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ABSTRACT - Model considered in this paper is six-equation two-fluid model used in computer code
RELAP5. Air-water equations were taken in a code named PDE to avoid additional problems caused by
condensation or vaporization. Terms with space derivatives were added in virtual mass term in momentum
equations to ensure the hyperbolicity of the equations.
Numerical method in PDE code is based on approximate Riemann solvers. Equations are solved on nonstaggered grid with explicit time advancement and with upwind discretization of the convective terms in
characteristic form of the equations. Flux limiters are used to find suitable combinations of the first (upwind)
and the second order (Lax-Wendroff) discretizations which ensure second order accuracy on smooth solutions
and damp oscillations around the discontinuities. Because of the small time steps required and because of its nondissipative nature the scheme is suitable for the prediction of the fast transients: pressure waves, shock and
rarefaction waves, water hammer or critical flow. Some preliminary results are presented for a shock tube
problem and for Water Faucet problem - problems usually used as benchmarks for two-fluid computer codes.

1. Introduction
Safety analyses of nuclear reactors require computations of complex two-phase flows.
Numerical method used in two-phase flow computer code RELAP5 is based upon semiimplicit finite difference scheme with staggered grid and upwind discretization of the
convective terms. Method is first order accurate in time and space. Similar scheme is used
also in other two-phase flow computer codes. Main advantages of such scheme is its
robustness and efficiency while its weak side is numerical dissipation which tends to smear
discontinuities on coarse grids.
Second order method presented here was first used to solve gas dynamics equations [1].
We extended the method from three equations to the six equation model of two-phase flow.
Due to its accuracy and shock capturing capabilities the scheme is suitable for the prediction
of the fast transients: pressure waves, shock and rarefaction waves, water hammer or critical
flow.
2. Basic Equations
Basic equations taken from RELAP5 are mass, momentum and energy balances for
vapour and liquid [2] without terms for interphase mass and heat transfer and wall heat
transfer:
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Term CVM in momentum equations is virtual mass term and is different in RELAP5 than
in PDE code. Two additional equations of state for each phase are needed to close the
system of equations. Equation of state for phase k is
(7)

Derivatives from Eq. (7) can be calculated from the basic thermodynamic relations as:
(8,9)

Variables on the right side of the Eqs. (8) and (9) are determined by the RELAP5 water
properties subroutines if the pressure and the specific internal energies are known. For
metastable states (superheated liquid and subcooled vapour) derivatives in Eq. (7) are
determined by extrapolation [2].
Constitutive equations for wall friction and interphase drag were also taken from RELAP5
code. We applied the correlations for the bubbly regime of two-phase flow. In PDE code wall
friction terms in momentum Eqs. (3) and (4) were applied in a simplified way comparing to
the RELAP5. Our tests showed that this difference did not have a significant influence on the
results. The other constitutive equations were applied in the same form as in the
RELAP5/MOD3.1.
Virtual mass terms in Eqs. (3) and (4) are coded in RELAP5 with time derivative of the
relative velocity only:
ZL

(10)

Instead of that difference of the substantial derivatives is suggested to be applied [2]:
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These form of the derivatives in the virtual mass term was used in PDE code.
Basic RELAP5 equations as coded in RELAP5 present an ill-posed problem [2,3] with
complex eigenvalues of the Jacobian matrix (matrix Q in Eq. (16)). PDE code can solve only
well-posed (hyperbolic) problems. With virtual mass term (11) ill-posedness of the equations
is avoided for vapour void fractions smaller than approx. 0.7 (Fig. 1). In RELAP5 manual
[2], chapter "Special Process Models, Choked Flow" approximate analytical expressions for
the Jacobian matrix eigenvalues are found. Results are valid for relative interphase velocity vr
much lower than mixture velocity vm. From these solutions we can see that two approximate
eigenvalues contain the term:

where pm is two-phase mixture density and Cm is virtual mass coefficient which is in
RELAP5 calculated as
a<0.5
a>0.5

(13)

Term (12) becomes imaginary if expression under the root is negative. If Eq. (12) is divided
by pf expression (12) can be plotted as a function of a and pjpf This plot is shown on
Fig. 1 where we can clearly see the area of the vapour void fractions and phasic density
ratios where RELAP5 equations with complete virtual mass term are still ill-posed.
ILL-POSSED EQUATIONS
REGION

Figure 1: Expression (12) divided by pf with Figure 2: Expression (12) divided by pf with
virtual mass coefficient (13) plotted
virtual mass coefficient (14) plotted
as a function of a and pjp{.
as a function of a and pjp{.
Well-posedness of the equations was ensured with the change of the virtual mass
coefficient:
(l+2«tf<2-2a);
a<0.5
(14)
a>0.5
\ 2a
In practise this change ensures well-posedness of the equations and does not have any physical
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basis behind. To avoid ill-posedness it is necessary to make C^ also a function of the density
ratio pJPf Plot of the expression (12) as a function of a and Pg/p^ with virtual mass
coefficient (14) is presented on Fig. 2.
With Virtual mass coefficient (14) PDE eigenvalues were real numbers during all PDE
calculations with small and also with large relative interphase velocities. However strict
mathematical proof would be needed to show that basic system of equations is well-posed
under all types of circumstances where relative velocity vr is not necessary much smaller than
mixture velocity vm.
3. Numerical Method
Our prbgram usbd for solving RELAP5 equations has been named PDE (Partial
Differential Equations) and can be used for hyperbolic problems.
System of equations (l)-(6) can be written in the following nonconservative form which
is suitable for the numerical solving:
•
'..
AW_+RM=$t
dt
; 'etc

(is)

where ijr represents the vector of the independent variables ip = (p, a,vpvf,upu),

A and B.

are matrices of the system and S is a vector with nondifferential terms in the equations.
Equation (15) multiplied by A'1 from the left gives

dt

dx

Q=A~XB. is Jacobian matrix and vector PA^P=A~1^- If th
the eigenvalues and eigenvectors of the
QAB.
matrix Q are found, Jacobian matrix can be written as

where L is matrix of the eigenvectors and A diagonal matrix of the eigenvalues. If
expression for Q (17) is taken into account in Eq. (16) and equation (16) multiplied by L'x
from the left we obtain

j ^ | i
dt

dx

,

(is)

where "IT1P. has been replaced by R. Vector of the characteristic variables is introduced as

where h% represents an arbitrary Variation: d%fdt or 9f/3x. Eq. (16) can be written in the
characteristic form
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Improved characteristic upwind discretization [4] of the Eq. (20) with explicit finite
difference scheme is:

and is first order accurate in time and space [53. A* is equal to the matrix A with negative
eigenvalues set equal to zero and A" is equal to the matrix A with positive eigenvalues set
equal to zero,
Lax-Wendroff discretization of the Eq, (20) which is second order accurate in space and
time is:
(22)

Problem of the pure second order accurate discretizations are oscillations which appear in the
vicinity of the nonsmooth solutions. The problem is solved [1, 6] if the combination of the
first and second order accurate discretizations is used. The part of the second order
discretization is determined by the so called flux limiters [6] which "measure" the smoothness
of the solutions. If the solutions are smooth larger part of the second order discretization is
used, if the solutions are nonsmooth larger part of the first order discretization is used.
Final high-resolution shock*capturing discretization of the iq. (20) with flux limiter 4> is:

where elements of the diagonal matrices A**» A== are calculated as:

Flux limiter is calculated using MINMOD formula [$]',
^*auui(0,ffili>a,l*)),

M,€

(26)

where 0* measures the ratio of the left and the right gradient in the grid point /+1/2:
^1,6,

J-lN-1

(27)

If i q . (23) is transformed into basic variables we obtain a difference scheme that is used
in PDE code:
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Time step of the scheme is limited with CFL condition AfsAJc/maxdAj), A:=l,6.
Integration of the sources is performed in a separated step with second order Euler method.
Form of the source term is very important for the behaviour of the equations. In the case of
air and water mixture sources are relatively small compared to the convection terms. If
system of equations for steam-water mixture is taken into account then sources can be
sometimes more important than convection terms. Special treatment of the sources would be
required in that case.
Decomposition of the Jacobian matrix (16) has been performed numerically with
subroutines from the EISPACK library [7], which are capable to find real or complex
eigenvalues and eigenvectors of an arbitrary matrix. PDE program is written only for
problems with real eigenvalues of the Jacobian matrix. Calculation is interrupted if complex
eigenvalues are found.
Numerical scheme applied in the PDE program is nonconservative scheme. Numerical
experiments with the two-phase shock tube problem [6] (closed tube with different initial
conditions in each half of the tube) showed practically negligible fluctuations of the overall
mass and energy in the tube despite the nonconservative scheme.
4. Preliminary Results
PDE code has been used for two numerical benchmarks: two-phase shock tube problem [8]
and Water Faucet problem [2].
Tuomi two-phase shock tube problem is a Riemann problem for the two-fluid model with
terms for interphase friction neglected. Infinite tube is filled with gas-liquid mixture with the
left and right states defined as:
- left state: a =0.25, p =20 MPa, v^ =0 m/s, vf= 1 m/s, ug =2824 KJ/kg, uf= 1311 KJ/kg
- right state: a =0.1, p = 10 MPa, v. =0 m/s, v,= 1 m/s, u =2836 KJ/kg, uf-1330 KJ/kg
Membrane which separates left and right part of the tube at the position 5 m is removed at
time zero. Figures 3 to 6 present comparison of first order characteristic scheme (dotted line)
and improvements gained by second order accurate scheme (solid line) on the grid with 300
points. Figure 3 shows the pressure profile at time 0.0056 s with shock wave on the right and
rarefaction wave on the left and at time 0.0951 s where the pressure in the observed part of
the tube is flat. Void fraction profile on Fig. 4 at time 0.0056 s contains one shock wave, one
rarefaction wave and one contact discontinuity. Void fraction on Fig. 4 at time 0.0951
contains three contact discontinuities while the shock and the rarefaction wave at that time
stand outside of the observed pipe length. Similar situation can be seen on Fig. 5 for gas
velocity. On Fig. 6 where density of the total energy is presented we can see the expected
result that solution of the Riemann problem for six equations consists of 7 constant states
separated by contact discontinuities, shock waves or rarefaction waves: shock and rarefaction
wave are in the observed part of the tube at time 0.0056 s, quasi contact discontinuity at time
0.0056 s in fact contains four waves which are seen at time 0.0951 s.
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Figure 6: Two-phase shock tube
gas velocity.
total energy.
Water Faucet problem proposed by Ransom [2] is a vertical water jet inside the cylindrical
channel that is accelerated by the gravity. At time zero the pipe is filled with water
surrounded by vapour such that the void fraction is 0.2. Liquid column has a uniform velocity
10 m/s and uniform pressure 1 bar. Gas velocity at the beginning is 0 m/s and pressure 1 bar.
Specified boundary condition at the inlet is liquid velocity 10 m/s and vapour velocity 0 m/s
and constant pressure at the outlet. Analytical solution of the problem exists if interphase and
wall drag is neglected. In tests performed by RELAP5/MOD3 code virtual mass term was
also turned to zero. In PDE code interphase and wall drag was turned to zero but the virtual
mass term had to remain in the code to ensure the well-posedness of the equations. Virtual
mass term in PDE code was decreased as much as possible, i.e. it was multiplied by a factor
0.05. At lower multiplication factors equations were ill-posed.
Transient solutions predicted by PDE and analytical solution at time 0.5 s are plotted on
Fig. 7. Analytical solution is discontinuous function while the PDE predicts smeared void
wave due to the non-zero virtual mass force. Velocity of the PDE void wave is lower due to
the same reason. Predicted PDE steady-state void fraction profile which is established after
approximately 1 second is equal to the analytical solution.
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5. Conclusion
High-resolution Shock-capturing method has
been successfully applied for the two-fluid
model of air-water flow. Results are presented
for two-phase shock-tube problem and Water
Faucet problem. Further step in the
development of the PDE code will be inclusion
of the procedure for the handling of the stiff
source terms which appear when phase
transition is present.

Figure 7:

Water Faucet
Development of
fraction profile.

problem,
the void

Nomenclature
A cross section (m2), a^ interphase surface area (m2), CD coefficient of interphase friction,^
specific heat capacity at constant pressure (J/kg-K), C m virtual mass coefficient, D tube
diameter (m), fw wall drag coefficient, g acceleration of gravity (9.81 m/s2), h specific
enthalpy (J/kg), p pressure (N/m2), T temperature (K), t time (s), u specific internal energy
(J/kg), v velocity (m/s), x space coordinate (m), a vapour void fraction, p thermal
coefficient of expansion (K1), K isothermal compressibility (Pa1), 6 inclination of the tube, p
density (kg/m3), A, A, matrix of the eigenvalues, eigenvalue
Subscripts:
c continuous phase, / liquid, g vapour, i interphase surface, r relative (velocity
vr = v - v,), m mixture
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