.
1.2.1

The Cabibbo Sector

Although much of the remainder of these lectures will be devoted to the determination of the entries
in the CKM-matrix, since the Cabibbo sector is the best determined, I will not consider it beyond this
subsection. I briefly review the status of the four entries in the 2 x 2 top-left submatrix of VQKU V]• Vud:
\Vud\ = 0.9736 ±0.0010.

(10)

This is the best determined of the elements and is obtained by studying superallowed /9-decays in
nuclei (see fig. 4(a)). Since the publication of the 1996 particle data book, a result with a smaller
error has been presented, \Vud\ = 0.9740 ± 0.0005 [9].
• Vus:
\VUS\ = X = 0.2205 ± 0.0018.
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(11)

leptons

(b)

leptons

(d)

(c)

Fig. 4: Subprocesses from which the Vudi Vus, VCd, and Vcs elements of the CKM-Matrix are determined (see text).

This matrix element is obtained from semileptonic decays of if-mesons (K+
vP
•K e+ue, see fig. 4(b)) or of hyperons. In the K-meson decays, parity symmetry implies that only
the vector component of the V—A current contributes to the decays. Since the momentum transfer
to the 7T-meson is small, and the vector current for degenerate quarks is conserved, the uncertainties
due to strong interaction effects are small and can be estimated using chiral perturbation theory.
• Vcd:
\Vcd\ = 0.224 ± 0.016 .

(12)

The VC(i element is obtained from charm production in deep inelastic neutrino (or antineutrino)
nucleon scattering, see fig. 4(c).
\VCS\ = 1.01 ± 0 . 1 8 .

(13)

This matrix element can be determined from semileptonic decays of charmed mesons (see fig. 4(d)).
In this case the large difference in the masses of the quarks make it difficult to estimate the strong
interaction effects accurately (see sec. 2.1), and this is the reason for the relatively large error.
The errors in eqs. (10)-(13) are those in the measurements of these matrix elements themselves. Comparing these uncertainties with those in eq. (4), where the constraints of unitarity have been imposed
(assuming just three generations), we see how much these constraints reduce the errors.
1.3

Flavour Changing Neutral Currents

In the Standard Model, unitarity implies that there are no Flavour Changing Neutral Current (FCNC)
reactions at tree level, i.e. that there are no vertices of the type:
u
—#—
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Quantum loops can, however, generate FCNC reactions, through box diagrams (see fig. 5) or penguin
diagrams (see fig. 6), and we will discuss some of the physical processes induced by these loop-effects
in the following lectures.
d
-»

«, c, t

b
fooaooo"inr>—•-

u, c, t

u,c,t
aaoaoaoT?

u,c,t
Fig. 5: Box diagrams which contribute to the process of B -B mixing.

u,c,t
d

w

w

(b)
Fig. 6: Examples of penguin diagrams which contribute to the FCNC process d —> s. Diagrams (a) and (b) are electroweak
penguins graphs, whereas diagram (c) is a gluonic penguin graph.

As a consequence of the "GIM"-mechanism [10] all the FCNC vertices vanish in the limit of
degenerate quark masses. This is a consequence of the unitarity of the CKM-matrix. For example,
consider the vertex in the diagram of fig. 6(a), in the hypothetical situation in which there is a "horizontal"
symmetry such that mu = mc = mt. In this case the contribution from each of the positively charged
quarks in the loop is simply proportional to the corresponding CKM-matrix elements, so that the total
contribution is
(14)
which vanishes by unitarity of the CKM-matrix. A similar argument holds for all the FCNC vertices.
Of course, in reality the masses of the quarks are not equal and the FCNC vertices are not zero.
Depending on the process being studied, however, the GEM-mechanism may lead to a suppression of the
amplitude.
1.4

P, C and CP Symmetries

Symmetries play a fundamental r61e in physics in general and in particle physics in particular. In this
subsection I briefly introduce the violation of CP-symmetry, which will be a focus of many of the studies
at 5-physics facilities in the next few years.
Parity: The parity transformation reverses the sign of spatial coordinates, (x, t)
and axial-vector fields transform as:
and
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(—x, i). The vector

(15)

and the vector and axial-vector currents transform similarly. Left-handed components of fermions (5 (1 —
75)?/>) transform into right-handed ones (^(1 + J5)ip), and vice-versa. Since weak interactions only
involve the left-handed components, parity is not a good symmetry of the weak force, in distinction to
the strong and electromagnetic forces (QCD and QED are invariant under parity transformations).
Charge Conjugation: For free fields (4>(x) say) we can perform a fourier decomposition, with coefficients which contain annihilation and creation operators:
<f>(x) =

••• a + •• • 6f ,

(16)

where a and tf represent the annihilation and creation operators for the particle and antiparticle. The
charge conjugation transformation is the interchange of a and b. In an interacting field theory this is not
in general the same as interchanging physical particles and antiparticles for which we need the CPT
combined transformation (T is time reversal transformation). Nevertheless C-tranformations are also
interesting in field theories. Under C the currents transform as follows:
$

and ^17^75^2 -+ ^27^75^1 ,

(17)

where ipi represents a spinor field of type (flavour or lepton species) i.
C P : Under the combined CP-transformation, the currents transforms as:
$ 1 7 ^ 2 ->• - / 027 M '0i and $11nitffo -> -^27M75V>1 ,

(18)

where the fields on the left (right) hand side are evaluated at (x, t) ((—x, t)). Consider now a charged
current interaction:

(K - iWD #V(i - ib)ynDJ + (K+iWl)

^ V ( i - i^ViP*>

(i9)

where W represents the field of the W-boson and Ul and D^ are up and down type quarks of flavours i
and j respectively. Under a CP transformation, the interaction term in eq. (19) transforms to:

iK + %wD £ V ( i - -fWijir + (wl - iwD F-fii - -f)v^,

(20)

where the parity transformation on the coordinates is implied. Comparing eqs. (19) and (20), we see
that CP-conservation requires the CKM-matrix Vij to be real (or more strictly that any phases must be
absorbable into the definition of the quark fields). If the only source of CP-violation in nature is the
phase in the CKM-matrix, then at least three generations of quarks are required (see subsec. 1.2). A
central element of the research of the forthcoming generation of experiments in B-physics will be to
determine whether the phase in the CKM-matrix is the only (or the main) source of CP-violation.
CP-violation appears to be small compared to the strength of the weak interaction, so that CP is
a fairly good symmetry. We recall that the presence of CP-violation is one of the Sakharov conditions
for the creation of the baryon-antibaryon asymmetry of the universe.
1.5

Leptonic Decays of Mesons

As already mentioned, the main difficulty in making predictions for weak decays of hadrons is in controlling the non-perturbative strong-interaction effects. We will encounter this problem several times in
subsequent lectures, but, as an introduction, I now discuss it briefly in a particularly simple situation, that
of the leptonic decays of pseudoscalar mesons in general, and of the P»-meson in particular.
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0000000 N
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u
Fig. 7: Diagram representing the leptonic decay of the B-meson.

The leptonic decay of a pseudoscalar meson (e.g. the B-meson) is illustrated in the diagram of
Fig. 7. All the QCD effects corresponding to the strong interactions between the quarks in Fig. 7 are
contained in the matrix element of the V—A hadronic current:
{0|67^l-75)«|B(p)).

(21)

Lorentz and parity symmetries imply that the matrix element of the vector component of the V—A
current vanishes ((0| Jry^u \B(j>)) = 0). This component is an axial-vector, and there is no axial-vector
which can be constructed from the single vector we have at our disposal (p) and the invariant tensors
(gM)i/ and e^p<r). These symmetries also imply that the matrix element of the axial component of the
V—A current is a Lorentz-vector, and hence that it is proportional to p^:
{<d\h^u\B{p))=ifBp>i.

(22)

The constant of proportionality, / # , is called the decay constant of the B-meson. Thus all the QCDeffects for leptonic decays of B-mesons are contained in a single number, / # • An identical discussion
holds for other pseudoscalar mesons (n, K, • • •). The normalisation used throughout these lectures, corresponds to fir ~ 132 MeV ( / s is unknown at present). For leptonic decays of vector mesons, space-time
symmetries also imply that the strong interaction effects are contained in a single decay constant. Thus,
the role of quantitative non-perturbative methods, such as lattice QCD (discussed in sec. 2.3 below) or
QCD sum-rules, is to provide the framework for the evaluation of matrix elements such as that in eq. (21).
1.6

Operator Product Expansions and Effective Hamiltonians

Even though this is a course in flavour physics, we cannot avoid the fact that the quarks are interacting
strongly and hence that QCD effects must be considered. Indeed, as already mentioned above, our
rather primitive control of non-perturbative QCD is the principal source of uncertainty in interpeting
experimental data of weak decays and in determining the fundamental parameters of the Standard Model.
In Paolo Nason's lecture course [11], we have seen how the property of asymptotic freedom, which
states that the interactions of quarks and gluons become weaker at short distances, enables us to use
perturbation theory to make predictions for a wide variety of short-distance (or light-cone) dominated
processes. For separations \x\ <C A-QCD (\x\ < 0.1 fm say) or corresponding momenta |p| » ^QCD
( |p| > 2 GeV say), we can use perturbation theory. The natural scale of strong interaction physics is
of 0 ( 1 fm), however, and so in general, and for most of the processes discussed in this course, nonperturbative techniques must be used.
As an example, consider a decay of a K-meson into two pions, for which a tree-level diagram of
the quark subprocess is depicted in Fig. 8(a). The amplitude is proportional to
^

(23)

M

i.e. it is proportional to the matrix element of the operator
Ox = {drf{\ -

5
7

)n) (u 7/1 (l - J5)s)
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Fig. 8: Diagrams contributing to hadronic decays of K-mesons

between \K) and {mr) states. A one-loop (i.e. one-gluon exchange) correction to this diagram is shown
in Fig. 8(b). This clearly generates a second operator, (dTajIJ'(l — J5)u) (uT^^l
— J5)s) 2, which,
using Fierz identities can be written as a linear combination of O\ and O2 where
1

- V>) •

(25)

This discuusion can be generalized to higher orders, as I now explain.
Using the operator product expansion (OPE) one writes the amplitude for a weak decay process
from an initial state X to a final state T in the form:
TTI

= ^ § VCKM £

Ci{n){?\ Oiifi) \X) .

(26)

pb is the renormalization scale at which the composite operators Oi are defined and VCKM is the appropriate product of CKM-matrix elements. The expansion (26) is very convenient. The non-perturbative
QCD effects are contained in the matrix elements of the operators Oi, which are independent of the large
momentum scale, in this case of Mw- The Wilson coefficient functions Ci{jj) are independent of the
states I and T and can be calculated in perturbation theory. Since physical amplitudes manifestly do not
depend on /i, the //-dependence in the operators Oi(n) is cancelled by that in the coefficient functions
Ci{ii). The effective Hamiltonian for weak decays can then be written in the form:
= ^ | VCKM £

C^)

O^).

(27)

In order to gain a little further intuition into the origin of eq.(26) consider the one-loop graph of
Fig. 8(b). Dimensional counting at large loop momenta k readily shows that the graph is ultra-violet
convergent (in the Feynman gauge, say):

L HJ^FV'' 4 * 1
Jk large K K K

K

(28)

— IVlyy

where the first two factors in the integrand (1/fc) correspond to the two quark propagators, the third
(1/fc2) to the gluon propagator and the final factor to the propagator of the W-boson. It can be deduced
from eq.(28) that the contribution from this graph contains a term proportional to log(M^/p 2 ), where p
is some low-momentum (infra-red) scale.
Consider now the one-loop graph of Fig. 9, depicting a correction to a matrix element of the
operator O\ defined in eq. (24). Now the W-propagator is absent, and the power counting in the large
momentum region gives:

2

The T""s are the eight matrices, representing the generators of the SU(3) colour group in the fundamental representation.
The coupling of quarks and gluons is proportional to the elements of these matrices.
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Fig. 9: One-loop correction to the Green function of the operator O\

i.e. a logarithmically divergent contribution. After renormalization at a scale \i there will be a contribution to this graph proportional to Iog(/z 2 /p 2 ). In the low momentum (non-perturbative) region (i.e. for
|fcM| <C Mw) the contributions from the graphs in Figs. 8(b) and 9 are the same. Thus we can split the
factor of log(M^/p 2 ) from the graph of Fig. 8(b) into two parts; the first, \og(/x2/p2) is contained in the
matrix element of O\, and the second, log(M{^/^ 2 ), into the coeficient function C\. Since the infra-red
behaviour of the graphs in Figs. 8(b) and 9 are the same, the coefficient functions are independent of the
treatment of the low-momentum region. Moreover, in order to calculate the coefficient functions, we can
choose any convenient external states, and in practice one chooses quark or gluon states. We refer to the
evaluation of the coefficient functions as the process of matching.
In if-decays it is natural, although not necessary, to choose /x to be as small as one can without
invalidating perturbation theory. In this way one might hope to avoid large logarithms (Iog(/i 2 /p 2 ))
which would spoil any insights we might have about the operator matrix elements from non-relativistic
quark models or other approaches. Of course this implies the presence of large logarithms of the type
a™ logn(M^/fj.2) in the coefficient functions, but these can be summed using the renormalization group,
leading to factors of the type:

,

f^f*

(30)

J

where 70 is the one-loop contribution to the anomalous dimension of the operator (proportional to the
coefficient of \og(fi2/p2) in the evaluation of the graph of fig. 8(b)) and /?o is the first term in the (3function, (/3 = dgj d ln(yu) = —/5o g3/16ir2) 3 . Eq. (30) represents the sum of the leading logarithms,
i.e. the sum of the terms a™ log n (M^/yu 2 ). For almost all the important processes, the first (or even
higher) corrections have also been evaluated.
We end this subsection by making some further points about the use of the OPE in weak decays
and other hard processes:
• We shall see below that for some important physical quantities (e.g. e'/e), there may be as many
as ten operators, whose matrix elements have to be estimated.
• One may try to evaluate the matrix elements using some non-perturbative computational technique,
such as lattice simulations or QCD sum-rules (see below), or to determine them from experimental
data. In the latter case, if there are more measurements possible than unknown parameters (i.e.
matrix elements), then one is able to make predictions.
• In weak decays the large scale, Mw, is of course fixed. For other processes, most notably for deepinelastic lepton-hadron scattering, the OPE is useful in computing the behaviour of the amplitudes
with the large scale (e.g. with the momentum transfer).
3
In general when there is more than one operator contributing to the right hand side of eq. (26), the expression in eq. (30) is
generalized into a matrix equation, representing the mixing of the operators
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1.7

The Heavy Quark Effective Theory - HQET

Most of the important physical properties of the hydrogen atom are independent of the mass of the
nucleus. Analogous features hold in the physics of heavy hadrons, where by heavy I mean that m,Q »
AQCD and W Q is the mass of the heavy quark. During the last few years the construction and use of the
Heavy Quark Effective Theory (HQET), has proved invaluable in the study of heavy quark physics. In
this subsection I briefly introduce the main features of the HQET, which will be used in the following
lectures.
Consider the propagator of a (free) heavy quark:

If the momentum of the quark p is not far from its mass shell,
+ kfj, ,

(31)

where |ArM| <C TUQ and v^, is the (relativistic) four velocity of the hadron containing the heavy quark
{v2 = 1), then
2 vk+ie

(1+ y)/2 is a projection operator, projecting out the large components of the spinors. This propagator
can be obtained from the gauge-invariant action
h{ivD)^-h,

(32)

where h is the spinor field of the heavy quark 4 . CHQET is independent of THQ, which implies the existence of symmetries relating physical quantities corresponding to different heavy quarks (in practice the
b and c quarks). The light degrees of freedom are also not sensitive to the spin of the heavy quark, which
leads to a spin-symmetry relating physical properties of heavy hadrons of different spins. Consider, for
example, the correlation function:
[x)JH{0)\0),

(33)

where JH (JH) is an interpolating operator which can create a heavy hadron H, which we take to be a
pseudoscalar or vector meson. The hadron is produced at rest, with four velocity v = (0,1). We can use
the interpolating operator JJJ = h^q for the pseudoscalar meson and JH = hjlq (i = 1,2,3) for the
vector meson. This means that the correlation function will be identical in the two cases except for the
factor

when H is a pseudoscalar meson, and
.1+7° •
1-7°
7 ' ^ ^ = - 3 - ^ -

(35)

when it is a vector meson. Since the correlation functions behave with time as exp(—iMnt), this implies
that the pseudoscalar and vector mesons are degenerate, up to relative corrections of O(A"QCD/niQ):
MP = MV + 0{A2QCD/mQ)
4

Of course there are formal derivations of the action in eq. (32).
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,

(36)

where Mp and My are the masses of the pseudoscalar and vector mesons respectively, or equivalently
Mv — Mp — constant.

(37)

This relation is reasonably well satisfied experimentally:
Ml* -M% = 0.485 GeV2 and M%* - M% = 0.546 GeV2 ,

(38)

which is encouraging. However, I also mention in passing that the light mesons, to which the HQET
certainly does not apply, also satisfy these relations numerically:
Mjc. -Mjc = 0.552 GeV2 and M2p - Ml = 0.571 GeV2 .

(39)

The usefulness of the HQET does not lie in the fact that the residual momenta k are always much
smaller than AQCD\ indeed this is not true, in QCD one does have hard gluons with arbitrarily large momenta. However the effects of hard gluons can be evaluated in perturbation theory. The non-perturbative
strong interaction effects are the same in QCD and in the HQET (up to corrections of
O(A.QCD/^IQ),
which for the moment we neglect), and so the HQET relations, such as that between the decay constants
of pseudoscalar and vector mesons, which can be deduced from the above proportionality of correlation
functions, are violated only by perturbatively calculable corrections.
The principal application of the HQET is in b-physics, and to a lesser extent to charm physics.
In both cases the corrections of O(AQCD/™-Q) are significant, and hence one would like to compute
these corrections. In practice, this gets progressively more difficult, and it is a much debated point as to
whether even the first corrections (i.e. those of O ( A Q C D / W Q ) relative to the leading terms) have been
reliably calculated for any interesting quantity.
2

LECTURE 2: Vcb AND Vub

In this lecture I will discuss exclusive semileptonic decays of B-mesons, in which the b-quark decays
into a c- or u-quark, and from which one can determine the V^, and Vut, elements of the CKM-matrix.
The decays are represented in Fig. 10. It is convenient to use space-time symmetries to express the matrix
elements in terms of invariant form factors (using the helicity basis for these as defined below). When
the final state is a pseudoscalar meson P, parity implies that only the vector component of the V—A
weak current contributes to the decay, and there are two independent form factors, / + and f°, defined
by

(P{k)\V»\B(p)) = f+(q>) L + kr - mB~mP A + / V ) ^

^

f ,

(40)

where q is the momentum transfer, q = p—k. When the final-state hadron is a vector meson V, there are
four independent form factors, V, A\, A2 and A:

(V(k,e)\V»\B(p)) = JZ^ertPefaks
= i{mB+mv)A1{q2)e*ti-i
e*-pq'x,

(41)
M

?

]

s*-p(p+ky
(42)

where e is the polarization vector of the final-state meson, and q = p—k. Below we shall also discuss
the form factor AQ, which is given in terms of those defined above by AQ = A + A3, with
mB + mv
—7i

mB-mv
^1

2my

o

Imy
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V-A

D, D*, 7T,

Fig. 10: Diagram representing the semileptonic decay of the B-meson. q represents the light valence antiquark, and the black
circle represents the insertion of the V-A current with the appropriate flavour quantum numbers.

2.1

Semileptonic B -> D and B -¥ D* Decays

Semileptonic B -> D* and, more recently, B -> D decays are used to determine the Vd, element of the
CKM matrix. Heavy quark symmetry is rather powerful in controlling the theoretical description of these
heavy-to-heavy quark transitions (see e.g. the review article by Neubert for details and references [12]).
In the heavy quark limit, all six form factors in eqs. (40) - (42) are related and there is just one universal form factor £(o>), known as the Isgur-Wise (IW) function, which contains all the non-perturbative
QCD effects. Specifically:

"L

(mB+mD)2\

" 1W '"

where u = VB-VD is the velocity transfer variable (VB,D are the four velocities of the corresponding
mesons). Here the label D represents the D- or Z)*-meson as appropriate (pseudoscalar and vector
mesons are degenerate in this leading approximation). Vector current conservation implies that the IWfunction is normalized at zero recoil, i.e. that £(1) = 1. This property is particularly important in the
extraction of Vcb.
To get some insights into the origin of the heavy quark relations above, let us consider B —> D
decays. We can rewrite eq. (40) in terms of the form factors / + and / ~ (instead of using the helicity
basis as in eq. (40)):
{D[p')\c^b\B{jp)) = f+(q2)(p

+ p'Y - f~(q2)(p ~ p'T ,

(45)

where q = p — p'. Defining the four-velocities v and v' by p = ms v and p' — TUD V', eq. (45) can be
rewritten as:

(D(v')\crfb\B{v)) = \[(mB + mD)f+(q2) - (mB -mD)f-(q2)](v

+ v'r

+ \ \{mB ~ mD)f+(q2) - (mB + mD)f-(q2)] (v - «')" • (46)
Now in the HQET:
(P(v')\ hv'7^hv \P(v)) = y/mBmDZ(u>) (v + v'Y ,

(47)

where u = v-v', and the projection operators (e.g. (l+yf)/2) have been absorbed into the heavy
quark fields. P represents a heavy pseudoscalar meson, and the factors y/niB^D are chosen in order to introduce a mass-independent normalization of states (so that the matrix elements are independent
of any masses). There is no term proportional to (v — v'Y on the right hand side of eq. (47), since
v = 0, and so we obtain the relations:
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To understand the normalization condition £(1) = 1, consider the forward matrix element:
(B(p)\ b^b\B(p)) = 2p"/+(0) = 2p" ,

(49)

where the last relation follows from the conservation of the current bj^b which implies that / + ( 0 ) = 1.
In the HQET this matrix element is equal to mB Iv^ £(1), and so £(1) = 1. The spin symmetry relates
the form-factors of B —>• D* decays to £(w).
The relations in eq. (44) are valid up to perturbative and power corrections. The precision with
which VCf, can be extracted is limited by the theoretical uncertainties in the evaluation of these corrections.
Nevertheless we are in the fortunate situation that it is uncertainties in corrections (which are therefore
small) which control the precision.
Allowing for these corrections to the results in the heavy quark limit, one writes the decay distribution for B —>• D* decays as:

^ ( )

2

^ I ( H l ) 2 [l +

B

D

(50)
where T{io) is the IW-function combined with perturbative and power corrections. It is convenient
theoretically to consider this distribution near w = 1, in order to exploit the normalization condition
£(1) = 1. In this case there are no 0(1 /JTIQ) corrections (where Q = b or c) by virtue of Luke's
theorem [13], so that the expansion of ^(1) begins like:
AQCD

\

(51)
where T)A represents the perturbative corrections. The one-loop contribution to T)A has been known for
some time now, whereas the two-loop contribution was evaluated last year, with the result [14]:
rjA = 0.960 ± 0.007 ,

(52)

where I have taken the value of the two loop contribution as an estimate of the error.
The power corrections are much more difficult to estimate reliably. Neubert has recently combined
the results of refs. [15,16,17] to estimate that the O(\/rnq) terms in the parentheses in eq. (51) are about
-0.055 ± 0.025 and that ^ ( 1 ) = 0.91(3). Bigi, Shifman and Uraltsev [18], consider the uncertainties
to be bigger and obtain 0.91(6). Combining the latter, more cautious, theoretical value of ^"(1), with the
experimental result [19] ^(1)1^61 = (34.3±1.6)Hr 3 , readily gives \Vcb\ = (37.7±1.8 ea; p±2.5 t / l )10- 3 .
Here I am only discussing exclusive decays. Buras and Fleischer, perform an analysis of both
exclusive and inclusive semileptonic decays and quote Vcb = (40 ± 3) 10~~3 as their best value [1].
\Vcb\ gives the scale of the unitarity triangle:
A|F c6 | = A 3 ,4.
2.2

(53)

Semileptonic B —>• TT and B -+ p Decays

In this subsection we consider the heavy-to-light semileptonic decays B —> p and B —>• -K which are now
being used experimentally to determine the Vuf, matrix element [20, 21]. Heavy quark symmetry is less
predictive for heavy-to-light decays than for heavy-to-heavy ones. In particular, there is no normalization
condition at zero recoil corresponding to the condition £(1) = 1, which is so useful in the extraction of
V^ ( s e e subsection 2.1). The lack of such a condition puts a premium on the results from nonperturbative
calculational techniques, such as lattice QCD or light-cone sum rules. Heavy quark symmetry does,
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however, give useful scaling laws for the behaviour of the form factors with the mass of the heavy quark
(TTIQ) at fixed to:
+

o

^

A

~

3

m

l

.

(54)

These scaling relations are particularly useful in lattice simulations, where the masses of the quarks are
varied. Moreover, the heavy quark spin symmetry relates the B —>• V matrix elements [22, 23] (where
V is a light vector particle) of the weak current and magnetic moment operators, thereby relating the
amplitudes for the two physical processes J5° —>• p+l~vi and B —>• K*j, up to SU(3) flavour symmetry
breaking effects. These relations also provide important checks on theoretical, and in particular on lattice,
calculations.
Recent compilations of results for IV^/V^), include 0.06-0.11 obtained from exclusive decays
only (or 0.08 ± 0.01exp ± 0.02 th from inclusive decays) [12, 24] and 0.08 ± 0.02 from both inclusive
and exclusive decays [1]. In terms of the parameters of the unitarity triangle (see fig. 3):
{l

-Y)Jw\^AMWl^ A| V |

(55)

\V\

Thus a measurement of | V ^ / V y implies that the locus of possible positions of the vertex A is a circle
centred on C (see fig. 11). In practice, of course, because of the theoretical and experimental uncertainties, the circle is replaced by a band.

C(0,0)

5(1,0)

Fig. 11: A precise determination of iKd/V^I would fix the vertex A to lie on a given circle centered on C (schematically
represented by the solid line).

2.3

Lattice QCD

We have seen that the main difficulty in making predictions for weak hadronic decays is our inability to
control the long-distance strong interaction effects present in these decays. The principal technique for
the evaluation of these non-perturbative effects is lattice QCD, and I now digress from the main theme
of this course to outline briefly the principles underlying lattice calculations of non-perturbative QCD
effects in weak decays and to discuss the main sources of uncertainty present in these computations.
In subsection 1.6 we have seen that, by using the Operator Product Expansion, it is generally
possible to separate the short- and long-distance contributions to weak decay amplitudes into Wilson
coefficient functions and operator matrix elements respectively. Thus, in order to evaluate the nonperturbative QCD effects, it is necessary to compute the matrix elements of local composite operators.
This is achieved in lattice simulations, by the direct computation of correlation functions of multi-local
operators composed of quark and gluon fields (in Euclidean space):
(0|O(a;i,X2,...,s n )|0>= ^ j [D A^D^D^}

e~s 0{xux2,...

,xn) ,

(56)

where Z is the partition function

J[][][$]-s,
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(57)

S is the action and the integrals are over quark and gluon fields at each space-time point. In eq. (56)
0(xi,X2,.. •, xn) is a multi-local operator; the choice of O governs the physics which can be studied.
We now consider the two most frequently encountered cases, for which n = 2 or 3. As a first
example, let O(xi, x2) be the bilocal operator
02{xi,x2) = T{JH{x{)JH{x2)} ,

(58)

where J # is an interpolating operator for the hadron H whose properties we wish to study. In lattice
computations we evaluate the two point correlation function

C2(tx) = X)eip-x<0 |O 2 M)|0) •

(59)

X

Inserting a complete set of states {\n)} we have:

4),

(60)
+••• .

(61)

In eq. (61), the ellipsis represents the contributions from heavier states than H, which we assume to be
the lightest hadron which can be created by the operator JH. Using the translation operator to move the
argument of JH to zero, we find5 :
p-EHtx

\(0\JH(0)\h)\2

+ ••• ,

(62)

where En = JMH + p 2 . At large positive times tx the contribution from each heavier hadron, H' with
mass mui sav> is suppressed by an exponential factor, exp ( — [Eu< — En)tx), so that the contribution
from the lightest state H is isolated. This is illustrated in the following diagram:
H
0

tx

'

In lattice simulations the correlation function C2 is computed numerically, by discretizing spacetime (hence the word lattice), evaluating the functional integral in eq. (56) by Monte-Carlo integration.
By fitting the results to the expression in eq. (62) both the mass M # and the matrix element (0 j JH (0) | h)
can be determined6 .
As an example consider the case in which H is the B-meson and JH is the axial current A^ (with
the flavour quantum numbers of the B-meson). In this case one obtains the value of the leptonic decay
constant / # , denned in eq. (22).
It will also be useful to consider three-point correlation functions:

C3(tx, ty) = Y, eip'Vq-y{01 J2(x, tx) O(y, ty) jJ(0,0) | 0) ,

(63)

x,y

where, J\ and J2 are the interpolating operators for hadrons Hi and H2 respectively, O is a local operator,
and we have assumed that tx > ty > 0. Inserting complete sets of states between the operators in eq. (63)
we obtain
g-Elty

e-E2(tx-ty)

C3(tx,ty) =
(fr 2 (p,E 2 )|O(0,0)|£ri(p+q,£?i)><fri(p-|-q,S 1 )|J 1 t (0 > 0)|0> + • • - ,
5

(64)

The phase-space factor of \I2EH in eq. (62) is implicitly included as part of the definition of the summation over states in
eqs. (60) and (61).
6
Frequently it is most convenient to evaluate the correlation function with the hadron at rest, i.e. with p = 0.
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where E\ = \jM%Ii + (p+q) 2 , E2 = yJM%2 + p 2 and the ellipsis represents the contributions from
heavier states. The exponential factors, exp(-Eity)
and exp ( - E2{tx - ty)), ensure that for large
time separations, ty and tx — ty, the contributions from the lightest states dominate. The three-point
correlation function is illustrated in the diagram
.
0

Hi

O

H2

»

9
ty

>

.
tx

•

All the elements on the right-hand side of eq.(64) can be determined from two-point correlation functions, with the exception of the matrix element {H2\O\Hi}. Thus by computing two- and three-point
correlation functions the matrix element {H.2\0\H\) can be detennined.
The computation of three-point correlation functions is useful, for example, in studying semileptonic and radiative weak decays of hadrons, e.g. if H\ is a i?-meson, H2 a D meson and O the vector
current by^c, then from this correlation function we obtain the form factors relevant for semileptonic
B -> D decays.
I end this brief summary of lattice computations of hadronic matrix elements with a word about the
determination of the lattice spacing a. It is conventional to introduce the parameter j3 = %/gl{a), where
go (a) is the bare coupling constant in the theory with the lattice regularization. It is (3 (or equivalently
go(a)) which is the input parameter in the simulation, and the corresponding lattice spacing is then
determined by requiring that some physical quantity (which is computed in lattice units) is equal to the
experimental value 7 . For example, one may compute mpa, where mp is the mass of the p-meson, and
determine the lattice spacing a by dividing the result by 769 MeV.

Fig. 12: Schematic diagram representing a lattice containing a hadron. a and L are the lattice spacing and length of the lattice
respectively.

2.3.1

Sources of Uncertainty in Lattice Computations:

Although lattice computations provide the opportunity, in principle, to evaluate the non-perturbative
QCD effects in weak decays of heavy quarks from first principles and with no model assumptions or free
parameters, in practice the precision of the results is limited by the available computing resources. For
these computations to make sense it is necessary for the lattice to be sufficiently large to accommodate
the particle(s) being studied (L > 1 fm say, where L is the spatial length of the lattice), and for the
spacing between neighbouring points (a) to be sufficiently small so that the results are not sensitive to
7

The bare quark masses are also parameters which have to be detennined; one has to use as many phyical quantities as there
are unknown paramters.
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the granularity of the lattice (aAQCD *C 1), see fig. 12. The number of lattice points in a simulation is
limited by the available computing resources; current simulations are performed with about 16-20 points
in each spatial direction (up to about 64 points if the effects of quark loops are neglected, i.e. in the so
called "quenched" approximation). Thus it is possible to work on lattices which have a spatial extent of
about 2 fm and a lattice spacing of 0.1 fm, perhaps satisying the above requirements. I now outline the
main sources of uncertainty in these computations:
• Statistical Errors: The functional integrals in Eq. (56) are evaluated by Monte-Carlo techniques.
This leads to sampling errors, which decrease as the number of field configurations included in the
estimate of the integrals is increased.
• Discretization Errors: These are artefacts due to the finiteness of the lattice spacing. Much effort
is being devoted to reducing these errors either by performing simulations at several values of the
lattice spacing and extrapolating the results to the continuum limit (a = 0), or by "improving"
the lattice formulation of QCD so that the error in a simulation at a fixed value of a is formally
smaller [25]—[28]. In particular, it has recently been shown to be possible to formulate lattice QCD
in such a way that the discretization errors vanish quadratically with the lattice spacing [29], even
for non-zero quark masses [30]. This is in distinction with the traditional Wilson formulation [31],
in which the errors vanish only linearly. In some of the simulations performed in recent years
improved actions and operators have been used. In some of these these studies the improvement
is implemented at tree-level, so that the artefacts formally vanish more quickly (like aas(a)) than
for the Wilson action. This tree-level improved action is denoted as the SW (after SheikholeslamiWohlert who first proposed it [27]) or "clover" action.
• Extrapolations to Physical Quark Masses: It is generally not possible to use physical quark masses
in simulations. For the light (u- and d-) quarks the masses must be chosen such that the corresponding 7r-mesons are sufficiently heavy to be insensitive to the finite volume of the lattice. In addition,
as the masses of the quarks are reduced the computer time necessary to maintain the required level
of precision increases rapidly. For the heavy quarks Q (i.e. for c, and particularly for b) the masses
must be sufficiently small so that the discretization errors, which are of 0{m,Qa) or O(m^a2), are
small. The results obtained in the simulations must then be extrapolated to those corresponding to
physical quark masses.
• Finite Volume Effects: We require that the results we obtain be independent of the size of the lattice.
Thus, in principle, the spatial size of the lattice L should be >> 1 fm (in practice L > 2-3 fm), and
as mentioned above, we cannot use very light u- and d-quarks (in order to avoid very light pions
whose correlation lengths, i.e. the inverses of their masses, would be of O(L) or greater).
• Contamination from Excited States: These are the uncertainties due to the effects of the excited
states, represented by the ellipsis in Eq. (62). In most simulations, this is not a serious source
of error (it is, however, more significant in computations with static quarks). Indeed, by evaluating correlation functions (JH{X) J'H(0)) for a variety of interpolating operators {«/#, J'H}, it is
possible to obtain the masses and matrix elements of the excited hadrons (for a recent example
see [32]).
• Lattice-Continuum Matching: The operators used in lattice simulations are bare operators defined with the lattice spacing as the ultra-violet cut-off. From the matrix elements of the bare
lattice composite operators, we need to obtain those of the corresponding renormalized operators
defined in some standard continuum renormalization scheme, such as the MS scheme. The relation between the matrix elements of lattice and continuum composite operators involves only
short-distance physics, and hence can be obtained in perturbation theory. Experience has taught
us, however, that the coefficients in lattice perturbation theory can be large, leading to significant
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Fig. 13: Comparison of lattice spacings (the quantity plotted is actually the inverse lattice spacing, a l) determined from different physical quantities in quenched and unquenched simulations by the SESAM and T^L collaborations [36]. F denotes the
value determined from the static quark potential and p denotes the value determined from the /a-meson mass, while 2S-1S and
IP-IS denote values obtained from energy level splittings in QQ bound states using the lattice formulation of nonrelativistic
QCD.

uncertainties (frequently of 0(10%) or more). For this reason, non-perturbative techniques to evaluate the renormalization constants which relate the bare lattice operators to the renormalized ones
have been developed, using chiral Ward identities where possible [33] or by imposing an explicit
renormalization condition [34] (see also Refs. [29, 35]), thus effectively removing this source of
uncertainty in many important cases.
• "Quenching": In most current simulations the matrix elements are evaluated in the "quenched"
approximation, in which the effects of virtual quark loops are neglected. For each gluon configuration {U^(x)}, the functional integral over the quark fields in Eq. (56) can be performed formally,
giving the determinant of the Dirac operator in the gluon background field corresponding to this
configuration. The numerical evaluation of this determinant is possible, but is computationally
very expensive, and for this reason the determinant is frequently set equal to its average value,
which is equivalent to neglecting virtual quark loops. Gradually, however, unquenched calculations are beginning to be performed, e.g. in fig. 13 we show the lattice spacing obtained by the
SESAM and T^L collaborations from four physical quantities in both quenched and unquenched
simulations [36]. In the quenched case there is a spread of results of about ±10%, whereas in the
unquenched case the spread is smaller (although the errors are still sizeable for some of the quantities used). In the next 3-5 years it should be possible to compute most of the physical quantities
discussed below without imposing this approximation.

2.3.2 Lattice Calculations ofB^-p,ir

Semileptonic Decays:

Having discussed the basics of lattice computations, I now briefly present some results from recent
simulations studying B -> p, TT semileptonic decays. I start by making the simple observation that from
lattice simulations we can only obtain the form factors for part of the physical phase space for these
decays. In order to control discretization errors we require that the three-momenta of the B, n and p
mesons be small in lattice units. This implies that we determine the form factors at large values of
momentum transfer q2 = (ps — Pw,p)2- Experiments can already reconstruct exclusive semileptonic
b ->- u decays (see, for example, the review in [21]) and as techniques improve and new facilities
begin operation, we can expect to be able to compare the lattice form factor calculations directly with
experimental data at large q2. A proposal in this direction was made by UKQCD [37] for B° -» p+l~i>i
decays. To get some idea of the precision that might be reached, they parametrize the differential decay
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rate distribution near

by:
_i 2 G2F\vub\
dq2

192TT3M|

(65)

where a and b are parameters, and the phase-space factor A is given by X(q2) = (m2B + m2 — q2)2 —
Am2Bm2. The constant a plays the role of the IW function evaluated at u = 1 for heavy-to-heavy
transitions, but in this case there is no symmetry to determine its value at leading order in the heavy
quark effective theory. UKQCD obtain [37]

a = 4.6i§;|±0.6GeV and b = ( - 8 ± | ) x 1CT2 GeV2.

(66)

The fits are less sensitive to b, so it is less well-determined. The result for a incorporates a systematic
error dominated by the uncertainty ascribed to discretization errors and would lead to an extraction of
\VUb\ with less than 10% statistical error and about 12% systematic error from the theoretical input. The
prediction for the dT/dq2 distribution based on these numbers is presented in Fig. 14. With sufficient
experimental data an accurate lattice result at a single value of q2 would be sufficient to fix \VUb\.
In principle, a similar analysis could be applied to the decay B° —> ix+l~9i. However, UKQCD
find that the difficulty of performing the chiral extrapolation to a realistically light pion from the unphysical pions used in the simulations makes the results less certain. The B —> TT decay also has a smaller
fraction of events at high q2, so it will be more difficult experimentally to extract sufficient data in this
region for a detailed comparison.
We would also like to know the full q2 dependence of the form factors, which involves a large
extrapolation in q2 from the high values where lattice calculations produce results, down to q2 = 0. In
particular the important radiative decay B -> K*j (which is dominated by penguin diagrams in the
Standard Model) occurs at q2 = 0, so that existing lattice simulations cannot make a direct calculation
of the necessary form factors. Much effort is being devoted to extrapolating the lattice results down to
small values of q2 exploiting the HQET, light-cone sum-rules [38] and axiomatic properties of quantum
field theory. These studies are beyond the scope of these lectures and I refer the students to the review
articles [39, 40] for a discussion and references to the original articles.
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3 LECTURE 3: K° - K° AND B° - B° MIXING
In this lecture I will discuss K-K and B-B mixing in turn, and consider the implications of the experimental measurements of these processes for our understanding of the unitarity triangle.
3.1

K°-K°

Mixing, eK and e'/e

The process of K°-K° mixing appears in the Standard Model at one-loop level through the box-diagrams
of fig. 5 (with the 6-quark replaced by the s-quark), together with possible long-distance contributions.
The CP-eigenstates {K\ and K2) are linear combinations of the two strong-interaction eigenstates 8 :
j

= \K,)

(67)

and

\K2) = ±= (\K°) - \K°))

CP\K2) = -\K2) .

(68)

Because of the complex phase in the CKM-matrix, the physical states (the mass eigenstates) differ from
|iifi) and \K2) by a small admixture of the other state:

]Ks)

jj^Him

jM^jm

(l + | | 2 )

(the parameter e depends on the phase convention chosen for \K°) and \K0)).
For exclusive decays of Jff-mesons (which have angular momentum zero) into two or three pion
states, the two pion states are CP-even and the three-pion states are CP-odd. This implies that the
dominant decays are:
Ks

-> TTTT and KL ->• 3?r,

(70)

which is the reason why Ki is much longer lived than Ks (L and S stand for long and short respectively).
Ki and Ks are not CP-eigenstates, however, and the decay KL —>• 2n may occur as a result of the
small component of \Ki) in \KL), and similarly the decay Ks -> 3TT may occur because of the small
component of \K2) in \Ks). Such CP-violating decays which occur due to the fact that the mass
eigenstates are not CP-eigenstates are called indirect CP-violating decays. As mentioned above, the
parameter e depends on the convention used to define the phases of the states. A measure of the strength
of indirect CP-violation is given by the physical parameter €K defined by the ratio:

£^\

A
€K s (£^**\'=*\

= (2.280 ± 0.013) 10-3 tf ,

(71)

A (Ks ->• (fl"7r)/o)

where A represents the amplitude for the corresponding process and 7 = 0 implies that the two pions are
in an isospin 0 state. The numerical value in eq. (71) is the empirical result.
Directly CP-violating decays are those in which a CP-even (-odd) state decays into a CP-odd
(-even) one:
KL a K2 + IKX .
(72)
•7T7T

Direct

Indirect
7T7I"

Consider the possible quark subprocesses contributing to K -> mr decays shown infig.15. The diagrams
in fig. 15(b) and (c) are purely real, whereas that offig.15(a) is complex. The two pions in the final state
8

I use the phase convention so that CP\K°) = \K°) .
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can have total isospin I = 0 or 2; 7 = 1 is not possible by Bose symmetry. The final states in the
diagrams of fig. 15(a) and (b) clearly have 7 = 0, whereas that in the diagram of fig. 15(c) can have
either / = 0 or I = 2. Thus direct CP-violation in kaon decays manifests itself as a non-zero relative
phase between the / = 0 and 7 = 2 amplitudes.

d

u

u
7 = 0, Complex

7 = 0, Real

7 = 0 or 2, Real

(a)

(b)

(c)

Fig. 15: Three subprocesses contributing to K -> -Kit decays.

Of course the gluonic corrections to the diagrams in fig. 15 generate strong phases, which we denote by ^o,2, where the suffix 0 or 2 represents the isospin of the final state. These phases are independent
of the form of the weak Hamiltonian. Using the Clebsch-Gordan coefficients for the combination of two
isospin 1 pions we write:

A(K°

(73)

.4(7^° -> T T V ) = y/ - Ao ei6° - 2^/ ^ A2 e*<* .

(74)

The parameter e\ which is used as a measure of direct CP-violation in kaon decays, is defined by:
/

(75)

=

where
and

7T
7T

7T

= - + 62 - 60 ~ - .
2
4

(76)

Experimentally the two parameters CK (which, following standard conventions I rename from now
on as e, e = €K) and e' can be determined by measuring the ratios:
7700

_ A{KL
=
A(KS

' + ~ ~ A(KS

(77)

f
-»• 7T+7T-) ~ e

(78)

Direct CP-violation is found to be considerable smaller than indirect violation. By measuring the decays
and using
~ 1 - 6Re

-

(79)

the NA31 [41] and E371 [42] experiments find (23 ± 7) 1(T4 and (7.4 ± 5.9) 10~4 respectively for e'/e.
The Particle Data Group [7] summarises these results as:
e'/e=(1.5±0.8)10-3.
9

e' is manifestly zero if the phases of the / = 0 and / = 2 amplitudes are the same.
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(80)

We will have to wait for the results of the current generation of experiments, which will have a sensitivity
of O(10~ 4 ), to confirm or deny whether the value is indeed different from zero.
3.1.1

Determination of e

In this subsection I discuss the theoretical determination of e, following the discussion and notation in
the review article by Buras and Fleischer [1]. We need to know the matrix element:
\K

IK ) >

I H-eff

( 81 )

where we write the effective Hamiltonian in the form:

) +2XcXtV3S0(xc,xt)]
A5=2

(/i) + h.c. ,

(82)

the renormalization scale /i is chosen to be much smaller than mc, X{ = mf/M^ and Aj = VidV*s (the
dependence on Xu is eliminated by unitarity, xu = 0). The non-perturbative QCD effects for K°-K°
mixing are all contained in the matrix elements of the single local composite operator

oAS=2(»)

= sy*(i - 75M n M (i - i5)d,

(83)

the remaining terms in eq. (82) can be calculated in perturbation theory. The 5o's are the expressions for
the box-diagrams without QCD corrections:
S {X) =

°

Axllx

+ xz

4(1 -xY

So(xc,xt) - xc ln( — ) -

SxHnjx)

( }

~ 2(T^F
3x
4(1

4(1 -xt)

-xt)2_

+ ••• .

(85)

T)\, 772 and 773 are mass-dependent short-distance QCD factors, at NLO (next-to leading order)
rji = 1.38 ± 0.20 772 = 0.57 ± 0.01 and 773 = 0.47 ± 0.04 ,

(86)

where the errors reflect the uncertainty in AQCD and the quark masses. The remaining factors in eq. (82)
are short-distance QCD effects, whose ^-dependence cancels that in the operator OAS=2 (in the NDRrenormalization scheme J3=1.895).
As mentioned above, all the non-perturbative QCD corrections are contained in the matrix elements of OAS=2. It is conventional to introduce the BK parameter by the definition:
(K I£7^(1 — 7 )d57u(l —7 )d\K } = —m^/^-B/f (/z) .
(87)
3
The motivation for introducing the parameter BK in this way comes from the vacuum saturation approximation (in which BK = 1), but there is no loss of generality in this definition. BK{H) depends on the
renormalization scale, and it is convenient to introduce an (almost) renormalization group invariant BK
by:
H

J3 •

(88)

The weakest link in the theoretical calculation of e is the evaluation of BK- Many lattice computations
have been performed, and a recent compilation of results gave BK = 0.90 ± 0.06 [43]. A calculation
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based on the l/N approximation gave BK = 0.70 ± 0.10 [44]. Buras and Fleischer perform their
analysis with
5 ^ = 0 . 7 5 ±0.15.
(89)
e is given in terms of the quantities introduced above by
e = C£BKlmXt{ReXc[r)1So(xc)-T]3So{xc,xt)}-ReXtV2So(xt)}

e*T ,

(90)

where
Ce =

G2F

I*™KM™

= 3.78 • 104

(91)

and the mass difference AMK = MKL — MKSWe obtain information about the unitarity triangle by comparing the theoretical prediction with
the experimentally measured value of e. In terms of fj and p the prediction is the hyperbola
fj [(1 - p)A2mSQ{xt)

+ Po] A2 BK = 0.226 ,

(92)

where P o = 0.31 ± 0.02. This is illustrated in fig. 16.

C(0,0)

B(l,0)

Fig. 16: A precise determination of e would fix the vertex A to lie on a a hyperbola (schematically represented by the solid
curve).

3.1.2 The A / = 1/2 Rule and e'/e
In this subsection I briefly review the elements in the theoretical predictions for e'/e and related quantities. I start by rewriting eq. (75) in the form:
e' = -^(l-n)e^,

(93)

where
and
(94)
and ^ = - + <<552 -2^^oo^^- rr2
w Im ^o
4
Even after about 40 years, we still do not understand theoretically the A / = 1/2 rule, i.e. the
empirical observation that to ~ 1/22. The rate for transitions in which the isospin changes by 1/2
(A/ = 1/2 transitions) is enhanced by a factor of about 450 over those in which it changes by 3/2
(A/ = 3/2 transitions). There is a relatively small enhancement of the A / = 1/2 amplitudes, by
a factor of 2-3, due to perturbative effects (i.e. in the calculation of the Wilson coefficient function).
The remaining enhancement is assumed to be due to long-distance QCD effects, perhaps because the
matrix-elements of penguin operators are large, but this has still to be convincingly demonstrated.
, «
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In the recent analyses of e'/e, one combines the experimental values for the real parts of the
amplitudes (Re AQ = 3.33 • 10~ 7 GeV, Re A2 = 1.50-10~8 GeV, u = 0.045), with theoretical predictions
for the imaginary parts. The effective Hamiltonian for these AS — 1 transitions takes the form:
(-i

10

Heff(AS = 1) = - J £
v

l

(zi(fi) + ryiifi)) Oi(ji) ,

(95)

t=i

where r = —VtdVt*s/VudV^s. There are 10 independent operators in the AS = 1 effective Hamiltonian,
and the major uncertainty is in the values of their matrix elements and in the mass of the strange quark
ms. The most complete analyses have been performed by Buras et al [45] who find:
(-1.2 • 10~4) < e'/e < 16 • 10~4 (/) ; e'/e = (3.6 ± 3.4) 10" 4 (II) ,

(96)

where / and II refer to two different ways of treating the many uncertainties (more and less conservative
respectively), and by the Rome group [46] who find
e'/e = (4.6 ± 3.0) 10~4 .

(97)

The various contributions to e'/e have different signs, and there are significant cancellations. For this
reason even the expected sign cannot be predicted with full confidence.
I end this subsection with a brief summary of the main points:
• An understanding of the A7 = 1/2 rule would be an important milestone in controlling nonperturbative QCD effects. This is a realistic, but non-trivial, challenge for the lattice community.
• A measurement of a non-zero value for e'/e would be a very important qualitative step in particle
physics; confirming the existence of direct CP-violation.
• The uncertainties in the values of the matrix elements, make it difficult to make a precise prediction
for e'/e. We expect it to be at the several x l 0 ~ 4 level, but accidental cancellations between
contributions with opposite signs may make it smaller than this. In the coming years, experiments
at CERN, FNAL and at Da^ne will be sensitive to a value of about 10~4.

3.2 B°-B° Mixing
In this subsection we consider B-B mixing, from which we get information about the Vtd and Vts elements of the CKM-matrix. I start with some general formalism for the mixing of a neutral psudoscalar
meson P° with its antiparticle P°.l write the wave-function in two-component form:

(j® ) = a(t) |P°) + b(t) \P°) .

(98)

The time dependence of \tp(t)) is given by the Schrodinger equation:
(99)
where M - iT/2 is the 2 x 2 "mass-matrix", whose elements are equal to (Pf\Ueff\P^)/2Mp.
the optical theorem, the absorbtive part of this matrix comes from real intermediate states:

^

° \nw |n){n {nw |PjP)2nS{En ~ Mp)"

Using

(100)

For B°-B° mixing, there are no contributions to Ti2 from intermediate states containing the top quark.
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The mass-matrix takes the form
(101)
where the diagonal terms are equal by CPT-invariance, and A, p2 and q2 are complex. The eigenvalues
of this matrix are M\$ = A±pq, so that the mass difference between the two physical eigenstates is

AM = MX-M2

= 2pq = 2(Mia - t l ^ ) * (M*l2 - iT\2) 5 .

(102)

For the S-system, the box diagrams have contributions from i-quarks in the loops (see fig. 5).
By unitarity these contribute only to the real part of the mass-matrix. The mass behaviour of the box
diagrams in fig. 5, and the large value of V-a, imply that these contributions dominate and that \Yi2\ <C
\M\2\ for B-B mixing (this is not the case for K-K mixing). Thus AM ~ 2|Mi2|, and can be calculated
from the box diagrams.
The evaluation of the box diagrams follows similarly to that in the kaon system. The nonperturbative QCD effects are contained in the matrix element of the AB = 2 operator:
OAB=2 = 5^(1

-j^dbj^l-^d,

(103)

and it is also convenient and conventional to introduce the BB parameter analogously to the definition of
in eq. (87). The theoretical expression for the mass difference is:

AM = 0

VB

MB B B fB M% S0(xt) \Vtd\2 ,

(104)

where r}B is a pertubative QCD correction (T]B = 0.55 ± 0.01). Throughout this discussion I have been
implicitly assuming that we are considering neutral B& mesons, but an analogous discussion holds for
the Bs system. In the kaon system, all the non-perturbative QCD effects were contained in the parameter
BK, since the leptonic decay constant f% is a measured quantity. For the B-mesons this is not the
case, and one is obliged to use model estimates or lattice or sum-rule calclulations for both the decay
constants fB and the £?£-parameters (or of the matrix element of OAB=2 itself). For example, in a recent
compilation of lattice results we obtained [39]:
fBd = (170 ± 35) GeV, fB, = (195 ± 35) GeV, BBd = 1.4(1),

(105)

and
{BV^g

= 1.14(8) .

(106)

Combining all the elements one obtains:
AMBd = 0.50 ps - l

200 MeV J

rht(mt) \1S2
V170 GeV)

\Vttd\
0.0088 0.55

(107)

(rht{mt) V 5 2 \Vts\ TjB

AM,,
A
M B s --1 5 u
. 1ipns r

0.040 0.55 '

The mass difference A M is a measure of the oscillation frequency to change from a B° to a B°
and vice-versa. Imagine that we start with a B° at time t = 0, then the propabilities that we have a B°
or B° at a later time t are e x p ( - r t ) cos 2 (AM t/2) and e x p ( - H ) sin 2 (AM t/2) respectively. Defining
P(B°) and P(B°) to be the probabilities (obtained by integrating over time) that when the meson decays
it is a B or B respectively, we obtain

+

i PP(B]( B

5 [[? + PTJKW} } mi
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" 5'

]

[ ^ \

(109)

The ratio of these integrated probabilities is given by

P(^)__^
~ P(B°) ~ 2 + x*'

r

(H0)

where x = A M / F . The 1996 Particle Data Group review quotes:
AMBd = (0.474 ± 0.031) ps" 1 and xd = 0.73 ± 0.05 ,

(111)

in agreement with theoretical expectations and
AMBs > 5.9 ps" 1 and xs > 9.5 at 95% CL .

(112)

The oscillation in the Bs system are too rapid for observation in experiments which have been performed
up to date.
What do these measurements imply for the determination of the position of the unitarity triangle?
In principle a measurement of AMBd allows for a determination of the Vtd element of the CKM matrix.
The side BA of the unitarity triangle is given by:

so that a measurement of Vu (assuming knowledge of Vc&) would imply that the locus of possible positions of the vertex A lies on a given circle centred on B, see fig. 17.

C(0,0)

5(1,0)

Fig. 17: A precise determination of | Vid/Vc(,| from studies of B — B mixing would fix the vertex A to lie on a circle centered
on the vertex B (schematically represented by the solid curve).

4

LECTURE 4: CP-VIOLATION IN B-DECAYS AND INCLUSIVE B-DECAYS

In this final lecture I will consider two topics in J5-physics, CP-violation (and mixing-induced CPviolation, in particular) and the application of the heavy quark expansion to inclusive decays (and to
beauty-lifetimes and the semileptonic branching ratio, in particular). I will also make some brief remarks
about how difficult it is to make predictions for exclusive nonleptonic decays.
4.1

CP-Violation in JB-Decays

Measurements of CP-asymmetries in neutral B -meson decays into CP-eigenstates will allow us to
address 3 fundamental questions:
i) Is the phase in the CKM matrix the only source of CP-violation?
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ii) What are the precise values of the CKM parameters? We shall see that the principal systematic
errors, particularly those due to hadronic uncertainties, are reduced significantly in some cases.
iii) Is there new physics in the quark-sector?
A particularly important class of decays of neutral B-meson systems, are mixing induced CPviolating decays (these are not possible in decays of charged B-mesons). I now briefly review this
important topic, for which we need to return to the formalism introduced in the discussion of B-B
mixing in subsec. 3.2 above. The two neutral mass-eigenstates are given by

|SL) =

7 F + ? (p {B0) +q|50) )

and IBH) =

v P T ? (p ]B°}"q '^ 0 > )"

(114)

Starting with a B° meson at time t = 0, its subsequent evolution is governed by the Schrodinger equation
(99):
\B°phys(t)) = 9+(t) \B°) + ( ? ) g-(t)\B°)

,

(115)

where
g+(t) = exp - — exp[-»M*] cos l—z—)
g- (t) = exp — — exp[—iMt] i sin (

,

(116)

J ,

(117)

and M = {MH + ML)/2 10.
4.1.1

Decays of Neutral B-Mesons into CP-Eigenstates

Let fcp be a CP-eigenstate and A, A be the amplitudes
A = (fcp\n\B°) and A = (fcp\n\B0).

(118)

*=-4

(119)

Defining

we have
and (fCp | H | B° h ) = AV- \g_(t) + Xg+(t)] . (120)

{fcp IU | B \ ) - A [g+{t) + \g-(t)]
v y

v y

q

The time-dependent rates for initially pure B° or B° states to decay into the CP-eigenstate fcp at time
t are given by:
r

(£physW -> / C P ) = | A | 2 e " r t

1+

L
T

(B^hys(t) -»• / C F ) = |A| 2 e- r t

X

JA*

+ —^-cos(AMt)

2

- I m A sin(AM^)

2

~JA* +

:

t)

_>

fcp)

(1 - |A| 2 )cos(AMt) - 21mA sin(AMt)
"Starting with a B° meson at t = 0, the time evolution is |Bphys(*)) = (p/q) g- (t)\B°) + g+(t) \B°).
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J

~JA* cos(AMt) + Im A sin(AMt)

The time-dependent asymmetry is defined as:

(121)

. (122)

If, as is the case in some important applications, \q/p\ = 1 (which is the case if AF < < AM) and
\A/A\ = 1 (examples of this will be presented below), then |A| = 1 and the first term on the right-hand
side of eq.(124) vanishes.
The form of the amplitudes A and A is:

Y,AieiSiei<t>i

and A =

i ei5i

(125)

where the sum is over all the contributions to the process, the A{ are real, Si are the strong phases and
the (j>i are the phases from the CKM matrix. In the most favourable situation, all the contributions have
a single CKM phase (<f>o say) and A/A = exp(—2i4>o). Under the assumption we are making that
Ti2 < < M12, q/p - ^M*2/Mi2 = exp(-2i(f>M), and A = exp(-2i((f)D + 0 M ) ) - Thus
I m A = - sin(2{4>D + 4>M)) .

(126)

From the box diagrams of fig. 5 we obtain:

To illustrate the above discussion let us consider three processes in which the 6-quark decays
through the subprocess b -» djUitii. The corresponding tree-level diagram is

for which

(128)

j =
v

ib

B d -> J / * K s : In this case
= - sin(2/3) .

\{B -

(129)

The first factor in eq. (129) is the factor (q/p)Bd in e 1- (127), the third factor is the analogous one for the
final state kaon, and the second factor is A/A as in eq. (128) with U{ = c and bj — s. We recall from the
discussion of the first lecture that the angle

There is also a small penguin contribution to this process, due to the subprocess:

which is proportional to VtbVt*s, whose phase is, to a very good approximation, equal to that of VcbV*s.
Thus hadronic uncertainties are negligible in the determination of the angle /? from this process, and for
this reason we can consider it a gold-plated one. This is an (almost) ideal situation.
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B d —> 7r+7r

:

For this process, in the notation of eq. (128), we have U{ = u and dj = d, so that

A

(131)

VubVu*d

and Im A = sin (2a), where from the first lecture we recall that
(
a = arg

-

VtdV*b\

(132)

ub .

In this case there is also a small penguin contribution, which is proportional to V£dVtb, which has
a different phase from the tree diagram. This implies that the hadronic uncertainites are greater than for
the process Bd —> J/^Ks, although they are still reasonably small (and can be reduced further using
isospin analysis).
B s —> p°Ks : For this process in the notation of eq. (128), we have Ui = u and dj = d again, so that
nK.)
pK
S)

Vub
-- VtsVtl
-TT^Jv*
vvv
tstb
v

(133)

VcdVcs

Using the unitarity relations and the fact that
7 = arg -

bib

(134)

we find that Im A = — sin(27).
Although this process is frequently proposed as a potential way of measuring the angle 7, the
penguin contributions are relatively large and Buras and Fleischer stress that it is a wrong way [1]. It has
been suggested that it might be possible to use combinations of B —> DK amplitudes to determine the
angle 7 [47]. This is illustrated in fig. 18, where \D\) = l/\/2( \D°) + \D°)), but clearly a measurement
of all the amplitudes is a huge experimental challenge.
y/2A{B~

-> D%K~)

A{B+ -> D°K+)
A(B~ -»• D0K~)

V2A(B+ -»• D%K+)

A(B+ -> D°K+) = A{B~ -)• D0K~)
Fig. 18: Six amplitudes from which the angle 7 can (in principle at least) be determined.

The exciting experimental and theoretical program of research into mixing induced CP-asymetries
will continue at the (near) future B-factories and dedicated .^-experiments.
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4.1.2

CP-Violation in Charged B-Decays

Observation of CP-violation in decays of charged B-mesons would demonstrate the existence of direct
CP-violation, but the hadronic uncertainties make it unlikely that they can be used to determine the
parameters of the unitarity triangle with the required precision. Since we need an interference between
different contributions to the amplitude, we write the amplitudes in the form:
A{B~ -> / ) = Vi Ax eiSl + V2 A2 eiS2 and A{B+ -> / ) = V{ Ax eiSl + V2* A2 eiS2 ,

(135)

where I have exhibited two contributions to each amplitude, Vj(2 are CKM-matrix elements and the
51,2 are strong interaction phases. For example in the process B+ —> ir°K+ the interference is between
curent-current and penguin contributions, and in the decay B+ —>• K°K+ it is between penguin diagrams
with internal u and c quarks.
The CP-violating asymmetry is now defined by

ACp - T(B * QT(B

-T(B+^f)+T(B->f)

-+ /)=

2Im

WiV?) Mh-h) AXA2

\V\2A2 + \V\2A2 + 2Re(VV*)cos(55)AA'

K

}

from which we see that in order to have a non-zero asymmetry we require both Im (V\V2) and s'm(5i —
52) to be non-zero. The strong interaction phases are very difficult to quantify, so it is hard to use
measurements of these CP-asymetries to determine the CKM matrix elements.
4.2

Inclusive Nonleptonic Decays of Beauty Hadrons

In this subsection I discuss inclusive nonleptonic decays of beauty hadrons in general, and two very
interesting phenomenological problems in particular the lifetimes of the hadrons and their semileptonic
branching ratios. The discussion will use the formalism of Bigi et al.(see ref. [48] and references therein),
developed and used by them and many other groups, in which inclusive quantities are expanded in inverse
powers of the mass of the heavy quark, e.g.

where F is the full or partial width of a beauty hadron Hb, 03,5 are coefficients which can be computed
in perturbation theory (the coefficient functions obtained when matching QCD onto the HQET) and Ai^
are the matrix elements of the kinetic energy and chromomagnetic operators respectively:

^Hb\h(iD)^\Hb)

and A2 =

and h is the field of the heavy (static) quark. An important feature of the general expression in eq. (137) is
the absence of terms of O(l/m(,), which is a consequence of the absence of any operators of dimension
4 which can appear in the corresponding OPE [49].
I will not discuss the derivation of the expansion in eq. (137) in detail. One starts, similarly to the
derivation of the OPE for moments of deep-inelastic structure functions, by using the optical theorem
which states that the width is given by the imaginary part of the forward elastic amplitude. In this
case this amplitude has two insertions of the weak Hamiltonian. Since the 6-quark is heavy and decays
into lighter states, the separation of these two insertions is small, and eq. (137) is the corresponding short
distance expansion (for the structure functions it is a light-cone expansion). We now apply this expansion
to a study of beauty lifetimes and the semileptonic brabching ratio.
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4.2.1 Beauty Lifetimes
Using the expression in eq. (137) for the widths, one readily finds the following results for the ratios of
lifetimes:

^S = l + ofi)
r(Ab)

(1 39)

4(Ab)4(B)

~

G

2^3

= (0.98 ± 0.01) + O ( - ^ ) ,

(140)

where / 4 — —\\ and fj,Q = 3^2- In order to obtain the result in eq.(140), one needs to know the
difference of the kinetic energies of the b-quark in the baryon and meson. To leading order in the heavy
quark expansion we have:

(MAb-MAc
ZMB.-MD*
[MB-MD
" 4 MB-MD

1

A

From equation (141), and using the recent measurement of rriAB from CDF [50], one finds that the
right hand side is very small (less than about 0.01 GeV2). The matrix elements of the chromomagnetic
operator are obtained from the mass difference of the B*- and B-mesons (see eq.(138)) and from the
fact that the two valence quarks in the Aj are in a spin-zero state (which implies that /i^(Afi) = 0). The
theoretical predictions in eqs. (139) and (140) can be compared with the experimental measurements

4 S = 1-06 ± 0.04 and 4 M = °-79 ± °-05 •

T{BU)
The discrepancy between the theoretical and experimental results for the ratio T(AI,)/T(B0)
in eqs. (140)
and (142) is notable. It raises the question of whether the 0(1/ml) contributions are surprisingly large,
or whether there is a more fundamental problem. I postpone consideration of the latter possibility and
start with a discussion of the O(\/m\) terms.

bb

d

(bTq)(qTb)

Fig. 19: Examples of diagrams whose imaginary parts contribute to the total rates for the decays of beauty hadrons (left-hand
sides) and the operators they correspond to in the Operator Product Expansions. F represents a Dirac matrix.

At first sight it seems strange to consider the I/ml corrections to be a potential source of large
corrections, when the O ( l / m | ) terms are only about 2%. However, it is only at this order that the "spectator" quark contributes, and so these contributions lead directly to differences in lifetimes for hadrons
with different light quark constituents (consider for example the lower diagram in Fig. 19, for which,
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using the short-distance expansion, one obtains operators of dimension 6). Moreover, the coefficient
functions of these operators are relatively large, which may be attributed to the fact that the lower diagram in Fig. 19 is a one-loop graph, whereas the corresponding diagrams for the leading contributions
are two-loop graphs (see, for example, the upper diagram of Fig. 19). The corresponding phase-space enhancement factor is 16TT2 or so. We will therefore only consider the contributions from the corresponding
four-quark operators, neglecting other 0(1/ml) corrections which do not have the phase space enhancement [51]. For each light-quark flavour q, there are four of these n :
5
7
5

)b

a

(143)
5

a

; T2 = b(l + -y )T qq{l + <y )T b

(144)

where Ta are the generators of colour SU(3) and q represents the fields of the light quarks. Thus we
need to evaluate the matrix elements of these four operators.
For mesons, following ref. [51], I introduce the parametrization
^

= BJBMB

= eJ2BM2B ,

• (BlTilB)^^

(145)

where /i is the renormalization scale. We have chosen to use mf, as the renormalization scale. Bigi et
al. [48] prefer to use a typical hadronic scale, and estimate the matrix elements using a factorization
hypothesis at this low scale. Operators renormalized at different scales can be related using renormalization group equations in the HQET (sometimes called hybrid renormalization [52]). For example, if we
assume that factorisation holds at a low scale yu such that as(fi2) = 1/2, then, using the (leading order)
renormalization group equations, one finds B\ = B2 = 1.01 and e\ = e2 = —0.05 12 . In the limit of a
large number of colours Nc, B{ = 0{N®) whereas e; = O(l/Nc).
For the A&, heavy quark symmetry implies that
{A6|O2|A6) = -i{A 6 |O 1 |A 6 > and <A6|T2|A6) = -i<A 6 |Ti|A fe > ,

(146)

so that there are only two independent parameters. It is convenient to replace the operator Ti, by O\
defined by
61 = b%{\ - 7 V S V ( 1 - 7 5 ) ^ ,
(147)
where i, j are colour labels, and to express physical quantities in terms of the two parameters B and r
defined by
6

i|A 6 )^ =mfc

(148)

r.

(149)

We do not know the values of these parameters. In quark models B = 1, and r = 0.2-0.5. Using
experimental values of the hyperfine splittings and quark models, it has been suggested that r may be
larger [53], e.g.
M2 -M2

M^-Mt

^ i i w | ^ t = 0-9 ±0.1 and
n

r = i * 1 ^ L _ ^ = i.8±0.5.

(150)

I use the notation of ref. [51].
By factorization we mean that if the Bi's and a's had been denned at this scale (instead of mi) they would have been 1
and 0 respectively.
12
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The lifetime ratios can now be written in terms of the six parameters Bi^, ei,2, B and r (as well

as fB):
{0.02Bi + 0.00J52 - 0.70ei + 0.20e2}
\£vu ivxev /

_
r(B°) " U - 9 "
T(A6)

+ (-0.01-0.02B)r},

(152)

where the effective weak Lagrangian has been renormalized at /it = m^. The central question is whether
it is possible, with "reasonable" values of the parameters, to obtain agreement with the experimental
numbers in eq. (142). At this stage in our knowledge, the answer depends somewhat on what is meant by
reasonable. For example, Neubert, guided by the arguments outlined above, has considered these ratios
by varying the parameters in the following ranges [54]:

r e [0.25,2.5]; (TJ^TTJ)

6 [0.8,1.2].

(153)

He concludes that, within these ranges, it is just possible to obtain agreement at the two standard deviation
level for large values of r (r > 1.2) and negative values of €2. Lattice studies of the corresponding matrix
elements are underway; a recent QCD sum-rule calculation has found a small value of r, r ~ 0 . 1 0.3 [55].
If the lattice calculations confirm that the parameter r is small, or find that the other parameters are
not in the appropriate ranges, then we have a breakdown of our understanding. If no explanation can be
found within the standard formulation, then we will be forced to take seriously the possible breakdown
of local duality. This is beginning to be studied in toy field theories [56, 57].
4.2.2

The "Baffling" Semileptonic Branching Ratio

This was the name given by Blok et al. [58] to the observation that the experimental value of the semileptonic branching ratio
r
BsL

=

( * -> *<*)

(154)

appeared to be lower than expected theoretically. In eq. (154) the sum is over the three species of lepton,
and Thad and Trare are the widths of the hadronic and rare decays respectively. Bigi et al. concluded that
a branching ratio of less than 12.5% cannot be accommodated by theory [58]. Since then Bagan et al.
have completed the calculation of the O(as) corrections, and in particular of the b —> ccs component of
the decay (including the effects of the mass of the charm quark) [59]; these have the effect of decreasing
BSL- With M. Neubert, we used this input to reevaluate the branching ratio and charm counting (n c , the
average number of charmed particles per i?-decay) [51]finding,e.g.
BSL = 12.0 ± 1.0% (n = mb)
BSL = 10.9 ± 1.0% (/i - mb/2)

n c = 1.20 =F 0.06 (/x =
nc = 1.21 T 0.06 (ji = mb/2) .

H is the renormalization scale and the dependence on this scale is a reflection of our ignorance of higher
order perturbative corrections. The experimental situation is somewhat confused, see Fig. 20. In his
compilation at the ICHEP conference last year [60], Richman found that the semileptonic branching
ratio obtained from S-mesons from the T(4S) is 13:
BSL(B)

= (10.23 ± 0.39)% ,

13

(156)

Note that the rapporteur at the 1997 EPS conference argued that the branching ratio had been overestimated by the LEP
collaboration [61].
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Fig. 20: Theoretical Prediction (shaded region) of the semileptonic branching ratio and charm counting. The data points are the
experimental results from high-energy (LEP) and low energy (i.e. at the T(4S) from CLEO) experiments.

whereas that from LEP is:
= (10.95 ± 0.32)% .

(157)

The label b for the LEP measurement indicates that the decays from beauty hadrons other than the
5-meson are included. Using the measured fractions of the different hadrons and their lifetimes, and
assuming that the semileptonic widths of all the beauty hadrons are the same, one finds:
BSL{b) = (10.95 ± 0.32)% =*• BSL{B)

= (11.23 ± 0.34)% ,

(158)

amplifying the discrepancy. It is very difficult to understand such a discrepancy theoretically, since the
theoretical calculation only involves TSL (and not Thad f° r which the uncertainties are much larger).
In view of the experimental discrepancy, I consider the problem of the lifetime ratio T ( A & ) / T ( . B 0 ) ,
described in subsection 4.2.1 above, to be the more significant theoretical one.
4.2.3 Exclusive Decays of B-Mesons
A large amount of experimental data is becoming available, particularly from the CLEO collaboration
(see ref. [62] and references therein) on two-body (exclusive) nonleptonic decays of B-mesons. This is
an exciting new field of investigation, which will undoubtedly teach us much about subtle aspects of the
Standard Model. Unfortunately, at our present level of understanding we are not able to compute the
amplitudes from first principles, and are forced to make assumptions about the non-perturbative QCD
effects. Frequently these assumptions concern factorization, i.e. whether matrix elements of operators in
the effective Hamiltonian which are products of two V-A currents can be written in terms of products
of matrix elements of the currents, e.g.
i+^-

(du)L (cb)L\B°) I (D+\ (cb)L\B°) (n~\ (du)L\0) ,

(159)

where the first matrix element on the right hand side could be obtained from semileptonic decays (see
sec. 2.1) and the second from the known value of /„-. In some cases, the factorization hypothesis can be
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Fig. 21: The current status of our knowledge of the position of the vertex A of the unitarity triangle as obtained by Buras and
Fleischer [1], (shaded area).

motivated by the concept of colour transparency, that a light colour singlet meson, produced with large
energy at the weak decay vertex (and which is hence a small colour-dipole), will travel a long way from
the interaction region before it grows to a size where it could interact strongly [63, 64]. It is possible
that in some cases factorization will give a reasonable first approximation and in many others it will
not be useful at all. Thus current analyses are limited to a semi-quantitative level, and at this stage it
is not possible to endorse any of the approaches. I will not discuss these analyses in these lectures, but
to wish to point out the importance of this emerging field, (see refs. [65] and [40] for more extensive
discussions).
5

CONCLUSIONS

In these lectures I have briefly reviewed the formalism required for the study of the weak decays in the
Standard Model of Particle Physics. From these studies we are attempting to measure the parameters
of the Standard Model, to understand the origin of CP-violation and to look for signatures of physics
beyond the Standard Model. I have explained that the major theoretical difficulty in interpreting the
wealth of experimental data is our inability to control the non-perturbative strong interaction effects to
sufficient precision. Througout these lectures I have illustrated the general discussion with applications
to various physical processes. The current status of the uncertainties in determining the vertex A of the
unitarity triangle, from the analysis of Buras and Fleischer is reproduced in fig. 21. The circular arcs are
obtained from information on B — B mixing, using a modified analysis to that discussed in section 3.2
above. In order to reduce the hadronic uncertainties, we can take the ratio of the expressions for
and AMBS in eqs. (107) and (108), and, using the upper bounds on AM#rf (0.482 p s - 1 ) and
(0.993), obtain abound for the quantity in eq. (113):

AM?

A |Vd,|

(160)

where £ is defined in eq. (106), where the lattice result is also given. The curves in fig. 21 represent these
bounds for several choices of £ and AMBS H.
14

In fig. 21 AMB, is written as AM,.
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I end these lectures by summarising the tourist guide of Buras and Fleischer [1] to different processes, in which stars are awarded to the processes depending on the level of theoretical uncertainty.
*** These are processes in which there are no theoretical uncertainties i.e. they are particularly small
(less than 2% say). Among these is the mixing-induced CP-violating asymmetry in Bj —>•
J/tyKs discussed in section 4.1.1, from which we expect to determine the angle /? of the unitarity
triangle. Other quantities in this category which I have not had time to discuss include the ratio
of (inclusive) branching ratios Br(£? -> XdVv)jBt(B -» Xsv&) from which one would obtain
I Vtdl/I^s I and the decays KL -> ir°uu (which would give Im At) and K+ -> n+vu (which would
give \Vtd\)- For the kaon decays I have explained in section 1.2.1, that the small mass difference
between the quarks in the K and TT mesons implies that the hadronic uncertainties are small.
** The processes in this category have small hadronic uncertainties, of the order of 5-10% say. They
include the evaluation of Vc\, discussed in sec. 2.1, AM^/AMj discussed in section 3.2 (from
which we obtain |Vt<*|/|Vts|) and the mixing-induced CP-asymmetry in Bj -> n+n~ (from which
we would obtain the angle a) discussed in section 4.1.1. There is a large set of other mixinginduced asymetries in this category, yielding, in principle, all three angles. Being perhaps a little
optimistic, the determination of |V^{,|/|VC{,| in inclusive decays, also belongs to this category.
*

The processes in this category have smallish hadronic uncertainties, perhaps in the region of 15%
or so. Of the quantities discussed in this course, AM<f, AM S (section 3.2) and e (section 3.1.1)
belong in this category.

.

As we have seen in these lectures, there are also important quantities for which the theoretical uncertainties are too large for the experimental data to give accurate information about the parameters
of the Standard Model (and hence these quantities are not ascribed any stars), but which nevertheless give interesting qualitative information. These include e'/t (discussed in section 3.1.2) and
most CP-asymmetries in decays of charged B's. Non-leptonic decays of B-mesons in general
belong to this category.

Of course it is to be hoped and expected that theoretical progress will continue, and that the
interesting physical quantities will gradually acquire more stars. The theoretical community is working
very hard to achieve this.
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EXPERIMENTAL TECHNIQUES
J.R. HANSEN
The Niels Bohr Institute
Blegdamsvej 17, Copenhagen, DK-2100 Denmark
John.Renner.Hansen @ nbi.dk
Abstract
Detectors for particle physics are designed to study features of the smallest components of our universe. They are build out of several sub-detectors, each contributing its own signature to the overall picture of a particle collision. The purpose of these two lectures is, in a very concentrated form, to present some of
the ideas going into the design and construction of modern high energy physics
experiments. Most of the examples will be taken from the two general purpose
experiments ATLAS and CMS, presently under preparation for LHC. The lectures cover the LHC experimental environment and a discussion of the signal
signatures for some of the important physics processes. A walk through the
generic detector for collider physics introduces the individual sub-detectors.
Starting from the interaction point the inner tracking and vertex detector are
followed by the calorimeters and finally the muon spectrometer system. The
functionality of the sub-detectors are illustrated by new developments for the
LHC experiments. The lectures cover the drift chamber and solid state detectors, electromagnetic and hadron calorimetry, muon chamber systems and some
aspects of triggering and data acquisition.
Finally the standard model Higgs signal is used to demonstrate the capability
of ATLAS and CMS to observe low cross-section physics in a complicated environment.
The form and contents of the lectures were very similar to those given by Daniel Founder in Dubna, at the
1995 European School of High-Energy Physics. The write up of those lectures (CERN 96-04), produced
by Daniel Fournier and Lautent Selin, is of an outstanding quality, with an enormous richness of details
and an extensive list of references. I strongly recommend those for further reading.
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LEP II PHYSICS
P.H. HANSEN
The Niels Bohr Institute
Blegdamsvej 17, DK-2100 Copenhagen O
Abstract
The LEP II machine at CERN provides e+e~ collisions above the W+W~
production threshold and the four LEP experiments have collected data at collision energies growing from 161 GeV to 183 GeV over the last two years. Examples are presented of data analysis leading to new measurements of gauge
boson masses and couplings and increased lower mass limits for new particles.
1

THE LEP II PROJECT

The LEP tunnel was made 27 km long, the largest dimension allowed by the geology of Pay de Gex
and the economy of the 1980'es. Even with this formidable circumference, it would still have been
impossible to carry out the LEP II project, doubling the LEP I beam energy of 45.6 GeV, without using
superconducting (Sc) accelerating cavities in the ring. The energy lost to synchrotron radiation grows
with the fourth power of the beam energy. With conventional technology one would thus need many
more warm Cu cavities than there is room for. Moreover, the power dissipated in the cavity walls would
have been at least 50 MW [1]. Instead, new Sc cavities were installed where the walls have a thin layer
of Nb sputtered into the Cu and a cryostat maintaining the boiling temperature of Helium. Hereby the
performance is improved dramatically: the accelerating gradient is about 6 MV/m (instead of 1.4 MV/m)
and the efficiency for converting RF power into beam energy is 75% (instead of 15% at LEP I) [1].
The limitations to further energy increases comes from space constraints, the high cost of the intricate
production of Sc cavities and from limited cooling power. By exploiting the extra cooling power being
installed for the LHC magnets, it may be possible to run with a maximum beam energy of 100 GeV in
1999 and 2000, if the economy allows it.
The four LEP experiments: ALEPH [2], DELPHI [3], L3 [4] and OPAL [5] are well equipped for
LEP II physics with four hermetic detectors that are well understood from the LEP I experience. The
detectors have different strong points, but also many similarities. In particular, all experiments have a
silicon tracking system close to the beam, which is crucial for detecting the short lifetime of b hadrons.
The e+e~ annihilation cross-section at LEP II energies is more than two orders of magnitude lower
than at the Z peak, and the cross-section for the four-fermion final states of particular interest is yet
another order of magnitude lower. For reasons of statistics alone, it is therefore important to have four
experiments measuring the same quantities.
In this lecture some examples of the measurements are discussed, mainly at the collision energies
161 and 172 GeV, where each experiment collected 10 pb" 1 at each energy in 1996. The examples cover
measurements of gauge boson masses and couplings and searches for Higgs bosons and the supersymmetric partners of Higgs and gauge bosons.
2
2.1

TWO-FERMION PROCESSES
Lineshape

For each class of standard model processes, the experiments at LEP II have to their disposal several
Monte Carlo codes (see Ref. [6], Vol.11) simulating the final state. These codes are interfaced to a full
apparatus simulation and used to correct the measured data and to compare the results with the standard
model expectations. Figure 1 shows the W spectrum in LEP II hadronic e+e~ annihilation events
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DELPHI 161GeV

1

Fig. 1: Measured and predicted rate of high-energy hadronic events as a function of the effective e + e

centre-of-mass energy.

together with the standard model expectation. Two-photon collisions are suppressed by a total energy
cut in this plot. Here, y/V is the effective e+e~ collision energy after radiation of photons from the
initial state. This radiation is enhanced due to the presence of the Z resonance, such that a majority of the
events have V7 = Mz. It is easy to separate off these "Z-returns" by excluding events having a visible
mass in the neighbourhood of the Z mass (disregarding high energy isolated photons) and a large total
momentum component along the beam axis. One must bear in mind, however, that a complete separation
between initial and final state radiation is not possible. Thus a small correction (about 1% [8]) is needed
to account for the initial-final state radiation interference when comparing measured cross-sections with
standard model predictions.
The combined LEPII measurements of the annihilation cross-section into hadronic (qq) final states
is shown in Fig. 2. The lineshape of the cross-section for large s'/s is then fitted to the expression:
cr

r=rl

e+e--»Z/7->ff ~~

(1)

where the 'bar' indicates that an s-independent definition of the Z width has been used here. A fit
to combined LEP II data results in a direct measurement of the j/Z interference term [7], which is a
characteristic ingredient of the standard model:
3 had = 0.14 ± 0.14

(standard model : 0.22)

(2)

has also used their measured cross-sections and forward-backward asymmetries to measure the
energy dependence of the electromagnetic coupling constant in a completely model independent way.
Combining their data with those of TOPAZ, OPAL obtains l/a e m (157.42 GeV) = 122.1±|^ [8]. This
agrees with the standard model expectation of 128 and is clearly lower than the zero energy value of 137.
OPAL
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Fig. 2: Cross-section for gg production in e + e

2.2

collisions.

Contact terms

Also the / / forward-backwards asymmetries, are found in agreement with the standard model expectations. It is interesting to determine to which extent the agreement between the measured cross-section
and asymmetries excludes new physics such as fermion substructure on a very small scale or exchange
of new heavy particles. While the standard model cross-section (S) decreases like 1/s, the new physics
contribution (N) would actually grow with s (just like the v cross-section at low energy) and also, as the
dominant effect, give rise to a constant interference term:
(3)

where A is the scale of the new interaction (e.g. the mass of a new heavy exchanged object).
Just like in the old Fermi theory for weak interactions, the effective structure of the new interaction
is assumed to be direct contact between fermion currents, either right-handed, left-handed, vector or
axial-vector ones:
rff
-^Contact

(4)
i,j=L,R "ij

where L, R refer to fermion chirality projections and raj is typically ± 1 or 0, depending on the model.
When fj is an electron, an extra factor \ is needed. When extracting limits on A from the data, it is
assumed that g2/4ir = 1. The LEP II data are particularly sensitive to VV and A A interactions (these are
also unconstrained by atomic parity violation experiments) where e.g. OPAL has published limits on A
in the range 5-8 TeV [8] for a universal contact interaction. Such limits on a contact interaction strongly
constrain the interpretation of the recently reported excess events at high Q at HERA (see the lecture of
F. Zwirner).
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2.3

QCD studies

Although the rate of qq events at LEP II is much lower than at LEP I, the higher energies at LEP n gives
new opportunities for QCD studies. These concern both the hadronic final state from e+e~ annihilation
and from the relatively abundant 77 collisions. Furthermore, an accurate description of qqn^) events
and 77 collisions leading to hadronic final states are neccessary in order to understand the background
for other processes. Here, we concentrate on the energy-dependence of as-
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—> qq processes together with hadron level predictions

from different fragmentation models.

The probability (at leading power in as and Q) for a quark to radiate a gluon is proportional
to CF • as{Q2,[x2), and that for a gluon to radiate a gluon is proportional to CA • <*s{Q2,V2)- Here
CF = 5, CA = 3, Q is energy scale of the process and /J, is the scale at which the theory is renormalized.
This can be used for a measurement of as. The probabilities become singular when the gluons have
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zero energy or zero emission angle. For some quantities, characterizing the parton shower resulting
from successive splittings, analytical calculations exist that resum the large logarithms arising from the
infrared and colinear singularities (see P. Nason's lecture). Otherwise one has to rely on Monte Carlo
models for hadron production (see e.g. Ref. [9], p. 143). Most models use the lowest order QCD matrix
element for producing the initial partons from the e+e~ reaction. Then the partons undergo successive
splittings, together with a simulation of soft gluon interference effects, until a certain parton virtuality,
Qmin, is reached. Finally the partons are fragmented into hadrons using a QCD inspired non-perturbative
model. When extracting the strong coupling constant from a comparison of data with predictions, it is
important to compare quantities that are largely unaffected by infrared and collinear parton splittings and
by the particular model used for hadronization, but of course sensitive to the probability for a quark to
radiate a hard gluon.
An example of a typical "safe" quantity is the event-shape variable Thrust:
|)

(5)

which measures the collimation of the particles in an event around a certain direction n. Per definition
it is unaffected by splittings into soft or collinear gluons, and the hadronization correction is small and
approximately constant over a wide range of thrust values. An example of the comparison between the
measured and calculated thrust (and other event shapes) is shown in Fig. 3.
Another approach is to cluster the measured particles (charged tracks and neutral calorimeter clusters) into jets and let those represent the partons at a certain maximum virtuality. There are several
different algorithms for doing so, one being the cone algorithm mentioned in P. Nasons lecture. Another
one is the Durham algorithm in which the pair of particles or jets with the lowest value of the metric
yij = 2 • min(EfE?)(l — cos &ij)/E%is are joined together for as long as this metric stays below a certain value. This choice of metric is particularly "infrared safe" because of the squaring of each energy.
Another metric is the more "mass-like" JADE metric y^ = 2 • EiEj{l — cos Qij)/E^is. In each case
one can chose between various schemes for adding the two particles together, the most straight forward
being the 'E-scheme' where the two four-vectors, pf andp^, are simply added. Another possibility is the
'P-scheme' where the jets are forced massless. The distribution of j/3, the y-value at which a hadronic
event goes from three jets to two jets, is another good gauge of a s .
Figure 4 shows ALEPH measurements of a s based on the thrust, heavy jet mass and j/3 distributions [10]. The running of a s with energy is here seen within the same experiment and the same analysis.
The other LEP experiments have done similar analysis and arrive at consistent values of a s [10]. Such
methods for measuring as join other methods (e.g. the R-ratio and scaling violations described in P. Nasons lecture) used at energy scales ranging from the r mass to LEP II energies. The fact that all these
methods give us the same number, within errors, when extrapolated to the same energy scale, namely
a s ( M | ) = 0.118 ± 0.003 [11], is a compelling argument for the validity of QCD.
3

W PHYSICS

WW events are produced at LEP II through three doubly resonant "CC03 diagrams" (s-channel 7/Z
exchange and ^-channel v exchange). They lead, through W decays, to a four-fermion final state. There
are many other diagrams leading to the same four-fermion final states and thus interfering with the CC03
processes. Monte Carlo event generators are available [6] both for CC03 diagrams alone and together
with other four-fermion Feynman diagrams. These are used to calculate corrections, typically a few
percent, so that the measured cross-section refer to CC03 processes. Two-fermion processes, such as
qq production, can also mimic the experimental signatures for CC03 processes, and these are subtracted
using other Monte Carlo generators. A principal goal at LEP II is to measure the W mass to a precision
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of 30-50 MeV and the W couplings to a precision of a few percent.
3.1

The WW cross-section

The WW cross-section near threshold is sensitive to the W mass. Each analysis has its own WW event
selection. As an example, the ALEPH analysis [12] at 172 GeV is described here.
Purely leptonic decays of the two W's are identified by two thin, low multiplicity jets with either
electron or muon signatures or typical lepton-pair topology. Hard photon veto's and kinematical requirements of e.g. a minimum total transverse momentum and minimum total mass reduce the background
from radiative dileptons and 77 collisions. The efficiency of these selections is 74% and the background
is 0.065 pb, to be compared with an expected signal cross-section of 1.3 pb.

W+W~ cross section at LEP
PRELIMINARY
^20

116
14

LEP Average
Standard Model
no ZWW vertex /
ve exchange /
only

12
10
8
6
4
2
0

160

170

180

190
Vs [GeV]

Fig. 5: The WW production cross-section as a function of collision energy. The curves display the destructive interference of
the three CC03 diagrams.

The four times more copious semileptonic WW decays are identified by the presence of an energetic lepton, a large missing momentum opposite to the lepton and two energetic jets. The jets are
formed by the Durham ('P-scheme') algorithm. Special treatment is given to the evqq channel, where
final state photon radiation is added to the electron energy, and to the rvqq channel, where the lepton
is allowed to be low multiplicity jet, but where the kinematical requirements are stronger. The overall
efficiency is 81% and the background is 0.24 pb, dominated by qq{"i).
The four-quark channel has an expected branching fraction of 45%, but also a large background
from qq events with hard gluon radiation. A preselection removes "Z-returns" and two-jet events: Four
jets are required, large visible energy, small missing longitudinal momentum and none of the jets must
look like a single track or photon. The remaining 186 events are located in a multidimensional space of
discriminating variables: i) ^34, the jet resolution parameter where the event goes from three to four jets;
ii) the sphericity; iii) the sum of squared transverse momenta relative to their jet-axis; iv) the lowest jet
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energy and v) the sum of cosines of inter-jet angles. Each bin in this space has a weight which is the
expected fraction of WW events in this bin. A fit to the distribution of the 186 weights, using a fixed
background and a variable WW contribution obtained from MC, yields the WW hadronic cross-section.
The other three experiments have done similar analysis [13]. In Fig. 5 the combined LEP total
WW cross-section is shown as a function of the collision energy. The smooth behaviour at threshold
is due to initial state radiation and the W width of 2.07 GeV. The standard model curve for the best W
mass is in good agreement, and the destructive interference between the three CC03 diagrams is clearly
displayed in the cross-section at 172 GeV by leaving out photon and Z exchange from the calculation.
From the cross-section measurements it is also possible to extract the leptonic and hadronic
branching ratio of the W. The leptonic branching ratios are found consistent with lepton universality.
The measured hadronic branching ratio can be used for an independent determination of the least well
determined CKM matrix element: \VCS\ = 0.96 ± 0.08 [14].
3.2

The W mass

After selecting a sample of mainly WW events with semileptonic or fully hadronic decays [13, 15], the
next step in the W mass measurement is to assign the four fermions to their W mother and to improve their
momentum measurement. This can be done in many ways, most often by a x2 fit where the momenta
are varied within their errors under the constraints of energy and momentum conservation. An extra
constraint of equality between the two W masses in an event is also used frequently. The most commonly
used technique is to minimize the following function:
) = (y - VmeasfV-1 (y - y meas ) + A/(y)

(6)

where y are 12 parameters describing the four fermion momenta, V is the covariance matrix of the y's, A
are five Lagrange multipliers and / are five functions that vanish when the five constraints are satisfied.
In the four-jet case there are three possible pairings and the probability of the fit is typically used to
discharge at least one of them. At this point there are two general routes that have been used to extract
the W mass from the measured fermion-pair masses.
The first route is fitting an analytic function to the measured mass spectrum. The signal is to a first
approximation described by a Breit-Wigner function (here with fixed width):

BW{m) = —^

2

2

l 2

(7)

(m — mffi + m T

and the background can be parameterized by a simple analytical function. The fitted parameter TUQ
must, however, be corrected afterwards by a relatively large amount (several hundred MeV) to obtain the
true Mw on the average. This is due to initial state radiation, detector resolution, analysis biases and
phase-space effects which must be determined by extensive simulation.
The other route is a direct comparison between the measured mass spectrum and the spectra obtained in simulated experiments corresponding to a continuum of input values Mw and Fw- In practice a
full detector-level simulation of the analysis is performed only at a few input pole masses. The expected
spectrum for another pole mass is then obtained by weighting each event in the reference MC by the
ratio of cross-sections for the generated W masses in the event, calculated with the new and the reference
W pole mass. A log-likelihood curve as a function of Mw can then be constructed by comparing the
measured with the expected spectrum.
The values for Mw found by direct reconstruction using various methods in the four experiments
at 161 GeV and 172 GeV are consistent with each other. They are also consistent with the value deduced
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Fig. 6: Direct and indirect measurements of the W mass.

from the WW cross-section near threshold, with the pp collider results and with the indirect measurements deduced from LEPI and SLD data while assuming the standard model, as shown in Fig. 6.
The errors on the LEP II measurements are still totally dominated by statistics. Among the systematic errors that may ultimately limit the precision are some that are interesting in their own right.
These are effects of colour fields stretched between the quarks from different W's and of interference
between identical particles, close in phase-space, but belonging to different W decays. A way to study
such effects is to compare semileptonic WW decays with fully hadronic decays, and it is under lively
discussion how large effects one should expect to find. In any case, no sign of colour reconnection or
Bose-Einstein interference between the decay products of different W's has yet been observed [16].
Figure 7 shows how the W mass measurement helps to constrain the standard model. The straight
band in the (Mw, mt) plot is the area allowed by the standard model for a range of Higgs masses. It is
seen that the direct determination of the masses are consistent with the indirect determinations and with
the standard model.
3.3

Triple Gauge boson Couplings

With nothing but Lorentz-invariance required of the Lagrangian describing WW7 and WWZ couplings,
any product of fields and field tensors resulting in a scalar is allowed, each with its own coupling constant. These are called Triple Gauge boson Couplings, or just TGC's. There are 14 independent terms
of low dimensionality (at most six contracted Lorentz indices, see [6],Vol.I p.526). Assuming electromagnetic gauge invariance as well as C and P invariance, these reduce to five terms. Since we are
interested in possible deviations from the standard model, we use as free parameters the anomalous
couplings: A<?f, AKZ, A K 7 , XZ and A7, which are all zero in the standard model (some of them
have familiar physical meanings, such as A« 7 , which is an additional contribution to the g-factor in
the W magnetic moment). Some combinations of the parameters are already fixed by LEP I measurements, and if standard SU(2)xU(l) gauge-symmetry is also required, we are down to three free parameters: a ^ = Agf cos2 9w, otw — A7 and a.%^ — A K 7 — Apf cos2 6w (with the constraints
= — A K 7 tan 2 8\y + Agrf and Xz = A7). Also these parameters are zero in the standard model.
All four LEP experiments have measured these parameters [17]. They affect the WW crosssection, production angle and decay angles. Because of lack of flavor tags on the quark jets, the semileptonic qqlv events and the purely leptonic events gives the most information. The differential cross-section
in the production and decay angles of these events can be written in terms of W helicity amplitudes, that
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Fig. 7: The W mass versus the top mass. The band is the SM prediction for various assumed Higgs masses

in turn are well defined functions of the anomalous TGCs [6] (p537). A log-likelihood fit of the crosssection is therefore made, using a similar Monte Carlo reweighting technique as for the W mass fit
(actually this technique was first used in the TGC analysis, with the weights being the matrixelements
squared for producing the four fermion four-momenta).
Table 1: Anomalous TGC's measured in e+e~ —• W W events at the collision energies 161 GeV and 172 GeV

Coupling

aw

one sigma

95% conf. int.

0.02J:£i5

[-0.28,0.33]

O-15lo:27

[-0.37,0.68]

0-45l£$

[-0.81,1.50]

The differential cross-section is not very sensitive to the TGC parameters, because of lack of explicit knowledge about the final fermion helicities, and therefore the LEP II measurements will probably
always be limited by statistics. To make the most out of it, the negative log-likelihood curves for the four
experiments are added together and the 67% and 95% confidence limits are taken as the parameter values
where —A log I- = 0.5 and 1.92, respectively. The results are shown in Table 1. They agree with the
standard model expectations - for example, had there been no WWZ intermediate boson self-coupling,
would have been — 1.
4

SEARCHES FOR THE HIGGS BOSON

The lecture by V. Zakharov on the standard model makes the case for a neutral spin-0 Higgs boson. Figure 7 further shows that within the framework of the standard model, a relatively light Higgs is preferred
by the accumulated electroweak data, possibly in the mass range accessible at LEP II. The theoretical
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preference of a light Higgs is reinforced by the minimal supersymmetric extension of the standard model
predicting a Higgs mass lighter than about 130 GeV (see F. Zwirners lecture). An important job for LEP
II is therefore to discover this particle or at least exclude it for Higgs masses at or below the Z mass - a
region that may be difficult to deal with for the future LHC machine.
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u

40

50
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Fig. 8: Standard model Higgs production cross-section

4.1

Search for the standard model Higgs boson

The main production mechanism for the standard model Higgs at LEP II is the Higgs-strahlung diagram
(e+e~ —> Z* —> ZH) with a small additional contribution from WW -> H and ZZ ->• H fusion. Although
the pointlike cross-section was much higher at LEP I, the on-shell production of the final state Z in the
Higgs-strahlung diagram more than compensates for this (see Fig. 8). The background, on the other
hand, falls like the pointlike cross-section, and this is exploited at LEP II to include almost all decay
channels of the final state Higgs and Z in the search. Since a large fraction (about 85% ) of the Higgs
decay into B-hadrons, the search is optimized for those channels in all four experiments [18]. When
the Higgs mass limit approaches the Z mass, where ZZ production will become a dominant background,
b-tagging will be even more important.
The Higgs search analysis applies selection criteria to the data, designed to yield the highest possible mass limit within the capabilities of each experimental apparatus (in case the Higgs is too heavy
to be discovered). It goes without saying that such selection criteria should be developed on the basis
of Monte Carlo studies alone. In a first step, "Z-return", 77 and WW events are removed from the data
using some of the signatures previously mentioned. Then a selection is made for each decay channel of
the Z and the Higgs. In case of the Z or the Higgs decaying into charged leptons it is enough to demand
some minimum mass of the hadronic system. In other cases one or two of the hadronic jets in the event
must be tagged as a b-jet.
The most important instruments for b-tagging are the silicon vertex detectors providing information about the crossing point between a track and the closest jet and about secondary vertices close to the
beam. The amount of significant positive decaylength is a good discriminating variable. Other signatures
indicating B-hadron decay are high-pi leptons (pt with respect to the jet axis) and jet-shapes (b-jets tend
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to have larger invariant mass and multiplicity). Typically, such variables are used as input to an artifial
neural network which is trained to flag b-jets on MC events. The output of the net for the jets assigned
to the Higgs is then used together with some requirement of the Z decay (e.g. large missing mass in the
case of vv decay) to select candidate Higgs-strahlung events. An alternative technique is to cut on a
weight factor, the signal probability for an event calculated with MC as in the W analysis. The event is
then characterized by a set of variables, such as 2/34, missing mass, the amount of b-tag, the mass of the
particles assigned to Higgs decay etc.. The accuracy of the various methods can be tested using bb from
radiative Z decays.
There is no unique way to obtain the best mass limit when combining several channels, some of
which may contain Higgs candidate events from background processes, and combining several experiments, each using their own quantity for selecting the most "signal-like" events. 'Best' means the largest
Higgs mass, /i#, at which there is (at most) 5% probability for making a measurement with an outcome
as "unsignal-like" as actually observed. The results obtained by the four experiments from the 161 and
172 GeV data are given in Ref. [19], together with a comprehensive discussion of the various statistical
methods proposed for obtaining a combined lower mass bound.
In the ALEPH analysis there are no candidate events, and the limit is obtained by solving the
equation:
0.05 = exp(-aOijf))
(8)
where s is the number of expected signal events (lowered by the systematic error in the selection efficiency). It would have been a more involved expression had there been an observed candidate event
[19].
The DELPHI, L3 and OPAL analysis use (with minor variations) the following procedure: A large
number of simulated repeats of the experiment with both signal and background present is performed.
The probability, Ps+b, of rinding a less signal-like outcome than observed is extracted as a function of
the assumed Higgs mass /z#. The corresponding probability, Pf,, is extracted from simulations with
background only. The limit is found by solving:
0.05 =
(Note that the "signal-likeliness" also includes a preferred mass of the Higgs decay products, and therefore also Pfj is a function /J,H). The reason for not just using the nominator is the risk of excluding a
Higgs on the basis of some particular background fluctuation.
Apart from different statistical methods for extracting the limit, there are also different ways of
combining the experiments. All the methods give, however, very similar results. While the average lower
limit on the standard model Higgs mass is 69 GeV, the combined limit is 77.5 GeV (using conservatively
the smallest combined result). This limit is slightly larger than expected (75.7 GeV), since the experiments found fewer candidates than expected from background. Higher energy runs are expected to raise
this limit by roughly 2£?beam — 172 GeV - unless of course the Higgs is found.
4.2

Search for the MSSM Higgs boson

In the Minimal Supersymmetric extension of the Standard Model (MSSM) there are two complex isodoublets giving rise to 8 — 3 = 5 spin 0 Higgs bosons (three degrees of freedom are used for longitudinal W* and Z modes). These are H° and H* with masses above M^, a CP-even neutral h (where
"M-h < Mz\ cos 2/?| at tree level, but could be as high as 130 GeV after higher order corrections) and a
CP-odd neutral A, most likely with TUA > m/,. The expected production mechanism for MSSM neutral
Higgs is either h-strahlung, like for the standard model Higgs, or hA pair production:
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cr(e+e~ ->• hZ) = sin2(/3 - a)<xf^H
2

o-(e+e~ -> hA) = cos (/3 - a)Aafj^

H

(10)
(11)

where A is ap-wave suppression factor, /5 and a are SUSY parameters (see F. Zwirners lecture) and a Z Z H
is the standard model Higgs-strahlung cross-section..
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Fig. 9: The zones in the h-mass, tan f3 plane excluded by ALEPH.

We have already looked for hZ and concentrate therefore on the hA channel leading to bbbb and
T r~bb final states. The event selection makes use of b-tags in the same way as for the standard model
Higgs analysis. Exclusion limits are given in a plane of at least two dimensions, e.g. the h mass vs. tan (3
under some assumption for the SUSY breaking mass scale and the amount of mixing in the stop sector.
No signal has yet been found [20]. The exclusion limits obtained by ALEPH from the 161 GeV and 172
GeV data is shown in Fig. 9. It is seen that the allowed mass range is not very wide at low tan /3, and if
LEP II succeeds in raising the beam energy up towards 100 GeV, one will actually be able to exclude the
MSSM for small values of tan/? (below about 2) and reasonable values for MSUSY+

4.3

The four-jet intermezzo

At the intermediate collision energies of 130 GeV and 136 GeV, ALEPH observed a peak around 105 GeV
in the spectrum of the sum of dijet masses in four-jet events, using jet combinations where the difference
between the dijet masses were as low as possible (the sum has a much better resolution than the difference
because of the energy-momentum constraints). This peak was reproduced, although to a lesser degree, at
161 GeV and 172 GeV, such that ALEPH had 18 events in the peak with 3 expected. However, the other
three experiments saw nothing and neither did the excess events have any of the theoretically expected
properties for e.g. hA production, such as many b-tags. Since the three experiments could not totally rule
out a collision-energy dependent signal peaking at at 130/136 GeV, a run at these energies was repeated
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during the fall of 1997. Nothing unusual was seen at this run by any experiment, and this laid to rest the
saga as an amazingly large statistical fluctuation [21].
5

SEARCHES FOR SUPERSYMMETRIC PARTICLES

LEP II offers an excellent opportunity to search for supersymmetric partners of the known particles in
the mass region below the Z mass. In particular it is possible to set mass limits that are valid in a wider or
complementary range of supersymmetric models compared with similar limits obtained at the Fermilab
Collider (see again F. Zwirner). An example of this is the gaugino/higgsino search [22], which will be
the only SUSY search covered in this lecture.
SUSY models predict a large cross-section for chargino production at LEP II, if this is kinematically possible. Charginos, xt> are m a s s eigenstates of mixed wino and charged higgsino fields. The
fermionic partners of the 7, Z and neutral Higgs bosons mix to for neutralino, x?> mass eigenstates. The
indices label the states according to increasing mass. In the MSSM there are two charginos and four
neutralinos. If R-parity conservation is assumed, these particles are produced in pairs and they typically
decay via virtual W or Z emission to the x®. This neutralino is often assumed to be the lightest supersymmetric particle (LSP), which therefore escapes detection. The LSP could also be a v or a gravitino
and such possibilities are included in the searches.
The chargino (or neutralino) pairs would be produced via s-channel 7/Z exchange or via i>e (or
e) exchange in the t-channel. If i/e is light, the t-channel diagram will reduce the chargino cross-section
considerably due to destructive interference. Otherwise, the chargino cross-section is predicted to be
typically several pb, while the visible neutralino cross-section (e.g. for X1X2 production) is typically a
fraction of a pb. The detailed prediction of the cross-sections and decay channels depends on the many
parameters of SUSY theory. If, however, a common gaugino mass, m ^ , and a common sfermion mass,
mo, is assumed at the GUT scale, then the masses and couplings of the charginos and neutralinos are
mainly determined by four parameters: mo, m ^ , tan/9 and pt,.
The experimental signature of a chargino is a large amount of missing energy and transverse
momentum accompanied by two jets (possibly merged into one) or a charged lepton from the virtual
W decay. The efficiency drops sharply when the LSP mass approaches the chargino mass from below,
because of the vanishing visible energy in the event. Special selection criteria are needed in this case,
including searches for a heavy stable charged particle [23].
Likewise, the X2 fr°m X1X2 production is assumed to decay into the LSP accompanied by a jet pair
(possibly a monojet) or a l+l~ pair from virtual Z decay. Again the efficiency of the standard selection
criteria vanishes, if the two neutralinos become mass degenerate. In some regions of SUSY parameter
space the decay x° ~~* X? + 7 is possible through loop diagrams, providing an alternative experimental
signature. The searches have furthermore been extended to the case where the lightest neutralino can
decay radiatively into a light gravitino [24] and to the case of a very light gluino LSP [25].
No chargino or neutralino signal has yet been reported by any experiment, and this fact excludes
a region in SUSY parameter space. This region has several possible projections of which Fig. 10 shows
the region of in y, — M2 space (assuming M2 = 0.82m 1 / 2 ) excluded by the DELPHI experiment and
Fig. 11 shows the L3 neutralino mass limit as a function of tan /3. For large mo (mo > 100 — 200 GeV,
implying a not too light sneutrino), the limit is higher, increasing logarithmically from about 25 GeV at
tan/3 = 1 to « 45 GeV at tan/3 = 40.
6

CONCLUSION

Already with the first 20 pb of data above the WW threshold LEP II has provided a measurement of Mw
with a precision comparable to that of hadron colliders, a test of the triple gauge boson coupling of the
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standard model and extended mass limits on several hypothetical particles. LEPII has a large potential
for further achievements, both from increasing the integrated luminosity and from increasing the beam
energy.
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Abstract
The scenario of high energy heavy ion collisions is described. Selected
experimental results are discussed in terms of our present understanding of
the physics and future hopes and goals.
1.

INTRODUCTION

The aim of high energy heavy ion physics is to establish the existence of a new state of matter,
the Quark Gluon Plasma (QGP) and ultimately to study the properties of this state of matter in detail.
This search is and will be not easy and will be going on for still a long time to come. QGP is a natural
part of our understanding of the big bang, i.e. the state of the universe at approximately a
microsecond. Thus this physics is strongly linked to astrophysics. Recently multi GeV heavy ion
beams have become available at Brookhaven and CERN making it possible to study scenarios never
before possible under laboraty conditions.
At these new experimental conditions a typical collision looks like this :

Fig. 1. A 'typical' heavy ion collision
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It is not too hard to imagine that what we see here is an initial state, which may or may not be a quark
gluon plasma. Outside it (or rather later in time) a dense fireball of hadronic matter expands and
finally hadrons freeze out, e.g. have no more scatters. The big problem is studying the inside through
the outside which will tend to wash out the potential signals. In the above picture everything possible
happens:

• Transverse energy is radiated signalling the energy density available, if high enough formation of
a quark gluon plasma is possible - section 2.
• The deep probes, direct photons get out to us observers, unfortunately the photon background from
K decays is very big - section 3.
•

Virtual direct photons, i.e. low mass lepton pairs, have no background from n° decays. The low
rate makes experiments hard, anyhow a promising signal - section 4.

• Lepton pairs with heavy masses, signalling J/\\f - or \j/' - production have been predicted to be most
promising probes, the suppression of the J/ydue to disintegration of the c-cbar system - section 5.
• Strangeness enhancement, high energy density / temperature restoring the up-, down- and strange
chemical equilibrium - section 6.
• The transverse mass spectra may be effected by the expansion during the collision and reflect
properties of the expanding system - section 7.
• HBT - two particle intensity interferometry can, at least in principle, give information about the
space time evolution in heavy ion collisions - section 8.
• Conclusion - section 9.
2.

GLOBAL SIGNATURE

The transverse energy spectrum from NA49 [1] shown in fig 2 tells us (using Bjorkens formula [2])
that we are in a regime of energy densities around 3 GeV/fm3 where theoretical estimates say quark
gluon plasma is likely to be formed at an early time during the collision.
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Fig. 2. Transverse energy spectrum in the range 2.1 < T> < 3.6 for PbPb (dots) and SAu (squares) collisions. The prediction
of the Venus 4.12 model is shown by the histogram.
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Taking into account the size of the nuclei involved the energy density is a factor 2.5 higher for central
PbPb compared to SAu collisions (i.e. 3.2 compared to 1.3 GeV/fm3) indicating that we are closing
in on a promising scenario !
3.

DIRECT PHOTONS

Experiment WA80 has been a pioneer in the search for a positive signal, concluding [3] that a weak
signal may be there. The CERES experiment [4] (NA45) also at CERN now presents an upper limit of
10% of the possible extra photons not accounted for by known hadronic sources.
At present this signal does indeed not seem very promising. However nature sometimes has surprises
in hand. Indeed if there is a hot initial thermal equilibrium photons ought to be radiated. The search
will go on.
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4.

LOW MASS LEPTON PAIRS

Looking at virtual photons through low mass lepton pairs the situation is also experimentally difficult,
though quite different. When the lepton pair mass gets above the n° -mass the overwhelming
background from Dalitz decays of 7t°'s is away. Still a very careful analysis is necessary because the
signal is small and all background sources have to be pinned down before a signal can be claimed
[5,4]. Fig 3 and 4 shows the e V mass spectrum measured by the CERES experiment [5], in S-Au and
p-Be collisions normalised to the charged particle density. The figures illustrates the necessary very
careful calculations of all known hadronic sources to make sure a possible deviation is really
something new.
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For the lighter ion collisions the descriptions turn out to be adequate, but for S-Au a special new
source seems to be present above 200 MeV/c.This enhancement is not presently theoretically
understood, It is suggested that the rho and omega masses in the high energy density medium is
shifted downwards indicating that the quark - antiqoark states are breaking up. It will be very
interesting to see similar results from the PbPb data and their theoretical interpretations.
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5. J/y - AND v|/' - SUPPRESSION.
JAji suppression was indeed predicted [6] as a signature for a quark gluon plasma. When the
temperature ( e.g. energy density in a reasonably large volume measured by the total transverse energy
ET) is high enough the charm-anticharm quarks are screened away from each other. This effect has
also been unambiguously found [7]. The problem is that afterwards other more conventional
explanations could be constructed [8]. More precise experiments were needed and in particular
experiments in the new experimental scenario, i.e. PbPb. Fig 5 shows the n+|T m a s s spectrum found in
158 GeV Pb-Pb collisions from NA50 [9]. The different contributions to this distribution are shown.
The JA|/ signal can be extracted and compared with the Drell-Yan contribution at high mass. A
parameter L, measured in fermi can be constructed as a measure of the reaction volume or length. The
more central the collision is the larger is L. Fig 6 shows the ratio of J/y's compared with Drell-Yan as
a function of L. At low L the decrease observed can be explained by known effects, basically the reabsorption of produced JAj/'s, but at large L a sudden drop is observed, exactly what is expected from
a Quark-Gluon plasma,. However at this moment all sorts of alternative explanations are persued and
we have to wait some time for a final concensus.
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Fig 5 Mass distribution of opposite sign muon pairs from PbPb collisions in NA50 [9].
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The same ratio has also been studied for pA collisions as a function of A and of Vs and no change
is observed [10] .The search for a'convincing set of results is certainly not given up, NA50 at the
CERN SPS is busy with PbPb collisions and future higher energy experiments will undoubtedly
continue the quest.
Another expectation from a hot state of matter is that the \|/' breaks up more easily than the \|/
because of the larger size, smaller binding energy. This is indeed found by NA38 i.e. the \|/7 y ratio is
found to be decreasing when the total transverse energy increases [10].

6. STRANGENESS ENHANCEMENT
When the energy density is so high that the mass difference between up/down versus strange quarks
becomes less important the number of the different (light) quarks should be in chemical equilibrium,
therefore strangeness enhancement is predicted [11] and also found. The K+/n+ ratio typically doubles
compared with pp collisions, the KVTC increase as well, but less. Again hadronic explanations are
found. Also expected is that the more strange the larger the increase. This is clearly observed by the
WA85 collaboration [12] comparing the change from pW to SW collisions. The double ratio K°s /(h\
negative hadrons) ratio SW to pW is above 1.3 and when increasingly strange baryons and
antibaryons are studied the effect is increasing, e.g. for H/h" around 3.0.
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It is also observed [13] that the <>
| meson is indeed enhanced, being build by light strange quarks
and not heavy charm quarks
7. TRANSVERSE MASS SPECTRA.
The transverse mass spectra do indeed change when the energy density and the volume becomes large.
Fig 7 shows the mT distributions from NA44 [14] and fig 8 how the inverse slopes ('temperature')
from the exponential fits to dN/dpt = Kexp(-mT/T) changes with mass and collision type. For pp
collisions the inverse slopes are independent of particle mass, for SPb and PbPb they increase
remarkably with the particle masses.

10*

1

(a) Pb + Pb

10 ;

ire

10'

*•«_
r
**•,

10 ;
10

JL

K+

'

%

anti-Proton
278(9) MeV

240(6) MeV

234(6) MeV

:

(b) Pb + Pb

.
Proton
289(7) MeV -= =- **s»#

10

•

E z ' t

X v 156(3) MeV

1
10

III

\^154(5) MeV

Xt

-1

"•*.

t '•••v
10

-2

0

0.5

I
1

=L
0

0.5

1

mT - mass (GeV)
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This is consistent with a picture [15] of an initial production state with a certain temperature
followed by an expansion giving the heavier particles a larger boost, i.e. increasing m T . The systematic
behaviour seen in fig 8 indicates strongly a collective behaviour in the final state. This is important
because the existence of such a state makes it possible to consider it as a candidate for a quark gluon
plasma.
8. HBT - TWO PARTICLE INTENSITY INTEFEROMETRY.
Hanburry-Brown Twiss intensity interferometry [16] was introduced in stellar astronomy to study
scales of parsec - it turns out that the same quantum mechanical effect can be used in hadron physics
to study the space time evolution in hadron collisions on the scales of fermi's. The effect is a
consequence of boson statistics, two identical bosons emitted from a source cannot be distinguished
from each other by the observer, the final state wave function has to be symmetrized. The effect is an
enhancement at small differences in momentum of the two bosons, the width of which depends on
(through a fourier transformation) the spatial extension of the source. A correlation function can be
constructed, i.e. the probability of observing two particles at specific momentum differences, Q,
divided by the product of the probabilities of seeing these independently. Usually this correlation
function is called C2 - the value of C2 for small q should ideally, for a completely incoherent source,
approach 2. In reality smaller values are found and a parameter, A., is introduced, the so-called
incoherence parameter. Typically C2 is fitted to functions like C2 = Kexp(-R2Q2), where R (in fm)
represents a measure of the size, 'Radius', of the emitting source. Fig 9 shows as an illustration the
correlation function for rac and for KK pairs, measured by NA44. It is clearly seen that the KK peak at
low Q is wider that the TCTC peak leading to a smaller radius parameter for KK, see below.
The momentum difference vector can have several components, longitudinal, transverse. In the
transverse plane two different components are defined, one parallel to the vector sum of the two
transverse momenta, qTout, and one transverse to the sum, qTside. The 'side' component is predicted to
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reflect the transverse geometrical size, whereas the 'out' component also carries information on the
time development in the collisions.. From the extracted source parameters, e.g. radii one can compare
the results for different particle types, colliding particles and production energies.

W s+Pb-+K + K + +X
R = 2.73 ± 0.13 fin; X =0.88 ± 0.06

'HBT

S+Pb-mV+X
[

R = 4.02 ±0.10 fm;X = 0.71 ±0.02 •

1.5

Ph
0.5

100

200
Q (MeV/c)

300

Fig 9. The correlation function C2 for TOT and KK pairs from NA44

Fig 10 shows a compilation of results from NA44 [17] at CERN (200 GeV per nucleon) and E802
[18] at Brookhaven (14.6 GeV per nucleon).
The following features can be observed : 1) The radius parameters are found larger at the CERN
energies for almost the same size nuclei colliding. This means that the higher hadronic density at the
higher energy must have lead to an expansion, and thus to the existence of a hadronic final state of
interacting particles. 2) The radii for kaons are smaller than for pions, i.e. it looks as if kaons decouple
earlier 3) The radii for pions at large pp are smaller than for small p T . 4) For pA collisions the radii are
also small as expected.
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It turns out that the NA44 SPb results [19] lead to a simple scaling of the radii by l/VmT , see
fig 11. A similar result is found by NA35 [20] This can be interpreted in terms of a hydrodynamical
expansion of the final state .
8. CONCLUSIONS.
The conclusion at this point is that we are still underway with several promising positive signals
found, but still no real proof of a (shortlived) existence of a new state of matter, the quark gluon
plasma. The picture is however consistent with such a state of matter and we are allowed to look
optimistically forward to what we find around the next corner. In the near future a new generation of
experiments will start at RHIC, Brookhaven, where where heavy nuclei at 100 GeV per nucleon
collide. This will give a large step in energy density and the potential for new discoveries is large. On
a longer scale the LHC will start in 2005 and will include a heavy ion programme. Here the energy per
nucleon will be many TeV, probably this will for a long time be the ultimate machine for high energy
heavy ion physics. A possible scenario is that at the SPS strong signals are found, at RHIC the
existence of a QGP is finally pinned down and finally at the LHC the properties of QGP can be
studied in detail. This will in turn teach us important information about conditions in the early
universe.
217

5.5

• 1 • • • • 1* * • • 1 • • * • 1 • • •

a = 0.53 ± 0.09

•

R|

a = 0.54 ± 0.10

•

RtS

a = 0.41 ± 0.06

•

RtO

4.5

cc
06

cc
08

3.5

2.5

1. . . . I

0.2

0.25

0.3

I ....

0.35
mt

0.4

1. . . . I

0.45

0.5

1

0.55

1

1

1

0.6

GeV/c2

Fig 11 The radii parameters of the three component fits as a function mT . The a values are fits to const. / mT

218

REFERENCES
[I] Peter Seyboth, Proceedings of the XXV International Symposium on Multiparticle
Dynamics, StaraLesna, 1995. Page 170.
[2] J. D. Bjorken, Phys. rev. D27(1983) 140
[3] R .Albrect et al, Nucl. Phys. A590(1995) 81c
[4] I. Tserruya for CERES, Nucl. Phys. A590(1995) 127c
[5] M. Masera for Helios/3, Nucl. Phys. A590(1995) 93c
[6] T. Matsui and H.Satz, Phys. Lett. B 178(1986) 416
[7] C. Baglin et al, Phys. Lett. B255(1991) 459
[8] H. Satz, Nucl. Phys. A590(1995) 63c
[9] M. C. Abreu et al, Nucl. Phys. A590(1996) 404c
Michel Gonin, RHIC'97 Summer Study, Brookhaven, July 1997
[10]

M. C. Abreu et al, Nucl. Phys. A566(1994) 371c

[II]

J. Rafelski, Phys. Rep 88 (1982) 331

[12]

S. Abatis et al, Nucl. Phys. A590(1995) 307c

[13]

C. Baglin et al, Phys. Lett. B272 (1991) 449

[14]

LG.Bearden et al, Phys. Rev. Lett. 78(1997) 2080

[15]

R. Hanburry-Brown and R.Q. Twiss, Nature 178(1956) 1046

[16]

E. Schnedermann, J. Sollfrank and U. Heinz, Phys. Rev. C49(1993) 2492

[17]

B.Jacak for NA44, Nucl. Phys. A590( 1995) 215c

[18]

V. Ciantiolo for E859, Nucl. Phys. A590(1995) 459c

] 19]

H. Beker et al., Phys. Rev. Lett. 74 (1995) 3340

[20]

T. Alber et al., Nucl. Phys. A590(1995) 197c

[21]

T. Csorgo and B. Lorstad, Phys. Rev. C54 (1996) 1390

219

AN INTRODUCTION TO COSMOLOGY
P. OLESEN
The Niels Bohr Institute
Blegdamsvej 17, DK-2100 Copenhagen 0 Denmark
Abstract
The following is the written version of my two lectures on the standard big
bang cosmological model, including a very intuitive description of the scenario
of inflation. Due to the limited time, it was only possible to give an overview
of the basic structure of the subject, and the exposition is quite elementary. I
have not assumed any prior knowledge of general relativity, in accordance with
my instructions from the school.
1

INTRODUCTION

Modern cosmology was initiated by the following two papers:
• A. Einstein, Die Grundlage der allgemeimn Relativitatstheorie, Ann. Phys. [Leipzig] 49 (1916)
769,
• E. Hubble, A relation between the distance and radial velocity among extra-galactic nebulae, Proc.
Nat. Acad. Sci. 15 (1929) 168.
In these lectures I am not supposed to assume any prior knowledge of general relativity. Therefore the
mentioning of the Einstein paper above is strictly against this rule, since this paper lays the foundation
of general relativity. For those without knowledge of this subject, Einstein's paper1 can still be recommended as an introduction to general relativity, in my opinion surpassing many text books with respect
to beauty and clarity.
To understand the significance of the second paper by Hubble, let us mention that in the beginning
of this century the universe was still thought to be static. Einstein soon discovered that his general
relativity field equations did not allow for a static solution. Actually, the same is the case in Newtonian
gravity, as one can easily understand intuitively: If you imagine a static universe consisting of a number
of uniformly distributed galaxies, then since gravity is an attractive force, there will always be a collapse,
and hence the universe cannot be static2. Einstein found that general relativity allowed for another force
than the attractive one, behaving like Ar instead of —GMiM^jr2. For "the cosmological constant"
A sufficiently small, the new force is unimportant at "small" distances relevant for our solar system.
However, at large distances of cosmological interest this force can provide enough repulsion to stabilize
the situation and provide a static universe.
Now we come to Hubble's paper: In the twenties astronomers started to measure the velocities of
distant galaxies, and found that they recede from us at high velocities. Using the data available, Hubble
then proposed a linear relationship between velocity and distance. This is the famous Hubble law,
v = Hod,

(1)

where v is the radial velocity of a galaxy, and d is the distance3 to the same galaxy. The quantity Ho is
called the Hubble "constant", although from general relativity it turns out not to be a constant.
'For an english translation, see [1].
Newton thought that if there was an infinite number of galaxies, the static universe could be maintained. This is, however,
not correct.
3
It is difficult to measure d, and this gives rise to large uncertainties in fitting Eq. (1). The distance problem will not be
discussed here.
2
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Table 1: Some known ages

Object
Earth (meteorites)
Oldest rock
Bees [2]
Flowers [2]
Homo erectus
Homo sapiens

Age
4.5 By
3.5 By
140 My
40 My
lMy
350-100 ky

One consequence of Eq. (1) is then that all galaxies recede with a velocity proportional to the
distance. If you read this picture backwards in time, it follows that there must have been some initial
state, where the universe collapses to a point. This is the famous big bang. Taking Eq. (1) completely
serious, this will happen for a time
to = 11 Ho.
(2)
This is thus the life time of our universe. According to general relativity, the situation is more complicated, but it turns out that to is indeed an upper limit on the life time of our universe.
The Hubble law (1) can be written in different forms. For example, let us consider some light
emitted from a galaxy with the wave length Ae, and subsequently observed on earth with wave length Ao,
then the non-relativistic Doppler law gives
z =

Ao — Ae

v
—.

c

(3)

The quantity z is called the red-shift, and using Eq. (3) in the Hubble law (1), we get

cz « Hod.

(4)

Now it is clear that HQ has the dimension I/time. From observations one finds
Ho = 100 h

km
, with 1 < h < 0.5.
s Mpc

(5)

Here 1 Mpc=106 pew 3.2615 light yearw 3.1xlO 24 cm. The quantity h is a fuzz factor, which indicates
a lack of precise knowledge of the Hubble constant. Alternatively, one can express Ho as
u

h
10 10 year"

(6)

This simply expresses that the (upper limit on the) life time, given by the inverse Hubble constant, is of
order of 10-20 Billion years.
Hubble actually (over-)estimated Ho, having h ~ 5, leading to a life time of order 2 Billion years.
One can ask whether this is reasonable? To answer this question we can compare the life time of the
universe found from measurements of the radial velocities with other known ages. In Table 1 we give a
few of the latter4.
From this table we see that the life time of the universe obtained by Hubble is considerably smaller
than the age of the earth! This was one reason for the emergence of the "steady state models", which I
shall not discuss.
The "age problem" was apparently cleared up by Baade and Sandage in 1958, who obtained an
age of 10-20 By from Hubble's law. However, recently the problem has popped up again, partly because
"Please note that there is an answer as to who were the first, the bees or the flowers? The former were the first by 100 My!
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old stars are believed to be of an age which contradicts the Hubble constant obtained from the Hubble
space telescope, and partly (and more convincingly) because the space telescope has observed faint (i. e.
far away) galaxies with an age close to (or larger than) the age of the universe obtained from the Hubble
constant. So the age problem is back!
In principle, it is clear that it is crucial to obtain an age (or, rather, an upper limit of the age,
which does not make the problem simpler) of the universe, which respects other known estimates of
various relevant ages. Later we shall see that the cosmological constant A might be of help in solving
this problem.
2

THE COSMOLOGICAL PRINCIPLE

In the last section we discussed how galaxies move away from us. It is clear that this could be interpreted
by assuming that we are at the center of the universe, and everybody is moving away from us. This point
of view would have been acceptable early in the sixteenth century, but after Copernicus it appears rather
unlikely to assume that we are in a special position.
Another possible interpretation of the Hubble law is that every "point" in the universe is physically
equivalent to any other "point". This means that the universe is assumed to be homogeneous and rotational invariant around any "point". This is the cosmological principle. It states that since we cannot be
the center of the universe, nobody else should have this honour5. It is an observational question at which
scale the cosmological principle actually works. In other words, what is the size of a "point" (apologies
to Euclid!)? It is e.g. clear from looking at the sky that the milky way is not a homogeneous structure.
Therefore, a point must be taken to be at least of the size of a galaxy6, but it may even be of the size of a
cluster of galaxies. Therefore the cosmological model is a very large scale description of the universe.
Perhaps it is not quite clear that the cosmological principle leads to receding galaxies. Therefore,
imagine a three-dimensional coordinate system with units plotted along the axes. At a certain time, two
galaxies (points) have some coordinates, (1,2,3) and (-1,2,3) say. Now, at any later time these coordinates
are the same, but the units plotted on the axes are enlarged by a scale factor a(t). Then the two galaxies
have moved away, not because their coordinates have changed, but because the units have been enlarged
by the scale factor. Also, whether you look at the situation from the point of view of (1,2,3) or (-1,2,3),
does not matter. If in doubt, you are encouraged to verify this by drawing a coordinate system, and then
scale up the coordinates. Take a number of points, and verify that seen from any of these, it looks as if
all the others are moving away.
From this picture we actually get the Hubble law: The relative velocity of two points is clearly
proportional to a(t), where the dot indicates the time derivative. On the other hand, the distance d is
proportional to the scale factor itself, so

^

^

j

(7)

and hence we have, by fixing the units suitably, the Hubble law in the form
v = H{t)d(t),

with H(t) = a(t)/a(t).

(8)

Thus we see that the Hubble "constant" is not really a constant. It can change over cosmological scales7.
5

Since we are in Denmark, I would like to mention that we have something called "the Jante law", due to the Danish/Norwegian author Sandemose, who presumably fled this country because of his "law". It states that "Do not think you
are anything special" (this is supposed to apply especially in Denmark). The cosmological principle is thus a cosmological
Jante law.
6
The milky way has an extension of the order 1023 cm
7
Please, do not make any jokes about a change in the Hubble constant from 1929 and until now. This time span has no
cosmological significance, and the "variation" should therefore be ascribed to changes in the precision of data, the methods
used to analyze these, etc.
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For the benefit of people with some knowledge of general relativity, I mention that the requirement
of isotropy around any point leads to a definite metric,

= dt2 - a{tf

dr2

l-kr2

+r

(9)

where dr is the proper time interval, t is the cosmological time, and k = +1,0, —1 for a closed, flat,
and open universe, respectively. The polar coordinates are the fixed ones, and are therefore called the
comoving coordinates. This metric is called the Robinson-Walker metric.
For a flat universe we have the metric
dr2 = dt2-a(t)2(dx2

+ dy2 + dz2),

(10)

so the only thing that happens is that the Euclidean line element is scaled up by the scale factor a(t).
For a closed universe the Robinson-Walker metric has a simple intuitive interpretation: Consider
the surface of a sphere where the galaxies are situated. At each point there is, of course, isotropy with
respect to the two dimensions spanned by the surface. Now increase the radius of the sphere: Any galaxy
then moves away from any other, as expected8. This space is clearly closed and two-dimensional. The
realistic case is a three-dimensional metric on the surface of a four dimensional hypersphere. In this case
the scale factor gives the size of the universe = the radius of the hypersphere.
For an open universe, k = 0 or k = — 1, there is no similar interpretation of the scale factor. The
universe is always of infinite extension, except exactly in the big bang singularity where a(t) = 0. This
is thus a singular point, where the notion of space breaks down.
From Eq. (4), we obtain a new version of the Hubble law9

K _ a(te)
which simply states that the wave length shifts proportionally to the scale factor. From this relation it follows that expansion of the universe produces red shifts, whereas a contraction would produce blue shifts.
Since astronomers observe that the spectral lines are red shifted, it follows that our universe expands. We
mention that the last form (12) of the Hubble law is exact in the standard general relativistic cosmology.
The previous expressions are thus only approximatively valid, for small velocities and distances.
3

THE BASIC EQUATIONS OF STANDARD BIG BANG COSMOLOGY

The basic equations of the standard big bang theory are derived from the Einstein equations, using the
Robinson Walker metric, which in turn is a consequence of the cosmological principle (homogenuity and
isotropy). Since we have not assumed any knowledge of general relativity, we cannot really derive these
results. Instead, let me give a pseudo derivation, which only refers to Newtonian physics, as well as to
some imagination from the reader.
We assume that the large scale universe can be described as an ideal gas, the "molecules" beeing
the (clusters of) galaxies. Therefore we have an energy density p and a pressure p. These quantities
are independent of space, because of the cosmological principle, but they can of course depend on time.
There exists a special gastronomic version of this picture: Imagine a currant loaf, i.e. a bread with raisins. When this bread
is made, yeast is put in, and the bread rises. From the point of view of an arbitrary raisin, all the others are moving away!
9
In obtaining this expression, we used that the distance d(t) « c(to -te), disregarding the curvature of the universe. Then
from (4) we have
Ao/Ae « 1 + (d(t o )/o(to))(to - *.) « 1/[1 + (a(to)/a(to))(t. - to)] » o(t o )/o(*.).
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(11)

Let us consider the universe with the scale factor a(t), expanding with velocity d, and ask what is the
equation for energy conservation in such a universe (if it is open we consider a sphere with radius a(t).).
This must be something like10
k
where it was used that the left hand side is the sum of kinetic and potential energy11, which should be
constant. From general relativity it follows that the constant is related to the parameter k, which determines whether the universe is closed (k = +1), flat (k = 0), or expanding (k = - 1 ) . Thus, in a flat
universe there is an exact balance between the expansion (the kinetic term) and the gravitational attraction. For an expanding universe, the expansion overwhelms gravitation, whereas for a closed universe
the situation is the opposite.
Next, we have the pseudo-Newtonian force law,

Again, cheating is going on, since this time the mass has been replaced by somthing involving energy
density and pressure. Well, you should learn general relativity! Then you would know that Eq. (13)
comes as a consequence of the 00-component of the equation
\

,

(15)

with the energy-momentum tensor
and U" = (1,0,0,0).

(16)

Also, Eq. (14) is a consequence of the space-space part of the above equation, combined with Eq. (13).
Finally, we have the thermodynamic condition for adiabatic expansion, dE + pdV = 0, which of
course translates into
d{pa3) + pda3 = 0.
(17)
In general relativity this equation is a consequence of the covariant conservation of the energy-momentum
tensor T'*", i.e. T ^ = 0. In reality there are only two independent equations, but it is convenient to use
all three equations (13), (14), and (17).
We end this sections by rewriting the above equations in slightly more streamlined forms,

a

o

which is the famous Friedmann equation, and the "force equation"
3a = -4TTG(P

+ Zp)a,

(19)

as well as
d{pa3)/da = -3pa2.

(20)

In addition to these equations, we need an "equation of state", which relates p and p. This question will
be discussed later.
l0

In the following we take c = 1.
"The careful reader will notice that we are slightly outside Newtonian physics, since we replaced the mass contained inside
the radius a(i) by the energy contents, (4-7rp/3)a3. Well, energy=mass in special relativity...
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4

SOME CONSEQUENCES OF STANDARD COSMOLOGY

Let us start by looking at the "force-equation" (19) under the assumption that
p + 3p>0.

(21)

This condition certainly appears reasonable, since p is by definition positive and usually p is also positive
(not by definition, however!). From (21) and Eq. (19) we get
a < 0,

(22)

which just reflects the fact that gravitation is attractive. Since the second derivative of the scale factor is
negative, it follows that d is a decreasing function. Thus,
a(*now) < a(t) with 0 < t < <now.

(23)

This allows us to find the upper limit on the age of the universe, which we announced previously, namely
/"Snow
r tnow

Onow (£Q
an
fOnow
/"
da
[fOnow
™ da
a(£ n o w )
1
(24)
Age = < now = /
dt=
— < /
—,
-"n
Jo
Jo
a
Jo
a(
As mentioned before, from the measured red-shifts it follows that this upper limit is of order 10-20 By,
with hopefully much more precise results coming up soon. It is clearly an important check of the model
whether the upper limit agrees with other knowledge on the age of the universe. As an example of such a
(negative) check, we remind the reader that in section 1 we have discussed the situation at the time when
Hubble proposed his law, where there was a disagreement between the upper limit (24) and the age of
the earth, due to rather imprecise observational data.

From (20) it follows that if the pressure is zero or positive, then pa3 is either a constant or it
decreases. Thus, with increasing a, it follows that p itself decreases. Consequently, the Friedmann
equation (18) implies that for increasing a, a2 -> —k. This is of course only possible in an open
universe, with fc = 0orfc = —1. In the latter case a(t) -> t for t —> oo. In a closed universe, the
scale factor is limited. After the big bang it expands, but at the point d = 0 it starts to decrease again,
and red-shifts become replaced by blue-shifts. Also, ultimately there will be a time when the universe
collapses to a = 0 (the big crunch).

5 THE ENERGY DENSITY AND THE AGE PROBLEM
We shall now discuss attempts to obtain information on the universe by using observations in the standard
model. For example, it would be nice to know if the universe is open or closed. Let us rewrite the
Friedmann equation Eq. (18) as
fa\2

\aj

2

8TTG

k

8TTG

6

az

3

Here H(t) is the variable Hubble "constant" and p cr j t is the critical density which would exist if the
universe is flat (k = 0). Using Eq. (6) we can obtain the present value of p cr i t from the Hubble constant
today,
2

i n -29

2h x l

g

° SF

Introducing the density relative to the critical density as a parameter
ft = PI Pent,

(27)

we can rewrite the Friedmann equation in the simple and elegant form
- r = H2(Q - 1).
cr
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(28)

In this form the conditions k = +1,0, —1 correspond to fi > 1, = 1, < 1, respectively. This is easily
understood, since if $7 is large, there is a lot of energy, so that the gravitational attraction can counteract
the expansion, and the universe is closed. Similarly, a small fl means little gravitational counteraction
of the expansion, and hence an open universe. If 12 = 0 there is an exact balance between expansion
(kinetic term in (13)) and gravitational attraction, as discussed in connection with Eq. (13).
To actually determine whether the universe is open or closed, from Eq. (28) we need to know Q,.
Observing luminous matter the astronomers get
^luminous « 0.01,

(29)

so if this was all, we would conclude that the universe is open, with not enough matter and energy to
counteract the expansion. However, as discussed in details at this School, there is also the dark matter:
Consider a (spiral) galaxy, where there is a star moving outside the region with luminous matter. We
expect Kepler's third law GM(< r)/r = v2, where M(< r) is the mass inside the radius r of the orbit
of the star. Observations show that v as const., implying that M ( < r) as r. Thus, the mass increases
linearly in the region where there is no luminous matter. This shows that there must be dark matter. In
fact, there must be quite a lot, since it turns out that
0.1 - 0 . 3 .

(30)

This shows that there is at least 10 times as much dark as luminous matter.
One might still wonder whether some energy has been missed. However, ft cannot be too large,
because then the expansion would be slowed down so much that there is not life time enough to produce
old stars. This gives a limit on SI,
0.1 < n < 3.
(31)
Thus, we are not able to say whether the universe is closed or open from present day knowledge of ( 1
To solve the basic equations (18), (19), and (20), we need a relation between energy density and
pressure. In the very early universe the temperature is high, and hence the average energy is very high,
so all particles are relativistic. For such particles we always have that the energy is equal to the length of
the momentum vector. Since the particles can move in three directions, this leads to
p = p/3 (early universe).

(32)

On the other hand, in the late universe temperature is low and the particles are non-relativistic, and hence
the pressure is very small,
p as 0 (late universe).
(33)
From Eq. (20) we then get the density as function of the scale factor,
Relativistic : p = D/a4,

N o n - relativistic : p = B/a3,

(34)

where D and B are constants. The decrease I/a 3 is what one would expect for a density. The additional
I / a factor in the relativistic case is due to the fact that relativistic energies are red-shifted by this factor,
just like in the case of light (see Eq. (12)).
Using the Friedmann equation and the non-relativistic density given above, one can easily show
that the life time is given by
1

Z"1

dx

n + ftT^ ~

1

fl'

(35)

where HQ and CIQ are the present value of the Hubble constant and the density parameter, respectively.
From this result we see that the upper limit fo = V-ffo is obtained for QQ = 0, i.e. for a universe without
any gravitational repulsion, as expected. Also, for a flat universe we easily get
for ^0 = 1.
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(36)

Finally, when we have a lot of energy, the life time decreases according to

to -> 2H%JU~ f ° r n° ~* ° ° '

(37)

so if the enegy density was very large, the universe would have a very short life, as expected intuitively
from the large gravitational attraction counteracting the expansion.
As indicated before, there are problems with the life time obtained from the most recent measurements of the Hubble constant and other indicators of the life time, like age of old stars and recent
observations of faint galaxies. The latter have an age of « 13 By (which is also approximately the age of
old stars, 13-15 By), whereas there are indications that the Hubble constant corresponds to an age of 11
By or less. Of course, there are relatively large uncertainties in these numbers, and perhaps there is no
discrepancy within the error bars. However, the various new results probably indicate that the situation
is not so good, and we can therefore ask what to do if we forget about the error bars?
One way to get out of the age problem is to introduce the cosmological constant A, which has the
effect of giving more expansion. This was explained in the introduction, where we mentioned that this
freedom corresponds to having a new "force" Ar, causing repulsion, i.e. extra expansion. In this way the
age problem can be solved. Of course, this is obtained at the cost of adding one new parameter.
6

EVIDENCE FOR THE BIG BANG COSMOLOGY

There exist two pieces of evidence for the standard cosmological model, the cosmic background radiation
and nucleosynthesis. We discuss these subjects very briefly in the following.
6.1

The Cosmic Background Radiation

Near the big bang we have a relativistic gas, where all particles are effectively massless. As the universe
expands, the temperature decreases, and matter and radiation cools correspondingly. At a temperature
around 4000° K (the "decoupling temperature") matter and radiation decouple, because the free electrons
join the nuclei to become bound into neutral atoms. Before, radiation (photons) Compton scattered on
the electrons, and there is therefore no way of observing (directly) what happened in the universe before
decoupling. After decoupling, we have a black body radiation, consisting essentially of the red-shifted
photons left over at the decoupling. Thus, we have Planck's energy density,

where we know how the frequencies red-shift from Eq. (12), VQ/UI = o(^i)/a(*o)- Assuming thermal
equilibrium, we therefore have the important relation
To/Ti = a(*i)/fl(*0),

(39)

saying that the temperature behaves like the inverse of the scale parameter. Thus expansion means
lower temperature, as expected. This relationship was used to predict that today the temperature of the
background radiation should be approximately 5° K. In 1965 Penzias and Wilson found this radiation
as a hiss in their detector, present no matter what direction their antenna pointed. NASA's COBE (the
"Cosmic Background Explorer") found a marvellous agreement with the Planck law (38) at a temperature
of 2.735±0.06° K, which is thus the temperature of the present universe. This is thus a marvellous
evidence for the correctness of the big bang scenario.
6.2

Big Bang Nucleosynthesis

From the standard cosmological model we can compute the expansion rate, how fast the universe cools,
how fast it is slowed by gravity, etc. etc. Knowledge of nuclear physics then allows a calculation of the
rates of the different relevant nuclear reactions in the early history of the universe.
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In the very early universe there were no nuclei, only free quarks, gluons, photons, etc. The confinement mechanism for quarks was not yet operative, because of the high temperature. When the nucleons formed after the QCD phase transition, the universe was still so hot that it was not energetically
favourable to form nuclei. After a few minutes, protons and neutrons formed nuclei. Then, from the
known nuclear reaction rates one can compute the abundancies of the different nuclei. Most of the matter is hydrogen. Around 25% (by mass) is converted to helium. Of course, other nuclei can occur in small
amounts. It should be noticed that most of the nuclei observed today were not produced in the early universe, but much later in the interiour of stars and in supernova explosions. However, the primary source
of the lightest nuclei is the early universe.
The result of a calculation of the abundancies gives for helium 4 a mass fraction of 25%. For
helium 3, deuterium, and lithium 7 one gets mass fractions « 10~ 5 ,10~ 4 , and 10~ 9 , respectively. These
numbers agree well with the known abundancies. Also, it is predicted that the number of light neutrinos
should be 3 or 4 (assuming that this number is an integer), and much later this number was found by
CERN to be 3 to a very high accuracy.
The calculations of these abundancies depend on the density of protons and neutrons in the universe. In accordance with Eq. (26) this is assumed to be as 10~30 - 10~31g/cm3, but the results are
rather sensitive to this.
The nucleosynthesis is a success for the big bang cosmology, since if we did not have this framework, there is no reason for these particular abundancies.

7 PROBLEMS WITH THE STANDARD BIG BANG MODEL
Having seen in the last section that the standard cosmological model has been very successful, we now
turn to some problems with this model.
7.1

How to Get a Huge Number?

We saw that in the early, relativistic universe, the energy density behaves like D/a4. We can get a lower
limit on D by noticing that it contains contributions from all relativistic particles, including the photons.
Thus, if we want a lower limit, we can include only the photons. Since we know the Planck spectrum
today, we get
D > ^background with ^background = (kT0)A

^ ^ ,

(40)

where To and ao are the temperature and scale factor today, respectively. In natural units this gives
D > 6 x 10 114 ,

(41)

where we used the known temperature today, and an estimate of the scale factor today from the remarks
in section 5.
The point about Eq. (41) is that in any fundamental theory, it is impossible to conceive of how to
get such a huge number as obtained in Eq. (41). Rather, one would expect a D of order one. There is a
long way from 1 to 10 114 !
7.2

The Flatness Problem

Let us consider the neighbourhood of the value O = 1. To this end we rewrite the Friedmann equation
(28) in the form
fc = a 2 ( f l - l ) ,
(42)
where we used that H2 = a?/a2 and multiplied both sides of Eq. (28) by a2. If we go backwards in
time, we know from the analysis in section 4 that a increases. Thus, from the above equation we see that
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\Q — 1| should get smaller, as we go backwards in time. Since we know that now Q, is not far from one
(it is at least 0.3 and at most 3), it follows that in the past Cl must have been extremely close to 1.
Let us give an example: Assume that Q, = 0.3 today. Then, from the variation of a it follows that
it must have been equal to one to an accuracy of 15 decimal places at the nucleosynthesis, and at the
GUT (The Grand Unification of strong, electromagnetic and weak interactions at a temperature of the
order 1015) Q must have been equal to one to an accuracy of 49 decimals. This extreme "fine tuning" of
HI is certainly not explained by the standard model, and since Q = 1 means a flat universe, this difficulty
is called the "flatness problem".
7.3

The Causality (Horizon) Problem

Let us consider the early relativistic universe, and ask the question whether two points can be in causal
contact? Obviously, if a light signal can propagate from one point to the other, it means that physical
processes in the second point can be influenced by conditions in the first point. In this way one can
understand how the universe can be homogeneous and isotropic, provided the universe is "contained"
within a causal distance. We shall, however, show that this is not the case in the early universe, and this
gives rise to "the causality problem".
For the propagation of light in flat space, one has dl = dt, with c—1. However, in cosmology we
must distinguish the physical and the comoving coordinates. If dl denotes a comoving distance, then the
physical distance is scaled up by a(t), so for light we therefore have adl = dt. Integrating this equation,
we get

1= f dl= f dt/a{t),

(43)

where the integration is taken between the two points. The physical distance is, however, not the comoving I, but a(t)l, so
Physical distance = di2 = a{t2) /

dt'/a{t').

(44)

Using p — D/a4 in the Friedmann equation (18), we get
d2 » 8icGp/Z = 87rGD/(3a 2 ),

(45)

with the solution a(t) oc \fi. Hence the physical distance is
di 2 = 2t 2 (1 - \ A i / t 2 ) « 2*2 for t 2 » *i,

(46)

where we used Eq. (44). Now, in the early universe, all times are small, so
dyi ~ 2*2 <C a(*2) oc const. V ^ .

(47)

Since a sets the physical scale, it follows that the early universe is "causally disconnected", since there
can be a large number, of order Vy/i, of causal domains inside a typical scale.
Therefore one may ask how it is possible for two points in the early universe to know that they are
supposed to have the same temperature? This problem is especially transparent if we consider photons
emitted from the opposite sides of the sky. As already mentioned, there is thermal equilibrium at the
same temperature to a very high precision, although there was no possibility for these regions of space
to have causal contact before the photons were emitted. Certainly, the standard big bang cosmological
model does not explain this.
To conclude this section, we see that a closer look at the standard model leads to a number of
unsolved problems. There are more problems than those mentioned above, e.g. the famous monopole
problem: According to particle physics magnetic monopoles are produced in typical GUT scenarios, but
they have never been observed.
229

8

INFLATION

In the previous discussion we often assumed that the pressure is positive, but in field theory this is not
always true. Here we shell discuss this from a rather intuitive point of view.
Let us assume that at an early time the universe is in a metastable state, called the "false vacuum".
This simply means that on a sufficiently short time scale the energy cannot be lowered. Thus, the false
vacuum is temporarily the lowest energy state. Given enough time, however, the false vacuum decays to
the "true vacuum", which is the state of the lowest possible energy.
The inflationary scenario assumes that it takes a rather long time for the false vacuum to decay to
the true one. If you think in terms of a potential, this means that it has a rather long and flat plateau. The
false vacuum is then the plateau state.
8.1

The Negative Pressure of the False Vacuum

Let us now find the pressure of the false vacuum. To this end, imagine a cylinder enclosing false vacuum.
Outside this cylinder, we have true vacuum. Furthermore, there is a piston in the cylinder, so that we
can change the volume of false vacuum by moving the piston. Changing the volume by dV, we need
to satisfy dE + pdV = 0. Now comes the main point: Since the false vacuum is temporarily the state
of lowest energy, the "new" volume dV must also contain the false vacuum. Denoting the constant
energy density of the false vacuum by pf, the change in energy is simply given by dE — pfdV. Since
dE = —pdV, we therefore get
p = -pf < 0
(48)
for the pressure of the false vacuum. It is negative, since by definition the energy density is positive. The
extra energy obtained in the above "experiment" comes from whoever is pulling the piston, because it is
necessary to do work against the negative pressure. So in the above gedanken-experiment "there is no
free lunch". However, in the universe...?
8.2

The Expansion Driven by the Negative Pressure

The relation (48) between negative pressure and the energy density of the false vacuum has rather profound consequences, upsetting the standard result that gravity is attractive. To see this, consider Eq.
(19),
a = -^-(p

+ Zp)a.

(49)

Usually this "ensures" that gravity is attractive, since a < 0 when the pressure is positive. However,
inserting the relation (48), we obtain
a = +JL.pfa.

(50)

From this we see that gravity is repulsive as long as the false vacuum is the energetically accessible state
of the universe12.
Eq. (50) can easily be solved, since pf is constant, and we obtain
o(t) = const, exp (t^8nGpf/Sj

,

(51)

where we ignored a possible exponentially decreasing term. This strong expansion is clearly driven by
the negative pressure.
In natural units any energy density has dimension (mass)4. Thus we can estimate pf ~ M 4 , where
M should be a typical mass (or energy) in the very early universe. So it is natural to think of the GUT
scale, with M ~ 1015 GeV. Thus,
pf ~ (10 15 GeV) 4 .
(52)
12

The general condition for this behaviour is, of course, simply p < — p / 3 .
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This is an enourmous energy density: If the sun should have this density, it should be compressed to the
size of a proton!
From Eq. (51) we can compute the Hubble constant,
(53)

So in inflation the Hubble "constant" is actually a genuine constant! Inserting the value of pf given by
(52), we get
ffwlO^sec-1.
(54)
This is a correct estimate if inflation is valid up to the GUT scale.
9

THE PROBLEMS OF STANDARD BIG BANG SOLVED BY INFLATION

We shall now see that an inflationary scenario actually solves the problems in the standard cosmological
model.
The first problem was related to the lower bound on the constant D in the relativistic expression
for the energy density, p = D/a4, where D > 10 114 . This can be understood if we assume that in the
history of the universe, first there is a relativistic period, with some fundamental theory producing a value
Di = 0(1). So we are far from the lower limit. Next, inflation sets in at time t\, producing expansion,
with the constant energy density pf. Then, when the GUT scale is reached at time t2, the universe again
becomes radiation dominated, with a density p = D2/a4. There must, of course, be continuity in the
energy density. Thus, we have the two conditions
P(*i) = Pf and pf = p{t2).

(55)

Inserting the expressions for the densities, this leads to
Pf = D1/a(t1)4

= D2/a(t2)\

(56)

<i)Di.

(57)

so that
To get D2 > 10114 « exp(4 x 66) from D\ = 0(1), we need
H{t2 - h) > 66.

(58)

If we compare this with the estimate (54), we see that inflation should happen over a time interval
*2 - h > 10~ 32 sec.

(59)

This is actually of the order of magnitude expected for time intervals in the early universe.
To see how the flatness problem is solved, we need to consider the equation (42) giving a relation
between d and Q, and take into account the exponential expansion of a(t) during inflation. This leads to
the conclusion that whatever value 0 has at time t\ (the beginnig of inflation), it must rapidly approach
1. Thus, the prediction is 13
« = 1.
(60)
This result does not compare well to the estimates by the astronomers discussed in section 5. However,
in principle there may be some uncertainty and surprises in the estimation of the amount of dark matter
present. In any case, if there is a cosmological constant A the situation is different, because of the energy
content of the universe related to A. We shall, however, not discuss this point.
"There has been proposal for inflationary theories without this result. They appear rather unnatural to me.
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The solution of the causality problem is basically quite simple: Suppose we go backwards in time,
and start with the present non-relativistic universe with zero pressure. Here there is no problem with
causal connections. Moving backwards, we come to the time when inflation stops. Now our rather
large universe is contacted exponentially to a very small universe, which can be causally connected: The
physical distance, exhibited in Eq. (44), is essentially given by the constant 1/H (up to exponentially
small terms), whereas the scale factor is exponentially decreasing. Going the other way in time, what
happens is that one causally connected region contains the present universe, so there is no problem with
causality14. These remarks are valid only if the inflationary period couples smoothly to the radiation
dominated universe. We shall not discuss this difficult question here.
So the final picture is that "the universe" may always be large or infinite, but our part of it started
out as a very small domain in the large universe. When it started out, the relevant domain was of the
order 10~9 of the size of a present day proton.
An important effect of inflation is that it dilutes away any primordial particles like magnetic
monopoles (because of the huge exponential expansion), which is the reason why these are not observed.
Similar remarks apply to other possible primordial particles.
Finally, after inflation has ended, we would like the universe to return to the standard hot big
bang universe, since we certainly want to preserve the successful properties of this model. Therefore
the energy released in inflation should be turned into standard particles (quarks, gluons, photons,etc.)
without recreating unwanted monopoles. This transition is known as the reheating, and one must ensure
that the temperature does not reach such a high value that the unwanted make a thermal pop-up!
10 QUALITATIVE DISCUSSION OF OTHER ASPECTS OF INFLATION
The fact that inflation is homoeopathic, i.e. dilutes particles away, can be taken as an explanation of
why the universe is homogeneous. This is a very dangerous argument, because in the actually observed
universe there are certainly some inhomogeneous domains (like galaxies). Thus, we do not like a fundamental theory to lead to an exactly homogeneous universe, this should only be an approximate property.
Otherwise we would never be able to understand how galaxies are formed.
As long as we consider inflation from a purely classical point of view, the resulting universe would
indeed be homogeneous. However, in quantum mechanics there is always fluctuations. This is especially
true at a time when the size of the universe is only 10~9 times the size of a proton. During the inflation,
each dimension is blown up by something like 1028, so that even small fluctuations can acquire large
scale properties. This effect would lead to density fluctuations, i.e. fluctuations in p. In the present
universe, the extension of such fluctuations can then be of the order the size of a cluster of galaxies.
Thus, according to inflation the largest structures observed are blown up quantum fluctuations!
This is certainly an interesting and unexpected aspect of quantum mechanics, which is usually said to be
relevant only for small scale structures like atoms. Not so in cosmology!
The COBE satelite found the density fluctuations in the background radiation, The temperature
variations (ST/T)2 have the extension expected from inflation, but the magnitude is not so clear15.
Another aspect of inflation is that it may be eternal. Of course, the decay of the false vacuum is
exponential with some life time. On the other hand, when the false vacuum is operative, it drives an
exponential expansion. These are two competing mechanisms. So if the expansion is faster than the
decay, the total volume of false vacuum increases with time16. In this picture pieces of false vacuum
domains are decaying constantly, but other domains expand. So the false vacuum never disappears. Of
course, for each decaying domain, a universe is born. Thus, there is an infinity of universes, without any
causal contact. In this scenario, in a sense there are no initial conditions and no "creation".
14

For a more detailed discussion and a graphic illustration, see the recent review [3].
In a \<p4- approach to inflation this can be translated to the condition A < 10~ 13 .
16
In some formulations of inflation, the parameters can be selected in such a way that this is possible
15
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Inflation is very often described by means of a scalar field </>, with a simple Lagrangian (for simplicity written in flat Minkowski space)

where the "potential" V is taken to be rather flat, in order to ensure that the false vacuum exists long
enough, as discussed before. The corresponding energy-momentum tensor is
<62>

Here the metric is (-1,1,1,1). If the derivative terms are small (consistent with a flat potential), this
energy-momentum tensor leads to p = —p, as can be seen by comparison with the energy-momentum
tensor of an ideal gas, T^ = pg^ + {p + p)UftUi,, U^ = (1,0,0,0).
There are other models of inflation, like having corrections to Einstein's gravity, vector fields, etc.
etc. Some of these models lead to power law inflation, a(t) oc tp. A difficulty is that in some of these
models there is no natural way of stopping inflation, a feature which disagrees with observations. Also,
the scalar models have the difficulty that they do not explain where the scalar field ("the inflaton") <j>
comes from. So perhaps it is fair to say that the "final model" of inflation has not yet been found. For a
recent pedagogic review of inflation, we refer to ref. [3], where several further references can be found.
11

CONCLUSIONS

We are now coming to the end of these two lectures. The conclusion is that the standard big bang
cosmology works well after Grand Unification, except perhaps for the age problem, which may anyhow
be solved by introduction of a cosmological constant. To understand the very early universe, inflation is
a rather convincing scenario or, perhaps, paradigme.
In my lectures I concentrated on what cosmologists call the standard model. To really understand
the universe, there are many more aspects to be considered. This is the point where particle physics enters
the picture. If we start from the early times, inflation is described by some field teory, which perhaps can
be understood from fundamental particle physics. It may be that inflation can be derived from a theory
of quantum gravity or a superstring theory.
Similarly, at the GUT scale, we have some, so far unknown, (field) theory, which describes the
unification of the strong, electromagnetic and weak interactions. It is generally believed that the GUT
theory is supersymmetric. Subsequently this symmetry is broken, and perhaps it is possible to see various
traces of the broken symmetry in present day accelerators.
Reaching the electroweak phase transition, at a temperature of approximately 100 GeV, we are
on rather firm ground, since we expect the standard electroweak theory to be the right one (perhaps
supersymmetric extensions are relevant). Some questions of cosmological interest, which can be raised
in connection with this phase transitions, concern the problem of why there is more matter than antimatter in the (present) universe, the generation of primordial magnetic fields (which are seed fields for the
magnetic fields observed in galaxies), and other problems. In this connection it is of crucial importance
to understand whether this phase transition is of first or higher order. This depends essentially on the
value of the Higgs mass, which everybody hopes that the experimental particle physicists will provide.
If this mass is larger than « 100 GeV, the transition is not of first order, which would have profound
consequences for many questions.
After the electroweak phase transition, at a temperature of the order a few hundred MeV, the QCD
phase transition occurred, during which quarks became confined in hadrons. This process is, in principle, described by Q(uantum) C(hromo-)D(ynamics), although the exact mechanism for confinement is
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not quite understood. At still lower temperatures, nuclear and atomic physics became relevant. However, the fundamental structure of the universe is a subject of particle physics, and future discoveries in
experimental particle physics can potentially be of profound interest in cosmology.
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DARK MATTER: MOTIVATION, CANDIDATES AND SEARCHES
G.G. RAFFELT
Max-Planck-Institut fiir Physik (Werner-Heisenberg-Institut)
Fohringer Ring 6, 80805 Miinchen, Germany
Abstract
The physical nature of most of the gravitating mass in the universe is completely mysterious. The astrophysical evidence for the presence of this dark
matter and astrophysical constraints on its properties will be reviewed. The
most popular dark-matter candidates will be introduced, and current and future attempts to search for them directly and indirectly will be discussed.

1

INTRODUCTION

The question of what makes up the mass density of the universe is practically as old as extragalactic astronomy which began with the recognition that nebulae such as M31 in Andromeda are actually galaxies
like our own. Some of them appear in gravitationally bound clusters. From the Doppler shifts of the
spectral lines of the galaxies in the Coma cluster, Zwicky derived in 1933 their velocity dispersion and
could thus estimate the cluster mass with the help of the virial theorem [1]. He concluded that the Coma
cluster contained far more dark than luminous matter when he translated the luminosity of the galaxies
into a corresponding mass. Since then evidence has mounted that on galactic scales and above the mass
density associated with luminous matter (stars, hydrogen clouds, x-ray gas in clusters, etc.) cannot account for the observed dynamics on those scales [2, 3, 4, 5], In the mid 1970s it had become clear that
dark matter was an unavoidable reality [6] and by the mid 1980s the view had become canonical that
the universe is dominated by an unknown form of matter or by an unfamiliar class of dark astrophysical
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objects [7]. Besides the origin of cosmic rays and 7-ray bursts (two major unsolved puzzles) the physical
nature of dark matter is no doubt the most stunning astrophysical mystery.
A popular hypothesis for the solution of this problem originated in a seminal paper by Cowsik
and McClelland in 1973 where they speculated that the dark matter of galaxy clusters could consist of
neutrinos if these weakly interacting particles had a mass of a few eV [8]. About ten years earlier the
cosmic microwave background (CMB) radiation had been detected and had almost overnight propelled
the big-bang cosmogony from an obscure hypothesis to the standard theory of the early universe. If the
world originated from a hot phase of thermal equilibrium, then all possible particles or forms of radiation
must have been produced in amounts which are easily calculable relative to the density of microwave
photons, leading to the prediction of a "cosmic neutrino sea" in analogy to the CMB. This had allowed
Gershtein and Zeldovich in 1966 to derive a stringent limit on the v^ mass [10, 11], a second neutrino
flavor which had been discovered in 1962.
A well-known phase-space constraint on how many massive neutrinos can be packed into a galaxy
leads to a lower limit of about 20—30 eV if they are supposed to be the dark matter in these systems [9].
This "Tremaine-Gunn limit" is barely compatible with the upper limit of about 40 eV from the overall
cosmic mass density. Therefore, neutrinos certainly cannot be the dark matter on the smallest scales
where its existence is established, most notably in dwarf galaxies. In addition, modern theories of the
formation of galaxies and larger cosmic structures reveal that particles which stay relativistic for a long
time in the expanding universe ("hot dark matter") prevent the formation of small-scale structure. Thus,
even if there were enough phase space for 40 eV neutrinos to be the galactic dark matter, one could not
explain how these collisionless particles would have been able to cluster on these scales.
The alternative is "cold dark matter," particles which became nonrelativistic early. While this
hypothesis works well from the structure-formation perspective, it implies the existence of completely
new particles or else primordial black holes. Assuming the existence of stable weakly interacting massive
particles (WIMPs) one can predict their cosmic abundance from their mass and annihilation cross section
alone. If their interaction strength is roughly given by Fermi's constant, then they would need a mass in
the 10 GeV range to be the dark matter of the universe. While in the 1980s one often discussed generic
WIMPs as dark-matter candidates, the attention today has focussed almost entirely on supersymmetric
extensions of the standard model which predict the existence of the requisite particle in the form of a
"neutralino." The only other cold dark matter candidate which is seriously discussed today are axions
which are very weakly interacting pseudoscalar bosons.
Meanwhile it is not obvious that the simplest cold dark matter cosmologies are complete. It may be
that structure formation requires several different components, for example a certain fraction of neutrinos
plus a dominating share of neutralinos or axions ("hot plus cold dark matter"). In addition, there may be
a homogeneous mass density in the form of vacuum energy which would play the role of a cosmological
constant. The nature of dark matter may be quite diverse!
The most exciting development of the 1990s is the emergence of a great variety of real experimental projects to search for all of the well-motivated candidates in our own galaxy. The microlensing
search for dark stars has actually produced first candidates ("MACHOs") which are, however, difficult
to interpret. Direct and indirect search experiments for WIMP and axion dark matter in the galaxy have
reached a sensitivity where they begin to have a realistic chance of finding these elusive particles. In
addition, the upcoming CMB satellites will be able to measure temperature fluctuations on very small
angular scales, allowing for a precision determination of various cosmological parameters, notably the
exact abundance of baryonic and nonbaryonic matter. One would expect these measurements to remove
any lingering doubt about the reality of nonbaryonic dark matter.
In these lectures I will review the astrophysical motivation for dark matter and discuss the arguments which reveal that it is probably not purely baryonic, and not purely in the form of massive
neutrinos. I will then proceed to discuss various candidates (dark stars, neutrinos, WIMPs, axions) and
the current attempts to search for them by astronomical, neutrino-astronomical, and laboratory methods.
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Fig. 2: M31, the Andromeda galaxy, the closest spiral galaxy to the Milky Way at a distance of about 750 kpc.

2

DYNAMICAL EVIDENCE

2.1 Rotation Curves of Spiral Galaxies
Why are astronomers so sure that there are large amounts of dark matter lurking everywhere in the
universe? The flat rotation curves of spiral galaxies provide perhaps the most direct and surely the most
impressive evidence. These systems consist of a central bulge and a very thin disk which is stabilized
against collapse by angular momentum conservation. It is then natural to use the Doppler shift of spectral
lines to obtain a rotation curve, i.e. the orbital velocity of the disk as a function of radius. For the
Andromeda galaxy (Fig. 2), our next-door neighbor at a distance of about1 750 kpc, the rotation curve
was first measured by Babcock in 1938 [12]. Later when it became possible to measure galactic rotation
curves far out into the disk a most unusual behavior emerged. The orbital velocity rose roughly linearly
from the center outward until it reached a typical value of around 200 km s" 1 . The rotation curve then
stayed fiat at this velocity out to the largest measured radii, a systematic trend clearly diagnosed as such
by Freeman in 1970 [13]. This behavior is completely unexpected because the surface luminosity of the
disk falls off exponentially with radius [13]
= /ne~

(1)

where r e is the "disk scale-length." Therefore, one would expect that most of the galactic mass is concentrated within a few scale-lengths and that the orbital velocity vTOt of the disk material is determined
by this mass just as the orbital velocity of the pplanets in the solar system is dominated by the mass of the
Sun. Because in such a system we have vvot = ^G^M/r (central mass M, Newton's constant
one
expects the Keplerian vrot r~ll2 behavior in analogy to the solar system (Fig. 3).
'Astronomical distances are usually measured in parsec (pc) where 1 pc = 3.26 light-years = 3.08 x 10 18 cm. As a matter
of general orientation note that 1 pc is a typical distance between stars within the galactic disk, 10 kpc is a typical scale for a
galactic disk (the Sun is at 8.5 kpc from the center of the Milky Way) galaxies are typically 1 Mpc away from each other, and
the visible universe has a radius of about 3 Gpc.
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Fig. 3: Rotation curve of the solar system which falls off as 1/y/r in accordance with Kepler's law. The astronomical unit (AU)
is the Earth-Sun distance of 1.50 x 10 13 cm.

The non-Keplerian, essentially flat nature of the rotation curves is supported by systematic optical
studies of many spiral galaxies [14, 15]. The most convincing evidence for this unexpected behavior,
however, arises from radio observations. Spiral galaxies typically have neutral hydrogen in their disks
which can be observed by its 21 cm line emission. The hydrogen can be observed to much larger galactic
radii than optical tracers (Fig. 4) so that one can obtain far more extended rotation curves [16,17,18] than
by purely optical observations which typically stop at 1.5-3.5 disk scale-lengths. A case in point is the
galaxy N G C 6503 where r& = 1.73 kpc while the last measured hydrogen point is at r = 22.22 k p c =
12.8 r o - The measured rotation curve is shown in Fig. 5 together with the relative components ascribed
to the gravity of the disk alone and gas alone.
The difference to the rotation curve which is expected from the luminous material is ascribed to
the gravitational effect of dark matter. A number of strong arguments suggest that this material cannot be
part of the galactic disk itself. First, the distribution of stars vertically to the galactic disk in our galaxy
together with their vertical velocity dispersion reveals that there cannot be any significant amount of dark
matter confined to the disk, although it has been the subject of some debate since 1932 if there is some
disk dark matter [19]. Second, a thin self-gravitating disk is dynamically unstable. Third, the hydrogen
of the disk tends to be vertically far more extended than would be expected if all of the gravitating matter
were in the disk, especially at large galactocentric radii ("hydrogen flaring"). Fourth, there exist "polar
ring galaxies" with material orbiting perpendicularly to the normal disk which appears to trace out a more
or less spherical gravitational potential. (For a review of such arguments see [2].) An overall picture of
spiral galaxies emerges where the bulge and disk are dynamically subdominant components immersed in
a huge spherical "halo" or "corona" of dark matter. It is not crucial that this halo be strictly spherical; the
overall picture does not change if the halo exhibits a significant degree of oblateness or even triaxiality.
The study of more than a thousand galactic rotation curves reveals that empirically they can be
represented extremely well by a "universal rotation curve" (URC) [20]
= ^(r op t)^ 0.72 + 0.44 log10 —
0.28 - 0.44 log 1 0 —

2

1.97 a;1 22
+ 0.782) 1 - 43

Hi)

1+2

0.41

1/2

x

+ 2.25 {L/L*)0A

,(2)

where x = r/ropt, L is the luminosity of the galaxy, and the reference luminosity is L* = 2.5 x 1O1OL0
in the optical B-band (blue filter) with LQ the solar luminosity. The optical radius r o p t is defined to
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Fig. 4: Image of the spiral galaxy NGC 3198 with a superimposed contour map of the column density of hydrogen gas [17].
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encompass 83% of the integrated light; for the exponential disk of Eq. (1) we have r o p t = 3.2 r D .
Empirically, then, galactic rotation curves depend on only two parameters, the total luminosity and the
optical radius.
Galaxies presumably form by the infall of material in an overdense part of the universe which
has decoupled from the overall cosmic expansion. The dark matter is supposed to undergo "violent
relaxation" and form a "virialized system." This picture has led to a simple model of dark-matter halos
as "modified isothermal spheres." The radial density profile is taken to be

p(r) =

(3)

where r c is a core radius and t)TO the plateau value of the flat rotation curve. This sort of model is consistent with the universal rotation curve of Eq. (2) if one disentangles the luminous-matter contribution
from the total rotation curve. At large radii such a distribution leads to a strictly flat rotation curve.
The URC reveals that the more luminous galaxies are dominated by luminous matter to relatively
large radii while the fainter ones are more dominated by dark matter. The faintest (smallest) galaxies are
dominated by dark matter even in their central regions. Therefore, these systems are better laboratories
than bright spirals to test theories of galaxy formation. Actually, the best measured rotation curve is
that of the dwarf spiral DDO 154 which extends out to about 20 disk scale lengths. In such systems the
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rotation curve falls off at large radii; their dark matter density profile is well represented by [21]
p{r) = Po 7 — 7 — w 2 ,

2^

(4)

(r + ro)(r2 + r§)

where p 0 is the central density and ro a core radius. The integral mass diverges only logarithmically with
radius. The large-r behavior of this model is predicted by recent high-resolution AT-body simulations
of galaxy formation in a cold dark matter cosmology [22]. Towards the galactic center, however, these
simulations predict a density cusp of the form [r (r 2 + TQ)]"1, in apparent contradiction with the observations. This discrepancy is a possible problem for cold dark matter cosmologies [23] even though the
reality of the discrepancy has recently been questioned [24].
For the purpose of the direct detection of dark matter our own Milky Way is the most interesting
system. Its rotation curve is far more difficult to obtain than that of an external galaxy because we can
see only part of it (most is obscured by dust in the disk) and it is difficult to obtain reliable galactocentric
distances for the tracers. Still, the rotation curve of Fig. 6 shows that the Milky Way conforms to the
usual picture. The approximate plateau value for the rotation velocity is 220 km s" 1 . For dark matter
search experiments the most critical quantity is the dark matter density in the solar neighborhood. The
canonical value usually adopted for the interpretation of the experiments is
PDM = 300 MeV cm" 3 .

(5)

It must be kept in mind, however, that this number depends on the model adopted for the galactic darkmatter halo and thus is uncertain to within, perhaps, a factor of two [26].
2.2

Cosmic Density Contribution of Galaxies

Another important question is how much the total masses of galaxies contribute to the overall density of
the universe. It is usually expressed in terms of the cosmic critical density [5]
ff

Pent = ££-

= h2 1.88 x 10-29gem"3,

(6)

where HQ is the present-day Hubble expansion parameter. It is usually written as
H0 = h 100 km s" 1 Mpc" 1

(7)

in terms of the dimensionless parameter h which appears in various powers in most quantities of cosmological interest. Observationally it lies in the range 0.4 ^ h ^ 1.0 with
0.5 < h < 0.8

(8)

the currently most favored interval [27]. The average contribution p of various matter components to the
cosmic density is usually expressed by the parameter
ft = p/pcrif

(9)

In the framework of the usual Friedmann-Lemaitre-Robertson-Walker cosmology [5] the spatial cosmic
geometry is Euclidean for Q = 1 ("flat universe"), the spatial curvature is negative for fi < 1 ("open
universe"), and it is positive for Q > 1 ("closed universe").
The contribution of galaxies to fi is related to the luminosity density of the universe which is found
to be (1.7 ± 0.6) x 108 hLQMpc~3 in the V (visual) spectral band [29]. This luminosity density can
be translated into a mass density by a multiplication with the mass-to-light ratio M/L of a given class of
systems, often denoted by T (upsilon). Mass-to-light ratios are usually expressed in solar units MQ/LQ
so that for the Sun T = 1. Therefore, the cosmic mass density is Q, = (6.1 ± 2.2) x 10~4 h~l T y . The
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luminosity of stars depends sensitively upon their mass and their stage of evolution. Stellar populations
for which the mass and luminosity can be determined independently include globular clusters and the
disks of spiral galaxies which have an T of a few. The stars in the solar neighborhood have T « 5. Taking
this as a representative value we find for the luminous mass density of the universe £l\umh « 0.003.
Several methods give values which are consistent with the range [30]
0.002 < niumh < 0.006.

(10)

Therefore, the luminous matter alone is far from the cosmic critical density.
The mass-to-light ratios of galactic haloes are typically at least around 30 h as far as the measured
rotation curves reach, giving a cosmic mass density of at least
0.03-0.05.

(11)

The flat rotation curves indicate that their integral mass increases as M(r) oc r. Because the rotation
curves tend to stay flat out to the largest radii where tracers are available, the true size of galactic dark
matter halos and thus the total cosmic mass in galaxies is not well known. Estimating the extent of
dark-matter haloes from satellite dynamics yields Qsa\h = 0.2—0.5 [31].

Fig. 7: Coma cluster of galaxies. Contour map of the x-ray surface brightness measured by the Einstein satellite superimposed
on an optical image. (Picture by William Forman and Christine Jones, Harvard-Smithonian Center for Astrophysics, here
reproduced from Ref. [3].)
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2.3

Clusters of Galaxies

Clusters of galaxies are the largest gravitationally bound systems in the universe. We know today several
thousand clusters; they have typical radii of 1.5 Mpc and typical masses of 5 x 1014 M 0 . Zwicky first
noted in 1933 that these systems appear to contain large amounts of dark matter [1]. He used the virial
theorem which tells us that in a gravitationally bound system in equilibrium
2{-Ekin) = — (

(12)

where (i?kin) = ^miv2) is m e average kinetic energy of one of the bound objects of mass m and
(•Egrav) = —mG-$(Mfr) is the average gravitational potential energy caused by the other bodies. Measuring (v2) from the Doppler shifts of the spectral lines and estimating the geometrical extent of the
system gives one directly an estimate of its total mass M. As Zwicky stressed, this "virial mass" of the
clusters far exceeds their luminous matter content, typically leading to a mass-to-light ratio of around
300. From current estimates for virial cluster masses one finds for the cosmic matter density [32]
= 0.24 ± 0.05 ± 0.09,

(13)

where the first uncertainty is a statistical la error while the second is an estimate of systematic uncertainties. It was assumed that the average cluster M/L is representative for the entire universe which is
not to be taken for granted as most galaxies are actually not in clusters but in the general field.
After the mid 1960s when x-ray telescopes became available it turned out that galaxy clusters are
the most powerful x-ray sources in the sky [33]. The emission is extended over the entire cluster (Fig. 7)
and thus reveals the presence of large amounts of "x-ray gas," a hot plasma (T = 107—108 K) where
x-rays are produced by electron bremsstrahlung. Assuming this gas to be in hydrostatic equilibrium one
may again apply essentially the virial theorem (with the gas particles being the test bodies) to estimate
the total cluster mass, generally giving approximate agreement (within a factor of 2) with the virial mass
estimates. The total mass in the x-ray gas is typically in the 10—20% range [34], i.e. clusters contain
more baryonic matter in the form of hot gas than in the form of stars in galaxies. This large baryon
fraction relative to the total cluster mass, if taken to be representative of the entire universe, indicates that
the amount of nonbaryonic dark matter exceeds the cosmic baryon content only by a factor of around 10,
a finding with important cosmological ramifications [35] as we shall see below.

Fig. 8: Giant arc in the cluster Cl 2244-02 which is at a redshift of z = 0.33 while the source which is imaged as an arc is at
z = 2.24.

243

:•{

.•. i : ; !;";^;:-.^ ; j1:r^ ; .'".! : o.
I

" • *

" •

' ^ •

"• •

• » A

_•- _•_• • _ • - • •_ _ • - •

« I _

mm-

Fig. 9: Hubble Space Telescope (HST) image of the cluster Abell 2218, showing a number of arcs and arclets around (he two
centers of the cluster (NASA HST Archive).

In the mid 1980s one began to observe huge arc-like features in galaxy clusters [36, 37] with one
prominent example shown in Fig. 8. The cluster galaxies and these "giant arcs" are at very different
cosmological redshifts and thus at very different distances. The standard interpretation is that the arc
is the image of a distant background galaxy which is almost lined up with the cluster so that it appears
distorted and magnified by the gravitational lens effect [38]. A source and a gravitational deflector which
are precisely lined up would give rise to a ring-like image ("Einstein ring"); the giant arcs are essentially
partial Einstein rings. The cluster mass estimates derived from this interpretation, again, reveal large
amounts of dark matter in rough agreement (approximate factor of 2) with the virial mass estimates,
even though the lensing masses tend to be systematically larger [39].
While the appearance of giant arcs requires a special alignment between source and lens, the image
of every background galaxy in the vicinity of a given cluster will be distorted, causing the appearance
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Fig. ] 0: HST image of the cluster Cl 0024, overlaid on the left with the shear field obtained from an observation of arclets with
the Canada-France Hawaii Telescope (Y. Mellier and B. Fort), and on the right with the reconstructed surface-mass density
determined from the shear field (C. Seitz et al.). (Figure from Ref. [39].)

244

of innumerable "arclets" (Fig. 9). This "weak lensing effect" allows for a systematic study of cluster
mass distributions [40]. One uses the statistical distributions of arclets to reconstruct the shear field of
gravitational image distortions and from there one can derive cluster mass distributions (Fig. 10). This
approach to mapping out cluster dark matter has turned into a new topical field of astronomical research
in its own right [37, 39, 40, 41].
2.4

Large-Scale Motion

On scales larger than clusters the motion of galaxies is dominated by the overall cosmic expansion. Still,
they exhibit "peculiar velocities" relative to the overall cosmic flow. For example, our own group of
galaxies moves with a speed of 627 ± 22 k m s " 1 relative to the reference frame defined by the cosmic
microwave background radiation. For external galaxies the determination of peculiar velocities requires

SGY
SGX
Fig. 11: The fluctuation fields of velocity and mass-density in the Supergalactic Plane as recovered by the POTENT method
from the Mark III velocities [42] of about 3000 galaxies with 12 h~l Mpc smoothing [43]. The vectors are projections of the
3-D velocity field in the frame of the cosmic microwave background. Dashed contours mark underdensities, solid ones overdensities. Distances are in the space of Hubble recession velocities in units of 1000 km s~* which corresponds to h~110 Mpc, i.e.
the reconstruction goes out to a distance of h~l 80 Mpc. The marked structures are the local group (LG), the "great attractor"
(GA), the Coma "great wall" (GW), the Perseus-Pisces (PP) region, and the "southern wall" (SW).
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the determination of their redshifts and an independent measure of distance. A homogeneous catalog of
about 3000 galaxies (Mark III catalog [42]) has recently been completed for this purpose.
In the context of the standard gravitational instability theory of structure formation the peculiar
motions are attributed to the action of gravity over the age of the universe, caused by the matter density
inhomogeneities which give rise to the formation of structure. The observed large-scale velocity fields
together with the observed galaxy distributions can then be translated into a measure for the mass-tolight ratio which is necessary to explain the large-scale flows. An example for the reconstruction of the
matter density field in our cosmological neighborhood from the observed velocity field by means of the
POTENT method is shown in Fig. 11. The cosmic matter density inferred by such methods is [43]
QM > 0.3,

(14)

which is claimed to be a 95% C.L. lower bound. Related methods which are more model-dependent give
even larger estimates.
2.5

Cosmic Age

The dynamical density measured on galactic scales up to those of large-scale flows provide a lower limit
to the average cosmic matter density CIM- Naturally, the true UM could be larger than indicated by
Eq. (14). Less reliable arguments concerning the dynamics of the large-scale structure and large-scale
flows already point to values for QM not much below the critical value 1 [43]. The cosmic matter density
determines the dynamical evolution of the universe through the Friedmann equation. Therefore, a critical
measure of OM is provided by the cosmic age to as infered from the ages of the oldest stars in conjunction
with measurements of the present-day expansion rate HQThe known or conjectured forms of radiation (cosmic microwave photons and other electromagnetic background radiations, massless neutrinos, gravitational waves) are thought to contribute only
Slradh2 « 3 x 10~ 5 which shall be ignored in the present discussion. If we thus assume for the moment that the total cosmic energy density fitot is essentially identical with the matter density £1^, and if
we assume in addition that Qu < 1, the relationship between age and matter content is [5] (Fig. 12)

Acosh

-

(£-

For £2M = 1 one finds the well-known limit Hoto = 2/3.
For a long time there was an "age crisis" for the universe in that the oldest stars seemed older than
its expansion age. However, recent modifications of the stellar input physics (equation of state, opacities,
etc.) and particularly the new Hipparcos calibration of stellar distances have led to a revision of the
age estimates for the oldest globular clusters to 10-13 Gyr [45]. Moreover, estimates for the Hubble
constant have come down to about 0.5 ^ h ^ 0.8 [27], leading to an allowed range of 0.5 ^ HQIO ^ 0.8
which includes the critical-universe value 2/3 without any problems.
The critical value f2tot = 1 for the total cosmic mass and energy density, corresponding to an
overall Euclidean (flat) spatial geometry, is strongly favored to avoid a fine-tuning problem of cosmic
inital conditions. In an expanding universe fi tot evolves quickly away from 1 towards either 0 or oo so
that the near-flatness of the present-day universe suggests fitot = 1 as an exact identity. Moreover, inflationary models of the early universe generically produce a flat geometry even though one may construct
fine-tuned models which can circumvent this as an absolute prediction.
However, even if the universe is flat one is not assured that fitot is dominated by matter; a cosmological constant A is also conceivable. This hypothesis periodically comes and goes in cosmology. In
modern terms A arises as the vacuum energy of quantum fields and as such poses the opposite problem,
i.e. why is it not much larger than the cosmologically allowed value. Its observed smallness remains
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Fig. 12: Age of the universe as a function of matter content according to Eq. (15) for an open, matter dominated universe and
according to Eq. (16) for a flat universe with Q A = 1 - fiM.

unexplained and no compelling reason is known why A should be exactly zero [44]. Therefore, from the
cosmological perspective A and its contribution ft A to the total energy density remains a free parameter.
A cosmological constant (vacuum energy) differs from matter in a number of important ways.
QA can be both positive or negative while QM is always positive. Vacuum energy is homogeneously
distributed and thus cannot be measured dynamically on scales of galaxies, clusters, and so forth; it only
affects the global dynamics of the universe. The most counter-intuitive property is that vacuum energy is
not diluted by the cosmic expansion. The normal matter density pu is conserved in a co-moving volume
and thus is diluted as R~z with the time-dependent cosmic scale-factor R while the vacuum energy
density p v a c is constant so that its contribution grows as R3 in a co-moving volume. Therefore, if there
is any vacuum energy it dominates the dynamics at late times.
Pragmatically, then, the choice of cosmological models is between a matter-dominated open universe with no cosmological constant, a matter-dominated flat universe, and a flat universe with a certain
cosmological-constant contribution (fi tot = ftM + fiA = 1). In this latter case the age is [5]
In

>l/2

(16)

also shown in Fig. 12. For the same OM this gives a larger expansion age than an open matter-dominated
universe, and a much larger expansion age than a flat matter-dominated universe. Until recently the
age crisis together with a number of arguments related to structure formation seemed to point toward a
cosmological constant [46], but today this case is far less compelling even if it can still be argued [47].
3
3.1

ASTROPHYSICAL CONSTRAINTS
Big-Bang Nucleosynthesis

There are a number of strong astrophysical constraints on the possible nature of the dark matter that
appears to dominate the dynamics of the universe on galactic scales and above. The first natural question
is if this matter could not be just normal matter in some nonluminous form, perhaps stellar remnants such
as neutron stars or black holes or molecular hydrogen clouds which are difficult to measure.
However, the overall baryonic content of the universe is strongly constrained by big-bang nucleosynthesis (BBN). When the early universe cooled below a temperature of about 1 MeV the /3 equilibrium between protons and neutrons froze out, and shortly afterward all the remaining neutrons together
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with the ambient protons formed 4 He and traces of deuterium, 3 He, and 7 Li [5]. Within the standard bigbang picture the predicted abundances depend only on one unknown comological parameter, the baryon
number fraction relative to the present-day number density of cosmic microwave background photons,
r} = riB/nT It is usually parametrized as 7710 = r)/10~10 and then gives
= 3.73 x 1CT3!

(17)

for the baryonic mass fraction of the universe. The standard predictions for the light-element abundances
as a function of 7710 are shown in Fig. 13.
The main problem is to get an empirical handle at the primordial light-element abundances from
observations in the present-day universe. The current situation is somewhat confusing in that various
measurements with their claimed uncertainties are not necessarily mutually consistent. In principle,
the most sensitive "baryon meter" is the deuterium abundance. Recently, abundance measurements in
intergalactic hydrogen clouds have become possible by observing deuterium and hydrogen absorption
0.26 F
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Fig. 13: Light-element abundances as a function of the baryon-to-photon ratio in the standard big-bang scenario [48]. The solid
lines show the standard predictions with their errors due to nuclear cross-section uncertainties indicated by dashed lines. The
boxes indicate the current observational situation where the big shaded boxes are found when the systematic uncertainties are
pushed to their plausible limits.

248

lines from quasars as light sources. While these measurements hold a great deal of promise toward a
precision determination of the primordial deuterium abundance and thus of 7710, the current set of results
give both high [49] and low [50] values of D/H « 2 x 10~4 and (2.3 ± 0.3) x 1(T 5 , respectively, which
are mutually inconsistent unless the baryon distribution is vastly inhomogeneous on large scales.
In Fig. 13 the current observational situation is indicated by error boxes. Olive and Schramm [48]
thus derive a currently allowed range 1.5 < 7710 < 6.3 which implies
0.005 < nBh2 < 0.024.

(18)

This allowed range for Cl& is depicted in Fig. 14 as a function of the Hubble expansion parameter together
with the luminous mass density of Eq. (10) and the lower dynamical mass limit Eq. (14) from the analysis
of large-scale coherent flows.
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The currently favored range for Ho is between 50 and SOkms" 1 Mpc" 1 [27]. Therefore, Fig. 14
reveals that there is a gap between the cosmic baryon density and both the luminous matter density and
the total matter density. Accepting this result implies that there must be a significant fraction of "dark
baryons" in the universe which never made their way into galaxies and stars, and also lots of nonbaryonic
dark matter which is of a completely different physical nature.
3.2

X-Ray Clusters

We have already discussed in Sec. 2.3 that galaxy clusters contain a large fraction of baryons in the form
of hot x-ray gas. Estimates of the baryon fraction in clusters relative to their total mass lead to a baryon
fraction of these systems of [34, 35]
fBh3/2

= 0.03-0.08,

(19)

where higher and lower values are also found in certain cases [51]. If this cluster baryon fraction is taken
to be representative of the entire universe, and if one uses the BBN-indicated baryon density of Eq. (18),
the cosmic dark-matter density appears to be less than the critical value 1, but the current evidence is not
strong enough to definitively exclude QM = 1 on these grounds. Still, a low-J7 universe is favored by a
combination of the BBN baryon content of the universe and the high cluster baryon fractions, a finding
sometimes referred to as the cluster "baryon crisis."
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3.3

Structure Formation

Very dramatic constraints on the nature of dark matter arise from arguments of cosmic structure formation. At early times when the cosmic microwave background (CMB) radiation decoupled from the
ambient plasma the universe was extremely smooth as demonstrated by the tiny amplitude of the temperature fluctuations of the CMB across the sky (Fig. 18). The present-day distribution of matter, on
the other hand, is very clumpy. There are stars, galaxies, clusters of galaxies, and large-scale coherent structures on scales up to about 100 Mpc. This is evident, for example, from the density map of
Fig. 11 and also directly apparent from galaxy redshift surveys [53, 54]. The "stick man" of the CfA
redshift survey (Fig. 15) has become an icon for structure in the large-scale galaxy distribution. This
picture shows the distribution of galaxy redshifts along a strip in the sky. Because redshifts measure
distance through Hubble's law (apart from the peculiar-motion component which cannot be removed
without an independent distance indicator) this sort of representation gives one a direct visual impression of the three-dimensional galaxy distribution. A similar picture from the Las Campanas Redshift
Survey is shown in Fig. 16 which goes out to much larger distances and thus demonstrates that there is
large-scale structure, but also that there do not seem to be coherent structures on scales even larger than
about 100 Mpc. Therefore, it appears justified to think of the universe as homogeneous on the largest
scales.
A perfectly homogeneous expanding universe stays that way forever; there will be no structures.
The standard theory [4, 5, 55, 56] for the formation of structure assumes that the universe was initially
almost, but not quite, perfectly homogeneous, with a tiny modulation of its density field. The action of
gravity then works to enhance the density contrast as time goes on, leading to the formation of galaxies
or clusters when the self-gravity of an overdense region becomes large enough to decouple itself from
the overall Hubble expansion. Larger structures have not yet "gone nonlinear" in this sense, yet the
distribution of matter shows the result of the gravitational re-arrangement of the original distribution.
The outcome of this evolution depends on the initial spectrum of density fluctuations. The power
spectrum of the primordial density field is usually taken to be approximately flat, i.e. of the "HarrisonZeldovich-type," which corresponds to the power-law-index n = 1. However, the effective spectrum
relevant for structure formation is the processed spectrum which obtains at the epoch when the universe
becomes matter dominated as it is only then that fluctuations can begin to grow by the gravitational
instability mechanism. Because the matter which makes up the cosmic fluid can diffuse, the smallestscale primordial density fluctuations will be wiped out. This effect is particularly important if the density

14 h

Right Ascension a
13*
12*

16*

17",

26.5° < 6 < 32.5°

Fig. 15: "A slice of the universe:" The galaxy distribution from the CfA redshift survey [52]. A redshift (apparent recession
velocity) of 100 km s~x corresponds to a distance of h~* Mpc. (Figure from Ref. [53].)
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is dominated by weakly interacting particles which can diffuse far while they are relativistic. Low-mass
particles stay relativistic for a long time and thus wipe out the primordial fluctuation spectrum up to
large scales. Massive particles stay put earlier and thus have this effect only on small scales. One speaks
of "hot dark matter" (HDM) if the particle masses are small enough that all fluctuations are wiped out
beyond scales which later correspond to a galaxy. Conversely, "cold dark matter" (CDM) has this effect
only on sub-galactic scales. In the CDM picture smallest structures form first (bottom-up) while in HDM
large structures form first and later fragment into smaller ones such as galaxies (top-down).
One way of presenting the results of calculations of structure formation is to show the expected
power-spectrum of the present-day matter distribution (Fig. 17) which can be compared to the observed
galaxy distribution. The theory of structure formation then predicts the form, but not the amplitude of the
spectrum which can be fit either on large scales to the observed temperature fluctuations of the cosmic

14
15

Fig. 16: The galaxy distribution from the Las Campanas Redshift Survey. The three slices in the northern and southern galactic
caps are each shown projected on top of one another. (Figure courtesy of Huan Lin.)
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Fig. 17: Comparison of matter-density power spectra for cold dark matter (CDM), tilted cold dark matter (TCDM), hot dark
matter (HDM), and mixed hot plus cold dark matter (MDM) for large-scale structure formation [57]. All curves are normalized
to COBE and include only linear approximation; nonlinear corrections become important on scales below about 10 Mpc.

microwave background as observed by the COBE satellite, or else on small scales to the observed galaxy
distribution. Fig. 17 illustrates that hot dark matter (low-mass neutrinos) suppresses essentially all smallscale structure below a cut-off corresponding to a supercluster scale and thus does not seem to be able
to account for the observations. While cold dark matter works impressively well, it has the problem of
producing too much clustering on small scales. Ways out include a primordial power spectrum which is
not strictly flat (tilted dark matter), a mix of cold and hot dark matter, or the assumption of a cosmological
constant.
All of this leaves the question open where the primordial density fluctuations came from. The
standard answer is provided by the inflationary-universe scenario which traces the density fluctuations
to quantum fluctuations in the very early universe which were boosted to macroscopic scales during a
phase of exponential expansion (inflation).
It is also possible that the original "seeds" for structure formation are not density fluctuations of the
primordial medium, but rather topological defects from a primordial phase transition such as "textures"
or "cosmic strings" [59, 60]. However, such scenarios are now widely disfavored because the simplest
gravitational instability picture works so well and because cosmic microwave observations already seem
to rule out at least some variants of these theories [61].
Of course, the most important dark-matter question is if a purely baryonic universe is possible.
Standard big-bang nucleosynthesis already negates this option, and structure formation yields further
counter arguments. A primordial fluctuation spectrum in baryons consistent with the COBE measurements does not allow the observed structure to form until today. Weakly interacting particles fare better because they can begin to form structure earlier than baryonic matter which is held up by photon
pressure until the time of decoupling ("dark matter boost"). One can circumvent this argument by preventing baryon density fluctuations from imprinting themselves on the cosmic microwave background
("isocurvature fluctuations"), leading to "primordial isocurvature baryon" (PIB) scenarios. In view of
the current cosmic microwave background observations, however, such scenarios seem to be essentially
excluded [58].
Currently there is a wide consensus that some variant of a CDM cosmology where structure forms
by gravitational instability from a primordial density fluctuations of the Harrison-Zeldovich type is prob-
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ably how our universe works. Which does not mean, of course, that one should prematurely discard
possible alternatives such as cosmic-string induced structure formation.
3.4 Cosmic Microwave Background
The cosmic microwave background radiation holds such a wealth of information that it has been rightly
termed "The Cosmic Rosetta Stone" [62]. Its very presence in the universe and its uncannily precise
black-body nature are the most striking proofs of the hot big-bang cosmogony. The observation of
tiny angular temperature variations (Fig. 18) with typically 10/iK amplitudes already provides tight

Fig. 18: Sky map of the temperature of the cosmic microwave background radiation in the 53 GHz band of the COBE satellite
after four years of data taking [63]. Top: The dynamical range of the color coding is the temperature T = 2.728 K of the
cosmic microwave background, showing its almost perfect isotropy. Middle: Dynamical range is A T = 3.353 mK so that the
apparent dipole distribution becomes visible which is attributed to the Doppler effect from our motion in the cosmic frame of
reference. Bottom: AT = 18 pK, showing tiny temperature fluctuations on all angular scales down to the resolution of the
experiment. The galaxy occupies the horizontal central band; only the temperature fluctuations at sufficiently large galactic
latitudes can be attributed to the cosmic microwave background rather than to galactic foreground emission.
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constraints on theories of structure formation as outlined in the previous section. Since the first full-sky
COBE maps appeared, a wealth of information from ground-based and balloon-borne measurements on
smaller angular scales for patches of the sky have become available [64].
The important cosmological information is not contained in a coordinate-space sky map as in
Fig. 18 but rather in its statistical properties. One usually considers the power spectrum of the temperature map in a spherical-harmonic expansion. Because of the overall cosmic isotropy one sums over all m
for a given multipole order £ and analyses the power spectrum as a function of L In Fig. 19 the current
data are shown together with theoretical predictions for a standard CDM universe. While there is still
a lot of scatter in the data, they already seem to confirm the appearance of the first "Doppler peak." If
structure forms by initial seeds such as textures or cosmic strings the predicted spectrum would not show
acoustic peaks. Therefore, at least some variants of such models already seem to be ruled out [61].
The predicted pattern of the "acoustic peaks" in the power spectrum is a direct manifestation of
rather fine details of the cosmological model [65]. In Fig. 20 the theoretical predictions are shown for a
standard and an open CDM model. One can easily see how conspicuously the pattern is shifted between
the two models. There are two approved satellite missions, NASA's Millimeter Anisotropy Probe (MAP)
to be launched in 2000 and ESA's Planck Surveyor to be launched around 2004 which will take full-sky
temperature maps at much smaller angular resolutions than COBE could do. Fig. 20 also shows a set
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Fig. 19: Current status of CMB anisotropy observations from COBE and a large number of ground-based or balloon-borne
experiments [64]. Plotted is the equivalent quadrupole moment of a sky map with a flat power spectrum of temperature
fluctuations which provides the experimentally measured point at the angular scale of a given experiment. The theoretical curve
corresponds to a standard CDM model with HM = 1, J2B = 0-05, and h = 0.5. The lower panel shows combined results for a
number of angular bins. While this is not a statistically rigorous procedure it gives a good impression of the overall trend.
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Fig. 20: Temperature power spectra for a standard CDM (SCDM) model with £lu = 1 and h = 0.5, and an open model
(OCDM) with OM = 0.33 and h = 0.6, each time without a cosmological constant [66]. Also shown are examples of expected
data sets for simulated CMB sky maps.

of simulated measurement results for both MAP and Planck if the SCDM or OCDM models happen to
represent our universe. Evidently the cosmological parameters can be pinned down with great precision.
It is thought that these experiments will be able to determine the most important cosmological parameters
eventually on the 1% level, notably the baryon fraction and total dark matter content [67]. There remain
degeneracies between different combinations of parameters, however, which will need to be broken by
other methods.
4
4.1

CANDIDATES AND SEARCHES
Dark Stars (MACHOs)

The existence of huge amounts of dark matter in the universe at large and in our own galaxy in particular
is now established beyond any reasonable doubt, but its physical nature remains an unresolved mystery.
A number of compelling arguments relating to big-bang nucleosynthesis, the amount of x-ray gas in
galaxy clusters, and the small CMB anisotropies in conjunction with theoretical structure-formation arguments negate the possibility of a purely baryonic universe. However, there is a big difference between
compelling yet circumstantial arguments and a direct proof. Therefore, one may still ask if the galactic
dark halo could at all consist of purely baryonic material in some nonluminous form, and if so, how one
should go about to detect it. Moreover, the same arguments which indicate that the universe is not purely
baryonic motivate significant amounts of dark baryons which must be hiding somewhere.
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Assuming there are dark baryons in the galactic halo, which form could they take? Evidently they
are not in the form of normal and thus luminous stars or in the form of hot (and thus shining) or cold
(and thus absorbing) gas or dust. In terms of stellar objects one is thus left with stars which are too
small to shine brightly (brown dwarfs or M-dwarfs) or with burnt-out stellar remnants (white dwarfs,
neutron stars, black holes). Stellar remnants seem implausible because they arise from a population of
normal stars of which there is no trace in the halo. Neutron stars or black holes, in particular, typically
would form in supernova explosions of which there cannot have been too many in the galaxy without
contaminating it with "metals," i.e. elements heavier than hydrogen and helium. The overproduction of
helium also constrains the presence of white dwarfs which are remnants of stars not massive enough to
reach the supernova phase. White dwarfs as a dominant halo component cannot be rigorously excluded.
However, besides the problem of the helium overproduction they would require an extremely special
stellar initial mass function (IMF) with masses strongly peaked between 2 and 8 M 0 (solar mass) to
avoid the overproduction of supernovae (for heavier masses) and of normal stars which would still shine
today. These sort of arguments are explained in more detail in Refs. [68, 69].
For small stars one distinguishes between M-dwarfs with a mass below about 0.1 M 0 which are
intrinsically dim and brown dwarfs with M ^ 0.08 MQ which never ignite hydrogen and thus shine even
more dimly from the residual energy due to gravitational contraction. The stellar mass function rises
towards small masses (most stars are small) so that one expects significant numbers of such obejcts in
the galaxy. However, if the galactic halo were to consist of dim stars would leave one wondering why
this population contains so few higher-mass and thus luminous stars which form so easily in the disk.
In any event, very long-exposure images of the Hubble Space Telescope restrict the possible M-dwarf
contribution of the galactic halo to below 6% [70].
An extrapolation of the stellar mass function to small masses predicts large numbers of brown

Fig. 21: The search for dark matter in the Milky Way. Reprinted with permission of David Simonds (c).

256

dwarfs within normal stellar populations, but their very existence has been difficult to prove [71] with
only one firm candidate now established [72]. While the paucity of luminous stars in the galactic halo
argues against brown dwarfs, they are the most plausible baryonic candidate for the galactic dark matter [68]. This conclusion can be avoided if the halo is very clumpy, allowing for the possibility of gravitationally bound clouds of molecular hydrogen which are very difficult to detect and perhaps clumps of
dim stars [73],
Whatever the merits of the arguments for or against baryonic objects as galactic dark matter,
nothing would be more convincing than a direct detection of the candidates or their exclusion in a search
experiment. Fortunately, in 1986 Paczyfiski proposed an exciting method to search systematically for
faint stars in the halo of our galaxy [74]. His idea is based on the well-known effect [75] that a "pointlike"
mass (deflector) placed between an observer and a light source creates two distinct images as indicated
in Fig. 22. (A nonsingular and transparent mass distribution always yields an odd number of images.)
When the source is exactly aligned behind the deflector (mass M D ) the image would be an annulus
instead ("Einstein ring") with a radius ("Einstein radius") of
where

a =

+d2

(20)

with the distances dit2 as in Fig. 22. Because of differential bending of the "rays" which produce the
images, the image brightnesses will be different from each other and from the single image in the absence
of gravitational lensing. If the two images cannot be separated because their angular distance a is below
the resolving power of the observer's telescope, the only effect will be an apparent brightening of the
star, an effect known as "gravitational microlensing." The magnification ("amplification") factor is

A=

u2

where

(21)

u =

and r is the distance of the deflector from the line of sight.

Observer

Deflector

Source

Fig. 22: Geometry of light deflection by a pointlike mass which yields two images of a source viewed by an observer.

If we imagine a terrestrial observer watching a distant star, and if the galactic halo is filled with
"massive astrophysical halo objects" (MACHOs), one of them will occasionally pass near the line of
sight and thus cause the image of the monitored star to brighten. If the deflector moves with the velocity
v transverse to the line of sight, and if its "impact parameter" (minimal distance to the line of sight) is b,
then one expects an apparent lightcurve as shown in Fig. 23 for several values of b/r^- The natural "unit
of time" is r^/v, the origin was chosen at the time of closest approach to the line of sight.
A convenient sample of target stars is provided by the Large Magellanic Cloud (LMC) which is a
small satellite galaxy of the Milky Way at a distance from us of about 50 kpc. It has enough bright stars,
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Fig. 23: Apparent lightcurve of a source if a pointlike deflector passes the line of sight with a transverse velocity v and
an "impact parameter" b. The vertical axis for the magnification ("amplification") factor A was chosen logarithmically and
multiplied with 2.5 to obtain the usual astronomical logarithmic brightness measure "magnitude" or mag.

it is far enough away so that the line of sight intersects a significant fraction of the galactic halo, and
it is far enough above the galactic plane so that one actually cuts through the halo, not just through the
galactic disk. Any given star in the LMC will be substantially brightened at the time of observation if the
line of sight intersects with the circular cross section ?rr| around some MACHO. If the halo is supposed
to be made of such objects, their number density is inversely proportional to their assumed mass while
7rr| is directly proportional to it. Therefore, the probability for a target star to be lensed at the instance
of observation is independent of the mass of the dark-matter objects. For stars in the LMC one finds a
probability ("optical depth for microlensing of the galactic halo") of ~ 10~6. Put another way, if one
looks simultaneously at ~ 106 stars in the LMC one has a good chance of seeing at least one of them
brightened by a dark halo star.
In order to recognize a lensing event one has to monitor this large sample of stars long enough
to identify the characteristic lightcurve shown in Fig 23. It has the property of being unique, symmetric
about t = 0, and achromatic, three signatures which allow one to discriminate against normal variables
which comprise about 1% of all stars. The typical duration of the apparent brightness excursion is r^/v,
i.e. the time it takes a MACHO to cross an Einstein radius, which depends on the MACHO mass. If the
deflector mass is 1 MQ (solar mass) a mean microlensing time will be 3 months, for 10~2 M 0 it is 9
days, for 10""4 M 0 it is 1 day, and for 10~6 M 0 it is 2 hours.
The microlensing search for dark stars was taken up by the MACHO and the EROS collaborations,
both reporting first tentative candidates toward the LMC in 1993 [76]; the lightcurves for the first three
MACHO candidates are shown in Fig. 24. Because one did not expect the galactic halo to consist
dominantly of dark stars these findings were quite sensational at the time. Meanwhile, more candidates
have appeared, perhaps a dozen or so toward the LMC. Moreover, the galactic bulge has been used
as another target where many more events occur through microlensing by ordinary disk stars. While
observations of the galactic bulge are not sensitive to halo dark-matter stars, they allow one to develop a
good understanding of the microlensing technique itself, and anyhow are interesting as a method to study
the structure of the galactic bulge and disk and their stellar content. It is now established beyond doubt
that the microlensing technique works. Within the past few years it has established itself as a completely
new approach to galactic astronomy, with at least half a dozen collaborations pursuing observations of
various target regions. As a by-product these searches naturally produce a huge database of intrinsically
variable stars which is invaluable to stellar astronomy, independently of the dark-matter problem.
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Fig. 24: Red and blue lightcurves (amplification factors) of the first three microlensing candidates of the MACHO collaboration
toward the LMC [77]. The horizontal axis (time) is measured in days with the zero point at Julian Day 2449000, corresponding
to January 12, 1993.

Far from clarifying the status of dim stars as a galactic dark matter contribution, the results of
the current microlensing results toward the LMC are quite confusing [77, 78, 79, 80]. If one assumes a
standard spherical galactic halo the absence of short-duration events excludes a large range of MACHO
masses as a dominant halo component (Fig. 25). On the other hand, assuming all MACHOs have the same
mass one finds a best-fit mass of about 0.4 M© and a halo fraction which could be anything between about
10% and 100% (Fig. 25). The best-fit mass is characteristic of white dwarfs, but a galactic halo consisting
primarily of white dwarfs is highly implausible and barely compatible with a variety of observational
constraints. On the other hand, if one wanted to attribute the observed events to brown dwarfs (M <
0.08 MQ) one needs to appeal to a very nonstandard density and/or velocity distribution of these objects.
Other explanations involve an unexpectedly large lensing contribution from LMC stars, a thick galactic
disk contribution, an unrecognized population of normal stars on the line of sight to the LMC, and other
speculations, with pros and cons for each hypothesis [81]. At the present time it is absolutely unclear
which sort of objects the microlensing experiments are seeing toward the LMC and where the lenses are.
Meanwhile a first event has appeared in both the MACHO and EROS data toward the Small Mag259
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Fig. 25: Exclusion diagram at 95% C.L. for the halo fraction and mass of the assumed MACHOs [79]. It was assumed that
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blending and finite size effects are ignored in the EROS limits. The dot-dashed and dotted lines on the right are the EROS limits
when 1 or 2 of their candidate events are attributed to MACHOs. The cross is centered on the 95% C.L. permitted range of the
MACHO collaboration for their case of a standard spherical halo [80].

ellanic Cloud (SMC) [82], another galactic satellite at a slightly larger distance than the LMC and about
20° away in the sky. While one event does not carry much statistical significance, its appearance is
consistent with the LMC data if they are interpreted as evidence for halo dark matter. However, this
interpretation would imply a large mass (a few solar masses) for the lens due to the large duration.
Besides more data from the LMC and SMC directions, other lines of sight might provide significant information on the stellar make-up of the galactic halo. Of particular importance is the Andromeda
galaxy (Fig. 2) as a target because the line of sight cuts through the halo almost vertically relative to the
galactic disk. Unfortunately, Andromeda is so far away that one cannot resolve individual target stars for
the microlensing purpose. One depends on the "pixel lensing" technique where one observes the apparent brightening of a single pixel of the CCD camera; one pixel covers the unresolved images of many
stars. At least two groups pursue this approach which already has produced preliminary limits [83].
4.2

Neutrinos

In spite of the puzzling observation of microlensing events toward the Large and Small Magellanic
Clouds which may indicate that some of the galactic dark matter is in the form of dim stars, the case
for a dominant dark-matter component in the form of weakly interacting particles is rather compelling.
A purely baryonic universe is at odds with the baryon fraction implied by big-bang nucleosynthesis and
the amount of x-ray gas in galaxy clusters. Most importantly, the formation of structure by the generic
gravitational instability mechanism does not work with baryons alone, while it is impressively successful
with weakly interacting particles as dark matter.
The only candidates which are currently known to exist are neutrinos. In order to understand if
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Fig. 26: Cosmic neutrino mass density as a function of neutrino mass. The hatched band indicates the range for fih2 which the
dominant particle dark matter component must provide according to Eq. (24).

they could represent the dark matter we need to calculate their cosmic abundance as a function of their
assumed mass. If it is small this is a straightforward exercise; in the framework of the hot big-bang
cosmogony one expects about as many cosmic "black-body neutrinos" as there are microwave photons.
In detail, the cosmic energy density in massive neutrinos is found to be pv = ^ n 7 X) "V with n 7
the present-day density in microwave background photons [5]. The sum extends over the masses of all
sequential neutrino flavors. In units of the critical density this is (Fig. 26)
(22)
The observed age of the universe together with the measured expansion rate yields £lh?
any of the three families

0.4 so that for
(23)

This mass limit is probably the most important astrophysical contribution to neutrino physics because
for vT it improves the experimental limit by about six orders of magnitude.
It is also interesting to ask for a lower limit on Q,h2 which the dominant dark-matter component
must obey. According to Eq. (14) the matter density is limited by Qu. ~ 0.3. Allowing for a significant
baryon fraction indicates that particle dark matter (PDM) should obey flpDM ~ 0.2. Taking h ^ 0.5 as
a lower limit for the expansion rate implies

0.05 <

< 0.4

(24)

as a reasonable range where a given particle dark matter candidate could be all of the nonbaryonic dark
matter (hatched band in Fig. 26). Therefore, neutrinos with a mass 4eV $ m ^ < 40 eV could represent
all of the nonbaryonic dark matter.
There is a second solution at large masses. If the mass significantly exceeds the cosmic temperature at a given epoch, the neutrino density is suppressed by a Boltzmann factor e~ m "/ T . The weak
interaction rates in the early universe become slow relative to the overall expansion when the temperature falls below about 1 MeV. For masses exceeding this weak freeze-out temperature the Boltzmann
suppression occurs while the neutrinos are still in thermal equilibrium, reducing the relic density accordingly. A detailed calculation of the relic density requires an approximate solution of the Boltzmann
collision equation [5]. Apart from a logarithmic correction one finds Q.vh? oc m~ 2 as shown in Fig. 26
for the Majorana case. Dirac neutrinos have a slightly smaller relic density, but in either case neutrinos
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could be the dark matter if their mass was a few GeV. The laboratory limit for v7 of about 20 MeV, and
more restrictive ones for v^ and ue, precludes this possibility among the known sequential flavors.
Low-mass neutrinos, however, are problematic dark matter candidates from the perspective of
structure formation because they represent "hot dark matter" (Sec. 3.3). Forming small-scale structure
such as galaxies would probably require topological defects such as cosmic strings as seeds for the gravitational instability, and even then a scenario consistent with cosmic microwave background constraints
may not be possible.
In addition there is a well-known problem with neutrinos filling the dark-matter haloes of galaxies.
By definition, galactic dark-matter neutrinos would be gravitationally bound to the galaxy so that their
velocity would be bound from above by the galactic escape velocity vesc, yielding an upper limit on
their momentum of pmax = muVesc- Because of the Pauli exclusion principle the maximum number
density of neutrinos is given when they are completely degenerate with a Fermi momentum pmax, i.e. it
is nmax = Pmax/S71"2- Therefore, the maximum local mass density in dark-matter neutrinos is munmax =
m^fgSC/37T2. As this value must exceed a typical galactic dark matter density, one obtains a lower limit
on the necessary neutrino mass. A refinement of this simple derivation is known as the Tremaine-Gunn
limit [9]; for typical spiral galaxies it is about 20 eV [84].
Therefore, dark-matter neutrino masses are squeezed between the upper limit from the overall
cosmic mass density, and the lower limit from the galactic phase-space argument. They are squeezed,
but perhaps not entirely squeezed out. Neutrinos could not be the dark matter of dwarf galaxies where
a mass of a few 100 eV is required by the Tremaine-Gunn argument [84]. However, perhaps the dark
matter in dwarf galaxies is of a different physical nature. At any rate, the galactic phase-space argument
surely disturbs any simple-minded fantasy about neutrinos being the dark matter on all scales.
Neutrinos may still play an important role as dark matter and for structure formation if they are
a subdominant component of a cold-dark matter (CDM) universe. It was discussed in Sec. 3.3 that
CDM produces too much small-scale structure if the primordial density fluctuation spectrum was of the
Harrison-Zeldovich type. This problem can be patched up by invoking a mixed hot plus cold dark matter
(MDM or CHDM) cosmology where the hot component erases enough of the initial power on small
scales to compensate for the overproduction by pure CDM [85]. In a flat universe (£1 = 1) the best fit
is obtained with a total mass in neutrinos corresponding to X) "V = 5 eV with an equipartition of the
masses among the flavors.
The high baryon fraction of galaxy clusters (Sec. 3.2) provides another motivation for a neutrino
dark matter component. If clusters represent a fair sample of the cosmic matter inventory their high
baryon fraction points to a low-0 universe. However, neutrinos are naturally more dispersed than CDM,
providing a less-clustered dark matter background, somewhat alleviating the cluster baryon problem [86].
It will be very difficult to test this hypothesis. A direct detection of cosmic background neutrinos
does not seem to be realistic in the foreseeable future whether or not they have masses. It is possible, of
course, that the requisite neutrino mass will appear in neutrino oscillation experiments; tentative evidence
has already been reported by the LSND Collaboration [87]. The interpretation of their Pe excess counts
in terms of neutrino oscillations implies a ve-Vp, mass difference of order 1 eV or more, pointing to
cosmologically significant neutrino masses. At the present time one has to wait and see if more LSND
data and other experiments, notably KARMEN [88], will confirm this claim.
The LSND claim is not easily compatible with the much smaller neutrino mass differences indicated by the oscillation interpretation of the solar and atmospheric neutrino anomalies. Of course,
oscillation experiments give us information only about the differences of neutrino masses, not about their
absolute values. Therefore, even if these differences are small, all neutrinos could have approximately
equal masses with a common offset from zero which could be much larger than their mass differences.
Such scenarios of "degenerate neutrino masses" are not testable by oscillation experiments so that the
direct searches for a ve mass in the eV range by tritium ^-spectrum experiments and by neutrinoless
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Fig. 27: Power spectrum of the temperature sky map for the cosmic microwave background in a cold dark matter cosmology,
and three variants of mixed dark matter [90].

/J/3-decay experiments remain of great importance. Similarly, the observation of a neutrino signal from
a galactic supernova by a detector like Superkamiokande or the proposed OMNIS [89] would allow one
to detect or exclude sub-eV electron neutrino masses.
In Sec. 3.4 we discussed the enormous power of future cosmic micrwave background observations
to distinguish between different cosmological models. Could one distinguish a pure CDM from a CHDM
universe? In Fig. 27 the expected power spectrum of the angular temperature fluctuations is shown for a
CDM scenario as a solid line. The modified power spectra for three versions of CHDM cosmologies are
also shown. The resolution expected from the future microwave satellites is better than the differences
between these curves. However, there are other unknown parameters such as the overall mass density,
the Hubble constant, the cosmological constant, the baryon fraction, and so forth, which all affect the
expected power spectrum. All of them have to be determined by fitting the power spectrum to the
observations, leading to "degeneracies" in the sense that not all of these parameters can be determined
independently. Therefore, it is probably not possible to identify a small neutrino component by the
microwave data alone. However, in conjunction with the expected precision measurement of the power
spectrum of the matter density from the upcoming Sloan Digital Sky Survey one would be sensitive to
sub-eV neutrino masses, and even amass as small as 0.1 eV would make anonnegligible difference [91].
4.3

Weakly Interacting Massive Particles (WIMPs)

Baryons apparently do not make up the bulk of the cosmic matter. Massive neutrinos are the only alternative among the known particles, but they are essentially ruled out as a universal dark-matter candidate,
even if they may play an important role as a hot component in a universe which is otherwise dominated
by cold dark matter. What is the physical nature of this dominant component?
From the discussion in the previous section and from Fig. 26 it is apparent that neutrinos with a
mass of a few GeV could well play this role. Their relic abundance would be appropriate for the cosmic
dark matter density, and their large mass would guarantee that they became nonrelativistic more than
early enough to avoid the erasure of primordial density fluctuations: they would be cold dark matter.
While the experimental mass limits prevent ue, v^ or vT to play this role, a fourth-generation neutrino
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was a possibility until the CERN measurements of the Z° width showed that there are exactly 3 neutrino
families with mv ^ \rnz — 46 GeV. With a mass exceeding this limit the relic abundance would be too
low (Fig. 26).
The calculation of the relic density which leads to the curve of Fig. 26 assumes that heavy neutrinos
actually can annihilate with each other, i.e. that there are equal numbers of neutrinos and antineutrinos
in the early universe. For Majorana neutrinos which are their own antiparticles this represents no extra
constraint, but for Dirac neutrinos this assumption cannot be taken for granted. After all, the normal
matter in the universe survives its own primordial annihilation only because of the baryon asymmetry
of the universe, and a similar asymmetry could exist in the neutrino sector. Because of the unknown
cosmic asymmetry the relic density of Dirac neutrinos is not calculable so that one might think that a
fourth-generation Dirac neutrino with a mass beyond the Z° -decay limit could well play the role of cold
dark matter. However, this possibility is excluded by the direct experimental searches for galactic dark
matter to be discussed below. (As we shall see their scattering cross section is coherently enhanced so
that they are easier to detect than Majorana neutrinos.) Either way, a heavy fourth-generation neutrino
would have seemed implausible anyway because the particles comprising the dark matter must be stable
on the scale of the age of the universe of about 10 Gyr. There would have been no reason to expect a
massive fourth-generation neutrino to be so long-lived.
However, something like a stable heavy neutrino, a generic Weakly Interacting Massive Particle
(WIMP), still seems like a good possibility because an annihilation cross section given roughly by the
weak scale leaves us with the right relic density and a mass appropriate for cold dark matter. Naturally,
these particles must couple to Z° more weakly than sequential neutrinos or else they, too, would be excluded by the measured Z° decay width. Fortunately, supersymmetric extensions of the particle-physics
standard model naturally motivate the existence of the requisite particles in the form of neutralinos [26].
Supersymmetric extensions of the standard model predict a doubling of the existing particles in
that every bosonic degree of freedom is matched by a supersymmetric fermionic one and vice versa. Normal and supersymmetric particles differ by a quantum number called R-parity which may be conserved
so that the lightest supersymmetric particle (LSP) would have to be stable. If the LSP is the lightest
"neutralino," i.e. the lightest mass eigenstate of a general superposition of the neutral spin-| fermions
expected in this theory, namely the photino (spin-Jj partner of the photon), Zino (spin-| partner of the
Z° boson), and Higgsino (spin-^ partner of a neutral Higgs boson), then we have a perfect ersatz neutrino available. Neutralinos are Majorana fermions so that their cosmic relic density is determined by
the freeze-out from thermal equilibrium along the lines of Fig. 26 rather than by an unknown cosmic
particle-antiparticle asymmetry. Their interactions would be roughly, but not exactly, of weak strength.
In detail their annihilation and scattering cross sections depend on specific assumptions about a given
supersymmetric model and on the values of various parameters within such models.
At the present time no empirical evidence exists that supersymmetric extensions of the standard
model are indeed realized in nature; of course the search for supersymmetric particles is one of the prime
goals for experiments at future accelerators such as the LHC. For the time being the cosmological need
for a suitable cold dark matter candidate is the strongest empirical hint for the reality of the supersymmetric doubling of the elementary particle zoo. The nonobservation of supersymmetric particles at current
accelerators places stringent limits on the neutralino mass and interaction cross section [92].
In the mid-1980s in became clear that even though WIMPs are by definition weakly interacting
particles one can search for them in our galaxy by a variety of methods [26, 93, 94, 95, 96]. The "direct"
approach relies on elastic WIMP collisions with the nuclei of a suitable target, for example a germanium
crystal. Dark-matter WIMPs move with a typical galactic virial velocity of around 300 km s" 1 . If their
mass is 10—100 GeV their energy transfer in such an elastic collision would be of order lOkeV. Therefore, the task at hand is to identify such energy depositions in a macroscopic sample of a target substance.
Of the many ways that have been discussed to achieve this goal, three are of particular importance. First,
one may search for scintillation light, for example in Nal crystals or in liquid xenon. Second, one may
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search for an ionization signal in a semiconductor, notably in a germanium crystal. Third, one may cool
the target (for example a sapphire crystal) to very low temperatures of order 10 mK so that a lOkeV energy deposition causes a measurable temperature increase. This "cryogenic" or "bolometric" approach
employs a variety of methods to measure this heating, for example a superconducting strip attached to
the target which is shifted toward the normal conducting phase by the temperature increase.
The main problem with any such experiment is the extremely low expected signal rate. In detail it depends on the assumed WIMP properties and target material, but a typical number is below
1 event kg" 1 day" 1 , a counting-rate unit usually employed in this field. To reduce natural radioactive
contaminations one must use extremely pure substances and to reduce the background caused by cosmic
rays requires these experiments to be located deeply underground, for example in the Gran Sasso laboratory or the Boulby salt mine in England. All current experiments are essentially background limited at
a level of the order 1 event kg" 1 day" 1 .
Neutrinos scatter on nucleons by virtue of a vector-current and an axial-vector current (spindependent) interaction. For the small momentum transfers imparted by galactic WIMPs such collisions
are essentially coherent over an entire nucleus, leading to an enhancement of the effective cross section. The relatively large detection rate expected in this case allowed one in the late 1980s to exclude
fourth-generation Dirac neutrinos for the galactic dark matter [94].
However, for Majorana neutrinos the vector-current interaction vanishes identically; they interact
only by a spin-dependent force. The coherence over the nucleus now works in the opposite direction:
essentially it is the total spin of the nucleus which is relevant for the scattering rate rather than the
scattering rates summed over the individual nucleons. Therefore, Majorana neutrinos are much more
difficult to detect. Because neutralinos are of the Majorana type one largely depends on their spindependent interaction cross section even though they may have a scalar-exchange contribution, unlike
proper neutrinos which interact only by the exchange of vector bosons.
Currently the best limits on WIMP scattering cross sections come from several germanium experiments [97], the Nal scintillation detectors of the United Kingdom Dark Matter Collaboration (UKDMC)
located in the Boulby salt mine in England [98] and of the DAMA experiment located in the Gran Sasso
National Laboratory near Rome in Italy [99]. In Fig. 28 the current limits for the spin-independent scattering cross section are shown in the usual normalization as a cross section per nucleon which is the only
practical method to compare results from experiments with different target materials. What is also shown
as a shaded region is the detection rate expected for neutralinos in the minimal superymmetric standard
model (MSSM) without universal scalar mass unification [100, 101].
Intruigingly, the current experiments already touch the parameter space expected for supersymmetric particles and thus are in a position where they begin to have a real chance of actually detecting
dark matter. One problem is, of course, how one could attribute a tentative signal unambiguously to
galactic WIMPs rather than some unidentified radioactive background. One signature is the annual signal modulation which arises because the Earth moves around the Sun while the Sun orbits around the
center of the galaxy. Therefore, the net speed of the Earth relative to the galactic dark matter halo varies,
causing a modulation of the expected counting rate because of the modulation of the effective WIMP
velocity distribution seen by the detector. The DAMA/Nal experiment has actually reported tentative
evidence for such a modulation [104] which would point to neutralinos just below their previous exclusion range [105]. At the present time the significance of this signature is very low, and tentative signals
are bound to appear just below the previous exclusion ranges. Still, the good news is that this tentative
claim could be true in the sense that one has reached the sensitivity necessary to find supersymmetric
dark matter.
In the near future large-scale cryogenic detectors will explore a vast space of WIMP-nucleon
cross-sections. The CRESST experiment [102] (Fig. 29) which is located in the Gran Sasso underground
laboratory aims at relatively low WIMP masses with a sensitivity goal indicated by the dotted line in
Fig. 28. It uses sapphire crystals as targets and a purely bolometric technique to measure the heat de265
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Fig. 28: Exclusion range for the spin-independent WIMP scattering cross section per nucleon from the Nal experiments [98,99]
and the germanium detectors [97]. Also shown is the range of expected counting rates for neutralinos in the minimal supersymmetric standard model (MSSM) without universal scalar mass unification [100, 101]. The search goals for the upcoming
large-scale cryogenic experiments CRESST [102] and CDMS [103] are also shown, where CDMS is located at a shallow site
at Stanford, but will improve its sensitivity after the planned move to a deep site in the Soudan mine.

position by WIMP collisions. The CDMS experiment [103] is currently located at a shallow site at
Stanford, but will eventually move to a deep site in the Soudan mine. It uses germanium detectors and
thus can discriminate against backgrounds by measuring simultaneously the bolometric and ionization
signal. Unless WIMPs show up with relatively large interaction cross sections it will be inevitable to use
some form of background discrimination to cover a reasonably large range of supersymmetry-motivated
interaction cross sections.
There exist other "indirect" methods to search for galactic WIMPs [26]. They would annihilate
with a certain rate in the galactic halo, producing a potentially detectable background of high-energy
photons or antiprotons. Moreover, they interact with the matter that makes up the Earth or Sun so that a
small fraction of the WIMPs traversing these bodies will lose enough energy to be trapped and to build
up at their centers. The WIMP annihilation would thus produce high-energy neutrinos from the center
of the Earth and from the Sun which are detectable in neutrino telescopes. The existing limits [106]
already begin to touch the parameter range relevant for supersymmetric dark matter [107]. Put another
way, neutrino telescopes are already competitive with direct experiments at searching for dark matter. It
depends on details of the supersymmetric models and parameters if direct search experiments or neutrino
telescopes have a better chance of finding dark matter neutralinos. Roughly speaking, though, an ice
Cherenkov detector like AMANDA at the south pole [108] requires a km 3 volume to be competitive
with the CDMS-Soudan search goal. It is to be expected that AMANDA can actually be upgraded to this
volume within the next five years or so, providing neutrino astronomy with a good chance of detecting
the dark matter of our galaxy.
4.4

Axions

Axions are a particle dark-matter candidate sui generis in that they are very weakly interacting very lowmass bosons and are yet a candidate for cold dark matter, in apparent defiance of the Tremaine-Gunn
argument. However, contrary to neutrinos or WIMPs, axions were never in thermal equilibrium in the
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early universe; they appear in the form of highly occupied and thus essentially classical oscillations of
the axion field.
The existence of axions is motivated by the CP problem of QCD which consists of the observed
smallness of a possible neutron electric dipole moment relative to a naive QCD expectation which would
put it at roughly the same magnitude as the neutron magnetic dipole moment. Put another way, because
of its nontrivial vacuum structure QCD is expected to produce CP violating effects which are measured
by a parameter 6 which is an angular variable and thus can take on any value between 0 and 2TT. The
experimental limits on the neutron electric dipole moment (a CP-violating quantity) reveal that G ^ 10~9
while there is no a-priori reason why it should not be of order unity. The Peccei-Quinn solution [109]
to this CP problem of the strong interaction ("strong CP problem") is based on re-interpreting © as a
physical field by virtue of © -» a{x)/fa, where a(x) is the pseudoscalar axion field while fa is an
energy scale known as the Peccei-Quinn scale or axion decay constant. The main aspect of the PecceiQuinn mechanism is that the CP-violating Lagrangian produces a potential which drives the axion-field
to the CP-conserving position corresponding to © = 0 so that CP violation is switched off by its own
force. This dynamical way of restoring CP conservation can be pictured in an intruiging mechanical
analogy devised by Sikivie [110].
The unavoidable quantum excitation of the new field are the axions [111]. Apart from modeldependent fine points, all of their properties are fixed by the value of fa; for reviews see Refs. [112]. Phenomenologically, axions are closely related to neutral pions; they mix with each other with an amplitude
of about fn/fa where /„• = 93 MeV is the pion decay constant. Therefore, the axion mass and interactions follow roughly by scaling the corresponding TT° properties with fv/fa; for example, mafa RJ m^f^.
The axion couplings to photons or nucleons is inversely proportional to fa and thus arbitrarily small if
fa is sufficiently large. Analogous to TT0 axions have a two-photon coupling Caj = ga^ • B a where
E and B are the electric and magnetic field strengths. The coupling constant is gai = —a/2irfa times
a model-dependent factor of order unity. Thus far axions have not been detected in any laboratory experiment. In addition, their interaction strength can be constrained by demanding that they do not carry
away more energy from the interior of stars than is compatible with astronomical observations [113].
The limits on fa and ma thus obtained imply that axions must be very light (ma ^ 10~2 eV) and very
weakly interacting if they exist at all.
In order to understand the cosmological evolution of axions note that in concrete implementations
of the Peccei-Quinn mechanism the axion field is interpreted as the phase of a new Higgs field $ ( s )
which undergoes the spontaneous breakdown of a chiral U(l) symmetry, the Peccei-Quinn symmetry.
The potential which causes the symmetry breaking is a "Mexican hat" with a vacuum expectation value
of the ground state somewhere in the rim of the hat. The axion field is the angular degree of freedom,
i.e. the axion is the Nambu-Goldstone boson of the spontaneously broken Peccei-Quinn symmetry. In
the very early universe when the temperature falls below fa the Peccei-Quinn symmetry breaks down,
meaning that $(x) needs to find its minimum somewhere in the rim of the Mexican hat, i.e. it needs to
choose one value for the axion field a(x) or equivalently for the CP-violating QCD parameter ©. Later at
a temperature T = AQCD ~ 200 MeV the QCD phase transition occurs which implies that the potential
for the axion field is switched on, driving it to the CP-conserving minimum. One may equally say that at
the QCD phase transition the Peccei-Quinn symmetry is explicitly broken, that the Mexican hat tilts, or
that the axion mass turns on. The axion no longer is a (strictly massless) Nambu-Goldstone boson, it has
become a (low-mass) pseudo Nambu-Goldstone boson.
The initial "misalignment" ©^ of the axion field relative to the CP-conserving minimum of the
QCD-induced potential sets the axion field into motion and thus excites coherent oscillations [114].
They correspond to an axionic mass density of the present-day universe of about
nah2 « 1.9 x 4 ± 1 (/ieV/m a ) 1 - 1 7 5 0f J F(0 i ).

(25)

The stated range reflects recognized uncertainties of the cosmic conditions at the QCD phase transition
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and uncertainties in the calculation of the temperature-dependent axion mass. The function F(@) with
F(0) = 1 encapsules anharmonic corrections to the axion potential. If ©2 is of order unity, axions
with ma = O(l/j,eV) provide roughly the cosmic closure density. The equivalent Peccei-Quinn scale
fa = C?(1012 GeV) is far below the GUT scale so that one may speculate that cosmic inflation, if it
occurred at all, did not occur after the PQ phase transition.
If it did not occur at all, or if it did occur before the PQ transition with Treheat > fa, the axion
field will start with a different Qi in each region which is causally connected at T « fa. Then one has
to average over all regions to obtain the present-day axion density. More importantly, because axions are
the Nambu-Goldstone mode of a complex Higgs field after the spontaneous breakdown of a global U(l)
symmetry, cosmic axion strings will form by the Kibble mechanism [115]. The motion of these global
strings is damped primarily by the emission of axions rather than gravitational waves. At the QCD phase
transition the U(l) symmetry is explicitly broken (axions acquire a mass) causing domain walls bounded
by strings to form which get sliced up by the interaction with strings. The whole string and domain-wall
system will quickly decay into axions. This complicated sequence of events leads to the production of
the dominant contribution of cosmic axions where most of them are produced near the QCD transition.
After they acquire a mass they are nonrelativistic or mildly relativistic so that they are quickly redshifted
to nonrelativistic velocities. The proper treatment of axion radiation by global strings is difficult and
has been partly controversial. However, taking account of all recognized uncertainties one arrives at a
plausible range for the mass of dark-matter axions between a few /j.eV and a few meV.
The axions produced by strings or the misalignment mechanism were never in thermal equilibrium; the field modes are highly occupied, forming something like a Bose-Einstein condensate. Axions
are nonrelativistic almost from the start and thus form cold dark matter, in spite of their small mass. If the
axion interaction were sufficiently strong (/ a ^ 108 GeV) they would have come into thermal equilibrium before the QCD phase transition, leading to an axion background in analogy to the one expected for
neutrinos [116]. However, this parameter range is excluded by the astrophysical arguments which imply
that axions interact so weakly that they have never come into thermal equilibrium in the early universe.
They cannot provide a hot dark matter component.
If axions are the galactic dark matter one can search for them in the laboratory. The detection principle is analogous to the Primakoff effect for neutral pions which can convert into photons in the presence
of an external electromagnetic field due to their two-photon vertex (Fig. 30). Dark matter axions would
have a mass in the /xeV to meV range. Because they are bound to the galaxy their velocity dispersion
is of order the galactic virial velocity of around 10~3c so that their kinetic energy is exceedingly small
relative to their rest mass. Noting that a frequency of 1 GHz corresponds to 4 jueV the Primakoff conversion produces microwaves. Because the galactic axions are nonrelativistic while the resulting photons
are massless the conversion involves a huge momentum mismatch which can be overcome by looking
for the appearance of excitations of a microwave cavity rather than for free photons.

a

Fig. 30: Primakoff conversion of axions into photons in the presence of an external electromagnetic field.

An axion search experiment thus consists of a high-Q microwave resonator placed in a strong
external magnetic field ("axion haloscope" [117]). The microwave power output of such a cavity detector
on resonance is [117,118]
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where V is the cavity volume, B the applied magnetic field strength, C a mode-dependent form factor
which is largest for the fundamental TOio mode, Q the loaded quality factor, and pa the local galactic
axion density. This is indeed a weak microwave signal! If ma were known it would be easy to detect
galactic axions with this method. One may verify or reject a tentative signal by varying, for example,
the applied magnetic field strength. Therefore, contrary to the WIMP experiments it would be hard to
mistake a background signal for a dark-matter signature. The problem is, of course, that ma is not known
so that one needs a tunable cavity, stepping its resonance through as large a frequency range as possible
and to look for the appearance of microwave power beyond thermal and amplifier noise.
Two pilot experiments of this sort [119,120] have excluded the range of axion masses and coupling
strengths indicated in Fig. 31. Evidently, for a standard local halo density of about 300 MeV cm~ 3 they
were not sensitive enough to reach realistic axion models. Two current experiments with much larger
cavity volumes, however, have the requisite sensitivity; their search goals are depicted in Fig. 31. In its
current setup, the Livermore experiment [121] uses conventional microwave amplifiers which limit the
useful cavity temperature to about 1.4 K. The Kyoto experiment CARRACK [122], on the other hand
uses a completely novel detection technique based on the excitation of a beam of Rydberg atoms which
passes through the cavity. This is essentially a counting method for microwaves which does not require
a (noisy) amplifier so that one can go to much lower physical cavity temperatures. This enhances the
sensitivity and also allows one to use smaller cavity volumes and thus to search for larger axion masses.
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Fig. 31: Current limits on galactic dark matter axions from the University of Florida (UF) [119] and the Rochester-BrookhavenFermilab (RBF) [120] search experiments and search goals of the current Livermore [121] and Kyoto [122] experiments. It was
assumed that the local galactic axion density is 300 MeV cm" 3 .

In summary, the second generation axion experiments have reached a sensitivity where they may
well turn up axion dark matter during their expected running time of a few years. If they fail to find
axions it would be extremely important to extend the experimental search into a regime of larger masses
toward the meV scale.
4.5

Primordial Black Holes

Stellar-remnant black holes collapse from baryonic material and are thus probably excluded as darkmatter candidates [68]. Primordial black holes which form before big-bang nucleosynthesis, on the other
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hand, are perfect cold dark matter candidates; in a sense they are just particularly fat WIMPs. The
microlensing observations of apparent MACHOs as a significant dark-matter component of the galactic
halo has revived the interest in these objects. The main objection against them is the lack of a plausible
mechanism for making them in the early universe, even though there have been some intruiging recent
suggestions [123]. In any event, as long as particle dark matter remains undiscovered the option of
primordial black holes as a CDM candidate should not be forgotten.
4.6

Modified Gravity

The hypothesis of particle dark matter requires nontrivial and perhaps bewildering extensions of the
particle-physics standard model. As long as the nature of dark matter has not been positively identified it
may seem no more radical to try to modify general relativity such that there is no need for dark matter. It
has sometimes been argued that the hypothesis of dark matter is just a parametrization of our ignorance
of the physical laws which apply on large astrophysical scales where no independent test of the validity
of general relativity exists that would not involve the hypothesis of dark matter.
In one phenomenological approach known as MOND for Modified Newtonian Dynamics [124]
gravitational accelerations a below a certain limit ao are given by a 2 /ao = G^M/r2, where G N is
Newton's constant. With ao « 10~8 cms" 2 this approach is surprisingly successful at explaining a broad
range of dark-matter phenomena related to dwarf galaxies, spiral galaxies, and galaxy clusters [124,125].
Unfortunately, MOND lacks a relativistic formulation so that it cannot be applied on cosmological scales.
One covariant alternative to general relativity is a conformally invariant fourth-order theory [126].
In the nonrelativistic regime it leads to a linear potential in addition to the Newtonian r~l term. It
explains at least some of the galactic and cluster dark-matter problems.
Before modifications of general relativity can be taken seriously they must pass relativistic tests.
An important case are galaxy clusters where large amounts of dark matter are indicated by nonrelativistic
methods (virial theorem) as well as by relativistic indicators (gravitational lensing, notably giant arcs).
Because virial and lensing masses seem to agree well in several cases, scalar-tensor extensions of general
relativity are in big trouble, if not ruled out entirely [127]. One way out could be a certain preferred-frame
theory which can reproduce the MOND phenomenology as well as the lensing effects [128].
Apparently, no serious attempt has been made to discuss truly cosmological phenomena such
as structure formation and cosmic microwave background distortions in the framework of alternative
theories of gravity. At the present time it is not known if a covariant theory of gravity exists that can
explain the dark-matter problems on all scales. However, as long as the nature of dark matter has not
been identified one should keep an open mind to such possibilities!
5

CONCLUSION

There is now little doubt that the dynamics of the universe on galactic scales and above is dominated
by dark matter which almost certainly is not in the form of objects which are familiar to us. Much
of the evidence points in the direction of a cosmic background of new weakly interacting particles, with
neutralinos, axions, and neutrinos the favored options because they are well motivated by particle-physics
theory for reasons other than pleasing the astronomers. At the present time the existence of dark matter
is perhaps the strongest empirical evidence for particle physics beyond the standard model.
Over the past decade one has become used to the idea that most of the stuff in the universe consists of nonbaryonic matter. Yet this remains a radical conjecture which has often been likened to the
Copemican revolution when Earth and with it Man was moved from the center of creation to some unspectacular average position. Probably the next big step in the Second Copernican Revolution will be the
final deciphering of the "Cosmic Rosetta Stone" in the form of precision measurements of the angular
temperature fluctuations of the cosmic microwave background which will confirm or refute the apparent discrepancy between the baryon content of the universe and its dynamical mass density. Even then,
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however, this second revolution will not be complete without a direct and positive identification of the
dark matter particles or objects. Therefore, the search experiments for galactic dark matter as well as
the laboratory searches for supersymmetric particles and neutrino masses are among the most important
scientific enterprises in our attempt to understand the universe.
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A QUANTUM THEORY OF 2D SPACE-TIME
J. AMBJ0RN
The Niels Bohr Institute,
Blegdamsvej 17, 2100 Copenhagen 0 , Denmark
Abstract
I review our understanding of the fractal structure of quantum space-time. The
fractal structure of space-time arises in the same way as the "path" of a scalar
particle is "fractal", i.e. has Hausdorff dimension 2. Presently we only have
a mathematical well defined quantum theory for two-dimensional geometries
and the review concentrates on presenting the most elementary aspects of this
theory in a concise way.
1

INTRODUCTION

The free relativistic particle provides us with the simplest example of "quantum geometry". The action
of a free relativistic particle is just the length of its world line1 in Rd. The classical path between two
space-time points x and y is just the straight line. The system is quantized by summing over all paths Pxy
from x to y with the Boltzmann weight determined by the classical action, which is simply the length
L{Pxy) of the path. We write for the relativistic two-point function:

G(x,y) = JVP

xy
xy

e~mL(p*»\

(1)

where m is the mass of the particle. The measure on the set of geometric paths Pxy can be defined and
are related in a simple way (see [1]) to the ordinary Wiener measure on the set of parameterized paths2.
One of the main features of this measure is that a "typical" path has a length
-\x-y\2,

Lxy~

(2)

where e is some cut-off. We say that the fractal dimension of a typical random path is two.
The generalizations of (2) go in various directions: one can consider higher dimensional objects
like strings. The action of a string will be the area A of the world sheet F swept out by the string moving
in Rd. If we consider closed strings the quantum propagator between two boundary loops L\ and L 2 will
be

j

A

^

\

(3)

where the integration is over all surfaces in Rd with boundaries L\ and Li. Alternatively, we can for
manifolds of dimensions higher than one consider actions which depend only on the intrinsic geometry
of the manifold. The simplest such action is the Einstein-Hilbert action, here written for a n-dimensional
manifold M:
S{s) = A /
JM

d ^ v ^ - T ^ /
V

dn{y/&)R(O,

IDTTG JM

(4)

V

where g is the metric on M and R the scalar curvature defined from g. Quantization of geometry means
that we should sum over all geometries g with the weight e~s^9\ The partition function will be
(5)
'in the following we will always be working in Euclidean space-time.
The geometric paths are just parameterized paths up to diffeomorphisms.

2
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where the integration is over all equivalence classes of metrics, i.e. metrics defined up to diffeomorphisms. One can add matter coupled to gravity to the above formulation. Let Sm(<f), g) be the diffeomorphism invariant Lagrangian which describes the classical dynamics of the matter fields in a fixed
background geometry defined by g and let A denote the coupling constants of the scalar fields. The
quantum theory will be defined by

Z{A,G,\) = ( V[g]V<t> e-s^-s™{^9).

(6)

Two-dimensional quantum gravity is particularly simple. As long as we do not address the question
of topology changes of the underlying manifold M, the Einstein-Hilbert action (4) simplifies since the
curvature term is just a topological constant, and we can write
r

i

S(g) = A / d2£ Jg(O
JM

v

(two dimensions).

(7)

Classical string theory, as defined by the area action A(F), has an equivalent formulation where an
independent intrinsic metric g(£) is introduced on the two-dimensional manifold corresponding to the
world sheet and where the coordinates of the surface, x(£) € Rd, are viewed as d scalar fields on the
manifold with metric #(£). The quantum string theory will then be a special case of two-dimensional
quantum gravity coupled to matter, as defined by (6), with S(g) given by (7). In the following we will
study this theory, with special emphasis on pure two-dimensional quantum gravity, i.e. two-dimensional
quantum gravity without any matter fields.
2

A TOY MODEL: THE FREE PARTICLE

It is instructive first to perform the same exercise for the free relativistic particle given by (1). In this
case one can approximate the integration over random paths by the summation and integration over the
class of piecewise linear paths where the length of each segment of the path is fixed to a, i.e. we make
the replacement

f vpxy
where e^ denote unit vectors in Rd and ]T Fx is a symbolic notation of the summation and integration
over the chosen class of paths. The action is simply mo • na for a path with n "building blocks". A
"discretized" two-point function is then defined by

Ga(x,y;m0)

=

The integration over the unit vectors is most easily performed by a Fourier transformation with removes
the 5-function:

Ga(p;m0) = [dxe-^-^Gaix^mo)
J

= £ e - m o O B [Rd* e" i a ^.

(10)

J

Since

the final expression for Ga(p; mo) becomes

Ga(p;mo) = E(e m o VM) n = ^,-Lj^y
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02)

In the following we only need the following properties of f{ap):
= f(0)(l-c2(ap)2+

•••),

In order to obtain the continuum two-point function we have to take a -> 0 and this involves a renormalization of the bare mass mo as well as a wave-function renormalization. Let us define the physical mass
mphby

^

2

l

^M

a

(13)

With this fine tuning of the bare mass TUQ we obtain for a ->• 0
Ga(p;rno) ~ a'2 Gcont(p\mph),

(14)

where the continuum two-point function of the free relativistic particle is
P 2 + mph
The prefactor I/a2 in eq. (14) is a so-called wave-function renormalization. It is related to the short
distance behavior of the propagator as will be discussed below.
2.1

Scaling relations and geometry

It is worth rephrasing the results obtained so far in terms of dimensionless quantities and in this way
make the statistical mechanics aspects more visible. Introduce fj, = rriQa and q = ap and view the
coordinates in Rd as dimensionless. The steps in the discretized random walk will then be of length 1
and (12) reads

C,to) = £ . - - / ( , ) = _ _ ^ _ .

(,5)

It is seen that /i acts like a chemical potential for inserting additional sections in the piecewise linear
random walk and that we have a critical value \ic = log /(0) such that the average number of steps of
the random walk diverge for [i ^t p,c from above. This is why we can take a continuum limit when
/x —> /i c . In fact, the relation (13) becomes
fj, - nc ~ mlha2,

(16)

a(M) = m p - /l 1 (M-^c) 1/2 .

(17)

which defines a as a function of /x:

Further, we see that the so-called susceptibility diverges as /j, —>• fj,c:

These considerations can be understood in a more general framework. It is not difficult to show
that G^ix) has to fall off exponentially for large x under very general assumptions concerning the probabilistic nature of the (discretized) random walk. It follows from standard subadditivitive arguments. In
essence, they say that the random walks from x to y which pass through a given point z constitute a
subset of the total number of random walks from x to y. This implies that

GV(z,y)~e-mWI*-^
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for \x - y\ » - \ -

(19)

Let us now assume that
for fj, ->• /i c .

m(fi) -i- (/i - fj,^

(20)

In order that G^x, y) has a non-trivial limit for /J, -> /i c we have to introduce the following generalization of (16)
m(n) = mpha{fj,), xph =xa(/j.), i.e. a{n) ~ (// - /ic)".
(21)
It is clear that m(/i) has the interpretation as inverse correlation length (or a mass). If the mass m(/x)
goes to zero as p. —> ^JC the two-point function G^x, y) will in general satisfy a power law for \x — y|
much less that the correlation length:
(22)

Finally the susceptibility is defined as in (18):

= fddx Gp(x,

(23)

where the critical exponents v, 77 and 7 (almost) by definition satisfy
7 = y(2 - 77)

(Fisher's scaling relation).

(24)

For the random walk representation of the free particle considered above we have:

Let us now show that \jv is the extrinsic Hausdorff dimension of the random walk between x and
y. The average length of a path between x and y is equal
L(Pxy) e-WP*,)
)

dlogg,(s,y)
d^
•

-

(26)

For I a; — y| sufficiently large, such that (19) can be used, we have
(Lxy)~m'(n)\x-y\.

(27)

However, the continuum limit has to be taken in such a way that
m{fi)\x

-y\= mph\xph

- yPh\,

(28)

i.e. independent of /i for fj, -> /J,C. From (20) and (28) we obtain

I2M

!

m(/i)

ju -

H x

_

y |i/*.

(29)

We define the extrinsic Hausdorff dimension by
(30)

and we conclude that the critical exponent v is related to the extrinsic Hausdorff dimension d^j by
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2.2

Summary

Above it has been shown how it is possible by a simple, appropriate choice of regularization of the set
of geometric paths from x to y to define the measure VPxy. One of the basic properties of this measure,
namely that a generic path has c%' = 2 was easily understood. It is important that the regularization is
performed directly in the set of geometric paths. In this way it becomes a reparameterization invariant
regularization of T>Pxy. The regularization can be viewed as a grid in the set of geometric paths, which
becomes uniformly dense in the limit [i —>• \ic or alternatively a(fj.) —> 0. The Wiener measure itself is
defined on the set of parameterized paths and will not lead to the relativistic propagator..
3

THE FUNCTIONAL INTEGRAL OVER 2D-GEOMETRIES

As described above the partition function for two-dimensional geometries is

Z{A) = fv[g] e~AV°,
J

Vg = f d2^^).

(32)

JM

It is sometimes convenient to consider the partition function where the volume V of space-time is kept
fixed. We define it by

Z(V) = Jv[g]6(V-Vg),

(33)

such that

Z(A) = f
Jo

dV e-VAZ(V).

(34)

It is often said that two-dimensional quantum gravity has little to do with four-dimensional quantum gravity since there are no dynamical gravitons in the two-dimensional theory (the Lagrangian is
trivial since it contains no derivatives of the metric). However, all the problems associated with the definition of reparameterization invariant observables are still present in the two-dimensional theory, and the
theory is in a certain sense maximal quantum: from (33) it is seen that each equivalence class of metrics
is included in the path integral with equal weight, i.e. we are as far from a classical limit as possible. Thus
the problem of defining genuine reparameterization invariant observables in quantum gravity is present
in two dimensional quantum gravity as well. Here we will discuss the so-called Hartle-Hawkings wavefunctionals and the two-point functions. The Hartle-Hawking wave-functional is defined by

W(L-A))= [v[g]e-s^<V

(35)

JL

where L symbolizes the boundary of the manifold M. In dimensions higher than two one should specify
(the equivalence class of) the metric on the boundary and the functional integration is over all equivalence
classes of metrics having this boundary metric. In two dimensions the equivalence class of the boundary
metric is uniquely fixed by its length and we take L to be the length of the boundary. It is often convenient
to consider boundaries with variable length L by introducing a boundary cosmological term in the action:

S(g; A, A6) = A / d 2 £V ^ ( 0 + AB f da,
JdM

JM

(36)

where ds is the invariant line element corresponding to the boundary metric induced by g and A^ is
called the boundary cosmological constant. We can then define

W{AB,A) = Jv[g}e-s^'A'As\

(37)

The wave-functions W(L; A) and W(AB, A) are related by a Laplace transformation in the boundary
length:
W(A B ,A)=/ dLe~ABLW{L;A).
Jo
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(38)

The two-point function is defined by

G(R;A) = Jv[g) e " 5 ^ jj d^yf^) d2V]f^n) 6{Dg{$,r,) - R),

(39)

where Dg (£, rj) denotes the geodesic distance between £ and rj in the given metric g. Again, it is sometimes convenient to consider a situation where the space-time volume V is fixed. This function, G(R; V)
will be related to (39) by a Laplace transformation, as above for the partition function Z:
/•oo

G(R;A)= /
Jo

dVe-VAG(R;V).

(40)

It is seen that G(.R; A) and G(R; V) has the interpretation of partition functions for universes with two
marked points separated a given geodesic distance R. If we denote the average volume of a spherical
shell of geodesic radius R in the class of metrics with space-time volume V by Sv(R), we have by
definition
G{R V)
q

'

(m

One can define an intrinsic fractal dimension, d#, of the ensemble of metrics by

lim SV(R) ~ -R^" 1 ^ + 0{R)).

(42)

Ft—fO

Alternatively, one could take over the random walk definition of d#. According to this definition
^ »

(43)

for a suitable range of R related to the value of A. I will show that the two definitions agree in the case of
pure gravity. Eq. (42) can be viewed as a "local" definition of du, while eq. (43) is "global" definition.
Since the two defintions result in the same dn two-dimensional gravity has a genuine fractal dimension
over all scales.
Eq. (33) shows that the calculation of Z(V) is basically a counting problem: each geometry,
characterized by the equivalence class of metrics [g], appears with the same weight. The same is true for
the other observables defined above. One way of performing the summation is to introduce a suitable
regularization of the set of geometries by means of a cut-off, to perform the summation with this cut-off
and then remove the cut-off, like in the case of geometric paths considered above.
3.1

The regularization

The integral over geometric paths were regularized by introducing a set of basic building blocks, "rods
of length a", which were afterwards integrated over all allowed positions in Rd. Let us imitate the same
construction for two-dimensional space-time [2, 3, 4]. The natural building blocks will be equilateral
triangles with side lengths e, but in this case there will be no integration over positions in some target
space3. We can glue the triangles together to form a triangulation of a two-dimensional manifold M with
a given topology. If we view the triangles as flat in the interior, we have in addition a unique piecewise
linear metric assigned to the manifold, such that the volume of each triangle is dA£ — \/3£ 2 /4 and the
total volume of a triangulation T consisting of N-r triangles will be NxdA£, i.e. we can view the triangulation as associated with a Riemannian manifold (M, g). In the case of a one-dimensional manifold
the total volume is the only reparameterization invariant quantity. For a two-dimensional manifold M
the scalar curvature R is a local invariant. This local invariance in present in a natural way when we
consider various triangulations. Each vertex v in a triangulation has a certain order nv. In the context of
3

We could introduce such embedding in Rd, but in that case we would not consider two-dimensional gravity but rather
bosonic string theory, where the embedded surface was the world sheet of the string, as already mentioned above [3, 5].
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two-dimensional piecewise linear geometry, curvature is located at the vertices and is characterized by a
deficit angle

A* = | ( 6 - r v ) ,

(44)

such that the total curvature of the manifold is

From this point of view a summation over triangulations of the kind mentioned above will form a grid
in the class of Riemannian geometries associated with a given manifold M. The hope is that the grid is
sufficient dense and uniform to be able the describe correctly the functional integral over all Riemannian
geometries when e —> 0.
We will show that it is the case by explicit calculations, where some of the results can be compared
with the corresponding continuum expressions. They will agree. But the surprising situation in twodimensional quantum gravity is that the analytical power of the regularized theory seems to exceed that
of the formal continuum manipulations. Usually the situation is the opposite: regularized theories are either used in a perturbative context to remove infinities order by order, or introduced in a non-perturbative
setting in order make possible numerical simulations. Here we will derive analytic (continuum) expressions with an ease which can presently not be matched by formal continuum manipulations.
3.2

The Hartle-Hawking wave-functional

Let us calculate the discretized version, w(\fj.) of the Hartle-Hawking wave-functional
W(AB,A),
defined by (37). We assume the underlying manifold M. has the topology of the disk. First note that the
discretized action corresponding to (36) can be written as
ST{v,\) = vNT + \lT,

(46)

where the given triangulation T also defines the metric, NT and IT denote the number of triangles and
the number of links at the boundary of T, respectively, while /J, and A are the dimensionless "bare"
cosmological and boundary cosmological coupling constants corresponding to A and A#. We can now
write

™(A,/i)=5>- 5 ^),

(47)

T

where the summation is over all triangulations of the disk. Until now I have not specified the class of
triangulations. The precise class should not be important, by universality, since any structure not allowed
at the smallest scale by one class of triangulations can be imitated at a somewhat larger scale. Thus, it is
convenient to choose a class of "triangulations" which results in the simplest equation. They are defined
as the class of complexes homeomorphic to the disk that can be obtained by successive gluing together
of triangles and a collection of double-links which we consider as (infinitesimally narrow) strips, where
links, as well as triangles, can be glued onto the boundary of a complex both at vertices and along links.
Gluing a double-link along a link makes no change in the complex. An example of such a complex is
shown in fig. 1.
By introducing
g

= e-",

we can write (47) as
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z

= e\

(48)

Fig. 1: A typical unrestricted "triangulation".

Fig. 2: Graphical representation of eq. 51.

where u>k,i is the number of triangulations of the disk with k triangles and a boundary of / links. We
see that w(z,g) is the generating Junction 4 for {wi^}. The generating function w(z,g) satisfies the
following equation, depicted graphically infig.2,

w(z,g) = zgw(z,g) + -w2{z,g).

(50)

This equation is not correct from the smallest values of of the boundary-length I, as is clear from fig. (2),
since all boundaries on the right-hand of the equation have a boundary length I > 1. Denote by w\(g)
the generating function for triangulations of the disk with a boundary with only one link (see eq. (49)).
The correct equation which replaces (50) is

[w(z,g)

1

wi(g)\

1

— j + -w

(51)

if we use the normalization that a single vertex is represented by 1/z. This equation is similar in spirit to
the equation studied by Tutte in his seminal paper[6] from 1962, and it can by shown that it has a unique
solution where all coefficients w^k are positive. The solution is given by
- C2(g))y/{z-c+(g))(z-c-(g)f) ,

(52)

where c-(g), c+(g) and C2(g) are analytic functions of g in a neighborhood of g = 0, with the initial
conditions
02(0) = 1, c+(0) = 2, ,c_(0) = - 2 .
(53)
4

In (49) I have used 1/z rather than z as indeterminate for {ivi.k} for later convenience, and for the same reason multiplied
(49) by an additional factor 1/z relatively to (47).
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Fig. 3: A boundary graph with no internal triangles.

Thus, for g = 0 we have
(54)
where the coefficients u>2i have the interpretation as the number of boundaries with no internal triangles,
see fig. 3. We have

i.e. the number of such boundaries grows exponentially with the length I. We can view ljz as the socalled fugacity5 for the number of boundary links, and the radius of convergence (here 1/2) can be
viewed as the maximal allowed value of the fugacity. When z approaches zc(0) = 2 the average length
of a typical boundary will diverge. In the same way g acts as the fugacity for triangles. As g increases the
average number of triangles will increase, and at a certain critical value gc some suitable defined average
value of triangles will diverge. In terms of the coefficients w^k in (49) it reflects an exponential growth
of witk for k —>• oo, independent of I, i.e. the functions wi(g) all have the same radius of convergence
gc. For a given value g < <?c we have a critical value zc(g) at which the average boundary length will
diverge. As g increases towards gc, zc(g) will increase towards zc = zc(gc).
From the explicit solutions for c±(g) and co(g) it is found that
(56)

= zc = c2{gc)/gc
and near gc we have, with Ag = gc — g:

,

c2{g) = zcgc(\ -

y/Eg).

(57)

In particular, gc is the radius of convergence for c+(g) and C2{g).
It is now possible to define a continuum limit of the above discretized theory by approaching the
critical point in a suitable way:
g(A) = gc(l - As2),

z = zc{\ + ABe).

(58)

If we return to the relations (48) between g and /J, and z and A, respectively, we can write (58) as follows:
H - nc = As2,
5

X - Xc = A B e ,

The fugacity / is related to the chemical potential n by / =
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(59)

where /zc and Ac correspond to gc and zc, respectively. We can now, as is standard procedure in quantum
field theory, relate coupling constants /J, and A to A and A# by an additive renormalization. The dimensionless coupling constants (J, and A are associated with so-called bare coupling constants AQ and ABO
as follows:

+ XlT = ^NTe2
£

+ -le = Ao f d2^
£

+ A B0 /

JM

da.

(60)

JdM

We can now interpret (59) as an additive renormalization of the bare coupling constants:
Ao = ^ + A,

A B 0 = — + AB.

(61)

This additive renormalization is to be expected from a quantum field theoretical point of view since both
coupling constants have a mass-dimension.
Using the known behavior (57) of c±(g) and ci{g) in the neighborhood gc, we get from (52)
(except for the first two terms with are analytic in g and therefore "non-universal" terms 6 which can be
shown to play no role for continuum physics):
w(z,g)~e3/2W(AB,A)

(62)

where [7, 8]

W(AB,A) ~ (Afl - \^)\JAB

+ VI.

(63)

Again, the factor e 3 / 2 has a standard interpretation in the context of quantum field theory: it is a wavefunction renormalization.
By an inverse discrete Laplace transformation one obtains w(l, g) from w(z, g), and by an ordinary
inverse Laplace transformation one obtains

W{L, A) = L~5/2(l + LVX) e~LVX.
3.3

(64)

The two-point function

Let us return to the calculation of G(R; A). Using the regularization we define a geodesic two-loop
function by
G>(fi,/2;r) = £ e - " " T ,
(65)
T

and the class of triangulations which enters in the sum have the topology of a cylinder with an "entrance
loop" of length l\ and with one marked linked, and an "exit loop" of length h and without a marked link,
the loops separated by a geodesic distance r, see fig. 4. We say the geodesic distance between the exit
loop and the entrance loop is r if each point on the exit loops has a minimal geodesic distance r to the set
of points on the entrance loop. Note the asymmetry between exit and entrance loops in the definition. On
the piecewise linear manifolds geodesic distances are uniquely defined. However, it is often convenient
to use a graph-theoretical definition, since this makes combinatorial arguments easier. Here I define the
geodesic distance between links (or vertices) as the shortest path along neighboring triangles.
Gfi{h,h\V>) satisfies an equation [9], which is essentially equivalent to the equation satisfied
by the Hartle-Hawking wave function w(l, /i) for a disk with boundary length /. It is obtained by a
deformation of the entrance loop:
G^luh^r)

h-2
= gG^l + l,l;r) + 2^2 w{l^)G,,(li ~ I ~ 2,h;r).

(66)

1=0

In fig. 5 the possible elementary deformations of the entrance loops is shown. It is analogous to fig. 2.
6

Analytic terms are usually non-universal since trivial analytic redefinitions of the coupling constants can change these
terms completely.

288

Fig. 4: A typical surface contributing to G>(J, I' : r). The "dot" on the entrance loop signifies that the entrance loop has one
marked link.

l+l
l-V-2

(b)

(c)

Fig. 5: The "peeling" decompsition: a marked link on the entrance boundary can either belong to a triangle or to a "double"
link. The dashed curved indicates the new entrance loop.
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The second term in eq. (66) corresponds to the case where the surface splits in two after the deformation.
We can view the process as a "peeling" of the surface, which occasionally chops off outgrows with
disk topology as shown in fig. 6. The application of the one-step peeling li times should on average
correspond to cutting a slice (see fig. 6), of thickness one (or e, which we have chosen equal 1 for
convenience in the present considerations) from the surface. Thus we identify the change caused by one
elementary deformation with

l^

(67)

I

forgetting for the moment that r is an integer. It follows that we can write

G{hM)

(68)

To solve the combinatorial problem associated with (68) it is convenient (as for w(l, /i)) to introduce the
generating function Gil{z\,Z2\ r) associated with (65):

With this notation eq. (68) becomes

-^Gti(zl,z2;r)

= —[^

- gzf -2w{z,g)) Gtl(z1,z2;r)].

(70)

This differential equation can be solved since we know w(z, g) (for details see [10, 9]). However, we
are interested in the two-point function. It is obtained from the two-loop function be closing the exit
loop with a "cap" (i.e. the full disk amplitude w(l,fi)) and shrinking the entrance loop to a point. The
corresponding equation is
G^r)

Since w(z,g) and G(zi,z2;r)
continuum limit, we obtain:

- £ G^h
h

= 1, h\ r) l2w(l2,9)

(71)

are known we can find G^r), seefll] for details. For/i -> fic, i.e. in the

, cosh r-yu — pLc\

- /ie) 3/4

A ,
V
sinh W-tyn — /i c

(72)

If we introduce the following continuum geodesic distance R = r^/e, it follows that we can write:

eV2G(R; A),

, coshfi?^!

G(R; A) = A3/4

A
*.
sinh 3 [ i ? A J

(73)

The factor e3^2 is again a wave-function renormalization which connects the dimensionless, regularized
G^(r) and the continuum two-point function G(R; A).
We can compare the behavior of G^r) (or G(R; A)) with that of the random walk two-point
function. All conclusions and interpretations remain valid here, except that we only work with intrinsic
290

disc topology

disc topology

the present peeling point

(a)

(b)
Fig. 6: Decomposition of a surface by (a) slicing and (b) peeling.

geometric objects. First note that G^(r) falls off exponentially for large r (see (19) for the random
walk). As for the random walk it follows from general subadditive properties of G^(r). In addition the
associated mass satisfies (20) since m(fj) ->• 0 for fx —> \ic as {\i — \i^f with v = 1/4 . The behavior of
G^r) for r <C l/m(/j,) is purely power-like corresponding to ij = 4 in (22), and finally
x(/i) = / dr Gfj,(r) ~ (/i - Me)1/2 + less singular terms,

(74)

i.e. 7 = —1/2 according to definition (23). Needless to say, Fisher's scaling relation (24) is satisfied and
the exponents for two-dimensional quantum gravity:
v=\,

»7 = 4,

7 = ™,

(75)

should be compared the the values for the random walk (see (25)). In particular it follows that the
intrinsic fractal dimension, djj, of two-dimensional quantum space-time is
v

(76)

This dn is a "globally defined" Hausdorff dimension in the sense discussed below (43) as is clear
from (72) or (73). We can determine the "local" djj, defined by eq. (42), by performing the inverse
Laplace transformation of G(R; A) to obtain G(R; V). The average volume Sy (R) of a spherical shell
of geodesic radius R in the ensemble of universes with space-time volume V can then calculated from
(41). One obtains
SV(R) = R3F(R/V*),
F(0) > 0,
(77)
where F(x) can be expressed in terms of certain generalized hyper-geometric functions [12]. Eq. (77)
shows that also the "local" dj{ = 4.
4

DISCUSSION

It has been shown how it is possible to calculate the functional integral over two-dimensional geometries,
in close analogy to the functional integral over random paths. One of the most fundamental results from
the latter theory is that the generic random path between two points in Rd, separated a geodesic distance
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R, is not proportional to R but to R2. This famous result has a direct translation to the theory of random
two-dimensional geometries: the generic volume of a closed universe of radius R is not proportional to
R2 but to R4.
It is presently an open question how to generalize these results to higher dimensional geometries.
In particular, our space-time world seems to be four-dimensional. What is the genuine fractal dimension in the class of all four-dimensional geometries of fixed topology ? Numerical simulations seem to
indicate that the typical four-dimensional spherical geometry has infinite intrinsic Hausdorff dimension.
REFERENCES
[I] J. Ambj0rn, B. Durhuus and T. Jonsson, Quantum Geometry, Cambridge Monographs on Mathematical Physics, Cambridge University Press, 1997.
[2] F. David, Nucl.Phys. B257 (1985) 45; Nucl. Phys. B257 (1985) 543;
[3] J. Ambj0rn, B. Durhuus and J. Frohlich, Nucl. Phys. B257 (1985) 433;
[4] V.A. Kazakov, I.K. Kostov and A.A. Migdal, Phys. Lett. 157B (1985) 295.
[5] J. Ambj0rn, B. Durhuus J. Frohlich and P. Orland, Nucl. Phys. B270 (1986) 457;
[6] W.T. Tutte, Can. J. Math. 14 (1962) 21.
[7] F. David, Mod. Phys. Lett. A5 (1990) 1019.
[8] J. Ambj0rn, J. Jurkiewicz and Y. M. Makeenko, Phys. Lett. B251 (1990) 517.
[9] Y. Watabiki, Nucl. Phys. B441 (1995) 119
[10] H. Kawai, N. Kawamoto, T. Mogami and Y. Watabiki, Phys. Lett. B306, (1993) 19.
[II] J. Ambj0rn and Y. Watabiki, Nucl. Phys. B445 (1995) 129.
[12] J. Ambj0rn, J. Jurkiewicz and Y. Watabiki, Nucl. Phys. B454 (1995) 313.

292

BEYOND THE STANDARD MODEL
Fabio Zwirner
Istituto Nazionale di Fisica Nucleare, Dipartimento di Fisica G. Galilei,
Universita di Padova, Via Marzolo n. 8,1-35131 Padova, Italy
Abstract
These lecture notes give a short review of the present theoretical ideas and
experimental constraints on possible extensions of the Standard Model, to be
used as an invitation to the study of the rich available literature on the subject.
1

A CRITICAL LOOK AT THE STANDARD MODEL

All confirmed experimental data in particle physics are in agreement with the Standard Model (SM) of
strong and electroweak interactions. The only ingredient of the SM that has escaped detection so far is
the elusive Higgs boson, whose search is ongoing at LEP (the present lower bound on its mass is about
90 GeV [1]) and, if no evidence is found at LEP, will continue at the LHC. The goal of these lectures is
to explain that the search for the SM Higgs boson is not the only challenge left for the years to come.
There are reasons to believe that some fascinating chapters of the particle physics book, denoted with the
generic name of 'Beyond the Standard Model' (BSM), have not been disclosed yet, but may become soon
(some already are!) accessible to experiment. In the absence of direct and unambiguous experimental
information, the discussion of possible BSM physics is subject to strong theoretical prejudice. To enable
the reader to share the origin of this prejudice, we begin these lectures with a critical look at the SM,
trying to identify its virtues and its unanswered questions. Extensions of the SM are required to answer
some of the latter, but they should not spoil the former: as we shall see, this is not an easy task!
1.1 The building blocks of the SM
The theoretical pillar of the SM is local gauge invariance with respect to the gauge group
GSM = SU{3)C x SU(2)L x U{l)Y •

(1)

Gauge invariance completely determines the spin-1 particle content of the SM: the gluons G^ (A =
1 , . . . ,8), associated with the strong interactions and characterized by the coupling constant gs; the
bosons W£ (/ = 1,2,3) and B^, mediating the electroweak interactions with coupling constants g
and g', respectively, and corresponding, when rearranged into appropriate linear combinations, to the
photon 7 and to the W^ and Z° bosons. Gauge invariance also fixes completely the Yang-Mills part of
the Lagrangian, including the cubic and quartic self-interactions among the non-abelian gauge bosons,
depicted in Fig. 1:

CYM = -\G»vAG^

- iw"""Wi - \B^B^ ,

(2)

+ gfiJKWjW? ,

(3)

where

and JABC and UJK are the fully antisymmetric SU(3) and 517(2) structure constants, respectively.
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V
V

V
Fig. 1: Pictorial representation of the cubic and quartic self-interactions among the non-abelian gauge bosons of the SM,
denoted by the generic symbol V.

The spin-1 particle content of the SM consists in three generations of quarks and leptons, whose
transformation properties under GSM are summarized below
,2,+1/6),

qaL=

(1,2,-1/2),

laL=

(4)

(3,1, +2/3),

daR - ( 3 , 1 , - 1 / 3 ) ,

eaR~

(1,1,-1).

In eq. (4), a = 1,2,3 is a generation index, and the weak hypercharge Y is normalized according
to Q = T$L + Y, where Q is the electric charge and T-^L the third component of the weak isospin.
We have used left- and right-handed chiral projections, defined by PL,R = (1 ± 7 5 )/2, and SU(3)c
and SU(2)L indices have been left implicit. Notice the absence of right-handed neutrinos uaR. Given
the quantum number assignments of eq. (4), gauge invariance completely determines the interactions
between fermions and gauge bosons, depicted in Fig. 2:
CF = i

(5)

where
D/j. = du — igsGA\

Ti

— igWy—— ig'B^Y.

(6)

All the fermions are denoted by the collective symbol v& = {qi, UR, d,R, II, &R ) Q =I,2,3. and the symbols
\A, ^- and Y, appearing in the covariant derivative D^, stand for the hermitean generators of the different
factors in the representation defined by eq. (4).

f
Fig. 2: Pictorial representation of the interactions between the SM fermions, denoted by the generic symbol / , and gauge
bosons, denoted by the generic symbol V.

The last but not the least important ingredient of the SM is a complex spin-0 SU (2) -doublet, the
so-called Higgs field:
(7)
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which appears not only in the part of the Lagrangian containing the spin-0 fields gauge interactions and
self-interactions, depicted in Fig. 3:

(9)
but also in the one containing the Yukawa couplings, depicted in Fig. 4:
[ '

h>
>ab 'q^LdhR(j) + h>ab 'laLebR<f) + h . c . ,

where for notational convenience we have introduced 0 = {io2<j>*) = ((p°* —<p )
and h^ are arbitrary 3 x 3 complex matrices in generation space.

g'.g

T

(10)
~ (1,2, —1/2), and

,-

.'g'V
v

S

X
s

\

/

s

\
N

'

s

Fig. 3: Pictorial representation of the gauge interactions and self-interactions of the SM spin-0 fields, denoted by the generic
symbol S.

f
Fig. 4: Pictorial representation of the Yukawa interactions between the SM fermions, denoted by the generic symbol / , and the
SM spin-0 fields, denoted by the generic symbol S.
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1.2

Chirality, anomaly cancellation, charge quantization

One of the most important properties of the SM is the chirality of its fermion content, which falls into
a complex representation of the gauge group. In other words, left- and right-handed fermion fields have
different quantum numbers with respect to SU(2)L X U(l)y- In particular, SU(2)L X U{l)y gauge
invariance forbids explicit fermion mass terms of the form m ^ / i / j j + h.c, since, for example, lefthanded fields are in S£/(2)j, doublets and right-handed fields (when present) in SU(2)L singlets.
The quantum consistency of chiral gauge theories is endangered by the existence of anomalies
(for an extensive discussion, see e.g. [2]). We say that a classical symmetry is anomalous when it is not
preserved by the quantum corrections. If a gauge symmetry is anomalous, this spoils gauge invariance
and/or renormalizability. A well-known criterion for the absence of anomalies is obtained by looking
at the triangular graphs with a fermion loop and gauge bosons on the external lines, as in Fig. 5. The

vpc
Fig. 5: The triangular graph associated with the anomaly.

contribution of these graphs to the anomaly is proportional to

Aabc = tr /t ({Ta,Tb}Tc)

- tvfR ({Ta,Tb}Tc)

,

(11)

where Ta are the generators of the gauge group and the two traces run over the group indices of the lefthanded and the of right-handed fermions, respectively. It is remarkable that, with the quantum number
assignments of eq. (4), in the SM there is an automatic cancellation of all possible gauge anomalies,
as the reader can easily verify as an exercise. Seen from another point of view, this sheds light on
the phenomenon of charge quantization. At the classical level and within the SM, it is impossible to
understand why the electric charges of the different quarks and leptons are related by simple fractional
coefficients. On the other hand, it can be shown that asking for the cancellation of gauge anomalies goes
a long way towards implying the charge assignments of the SM. Indeed, they are completely fixed if
we ask that mixed gauge and gravitational anomalies [3] also cancel and that all charged fermions get
a mass. This is a deep aspect of the SM, that may also shed light on the possible fundamental theory
unifying gravitational and non-gravitational interactions.
1.3

Spontaneous breaking of the gauge symmetry in the SM

The part of the SM Lagrangian involving the spin-0 field <f> is instrumental to describe two crucial physical phenomena, to be discussed in turn in the present and in the following subsection. £ 5 in eq. (8)
is a tool to describe the spontaneous breaking of the local gauge symmetry SU{2)L X U(l)y down to
±
U(1)Q, with the associated mass generation for the physical W and Z° bosons.
Choosing A > 0 and JJ,2 < 0, the classical potential of the SM, eq. (9), is minimized for
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Correspondingly, non-vanishing masses are generated for the W± and Z° bosons

whereas the photon remains massless, as dictated by the residual gauge invariance with respect to U(1)Q.
Pictorially, one can understand the origin of the gauge boson masses by looking at the second graph of
Fig. 3 and by replacing the scalar fields with their constant vacuum expectation values (VEVs).
Remembering the definition of the electroweak mixing angle, tan 9\y = g' jg, a very important
property of the SM is that, before the inclusion of quantum corrections, the following relation holds
=1.

mrz

(14)

For the discussion of possible extensions or modifications of the SM, and also of the quantum corrections
within the SM or beyond, it is important to realize that the relation of eq. (14) can be understood in
general terms, as a consequence of the so-called custodial symmetry [4]. On general grounds, imposing
only invariance under U(1)Q, the most general mass Lagrangian for the electroweak vector bosons is:

where the masslessness of the photon implies:
M2M"2 = M' 4 ,

M 2 + M" 2 = m\.

(16)

Then the mass matrix is fully determined by one parameter only, for example M 2 , and it is easy to show
that p = rriw/M2, so that p = 1 is equivalent to M 2 = mfy. Consider now the classical SM potential,
eq. (9). The crucial observation is that V is invariant under a global symmetry group that is larger than
the SU(2)L x U(l)y gauge group. Indeed, if we define

and we observe that <ft4> = {f\ + ^2 + V>3 + fT)/^ w e c a n immediately realize that V, being function
of $$ only, is invariant under 0(4) ~ SU(2) x SU(2). To clarify the physical interpretation, we can
introduce the matrix

••(*•)=(££)•

(13)

and observe that $<$> — (1/2) tr ( $ t $ ) . We can then immediately identify the action of the SU(2)L
SU(2)R
group that leaves V invariant:
$ —• ULWI

= e~i3-aL $eiff-aR .

X

(19)

The other parts of the SM Lagrangian are not all invariant under such a global symmetry. Cs would be
invariant, were it not for the fact that <f> and 4> have opposite weak hypercharges, so it becomes invariant
in the limit where g' -y 0. The Yukawa Lagrangian involving a given fermion doublet, say the one
for the third generation quarks, would be invariant if we assign the right-handed quarks to a doublet of
SU(2)R
and we take the limit of equal Yukawa couplings for the top and bottom quarks, corresponding
to Mt = Mb. Anyway, the global SU(2)i x SU{2)R invariance is spontaneously broken on the vacuum.
Observing that
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it is immediate to see that on the vacuum SU(2)L x SU(2)R —> SU(2)v, where the 'diagonal' or
'vectorial' SU(2)v corresponds to S>L = &R- Since the SU{2)L vector bosons transform as a triplet
under SU(2)v, the custodial symmetry implies M = mw and therefore p = 1. Incidentally, this
explains why in the SM the largest corrections to the p parameter are controlled by the Mt-Mb mass
difference (the effects proportional to g' are numerically much smaller).
For a modern discussion of any BSM physics, an important information is the fact that the SM
description of the spontaneous breaking of the electroweak gauge symmetry has been tested to an impressive level of precision at LEP, at the Tevatron and in other experiments at lower energies. Many
observable quantities that are sensitive to the SM radiative corrections and, potentially, also to BSM
ones, have been measured with high accuracy. The picture that emerges is summarized in Fig. 6 [5], and
is in excellent agreement with the SM predictions. Now that the top quark mass has been directly mea-
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Fig. 6: Results of a recent fit to precision electroweak observables, compared with the corresponding SM predictions.

sured with good precision by the Tevatron experiments, the data are sufficiently precise to be sensitive
to the mild, logarithmic dependence of the SM radiative corrections on the Higgs boson mass m # , and
favour values of rnu close to the present experimental upper bound, as can be seen in Fig. 7 [5]. The
most important message of electroweak precision tests, however, concerns possible BSM physics: only
very delicate deviations from the SM predictions are allowed. This is a very strong constraint on theorists' imagination, and allows to discard several extensions or modifications of the SM proposed in the
past. For an updated review of electroweak precision tests and of their interpretation within and beyond
theSM, see e.g. [6].
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1.4

Explicit breaking of the flavour symmetry in the SM

The second important physical phenomenon where the SM spin-0 field plays a crucial r61e is the explicit
breaking of the global flavour symmetry, via the Yukawa couplings of eq. (10). In the absence of £yUk,
the SM Lagrangian has a huge [f/(3)]5 global symmetry, corresponding to unitary transformations in
generation space for the five irreducible fermionic representations of the gauge group, eq. (4). Indeed,
since the U(l)y subgroup is gauged, the additional global symmetry is more precisely [577(3)]5 x
[t/(l)] 4 , where the four U{\) factors correspond to the total baryon number, B, and to the individual
lepton numbers, (Le, L^, LT). The flavour symmetry implies that gauge interactions do not distinguish
among the three generations of quarks and leptons. In the real word, this symmetry must be broken, since
we observe a complicated pattern of masses, mixing angles and phases for the SM fermions. The role of
Cyuk in the SM is precisely the explicit breaking of the flavour symmetry down to the [{/(I)] 4 associated
with (B, Le, L^, LT), which correspond to accidental global symmetries of the SM, in agreement with
the experimental bounds on baryon- and lepton-number non-conserving processes.
As a side remark, we observe that B and L = Le + L^ + Lr are anomalous global symmetries,
as the reader can easily check as an exercise. This means that they can be violated at the quantum level
by non-perturbative effects. Only the combination (B — L) is an exact, non-anomalous symmetry of
the SM. In accelerator experiments, this fact does not have very important implications, since the rates
for the corresponding processes are exponentially suppressed. On the other hand, in the thermal history of our universe these interactions could have been unsuppressed at temperatures of the order of the
electroweak scale. This has prompted many speculations about the possibility of generating the cosmological matter-antimatter asymmetry by physics at the electroweak scale. Qualitatively, the SM may
have all the necessary ingredients for such a phenomenon (B non-conservation, C and CP violation, departure from thermal equilibrium during the electroweak phase transition). At present, it seems difficult
to obtain a quantitatively satisfactory description of baryogenesis within the SM framework. However,
better realizations of this idea may be possible within simple extensions of the SM. For recent reviews
and references on electroweak baryogenesis, see e.g. [7].
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Coming back to the explicit breaking of the flavour symmetry, the Yukawa part of the SM Lagrangian realizes it in a very special way. On the one hand, the breaking is very strong, as one can
realize by staring at the observed pattern [8] of the 9 fermion masses and of the 4 parameters (3 mixing
angles and 1 CP-violating phase) appearing in the Cabibbo-Kobayashi-Maskawa (CKM) matrix. On
the other hand, the only source of flavour violation in the SM Lagrangian is precisely the CKM matrix,
controlling the weak charged-current interactions. In the SM, all the tree-level flavour-changing-neutralcurrent (FCNC) couplings, i.e. those of the photon, of the Z° and of the physical Higgs boson, are
flavour-diagonal. FCNC processes are induced only by loop effects, controlled by the CKM matrix and
sufficiently suppressed to guarantee agreement with experimental data on flavour physics.
To conclude this subsection, we recall some important constraints from flavour physics [8] that are
passed with flying colours by the SM, but are very severe censors of its possible modifications. As for
'quark flavour',
AmK = (3.491 ± 0.009) x 10~12 MeV,
(21)
\eK\ = (2.28 ±0.01) x 10" 3 ,
AmBd

(22)

= (3.05 ± 0.12) x 10~ 13 GeV,

(23)

4

(24)

BR(B -»• Xs-y) = (2.32 ± 0.67) x 10~ ,
26

dn < 9 x 1 0 ~ e c m ,

(25)

. . . , with a meaning of the symbols that should be obvious to the particle physicists in the audience. As
for 'lepton flavour',
BR{n -» ey) < 4.9 x KT 1 1 ,
(26)
BR{KL -»• Me) < 3.3 x 1 0 ~ u ,

(27)

de < 4 x 10~27 e c m ,

(28)

... Finally, as for total baryon and lepton number,

fft0" >5.6xl0 24 yrs,

(29)

r(p -» e+7r°) > 6.8 x 1032 yrs,

(30)

r(p-^K+v)

> 1 x 10 32 yrs,

(31)

... As we shall see, all these constraints can be violated if we go BSM!
1.5

The SM as an effective theory and its problems

Despite the remarkable achievements described in the previous subsections, no physicist believes that the
SM is really the ultimate theory of elementary particles, since, among the other things, it has about 20 arbitrary parameters, which may seem too many for a fundamental theory, and it leaves several unanswered
questions, for example some concerning unification and flavour. The unification problem is related to
the gauge interactions, whose pattern of groups and representations is complicated and arbitrary. Why
should there be three different factors in the gauge group, with the associated coupling constants taking
the values they do? Why should the fermions transform according to such an odd choice of chiral representations of SU(2)L x U(l)y, SO that parity is violated in weak interactions? The flavour problem
has to do with the Yukawa interactions of the SM, which introduce several arbitrary parameters into
the model. There is no explanation for the existence of three fermion generations with the same gauge
quantum numbers, nor for the complicated observed pattern of masses, mixing angles and phases.
The previous arguments suggest to go beyond the SM, but there is more: it is quite obvious that
the SM must be extended! Among the 'hard' arguments supporting the previous statement, the strongest
one is the fact that the SM does not include a quantum theory of gravitational interactions. Immediately
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after comes the fact that some of the SM couplings are not asymptotically free, making it almost surely
inconsistent as a formal Quantum Field Theory.
This does not give us direct information on the form of the required SM extensions, but brings
along an important conceptual implication: the SM should be seen as an effective field theory [9], valid
up to some physical cut-off scale A. Assuming that the SM correctly identifies the degrees of freedom
at the electroweak scale (this may not be true, for example, in the case of the SM Higgs field), the basic
rule of the game is to write down the most general local Lagrangian compatible with the SM symmetries
[i.e. the SU(3) x SU(2) x (7(1) gauge symmetry and the Poincare symmetry], scaling all dimensionful
couplings by appropriate powers of A. The resulting dimensionless coefficients are then to be interpreted
as parameters, which can be either fitted to experimental data or (if one is able to do so) theoretically
determined from the fundamental theory replacing the SM at the scale A. Very schematically (and
omitting all coefficients and indices, as well as many theoretical subtleties):

A
'Fp,v
+

A
+ ••• ,

2

+

A

2

(32)

where \I> stands for the generic quark or lepton field, <& for the SM Higgs field, F for the field strength
of the SM gauge fields, and D for the gauge-covariant derivative. The first line of eq. (32) contains two
operators carrying positive powers of A, a cosmological constant term, proportional to A 4 , and a scalar
mass term, proportional to A2. Barring for the moment the discussion of the cosmological constant
term, which becomes relevant only when the model is coupled to gravity, it is important to observe
that no quantum SM symmetry is recovered by setting to zero the coefficient of the scalar mass term.
On the contrary, the SM gauge invariance forbids fermion mass terms of the form A\&\&. The second
line of eq. (32) contains operators with no power-like dependence on A, but only a milder, logarithmic
dependence, due to infrared renormalization effects between the cut-off scale A and the electroweak
scale. The operators of dimension d < 4 exhibit two remarkable properties: all those allowed by the
symmetries are actually present in the SM; both baryon number and the individual lepton numbers are
automatically conserved. The third and fourth line of eq. (32) are the starting point of an expansion in
inverse powers of A, containing infinitely many terms. For energies and field VEVs much smaller than
A, the effects of these operators are suppressed, and the physically most interesting ones are those that
violate some accidental symmetries of the d < 4 operators. For example, as we shall see, a d = 5
operator of the form ^ $ $ 2 can generate a L-violating Majorana neutrino mass of order G]?1 /A (where
G^}' ~ 300 GeV is the Fermi scale); some of the d = 6 four-fermion operators can be associated with
flavour-changing neutral currents (FCNC) or with baryon- and lepton-number-violating processes such
as proton decay, and so on.
At this point, a question naturally emerges: where is the cut-off scale A, at which the expansion
of eq. (32) loses validity and the SM must be replaced by a more fundamental theory? Two extreme but
plausible answers can be given:
(I) A is not much below the Planck scale, Mp = G^ /'VSTV ~ 2.4 x 1018 GeV, as roughly suggested
by the measured strength of the fundamental interactions, including the gravitational ones.
(II) A is not much above the Fermi scale, as suggested by the idea that new physics must be associated
with electroweak symmetry breaking.
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In the absence of an explicit realization at a fundamental level, each of the above answers can be heavily criticized. The criticism of (I) has to do with the existence of the 'quadratically divergent' scalar
mass operator, which becomes more and more 'unnatural' as A increases above the electroweak scale
[10]. On general theoretical grounds, we would expect for such operator a coefficient of order 1, but
experimentally we need a strongly suppressed coefficient, of order Gp^/A2. However, after taking into
account quantum corrections, this coefficient can be conceptually decomposed into the sum of two separate contributions, controlled by the physics below and above the cut-off scale, respectively. Answer
(I) would then require a subtle (malicious?) conspiracy between low-energy and high-energy physics,
ensuring the desired fine-tuning. The criticism of (II) has to do instead with the d > 4 operators: in
order to sufficiently suppress the coefficients of the dangerous operators associated with proton decay,
FCNC, etc., the new physics at the cut-off scale A must have quite non-trivial properties! On purely
dimensional grounds, the effective operators associated with electroweak precision tests would suggest
A £ 103 GeV, those associated with FCNC would suggest A > 106 GeV, those associated with proton
decay would suggest A £ 10 15 GeV, and so on for many other examples (however, we should keep in
mind that the coefficients of these operators may be suppressed by loop factors or by symmetries of the
underlying fundamental theory). As we shall see, this is a potential problem also for the extensions of
the SM discussed in the present lectures.
At the moment, answer (I) is not very popular in the physics community, since we do not have the
slightest idea on how the required conspiracy could possibly work at the fundamental level. Conceptually,
such a possibility can be theoretically tested in an ultraviolet-finite Theory of Everything: as daring as it
may sound, with the advent and the continuing development of string theories and their generalizations,
we may not be very far from the implementation of the first quantitative tests. More concretely, such a
possibility can be experimentally tested in the near future, via the search for the Higgs boson at LEP, at
the Tevatron and at the LHC. A clear picture of the implications of (I) is given in Fig. 8, which shows,
for various possible choices of A in the SM, the values of the top quark and Higgs boson masses allowed
by the following two requirements [11]:
• The SM effective potential should not develop, besides the minimum corresponding to the experimental value of the electroweak scale, other minima with lower energy and much larger value
of the Higgs field. In first approximation, this amounts to requiring the SM effective Higgs selfcoupling, X(Q), not to become negative at any scale Q < A: for a given value of the top quark
mass Mt, this sets a lower bound on the SM Higgs mass
• The SM effective Higgs self-coupling should not develop a Landau pole at scales smaller than A:
for a given value of Mt, this sets an upper bound o n m j . Such constraint has a meaning which
goes beyond perturbation theory, as suggested by the infrared structure of the SM renormalization
group equation for A(Q) and confirmed by explicit lattice computations [12].
Fig. 8 includes some recent refinements [13] of the original analysis, such as two-loop renormalization
group equations, optimal scale choice, finite corrections to the pole top and Higgs masses, etc. For very
large cut-off scales, A = 10 16 -10 19 GeV, the results are quite stable and can be summarized as follows:
for a top quark mass close to 175 GeV, as measured at the Tevatron collider [8], the only allowed range
for the SM Higgs mass is 130 GeV < m # <j 200 GeV. This means that, even in the absence of a direct
discovery of new physics beyond the SM, answer (I) could be falsified by LEP, the Tevatron and the LHC
in two possible ways: either by discovering a SM-like Higgs boson lighter than 130 GeV, or by excluding
a SM-like Higgs boson in the 130-200 GeV range!
Answer (II), instead, gives rise to a well-known conceptual bifurcation:
(Ila) In the description of electroweak symmetry breaking, the elementary SM Higgs scalar is replaced
by some fermion condensate, induced by a new strong interaction near the Fermi scale. This
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includes old and more recent variants of the so-called technicolor models ('extended', 'walking',
. . . ) , to be discussed in Sect. 2.
(lib) The SM is embedded in a model with broken supersymmetry, and supersymmetry-breaking mass
splittings between the SM particles and their superpartners are of the order of the electroweak scale.
This approach, genetically denoted as low-energy supersymmetry, will be discussed extensively in
Sect. 5.
To understand better the motivations for new physics near the electroweak scale, we take now a
more concrete look at the naturalness problem. Such problem arises whenever we insist, as in the SM, on
the presence of an elementary Higgs field in the lagrangian to describe the breaking of the electroweak
symmetry, and we want to extrapolate the model to a scale A much larger than the Fermi scale. The treelevel potential of the SM is characterized by a mass parameter JJL2 and by a dimensionless quartic coupling
A. One combination of these two parameters, essentially /x2/A, is fixed by fitting the VEV v of the SM
Higgs field to the measured value of the Fermi constant, defining the scale of electroweak symmetry
breaking. The squared mass m2H of the physical Higgs particle, proportional to n2, or, equivalently,
to Xv2, is instead a free parameter of the SM. While the lower bound on the Higgs mass comes from
experiment, arguments based on perturbative unitarity and triviality suggest that self-consistency of the
SM is broken unless m # < O(l TeV). This is hard to reconcile, from the effective field theory point of
view, with the fact that, already at one-loop, there are quadratically divergent contributions to the Higgs
boson mass, as can be checked by performing an explicit calculation with a naive cut-off regularization
in momentum space. The question then arises: how can the Higgs boson mass be of the order of the
electroweak scale and not of the order of the physical ultraviolet cutoff of the theory?
The problem outlined above is generic for theories containing elementary spin-0 fields. For ex303

ample, consider a model with a complex spin-0 field of mass mg and a two-component fermion of mass
mj?, with a Yukawa coupling Xp and a quartic scalar coupling A#. The one-loop corrections to the boson
mass include two quadratically divergent contributions of opposite sign, one involving a fermion loop
and controlled by the Yukawa coupling Xp, the other one involving a scalar loop and controlled by the
four-point coupling A#, and have the form
6m% oc (XB - \F) A2 + . . . ,

(33)

where A is the ultraviolet cutoff, the minus sign comes from the fermion loop, and the dots stand for
less divergent terms. The situation is radically different in the case of the loop corrections to the fermion
mass, the latter being protected by a chiral symmetry in the limit mp —> 0. The one-loop diagram
correcting the fermion mass is logarithmically divergent and proportional to the fermion mass, giving
SrriF oc XptriF •

(34)

Therefore, the fermion mass can be naturally small. In the case of the scalar mass, what we need to
make it naturally small is a symmetry relating bosons and fermions, and enforcing the vanishing of the
coefficient of A2 in (33), not only at one loop but also at higher orders: the only known candidate is
supersymmetry. Alternatively, we need to dispose of elementary spin-0 fields.
To conclude this section, we should mention two other naturalness problems of the SM, in some
sense analogous to the one discussed for the mass term of the elementary spin-0 field: the strong-CP
problem (for reviews and references, see e.g. [14]) and the cosmological constant problem (for reviews
and references, see e.g. [15]). The first is related to the fact that the SM symmetries do not forbid a
CP-violating lagrangian term of the form
^
where Gfiv = (\/2)eIJ,VpaGpaA.
neutron electric dipole moment:

A

^

'

(35)

The parameter 9 is constrained by the experimental bounds on the

denxp < 10~ 25 e cm

=*>

|0| < 2 x 10~ 10 .

(36)

The second originates from the fact that a constant contribution to the vacuum energy, such as the A4
term in eq. (32), is also allowed by the SM symmetries, and becomes physically relevant when the SM
is coupled to gravity. From the present observations on the expansion rate of the universe, we can derive
the following bound on the cosmological constant term:
^~10-

4

eV.

(37)

From the above equation, it is immediate to realize that the cosmological constant problem is by far
the toughest naturalness problem in fundamental physics. There is no time here to discuss the solutions
to these problems proposed so far: the curious reader is encouraged to consult the excellent reviews
mentioned above.
2

'DYNAMICAL' ELECTROWEAK SYMMETRY BREAKING

Since, as we have seen in Sect. 1, the naturalness problem of the SM is due to its Higgs sector, the
most conservative strategy in the search for a solution is to get rid of elementary spin-0 fields in the
lagrangian, replacing the Higgs doublet with some dynamical fermion condensate, induced by some new
strong interaction. This is the approach of the so-called technicolor models and their generalizations (for
reviews and references, see e.g. [16]).
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We begin by describing the simplest technicolor (TC) model [17]. Imagine that, in addition to
the SM gauge interactions, there is a gauge group factor SU(N)TC,
with coupling constant grc, that is
asymptotically free and whose dynamical scale Arcs analogous to AQCD in the SM, is just above the
electroweak scale. Imagine also that, besides the SM fermions, singlets under SU(N)TC-> there is also
one generation of massless 'technifermions', corresponding to the following anomaly-free representation

of SU(N)TC

x SU(Z)C x SU(2)L x U(1)Y:

QL=

I")

~ (N, 1,2,0),

t / R ~ ( J V , 1,1,+1/2),

DB~(JV,1,1,-1/2).

(38)

In analogy with QCD, the kinetic terms for the technifermions have a chiral SU(2)i x SU(2)R symmetry, and, as the QCD interactions induce the formation of a condensate in the spin-0, isospin-0 channel,
(UZUR + d^dR) ~ A Q C £ ) , the TC interactions cause the formation of a condensate {ULUR + D^DR)
~
ATC. The global SU(2)L X SU(2)R chiral symmetry is dynamically broken to the diagonal SU(2)v,
the only difference with QCD being that the scale /„• ~ 100 MeV is replaced by a much higher scale
FTC- The goldstone bosons of the broken chiral symmetry, analogous to the pions of QCD, are called
technipions. Since the condensate also breaks SU{2)L X U(1)Y down to U(1)Q, the technipions provide
the longitudinal degrees of freedom of the massive W * and Z° bosons, whose masses are given by:
QFTC

mw -

2

\fg2 + g'2FTC

m

,

mz ~

Q

.

(39)

Notice that the custodial symmetry introduced in the previous section is at work in guaranteeing p = 1.
We then see that, in order to reproduce the measured values of mw and mz, it must be FTC ~ 250 GeV.
Such a dynamical description of the spontaneous breaking of the gauge symmetry is very elegant,
and has interesting analogies with the BCS explanation of superconductivity, but the model is too simple
to be realistic, and an important feature of the SM is missing: there is no breaking of the flavour symmetry, and fermion masses and mixing are not reproduced. From this point of view, the SM description
with an elementary Higgs has an advantage, since the interactions of the elementary Higgs allow to kill
two birds with a stone.
To avoid this problem, extended technicolor (ETC) models have been proposed [18]. In these
models, technifermions are allowed to talk to fermions by introducing another, larger gauge group, the
X
ETC group GETC> spontaneously broken at a certain scale AETC > Arc down to SU(N)TC
GSMIn this case, both ordinary fermions and technifermions feel the ETC interactions, and loop diagrams
involving the exchange of the ETC gauge bosons and of technifermions can generate mass terms for the
ordinary fermions. Concentrating for definiteness on quarks, the typical size of the mass terms is
mq ~

91TC

^QR)hETC

-

(40)

A naive scaling argument suggests {QLQR)KETC ~ ^TC- Th e n giving mass to the heavy SM fermions
would require AETC to be very close to Arc- However, to reproduce the observed quark mixing, the
ETC interactions must also connect different generations: this immediately leads to phenomenological
problems with FCNC, since the typical coefficients of the induced d = 6 four-fermion operators would
scale as 9%TC/^-ETC- T O a v 0 ^ m e s e problems in a natural way, we should have AETC ~ 500 TeV. The
existence of heavy fermions and the observed suppression of FCNC are incompatible in ETC models,
whereas they are miracolously accommodated in the SM.
To avoid the problems of the naive, QCD-like ETC models, models of 'walking' technicolor were
suggested [19]. These models try to loosen the link between fermion masses and FCNC by arranging
for (QLQR)ABTC
>• ATC. This may occur if there is a non-conventional dynamical behaviour of the
theory at high scales, which does not follow the QCD paradigma. In this is true, one may gain up to a
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factor AETC/ATC
in the theoretical expression for the fermion masses, eq. (40). However, this is still
insufficient to explain the observed value of the top quark mass.
Attempts to solve the top mass problem in technicolor models have been made. For example, in
'topcolor-assisted' technicolor [20], one introduces an additional strong interaction to generate the large
observed value of Mt- These models have some similarity with previous 'top-condensate' models [21],
where the condensate breaking the electroweak gauge symmetry is not made of techniquarks but of the
top quarks themselves, but are claimed to avoid some of the phenomenological problems of the latter.
We should also mention some other generic phenomenological problems of TC-ETC models and
of their variations:
• Typically, these models have large global symmetries, with associated pseudo-goldstone bosons,
and one must make sure that the corresponding phenomenological constraints are respected
• In all these models, one should also explain dynamically the breaking of the ETC symmetry, and
this may be as difficult as explaining dynamically the breaking of the electroweak gauge symmetry
• All these models typically contain a large number of particles with SU(2) x 17(1) quantum numbers: it is in general problematic to reconcile this feature with the present electroweak precision
data. For some crucial observables, the typical deviations from the SM predictions are much larger
than the present experimental accuracy [6]
In conclusion, dynamical electroweak symmetry breaking is an attractive idea, still looking for
a satisfactory model. Even if the present experimental data do not seem to push in this direction (but
we should not forget that the SM Higgs boson has not been found yet!), we should keep an eye on
this possibility and analyze present and future experimental data without prejudice. In the absence of a
definite, self-consistent and convincing model, it may be wise to study this option with theoretical tools
that are as model-independent as possible. The most suitable ones seem to be the phenomenological
effective lagrangians reviewed in [22]. With these tools, we can test triple gauge boson couplings at
LEP2 and at the Tevatron, and the scattering of longitudinal vector bosons at the LHC: the experimental
study of possible deviations from the SM predictions may shed light on a possible strongly-interacting
dynamics at work in the symmetry-breaking sector of the SM.
3

GRAND-UNIFIED THEORIES AND PROTON DECAY

The basic idea of grand unification is that the gauge interactions as observed at the presently accessible
energies, with the different numerical values of their coupling constants, are just the remnants of a theory
with a single gauge coupling constant, spontaneously broken at a very high scale. The simplest possibility
is to have a single scale Mu > mz, at which a simple gauge group G is spontaneously broken down to
the SM gauge group:

Mu
G —• GSM = SU(3)C x SU(2)L x U(l)Y
gu
{gs,g,g')

—»• SU(Z)C x U(l)Q .

(41)

There is a vast literature on grand unification, both with and without supersymmetry, and many excellent
reviews are available (see e.g. [23]). We shall limit ourselves here to a qualitative overview of its most
relevant features.
We may ask what are the candidate groups G for a grand-unified theory (GUT). First of all, G
must be simple, in order to allow for a single gauge coupling constant, and of rank r > 4, in order to
contain GSM as a subgroup. Second, G must allow for complex but anomaly-free representations, in
which we should embed the SM quarks and leptons. Incidentally, we recall that in the context of GUTs
(and of supersymmetric models) it is customary to work with a basis of purely left-handed fermions,
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exploiting the fact that {uc)i «-» {UR)C, (d c ) L <-» {CLR)C, (e c )i o (e#) c , where the superscript c denotes
charge conjugation. Taking the general classification of simple Lie algebras, the simplest solutions are
SU(5) at r = 4, 50(10) at r = 5 and £76 at r = 6.
The simplest realization of the grand-unification idea is the minimal, non-supersymmetric SU(5)
model of Georgi and Glashow [24] (for a previous attempt with partial unification, see [25]). The gauge
bosons of such model belong to the adjoint representation of the rank-4 simple group SU(5), 24y:
besides the SM gauge bosons, there are 12 additional ones, (X, Y) ~ (3,2, +5/6) and their conjugates
(X, Y), of mass My. These bosons have fractional electric charge and carry both baryon and lepton
number, AB = AL = ± 1 . Each fermion generation is arranged in an anti-fundamental representation,
5F, and in the antisymmetric product of two fundamentals, lOp. In terms of SM fermions, the two
representations decompose as follows:
5>-+(dc,/),

WF^(q,uc,ec).

(42)

Notice that in minimal SU(5), as in the SM, there is no need to introduce a right-handed neutrino,
represented by a left-handed antineutrino uc in the present conventions. The scalar fields introduced to
describe the different stages of spontaneous symmetry breaking correspond to an adjoint representation,
245, containing 12 Goldstone bosons and 12 additional scalars of mass M s , and an anti-fundamental
representation, 5s, containing the SM Higgs boson and an additional triplet H ~ (3,1, +1/3) of mass
MH.
The first stage of symmetry breaking is controlled by the VEV of the 24$, of order Mu- The
masses My, M s , M # have model-dependent relations with Mu, but in first approximation we can assume that they are all of order Mu- The breaking of the SM gauge group at the electroweak scale is
controlled instead by the VEV of the SM Higgs doublet contained in the 5g. The fermions get masses
via their Yukawa couplings, of the form
h(l0) • 10 F x 10F x 5 5 ,

/i (5) • 5 F x 10 F x 5 5 ,

(43)

where generation indices have been understood. These Yukawa couplings cannot give rise to a realistic pattern of fermion masses and mixing (even if some predictions such as the Mb/MT ratio [26] are
intriguingly close to being correct), but are chosen to keep the model simple.
Non-minimal grand-unified models can be constructed, by enlarging one or more of the following:
the gauge group, the fermion content, the scalar content. They will not be discussed here.
One of the most dramatic phenomenological implications of grand-unification is the possibility of
AB = AL — ± 1 nucleon decay, for example p —>• e+n°. There are two types of tree-level Feynman
diagrams, involving three quarks and a lepton on the external lines, that could induce such a process. The
first type involves the exchange of virtual (X, Y) vector bosons on an internal line, and the corresponding
rate scales as F ~ gv/Mv; the second type involves the exchange of the scalar Higgs triplet H, and the
corresponding rate scales as F ~ h^/Mfj, where h is a Yukawa coupling. In the case of gauge-mediated
nucleon decay, the amount of model-dependence is small. In first approximation, from the experimental
bound [8] TpXp{p —> e+n°) > 6.8 x 1032 yrs, and from the approximate formula T^h(p -¥ e+ir°) ~
10 2 8 ± 1 yrs • [Mv{GeV)/2 x 10 14 ] 4 , we can deduce a stringent lower bound on the grand-unification
scale MuThe important point is that, from the measured values of two of the low-energy gauge couplings,
we can extract a rather precise prediction for gu, Mu and the third low-energy gauge coupling. In first
approximation, we can just solve the one-loop renormalization group equations (RGEs) for the running
gauge couplings [27],
^A

^ L \

(A = 1,2,3; t = logQ),

(44)

with the boundary conditions
<?3 (M) = g2 (M) = 9l (M) =gu ,
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(45)

where 93 = gs> 92 = 9 and g\ = \/573</. In the absence of new physics thresholds between Mu and
the scale Q <C Mu, the RGEs are trivially solved by
1

1

bA

+

Mv

Xog

¥ ^

-Q-

(46)

The one-loop beta function coefficients appropriate for the SM are easily computed [27]:

6f"

7

6fM

&f" ^

(47)

Starting from three input data at the electroweak scale Q = mz [8], for example as, aem and sin 2 9\y,
we can perform consistency checks of the grand-unification hypothesis in different models.
In the minimal SU(5) model [24], and indeed in any other model where eq. (45) holds and the
light-particle content is just the SM one (with no intermediate mass scales between mz and Mu),
eqs. (46) and (47) are incompatible with experimental data. This was first realized by noticing that
the prediction M\j ~ 10 14 ~ 15 GeV, obtained by using as inputs 0:3 and aem, is incompatible with the
limits on nucleon decay. Subsequently, also the prediction sin2 9w — 0.21 was shown to be in conflict
with experimental data [28], and this conflict became more and more significant with the progressive
accumulation of high-quality data from the LEP and Tevatron experiments. We shall see in Sect. 5 how
grand-unification can be phenomenologically more successful when combined with supersymmetry.
4

NEUTRINO MASSES AND OSCILLATIONS

In the SM, the only independent neutrino fields are the left-handed neutrinos v^, belonging to the doublets II = (VL, ez,) r ~ (1)2, —1/2) and carrying lepton number L = + 1 . By CP, they are associated
to right-handed antineutrinos (VC)R = (VL)C = CVj^ (C is the charge conjugation matrix), carrying
lepton number L = — 1. Neutrino are strictly massless in the SM, taken as a renormalizable theory:
gauge invariance and the absence of a right-handed neutrino forbid both explicit mass terms and mass
terms induced by the Yukawa couplings to the Higgs field. However, as we shall now discuss, neutrino
masses can arise in many extensions of the SM, or even by simply allowing for the presence of nonrenormalizable operators in the SM, taken as an effective theory. Before moving to such a discussion,
we anticipate that many extensions of the SM, for example grand-unified models based on the SO {10)
gauge group, contain among their fermion fields an additional right-handed neutrino VR ~ (1,1,0) for
each generation, transforming as a singlet under the SM gauge group, equivalent via CP to a left-handed
antineutrino {VC)L = {VR)C — C17RT, and conventionally carrying lepton number L = + 1 .
In the presence of both left-handed and right-handed neutrino fields, and exploiting the fact that
neutrinos are electrically neutral, different types of neutrino mass terms can be considered. Dirac mass
terms are of the form:
moi'^L^R + h.c.).
(48)
They conserve the total lepton number (AL = 0), and are analogous to the mass terms for the charged
fermions. Because of SU(2)L X C/(l)y invariance, these terms must arise via some Yukawa coupling to
a doublet Higgs field with non-vanishing VEV, for example the SM Higgs field. Majorana mass terms
for left-handed neutrinos are of the form:
y[^ c )ii+H.

(49)

They violate lepton number by two units (AL = ±2), and have no analogue for the electrically charged
fermions. These mass terms have the quantum number of a Higgs triplet, so they may arise either in the
presence of an extended Higgs sector, or from effective non-renormalizable interactions. Majorana mass
terms for right-handed neutrinos are of the form:
+h.c.].
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(50)

They also violate lepton number by two units (AL = ±2), and have no analogue for the electrically
charged fermions. The crucial feature of these mass terms is that they are invariant under the SM gauge
group, so they can explicitly appear in the lagrangian.
To conclude this brief discussion of neutrino masses, let us see in slightly more detail how the
different neutrino mass terms may originate in different models.
To get Dirac mass terms, it is sufficient to add right-handed neutrinos vaR (we are now reintroducing generation indices, omitted for simplicity in the previous discussion) to the SM fermion content. In
this case, we can add to the gauge-invariant Yukawa couplings of the SM the following ones

AKWHc

(51)

The diagonalization of the lepton masses proceeds as in the quark sector, and the leptonic charged currents, expressed in the basis of the fermion mass eigenstates, involve a mixing matrix analogous to
the CKM matrix of the quark sector. The partial lepton numbers (L e , LM, LT) are thus violated by the
charged current weak interactions, whereas the total lepton number L = LeJrL{l-\-LT is still conserved.
The weak point of this theoretical framework is the absence of any understanding of the smallness of the
neutrino masses (the present upper bounds are [8] mVe ;$ 5 eV, m ^ < 160 keV, mVT < 23 MeV) with
respect to the masses of the charged fermions.
The simplest way to obtain Majorana mass terms for the left-handed neutrinos is to keep the
fermion and Higgs content of the SM, and to add to the renormalizable interactions of the SM an effective
d = 5 non-renormalizable interaction of the form
7r<f)+ h.c..

-

(52)

If the dimensionless coupling A is in the perturbative regime and the mass scale M is larger than the
electroweak scale, putting the SM Higgs fields equal to their VEVs generates a left-handed Majorana
mass term of order mu ~ Xv2/M <C v, thus naturally small. Such a possibility can arise in GUTs,
and in particular in left-right symmetric GUTs such as those based on the 50(10) gauge group, where
a right-handed neutrino is automatically included in the fermion spectrum and a large mass scale M can
be associated to some stage of the spontaneous breaking of the grand-unified gauge group.
The previous considerations lead us to a rather elegant scheme that may explain the smallness of
the neutrino masses and the absence of right-handed neutrinos from the theory at the electroweak scale,
the so-called see-saw mechanism [29]. If the neutrino mass matrix has the following structure
(mLmD\

\mD mR J
with the hierarchy mj, <C mo <C TUR, then the spectrum of the theory contains, for each generation, a light neutrino of mass mught ~ m2D/m,R, essentially left-handed, and a heavy neutrino of mass
mheaVy ~ TTIR, essentially right-handed. We can make connection with the effective theory point of view
by drawing the Feynman diagram associated with the left-handed Majorana mass term: in the fundamental theory, it is a four-point interaction involving two Higgs fields and two left-handed neutrinos, induced
by the tree-level exchange of a heavy right-handed neutrino and controlled by the Yukawa couplings
associated with the Dirac neutrino mass terms. Integrating out the heavy right-handed neutrinos, and
putting the SM Higgs fields at their VEVs, we generate precisely the effective interaction of eq. (52).
The strongest constraints on Majorana neutrino masses come from neutrinoless double beta decay,
(/?/?){)£/ f° r short, corresponding to (Z, A) -> (Z + 2, A) + 2 e~, which violates lepton number by two
units. From the present experimental limits [8] on the decays of 76 Ge, corresponding to vfft0" >
5.6 x 1024 yrs, we can deduce that the appropriate combination of Majorana neutrino masses entering
the theoretical expression for the decay rate must be smaller than roughly 1 eV.
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Another important phenomenon connected with the possibility of neutrino masses are neutrino
oscillations. These have been extensively discussed in many reviews [30], thus I refer the reader to
the dedicated literature for the study of this very important topic, which is likely to give us the first
convincing evidence for BSM physics!
5

LOW-ENERGY SUPERSYMMETRY: THE MSSM

We have already mentioned the hierarchy or naturalness problem of the SM as the main motivation for
low-energy supersymmetry. Before starting the discussion of supersymmetric extensions of the SM, it is
appropriate to recall that there are other theoretical motivations for supersymmetry:
• it is the most general symmetry of the S-matrix consistent with a non-trivial relativistic quantum
field theory;
• it is an interesting laboratory for the analytical study of the non-perturbative regime of non-trivial
four-dimensional quantum field theories;
• it seems to play an important r61e for the consistency of superstrings, candidate unified theories of
all interactions, including the gravitational ones.
However, only the naturalness problem requires the existence of supersymmetric particles with masses
within the TeV scale, making low-energy supersymmetry testable at present and forthcoming colliders,
and a suitable subject for this School.
5.1

Generalities on supersymmetric lagrangians

The formulation and the perturbative properties of supersymmetric field theories are described in many
excellent textbooks and reviews (see e.g. [31]). Here we summarize, in a non-technical way, the main
ingredients that play a role in the construction of supersymmetric extensions of the SM at the electroweak
scale. The non-expert reader is urged to consult the pedagogical literature on this subject for a systematic
and self-contained presentation.
Supersymmetric field theories [32] are based on the supersymmetry algebra [33], an extension of
the Poincare algebra, obtained from the latter by adding some generators of fermionic character, obeying
anticommutation relations. We limit ourselves here to the case of simple (iV = 1) supersymmetry
in d = 4 space-time dimensions. Most realistic models are based on this case, which allows for matter
fields transforming in chiral representations of the gauge group. Realistic models with extended (N > 1)
supersymmetry are more difficult to construct and will not be discussed here, even if their special fieldtheoretical properties may justify dedicated investigations. The fundamental anticommutation relation
of the N = 1 supersymmetry algebra is:
{Qa,Qfl} = -2(>Y»C)a/3Pll,

(54)

where C is the charge conjugation matrix and Q is a Majorana spinor, commuting both with the generators Pfj, of space-time translations and with the generators Ta of possible (global and/or local) internal
symmetries. This implies that particles sitting in the same irreducible representations of supersymmetry
have spins differing by 1/2, but the same internal quantum numbers and, as long as supersymmetry is
unbroken, the same mass.
To construct supersymmetric lagrangians, it is convenient to start from the irreducible representations of supersymmetry, or supermultiplets. Leaving aside all technicalities, we recall that the two
types of supermultiplets used in the construction of globally supersymmetric extensions of the SM are
the chiral and the vector supermultiplets. Chiral supermultiplets contain a complex spin-0 field <p, a Majorana spinor ip (carrying the same degrees of freedom of a left-handed Weyl spinor ipL) and a complex
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scalar F, corresponding to an auxiliary non-propagating field. Vector superfields contain (in the so-called
Wess-Zumino gauge) a real spin-1 field V^, a Majorana spinor A and a real scalar auxiliary field D.
With the previous superfields, there is a definite rule to construct the most general supersymmetric,
gauge invariant, renormalizable lagrangian. In the case of a simple gauge group G, to which we associate
the hermitean generators Ta and the gauge coupling constant g, the result is, after elimination of the
auxiliary fields via their equations of motion:
CSUSY =

--AF
ffim

•

ow-r*.,.,

1

I

„,

^^

(55)

where the scalar potential reads
^2

Ey

v=

and w (<(>) is a gauge-invariant polynomial of degree three in the fields y>\ called superpotential.
Notice how supersymmetry brings along a unification of couplings. In ordinary theories, such as
the SM, one may introduce three different types of dimensionless couplings: gauge couplings, Yukawa
couplings and quartic scalar couplings. Supersymmetric theories allow only for two different types of
couplings, gauge couplings and superpotential couplings, and the dimensionless couplings appearing in
the scalar potential are related to these.
One of the main features of supersymmetric theories is their milder ultraviolet behaviour, summarized by the so-called 'non-renormalization theorems' [34]. For example, there is no independent
renormalization of the superpotential parameters at any finite order in perturbation theory. A related
property is the absence of field-dependent quadratic divergences, as long as there are no anomalous
U{\) factors in the gauge group. We shall now use this property to give an intuitive explanation of how
supersymmetry may help [35] in the solution of the naturalness problem of the SM.
Another way of looking at the naturalness problem of the SM is to consider its one-loop effective
potential, which contains a quadratically divergent contribution proportional to

Str M2{y) = 2 ( - l ) 2 J i ( 2 J i + l)m?(y>),

(57)

i

where the sum is over the various field-dependent mass eigenvalues m2((p), with weights accounting for
the number of degrees of freedom and the statistics of particles of different spin «/*. In the SM, Str M2
depends on the Higgs field, and induces a quadratically divergent contribution to the Higgs squared mass,
already identified as the source of the naturalness problem. A possible solution of the problem may be
provided by N — 1 global supersymmetry. For unbroken N = 1 global supersymmetry, Str M2 is
identically vanishing, due to the fermion-boson degeneracy within supersymmetric multiplets. The vanishing of Str M2 persists if global supersymmetry is spontaneously broken and there are no anomalous
U(l) factors [36]. Indeed, to solve the naturalness problem of the SM one could allow for harmless,
field-independent quadratically divergent contribution to the effective potential: this is actually used to
classify the so-called soft supersymmetry-breaking terms [37], to be discussed later. With typical mass
splittings Am within the MSSM supermultiplets, the field-dependent logarithmic divergences in the effective action induce corrections to the Higgs mass parameter which are at most O(Am 2 ): the hierarchy
is then stable if Am Z 1 TeV.
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5.2

The Minimal Supersymmetric Standard Model (MSSM)

We shall now describe the construction of the MSSM lagrangian (for reviews, see e.g. [38, 39]). We
begin by identifying the minimal renormalizable lagrangian with global N = 1 supersymmetry that
extends the SM one [40].
If we keep G = SU(3)c x SU{2)i x U(l)y as the gauge group, the spin-1 fields of the SM are
just replaced by vector superfields. The theory contains then some new spin-^ Majorana particles, called
'gauginos': the SU(S) 'gluinos' g, the SU{2) 'winos' W, and the U{\) 'bino' B.
Similarly, the spin-5 matter fields of the SM are replaced by the corresponding chiral superfields,
including, as new degrees of freedom, a complex spin-0 field for each quark or lepton chirality state:
the 'squarks' q^ = (UL dz,) T , UR, d~R and the 'sleptons' II = (i>L ^L)T, e/e, in three generations as
their fermionic superpartners. Remembering that chiral superfields contain left-handed spinors, for each
generation we shall introduce the superfields Q, L, Uc, Dc and Ec, whose fermionic components are qj_,,
h> (UC)L, {dc)L and (ec)i, respectively.
Finally, we must introduce additional multiplets containing the spin-0 degrees of freedom necessary for the Higgs mechanism. To give masses to all quarks and leptons, to cancel gauge anomalies
and to avoid a massless fermion of charge ± 1 , we must introduce at least two Higgs doublet chiral
supermultiplets

(1,2,-1/2),

H2=

n

J0

-(1,2,+1/2).

(58)

They contain, in addition to the spin-0 fields (Hi,Hl ) and (H^H®), denoted here with the same
symbols of the corresponding superfields without any risk of confusion, also the associated spinor fields
( # ? , Hi) and (ii£,H$), the so-called 'higgsinos'.
With the chiral superfields introduced above, the most general gauge invariant and renormalizable
superpotential is

w = huQUcH2 + hDQDcHl + hELEcHx
+ XQDCL + X'LLEC + n'LH2
+

(59)

X"UCDCDC.

In the previous formula, generation indices are understood, but we should keep in mind that the couplings
\x', (hu, hD, hE) and (A, A', A") are tensors with one, two and three generation indices, respectively. The
first line of eq. (59) contains only terms which conserve the total baryon and lepton numbers, B and L,
whereas the terms in the second line obey the selection rule AB = 0, |AL| = 1, and the ones in the
third line AL = 0, \AB\ = 1. The simultaneous presence of the terms in the second and in the third
line would be phenomenologically unaeceptable: for example, there could be superfast proton decay
mediated by the exchange of a squark.
The usual way out from this phenomenological embarrassment is the assumption of a discrete,
multiplicative symmetry called R-parity, defined as
R = (-1)2S+3B+L,

(60)

where S is the spin quantum number. In practice, the R-parity assignments are R = +1 for all ordinary
particles (quarks, leptons, gauge and Higgs bosons), R — - 1 for their supersymmetric partners (squarks,
sleptons, gauginos and higgsinos).
The choice of the gauge group and of the chiral superfield content, and the requirement of an
exact R-parity, are enough to specify the form of the globally supersymmetric lagrangian CSUSY which
extends the SM one. However, this cannot be the whole story: we know that supersymmetry is broken in
Nature, since we do not observe, for example, scalar partners of the electron degenerate in mass with it.
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The problem of supersymmetry breaking will be briefly mentioned later on in these lectures. To
parametrize the phenomenology at the electroweak scale, the MSSM Lagrangian is obtained [41] by
adding to £SUSY a collection CSOFT of explicit but soft supersymmetry-breaking terms, which preserve
the good ultraviolet properties of supersymmetric theories. In general, CSOFT contains [37] mass terms
for scalar fields and gauginos, as well as a restricted set of scalar interaction terms proportional to the
corresponding superpotential couplings

+ (huAuQUcH2

= Ei ™? I*>T + \ EA MA\A\A

-CSOFT

(61)
D D

c

E E

c

+ h A QD Hi + h A LE Hr

+ m\HxH2 + h.c.) ,

where tpi (i = HUH2,Q,UC,DC,L,EC)
denotes the generic spin-0 field, and A^ (A = 1,2,3) the
generic gaugino field. Observe that, since Au, AD and AE are matrices in generation space, the most
general form of CSOFT contains in principle a huge number of free parameters. Moreover, as will be
discussed later, for generic values of these parameters there can be serious phenomenological problems
with flavour-changing neutral currents and with new sources of CP-violation. For now, we shall ignore
intergenerational mixing.
5.2.1

The MSSM spectrum

The tree-level scalar potential associated with the MSSM Lagrangian,
CMSSM = CSUSY + CSOFT >

(62)

is a function of all the spin-0 fields of the model. To discuss SU(2)i x U(l)y gauge symmetry breaking,
it is usually assumed that all squark and slepton fields have vanishing VEVs, and the attention is restricted
to the Higgs potential:

Vo = m\ \Htf + ml \H2\2 + m\ (HiH2 + h.c.)
9

2

9

+ j {Hi ?H2+ H\ -a f

a

where
2

l

2

l

2

2

(64)

and, thanks to the possibility of redefining the phases of the Higgs superfields, it is not restrictive to
assume that m\ < 0, so that the potential is minimized for

(H1)=hy

vuv2eR+.

(H,)^^,

(65)

For the potential to be bounded from below, we have to require that
S = m\+ml-

2|mjj| > 0.

•

(66)

In order to get non-vanishing VEVs at the minimum, we must destabilize the origin in field space:
B = m\m\ - m | < 0.

(67)

To minimize the potential, it is convenient to use the auxiliary variables
,

tan/3 = ^ ,
vi
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(68)

so that the minimization conditions assume the simple form
s i n 2 tf

~2m3

-

V2 _

4

m ? - m l tan/3

With these expressions in our hands, we are now ready to study the MSSM spectrum.
The R-even sector of the MSSM contains, to begin with, all the spin-1 and spin-| particles of the
SM. The only difference is the fact that the mass terms for gauge bosons and fermions are now originated
by two independent VEVs. For example, the tree-level expressions for the W and Z masses are
n2

2 •

-

/2

»

ivi+4)-

(70)

Quarks of charge Q = 2/3 have tree-level masses proportional to t>2, quarks of charge Q = —1/3 and
charged leptons have tree-level masses proportional to v\. Neglecting for the moment intergenerational
mixing, and considering for example the third generation,
(71)
where (ht, ht»hT) are dimensionless Yukawa couplings.
A non-trivial structure arises in the Higgs boson sector, where we have, to begin with, two complex
doublets, Hi and Hi, amounting to eight real degrees of freedom. After shifting the fields according to

H1=[Vl+

Vl+

V

V2

,

H2 =

/

2+

S1 + iPj

V

,

(72)

V2 J

and after decoupling the Goldstone bosons, G° = —cosf3Pi+s'm(3P2,G+ — —
G~ = (G+)*, we are left with five physical degrees of freedom. Two of them correspond to a charged
(complex) field,
H+ = sm/3{H^)* + cosp(H+),
H~ = (tf+)*,
(73)
with tree-level mass
m2H± = mw -I- m\ ,

(74)

m\ = -ml (tan/?
(t
+^ ) .

(75)

where

The remaining degrees of freedom correspond to three neutral states. One of them is CP-odd,
A° = sinpPx + cos /3P2 ,

(76)

with mass m\ as in eq. (75). The other two are CP-even, and the corresponding mass eigenstates and
eigenvalues are obtained diagonalizing the mass matrix for S\ and 52:

(

m | cos2 P + m\ sin2 /? — ( m | + m\) sin /3 cos
(77)
— ( m | + m2A) sinj3 cos /3 m2z sin2 j3 + m\ cos2 /3 J

The explicit expression for the mass eigenvalues is trivially obtained,

l

\ [("»A + rn\) T yj{m\ + m\Y

\

Am\m% cos* 2^] ,

(78)

and the corresponding mass eigenstates read, in order of increasing mass,
h = — sin aSi + cos aS2,
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H = cos aS\ + sin aS^ ,

(79)

where the mixing angle a is conventionally chosen such that — | < a < 0 and is given by

(

2

2 \

/

m

2

^ ~ m f ) , sin2a = -sin2y9 ( m"
It is important to notice the tree-level mass relations

*1 \

+ m

£ ).

(80)

m2H± = m^y + m2A,

(81)

m\ + m2H = m\ + m\,

(82)

which imply

mH± > mw, mjj > rnz, mA>mfl,

m^ < m^|cos2/3| < m^.

(83)

It is also important to realize that, at tree level, all Higgs masses and couplings can be expressed in
terms of two parameters only: for example, we can choose as independent parameters (m^, tan/3), or
(m/,, tan /3), or (m^, mA)- Some more details on the phenomenology of the MSSM Higgs sector will be
given later in these lectures.
We now move to the spectrum of the R-odd sector of the MSSM.
The spin-0 s-particles are the superpartners of the ordinary quarks and leptons. Even neglecting
inter-generational mixing, there is another kind of mixing that has to be taken into account. Barring the
case of sneutrinos, for which the corresponding fermion is purely left-handed, the spin-0 partners of leftand right-handed quark and leptons can in general mix, and their mixing is described by 2 x 2 matrices
of the form
(m2. m2- \
„

I

f

l

M2f=\

ILL

\

ILR

\,
m

^

2

m

2

(/ = e,u,d),

(84)

I

SRR '

!LR

where

•m2- = m2; (soft) 4- m2- (D — term) + mi,
JLLr

m2-

!RR

J Lt

J LI

(85)

= m2; (soft) + m2- (D - term) + m2f,
SR

'

S

}R

f = e,n,r,d,s,b
f = u,c,t
and the D-term contribution is given by
m2(D - term) = m\ cos ip(TZL - sin2 9WQ)-

(87)

In general, therefore, one expects the interaction eigenstates, (/z,, / R ) , to differ from the mass eigenstates,
(/l) /2) in order of increasing mass. However, the amount of L-R mixing is proportional to the mass of
the corresponding fermion, and is usually negligible for the first two generations.
Among the spin-^ sparticles, we find the strongly interacting gluinos, g, which do not mix with
other states and whose mass is an independent parameter of CSOFTThe weakly interacting spin-5 sparticles are two charged and four neutral gaugino-Higgsino mixtures, usually called "charginos" and "neutralinos", respectively.
The two chargino mass eigenstates, (xf, x f ) in order of increasing mass, are superpositions of
winos W± and Higgsinos H^v and their mixing is described by the mass Lagrangian:

0 MTC
c
Mc 0
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+ h.c.,

(88)

where the 2 x 2 mass matrix Me is given by
/

M.2

\/2mvK sin /
M

(89)
/

and is diagonalized by the bi-unitary transformation
U*MCV^ =

/m-± 0 \
**
I .
\ L) m-± /
V

(90)

X2 /

Similarly, the mixing between the four neutralino states is described by the mass lagrangian

where ( ^ 0 )

= [B, Ws, H®, H$) and the 4 x 4 neutralino mass matrix reads (cp = cos/3, sp = sin/3,

c\v = cos Owi sw =

^

Mi
M

°

0
M

2

-mzCps\y mzcpcw
^ 77izs/3sw —mzspew

U
—/x

~A*
0

(92)

and is diagonalized by the unitary transformation
= diag fm^o m^o m^o ^ o j .

(93)

Summarizing, the masses and couplings of the two charginos and of the four neutralinos are characterized by four parameters: the gaugino masses M^ and M\ (which will be related in the following), the
superpotential Higgs mass \x and tan /?. It should be noted that the lightest neutralino mass eigenstate,
X\, is the favourite candidate for being the Lightest Supersymmetric Particle (LSP) in the MSSM spectrum. An alternative candidate is the sneutrino ur, but it is actually the LSP of the MSSM for a much
smaller range of parameter space. In general, the lightest neutralino turns out to be a mixture of the four
interaction eigenstates
X? = NnB + Nl2Wz + NnH? + N1AH$
(94)
The case of a pure photino, x\ = 7» which was assumed for simplicity in some old phenomenological
analyses, would correspond to the special combination {Nn,N12,N13,N14) = (sm$w,cos0w,O,O),
but there is no theoretical reason to prefer it.
5.2.2

Non-minimal alternatives to the MSSM

The assumptions defining the MSSM are plausible but not compulsory. Relaxing them leads to nonminimal supersymmetric extensions of the SM, which typically increase the number of free parameters
without (at present) a corresponding increase of physical motivation. We mention here two popular
options.
The simplest non-minimal model [42] is constructed by adding to the MSSM a gauge-singlet
Higgs superfield N, and by requiring purely trilinear superpotential couplings. Folklore arguments in
favour of this model are that it avoids an explicit supersymmetric mass parameter (j, ~ Gp ' , and that
the homogeneity properties of its superpotential recall the structure of the simplest superstring effective
theories. These statements, however, are not based on solid theoretical ground, and counterarguments
exist.
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In the formulation of the MSSM, the assumption of exact R-parity is of crucial importance, since
relaxing it can drastically modify the phenomenological signatures. In fact, by imposing discrete symmetries weaker than imparity we can allow for some of the terms in the last two lines of eq. (59), and
therefore for explicit imparity breaking, in a phenomenologically acceptable way [43] (for a recent review on the phenomenology of explicit R-parity breaking, see e.g. [44]). Another possibility [45] is that
.R-parity is spontaneously broken by the VEV of a sneutrino field, but it is by now experimentally ruled
out by LEP data if we stick to the MSSM field content.
5.2.3

The MSSM RGEs and radiative SU{2) x U(l) breaking

We shall now assume, for the rest of this section, that the MSSM can be safely extrapolated up to a very
large scale M. We shall also assume that, at the very large scale M, we can assign universal boundary
conditions on the soft terms, in the form of a universal scalar mass (mj), a universal gaugino mass
( m i/2)> an< i a universal cubic scalar coupling {Ao), all of the order of the electroweak scale. Then the
values of the MSSM parameters at the electroweak scale are strongly correlated by the corresponding
RGEs, whose main features and implications will be now discussed.
We begin by spelling out in more detail the assumptions on the boundary conditions. For definiteness, we identify here the scale M with the supersymmetric grand-unification scale Mu ~ 2 x 10 16 GeV,
to be defined later. We then assume that, in first approximation, at the scale M the running gauge coupling constants obey the relations of eq. (45). Similarly, we assume for the gaugino masses
M3{M) = M2{M) = Afi(M) = my2 >

(95>

for the soft supersymmetry breaking scalar masses
rh2Q(M) = m2uc(M) = m2DC{M) = rh\{M)
(96)
= m| c (M) = m2Hi(M) = m\2{M) = m20 ,
and for the soft supersymmetry-breaking scalar couplings
AU{M) = AD{M) = AE(M) = Ao .

(97)

We stress that, while (45) and (95) can be justified in models of supersymmetric grand unification, the
universal structure in generation space of (96) and (97) requires a deeper justification in the underlying
theory of spontaneous supersymmetry breaking. Counting also the supersymmetric Higgs mass n(M) =
fj,0 and the supersymmetry-breaking Higgs mixing term m2(M) = (m2)o, in addition to the gauge and
Yukawa couplings we have in the MSSM five more parameters
Ho,

m 1 / 2 , ml,

AQ,

(m2)0,

(98)

which control the low-energy effective Lagrangian (62).
Some of the RGEs for the MSSM parameters have quite simple approximate solutions. For example, those for the gauge couplings have the form of eq. (44) and are solved as in eq. (46), the only
difference being the one-loop beta function coefficients. Those appropriate to the MSSM are [46]
h = -3,

62 = 1,

6i = y .

(99)

A more detailed phenomenological discussion of the constraints on the low-energy gauge-couplings will
be given in the next subsection, after introducing the concept of supersymmetric grand unification.
For the gaugino masses, similar equations hold:
(A = 1,2,3),
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(100)

and they are also immediately solved with the boundary conditions (95), to give
MA(Q) = °^ml/2.
9u

(101)

Numerically, this corresponds to M 3 ~ 3mi/2, M2 ~ 0.85 m ^ , M\ ~ 0.25 m ^ , with possible
corrections due to higher-loops and threshold effects.
Neglecting intergenerational mixing, the one-loop RGE for the top Yukawa coupling reads [47]
dht

ht (

8 o

3 o

13

/9

,9

1

with similar equations for the bottom and tau Yukawa couplings, hb and hT. A close look at the above
RGE, combined with the experimental knowledge of the top and bottom quark masses, can give us
important informations.
Consider first the simple case of tan/3 < < Mt/Mb. In first approximation, we can neglect the
effects of the (g, g') gauge couplings and of the (hb, hT) Yukawa couplings on the running of the top
Yukawa coupling, ht. Then we can immediately realize that the RGE for the top Yukawa coupling,
eq. (102), admits an effective infrared fixed point [48], smaller than in the SM case [49]. Whatever
high value one assigns to the top Yukawa coupling at the large scale M, the top Yukawa coupling at the
electroweak scale never exceeds a certain maximum value, afmx ~ (8/9)as, where at = /i2/(4?r) and
as = gf/^Tr). Remembering the tree-level formula for Mt, this suggests the lower bound
tan/?>2.

(103)

However, a precise bound can be established only after the inclusion of the possibly sizeable radiative
corrections associated with threshold effects, both at the unification scale and at the electroweak scale
[50], combined with two-loop RGEs. As a result, values of tan/? as low as 1.6 may still be acceptable.
The bounds of course evaporate if we allow for the possible existence of new physics thresholds between
the electroweak and the grand-unification scales.
This infrared structure becomes even more interesting if we include the effects of the bottom-quark
Yukawa coupling, so that also large values of tan/3 can be considered. In this case, the top and bottom
Yukawa couplings admit an effective infrared fixed curve, approximately described by [51]
Q

at +abZ -as f {at, ab),

(104)

where / is a hypergeometric function bounded by 1 < / < 12/7. This translates into the approximate
bound
M

t

sin p

M
+

b

cos^ p

It is remarkable that, for a large range of tan/3 values between 1 and Mt/Mb, this bound is respected
but almost saturated: several theoretical papers have been written to suggest possible explanations of this
empirical observation, but such a discussion is beyond the aim of the present lectures.
Similar equations can be derived [52] for the soft supersymmetry-breaking scalar masses, for the
remaining soft supersymmetry-breaking parameters (At,Ab,AT,m%) and for the superpotential Higgs
mass /z. Also, the inclusion of the complete set of Yukawa couplings, including mixing, is straightforward. In general, the RGE for superpotential couplings and soft supersymmetry-breaking parameters
have to be solved by numerical methods (or approximate analytical methods). Exact solutions of the
one-loop RGEs can be found for the squark and slepton masses of the first two generations, for which
the Yukawa couplings are negligible. For example, we get mg,mpc,wi£jc ~ "^o + (5 -J- 8)mf,2,
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m\ ~ mg + 0.5 m L , m2Ec ~ m§ + 0.15 mw 2 , with the warning that higher loops and threshold effects
should be included for more accurate predictions.
One of the most attractive features of the MSSM is the possibility of describing the spontaneous
breaking of the electroweak gauge symmetry as an effect of radiative corrections [53]. Notice that,
starting from universal boundary conditions at the scale Mu, it is possible to explain naturally why fields
carrying colour or electric charge do not acquire non-vanishing VEVs, whereas the neutral components of
the Higgs doublets do. Also, the electroweak scale gets linked with the scale of the soft supersymmetrybreaking masses in the MSSM (which remains however an independent input parameter), and is stable
with respect to quantum corrections.
We give here a simplified description of the mechanism, in which the physical content is transparent, and we comment later on the importance of a more refined treatment. The starting point are the
boundary conditions on the model parameters at the scale M, summarized by:

9U,

{ht,hb,hT)0,

no,

mi/2,mo,Ao,(ml)o.

(106)

After evolving all the running parameters from the grand-unification scale M to a low scale Q
according to the RGEs described in the previous section, we can consider the RG-improved tree-level
potential VQ(Q), which has the functional form of eq.(63), but is expressed in terms of running masses
and coupling constants evaluated at the scale Q. VQ{Q) will describe an acceptable breaking of SU(2) x
U(l) if the conditions of eqs.(66) and (67) are satisfied, together with a certain number of conditions for
the absence of charge and colour breaking minima (for recent discussions, see e.g. [54]), and finally if
v2 = v\ 4- v2 is of the right magnitude to fit the observed values of the W and Z masses, according
to eq. (70). In other words, the measured values of the weak boson masses set a constraint on the
independent parameters of eq. (106).
A crucial role in the whole process is played by the top quark mass, since the top quark Yukawa
couplings governs the renormalization group evolution of the mass parameter m2H :
dmH2
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where
2

f m^c •Vm H2

Ft

2

+A

(108)

For a given set of boundary conditions on the remaining parameters, too small values of ht are not able
to drive B < 0 at scales Q ~ mz, so that the origin remains a minimum and we end up with unbroken
SU{2) x (7(1); on the other hand, too large values of ht can either drive <S < 0, which would correspond
to a potential VQ(Q) unbounded from below, or violate one of the conditions for the absence of charge or
colour breaking minima.
The use of the renormalization group improved tree level potential, Vo(Q), is very practical, but
it relies on the assumption that, once all large logarithms have been included in the running parameters,
all the remaining one loop corrections to the scalar potential can be neglected at the scale Q ~ mz- We
know in fact that the complete expression of the one-loop effective potential is given by

Vi(Q) = V0(Q) + AVi(Q),

(109)

where, neglecting a field-independent part which is proportional to Str M2 and contributes only to the
vacuum energy,

1

f

4

F

Str < M. \Q) log
Indeed, it was shown in [55] that, in order to obtain reliable results, stable under small changes of the
renormalization scale Q, it is essential to use at least the full one-loop effective potential, especially if
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the supersymmetry-breaking mass splittings start to be sizeable with respect to mz. A reasonable first
approximation consists in using VQ(Q), but choosing a scale Q of the order of some average stop mass:
this minimizes the threshold corrections due to the presence of many slightly different mass scales close
to the electroweak scale.
To conclude the discussion of radiative symmetry breaking, we show now that in the MSSM (with
universal boundary conditions) we expect
Mf
1< tan/3 <Tf.
Mb

(Ill)

The proof relies on the relation, derived from the minimization of Vo(Q):
'v2\

_ m\ + m%/2
~ m\ + ml/2 '

The boundary conditions at the unification scale are m\{M)
the difference mf — m\ reads
d{m\ - ml) _
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where F\, and F T are (positive) quantities analogous to Ft. Imagine now that tan/8 < 1, and remember
the tree-level expressions for the top and bottom masses. The fact that Mt ^$> Mi, then implies ht >• /i 6 ,
this in turn implies that at the scale Q, where the use of VQ{Q) is appropriate, m\ > rri^. But eq.(112)
then tells us that tan/3 > 1, in contradiction with the starting assumption. Similarly we can prove that
tan/3 < Mt/Mb.
As a final remark, we stress a problem left unsolved by the MSSM description of radiative symmetry breaking: the scale of the soft terms, which in turn determines the electroweak scale, is not dynamically determined, but introduced 'by hand' in the boundary conditions on the mass parameters. To
discuss the possible dynamical determination of such a scale, needed for a fully satisfactory solution of
the naturalness problem, we need a theory of spontaneous supersymmetry breaking.
5.3

Supersymmetric Grand Unification

Some of the problems of non-supersymmetric unification, including those with proton decay and with
the low-energy values of the gauge coupling constants, may find a natural solution with the incorporation
of supersymmetry. The minimal model of supersymmetric grand unification [56] is based on SU(5), and
is constructed in analogy with the MSSM. Gauge bosons and matter fermions fall in the same SU(5)
representations as in the Georgi-Glashow model, but are promoted to the corresponding supermultiplets.
The Higgs sector is extended to the following chiral superfields: H(5), H(5) and £(24). The VEV of
the adjoint scalar, (E) = V • diag{2,2,2, - 3 , - 3 ) breaks SU(b) down to the SM gauge group, whereas
(H) = (0,0,0,0, V2) and (H) = (0,0,0,0, vi) describe the breaking of the electroweak symmetry. The
superpotential is of the form
w = h-10F

x 1 0 F XH + ti -WF x 5 F X ~H + M'HH + A i i J S F + M T r E 2 + A 2 T r S 3 . (114)

The breaking of SU{b) must preserve supersymmetry and give mass to the color triplet Higgs bosons,
while keeping their doublet partners light. Looking at the equations of motion for the auxiliary fields,
we find that V ~ M/A 2 and, in order to keep the Higgs doublets light, M' ~ 3AiV. The fine-tuning
related to this last condition is at the origin of the so-called doublet-triplet splitting problem of minimal
supersymmetric grand unification. The superheavy vector bosons have masses proportional to gt/V,
the Higgs triplets in the fundamental and anti-fundamental have masses proportional to \\V, and the
Higgs particles in the adjoint have masses proportional to A2F. After decoupling these heavy states, and
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introducing by hand some soft supersymmetry-breaking mass terms, we are left with the MSSM as the
effective theory at scales Q <C My.
In the leading logarithmic approximation, the predictions of supersymmetric grand-unification just
depend on the MSSM particle content. Assuming for simplicity that all supersymmetric particles have
masses of order mz, we obtain [46] M\j ~ 2 x 1016 GeV (which increases the proton lifetime for gaugeboson-mediated processes beyond the present experimental limits) and sin2 9w — 0.23. At the time
of [46], when data were pointing towards a significantly smaller value of sin2 6\y, this was considered
by some a potential phenomenological shortcoming of the MSSM. The high degree of compatibility
between data and supersymmetric grand unification became manifest [28] only later, after improved data
on neutrino-nucleon deep inelastic scattering were obtained, and was progressively reinforced by the
subsequent LEP and Tevatron data. We should not forget, however, that unification of the MSSM is
not the only solution which can fit the values of the gauge coupling constants at the electroweak scale
extracted from experiment: for example, non-supersymmetric models with ad hoc light exotic particles
or intermediate symmetry-breaking scales could also do the job. The MSSM, however, stands out as the
simplest physically motivated solution.
In models of supersymmetric grand-unification, including the minimal one, we still find the conventional mechanisms for proton decay, described by supersymmetric d = 6 operators. Gauge-boson
exchange, however, does not lead to proton decay at a detectable rate, since the unification mass Mu
is more than one order of magnitude higher than in the non-supersymmetric case, and the proton lifetime scales as My. Color-triplet Higgs boson exchange could lead to decay modes such as p —> fx+K°
or V^K^, but the corresponding rate would be undetectably small, being proportional to some Yukawa
coupling squared, if the triplet masses are of the order of My. However, as pointed out in [57], supersymmetric models admit a new class of d = 5 operators which, when dressed by loops of MSSM particles,
may lead to a proton lifetime proportional to Am 2 My instead of My, with distinctive decay modes
such as p —»• K+Up. This is indeed the case of minimal supersymmetric 5(7(5). However, the detailed
predictions for the decay rates are rather model-dependent, since they are controlled by superpotential
couplings containing two arbitrary phases and three independent superheavy masses, and by the details
of the MSSM particle spectrum.
If we want to make the comparison between low-energy data and the predictions of specific grandunified models more precise, there are several factors that should be further taken into account. After the
inclusion of higher-loop corrections and threshold effects, eq. (46) is modified as follows

In eq. (115), A^ represents the so-called threshold effects, which arise whenever the RGE are integrated across a particle threshold [58], and A ^ 1 represents the corrections due to two- and higher-loop
contributions to the RGE [59]. Both A^1 and A ^ 1 are scheme-dependent, so one should be careful
to compare data and predictions within the same renormalization scheme. A ^ receives contributions
both from thresholds around the electroweak scale (top quark, Higgs boson, and in SUSY-GUTs also
the additional particles of the MSSM spectrum), and from thresholds around the grand-unification scale
(superheavy gauge and Higgs bosons, and in SUSY-GUTs also their superpartners). Needless to say,
these last threshold effects can be computed only in the framework of a specific grand-unified model,
and typically depend on a number of free parameters. Besides the effects of gauge couplings, A^" 1 must
include also the effects of Yukawa couplings, since, even in the simplest mass-independent renormalization schemes, gauge and Yukawa couplings mix beyond the one-loop order. In minimal SU(5) grand
unification, and for sensible values of the top and Higgs masses, all these corrections are small and do not
affect substantially the conclusions derived from the naive one-loop analysis. This is no longer the case,
however, for supersymmetric grand unification. First of all, one should notice that the MSSM by itself
does not uniquely define a SUSY-GUT, whereas threshold effects and even the proton lifetime (due to the
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new class of diagrams [57] which can be originated in SUS Y-GUTs) become strongly model-dependent.
Furthermore, the simplest SUSY-GUT [56], containing only chiral Higgs superfields in the 24, 5 and 5
representations of SU(b), has a severe problem in accounting for the huge mass splitting between the
SU(2) doublets and the 517(3) triplets sitting together in the 5 and 5 Higgs supermultiplets. Threshold
effects are typically larger than in ordinary GUTs, because of the much larger number of particles in the
spectrum, and in any given model they depend on several unknown parameters. Also two-loop effects of
Yukawa couplings are quantitatively important in SUSY-GUTs, since they depend not only on the heavy
quark masses, but also on tan(9: these effects are maximal for tan/3 close to 1 or to Mj/Mf,, which
correspond to a strongly interacting top or bottom Yukawa coupling. There is no problem of principle in
evaluating all these effects, but they introduce a large amount of model-dependence when we try to push
the comparison between theory and experiment to the level of the present experimental precision. The
conclusion is that, even imagining a further reduction in the errors of the experimental determinations
of the low-energy gauge couplings, it is impossible to claim indirect evidence for supersymmetry and to
predict the MSSM spectrum with any significant accuracy. The only safe statement is that, at the level
of precision corresponding to the naive one-loop approximation, there is a remarkable consistency between experimental data and the prediction of supersymmetric grand unification, with the MSSM i?-odd
particles roughly at the electroweak scale.
To conclude the discussion of supersymmetric grand unification, it is worth spending a few words
on how its phenomenologically successful prediction of the low-energy gauge couplings could be embedded within our candidate theories of all interactions, namely superstring theories or, according to the
most recent developments, the M-theory underlying all superstring theories.
Traditionally, the discussion of the unification of all couplings used to be given in the context of
the perturbative formulation of four-dimensional heterotic string models. In such a context, the only free
parameter is the string tension, which fixes the unit of measure of the massive string excitations. All the
other scales and parameters are related to VEVs of scalar fields, the so-called moduli, corresponding to
flat directions of the scalar potential. In particular, there is a relation among the string mass Ms ~ a'~ ll2,
the Planck mass Mp ~ G^1' , and the unified string coupling constant String, which reflects unification
with gravity, and implies that in any string vacuum one has (at least in principle) one more prediction
than in ordinary field-theoretical grand unification. In a large class of perturbative string models, we
can write down an equation of the same form as (115), and compute gu, Mu, A ^ , . . . in terms of
the relevant VEVs [60]. So doing, we find Mu — 0.7 x gu x 1018 GeV, more than one order of
magnitude higher than the naive MSSM extrapolations from low-energy data. This is the so-called string
unification problem. Several suggestions for its solution have been put forward: an intermediate phase
of conventional field-theoretical unification between My and Ms, large string threshold corrections,
intermediate scales, etc.. An intriguing observation was made recently in connection with the newly
discovered non-perturbative string dualities. In the strong coupling limit, the E$ x Eg heterotic string
leads to a new dimension which is slightly different from the familiar ten dimensions that are usually
considered in the perturbative discussion of heterotic string compactifications. Instead of being similar
to a circle, it is more like a segment [61]. The gauge fields and matter live at the endpoints only, while
gravity propagates in the bulk. Suppose that a fifth dimension of this type exists below the unification
scale. Since the MSSM fields live in the walls, the evolution of the gauge couplings is the standard fourdimensional one. Since gravity propagates in the full five dimensions, however, the effective gravitational
coupling runs faster than in four dimensions. For a fifth dimension of the appropriate size, the kink in
the gravitational coupling can make all couplings meet [62] at the unification scale My. Of course, this
is not more predictive than ordinary grand unification, since the size of the fifth dimension can be taken
as a parameter, but it shows that the string unification problem may be solved in some appealing way.
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5.4

Supersymmetry breaking

An important criterion for supersymmetry breaking follows directly from the basic anticommutation
relation of the supersymmetry algebra, eq. (54), remembering that H = PQ is the Hamiltonian: . If the
Hilbert space has positive norm, supersymmetry is spontaneously broken if and only if the Hamiltonian
does not annihilate the vacuum, H\0) ^ 0. This corresponds in turn to having a positive vacuum
energy, (V) > 0. Remembering the structure of the scalar potential in renormalizable theories with
global supersymmetry, eq. (56), the condition for supersymmetry breaking is then that at least one of the
auxiliary fields of the chiral and vector supermultiplets has a non-vanishing VEV,
and/or

(Da)#0.

(116)

The unavoidable consequences of the spontaneous breaking of global supersymmetry are then
• The existence of a massless fermion, the goldstino, residing in the superfields whose auxiliary
fields acquire non-vanishing VEVs (in complete analogy with the goldstone bosons of ordinary
spontaneously broken continuous global symmetries).
• A positive vacuum energy (we shall describe in a moment what happens when the coupling to
supergravity is introduced).
• Some phenomenologically unacceptable mass relations, such as Str M2 = 0 in each separate
sector of the spectrum. It should be kept in mind, however, that such a relation is valid only at the
classical level, and in the absence of non-renormalizable interactions and anomalous £7(1) factors.
The general, 'kinematical' aspects of spontaneous supersymmetry breaking are well understood,
both in the global [63] and in the local [64] case: in a iV = 1, d = 4 theory with chiral and vector supermultiplets, the order parameters controlling supersymmetry breaking are the VEVs of the associated
auxiliary fields, F* and Da, which give a positive semi-definite contribution to the scalar potential. For
supersymmetry breaking to be compatible with a flat space-time background, the inclusion of gravitational interactions is essential, since in Poincare supergravity the scalar potential reads [65]
V = \\F\\2 + \\D\\2-\\H\\\

(117)

The three terms ||-F|| 2 , \\D\\2 and \\H\\2 are positive-semidefinite, and controlled by the auxiliary fields
of the chiral, vector and gravitational supermultiplets, respectively. The first two terms have different
expressions but identical r61es in local and global supersymmetry; the third one, peculiar to supergravity,
has the universal property that (||^T||2) = 3m2,2Mp, where m^^ ls th e mass of the spin-3/2 gravitino
(the supersymmetric partner of the spin-2 graviton) and Mp = {%-KGN)"1^2 — 2.4 x 1018 GeV is the
Planck mass.
As will be clear in a moment, to generate phenomenologically acceptable masses for the supersymmetric partners of ordinary particles, a realistic model must have
A S = (|| J F|| 2 + | | J D | | 2 > 1 / 4 > G - 1 / 2 .

(118)

On the other hand, to satisfy the present bounds on the cosmological constant, a realistic model must
also have
10- 4 eV ~ G^Mf1.
(119)
It is then obvious that, when discussing the vacuum energy, the gravitational contribution to the scalar
potential must be essentially identical to the non-gravitational one. However, as we shall see in the
following, there are situations in which gravitational interactions can be neglected when restricting the
attention to the spectrum and the interactions relevant for present accelerator experiments.
323

The goldstino G, which provides the ±1/2 helicity components of the massive gravitino via the
super-Higgs mechanism, is determined by
G = (FiW + (pa)Xa .

(120)

The mass splittings in the different sectors of the model, denoted here schematically with a sub-index I,
are controlled by
(Am
( A m22)/) / ~~ AA// A |s ,,
(121)
where A/ is the effective coupling of the goldstino supermultiplet to the sector / . This is true not only
at tree level, but also after the inclusion of quantum corrections, since the latter can be incorporated in
a local effective Lagrangian, which must exhibit the spontaneous nature of supersymmetry breaking if
a full, non-anomalous set of supersymmetric multiplets is kept. In order for supersymmetry to solve
the naturalness problem, it is customary to require that the mass splittings among the MSSM states
be (Am2)i ~ Gp1. However, this is not sufficient to fix As or, equivalently, m 3 / 2 (to an excellent
approximation, As = Wc5m3/2Mp): according to the numerical values of the effective couplings A/,
different possibilities arise, to be described in the following paragraphs.
Despite the satisfactory understanding of the 'kinematical' aspects of spontaneous supersymmetry
breaking, what we are still lacking is some compelling idea about the symmetries and dynamics that
control such a phenomenon in the fundamental theory of Nature, and explain the origin of the different
scales relevant for the problem: Am 2 , As and A cosm . This is a very difficult and ambitious problem,
and it is not surprising that a final solution has not been found yet. Several interesting ideas have been
pursued in recent years, but there are still many open problems. We just mention here some of the existing approaches, referring the reader to the literature for more details. For a recent review of the possible
mechanisms of supersymmetry breaking, see e.g. [66]. One interesting possibility is that, in the context
of supergravity, the spontaneous breaking of supersymmetry finds its origin in non-perturbative phenomena, such as gaugino condensation [67]. Explicit models of this type exist, but they have to rely on some
ad hoc assumptions: being supergravity an effective, non-renormalizable theory, it is difficult to control
quantum corrections already at the perturbative level. Another possibility is spontaneous breaking at
the string level, via coordinate-dependent compactifications [68]. There are however unsolved problems
such as the mechanism for the stabilization of the dilaton VEV and the generic instability of string vacua
with broken supersymmetry and vanishing cosmological constant with respect to string loop corrections.
The present hope is that some more insight into this mechanism, which may lead to a non-perturbative
formulation of it, could be gained by exploiting the recently discovered string dualities. A different
approach to the study of spontaneous supersymmetry breaking consists in working at the level of renormalizable gauge theories with global supersymmetry, and in posing dynamical questions of more limited
scope. Despite the encouraging results in recent years (for reviews, see e.g. [69]), models of dynamical
supersymmetry breaking at low energy are still quite contrived when one tries to make them realistic.
Given this state of affairs, in the following we shall give a macroscopic description of the different scenarios for spontaneous supersymmetry breaking, trying to emphasize their generic features and
phenomenological implications, and avoiding the discussion of the details of the microscopic theory.
5.4.1

Supergravity models with heavy gravitino

The first possibility, realized in the so-called hidden-sector supergravity models, is that the couplings of
the goldstino supermultiplet to the MSSM states are of gravitational strength, A/ ~ A | / M p . In this case
the desired MSSM spectrum requires As ~ G^ 1 / 4 Mp / 2 ~ 1010 + 10 11 GeV, and therefore m 3 / 2 ~
Gp1' . The effective theory at the electroweak scale is obtained from the underlying supergravity by
taking formally the limit Mp -> oo, while keeping m 3 / 2 fixed [70]: this gives precisely the MSSM
with explicitly but softly broken supersymmetry. The states with masses 0(m 3 / 2 ) and interactions of
gravitational strength need not be included in the effective theory.
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In the minimal realization of such a scenario, the superfield content of the model can be classified
in two distinct sectors: the 'observable' sector, containing the MSSM states, and the 'hidden' sector,
containing at least the gravitational supermultiplet and the goldstino supermultiplet (for definiteness,
we assume here that it is a gauge singlet chiral superfield, S). The two sectors are connected only via
non-renormalizable interactions, suppressed by inverse powers of the Planck mass. The scale of superJ try

symmetry breaking is given by (Fs) ~ GF Mp, and the fermionic component of S is the goldstino
G. The gravitino mass is m 3 / 2 ~ (Fs)/Mp ~ GF , and the SUSY-breaking mass splittings, both in
the observable and in the hidden sector, are of the order of the gravitino mass, since they are originated
by tree-level couplings of gravitational strength. In contrast with the case of renormalizable, global supersymmetry, the supertrace mass sum rule is in general violated, and the mass scale characterizing such
violation is the gravitino mass.
Hidden-sector supergravity models exhibit some generic problems that should be solved by a
satisfactory mechanism for spontaneous supersymmetry breaking, and can be summarized as follows:
• Classical vacuum energy. The potential of N = 1 supergravity does not have a definite sign and
scales as m2, , 2 Mp 2 : already at the classical level, we must arrange for the vacuum energy to be
vanishingly small with respect to its natural scale.
• (m3/2/Mp) hierarchy. In a theory where the only explicit mass scale is the reference scale Mp
(or the string scale), we must find a convincing explanation of why it is m 3 / 2 ~ 10" 15 Mp (as
required by a natural solution to the hierarchy problem), and not m3/2 ~ Mp.
• Stability of the classical vacuum. Even assuming that a classical vacuum with the above properties can be arranged, the leading quantum corrections to the effective potential of N = 1 supergravity scale again as m\ ,2 Mp 2 , too severe a destabilization of the classical vacuum to allow for
a predictive low-energy effective theory.
• Universality of squark/slepton mass terms. As will be discussed later, such a condition (or
alternative but equally stringent ones) is phenomenologically necessary to adequately suppress
FCNC, but is not guaranteed in the presence of general field-dependent kinetic terms.
From the above list, it should already be clear that the generic properties of N = 1 supergravity are
not sufficient for a satisfactory supersymmetry-breaking mechanism. Indeed, no fully satisfactory mechanism exists, but interesting possibilities arise within string effective supergravities. The best results
obtained so far are listed below:
• It is possible to formulate supergravity models where the classical potential is manifestly positivesemidefinite, with a continuum of minima corresponding to broken supersymmetry and vanishing
vacuum energy, and the gravitino mass sliding along a flat direction [71, 72].
• This special class of supergravity models emerges naturally, as a plausible low-energy approximation, from four-dimensional string models, irrespectively of the specific dynamical mechanism that
triggers supersymmetry breaking. Due to the special geometrical properties of string effective supergravities, the coefficient of the one-loop quadratic divergences in the effective theory, Str A42,
can be written as [73]
Str M2{z,z) = 2Qm23/2{z,z),
(122)
where Q is a field-independent coefficient, calculable from the modular weights of the different fields belonging to the effective low-energy theory, i.e. the integer numbers specifying their
transformation properties under the relevant duality. The non-trivial result is that the only fielddependence of Str M2 occurs via the gravitino mass. Since all supersymmetry-breaking mass
splittings, including those of the massive string states not contained in the effective theory, are proportional to the gravitino mass, this sets the stage for a natural cancellation of the O(m2,2 Mp2)
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one-loop contributions to the vacuum energy. Indeed, there are explicit string examples that exhibit
this feature. If this property can persist at higher loops (an assumption so far), then the hierarchy
m 3 / 2 <S: Mp can be induced by the logarithmic corrections due to light-particle loops [72].
• In this special class of supergravity models one naturally obtains, in the low-energy limit where
only renormalizable interactions are kept, very simple mass terms for the MSSM states, calculable
via simple algebraic formulae from the modular weights of the corresponding fields and easily
reconcilable with the phenomenological universality requirements [73]. This last result can indeed
be obtained also in a slightly less restrictive framework [74].
5.4.2

Supergravity models with light gravitino

The second possibility occurs when the goldstino supermultiplet is coupled to the MSSM sector by gauge
or Yukawa interactions, much stronger than the gravitational interactions. Taking for example A/ ~ 1,
to get the desired mass splittings one needs As ~ G]?1'2, giving m 3 / 2 ~ G^Mp1
~ (few) 10~ 5 eV.
If there is some weak coupling and the goldstino supermultiplet couples to the MSSM states only via
loops, As and ro3/2 can increase by a few orders of magnitude, since the effective couplings A/ can be
suppressed by numerical factors such as a/(in) and by mass ratios such as A$/M, where M > A5 is
some supersymmetry-preserving mass term, possibly associated with the vacuum expectation value of a
standard-model-singlet scalar field. In this second class of models, gravitational interactions are relevant
only for the discussion of the vacuum energy, and the effective theory at the electroweak scale can be
obtained by taking formally the naive limit Mp -> 00, while keeping A5 constant [75].
A low scale of supersymmetry breaking, As, may be favoured by generic arguments related with
the flavour problem. In the MSSM, the most general set of soft supersymmetry-breaking terms introduces
many new sources of flavour violation, besides the Yukawa couplings in the superpotential: as will be
discussed later, only non-generic choices of the soft terms (approximate universality or alignment) can
lead to an acceptable phenomenology. From the point of view of the underlying theory with spontaneous
supersymmetry breaking, the typical magnitude of the soft terms in the sfermion sector is A | / A , where
A is the scale suppressing the corresponding nonrenormalizable operators in the Kahler potential. If
the scale of flavour physics, Afiav, is larger than A, then we would expect flavour-breaking effects on
the soft terms to be suppressed by A/Afiav, and a phenomenologically acceptable pattern of soft mass
terms could naturally arise. The opposite situation, Ajiav ^ A, would genetically induce unsuppressed
flavour violations in the soft terms. These generic arguments are not conclusive, but may be taken as an
additional motivation to study models where A5 and A are as low as possible.
A presently popular realization of the light gravitino case is given by the so-called 'messenger' or
'gauge-mediated' models (for a recent review and references, see e.g. [76]). In the minimal version of
such models, the field content can be divided into three sectors: an 'observable' sector, containing the
MSSM fields; a 'messenger' sector, containing real representations of a grand-unified gauge group (for
example, a 5 + 5 of SU(5), to be denoted by M and M, respectively), which interacts with observable
sector only via SM gauge interactions; a 'secluded' sector, containing at least the gravitational supermultiplet and the goldstino supermultiplet S, which has superpotential interactions with the messenger sector,
but is decoupled at tree-level from the observable sector. If supersymmetry is spontaneously broken on
the vacuum, one expects that the spectrum in the messenger sector is controlled by the combination of
supersymmetric mass terms, proportional to (5), and supersymmetry-breaking masses, proportional to
i/(Fs). In the observable sector, supersymmetry breaking masses are generated by loop diagrams with
messenger fields on the internal lines. For example, gaugino masses are generated at one loop, and have
the form
a A V(Fs)

326

whereas universal scalar masses are generated at two loops, and have the form

It is easy to identify in the above formulae the effective couplings of the goldstino supermultiplets to
the observable sector, once the effects of loop diagrams have been included. The nice feature of these
models is the fact that, due to the universal character of gauge interactions, the soft scalar masses in the
observable sector are automatically universal. However, because of a Peccei-Quinn symmetry, neither \i
nor m | can be generated by gauge interactions alone, so the minimal messenger model must be complicated with some superpotential interactions in order to become realistic. Once superpotential interactions
are introduced, however, the universality properties of the scalar mass terms are no longer guaranteed
in general. Moreover, if there is no mixing with the MSSM states, and a conserved global messenger
number can be identified, then we expect a stable messenger, which may give rise to cosmological problems. Both the difficulties mentioned above can be solved by complicating sufficiently the model, but,
as a result, no unique candidate messenger model is singled out.
In view of the above considerations, a more model-independent approach to the light gravitino
case may be followed (for an extensive discussion, see e.g. [77]). It consists in writing down an effective
theory for the light multiplets, i.e. the MSSM fields and the gravitino, assuming that the heavier fields
(for example, the messengers, but not necessarily so) have been integrated out. Such an effective theory
has both supersymmetry and the gauge symmetry linearly realized on the fields, but non-renormalizable
operators are present to encode the low-energy effects of the underlying dynamics. In this theory, supersymmetry is spontaneously broken, and masses and couplings can be read off tree-level formulae
directly. The limit of such an approach is the lower amount of predictive power, but the advantage is the
possibility of an efficient parametrization of the model-independent aspects of the resulting phenomenology. In particular, the differences with the heavy gravitino case become more and more important as the
supersymmetry-breaking scale As, suppressing the non-renormalizable operators, gets closer and closer
to the weak scale. We finally remark that an effective theory of this kind is valid only in a limited
energy range, bounded from above by unitarity, which essentially dictates, besides Am ^ As, also
E ;$ A | / A m : new (elementary or composite) degrees of freedom must be introduced before or near this
critical scale to restore unitarity.
5.5

Supersymmetric phenomenology

Let us assume, for now, exact R-parity conservation. Then:
• supersymmetric (R-odd) particles are produced in pairs: single production in reactions initiated by
ordinary (R-even) particles would violate R-parity;
• supersymmetric (R-odd) particles always decay into final states involving an odd number of supersymmetric (R-odd) particles;
• the lightest supersymmetric particle (LSP) is absolutely stable.
If the LSP is neutral and weakly interacting (typical candidates encountered in model-building are the
lightest neutralino or one of the sneutrinos in heavy gravitino models, and the gravitino itself in light
gravitino models), then it is a possible candidate for dark matter. In collider phenomenology, being
essentially invisible to the detectors, the LSP can be characterized by a distinctive missing-energy signature. Three broad scenarios for supersymmetric phenomenology then emerge, whose general features
will be now described.
Heavy gravitino
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This corresponds to m 3 / 2 ~ 102 -f-104 GeV, or As ~ 1010 4-10 11 GeV. As discussed before, in
the heavy gravitino case all polarization states of the massive gravitino couple with gravitational strength,
and the MSSM with soft terms is an adequate description up to energy scales of order Mu- The two most
distinctive phenomenological features are that non-renormalizable operators correcting the MSSM are
completely negligible at present accelerator energies, and that the LSP belongs to the MSSM spectrum.
Light gravitino
This corresponds to m 3 / 2 ~ 1CT1 4 103 eV, or As ~ 104 4 106 GeV. In this case, the ±1/2
helicity components of the gravitino, corresponding to the would-be goldstino, couple with strength much
greater than gravitational, but still smaller than the typical strength of the gauge interactions or of the
Yukawa interactions of heavy fermions. In this case, the new non-renormalizable interactions, correcting
the MSSM and associated with supersymmetry breaking, are too weak to play a role in the production
processes of R-odd particles, but may play an important role in their decays. Also, we can no longer
extrapolate the MSSM up to Mu, since tree-level unitarity is violated at a critical energy Ec ~ A | / A m ,
and new (elementary or composite) degrees of freedom must be introduced before or near this critical
scale to restore unitarity.
An important property controlling the phenomenology of these models, whose LSP is the gravitino, is the nature of the next-to-lightest supersymmetric particle (NLSP). If such particle is the lightest
neutralino, for example the photino, the rate of its decay into a photon and a goldstino is given by [78]
1 M5

(125)

T

This is trivially generalized to the case of an arbitrary neutralino, as long as it has a non-negligible
photino component. In this case, the typical signature of sparticle production and decay is given by
photons plus missing energy. If the NLSP is a sfermion / , for example a stau or a sneutrino, as it may be
the case in some of the messenger models, then it likes to decay into the corresponding fermion / and a
goldstino. In the my = 0 limit, the decay rate reads
1

rhbf
-

<126)

In this case, the phenomenology is characterized by missing energy signals, as in the standard case of
heavy gravitino.
Superlight gravitino
This corresponds to m 3 / 2 ~ 10~6 4-10~2 eV, or As ~ 102 4 1 0 4 GeV. In this case, the goldstino
couplings with the MSSM fields have, at the presently accessible energies, a strength comparable with the
gauge couplings. As a result, it is essential to keep track, at energies of the order of the electroweak scale,
of all the leading non-renormalizable interactions controlled by inverse powers of the supersymmetrybreaking scale. In fact, as we shall see in a moment, these interactions can now play an important role in
the production processes: we can have not only pair-production of MSSM sparticles, but also associated
production of a gravitino and a MSSM sparticle, and even pair production of gravitinos. It is also clear
that in this case the effective theory has a very limited range of validity, extending not much above the
electroweak scale.
To conclude the discussion of the superlight gravitino case, we would like to comment further
on an intriguing aspect of its phenomenology. There may be experiments where the available energy is
still insufficient for the on-shell production of other supersymmetric particles, but nevertheless sufficient
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to give rise to final states with only gravitinos and ordinary particles, at measurable rates. As recently
discussed in [79], powerful processes to search for a superlight gravitino G (when the supersymmetric
partners of the Standard Model particles and of the goldstino are above threshold) are e+e~ -> GGj and
qq —>• GGj, which would give rise to a distinctive (photon + missing energy) signal. The first process
can be studied at e + e~ colliders such as LEP or the proposed NLC, the second one at hadron colliders
such as the Tevatron or the LHC. At hadron colliders, we can also consider the partonic subprocesses
qq —>• GGg, qg -> qGG, qg -> q~GG and gg -> gGG, all contributing to the (jet + missing energy)
signal. In the case of heavy superpartners, all these processes have cross-sections with a strong, universal power-law dependence on the centre-of-mass energy and on the scale of supersymmetry breaking, s 3 / A | . In the absence of experimental anomalies, the above processes can be used to establish
model-independent lower bounds on the gravitino mass. From the present LEP data, we can estimate
m
3/2 ~ 10~ 5 eV, corresponding to As £ 200 GeV. At hadron colliders, the analysis is more complicated. In the (7+ fir) channel, there are already some published DO data collected at the Tevatron
collider, from which we can extract As > 245 GeV, or m3/2 > 1-4 x 10~5 eV. We estimate that, with
the presently available luminosity, the Tevatron experiments should be sensitive up to Ag cz 300 GeV, or
m 3 / 2 ^ 2.2 x 10~ 5 eV. The sensitivity should be slightly higher in the (jet-h fir) channel: our estimate
is As ^ 335 GeV, or m 3 / 2 ~ 2.7 x 10~5 eV. At the LHC, because of the pp initial state, the most
sensitive channel will be (jet+tfx), which should reach A5 ~ 2.2 TeV, or ra3/2 — 1.2 x 10~ 3 eV.
As a final remark, we would like to stress that m3y2 (<-> As) is a fundamental free parameter for
supersymmetric models, analogous to the Fermi constant GF for the models of weak interactions, so it
is very important to measure it or at least to bound it from below.
5.5.1

SUSY vs. electroweak precision tests

The impressive amount of data collected in recent years at LEP, at the Tevatron and elsewhere has confirmed the validity of the SM at an unprecedented level of precision. Nowadays, when discussing physics
beyond the SM we must take into account that only very delicate deviations from the SM predictions are
still allowed at the presently accessible energies.
In this respect, the MSSM performs very well in comparison with other candidate models. Thanks
to the fact that the soft mass terms are invariant under the electroweak gauge group, the effects of virtual
supersymmetric particles on observable quantities decouple in the limit of a heavy sparticle spectrum.
Of course, having supersymmetric particle masses much heavier than the electroweak scale would bring
back the hierarchy problem, but this is a different issue: in practice, decoupling occurs very fast and we do
not need to worry about naturalness in this context. This important MSSM feature should be contrasted
with examples of new physics that do not obey similar decoupling properties, such as a possible fourth
fermion generation, technicolor, and others.
In the case of a heavy sparticle spectrum, the MSSM predictions for precision electroweak observables essentially coincide with those of the SM for a relatively light Higgs, and the corresponding data
do not put very stringent constraints on the MSSM parameter space. In some special cases, however, a
light sparticle spectrum can give rise to sizeable effects: a large stop-sbottom splitting, in the presence
of relatively small soft masses for the left-handed components, can give a sizeable positive contribution
to the effective p parameter [80]; loops involving light stops and charginos, or the top quark and the
charged Higgs, may give sizeable corrections to the effective Zbb vertex, with the possibility of partial
cancellations [81]; other effects related with the threshold behaviour of light charginos in the vector boson self-energies have been considered [82], but their potential impact has considerably decreased after
the stringent limits on chargino masses obtained at LEP2 (see later).
In the past, given the large number of MSSM parameters, to perform global fits it was convenient
to organize the data in a model-independent way, by defining a suitable approximate parametrization,
and by comparing the MSSM predictions and the fits to the experimental data in terms of 3-4 relevant
parameters. With the present experimental precision, this approach looks no longer adequate. In general,
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the indirect bounds on the MSSM parameter space from electroweak precision data are weaker than the
bounds obtained from the direct searches. Nevertheless, there are small regions of the MSSM parameter
space where the indirect bounds are the most stringent ones: to discuss these bounds at the appropriate
level of precision, full MSSM computations are required.
For more details on supersymmetry vs. electroweak precision data, many updated reviews are
available [6, 83].
5.5.2

SUSY vs. flavour physics

Since the early days of supersymmetric phenomenology, it was realized [41, 84, 85] that, allowing for
non-universal soft supersymmetry-breaking terms, the latter would be subject to very stringent constraints from FCNC and CP violation. An example is the decay p, —> ej, subject to the strong experimental bound [8] BR(fi -> ej) < 5 x 1 0 ~ n . Off-diagonal slepton mass terms in generation
space, denoted here with the generic symbol 6m2, would contribute to the above decay at the one-loop
level, via diagrams involving virtual sleptons and gauginos, and the previous limit roughly translates into
5m2/nij < 10~3-10~~5, if one assumes gaugino masses of the order of the average slepton mass mj (a
quite complicated parametrization is needed to formulate the bound more precisely). Similar constraints
can be obtained by looking at the K°-K°, B°-B° systems, at b ->• s'y transitions, at the electric dipole
moment of the neutron, and at other flavour-changing or CP-violating phenomena. It is important to
recall that all these bounds are naturally respected by the strict MSSM, where the only non-universality
in the squark and slepton mass terms is the one induced by the renormalization group evolution from
the cut-off scale M to the electroweak scale. However, the same bounds represent quite non-trivial requirements on extensions of the MSSM, such as supersymmetric grand-unified theories (SUSY GUTs)
and string effective supergravities, since in general one expects non-universal contributions to the soft
supersymmetry-breaking masses. Various mechanisms that could enforce the desired amount of universality, or, alternatively, a sufficient suppression of FCNC and CP violation without universality, have
been discussed in the literature. For reviews of the theoretical and phenomenological aspects of supersymmetric flavour physics, see e.g. [86].
Moving to more general considerations, the flavour problem is one of the key issues in all extensions of the SM, including the supersymmetric ones. This is due to the fact that in the SM the
[ST/(3)]5 x (T/(l)]4 flavour symmetry is strongly violated, but all flavour violation is encoded in the
Cabibbo-Kobayashi-Maskawa matrix, so that, thanks to the GIM mechanism, there is natural suppression of all flavour-changing and CP-violating effects. Any model of new physics must face the flavour
challenge, especially if part of the new physics is close to the electroweak scale. This is certainly the
case of the MSSM, where, as we have already anticipated, the supersymmetry-breaking problem and
the flavour problem get mixed. Models with a light gravitino may naturally explain the absence of
non-standard flavour-violating effects, whereas models with a heavy gravitino may lead to measurable
signals, whose detection would open a window on the physics at very high scales.
Even ensuring that there are no tree-level FCNC, in the MSSM new contributions to FCNC processes may come from loop diagrams involving virtual non-standard particles, such as the charged Higgs
boson, the stops and the charginos. Comparison with experiment may then lead to indirect constraints
on the MSSM parameters. Important examples include the fits to ArriBd and |e#| and to the inclusive
b —>• 57 rate. If it were possible to reduce the theoretical uncertainties due to perturbative and nonperturbative effects of the strong interactions, these processes would become a very important source of
indirect limits on the MSSM spectrum.
5.5.3

The MSSM Higgs sector

We have seen before that, at the classical level, the MSSM is very predictive in the Higgs sector, thanks
to the fact that supersymmetry forbids an arbitrary quartic term in the scalar potential. In particular, the
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classical relation mh < mz is very constraining: if it were rigorously true, it would allow a decisive test
of the MSSM already at LEP2, and today we would be very close to ruling out the MSSM! However,
it is by now well known that the MSSM Higgs sector, and in particular the upper bound on the lightest
Higgs boson mass, are subject to large, finite radiative corrections, dominated by loops involving the top
quark and its supersymmetric partners [87]. Over the years, the original calculations were progressively
refined by the inclusion of: mixing effects in the stop sector, resummation of the leading logarithms via
the renormalization group, momentum dependence of the self-energies, loops of other MSSM particles,
the most important two-loop corrections. The state of the art of the theoretical calculations has been
recently summarized in [13, 88]. For the present value of the top quark mass, Mt s: 175 GeV, an
average stop mass of 1 TeV and arbitrary stop mixing, the upper bound on m^ is approximately 125
GeV. It is perhaps worth mentioning an implicit assumption lying behind the derivation of such upper
bound: non-renormalizable operators, suppressed by inverse power of As, should be negligible; indeed,
one can build models with very low scales of supersymmetry breaking where this upper bound is strongly
violated [77].
As a pedagogical example, we give here the explicit calculation, in a particularly simple case, of
the leading radiative correction to the neutral CP-even mass matrix. Considering only the functional
dependence on the fields (pi = ReHf (i = 1,2), the classical potential of the MSSM can be written as
Vo = m\<p\ + m\<pj + 2ml<PiV>2 + 9 \

9

(fl ~ fl)2 •

(127)

The standard way of describing quantum corrections to the classical potential is to consider the effective
potential, which at the one-loop level can be written as V\ = Vo + AV. Including only top and stop
loops, working in the DR scheme and neglecting as usual field-independent terms, we find

/(m2)=m4 Iog

( $-1)'

(128)

where Mf = hfip2, and m? = Mt2 + m | are the field-dependent top and stop masses, and Q is the
renormalization scale. For simplicity, we have neglected D-terms and mixing terms in the stop squark
mass matrix, and we have assumed a common soft supersymmetry-breaking squark mass m,g.
In analogy with the tree-level case, we can use the one-loop minimization conditions,

(P)

= 0,

(i = l , 2 ) ,

(129)

to solve for the mass parameters m\ and m2.. We can then identify the one-loop-corrected entries in the
neutral CP-even mass matrix with

Since in our approximation AV does not depend on <pi, we can immediately write
= 0.

(131)

After some very simple algebra, we also obtain

(AM2R) =1
V
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From eq. (128), and the expressions for M 2 and m 2 , we get

and then, observing that f"(m2)

= 21og(m 2 /Q 2 ),

&3
It is now a simple exercise to derive the one-loop-corrected eigenvalues m^ and m # , as well as the
mixing angle a associated with the one-loop-corrected mass matrix (130). The most striking fact in
eq. (134) is that the correction (AM'ji)22 is proportional to (M^/m 2 ^). This implies that the tree-level
predictions for m;, and mjj can be badly violated, and so for the related inequalities. The other free
parameter in eq. (134) is rriq, but the dependence on it is much milder.
The phenomenology of the MSSM Higgs bosons has been discussed in some detail in a recent
review [89], so we can afford to be very brief here. Supersymmetric Higgs bosons have been intensively
searched for at LEP, which in 1997 has collected about 50 p b " 1 at A/S = 183 GeV. LEP searches are
based on two complementary processes: e + e~ —> hZ, whose cross-section is proportional to sin2 ((3—a),
and e+e~ —> hA, whose cross-section is proportional to cos2(/3 — a). Taking into account that no significant excesses with respect to the expected background have been reported for the 1997 run, the
combination of these two processes should allow to establish, both for h and for A, an absolute lower
bound of the order of 75 GeV, for typical values of the parameters controlling the radiative corrections
[1]. With the present energy and luminosity, the Tevatron collider is not very sensitive to the MSSM
Higgs bosons: the present limits on the charged Higgs mass from top decays [8] are significant only for
values of tan/? outside the preferred range 1 < tan/3 < Mf/Mf,. Unfortunately, even by further raising
the energy towards y/s = 200 GeV, LEP will not be able to explore completely the parameter space of
the MSSM Higgs sector [13]. In the unfortunate case that no Higgs boson is found at LEP, the search for
SUSY Higgs bosons will be continued at the LHC. The first LHC studies (see, e.g., [90] and references
therein), which focused on the simplified case of heavy supersymmetric particles, have been considerably improved by the computation of the most important MSSM corrections to the relevant production
processes, by the inclusion of possible Higgs decays into pairs of lighter supersymmetric particles, and
by more accurate experimental simulations (see e.g. [89] and references therein). A complete no-lose
theorem is not available, but it seems quite plausible that, if the MSSM is correct, at least part of its
Higgs sector will not escape detection at the LHC. A more complete exploration of the MSSM Higgs
sector could then be pursued at some high-energy linear e+e~ collider, of the type currently under study.
5.5.4

Sparticle searches

As should be clear by now, the general framework of supersymmetry is so flexible that it is very difficult
to give a unified description of the searches for supersymmetric particles. In the following, we shall
briefly review the present bounds (no signal of supersymmetry has been observed yet!) and the future
discovery potential, organizing the discussion around the most important machines contributing to these
searches. Unless otherwise stated, we shall assume R-parity conservation and work in the case of a heavy
gravitino, but here and there we shall also comment on the light gravitino case and on the possibility of
broken R-parity. Even with these restrictions, the complex interplay of the dependences of masses, crosssections and branching ratios on the various parameters makes it very difficult to specify simple general
limits. Sometimes, one may choose to combine different searches within the so-called 'constrained
MSSM': this means assuming universal boundary conditions on the soft masses at M\j so that the lowenergy spectrum and interactions are essentially described (modulo some subtleties for the stop sector)
by four basic parameters, for example mo, ro^. M a n d tan (3.
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LEP
LEP1 is still a solid basis for very general limits on the sparticle spectrum. Working on the Z
peak, and using both indirect constraints from the line shape and dedicated searches, all conceivable
decays of the Z boson into pairs of supersymmetric particles were studied, with high statistics and
controllable backgrounds. As a rule of thumb, this allowed to exclude most supersymmetric particles
up to mass values of the order of m ^ / 2 : the only possible exceptions were particles with suppressed
couplings to the Z boson, such as the lightest neutralino x o r t n e lightest stop i\, for special choices of
the corresponding mixing parameters.
At LEP2, the production cross-sections for sparticle pairs are more model-dependent than at LEP1,
but, thanks to the higher energy, much stronger limits could be obtained. For example, chargino pair production is controlled by s-channel (7, Z) exchange and by t-channel ve exchange, with the possibility of
destructive interference in the case of a light sneutrino. Since chargino decays involve the lightest neutralino, the mass difference between the lightest chargino and the lightest neutralino is another important
parameter for the searches. Barring special corners of the parameter space with low acceptance (almost
degenerate chargino and neutralino) or low cross-section (light sneutrino), and given the absence of a
signal over the background, the lower bound on the chargino mass is very close to the kinematical limit.
After the 1997 run at y/s ~ 183 GeV, the four LEP experiments [91] give bounds above 90 GeV.
Also associated production of neutralinos (xx')> °f charged sleptons (l+l~ and of stop squarks
( M i ) can be used to obtain interesting limits at LEP2. All these processes occur via s-channel exchange
of neutral vector bosons. In the case of selectron production, there is an important additional contribution from t-channel neutralino exchange, which may increase the cross-section substantially. In the
constrained MSSM, the combination of chargino and neutralino searches can be used to set a lower bound
on the lightest neutralino, but this lower bound has a significant dependence on the minimum allowed
values for the sneutrino mass and for tan (3. Typical limits on the charged sleptons are in the 60-80 GeV
region, depending on the slepton flavour and on some model assumptions, such as the allowed amount of
mass degeneracy between left and right sleptons, and between sleptons and the lightest neutralino. One
of the reasons why the sleptons limits are in general weaker than the chargino limits is the strong p-wave
phase space suppression near threshold.
Comparable limits can be derives for the cases of light gravitino and of broken R-parity, when the
lightest MSSM particle is allowed to decay.
Hadron colliders
Being strongly interacting sparticles, squarks and gluinos are best searched for at hadron colliders.
Both in the heavy and in the light neutralino case, production cross-sections for gg, gq, qq pair-production
in pp or pp collisions are relatively model-independent functions of m^ and rriq. As far as signatures are
concerned, one has to distinguish two main possibilities: if m,g < rriq, then q —> qg immediately after
production, and the final state is determined by g decays; if rriq < mg, then g -> qq immediately after
production, and the final state is determined by q decays. The first case is favoured by the constrained
MSSM. In old experimental analyses, it was customary to work under a certain set of assumptions: 1)
five or six (qL,QR) mass-degenerate squark flavours; 2) LSP = 7, with mass negligible with respect to
m,q,mg; 3) the dominant decay modes of squarks and gluinos are the direct ones, g —> qqj if rrig <
rriq and q —> qj if m,q < m,g. The signals to be looked for are then multijet events with a large
amount of missing transverse momentum. To derive reliable limits, however, one has to take into account
that the above assumptions are in general incorrect. For example, one can have cascade decays g —>
QQX^n q'QXk —>•••• a n d q ->• qx^1,q>Xk
~^
Th e effects of these cascade decays become more
and more important as one moves to higher and higher squark and gluino masses. Taking all this into
account, the present limits from the Tevatron collider are roughly in the 200 GeV range (for recent
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reviews, see e.g. [92]). At the LHC (for recent studies, see e.g. [93]), CMS and ATLAS should be
able to explore squark and gluino masses up to 1-2 TeV, essentially rilling the MSSM parameter space
allowed by theoretical prejudices on naturalness.
The searches for charginos and neutralinos at hadron colliders are not very competitive in the
heavy gravitino case. On the other hand, the smaller backgrounds for the final states with hard photons
gives hadron colliders an advantage in the light gravitino case. For example, in typical messenger models,
the present Tevatron data can be used to rule out [94] neutralinos up to 70 GeV and charginos up to 150
GeV.
5.6

Concluding remarks on supersymmetry

The aim of this long section was to explain, to an audience mainly composed of young experimentalists,
why low-energy supersymmetry is a motivated and phenomenologically viable extension of the SM near
the electroweak scale, which will be directly tested in the next few years.
The audience should have realized that the phenomenological studies of MSSM signals at present
and future accelerators are at an advanced stage, and are continuously improving. Important indirect
tests of SUSY are also possible in the realm of flavour physics. Given the present absence of definite
experimental or theoretical evidence, in setting up the framework for these searches we should not be
prisoner of too restrictive frameworks: Nature may have more imagination than we do!
On the theoretical side, some major open problems remain: the dynamics of SUSY breaking, the
SUSY flavour puzzle, the cosmological constant problem. Despite the intense theoretical activity on
all of them, the feeling is that some firm guiding principle is needed to make substantial progress. The
present hope is that string theories and their fascinating duality properties will provide it, when better
understood. The subject is still young, and there is a lot of room left for future investigations ...
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