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I. INTRODUCTION
In the expansion of charge and currents in electromagnetism, three families of
multipole moments arise : the charge, the magnetic and the toroid moments [1].
Among the first members of these multipolar families, the time derivative of the
charge dipole d, charge quadrupole Qij and the magnetic dipole fi, correspond
to infinitesimal translations, shears and rotations of the points of a continuous
distribution of charged matter. For example the charge multipole moments, Qi,i2—in,
are related to the n-th order inertia moments of a continuous distribution of mass
[2]. In view of the correspondence between the electric charge e, which is connected
to gauge invariance and the gravitational mass m, which is related to the Poincare
invariance, we make the formal change of the current density j by the momentum
vector p . In this way we obtain the following associations for these tensors
di —»• W ,

(1)

Qij —> XiXj - ^r25ij,
Qij —>• Xipj + xjPi

W —> ^

(2)
2

- -{r • p)Sij,

(3)

.

(4)

These tensors can be found as generators of many Lie dynamical symmetries like for
example the three-dimensional rotation group 5(9(3), which is generated by the three
components of the angular momentum Li, the group of the rigid rotator

R0T(3),

generated by the mass quadrupole tensor Qij and £,• [3], or the linear motion group
SL(3) which in its turn is generated by the shear tensor Sij = Qij and Li [4]. It is
then natural to seek the symmetries and the geometrical features of the higher-rank
tensors arising in the multipole expansion. An important point that one should
mention is that the above tensors are written in the position space. Unfortunately

the components of the higher-rank multipoles does not satisfy the closure relations
for the Lie symmetry. For our purposes it will turn out to be useful to consider
the same tensors in the momentum space too. It is more convenient to write these
tensors in a form which will allow the generalization to higher dimensions. For this
we introduce a Killing-Yano tensor /,,„ on a smooth manifold M of dimension ?>.
which satisfies the following equation [5]

Vxf^ + VJXll = 0

(5)

Here V denotes the covariant derivative.
Next, we consider a pair of Killing-Yano tensors (/, / ) , where / is a second-order
Killing-Yano tensor in the position space and / in the momentum space. In the case
of three-dimensional flat space these tensors have the following form :
fij = £kijXk

fij = CkijPk

(6)

Eq.(6) can be inversed and, thus one may express the position x and momentum
p variables in terms of the tensors / and /
f

Pi = ^£ijkfjk

(7)

The Poisson bracket of / and / reads
{fij: fki} = SikSji - SuSjk

(8)

A scalar product can be defined for these Killing-Yano tensors. For example, the
square of / can be written as follows

f = / •/ =

fcfa

(9)

Equation (7) enables us to construct the phase-space in terms of the Nambu tensor
€ijk and the Killing-Yano tensors J)j and fij. When a manifold admits a Killing-Yano

tensor /,-,• then we can construct a Killing tensor h-,j = XjXj — r25jj.
tensor corresponds to a constant of motion A = h^piPj.

This Killing

Because QJA- is a Nambu

tensor of rank three it defines a Nambu mechanics with the constants of motion
// = p2 and A' [6.7]. In [8] an interesting relation between Killing-Yano tensors
and Nambu tensors was found. These results can be generalized in the flat space of
arbitrary dimension [8]. In this case we have

Xi = —Ui,-i«fivh,

Pi = —fc»'i"i - i n / i ' i •••••»

(

]

°)

Equation (10) enables us to construct the phase space in terms of Nambu tensor
Cii,--i,, and Killing-Yano tensors /,,...,„ and /;,...,•„.

II. MULTIPOLE AND DYNAMICAL SYMMETRY TENSORS
The next step consists in writing some quadratic forms, like the square of the
radius r2 and of the impulse p 2
T2 = \f2

V2=\f\

(ID

The magnetic dipole tensor is given by
Hi = Li = -•Sklmfkiflm,

(I "2)

and the dilatation

The quadrupole mass-inertia tensor reads
Qij - \(f,nfmj

~ \SijJ*)

•

(ID

'l'he toroid dipole tensor, a quantily related to the poloidal currents on a torus, can
be written in t he following manner [9]

'/', = ±(XiD - 2r2p,) = ^£ijk{fMf

• / ) - ifjkf2}

(15)

In t h e case of purely transversal velocity fields this expression gets a more simplified
form [10]

ri = \diD = Lijkfik(f-f)

(16)

Next we pass to other tensors, related to dynamical symmetries. Consider first the
conformal operator

d = 2xtD - r2Pi = l-el}k{2fjk(f • f) - fjkf}

(17)

Together with the angular momentum Jji, C\ is a generator of a symmetry group
which obeys commutation relations isomorphic to those of S0(4). This is a subgroup
of the group ,S'O(4,2) [11,12] (isomorphic to the conformal group in Minkowski space)
which leaves invariant the free Maxwell's equations [13]. The other generators of
this larger group are the impulse p,- and the dilatation D which were defined above.
Another interesting tensor is the following particular form of the Runge-Lenz vector
[12] with components
Ai^^xtf-ViD-^Xi

(18)

This vector, together with the orbital angular momentum L,-, the dilatation D and
other 2 vectors and 2 scalars generates the 50(4,2) group which contains as a
subgroup the symmetry group of the Hydrogen atom, i.e. 50(4).

Thus, from

algebraic point of view the properties of the Runge-Lenz vector are similar to those
of the conformal one. If we next take the momentum conjugate of (18), we then
obtain the following tensor in Killing-Yano form

U

~ 2)fjk - 2f3k(f • /)}

(19)

Tliis tensor can be viewed as a symmetry generator like A;, but in the momentum
space. Thence we obtain the following formula for the Killing-Yano tensors in terms
of the Runge-Lenz vectors and the conformal operator in the space and momentum
subspaces.
fJk = -eiik(2Ai

+ d)

fjk = -eij&Ai

+ Ct)

(20)

In this way the toroid dipole tensor (16) can be directly related to SO(4,2) symmetry
generators in the full phase-space :
Ti = (2Ai + d)D

(21)

When we move to the next rank multipolar tensors we encounter the charge
octupole tensor
Qiik = ^ IjtimniSjkf3 + Viifik) ~ ^f(eimjjk

+ ejmjik + ekmJa)} ,

(22)

the magnetic quadrupole tensor
t*ij = ^{xiLi + XjLi) = - j j {fikfkifij + fjkfkifii} ,

(23)

and the toroid quadrupole tensor
TH = (fimfmi - \Sijf1) {} • f) ~ \fiJmiP

(24)

Using again (20) we write the last tensor in terms of dynamical symmetry generators,
in the position subspace of ROT[2i) and 50(4,2), for the purely transversal gauge
mentioned above
Ty - QiSD = i (fimfmi - \Sisf) (/ • /)

(25)

In this paper we introduced a pair of Killing-Yano tensors which allowed us to
make a natural link with the Nambu's mechanics in the case of a flat space. As an

application of this construction we rewrite the expressions of the niultipole tensors
in terms of the three-dimensional position and impulse subspaces of the full phasespace.
Although we were not able to find new symmetries for the higher order
multipoles, as was for the first members (c/,-, Hi, Qij, Qij), we showed that in the
full phase space it is possible to relate the toroid dipole and quadrupole tensors
to 50(4,2) and R0T(3) generators acting in the full phase-space. This pattern is
followed also by the toroid and magnetic tensors with higher multipolarity.
Similar multipolar tensors occur in the theory of continuous media [14,15] and
can be related to dynamical symmetry generators in the full phase-space using a
geometrical representation valid in flat and curved spaces as we showed above.

The authors are very grateful to dr.C.fjochichiu for the interest manifested during
the completion of this paper and his critical remarks.
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Исследуется вид некоторых мультипольных тензоров, возникающих
при разложении системы зарядов и токов, в терминах тензоров Киллинга-Яно
второго порядка в фазовом пространстве классической механики.
Некоторые тензоры мы связываем с генераторами динамических
симметрии, такими как тензор углового момента, тензор масс-инерции, конформный оператор, а также с импульсно-сопряженным вектором Рунге—Ленца.
Таким образом, мы придаем геометрическую интерпретацию соответствующим
физическим наблюдаемым.
Работа выполнена в Лаборатории теоретической физики им. Н.Н.Боголюбова ОИЯИ.
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We investigate the form of some multipole tensors, which arise in the expansion
of a system of charges and currents, in terms of second-order Killing-Yano tensors
in the phase space of classical mechanics. We related some of these tensors
to the generators of dynamical symmetries like the angular momentum, the massinertia tensor, the conforma! operator and the momentum conjugate Runge-Lenz
vector. In this way we associate a geometrical meaning to such physical observables
of the continua.
The investigation has been
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