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ABSTRACT
Laser-induced Lyman-a fluorescence of the hydrogen isotopes is investigated with regard to
diagnostic applications in magnetically confined fusion plasmas. A formal analysis is presented
for two excitation schemes: (a) one-photon and (b) Doppler-free two-photon excitation. The
analysis includes estimates of the expected experimental errors arising from the photon noise
and from the sensitivity of the observed fluorescence signals to variations of the plasma and
laser parameters. Both excitation schemes are suitable primarily for application in the plasma
edge, but even in the plasma bulk of large machines they can still be applied in combination
with a diagnostic neutral beam. The two-photon excitation scheme is particularly attractive
because it involves absorption spectra that are resolved within the Doppler width. This implies
a large diagnostic potential and in particular offers a way to measure the deuterium-tritium fuel
mix in fusion reactors.
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1. INTRODUCTION
In several previous studies [1-4] we have investigated the potentiality of using laser-induced
fluorescence (LIF) in the Lyman-a: line of the hydrogen isotopes for the diagnostics of magnetically confined fusion (MCF) plasmas. We have considered two atomic excitation schemes:
one-photon excitation [1, 3] and Doppler-free two-photon excitation [2-4]. The latter scheme
requires the precise spatial and temporal overlap of two counterpropagating pulsed laser beams
and is thus experimentally more complex than the first. However, we found this scheme to
have a remarkable diagnostic potential and therefore suggested it as a novel spectroscopic
technique for MCF plasma diagnostics [2]. The interest of this method relies on its high
spectral resolution. In addition to those quantities which can be determined with low spectral
resolution and are thus obtainable by both excitation schemes (such as the global neutrals'
density and temperature and possibly the magnetic field direction), Doppler-free two-photon
excitation also allows the determination of such quantities which can only be revealed by
resolving the absorption spectrum below the Doppler width. The ability of determining
separately the densities and possibly the temperatures (or velocity distributions) of the three
hydrogen isotopes H, D, T is the most prominent example; but information may also be won
on those quantities which influence the spectral shapes of the resolved Stark-Zeeman
components of the Lyman- a transition, such as the ion densities, the effective ionic charge
number Z eif , or density fluctuations due to plasma turbulence.
In spite of the experimental difficulties encountered for detection in the vacuum ultraviolet
(VUV), there are several reasons for selecting Lyman- a in the hydrogen spectrum, regardless
of the excitation scheme that is chosen for the LIF process. Lyman- a is the transition between
principal quantum numbers n = 1 and n = 2 and thus gives direct access to the density of the
ground state atoms, without involving collisional-radiative plasma models. Lyman-a also
yields the strongest fluorescence signals achievable because the ground state is by far the most
populated one and the Einstein coefficient of the transition is the highest of the Lyman series.
Finally, Lyman-a is that transition from the ground state which has the lowest excitation
frequency; it is accessible with acceptable efficiency to lasers that are presently available (see,
e.g., Ref.[5] for one-photon excitation and Refs.[6-8] for two-photon excitation). All other
transition schemes would require high performance lasers with shorter wavelengths which are
more difficult to realise.
One of these alternative schemes appears attractive though [9]: Doppler-free two-photon excitation in Lyman-/? (corresponding to the transition from w = 1 to « = 3) and subsequent observation of the Balmer-a fluorescence (transition from n = 3 to n - 2). This scheme has the
advantage that the fluorescence occurs in the visible. Another advantage would show up at
high temperatures, where the two-photon transition probability for Lyman-/? remains finite
while the one for Lyman-a tends to zero (see Secs.3-5). However, as mentioned above, sufficiently powerful and spectrally narrow light sources for the excitation in Lyman-/? (laser
wavelength XL = 2Z = 205 nm) are much more difficult to achieve than those for the excitation in Lyman-a (AL=2Z = 243nm ). With the lasers presently available the experiment could
not be efficiently performed. It should be noted that the difficulty does not occur when one
renounces the benefit of Doppler-free excitation [10]. Various atomic transition schemes,
based on non Doppler-free multi-photon excitation of LIF [11] or resonant four-wave mixing

[12] have been discussed. However, these methods generally demand higher neutral densities
and lower temperatures than the schemes considered here.
Until recently, the diagnostic application of laser-induced Lyman-a fluorescence was rather
limited because the existing light sources did not yet have all the properties needed for efficient
measurements. In particular, the weak laser pulse energies available so far have confined the
method to plasma regions with very large neutral particle densities, i.e. to regions very close to
the edge. The most successful neutral density measurements in MCF plasmas based on onephoton excitation of Lyman-a have been reported in Ref.[5].
Recent progress in laser technology achieved at PTB in Berlin, especially at wavelength XL =
243 nm, has significantly improved the situation [6]. A tunable solid-state laser system has
been developed there, which provides pulses of 3 ns duration with energies up to 50 mJ (very
probably extensible to 100 mJ in the near future), has a bandwidth smaller than 500 MHz and a
beam divergence of less than 1 mrad. Using this laser system, the feasibility of Doppler-free
two-photon induced Lyman-a fluorescence in plasmas has been successfully demonstrated on
the plasma generator PSI 1 at IPP Berlin [7]. The observed fluorescence signals were in
agreement with theoretical predictions, so that the application to a tokamak or other MCF
device appears promising. As suggested recently [13], new possibilities for extending the diagnostics farther into the plasma bulk are offered by the generation of ground state neutrals via
charge exchange (CX) reactions with a diagnostic neutral beam (DNB). Combination of LIF
with a DNB has also the advantage that isotope-selective information (e.g., the H/D/T density
ratios) is obtained on the more relevant plasma ions rather than on the intrinsic neutrals. Calculations [13] carried out for the International Thermonuclear Experimental Reactor (ITER) [14]
have shown that with 100 mJ pulse energy in each laser beam and with the 5 MW power
planned for the DNB the diagnostic might cover 0.5-1.0 m of the outer plasma radius. Measurement of the D/T fuel mix in this region would satisfy at least partially the purposes of
performance optimisation, machine protection, and burn control required for ITER. To probe
the very central regions, however, still higher laser pulse energies would have to be combined
with the short-pulse (=lus) multi-GW neutral beams that are still under development [15]. It is
noteworthy that when a DNB is employed, additional diagnostic possibilities arise from the
application of LIF to the beam particles [13], which may be excited in their one-photon and
two-photon transitions. In the case of one-photon excitation the spectroscopic separation
between the thermal and beam neutrals would be guaranteed by the large Doppler shift of the
fast beam atoms. Finally it is worth noticing that pellet injection leads to temporary enhancements of the neutral density in the plasma core which might also be explored by LIF.
In view of these novel perspectives we want to present an updated analysis of laser induced
Lyman-a fluorescence in MCF plasmas. The following treatment assembles essential (partially
amended) parts of the material presented in our previous reports [1, 3, 4] together with a number of new results which we have obtained more recently. In Section 2 we will recall the
spectroscopic features of hydrogen Lyman-a in a magnetised plasma. Section 3 will be
devoted to a unified description of laser-induced Lyman-a fluorescence for one- and twophoton excitation. Section 4 will extend the treatment to arbitrarily strong laser intensities. In
Section 5 the dependence of the fluorescence on radiative parameters, such as intensity, polarisation and frequency, will be investigated. Estimates of the expected experimental precision
will be given in Section 6. Finally, a concluding discussion will be presented in Section 7.

2. HYDROGEN ATOMS IN A MAGNETISED PLASMA
2.1 Hydrogen atom moving in a strong magnetic field

2.1.1 Lyman- a energy levels and eigenstates to lowest approximation
We first consider a single hydrogen (H, D or T) atom moving with velocity v in a constant
magnetic field B. The latter and the electric Lorentz field vxB occurring in the atom's rest
frame give rise to a combined Zeeman and Stark effect. Under typical MCF plasma conditions
( 2 ? = 3 - 5 T ) t h e Zeeman effect occurs in the Paschen-Back limit and is, for principal quantum
number n = 2 , of the same order of magnitude as the Stark effect. We may then, to lowest
approximation, use the non relativistic Schrodinger equation, disregard all spin variables and
ignore any state mixing which the external fields cause between different principal quantum
numbers. In this approximation, the ground state jlOO) remains unperturbed and has energy
Ex=-ERy,
where ERy =e4Mr / 2(47us0K)2 designates the Rydberg energy with Mr =
MeMn/(Me+Mn)
being the reduced mass of the electron-nucleus pair, e the absolute
electron charge, s0 the vacuum permittivity and ti Planck's constant divided by In. According
to Appendix 3 of Ref.fl] the four upper (n = 2) energy eigenstates are
21-1),

|1> = - F J = | 2 0 0 ) +

21-1),

(2.1)

21-1).

Here, the \nlm) are the usual unperturbed spherical eigenstates of the hydrogen atom (referred
to a quantisation axis parallel to B) and
z = -iBei0,

(2.2)

ac
where a and c are the fine structure constant and the velocity of light, and v± =vsin9,

0

and <j> being the polar angles of v with respect to B. (Note that the phase factors chosen in
states 13) and \4) differ from those used in Refs.fl, 3].)
While states |l) and |2) are degenerate and have both the unperturbed energy level
E2 (1) = E2 (2) = -ERy 14, state |3) lies above and state |4) lies below this level. The two
corresponding energies are

(2.3)

where coL =eB/2Me

is the Larmor frequency.

As indicated by Eqs. (2.1) and illustrated in Fig. 1 (which gives a scheme of two-photon excited
fluorescence), state |2) = |210) remains unperturbed by the external fields and, according to
the selection rule Am = 0 for a transition to the ground state |l00), gives rise to ^"-polarised
light (i.e. the polarisation is parallel to the magnetic field). On the other hand, the states |l),
13) and |4) are all linear superpositions of |200), |21 + l) and | 2 1 - l ) . Since |200) does not
radiate (Al = 0), they give rise to <r-polarised light (perpendicular to the magnetic field),
according to the selection rule Am - ±1.

n=2
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Figure 1. Schematic symbolising two-photon induced fluorescence. Fine and hyperfine structure are not
presented; the coinciding levels |l) and \2) have been separated for graphical clarity. The two-photon
transition from the ground state to the excited state 11) (left part of the figure) is followed by collisional
redistribution among the excited states | l ) , | 2 ) , | 3 ) , |4) (middle part) and by one-photon transitions
(fluorescence) from all of these states to the ground state (right part). The fluorescence originating from states
| l ) , 13) and |4) is a" polarised, the one originating from state |2) is n polarised.

2.1.2 Deviations from non-relativistic Schrodinger equation
While for one-photon excitation there is no need to go beyond the non-relativistic Schrodinger
equation used in Sec.2.1.1, there may be such need for Doppler-free two-photon excitation,
which may require the position of the atomic levels within errors not exceeding the
homogeneous line width of the two-photon absorption profile. For typical MCF plasma
conditions this is a few natural line widths, i.e. of order 108 - 10 9 Hz. Taking a precision better

than 108Hz, it is shown in Appendix 1 that with / denoting the nuclear spin, the ground state
level splits into the 2(2/ +1) sublevels (associated with corresponding substates
sm})

= -ERy-B(geMems+gnjupm])~a2ERy(02036-0.00\5gnmsm1),

(2.4)

where the electronic and nuclear spin quantum numbers ms and nij take the values
ms=±l/2,
m1 = -I, -1 + 1,..., + / . The further quantities defined in the above equation are the electron
and proton magnetons jue -eh12Me, jup=eh/2Mp
(Me and Mp being the electron and
proton masses), and the electron and nucleus g-factors ge and gn. We have ge - -2.0023 for
the electron, 1 = 1/2, gn =5.586 for the proton, 1=1, gn =0.8576 for the deuteron and
I = 112, gn= 5.958 for the triton [16]). In Eq.(2.4), the second term arises from the coupling
of the magnetic moments of the electronic and nuclear spins with the external magnetic field.
The last term represents relativistic effects, the Lamb shift and the coupling between the
nuclear and electronic magnetic moments.
In the same manner, the levels E2(ju) of the excited states \/S) [ju = 1,2,3,4, see Eqs.(2.1)]
split into 2(2/+ l) sublevels E2(jumsmj), associated with corresponding substates /im/rij).
However, this splitting is of interest only for state | / ) , because this is the only one which can
be efficiently excited by the Doppler-free two-photon transition [3]. As shown in Appendix 1,
the corresponding 2(2/ +1) sublevels are given by
]_

E2 Qrnjnj ) = --ERy-

B(gefiems

4

f
A 2

a E Ry

_0.000182
_0.000182 l F l ?
l92 \ + p
l + p2
P2[0.00299 - 0.00043(1 + p2)]
+

2

g m J
Sn s J

J

(2 . 5 )
V }

The second term in this expression is identical to the corresponding one in Eq.(2.4). The third
term covers all contributions arising from relativistic effects and fine structure (including Lamb
shift) to first order in a2, as well as the coupling between the electronic and nuclear magnetic
moments. The fourth term includes the fine-structure contributions to second order in a2.
In the allowed Lyman-a transitions the spin quantum numbers ms and ml are conserved. There
are 2(2/ +1) such transitions between the 2(2/ +1) lower levels (2.4) and the 2(2/ +1) upper
levels (2.5). Their frequencies v(msmj) are obtained by subtracting (2.4) from (2.5) and
dividing by 2nh; the numerical result is
vc + vr- vfsms - vygjnjnj,

(2.6)

with
vc= 2.4673764 xlO15 ^ M \ Hz,
M
+Me
M nn +M
+M

vr = 2.928 x 10101 1 - 7 ^ ^ I Hz,
11 +
+pp JJ
\

(2.7)

(2.8)

where the dimensionless i^ measures the magnetic induction in teslas (B = BTT). The
"unperturbed" frequency vc takes the values 2.4660333 x 1015 Hz for H, 2.4667043 x 1015 Hz
for D, and 2.4669311 xlO15 Hz for T. The most important correction to vc arises from vr
which is mainly due to the relativistic effects (deviation from non relativistic Schrodinger
equation) on both the lower and upper states of the transitions. It affects all transitions by the
same amount and thus causes a global blue shift with respect to vc. The /^-dependence of this
shift arises from the /^-dependence of the relativistic effects on the upper states. The term with
v
hfs represents hyperfine splitting, the main contribution coming from the lower levels. The
spacing of the 2 / +1 corresponding terms depends again on the parameter B. For B = 0 (no
velocity component perpendicular to B) it is equal to 6.24 (6.66)xlO 8 Hz for the two
components in the case of H (T), and equal to 9.6 x 107 Hz for the three components in the
case of D. This hyperfine splitting is significantly smaller than the one appearing in the absence
of external fields (1.43 x 109Hz for the example of H). Finally, due to the term with v^, each
of the components mentioned suffers a small doublet splitting (if B * 0) inversely proportional
to the magnetic field. This splitting reflects the fact that a small part of l-s coupling remains as
long as the magnetic field is not infinitely large (Paschen-Back effect).
2.2 Spectral broadening of Lyman-a
The transition frequencies in Sec.2.1 have been derived in the rest frame of a hydrogen atom
suffering no other perturbation than the external fields B and v x B. In the presence of perturbing plasma particles, plasma waves and laser photons, these frequencies are broadened and
shifted (mainly due to Stark and ionisation broadening) in addition to the natural broadening
caused by radiation damping. These broadening mechanisms are quasi-homogeneous, in the
sense that they are not caused by the atomic velocity, although they weakly depend on it.
When considering an ensemble of atoms and passing from the atomic rest frames to a frame
fixed in the laboratory, various causes for inhomogeneous broadening appear due to the
thermal motion of the atoms. The most important one is the linear Doppler effect; in the core
of fusion relevant plasmas it induces a broadening which is by orders of magnitude larger than
the quasi-homogeneous broadening mentioned above. Further causes of inhomogeneous
broadening are the quadratic Doppler effect and the motional Stark effect that arises from the
B dependence of the transition frequencies [see Eqs.(2.6)-(2.8)]. The latter two causes are
roughly of the same order as the quasi-homogeneous broadening.

2.2.1 Quasi-homogeneous broadening
Among the perturbing particles present in a MCF plasma, only the ions contribute significantly
to the broadening, while the effect of the neutrals and the electrons is negligible. Furthermore,

the contribution of collective electric fields turns out to be negligible too, even in the presence
of strong plasma turbulence. Indeed, typical electric field fluctuations are characterised by frequencies below 1 MHz and by amplitudes E± (E^) below a few 105 (103) V/ m in directions
perpendicular (parallel) to the magnetic field. The broadening can thus be considered as static
with EL adding a small term to the v x B field and thus causing a small correction of the energy levels of states |3) and |4) [Eqs.(2.3)]. This small correction is of no importance, however, once the average over the velocities has been carried out. The parallel component En
slightly affects the levels of states 11) and 12) and thus the frequencies (2.6) important for the
case of two-photon excitation. However, the corrections remain far below 108Hz and may
thus be neglected in the context of the present paper. It is only for E[{ fields larger than
105 V7 m that one would have an observable broadening ( « l G H z ) of the two-photon excited
state 11). Note that similar arguments hold for radial electric fields in tokamaks which can be
considered like the Ex field discussed above.
On the other hand, although the turbulence does not influence the broadening by its electric
fields, it possibly does so by the density fluctuations connected with it. These are static within
the few nanoseconds during the laser shot and the observation time , but change from one shot
to the next. In cases where the total (quasi-homogeneous and inhomogeneous) line width is
dominated by Stark broadening (low temperatures, high charged particles densities), relative
changes of the line width directly reflect those of the density (SW /W & 5n In) and might in
such cases serve as a measure of the latter.
Having stated the insignificance of neutrals, electrons and turbulent electric fields for the
broadening, we are left with natural broadening, Stark broadening by ions and, possibly,
ionisation broadening by laser photons.
2.2.1.1 Natural broadening and Stark broadening by ions. For all details in the theoretical
treatment of natural and Stark broadening we refer to Refs.[l, 3], where it has been shown that
the Stark broadening by the ions of a MCF plasma can be treated in the impact limit of the unified theory as derived e.g. in Refs.[17-19]. For the level scheme under consideration the resulting line profile (in an atom's rest frame) is a sum of weighted Lorentzians with the weighting factors depending on whether one has one-photon or two-photon transitions. In contrast
to Refs.[l, 3] we here include the electronic and nuclear spin variables, implying a multiplicity
of 2(27 + 1) ground states 100,msmj) and excited states n,msmj)(ju = 1,2,3,4). Since, however, neither the radiative nor the collisional width and shift operator acts on these variables,
the profile functions of all transitions /u,msmj) <-» lOO,msmj) with the same /u (// = 1,2,3,4)
have the same shape,

with
= co — coM{tnsmj),

a> (msm]^ = —\E2^jum1mI)-E1^jumsmI)].

(2.10)

In Eq.(2.9), W* denotes the complex width and shift parameter associated with the atomic
state jum/rij). We henceforth write the corresponding absorption and dispersion profiles as

WJn

LM(Aa>):

Aco /' K

and

Aco2+W*

(2.11)

i.e. we deliberately omit the shifts ~ira.W^, as these either vanish (for // = 1,2) or are negligibly
small compared to the widths (for ju = 3,4). For the four width parameters WM = ReW£ we
here indicate expressions which are slightly more general and accurate than those of Refs.[l,3].
The numerical factors in the "Coulomb Logarithms" [see Eqs.(2.15) below] have indeed been
determined here according to Refs.[20, 21], implying an exact solution of the Schrodinger
equation for strong collisions [20] and a treatment of screening based on the dielectric function
of the plasma [19, 21]. In addition , the possible presence of impurities has been accounted for
in a more consistent way. The resulting width parameters are

(2.12)
W -W
"3 - "4 -

i , Q22
\+j5

with
(2.13)

3uc3e2M2

being the natural width parameter (half the full natural width) of a pure P-state (see Eq.(A.5.5)
of Ref.[l]). Further we have used the definitions
1/2

_ vi2r«^
XT'

y

f

with

kDT,

a=Jl

(2.14)

and

0.4 \a.

0.41 a^

0.34

(2.15)
1.27
(0.,

A\: =

1.27 a

1.04

The sum in Eq.(2.14) is over the different ion species characterised by their mass Mi, charge
number Zt, density nt and temperature Tt. MA and TA are the mass and the temperature of the
neutral atom species (hydrogen, deuterium, tritium) selected for the optical experiment.

Equations (2.15) involve the Larmor frequency coL -eBI2Me
associated with a given ion species /:

and two further frequencies

1/2

(2.16)

AtiZM.

The first of these is the Weisskopf frequency, the second is of the order of the ion plasma
frequency. Both represent inverse interaction times, namely the times ^ / vA. and p^-1 vAl
of an ion having the mean relative ion-atom velocity vAi -\3kB{TAl MA +Ti/Mj)]112
2

2

being, respectively, at the Debye distance /lD = [sokB I (e ne I Te + e ^ntZf

1/2

I 7J)]

and

or at the

Weisskopf radius y%, = 4hZt I MevAi. The denominator in the first expressions for A'Oj and
A\t is to give an interpolation for the larger of copi and aL [1.47(1 + /? 2 )] 1/2 . Under MCF
plasma conditions this is always the latter so that for A'Oi and A'u we will henceforth use the
last expressions in Eqs.(2.15). In comparison to Refs.[l, 3] the numerical factors in Eqs.(2.15)
arise from multiplying com by 0.607 (1.858) to obtain the diagonal S (P) matrix elements of the
collision operator derived in Ref.[20], from multiplying copi by 1.468 to obtain the screening
cut-off derived in Ref.[21], and from multiplying a>L(l + j32)U2 by Euler's constant y - 1.781
to accurately account for the energy gap between levels 1, 2 on the one hand and levels 3 and 4
on the other hand. Note that the expressions for K, and K\ have been derived using an isotropic Maxwell distribution for the relative atom-perturber velocities. The slight uncertainties
connected with this approximation are investigated in Ref.[22].
The weak variation of the logarithms in Eqs.(2.14) allows us to approximate their arguments
by the mean values A, and A\ which one obtains by putting averages over ion species for the
quantities which depend on the individual ion species /. To this end and for later use we define
the "effective" quantities

n

e

(2.17)

which represent weighted averages of the ion charge number Z{, of the ratio Xt = v^

/vAi

= V2 / Qt of thermal relative atom-atom to atom-ion velocities, and of the ratio Yt =Te I Tt of
electron and ion temperatures. Using Eqs.(2.17) we further define

w

3kBMJA
2hZeffX2ffMA

Equations (2.14) then become to a good approximation

1/2

(2.18)

(219)

where Z^- is defined by the fourth of Eqs.(2.17) and where A{ and A\ are obtained from
Eqs.(2.15) by replacing CDm and co^ with cow and p, respectively.
We now postulate that we may clearly distinguish between the masses of the main ion
categories composing the plasma (e.g., H, D, T, possibly He) and those of the impurities which
we assume to be much heavier. It is shown in Appendix 2 that X^ and Zeff can then be
expressed in terms of Z^ by means of the approximate relations
Z,/r(V2 - X') + X'Z"-yf2Z'
<€ ~
Z"-Zl

'

Z
™~

Z"—Z'

where

±

±

^ n ^ ,

(2.21)

with

Z
Here, the sums ^'and

5>

(2-22)

^ " are over the light ion species and the impurities, respectively. Z "

signifies the effective charge number of the impurities (the light species excluded) which is
usually large compared to one. Inspection of the last of Eqs.(2.20) shows that its exact value
is there of little importance; hence its rough knowledge from independent diagnostics suffices
to express Zejj in terms of Zeff and vice versa. For not too high values of Zeff it will even be
sufficient to put Z"= oo. Indeed, using the corresponding relation
(2.23)
leads typically to an error of only a few percent in the determination of Zeff from Zeff. Further,
if there is only one light particle species present in the plasma (with Zx - 1, Tt =TA), one has
Z'= Z*'= 1, so that Eq.(2.23) simplifies to
(2.24)
This expression holds to a good approximation also for various other cases. For instance, when
the plasma is composed of equal portions of deuterium and tritium, one has Z'= 1 while
Z*'=[l + (6/5) 1 / 2 ]/2 = 1.05 foraDatomand Z*'=[l + (4/5) I / 2 ]/2 = 0.95 foraTatom.
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Further simplification is possible in the logarithms of Eq.(2.19), independently of whether one
uses (2.23) or (2.20) outside the logarithms. It is legitimate, in the arguments of the logarithms, to assume all Tt equal to Te and to take Z"= oo also in Eq.(2.20). This amounts to
putting Yeff = 1, Z^ = Zeff and Xeff - X' in Eqs.(2.18). Further, Xeff may be approximated by
one. Indeed, Xe^ equals exactly one if there is only one light ion species (with mass equal to
that of the atom), and is close to one in most other cases of practical interest. For instance, in a
mixture of equal portions of H and D Xeff equals 1.08 for an H atom and 0.91 for a D atom.
In a corresponding mixture of D and T the values of Xe^ are 1.05 and 0.95.
The Stark width parameters (2.19) now involve the effective ion charge number Z^ as the
only of the effective quantities defined in Eqs.(2.17). This provides a basis for a possible
spectroscopic determination of Z^ from two-photon excited fluorescence. The quantity to be
measured is the total quasi-homogeneous line width parameter of the states \mjrij j . Ignoring
ionisation broadening for the moment it reads [see the first of Eqs.(2.12)]

(lnAa+B2lnAb)

2

\+B

(2.25)

where

026M5eel/2{kBTAf

Aa = Ao(A'of =

(2.26)
2

3.UM kBTA
BMAehZeff{\ + B:

1/2 •

Expressing all parameters in SI units and calling W] the line width parameter measured in Hz,
one has numerically

In

2

\+p

4.98 x 10 7 /? 2 +1.22 x 104 »,Z*
,Z

B2Xn\)
(2.27)

2.36
A

=•

/

(MP/MA)

\

5/2

\26X\0~*(MPIMA)TA

:

1/2

A

'

where Mp is the proton mass.
To indicate typical orders of magnitude and to show the sensitivity of Wx to variations of Z^,
we consider the example of deuterium atoms in a plasma composed of equal portions of
deuterium and tritium. The charge numbers of the impurities are assumed sufficiently high so
that Z l can be expressed by Eq.(2.23). Choosing parameters typical for the edge of a large
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machine, e.g., B = 4T, ne - 5 x 1019 m 3 , kBT -1 keV (taken to be the same for all particle
species) and replacing B2 by its mean value 12kBTAlmA{acf,
we find that Wx equals
0.19 GHz, 0.37 GHz, 0.69 GHz and 0.96 GHz for Zeff = 1, 2,4 and 6, respectively. This
behaviour illustrates that W} varies almost linearly with Z^.
2.2.1.2. Ionisation broadening. In the case of two-photon excitation, ionisation by a third laser
photon is not very far from threshold. For sufficiently high laser intensities the lifetime of the
excited atomic state may therefore be significantly shortened by radiative ionisation. This gives
rise to an additional spectral broadening which is essentially quasi-homogeneous because the
ionisation is not sufficiently close to threshold to be affected by the Doppler effect. Instead of
Eq.(2.25) the total quasi-homogeneous width parameter is then given by
W^^W.+^H,

(2.28)

where i^, is the ionisation rate of a single atom in state 11). The general expression of i ^ (as
well as of i?,2 ,i?, 3 , and /^.4) has been derived in Appendix 3. Simple forms of this expression
are obtained when the polarisations of the laser beams are linear and parallel to the magnetic
field or circular (and opposite) in the plane perpendicular to it. The two expressions obtained
for these cases show little difference; for equal laser intensities Iu = IL2 = IL they are,
respectively,

where, in SI units,
^ o = ^-o! +^02 = 1-51 x ™~3h [SI].

(2.30)

2.2.2 Inhomogeneous broadening
2.2.2.1 Motional Stark broadening. According to Eqs.(2.3) and (2.6)-(2.8) the Lyman-a
frequencies of a given atom depend on B and thus on the atom's velocity component v±
perpendicular to the magnetic field. The dependence reflects a Stark effect arising from the
electric v x B field. Correspondingly, an ensemble of atoms with different velocities exhibits
an inhomogeneous Stark broadening, usually called "motional Stark broadening". This
broadening is largest for those transitions where it is already accounted for by the nonrelativistic Schrodinger equation, namely for the transitions involving the states 13) and 14);
following Eqs.(2.2), (2.3) its order of magnitude is 6)Lflm/27r &(o)L/ac)(kBT)V2
with
typical values reaching more than 100 GHz. This large broadening is nonetheless of little
importance in the context of this paper. The reason is that for one-photon excitation this
broadening is hidden by the still much larger Doppler broadening (see Sec.2.2.2.1 below),
while Doppler-free two-photon excitation will concentrate on state |l) (avoiding states |3)
and 14) precisely because of their large inhomogeneous Stark broadening).
In comparison to the motional Stark broadening mentioned above, the one involving state 11)
is significantly smaller, as can be seen by comparing Eqs.(2.6)-(2.8) and (2.3). It is nevertheless
this small broadening which will turn out to play a significant role in the case of Doppler-free
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two-photon excitation. Indeed, its order of magnitude [which is mainly determined by vr, see
the second of Eqs.(2.7)] is typically a few GHz, which is comparable to the quasihomogeneous broadening treated in Sec.2.2.1.
2.2.2.2 Doppler broadening. In the rest frame of an atom moving with velocity v, the
Doppler shifted frequency co' of a photon having frequency co and wave vector k in the
laboratory frame is
s.1

Ir . 1/

I

it Ir .\t

1/

1

(2.31)

The last two terms in the parentheses represent the linear and quadratic contribution to the
Doppler effect, respectively. For typical atomic velocities, the linear term not only dominates
over the quadratic one, but is, under MCF plasma conditions, also much larger than any of the
quasi-homogeneous and inhomogeneous widths discussed so far, and is also larger than the
Stark-Zeeman splitting given in Eqs.(2.3). Therefore, in the case of one-photon excitation,
where this linear term is not cancelled, it provides the overwhelming cause for line broadening,
compared to which all other causes can be neglected.
In the case of two-photon excitation, such that the atom absorbs one photon from each of two
counterpropagating laser beams with mean wave vectors kL and -kL and with mean angular
frequency c\kL\=co/2

(co being close to the atomic resonance), the two Doppler shifted

frequencies are co\2 &\a> /2 + kL -vj/(l-(v/c)2)1'2,

provided the frequency spread and

angular divergence of the two laser beams are small. The relevant quantity for two-photon
excitation is the sum of these frequencies,
CO

(l-~(Wc) 2
in which the linear Doppler effect is eliminated. This is the origin of "Doppler-free" twophoton excitation of fluorescence. As for the quadratic contribution, it is of order cov2h 12c2,
which is proportional to the temperature; it amounts to a few GHz when kBTx, lkeV. It is
thus seen that quadratic Doppler broadening and motional Stark broadening (of transitions
involving the states Imjrij)) may provide comparable contributions to the total broadening.
2.2.2.3 Combined motional Stark and Doppler broadening. It is interesting, in the case of
two-photon excitation, to consider the combined action of the motional Stark effect and the
quadratic Doppler effect on an atom having a given velocity v. According to Eqs.(2.6) and
(2.32) the condition for the sum frequency of two counterpropagating photons to be in
resonance with an atomic transition frequency v(msmj) is co\+co>2 = 2Tcv(msmI), which
amounts to
v, + v2 = vim/nj )Vl-(Wc) 2 * vc - ^ r + vr - vfsms - v^gjn^
2c
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.

(2.33)

The second term of the last expression in the above equation represents the quadratic Doppler
effect, the third term (v r ) provides the essential contribution of the motional Stark effect.
Using the decomposition v = v± + vy (where the velocity components refer to directions perpendicular and parallel to the magnetic field) and the first of Eqs.(2.2), the quadratic Doppler
term may be written as -v o v 2 /2c 2 = -v 0 v 2 / 2c2 -1.82 x 109/?2 Hz, while the ^-dependent
part of the motional Stark term is 6.25 x 109Hzy92 /(l+/? 2 ) [see the second of Eqs.(2.7)].
These terms show opposite variation with /?, and it is seen that there is a significant portion of
cancellation in the /^-dependence of the sum /?2 [-1.82 + 6.25 / (1 + /?2)] x 109 Hz of the two /?dependent parts. Figure 2 illustrates this behaviour for the example of tritium atoms with
VII = 0. (The curves for hydrogen atoms are almost identical; those for D atoms are similar, but
their hyperfine splitting is less pronounced and leads to three instead of two pairs of curves.)
The figure presents AvLy_a 12 = [vLy_a{p)~ vLy_a(0)]/ 2 as a function of fi, where vLy_a(fi)
is a Ly-a transition frequency as given by the rhs. of Eq.(2.33). (Half the transition frequencies are presented in order to make correspondence with the frequency of the laser.) As can be
inferred from the figure, the cancellation between the motional Stark and quadratic Doppler
effects implies a substantial reduction of the inhomogeneous broadening and shift of the twophoton transition. Considering, e.g., cases where typical /?-values range between 0 and 1.5
(which would correspond to temperatures of up to about 1 keV for ' H and 3 keV for T), the
variation of the Ly-« transition frequencies (divided by 2) is reduced from about 3 GHz when
either effect acts alone to less than 1 GHz when both effects act together. As a fortunate
consequence of this contraction of the absorption profile, the two-photon absorption
probability is considerably higher than it would be if only one or the other of the two
inhomogeneous broadening mechanisms would solely exist.

Figure 2. /? -dependence of Lyman- a frequencies (divided by 2) for the two-photon transitions of tritium
atoms. Upper curves: unique action of motional Stark effect. Lower curves: unique action of quadratic Doppler
effect. Middle curves: combined action of motional Stark and quadratic Doppler effect.
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3. LASER-INDUCED FLUORESCENCE IN LYMAN-a
Laser-induced fluorescence occurring in a plasma environment can be understood as a threestep process, involving atomic excitation by the laser light in a first step, collisional
redistribution within excited states in a second step, and spontaneous radiative decay in a third
step. Excitation by one photon corresponds to a two-photon process (one photon absorbed,
another one emitted); correspondingly, excitation by two photons corresponds to a threephoton process (see Fig.l for a schematic of the latter process).
This section will be restricted to laser intensities that are so weak that the Lyman- a transition
is far from saturation. The fluorescence emitted by a given atom can then be viewed as resulting from a succession of single two-photon or (depending on the excitation scheme applied)
three-photon events. Assuming laser pulses longer than the spontaneous decay time, the
process can be considered as approximately stationary and the fluorescence rate can then be
constructed from a simple version of the so-called redistribution function. We define this function as the probability per unit time, p(i; / ) , that a given atom emits a fluorescence photon
into the mode \f)=

kf,ef)

(kf and ef denoting corresponding wave and polarisation vec-

tors) when it is excited by a radiation field which is initially in a one- or two-photon state \i).
We write \i)= kf,e-)
= kx,exj® k2,e2)

in the case of one-photon excitation and \i)= J,,/2) = /,)® i2)

in the case of two-photon excitation. In accord with usual experimental

conditions we evaluate the redistribution function for cases where the laser excitation is nearresonant and the observation refers to the total (frequency-integrated) fluorescence.
3.1 Frequency-integrated redistribution function

3.1.1 Treatment to lowest approximation
We start with a treatment of the redistribution problem in the framework of the non-relativistic
Schrodinger equation, as presented in Refs.[l,3]. For the frequency-integrated redistribution
function in an atom's rest frame, Eqs.(5.27-29) of Ref.[l] and Eqs.(3.17) and (3.19) of Ref.[3]
imply two important intermediate results whose form is reminiscent of Fermi's golden rule. The
first one holds for one-photon excitation and is given by

Vvyi

/

,

piyf

fx'yf

fl,fl',v,v'=\

vyi

v'yi

fifj'w'

(3.1)

The second one holds for two-photon excitation and reads
V V

15

(3.2)

The various quantities occurring in these equations are defined as follows. The different factors
of the kind F^, x denote matrix elements of the atom-radiation interaction potential
V = -D • E, where D is the atomic dipole operator and E the quantised electric radiation
field operator; explicitly, they are given by
1/2

where y/,0) corresponds to an atomic state | y/) associated with the radiation vacuum 10),
y/',x) to an atomic state y/') in the presence of one photon in mode \x), a>x -c\kx\
(approximated by the resonance frequency 6)0 for x =f) and ex denote the angular frequency
and the polarisation vector of this mode, and Vq is the quantisation volume of the radiation
field. Subscript y in Eqs.(3.1), (3.2) refers to the ground state |l00) which we denote by \y)
for short. The second sum in Eq.(3.2) is over all excited P states \e) of the hydrogen atom,
including the continuum. The angular frequencies occurring in the denominator are the photon
frequency co2 -c\k2\ and the atomic frequency co^ =[Ee -EAIfi.
Pu in Eq.(3.2) denotes
the operator that exchanges the incident radiation modes /,) and i2).
Further, the quantities Gvi in Eq.(3.1) and Gv^h) in Eq.(3.2) are defined through the profile
function (2.9) by
Gw

=GV(CD,'-6)V),

Gv{iih)=Gv((Dl'+co2'-cov),

(3.4)

where o / , cax and a2 (corresponding to radiation modes \i), \ix) and z 2 )) are the
Doppler-shifted angular photon frequencies as they appear in the atomic frame according to
Eq.(2.31).
Finally, the GM/1.W. (JU,JU',V,V'= 1,2,3,4) are the elements of a four-index (16 x 16) matrix which
describes the collisional redistribution within the populations pM/J and coherences p^v of the
upper state manifold, p denoting the atomic density operator. This matrix has been established
in Ref.[l], where it has been shown that only a part of its elements, namely those entering
Eqs.(3.1), (3.2) are of relevance for the redistribution function. The relevant part splits into a
4 x 4 block, U, and a 2 x 2 block, U', containing the elements UMV = GM/JVV and
U[x = Gm2, U[2=GX22X, U2X=G2n2, U22=G2m,
respectively, t/is the inverse of a
symmetrical matrix whose elements are rate coefficients representing collisional transitions
between the upper four states and radiative damping. These matrix elements are given by
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(3.5)

where we have used the abbreviations
,1/2

\K\

CO,

2

M

'w

U,r

A'=

coa

(3.6)

with aw and cop being defined in Eqs.(2.18) (where it is sufficient to put Xeff =Yeff = 1,
Zlg- =Zgff)- Similarly, U' is the inverse of a symmetrical matrix whose elements represent
collisional transitions between the coherences pn and p2X as well as radiative damping. These
elements are given by

Carrying out the two matrix inversions leads to [see Ref.[l], Eqs.(5.18, 21-26)]
BC-2rj2p4
2

U=

{2{2+P
A

KA

2C 2

{2(2
A
~2C

:

i2(2 + p

+

J
(3.8)

and
(3.9)
where

(3.10)
= C(AB-4)-2TJ2\APA

+B(2+p2f +4p2(2+p2)],
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(3.11)

2

A' =

,
-l,

K'

77=— ,

R
y =—

K

K

Most of the improvements with respect to Refs.[l,3] introduced to establish Eqs.(2.9) have
also been used in Eqs.(3.6)-(3.12). An exception is the treatment of strong collisions according
to Refs.[20, 21], which appears useful to obtain an accurate absorption line shape but would
not significantly improve the redistribution matrices (3.8) and (3.9).
One of the marked differences between Eqs.(3.1) and (3.2) is the appearance of the second
sum in (3.1). This term, which involves both the real part (absorption profile) and imaginary
part (dispersion profile) of Gw. [see Eqs.(2.9) and (2.11)], describes the collisional
redistribution among coherences between the close-lying states 11) and 12). Since both states
contain different P contributions [see Eqs.(2.1)], an incoming photon with arbitrary
polarisation direction generally excites a linear superposition of the two states, which is then
transferred to other linear superpositions by collisions. It is noteworthy that this sum
introduces a rather involved dependence on the angles of both the incident and outcoming
radiation in the case of general scattering geometry (see the following Sec.3.2).
Equation (3.2), in contrast, contains no term of the type mentioned. The reason is that only
excited states with S admixtures can be reached by two-photon absorption in Lyman-or. Since
among the two close-lying states only state 11) has such an admixture, it is this state which is
solely excited, implying that the excitation of a linear superposition of |l) and |2) is not
possible. Also, the real part in Eq.(3.2) is taken directly of the quantity Gv(fii) which then
involves only the two-photon absorption profile (not the dispersion profile).

3.1.2 Deviations from non-relativistic Schrodinger equation
By virtue of the fact that both radiative and collisional transitions are to an excellent
approximation spin-conserving, the extension of Eqs.(3.1) and (3.2) to the more general
framework introduced in Sec.2.1.2 is straightforward. The redistribution function is simply an
average over the 2(2/+ l) possible spin configurations characterising the different initial
atomic ground states y ) = 100, msm}),
2(27+1)

2(27+1)

r=1>

where the py = pm

(313>

denote the diagonal density matrix elements giving the statistical weights

of the ground states \y). Writing Eqs.(3.1) and (3.2) separately for each of the pr(i',f),

spin-

conservation implies that neither the Vvqa nor the G^.w depend on the spin variables. Further,
the slight dependence of the energy denominators in Eq.(3.2) on the different ground state
energies is completely negligible, so that the only significant dependence on the spin variables
occurs in the factors Gw and G, . ^. Hence the averaging sum in the first of Eqs.(3.13), when
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applied to Eqs.(3.1) and (3.2), acts directly on the factors Gw. and Gv(l],-2) • The extension of
Eqs.(3.1) and (3.2) to include relativistic and spin effects is thus simply achieved by replacing
the function Gv{co - av) as given in Eqs.(3.4) with the function

:

4-1/2

y y

m/rtj

(3.14)

m1=-l/2m,=-J

where (ov{msmI^ is defined in Eq.(2.10). As mentioned earlier, this extended formula is
required only for the case of two-photon excitation, i.e. the replacement will be made only for
G/.. N [second of Eqs.(3.4)], not for G^ (first equation). Furthermore, among the four G , . N
(v = 1,2,3,4), only G, ^ needs be refined this way. Indeed, terms with G , s in Eq.(3.2)
vanish because of the A/ = 0 selection rule and, as outlined in Sec.2.2.2.1, the factors G3,.. %
and G4/ ., are subject to a motional Stark broadening much larger than the separation between
the 2(2/ + l) frequency components cov{msmJ).

3.1.3 Angular dependence
For further evaluation of the redistribution functions (3.1) and (3.2) the various matrix
elementsV ^ have to be expressed explicitly using Eq.(3.3). Through the scalar product
occurring there this leads to revealing the functional dependence on the various angles
characterising the propagation direction and polarisation of the laser and fluorescence photons.
Those matrix elements involving the ground state and one of the four excited states | //) have
been derived in Appendix 4 of Ref.[l]. On accounting for the different choice of phase factors
adopted in this paper they take the form
27yf2 ean

v -J

(3.15)

with
qx

+ qx\+sm(<px-t)
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(3.16)

In these equations &x and <px designate the polar angles of the wave vector kx of photon
mode x with respect to the magnetic field B. The complex quantities px and qx with
\PX I2+\ix f = 1 characterise the polarisation vector
~xq> :

(3.17)

where ux9 and uxq> are unit vectors perpendicular to kx which point, respectively, in the
directions of increasing 3X and <px.
There is no need to express the factors Fvaj and V^ in Eq.(3.2). Indeed, as shown in Ref.[3],
the sum over s in that equation can be related to the 1S-2S two-photon excitation amplitude
of the unperturbed hydrogen atom, such as derived earlier in the literature (see e.g. Bassani et
al [23]). This follows from the fact that the frequency denominators are all very far from
resonance, so that the co^ can safely be replaced with the values one obtains in the absence of
external fields and, correspondingly, the matrix elements FVO) and V^
unperturbed eigenstates

| s).

Writing for short

1200) = | a),

can be calculated using
we have the relation

FVS] = (vO \V\ six) = (v |<T)(<TO \V\ a , ) , because | e) (being excited from the ground state through
V^ ) is a P-state which only connects with the S-admixtures of (v |. Therefore, the sum in
Eq.(3.2) becomes |(v|cr)| times the corresponding sum where v is replaced with a. To relate
this sum to the results of Ref.[23] we define the quantity
V V

(3.18)

G)2-G)e

denotes the dimensionless twowhere 9? = 3.29 x 10155 ' is the Rydberg frequency and
photon transition amplitude defined in Ref.[23]. With the help of Eq.(3.3) and the Wignerwhose maximal
Eckart theorem [24] it can easily be seen that S' is proportional to \ex -e2
value, unity, is attained for e1 = e*. Examples of this are when the two incident photons are
linearly polarised in the same direction, or when they are circularly polarised in the opposite
sense (i.e. both left or both right when referred, respectively, to there opposite directions of
propagation). By including the continuum in the sum over states \s), it is shown in Ref.[23]
that for eox=co2 and ex =e* the quantityZ)[J0] equals -11.7805. Equation (3.18) thus
becomes
S'= S

with

= 8.07xl0"26mV2

(3.19)

Using Eqs.(3.15) and (3.18) and introducing the natural width parameter R defined in
Eq.(2.13), the two expressions (3.1) and (3.2) can now be written as
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\p(i;f)dcof =

^^

6 pif

Svi

fifiw

v\

i

v)

(3.20)

Re

f fe

igli) A-' (»i ' -

(3.21)
where
(3.22)

K

is the two-photon absorption rate to upper state | v) with PV(«1'+6J2I) being the corresponding
two-photon absorption profile. Assuming equal ground state populations [pm/ni =1/2(27 + 1)
in Eq.(3.14)], this profile reads
+1/2

+/

3.2 Number of fluorescence photons
3.2.1 Average over laser modes
Equations (3.20) and (3.21) give the frequency-integrated redistribution function in the rest
frame of an atom with given velocity v . In order to prepare the averages over the atomic
ensemble and over the laser modes, we now pass to the laboratory frame by replacing the
Doppler-shifted frequencies ©.', co^ and a>2' with their explicit expressions given by
Eq.(2.31). Since in Eq.(3.20) the quadratic Doppler effect can be neglected (see Sec.2.2.2.2),
the functions Lv and L'v are there simply written as /-v(<y, -k, v-a)vJ
and
L\\a)i -ki v-covj. In Eq.(3.21), where the quadratic Doppler effect must be taken into
account, the function Lv [which enters through Eq.(3.23)] becomes after renormalisation

Lv(ax +o)2 -{kx +k2)-v

-<oj\-{v

+eo2

-(*, +k2)-v-av + y ^

(3.24)
Here the sum of wave vectors, kx +k2, is not set equal to zero from the outset as at this stage
we want to account for the possibility of a finite divergence of the two counterpropagating
laser beams as well as for the possibility of giving the two laser beams a finite crossing angle.
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To perform the averages over laser modes, we introduce the distribution function
(normalised to unit area) of laser modes (k,e) for the case of one-photon excitation and the
corresponding two distribution functions fx(k,e)
and f2(k,e)
for the case of two-photon
excitation. Owing to the small angle divergence of the laser beams, the averaging of Eqs.(3.20)
and (3.21) with these distributions essentially operates on the profile functions Lv, L\ and
Pv, while the angles .9, and <pi and polarisation parameters pi and qi occurring in the g^ in
Eq.(3.20) and the polarisation vectors ex and e2 occurring in Eq.(3.21) can safely be replaced
with their mean values (assuming the lasers to have well defined mean polarisations eLX and
eL2). One is thus led to new velocity-dependent profile functions P v ', P*' (for one-photon
excitation) and Pv2 (for two-photon excitation) which include both the quasi-homogeneous
broadening of the atomic absorption profile and the broadening originating from the finite
bandwidth and divergence of the laser beams. These profile functions are defined by
(3.25)
?,
+1/2

+/

Pvs2(o)Ll,a>L2;msmi;v),

(3.26)
(3.27)

=-1/2m,=-I

where

(3.28)

and where coL, 0)u and coL2 now denote the mean frequencies of the laser beams under
consideration.

3.2.2 Fluorescence of an atomic ensemble
For a single atom excited by radiation that is in an initial (one or t w o photon) state | / ) , the
number of fluorescence photons per unit time emitted into a solid angle dQ and frequency
interval dcof is obtained from the redistribution function p(i,'f) by multiplying it with the
number of modes
Vqq

- d3kf=-*-f

^5—

(3.29)

contained in the corresponding volume element d3kf of the kf space. Correspondingly, the
frequency integrated

redistribution functions (3.20) and (3.21) have to be multiplied by

Vqco2fdQI\27rc) . For sufficiently weak (non-saturating) laser intensities, the resulting
expressions have to be further multiplied by the number of laser photons, Ni - VqIL I chcOf, in
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the case of one-photon excitation, or the product of laser photon numbers, N^N^ =
\Vq I ctiwA IUIL2

=

y-Vq I dhcoA IUIL2, in the case of two-photon excitation. Here, IL, In

and IL2 denote the corresponding laser intensities. Finally, the fluorescence emitted from the
observed optically active volume is obtained by multiplying with the number NA of ground
state atoms present in this volume and by averaging over the atomic velocities.
With the above considerations, Eqs.(3.20) and (3.21) are now readily converted to provide the
fluorescence yield in terms of photon numbers per unit time and unit solid angle. Denoting by
f(v) the normalised velocity distribution and by Nf] and Nf2 the photon numbers for the
cases of one-photon and two-photon excitation, respectively, the results are

d2Nfx

9ne2R2NJL

+ G1221 |Re(g* / g 2/ g 2! g* Jp, 1 (aL;v) + P2 (coL;v)] + Imfg^g2fg2ig*Xi JP, 1 '(<y L ;v)- P 2 '(# L ;v)JJJ,
(3.30)

^

dtdn

3^/,,/,,
2 2
7rc n col

2

J/(^i|^| 2 G_|(v|a)rP v 2 (^,^ 2 ;,-),

(3.31)

where we have replaced a>f by the resonance frequency co0. To write Eq.(3.3O), we have used
the fact that G1212 = G212!, G1221 = G2U2 and that the products of g factors in Eq.(3.20) turn
into their complex conjugates upon interchanging fi with / / and v with V.

3.2.3 Approximate analytical evaluation
Further evaluation of the above expressions can be done either numerically, or analytically on
the basis of special assumptions. Since numerical computations provide little insight into the
underlying physics, it seems reasonable that these be adjourned until the actual application of
the diagnostics requires precise theoretical results for well defined situations. In the following
we proceed to further analytical evaluation by taking advantage of various simplifying or
specifying assumptions. These will, for example, concern the velocity distribution f(v), which
will be taken Maxwellian, and the profile functions given in Eqs.(3.23)-(3.27). In particular, we
will take advantage of the fact that in practically all cases of interest the terms in Eq.(3.30) that
contain the dispersion profiles P'l [Eq.(3.26)] can be ignored.
One class of examples where the dispersion profiles do not contribute are all those cases where
^a\S*fS2fE\i82i)

an(

^ ^m\S*fE2fS2iEii) vanish. This occurs, for example, when the laser has

linear polarisation and when the polarisation of the fluorescence is analysed by a linear
polariser, or is not analysed at all. Another class of examples turns up when the difference
cancels due to the integration in Eq.(3.26), or averages out by the
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integration in Eq.(3.30). The first case occurs when the laser bandwidth is noticeably larger
than the homogeneous widths of the absorption profile (WL»WV,
v = 1,2,3,4), a situation
which holds in most cases of interest (see, e.g., Ref.[5]); both F\ and F\
approximated by Pjf^k^^ck-k-v-co^

can then be

dkde (p denoting "principal part of), so that

their difference vanishes. The second case occurs when the total line width is dominated by
Doppler broadening. The factors in the integrand of Eq.(3.30) then vary over very different
velocity scales, the characteristic variation intervals being vth = ^J2kBTA IMA for f(v),
ac/6

for the remaining factors except Pv' and F'v, and cmax(Wv,WL) / cov for Pi and

Thus when Doppler broadening prevails [max(Wv,WL)«a>v(vth
behave as Pyck -k

v -<y,J

/ c)\

F\.

both F\ and F\

in the integration over velocities in Eq.(3.30); hence their

difference does not contribute. Similarly, the Pj behave like delta functions in this case, with
frequency centres that differ by at most co34 -2<x>L^\\+p2 [see Eq.(2.3)]. Assuming these
differences much lower than the Doppler width WD (which holds except for temperatures in
the eV region) and assuming WD » WL » Wv, the Pj can all be replaced by the laser profile
luoL -co0-k-v\,

where coL is the central laser frequency and co0 the unperturbed Lyman-

a frequency. Equation (3.30) then becomes
d2Nfl

9nc2R2NAIL
(3.32)
• 2G1212 Refg^g^g,,^;) + 2G1221 R ^ g ^ g ^ ) \dv.

In spite of this simplification, the integration over velocities remains rather involved. An
approximate way to proceed is suggested by the fact that the sum in the braces is a measure of
the total fluorescence of an atom and thus depends only weakly on v, although this is not true
for the individual terms of the sum. The thermal average in the above equation can therefore be
roughly carried out by averaging the two factors in the integrand of Eq.(3.32) separately. Note
that this procedure yields exact results in several limits, such as in the case of a broadband laser
whose width exceeds the Doppler width (as may be the case for an excimer laser) and in the
case of high electron density where one has complete collisional redistribution among the four
excited states. By decomposing the velocity vector as
v = v,,+v 1 ,

(3-33)

the corresponding integration in the second factor in Eq.(3.32) reduces trivially to one over v±
and thus over fi and ^ [see Eq.(2.2)]. One is thus led to
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d2Nfx

9nc2R2NJL

,

\f

/ \

2

Iv-

2
(3.34)

2G1212 Re(g1*/g2/g1,g2*i) + 2G1221
where PD{coL -coo) is the Doppler profile of the Lyman-or transition, folded with the laser
profile, and fp\p)

the distribution of the variable /?. The bars over the g-factors denote

averages over the angle (j>. When the distribution function of the atomic velocities is
Maxwellian and the laser bandwidth small compared to the Doppler width, one has
nf*

\
PD(Aa>) =

M

A°2

^

( MAc2Ao)2)
,v
exp - ;
, ffi(j3)=

MAa2c2p
A

( MAa2c2/32^
, rN
H
^exp *
. (3.35)

In contrast to the case of one-photon excitation, no essential approximation will be made for
the case of two-photon excitation. For further analytical evaluation of the latter case we simply
assume the mean laser frequencies o)u and coL2 to be sufficiently close to co0/2 and the
divergence of the two laser beams to be sufficiently small for linear Doppler broadening to be
negligible in the atomic absorption profile. This amounts to putting (k +k')-v = 0 in
Eq.(3.28), so that the rhs. of Eq.(3.27) can then be expressed in terms of the normalised
frequency profiles lx{Aco) and l2(Aa>) of the two laser beams:

h(<° -<0L2)Lv[a + o)'-cov(m/rij)yj 1 - ( v Icf

]dcoda'.
(3.36)

This expression depends coLX and coL2 via the sum coLl +Q)L2 •
Using again Eq.(3.33), the integration in Eq.(3.31) separates into one over vn (which occurs
only in P2), one over ^ (which occurs only in Ig^f) and one over J3 (which is to be carried
out on the whole expression). The resulting expression for the fluorescence rate is

d2Nf2
*"S*5

3RSNJul1 2
2
/fr t- At ( /»o
/Q

'

e

U+fflL2^)»

L2
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^ v=l'

where

Pv2{oLi +coL2,/3) = lfll(v^dvllP2(o>a,aL2;v) with /( V|| )= J ^ r e x p [ - ^ r j - ( 3 3 8 )
Inspection of Eq.(3.36), in connection with the approximation (3.24), shows that the
integration in Eq.(3.38) can be reduced to the complex error function. Indeed, an integration
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over Vy in the rhs. of Eq.(3.36) acts directly on Lv, so that Pv2(coL] +(oL2,P) is obtained from
Eq.(3.36) by replacing there Lv with its integrated value Lv . Using the Maxwell distribution
given in (3.38) and the Lorentz profile given in Eq.(2.11), Lv is calculated to be

(3.39)

This expression involves the two parameters
k T
K

B1A

-co,,

2

MAc

A

_6_ \2kJA
acV Ma

(3.40)

and the dimensionless profile function

A(S, £) = -7=Imf exp(^ - iAerfcLs-iA],

with

erfc(z) = -?= f

(3.41)

in which the branches are to be taken such that the arctan in
(3.42)

varies steadily from 0 to n when 8 varies from +00 to — 00. Note that X{8, £) is normalised
to unity for integration over 8.
It is a trivial matter to evaluate the averages over 0 [1,3]. The results are conveniently
expressed in terms of the parameters
= p*xpx cos2

+ q'qsq

3x+q*xqx,

s y

°3x - '

= PJPX sin

2

26

COSl9

x "

cos<9

x

-

(3.43)

It is noteworthy that the parameters S^ (n = 0,1,2,3) can be interpreted as the four Stokes
parameters [25] of radiation mode x when its polarisation is projected on the plane perpendicular to B (a polarisation). Similarly, S^x is the first Stokes parameter of the corresponding
projection parallel to B (TT polarisation). The parameters T°.
etc. in the right column of
Ox y
Eq.(3.43) can be considered as generalised Stokes parameters correlating two modes instead
of just one. In terms of the above parameters, the result for the first average in Eq.(3.34) is for
(3.44)

* + cMV cos2(pfi + $„„ sin 2 ^

where, with x standing for / or / ,

(3.45)

2c 13 = -2c 1 4 = -2c 3 I - 2 c 4 1 = 4c 34 = 4c 43
(3.46)

su = 45 3 3 = 4 5 ^ = - 2 j 1 3 = - 2 s 1 4 = -2s31
ra eta

oa

- 25 41 = 45 3 4 = 45 4 3

(3.47)

ncr

For ({i = 2, v- 1,3,4), (v = 2, ju = 1,3,4) and (ju = 2,v = 2) one obtains, respectively,

£2/

Sli

(3.48)

Sli

The second average in Eq.(3.34) involves the terms g*fg2fgug*2i and gifgifgngu
complex conjugates glfg^g^g*,
n =

c

ni2

, and

their

and g*2fglfgug*2i. They are given by
glfg2fg2ig*i

where
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= c1221

+ s1221sin^,

(3.49)

C

1212 ~

r*nr'i '

C

1221 ~

-P2
(3.50)

ff rp(J

"^1212 ~

«V V ' '

/"^

1221
1221

" (

rpJC (Tiff

92) V V •

The corresponding averages in Eq.(3.37) are less involved; they are analogous to Eqs.(3.48)
and are obtained from the second and third of these by omitting the factor S*t:
(3.51)

*lf>

Inserting the results (3.44) - (3.51) into Eqs.(3.34) and (3.37) finally leads to
(3.52)
where
(3.53)

) + Sn

-o>0
«=0

with
—TJ
( /

Di°O/

CX C*:

~ - 22°0.°0/

(3.54)

* 2 = -

and
dN

' f2 _ IJL2NAS
dtdn
Inc2tixcol

Sf),

where
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(3.55)

F2 =6R\eL1 -eL2\2jf^)dfi

Y,AvPl{coLl +aL2j)

(3.56)

v=l,3,4

with
]2SZf +

\

(/32Uu +(2

+

p2)ux3)s°Qf\

(3.57)

^ /

Note that in addition to the explicit /?-dependence of the coefficients Cn, Sn and An there is
an implicit ^-dependence via the terms U^, as can be seen from Eqs.(3.8)-(3.12). The
coefficients Ax and A3, AA measure the strength of the central and outer components of the
Lyman-a triplet in the case of two-photon excitation. They take a simple form after summing
over polarisations and integrating over directions:

(

,58)

The quantities F} and F2 reflect the dependence on the frequencies of the incident radiation
and on the directions and polarisations of both the incident radiation and the emitted
fluorescence. They are normalised to unity upon integration over frequency, averaging over
directions and incident polarisations and summation over emitted polarisations:

j-\dnf

dnf Jrfffl£r£^(">«,.«/>^/>ty) = l.

(3.59)

\daT2:\'Lr2{cD, e, -a,, ef,&f) = 1.

(3.60)

Inspection of Eqs.(3.53) and (3.54) shows that /^ is invariant against an interchange of the
initial and final modes \i) and | / ) . Any information from the polarisation analysis of the fluorescence can thus, in principle, also be obtained by inverting the laser beam and the line of sight
and observing the fluorescence as a function of the laser polarisation. There is no dependence
of F2 on the direction of the two antiparallel laser beams because the spherical symmetry of
the S contributions of the two-photon excited upper states leads to an isotropic excitation
probability. This is, however, a consequence of the assumption of weak laser intensities made
in this section. It will be shown in Sec.4 that strong laser intensities render the excitation
process slightly anisotropic.
The normalisation relations (3.59) and (3.60) are more of academic than of practical interest
because observations usually refer to specified rather than to integrated parameters. Thus
integration over incident frequencies makes only sense for a broad band laser. Also, in the case
of two-photon excitation, only the central component [term v = 1 of the sum in (3.56)] of the
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Lyman-or triplet is of interest, because the outer components are too broad for an efficient
excitation, as stated earlier. It is therefore convenient to consider Eq.(3.55) with F2 being
replaced by its central part

r2c = 6R\eLl •ea\2jf/,(fyifiAlP2i(aLl

+a>L2;fi).

(3.61)

) \^p,

(3.62)

Instead of (3.60), this part fulfils the normalisation

where the integration is now formulated in terms of the laser frequency coL (assumed equal for
the two beams).
Averages over the directions of the incident or emitted radiation are usually not observable; it
is hardly possible, e.g., to collect the fluorescence in all directions where it is emitted.
Averages over incident and summations over emitted polarisations, however, may be of
practical interest. The former represent unpolarised laser beams, while the latter correspond to
the absence of a polarisation analyser.
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4. STRONG LASER INTENSITIES
In the preceding sections the treatment was restricted to laser intensities which are so weak
that elementary processes involving more than one laser photon in the case of one-photon
excitation and more than two laser photons in the case of two-photon excitation are negligible.
As displayed in Eqs.(3.52) and (3.55), in the first case the fluorescence yield varies linearly, in
the second case quadratically with the laser intensity.
For increasing laser intensities multiple-photon effects become important. Thus, in the case of
one-photon excitation a second laser photon may cause induced emission, which is the origin
of saturation. A second photon may also ionise the atom; however, for the Lyman- a transition
we are considering this effect is negligible, because the ionisation process is there very far from
threshold. In the case of two-photon excitation, ionisation by a third laser photon is not far
from threshold and must be taken into account when the laser radiation is intense. The same is
true for the saturating effects that arise from the two-photon induced emission caused by a
third and fourth laser photon. In both schemes (one- and two-photon excitation) there is no
need, however, to account for the level shifts induced by the strong laser radiation. These turn
out to be much smaller than the homogeneous and inhomogeneous line widths in all cases
which are of interest in the present investigation. An indirect effect of high laser intensities
occurs when these are achieved by strongly focusing laser beams of moderate energy to a small
active volume in the plasma. An appreciable fraction of the excited atoms may then move out
of the domain of observation before they have emitted their fluorescence photon.
All of the above phenomena cause the actual fluorescence yield to be lower than given by
Eqs.(3.52) and (3.55). As will become clear below, if the laser intensity is gradually increased,
the fluorescence gets into a regime of stagnation and, in the case of ionisation by a third laser
photon, even decreases again and eventually drops to zero. The highest fluorescence occurs at
some intermediate intensity which, for given laser pulse energy, corresponds to an optimal
choice of the focal beam radius or, within technical limits, of the pulse duration of the laser.
4.1 One-photon excitation
Although a general treatment taking saturation effects into account does not present principle
difficulties [1], it involves a rather complicated algebra. In the study of one-photon excitation
given in Ref.[l] the general formalism developed there has therefore been applied to a special
geometrical configuration and reduced by further simplifying assumptions. We here follow the
same lines and consider a geometry where the laser beam is perpendicular, and its linear
polarisation vector parallel to the magnetic field B. This configuration favours high signals and
polarisation degrees and has the advantage of mathematical simplicity as the excitation occurs
only to one of the upper states, namely the state |2) = |12O) [see Eqs.(2.1)]. The latter fact
implies that coherences between different states are not excited, so that for this configuration
the general derivation in Ref.[l] can also be understood on the simple basis of rate equations
for the atomic populations.
We start with the system of rate equations for a single atom with given velocity v; this system
can be cast into the following condensed form:
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(4.1)
Here U~l is the matrix given in Eqs.(3.5) and pn, pMM (// = 1,2,3,4) are the diagonal elements of the atomic density matrix (called "populations") that are associated with the ground
state y) and the four upper states /i), respectively. For its trace we assume the normalisation
condition Trp-pn

+ '£dp/l/I = 1. The column vectors \p) and \ju) are associated with the

row vector (p\=(pl],p22,p33,p44)

and the unit row vectors (^=[8^,6^,8^,8^,

respec-

tively. Further, RL denotes the laser-induced transition rate (per atom) between the ground
state and the excited state 12}; it is given by

(4.2)
where the fraction on the rhs is Einstein's B coefficient written in our notations and the
absorption profile P2(coL;v) is defined in Eq.(3.25).
The stationary solution of Eq.(4.1) is
) = LU\2)pn,

(4.3)

where U is the inverse of the matrix U ' + L\2)(2 \. The matrix elements of the latter are those
given for U~] in Eqs.(3.5) , except for \U)22

where R must be replaced with R +

RL/2.

Consequently, the matrix U is obtained from Eq.(3.8) simply by making the replacement

Rr ( + B2,\ .
B^>B + —{\

(4.4)

'

K

For the elements UM2 occurring in (4.3) the only effect of this replacement is to add the term

^B2)(AC-2T]2{\ + B2f)lK

=RLA

U22 to A inEq.(3.11) . One thus has

By Eq.(4.3) the excited state populations pMM are expressed in terms of the ground sate
population/?^:

{ )

(

)

.

Eliminating pn by means of the normalisation condition mentioned above finally leads to
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(4.6)

where we have used that U32 = UA2.
We now return to the fluorescence rate Eq.(3.30), valid for weak laser intensities, in order to
write it in a form suitable for generalisation to strong laser intensities for the geometry
considered in this subsection (#,. = n 12, pt = 1, qt, = 0). In this geometry, the second and
third line in Eq.(3.3O) vanish and the non-vanishing contributions to the first line involve the
matrix elements UM2 (= U2fl). As follows from Eq.(4.7) in the limit of weak laser intensities,
these quantities are connected with the excited state populations pMfl through the relation
PMM

=

RLUM2

> s o t n a t Eq.(3.30) can be written in the form

d2Nfl
3NAR
dtdn ~ An
which expresses the fluorescence rate is in terms of the atomic density matrix. In this form it
holds for arbitrary laser intensities; for strong intensities the populations pu, ..., p^ have to be
expressed from the ±1x11 expression (4.7).
Further simplification is possible when the absorption profile P2\coL;v) in Eq.(4.2) can be
approximated by a Lorentzian. This is the case if the averaging over laser modes in Eq.(3.25)
can be neglected (small bandwidth and beam divergence) or approximated by a new Lorentzian
with width parameter W2-W2+WL, where WL is the width parameter of the laser and W2 is
given by the second of Eqs.(2.12). Equation (3.25) (taken for v = 2) then simplifies to

\€OL -kL.V-Q)2)

+W2

(4.9)

where coL and kL are the mean angular frequency and wave vector of the laser. Using this
result in Eq.(4.2) and inserting the latter into Eq.(4.7) leads to

"W

(o)L-kL.v- o2) +W2\ff

(410

>

where we have used the following definitions:

6(ncf R

(4.11)
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A more explicit, though approximate, expression of the fluorescence rate can be obtained by
factoring the average over velocities along the lines leading from Eq.(3.32) to Eq.(3.34) .
Using the second of Eqs.(3.48) and putting also pf = c o s ^ / 3 qf = s i n ^ (which assumes
the radiation to be analysed for linear polarisation at angle y/f against the plane spanned by B
and kf) the fluorescence rate recovers the form (3.52), where F} is now given by
(4.12)

Here we have defined the dimensionless quantities

with an additional loss factor y^ to account for the possibility of small observation regions
from which some fraction of the excited atoms may escape before emitting fluorescence.
Rigorously such losses should, of course, be included in the rate equations (4.1) and take part
in the global average over velocities in Eq.(4.8). However, we here adopt the approximate
treatment of Ref.[l], where yesc has been derived using a separate average over velocities and
assuming the observed plasma region to be a plane layer whose thickness equals the diameter
2r of the laser beam. The resulting expression for the loss factor is

with

Vesc = 4rRj—^r

•

(4.14)

Except for unrealistically small values of rjesc, this function can (to better than 5%) be
approximated by the simpler expression

f I+ ffi^, .
4.2 Two-photon excitation
As has been discussed earlier (see e.g. Sec.3.2), only the central Stark-Zeeman component is of
interest for two-photon excitation of Lyman-a, and only state |l) (resp. the corresponding
substates) is accessible to this transition. Hence the general case of two-photon excitation is, in
principle, of a similar mathematical simplicity as the special case of one-photon excitation
treated in the preceding subsection. Additional complications, however, arise from the fine and
hyperfine splitting, and also from three-photon ionisation (ionisation of the two-photon excited
atom by a third laser photon). These facts have to be accounted for in the system of rate
equations, which we write here for an atom whose velocity v and spin state {msmj} are fixed:
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•3

— \p) = -{u-^R)\p)

+ RL{pn-px)\\).

(4.16)

As in Eq.(4.1), \p) denotes the column vector of excited atomic populations and the |//)
(ju = 1,2,3,4 ) are the four unit column vectors. Further, RL designates the laser-induced twophoton transition rate between the ground state

y)

and the excited state |l), and

4

Ri = 2-^>l>")C"l *s a diagonal matrix with RifJ designating the rate of ionisation (by a third
photon) of state ju). Instead of the global ionisation rate of principal quantum number n - 2
taken in Ref.[3], the ionisation rates Ri/J are here taken individually for the four states ju).
The fact that they are different causes the fluorescence to depend slightly on the direction of
the laser beams. In Appendix 3, the RiM have been derived for laser radiation with arbitrary
polarisation. Since in the most general case arbitrary polarisation causes the ionisation rate to
depend on the direction of the atom's velocity and would thus have to be included in the
average over the angle^ (see Sec. 3.2.3), we restrict here to the cases where the polarisation is
either linear and parallel to the magnetic field (laser beams perpendicular to B,

eq = 5qQ) or

circular in the plane perpendicular to the magnetic field (laser beams parallel to B, eq = -<%__,
for one beam and eq = Sql for the other). It should be noted, however, that these restrictions
have little influence on the final results which can, to an excellent approximation, be considered
valid for arbitrary directions and polarisations of the laser beams. Assuming equal beam
intensities In - IL2 = IL, Eqs.(A3.21) and (A3.22) of Appendix 3 yield for the first case

and for the second case

where, in SI units,
O- 3 / i [SI].

(4.19)

The laser-induced transition rate RL is readily obtained from Eq.(3.22) which gives the twophoton absorption rate in the presence of two single photons. For our present application we
have to take it for v = 1 and have to replace P, {cox '+co2') with Lx (<y, '+a)2'-«, (mprij)) because
\p) is defined for fixed spin quantum numbers ms, ntj. Multiplying (3.22) with the product of
photon numbers N^N^ - (2Vq Icha>f)2I2L (see Sec. 3.2), and averaging it over the laser modes
according to Eq.(3.28) , one obtains
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In contrast to the case of one-photon excitation described in the preceding subsection, the
normalisation condition Trp = pn + ^ PMM = 1 f° r t n e atomic density matrix p is here only
valid for t - 0, but is not maintained for t > 0. The reason is that three-photon ionisation leads
to globally decreasing the neutral particle density. The trace of p decreases with the rate

After a short transient time, which is of order R~l for low laser intensities and becomes
gradually shorter for higher laser intensities, the ratios p^ I p^ of excited to ground state
populations can be considered to behave quasi-stationary [as determined by the stationary
solution of Eq.(4.16)] while the populations themselves decay in accordance with Eq.(4.21).
Analogously to Eq.(4.3) the stationary solution of Eq.(4.16) is
^

^11)^,

(4.22)

where U is the inverse of the matrix U~x +i?, +i? L |l)(l|. To establish the elements of the
latter, we first define the matrix U~l = U~l +7?,, whose elements are obtained from those
given for U~l in Eqs.(3.5) by replacing the diagonal elements
1

)

'MM

(U'1)

with \U~})

=

+%„• Hence U is obtained from U, as defined in Eqs.(3.8), by the replacements

C -> C = C + ^ - R , , .

(4.23)

Next we write U"x =U~l +i? L |l)(l|, which signifies that U is obtained from Eq.(3.8) by
making the replacements (4.23) and, in addition, the replacement
A-*A

For the elements U^
2

=A+^L(\ + /}2).

(4.24)

occurring in (4.22) the only effect of this is to add the term

A

RL(l + J3 )(BC - 2ifp ) IK = RLA Un to A , where A is defined from Eq.(3.11) together
with the replacements (4.23). One is thus led to

(425)
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which allows one to write Eq.(4.22) as

Using this relation, the rhs. of Eq.(4.21) can be written as -{R'L /(1 + i?LC/,,
Here pn can, on using Eq.(4.26) once more, be expressed in terms of the atomic trace Trp by
writing the latter as H1 + RL (tTJ, + ^ C/^,)j / (l + i?If71,) [o^ and then solving for p ^ . Equation
(4.21) thus becomes an evolution equation for the trace, cTrp / dt = -RdTrp
solution
Tr

P = Pn+HpMM=exP(~Rj),

, with the
(4-27)

where Rd, the decay rate of atomic populations, is given by

A

=

RL{RnUu+Ri2U2,+2Ri3U3l)
~
=r~—

It is now straightforward to eliminate pn from Eqs.(4.26) and (4.27) and to derive the
following explicit expression for the excited state populations p^ :

Puu =

•/ -

L

=rrexp(-Rdt).

(4.29)

It is noteworthy that the rate of decay, as given by Eq.(4.28), is not necessarily of the order of
the ionisation rates Rifl given in Eqs.(4.17), but generally considerably lower. Indeed, Rd
varies smoothly between its limit for low ion densities, RLRn /[2RL +Rn +2fi2R/(\ + fi2)],
and its limit for high ion densities, RL (Ril + Rj2 + 2Ri3) / (5R'L + ^ + Rj2 + 2Rj3 + 6R). In order
of magnitude, Rd may therefore be roughly written as R^ / (RL + Ri + R) with i^
representing the order of the ionisation rates i?^. This indicates that Rd attains the order of
i?, only for laser intensities where the two-photon transition is strongly saturated
(RL»Ri,R).
For lower intensities, Rd is smaller than Ri by a factor of roughly
RL I (Ri + R) and is then somewhat lower than RL. The physical reason is, of course, that
ionisation of excited states cannot occur faster than these are provided by the laser-induced
transition from the ground state. Since the laser intensity IL enters RL quadratically and Ri
linearly [see Eqs.(4.17) and (4.20)], Rd varies as the third power of IL; hence, for small intensities and not too long laser pulse durations and observation times the time dependence in the
rhs. of Eq.(4.29) can be ignored even though the dependence of the quantities UMl on i^, in
the remaining factor must be retained.
We now turn to the fluorescence rate (3.55), valid for weak laser intensities, where we replace
F2 by its central part Fc2 as given in Eq.(3.61), with P,2 taken from Eq.(3.38). A, is taken
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from Eqs.(3.57) and (3.43) by putting againpf = cos^/y, qf - sin y/f (fluorescence analysed
for linear polarisation). Expressing the matrix elements UlM = UM] from the weak intensity
limit of Eq.(4.29), the fluorescence rate takes the more general form
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fe^[fc)//]

< >

where

(4.31)
and where we have again introduced the escape factor yesc defined in Eq.(4.15). Equation
(4.30) expresses the fluorescence rate in terms of the atomic density matrix and holds for
arbitrary laser intensities. For high intensities the populations pMM occurring in (4.31) have to
be expressed from the full expression (4.29).
In complete analogy to Sec.4.1 we proceed to further simplification of Eqs.(4.28), (4.29) and
(4.31) for situations where the two-photon absorption profile Px2{a>n,a>L2;msm1;vj in
Eq.(4.20) can be approximated by a Lorentzian. Such situations occur if the averaging over
laser modes in Eq.(3.28) can be neglected (small bandwidth and beam divergence) or
approximated by a new Lorentzian with width parameter Wx = Wxtot + WLX + WL2, where WLX
and WL2 are the width parameters of the two laser beams and W'ot is defined in Sec.2.2.1.2.
Equation (3.28) (taken for v = 1) then simplifies to
P,a((oLua>L1;m/nj;v)

=-

^

*

_2 ,

2

(4.32)

(fi> L1 +o) 12 -ffl 1 (v)) + WX

where
I

/

x2

/

\ 2

.

(4.33)

Inserting the Lorentzian (4.32) into Eq.(4.20) allows us to write Eqs.(4.28) and (4.29) as
W,
uff

Wxeffln
2

(au+coL2-o)xs{\/))1
W.

+WX
W^IJC

exp - V
where in analogy to Eqs.(4.11) we have used the following definitions
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,

(4-35)

)

^

K

+

^(

2 f /

+2C/ + C /

)

(4-36)

According to our remarks following Eq.(4.29) we henceforth neglect Rd. Since the rhs. of
Eq.(4.35) is then again a Lorentzian, with an effective width WXeff, the integrations in
Eqs.(4.31) can be carried out in the same manner as those leading to the results (3.37) - (3.42).
Noting that v = v1 +v}l with \v±\= a eft 16 according to Eq.(2.2), the integrals over ^ can
again be expressed in terms of the function k(8,£) defined in Eq. (3.41). One thus obtains

where the quantities coq and (3S are defined in Eqs.(3.40).
The fluorescence rate [Eq. (4.30)] can then be written as Eq.(3.55) with F2 being replaced by
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where the dimensionless quantities X2 and Y2 are given by

and

Equation (4.38), after insertion into Eq.(3.55), provides an expression for the fluorescence rate
that allows for strong laser intensities in cases where the observation duration is shorter than
the time where an appreciable fraction of the total (ground plus excited state) atomic density is
lost by ionisation. As can be seen from the above results, two-photon induced emission affects
the fluorescence by both a global diminishing factor Wx I Wuff and a broadening of the
absorption profile as WUff > Wx. These effects become important when Wuff is distinctly larger
than W[, which is the case when the second term under the square root in (4.36) becomes of
the order of the first.
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5. DEPENDENCE ON RADIATIVE PARAMETERS
5.1 Dependence on laser intensity
5.1.1 One-photon excitation
For the special geometry considered in Sec.4.1, the dependence of the fluorescence yield on
the laser intensity IL follows from Eq.(4.8) in combination with Eqs.(4.10) and (4.11) or,
under the appropriate validity conditions, from Eq.(4.12) in combination with Eq.(4.11). A
necessary condition for Eq.(4.12) to hold is that Doppler broadening prevails. When the number NA of fluorescing atoms is kept constant and IL is increased from small to large values,
the fluorescence yield first rises linearly with IL, then saturates and tends to an asymptotic
value independent of IL. Roughly, saturation sets in when the laser-induced transition rate RL
between states \y) and \l) (absorption and stimulated emission) equals the average spontaneous decay rate of the upper states ju). This decay rate equals 2R [see Eq.(2.13)] in the low
density limit, when only state 12) is populated, and tends to 3R/2 in the high density limit,
when the upper states have equal populations. We take the latter case for defining a "saturation
intensity" Is from equalising RL (taken at resonance) with 3R12; this yields

where in the last expression it is assumed that the broadening of Pl{coL,v) in Eq.(4.9) is
dominated by the laser bandwidth. This assumption is largely fulfilled in present experiments on
one-photon induced Lyman- a fluorescence (see, e.g., Ref[5]).
An optimisation of the fluorescence outcome by variation of the laser intensity usually occurs
under the constraint that the laser pulse energy EL is a given parameter. The intensity can then
be varied, for example, by changing the focal radius r of the laser beam, which entails a
change of the observed plasma volume and thus of the number NA of observed atoms. If nA is
the particle density of the atoms and if the observed volume corresponds to a piece of the laser
beam which is approximately cylindrical with length / and radius r, we have NA = nr21 nA ,
while the laser intensity is IL = EL /(nr2At),
At being the pulse length. The product of
both, which occurs in the product NAIL in the rhs. of, for instance, Eq.(3.52), is thus
independent of r. Thus, for weak laser intensities the fluorescence yield is insensitive to the
choice of the focal radius of the beam while for higher intensities it decreases due to saturation.
An explicit expression for the number Nfl of photons that is detected within a solid angle Q
is obtained from the integrated equation (3.52), where Fx is to be taken from Eq.(4.12) :

» - 3™2R"JEJ°£ri

=

3.4x10- n,EL eiar,

[SI].

The additional factor e introduced here denotes the efficiency of the detection system.
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(5.2)

The dependence of Nfl on the laser intensity occurs through the factor /", and has a direct
and an indirect part. The direct dependence represents the effect of stimulated emission; it
occurs via the denominator W2eff [see Eqs.(4.11)]. The indirect dependence represents the
escape of atoms from the observed volume; it becomes manifest in the factor yesc on inserting
r = yjEL / (nlAt) into the rhs. of Eq.(4.15). Both effects are displayed in Fig.3, which shows
the photon number A^, (taken at resonance, coL =a0, and summed over polarisations y/f) as
a function of the ratio IL / Is for the example of deuterium atoms in an edge plasma composed of equal portions of deuterium and tritium (nA = 1015m~3, ne =» ; = 3xl0 I9 rn~ 3 , kBT
= lkeV for all particle species, £ L = l u J , WL=90GHz, At = 4ns, 3f=n/2,
elQ =
10" 5 msr). In the upper curve (horizontal straight line), stimulated emission and escape are
neglected, the middle curve includes stimulated emission but no escape, the lower curve
includes both stimulated emission and escape. It is seen that for the temperature chosen in the
example the effect of escape is small. The figure shows that increasing the laser intensity to
values comparable to or larger than the saturation intensity Is leads to significantly decreasing
the fluorescence yield.
One might conclude that optimisation is achieved by going to the lowest intensities possible,
i.e. by choosing the thickness of the laser beam and thus the observed plasma volume as large
as technically feasible and compatible with spatial resolution. However, by increasing the
observed volume one also increases the background radiation, which may entail an intolerable
deterioration of the signal-to-noise ratio (SNR). Since the latter is actually the quantity that is
relevant for experimental purposes, the laser intensity should be chosen in such a way that the
SNR is maximal.
Assuming the shot noise of the detector to dominate over all other sources of noise and to
obey Poisson statistics, the SNR reads
SNR=

,

f

with Nh=2srlAt

Q M,

(5.3)

where Nf - Nfl is given in Eq.(5.2) and Nb is the number of background photons. In writing
Eq.(5.3) it is assumed that the background can be measured over time intervals much longer
than the laser pulse, otherwise Nb would have to be multiplied by a factor of two. In the
following we take the background radiance (number of Lyman- a photons emitted per unit
area, unit time and unit solid angle) to be Mb = l O ^ n r W ' 1 . This number is typical for tokamaks of different kinds, far from limiters, antennas and cold gas injection ports [26-28]
The dependence of the SNR (with all strong intensity effects included) on the laser intensity
(the latter referred to Is) is shown in Fig.4. The plasma composition and the parameters nA,
EL, At, 9f and slQ are chosen as in Fig.3. The three pairs of curves correspond, from top
to bottom, to the temperatures 0.01 keV, 0.1 keV, 1 keV (common to all particle species).
The electron and ion density is 1019m"3 for the solid curves and 1020rn~3 for the dashed
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Figure 3. Number of observed fluorescence photons as a function of the laser intensity 4 (referred to the
saturation intensity / s ) in the case of resonant one-photon excitation. The variation of 4 is defined for constant
laser pulse energy £ L = 1 |jj and pulse duration At = 4 ns. In the upper curve (horizontal straight line)
stimulated emission and the escape of atoms from the observed volume are neglected. The middle curve
includes stimulated emission but no escape, the lower curve includes both stimulated emission and escape. The
example is for deuterium atoms at density nA = 1015m"3 in a D/T plasma with electron density n e = 3 x 1019 m"3
and temperature kBT = 1 keV (assumed to be the same for all particle species). The observation is perpendicular
to the magnetic field. The product of the transmission s of the detection system, the length / of the observed
volume, and the solid angle £2 of observation is s IQ = 10~5 m sr.
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10
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Figure 4. Signal-to-noise ratio as a function of the laser intensity 4 (referred to the saturation intensity ls) in
the case of resonant one-photon excitation. The variation of 4 is defined for constant laser pulse energy £ L =
and pulse duration At = 4 ns. The three pairs of curves correspond to the temperatures 0.01 keV, 0.1 keV,
1 keV (from top to bottom). The electron density is ne - 1019 m"3 for the solid curves and nc = 1020 m"J for the
dashed curves. The background radiation at Lyman-o: is assumed to be 1019 photons mV'sr' 1 . The
observation is assumed to be perpendicular to the magnetic field. The remaining parameters are as in Fig. 3.
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curves. It is seen that the position of the maxima of the curves is rather insensitive to the
plasma conditions; they are all situated in the interval 0.5 <ILI Is< 0.8 . Considering that there
is little variation of the curves in the vicinity of their maxima, and that similar curves are
obtained for hydrogen and tritium, it is reasonable to choose, e.g.,
IL=22\QTiWL

(5.4)

for all cases of practical interest. This amounts to IL =2xlO 7 WnT 2 for the 28 GHz laser
bandwidth (corresponding to WL = 8.9 x 1010rad / s) reported in Ref.[5]. For laser pulses with
energy EL - 1 uJ and duration At = 4ns [5], the corresponding beam radius is 2 mm.

5.1.2 Two-photon excitation
In the case of two-photon excitation the dependence of the fluorescence yield on the laser
intensity is more involved, in particular because three-photon ionisation is an additional
competing process that cannot be ignored. Assuming, for simplicity, the two laser beams to
have equal intensities Iu = IL1 = IL, and considering the case where the number NA of
fluorescing atoms is kept constant, it follows from Eqs.(3.55) and (4.38) that for small IL the
fluorescence yield rises quadratically with IL, for intermediate IL it deviates from this
behaviour due to the common action of three-photon ionisation and two-photon stimulated
emission, and for very large IL it tends to an asymptotic value determined by saturation. This
value, however, is not maintained in time, but decays quickly according to Eq.(4.29) with a
decay rate Rd which, in this case, is much larger than the fluorescence rate (which is of order
R). Physically, in the strongly saturated regime the total (ground state plus excited) neutral
atom density vanishes by three-photon ionisation before appreciable fluorescence can set in. As
shown in Sec.4.2, this decay can be ignored in the regime of intermediate laser intensities,
where RL'&R. However, even in this regime, three-photon ionisation turns out to be more
important than stimulated emission, as will become clear in the numerical applications below.
Physically, although there is no noticeable decrease of the total neutral density during the time
of observation, there is a significant fraction of excited atoms that gets ionised before emitting
fluorescence.
Three-photon ionisation becomes notable at laser intensities where the average ionisation rate
of the excited states becomes of the order of their average spontaneous decay rate. Similarly to
the definition of the saturation intensity Is in Eq.(5.1) we take again the high density limit to
also define an "ionisation intensity" Iion. This is obtained by equalising the spontaneous decay
rate 3R/2 with the average ionisation rate (Ril +R,2 +Ri3 + i?, 4 )/4 = 77RiQ /108, which
follows from both Eqs.(4.17) and (4.18). Using Eq.(4.19), the resulting total laser intensity is
hx +ILI =2IL =8 - 7 2 x 10" Wm"2 (which is slightly higher then the 8.2 10"Wm~2 taken in
Ref.[3]). For each of the laser beams we therefore define the critical "ionisation intensity"
,
which will serve us as a reference intensity in the following.
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(5.5)

As discussed in the preceding subsection, changes of the laser intensity usually occur under the
constraint of constant laser pulse energy. Putting again NA = nr21 nA, IL = EL / (nr2At),
the number of detected fluorescence photons is obtained from Eq.(3.55) on replacing there F2
with F2c as given in Eq.(4.38):
N

EJLSnAins

f2 = t ) / M r2c = 5-35 x 10-8 EJt nA slQr2c [SI].
2n(chco0)

(5.6)

It is seen that for constant pulse energy EL, the fluorescence yield starts with a linear (not
quadratic) dependence on the laser intensity. Due to three-photon ionisation and saturation it
deviates from this dependence for higher intensities, passes through a maximum and eventually
drops to zero. This behaviour is displayed in Fig.5, which shows the photon numberNf2,
summed over polarisations y/f, as a function of the ratio IL / Iion, again for the example of
deuterium atoms in a D/T plasma. The laser detuning is AvL = Aa>L I 2TV = 0.2GHZ (see
Sec. 5.3), which is near the maximum of the absorption peak for all cases considered. The electron density and the temperature (common to all particle species) are ne - 3 x 1019nT3 and
kBT-lkeW,
respectively. The laser pulse energy is £ £ = 1 0 0 m J , the pulse duration
At - 3ns [6]. The remaining parameters are as in Figs.3 and 4. The observation is perpendicular to the magnetic field. The laser beams are directed parallel to the magnetic field and
have circular polarisation in the plane perpendicular to it. (Note, however, that the results are
rather insensitive to these latter data, see Sec.5.2.2). The straight line represents the case
where none of the direct and indirect strong intensity effects are taken into account. The upper
of the remaining three curves includes three-photon ionisation, the lower two curves include
three-photon ionisation and two-photon stimulated emission, the lowest of them also accounts
for the escape of atoms from the observed volume.
Owing to the dependence of the background radiation on the observed plasma volume, there is
a difference between the intensities maximising the fluorescence and those maximising the
SNR. The intensity dependence of the latter is displayed in Fig. 6 for the same situations as for
the case of one-photon excitation in Fig.4. The laser characteristics are as in Fig.5. The curves
represent expression (5.3) with Nf = Nf2, as given by Eq.(5.6). Again, the electron and ion
density is 1019m"3 for the solid curves and 1020m~3 for the dashed curves. The temperatures
are (from top to bottom) 0.01 keV, 0.1 keV, 1 keV for the three solid curves, and 0.1 keV,
0.01 keV, 1 keV for the three dashed curves. In contrast to Fig.4, the positions of the maxima
in Fig.6 are rather sensitive to the ion density. Also, for the two larger temperatures, and especially for higher laser intensities, the signal significantly increases with the ion density. One
reason for this is the collisional transfer from state 11) to states 12), 13) and 14) which are not
depleted by two-photon induced emission. A second reason is that for large temperatures state
l) is almost a P state, so that collisional transfer in the high ion density limit causes the population of excited atoms to be 4/3 times larger than in the low ion density limit. In the absence of
three-photon ionisation this larger population does not lead to more fluorescence because the S
contributions do not radiate. In the presence of three-photon ionisation, however, it does, because about half of the ionising processes affect states 3) and 4) which due to their S admixtures contribute less to the fluorescence than states 11) and 12). A third cause for the den-
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Figure 5. Number of observed fluorescence photons as a function of the laser intensity 1\. (referred to the ionisation intensity Iion) for of Doppler-free resonant two-photon excitation. The variation of/L is defined for constant laser pulse energy £ L = 100 mJ and pulse duration At = 3 ns. The straight line represents the case where
all direct and indirect strong intensity effects (three photon ionisation, stimulated two-photon emission and
escape of atoms from the observed volume) are neglected. In the remaining three curves these effects are introduced successively from top to bottom: the highest includes ionisation, the next includes ionisation and stimulated emission, and the lowest includes ionisation, stimulated emission and escape. The laser beams are in the
magnetic field direction; they have circular polarisation and bandwidth 0.5 GHz. The observation is
perpendicular to the magnetic field. The remaining parameters are as in Fig. 3.
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Figure 6. Signal-to-noise ratio as a function of the laser intensity 7L (referred to the ionisation intensity Iion) in
the case of Doppler-free resonant two-photon excitation. The variation of 7L is defined for constant laser pulse
energy EL = 100 mJ and pulse duration At = 3 ns. The three solid curves correspond to the temperatures 0.01
keV, 0.1 keV, 1 keV (from top to bottom); they are for the electron density «e = 1019 m"3. The three dashed
curves correspond to the temperatures 0.1 keV, 0.01 keV, 1 keV (from top to bottom); they are for electron
density «e = 10 m~ . The background radiation at Lyman-a is assumed to be 10 19 photons m"2 s"1 sr . The
remaining parameters are as in Fig. 5.
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sity dependence shown by Fig. 6 lies in the angular dependence of dipole radiation. For low ion
densities the fluorescence originates from state 11) and is thus polarised in the plane perpendicular to B (see next subsection); observed in this plane it is half as intense as radiation
originating from state |2) (linear polarisation parallel to B). For large ion densities, state |2)
is populated by collisional transfer and thus causes a further increase of the fluorescence.
In spite of the fact that the positions of the maxima of the SNR depend sensitively on the ion
density, the exact choice of the laser intensity, and correspondingly of the focal radius of the
laser beam, is not crucial. The reason is that the variation of the curves in the vicinity of their
maxima is weak. It therefore seems reasonable to make the unique choice IL I Iion = 4, which
corresponds to
/,=1.74xlO 1 2 WnT 2 .
(5.7)
This intensity will be taken for each of the two laser beams in the forthcoming calculations
concerning two-photon excitation.
5.2 Dependence on polarisation
As can be seen from Eqs.(3.53), (3.54) and (3.56), (3.57), the expressions for the fluorescence
outcome for both one-photon and two-photon excitation involve the Stokes parameters [see
Eqs.(3.43)] of the final radiation modes. This means that the fluorescence is generally anisotropic and polarised. Moreover, in the case of one-photon excitation the fluorescence also
depends on the Stokes parameters of the initial radiation modes, i.e. on the direction and polarisation of the incident laser light. Polarisation measurements are of interest for the determination of the magnetic field direction and may also help to discriminate the signal from the
background. It is therefore worthwhile to investigate the degree of polarisation of the fluorescence under conditions that are typical of MCF plasmas. It should be noted, however, that the
polarisation degree of the fluorescence only signifies an upper limit, attained for sufficiently
high neutral density and laser power, to the polarisation degree of the radiation that is really
observed outside the plasma. The latter also depends on the unpolarised radiation background
emitted by the plasma along the line of sight.

5.2.1 One-photon excitation
To simplify the complicated formalism that one encounters in the general case of one-photon
excitation [see Eqs.(3.52)-(3.54)], we here restrict ourselves to the special scattering geometry
considered in Sees. 4.1 and 5.1.1. In this configuration the laser beam is taken perpendicular to
the magnetic field B with the polarisation vector et parallel to it. The fluorescence is observed
at an arbitrary direction (characterised by a wave vector kf having angle &f with respect to
B) and analysed for linear polarisation (at angle y/f against the plane spanned by B and kf).
Various other geometries have been investigated in Ref.[l] with regard to the polarisation of
both laser radiation and fluorescence. Because of the symmetry between the incident and scattered radiation modes any polarisation analysis can, in principle, be replaced by an experiment
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where the fluorescence is observed as a function of the laser polarisation. Although the results
obtained in Ref.[l] have been derived neglecting stimulated emission, they can be considered
as generally valid because the effect of stimulated emission on polarisation is insignificant.
It has been shown in Ref.[l] that the scattering geometry chosen here is optimal for achieving
high degrees of polarisation. The reason is that laser radiation polarised parallel to B solely
excites state 12), which is a P state giving rise to pure K polarisation. Contamination by a
polarisation from states 11), 13) and 14) thus only arises from collisional redistribution, not
from excitation of these states by the laser radiation. The degree of polarisation of the fluorescence is obtained from Eqs.(5.2) and (4.12) as

w2
(5.8)

P' =

Some results for Pn are shown in Fig.7, which presents the polarisation degree as a function
of the electron density (for Zeff = 1) at the temperatures 10 keV, 1 keV, 0.1 keV, 0.01 keV
(from top to bottom). The temperatures are assumed to be the same for all particle species. All
results in the figure are for deuterium atoms in a plasma composed of equal portions of
deuterium and tritium. The observation is perpendicular to the magnetic field (3 f = n 12); the
strength of the latter is B = 4T. The laser intensity is taken from Eq.(5.7); it should be noticed,
however, that its choice has almost no effect o n P * .

10
Figure 7. Degree of n polarisation of the fluorescence (background radiation not included) as a function of the
electron density for resonant one-photon excitation. The laser beam is perpendicular to the magnetic field with
linear polarisation parallel to it; the observation is perpendicular to the magnetic field. The four curves
represent, from top to bottom, the temperatures 10 keV, 1 keV, 0.1 keV, 0.01 keV (common to all particle
species). The example is for deuterium atoms in a D/T plasma.
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The curves in Fig. 7 start with the value P" - 1 for vanishing electron density ne and tend to
P" - 0 as ne increases to large values (collisional depolarisation). The figure shows that for
densities and temperatures typical of MCF plasmas, the fluorescence keeps an appreciable degree of polarisation. This provides a basis for magnetic field measurements [1] in situations
where there are no other limitations, e.g. those arising from too strong background radiation or
too low neutral densities. As has been shown in Ref.[l] (and will be discussed in Sec.6), such a
diagnostic should generally be feasible in small and medium-size MCF devices, where the neutral density nA does not descend below 1014m~3 over the whole plasma radius. In the plasma
core of large machines, however, nA is by orders of magnitude smaller. The method is thus not
applicable to such machines, except perhaps if it is applied in combination with a DNB [13].

5.2.2 Two-photon excitation
According to Eqs.(3.55)-(3.57), the expression for two-photon excited fluorescence exhibits
no explicit geometrical dependence on the direction and polarisation of the two counterpropagating laser beams (except from the mutual orientation of the two polarisations in the
factor \eLl • eL21). In particular there is no explicit dependence on the orientation of the laser
beams with respect to the magnetic field and to the line of sight. The reason is that two-photon
excitation has access only to the S-contribution of the excited states, which is spherically
symmetric. A small implicit dependence on the direction and polarisation of the laser beams,
however, arises from the polarisation dependence of three-photon ionisation, see Eqs.(4.17) (4.19). Comparison between the two cases of laser polarisation considered in these equations
shows that circular polarisation in the plane perpendicular to the magnetic field usually leads to
slightly higher fluorescence than linear polarisation parallel to the magnetic field. The
difference depends on the temperature, which reflects essentially the influence of the neutrals'
temperature TA. It may attain the order of 10% for temperatures TA below 0.1 keV, decreases
to insignificant values when TA attains 1 keV and turns to slightly negative values when TA
becomes of the order of 10 keV and higher.
According to Eq.(4.38) the polarisation degree of the fluorescence is given by

P° =

(5.9)
where we have put cou - coL2 = a>L. For Pa > 0 the polarisation is a, for Pa <0 it is n.
The dependence of Pa on the electron density ne (for Zeff = 1) is shown in Fig.8 for the temperatures 10 keV, 1 keV, 0.1 keV, 0.01 keV (from top to bottom). Again the temperatures
are taken to be the same for all particle species; however the essential role is played by TA (or
Tt when the neutrals are created by CX with a DNB). As in Fig.7, the results are for deuterium
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Figure 8. Degree of a polarisation of the fluorescence (background radiation not included) as a function of the
electron density for resonant two-photon excitation. The laser beams are parallel to the magnetic field and have
opposite circular polarisation; the observation is perpendicular to the magnetic field. The four curves represent,
from top to bottom, the temperatures 10 keV, 1 keV, 0.1 keV, 0.01 keV (common to all particle species). The
example is for deuterium atoms in a D/T plasma.

atoms in a plasma composed of equal portions of deuterium and tritium, for observation of the
fluorescence perpendicular to the magnetic field {3f = n12);
and for a magnetic field
strength 5 = 4T. The laser intensity is taken as in Eq.(5.5), the frequency detuning is
AvL = 0.2 GHz (see Sec. 5.3); note that both quantities have no noticeable influence on Pa. It
is seen from the figure that the polarisation is usually <J , except for very low temperatures
where it passes from a to n as the electron density increases. The reason is that for low
temperatures the electric v x B field is, on the average, very small, so that the central excited
states have only small P-admixtures. Hence they are almost metastable, with the consequence
that for sufficiently high densities the fluorescence is mainly induced by collisions to the
neighbouring states. The nearest and thus favoured one is the unperturbed central P-state
which gives rise to n polarisation. For high temperatures the situation is reversed, because the
excited central states have then large P-admixtures which enable them to radiate preferably a
a photon by direct decay to the ground state before undergoing collisional transitions.
Although the polarisation degree is somewhat lower than in the case of one-photon excitation,
it still appears adequate for magnetic field measurements in small and medium-size MCF
devices [3]. Application to large machines, however, would require an enhancement of the
neutral density by external sources, such as a DNB [13].
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5.3 Dependence on laser frequency
Owing to the assumptions made in Sec. 3 for the case of one-photon excitation, the frequency
dependence of F^ essentially reflects the Doppler profile and thus the temperature (or the
velocity distribution) of the neutral species under investigation. This offers the possibility of
temperature determinations by tuning the laser over the atomic resonance [5].
The situation is quite different in the case of two-photon excitation where our assumption of
antiparallel laser beams with the same frequency implies the elimination of linear Doppler
broadening (see Sec.2.2.2). With a tunable laser system the sub-Doppler structure of the spectrum can thus be revealed. The most important issue is the spectral resolution of the Ly- a
lines of the hydrogen isotopes H, D and T and its exploitation for the determination of their
densities. The spectral lines of the isotopes are indeed separated by only 671 GHz (H-D) and
227 GHz (D-T), respectively, while the linear Doppler width, if not eliminated, usually
exceeds these values by one or more orders of magnitude. In addition to resolving the isotope
lines, if the laser band width is suflBciently small, the spectral profiles of the central components
of these lines may in principle also be measured and used for the determination of various
plasma parameters according to the line broadening theory outlined in Sec.2.2.
In order to display the spectral shape of the central component, we express Fc2 from Eq.(4.38)
under the assumption that the two laser beams have equal frequencies (coL] - coL2 =coL) and
have polarisations such that en -eL2 =1 (which is the case, e.g., for parallel linear or opposite
circular polarisations). To obtain line shapes that are observed in the absence of a polarisation
analyser, Fc2 has to be summed over two orthogonal polarisations of the fluorescence:

sin2 &f)^Pc(2coL;Wleff)d/3

.

(5.10)

"Uff

Defining vL = coL 12n, we introduce the line shape factor
)

(5.11)

which gives the dependence of the central component on the laser frequency vL. Its average
over directions of observation, Fc(vL), can be interpreted as the absorption profile, whose
normalisation though is affected by three-photon ionisation, by two-photon stimulated emission and by the fact that only the central component is excited. The normalisation obeys the
relation

where the equal sign holds when three-photon ionisation is negligible. For such weak laser
intensities two-photon stimulated emission is usually negligible as well, so that the rhs. of
relation (5.12) becomes then equal to that of Eq.(3.62). The latter tends to one when the
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Figure 9. Line shape factor F c (vi, 7i/2) as a function of the laser detuning. The curves for deuterium (solid
lines) and tritium (dashed lines) are presented on common graphs for comparison. The electron density is nc =
1019 m"33 in graphs (a) and (c) and nc = 102020 m"33 in graphs (b) and (d). The five pairs of curves in (a) and (b) are
for the temperatures 0.1 keV, 0.2 keV, 0.5 keV, 1 keV, 2 keV, the three pairs of curves in (c) and (d) for the
temperatures 5 keV, 10 keV, 20 keV. The order is from top to bottom with one exception in (b), where the
curves for 0.1 keV lie above those for 0.2 keV. Each laser beam has intensity IL = 1.74 x 1012 W m"2 and
bandwidth 0.5 GHz. Geometry and polarisation are as in Figs.5 and 6.
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temperature TA becomes so small that the excited state 11) turns into a pure S state, so that
the total two-photon line strength is contained in the central component.
Figure 9 shows various results for Fc{yL,nl2)
as a function of the laser detuning AvL =
vL-vJ2
where vQ = vc + vr(fl = 0) [see Eqs.(2.7)]. One has v0 = 2.4667273 x 1015 Hz for
deuterium atoms and v0 =2.4669541 x 1015 Hz for tritium atoms. For comparison the line
shapes for deuterium and tritium atoms (solid and dashed curves, respectively) are presented
on the same graphs, although their spectral separation in laser frequency is 113 GHz. Each
laser beam is assumed to have intensity 1.74 x 1012Wm~2 [according to Eq.(5.7)] and bandwidth 500 MHz . In all cases the plasma composition corresponds to 50% deuterium and 50%
tritium, with Zeff = 1. The magnetic field is B = 4T throughout. The electron density is
ne = 1019m"3 in graphs (a) and (c) and ne = 1020 m"3 in graphs (b) and (d). The five pairs of
curves in (a) and (b) are for the temperatures (assumed the same for all particle species)
0.1 keV, 0.2 keV, 0.5 keV, 1 keV, 2 keV; the three pairs of curves in (c) and (d) are for the
temperatures 5 keV, 10 keV, 20 keV. The order is from top to bottom with one exception in
(b), where the curves for 0.1 keV lie slightly above those for 0.2 keV.
As is seen from Figure 9, the line shapes are rather sensitive to the plasma parameters, especially to the temperature. This actually shows the influence of the neutral's temperature TA
(which reflects the ion temperature Tt when the neutrals are created by CX with a DNB). The
steep decrease of the peak values with increasing TA is due to both enlarging line width and
shrinking normalisation constant (area under the curves). The first is caused by the
predominance of inhomogeneous (primarily quadratic Doppler) broadening for high temperatures, the second by the gradual reduction of the S contribution of the central excited states.
While the sensitivity to variations of the plasma parameters is disadvantageous for measurements of the neutral densities, it may in principle be exploited for measurements of TA or of
the product Z*effne [see Eq.(2.25)] by tuning the laser over the line profile. Measuring Z*ffne
might provide the effective ion charge number Z^ when the electron density ne is known
from independent diagnostics. Whether a given situation is more suitable for measurements of
TA or for a determination of Zeff can to some extent be inferred from the form of the line
shapes; these are strongly asymmetric, like the curves in graphs (c) and (d), when inhomogeneous broadening prevails and resemble Lorentzians, like the curves in (b), when plasma Stark
broadening is dominant.
As for the determination of TA, or more generally the neutrals' velocity distribution, a still
better method would consist of giving the two laser beams a slight crossing angle instead of
aligning them in exactly antiparallel directions [4]. Some linear Doppler broadening is thus
deliberately introduced into the two-photon absorption profile, with the possibility of
controlling the line width by an adequate choice of the angle between the two beams. The
Doppler profile thus observed reflects the velocity distribution along that bisector which is
almost perpendicular to the beams. By rotating the plane spanned by the beams about the other
bisector (the one that is almost parallel to the beams) the velocity distribution in all directions
perpendicular to this latter bisector can be explored. If the neutrals are created by charge
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exchange with a DNB [13], this provides a possibility, with an appropriate geometrical
arrangement of the laser beams, of measuring both the toroidal and the poloidal component of
the plasma rotation velocity. The method needs no wavelength calibration and should be
sensitive even to small Doppler shifts because these change sign when the plane is rotated by
180°. The difference between the line peak positions at two rotation angles differing by 180°
therefore equals two times the Doppler shift and thus provides the component of the rotation
velocity in the plane under consideration.
As a consequence of the strong temperature dependence of the line profiles and thus of the
fluorescence outcome, absolute neutral density measurements are only possible together with
very precise measurements of the temperature TA [or velocity distribution f(vA)] of the
neutral species under consideration. In case the neutrals are created by CX with a DNB, this
observation holds for the ion temperature 7J instead of TA . The determination of TA (or Tt)
could be performed either along the lines mentioned above (by using the same diagnostic
device) or from independent diagnostics. Fortunately, the situation is considerably less critical
for relative neutral density measurements, as for example measurements of the isotope density
ratios. As can to some extent be inferred from Fig.9 and as will be shown in detail in Sec.6, the
peak ratios of Fc\vL,3f

J for D and T show only a weak dependence on the plasma parame-

ters which are thus not required with high precision.
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6. INVESTIGATION OF ERROR SOURCES
6.1 Sensitivity to uncertainties of the plasma parameters
The results obtained in Sees. 3 and 4 show that the fluorescence yield depends on various
plasma parameters, such as TA, Tt, ne and Zeff, besides the neutrals' density nA which is the
main objective of the diagnostic. On the one hand, these dependences, combined with the
dependence on the laser frequency, may be exploited for measurements of the plasma parameters involved (see Sec.5.3). On the other hand, they make the determination of nA dependent
on supplementary diagnostics and thus introduce further error sources. Inspection of the
expressions for the fluorescence yield [e.g. Eqs.(3.52) and (3.55)] shows that for both onephoton and two-photon excitation the most critical parameter is the neutral's temperature TA ,
whereas the dependence on the remaining parameters Tt, ne and Zeff is relatively weak. The
reason is that for both cases the absorption profile is most often dominated by inhomogeneous
(mostly Doppler) broadening. When the corresponding laser frequency is centred at resonance,
the excitation probability is proportional to the peak height of the absorption profile. For a
profile normalised to unit area this varies as (MA ITA ) m in the case of linear Doppler broadening (one-photon excitation ) and as MA / TA in the case of quadratic Doppler broadening
(two-photon excitation). In the latter case, however, it is convenient to normalise the profile
to the two-photon transition strength, which itself decreases as MA / TA (see Sec.3.1.3). In the
limit of very high temperatures, such that the absorption profile becomes much broader than
the laser bandwidth, the peak height thus ends up with a (MA ITA ) 2 dependence. For the
highest temperatures reigning in MCF devices, however, this dependence is never attained; the
dependence encountered there roughly behaves as (MA I TA)m.
In the cool edge of MCF plasmas the neutrals may not be thermalised [5]. In such cases the
above considerations have to be extended to include the full non-Maxwellian velocity distribution. The sensitivity to uncertainties of the temperature then translates into a corresponding
sensitivity to the details of the velocity distribution.
While the strong dependence on the temperature (or, possibly, velocity distribution) is a clear
handicap for absolute neutral density measurements, the problem is considerably less dramatic
for relative measurements as, for instance, the determination of isotope density ratios. An
example of this is presented in Fig. 10, which displays the dependence on the plasma parameters of the proportionality constant (FD / FT) / (nD0 / nT0) between the ratio FD / FT of twophoton excited D and T fluorescence signals and the ratio nD0 / nT0 of the neutral isotope densities. The curves represent (FD / FT)/ (nD0 / nT0) as a function of TA (reflecting Tt in case
of CX with a DNB) for two very different electron densities, ne = 1019m"3 and 1020m~\ the
latter being associated with Zeff - 3 . The example is for a plasma of equal portions of D and
T. The laser has intensity IL = 1.74 x 1012 WnT2 [according to Eq.(5.7)], bandwidth 0.5 GHz
and is centred at AvL = 0.2 GHz. It is seen that the dependence of the proportionality constant
on ne is extremely weak, so that rough knowledge of ne suffices for the purposes of the
diagnostic. For large TA both curves tend towards their common asymptotic value
(MD IMT)2 = 4 / 9 , which, however, is not yet attained at 20 keV (right side of Fig. 10). The
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Figure 10. Proportionality constant between the ratio of D/T fluorescence signals and the ratio of D/T densities
as a function of temperature. Solid curve: ne = 1018 m~3, Zeff = 1; dashed curve: nt = 1020 m"3, Zt$ = 3. The
remaining parameters and the geometry are as in Figs. 5 and 6.

dependence on TA, on the other hand, shows two rather steep parts, one in the eV region, the
other about 1 keV. In the first of these regions, which may be relevant close to the edge or in
divertor plasmas, the relative variation of the proportionality constant is approximately equal to
the relative variation of the temperature, in the second it is about a sixth of this. Thus a 30%
error in the determination of TA in the eV region would cause a 30% error in the
determination of the isotope density ratio, while a corresponding error in the region about 1
keV would cause an error of 5%. It therefore appears that accurate temperature determinations
are important prerequisites for the diagnostic, especially when the measurements are performed
in the eV region.

6.2 Sensitivity to uncertainties of the laser parameters
The success of the diagnostic depends crucially on the control and stability of the parameters
of the laser system. Especially in the case of two-photon excitation, notable errors can be
introduced by relatively small variations of, e.g., the frequency and the pulse energy of the
laser. As compared to one-photon excitation, the process of two-photon excitation is usually
characterised by a much smaller absorption line width (at least when linear Doppler broadening
dominates the one-photon transition) and by a quadratic instead of linear dependence on the
laser pulse energy. The first of these circumstances causes a greater sensitivity to variations of
the frequency, the second a greater sensitivity to variations of the pulse energy (or intensity).
Examples displaying the sensitivity to variations of the frequency are shown in Fig. 11. The
proportionality constant between fluorescence and density ratios, plotted as a function of TA
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Figure 11. Sensitivity of the D/T proportionality constant to changes of the laser frequency. The
proportionality constant is presented as a function of the temperature for two electron densities (with Zeff = 1):
(a) «e = 1019 m'3, (b) ne = 1020 m"3. Solid curves: equal frequency detunings for deuterium and tritium, 4 n ( D ) =
AVL(J) = 0.2 GHz; dashed curves: A^fD) = AVL(J) ± 0.1 GHz; dotted curves: /lvt(D) = AVL(T) ± 0.2 GHz.
The remaining parameters and the geometry are as in Figs. 5 and 6.
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for ne =10 I9 m 3 [graph (a)] and ne = 1020m 3 [graph (b)], is presented there for cases where
the laser beams probing the deuterium and tritium densities may have different frequency
detunings. The solid curves represent the case where the two frequency detunings are equal:
A vL (D) = A vL (T) = 0.2 GHz; for the dashed curves the detunings differ by ±0.1 GHz, for the
dotted curves by ±0.2GHz. It is seen that the errors caused by such differences depend
significantly on TA and ne. They are moderate for temperatures exceeding 200 eV but attain
the order of 30% and more for cases where TA and ne are small. In the minimum of the
lower of the dotted curves, which corresponds to AvL(D) = 0, AvL(T) - 0.2 GHz, the error is
50%. Since small values of TA and ne correspond to the plasma edge where the diagnostic is
likely to be applied first, frequency stability and control is one of the most important issues.
Frequency stability to better then 100 MHz would be necessary to reduce the corresponding
errors to less than 10%.
In Fig. 12 the proportionality constant between fluorescence and density ratios, plotted as a
function of TA for ne =1019mf3, is presented for cases where the excitation of deuterium and
tritium may occur at different laser intensities (thought of as different pulse energies for
constant beam radius r and pulse duration At). The solid curves represent cases where the
two intensities are equal; they are / : (T) = 7 : (D) = 4 / i m = 1.74 W m"2 in graph (a) and
/ L (T) = / L (D) = 8/ion = 3.49Wm~2 in graph (b). The dashed and dotted curves represent
cases where the two intensities deviate by 20% [dashed: IL (T) = 1.2 IL (D), dotted:
7L(D) = 1.2/j. (T) ]. It is seen that the sensitivity to variations of the laser pulse intensity IL
depends very much on the domain of intensities that is explored and that optimal reduction of
the sensitivity is achieved at intensities still higher than 4Iion. The reason is that the IL values
that maximise the fluorescence through variation of EL (for constant r) are higher than those
that maximise the fluorescence through variation of r (for constant EL).
Figure 12(b) and corresponding results for ne =1020m~3 (not presented here) might suggest
that the optimal choice for the intensity would be 8 Iion or higher. Choosing the intensity noticeably higher than 4 Iion, however, may be problematic at low temperatures and low electron
densities. Not only the SNR is then lowered with respect to its maximal value (see Fig. 6), but
also the exponential describing the decay of the neutral density due to three-photon-ionisation
[see Eq.(4.29)] can no longer be ignored. As a fortunate circumstance we note that low temperatures and low electron densities primarily appear in the plasma edge where high neutral
densities may guarantee sufficient SNRs in spite of the diminishing effects mentioned above.
6.3 Photon noise and detection limit

6.3.1 Signal-to-noise ratio for neutral density measurements
For an estimate of the error caused by the photon noise we choose the laser intensities so as to
globally maximise the SNR given in Eq.(5.3). According to Eqs.(5.4) and (5.7) this is
approximately achieved when the intensity for one-photon excitation is 7L(1) = 2xlO 7 WnT 2
(taking the laser characteristics reported in Ref.[5]) and when the one for two-photon
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Figure 12. Sensitivity of the D/T proportionality constant to changes of the laser intensity. The proportionality
constant is presented as a function of the temperature for electron density ne = 1019 m~3 (Zcg = 1). Solid curves:
equal laser intensities for the excitation of deuterium and tritium: /L(T) = /L(D) = 4 /;on = 1.74 W m~2 in graph
(a) and7L(T) = 7L(D) = 8 7ion = 3.49 W m"2 in graph (b). Dashed curves: 7L(T) = 1.2 7L(D); dotted curves: 7L(D) =
1.2 7L(T). The remaining parameters and the geometry are as in Figs. 5 and 6.
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excitation is IL{2) = 1.74 x 1012 Wm~2 (taking the laser characteristics reported in Ref.[7]). With
these laser intensities the signal-to-noise ratios SNR1 and SNR2 for one- and two-photon
excitation become (in SI units)

SNRI
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where ELm and EL(2^ denote the corresponding laser pulse energies, and where Eq.(5.3) has
been used in conjunction with Eq.(5.2) to express Nf = Nfl, and in conjunction with
Eqs.(5.6) and (5.11) to express Nf = Nf2. The denominators of the above expressions are
approximately one, except when the SNRs are so large that fluctuations of the signal
contribute significantly to the noise. For the specific sets of parameters chosen in Figs.4 and 6,
the above expressions represent the maxima of the curves presented there. The relatively low
maxima for the higher temperatures in Fig.4 show that the neutral density chosen there,
nA = 10I5m"3, is close to the detection limit. Note, however, that this situation holds for
£7/2=10~5msrand (in accordance with the laser characteristics reported in Ref.[5]) for pulse
energy ELiX) = luJ. The "absolute" neutral density detection limit (for given elO) would correspond to much higher pulse energies and would be determined by the maximal thickness of
the laser beam that is technically feasible and compatible with the requirements of spatial resolution. For example, if one-photon excitation could be realised with laser beams having lmJ
pulse energy and 6 cm radius, the neutral density detection limit (for the same product si£2)
would be well below 1013m~3. The range of maxima in Fig. 6 (roughly between 10 and 20)
suggests that the neutral density detection limit for the situation represented there is about
1014m~3. Again, an "absolute" detection limit would occur for much larger laser pulse energies
and beam radii. To descend the detection limit for two-photon excitation to 10!3m"3, for
instance, the two laser beams would need pulse energies EL(^ = 2 J and radii r = lcm.
For sets of parameters different from those considered above, the order of magnitude of SNRI
can be easily inferred from Fig.4 [together with the first of Eqs.(6.1)] by observing that Fx,
when taken at resonance, is inversely proportional to the Doppler width [see Eq.(4.12) ] and
thus varies roughly as 1 / JT^. The determination of SNR2 is less straightforward, however,
because its dependence on TA and ne is more involved (see Fig.6). SNR2 values for various
plasma parameters nA, TA, ne and laser pulse energies £ L(2) are listed in Table 1. All data in
the table are for deuterium atoms in a plasma composed of equal portions of D and T (they are
valid for tritium atoms if taken at temperature 2TA / 3 ) . The numbers in parentheses give the
SNR for cases where detection of the background radiation can be suppressed. Again we have
put si£2= 10~5m sr; SNR2 values for different sID are trivially obtained from the data of
the table using the second of Eqs.(6.1). It is obvious that the product slQ may be rather
different from the value assumed in Figs. 3 - 6 and in Table 1. Larger values may be realisable
in small machines, while lower values may be more realistic in large machines, such as ITER.
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30 mJ
0.03 (0.9)
0.08 (1.5)
0.2 (2.4)
0.3 (2.9)
0.7 (4.5)
0.6 (4.1)
0.8 (4.8)
1.0 (5.2)
0.3 (3.0)
0.8 (4.8)
1.9 (7.5)
2.9 (9.3)
6.3 (14)
5.4 (13)
7.0 (15)
8.4 (17)

Laser pulse energy
100 mJ
300 mJ
0.07 (1.7) 0.2 (3.0)
0.2 (2.8) 0.5 (4.8)
0.5 (4.3) 1.1 (7.6)
0.7 (5.4) 1.7 (9.3)
1.7 (8.2) 3.8 (14)
1.4 (7.5) 3.2 (13)
1.9 (8.7) 4.3 (15)
2.3 (9.6) 5.2 (16)
0.8 (5.4) 1.7 (9.4)
2.0 (8.8) 4.4 (15)
4.5 (14)
10 (24)
6.9 (17)
15 (29)
14 (26)
30 (45)
12 (24)
26 (41)
33 (48)
16 (27)
19 (30)
38 (52)

0.4
1.1
2.7
4.1
9.1
7.8
10
12
4.2
10
23
33
63
55
68
78

1J
(5.4)
(8.8)
(14)
(17)
(26)
(24)
(27)
(30)
(17)
(28)
(43)
(54)
(82)
(75)
(87)
(96)

Table 1. Signal-to-noise ratio of two-photon induced Lyman-a fluorescence for different plasma parameters
and laser pulse energies. The numbers in parentheses give the signal-to-noise ratio without background
radiation. The example is for deuterium atoms in a D/T plasma. The product of detection efficiency e, length /
of observed volume and solid collection angle Q is s l£2 = 10"5 m sr.

High detection efficiencies, such as estimated in Ref.[28] (s « 0.1), might be achieved [1, 3] by
combining an imaging concave mirror of «75% reflectance [29] with an oxygen absorber cell
of «50% transmission as spectral filter [30, 31] and a microchannel plate photomultiplier
(using KBr as cathode material) of «35% quantum efficiency [32]. Further, collection angles
£2 as large as 0.01 sr are possible in small and medium-sized machines [27]. Also, relaxing
spatial resolution, the length of the observed volume may be taken as large as, e.g., / = 20 cm,
especially for tangential observation. With these numbers the product s I £2 would be
increased by a factor of 20 with respect to the value assumed above, implying that the SNRs in
Figs. 4 and 6 and in Table 1 would increase by more than a factor of four.
For large machines, such as ITER, the tendency is opposite, except for the length of the
observed volume, which might be / = 30cm or larger. Limiting access conditions and
protection requirements for the viewing system may impose a small size to the first mirror
which determines the collection angle Q. Also, radiation damage of the optical elements and
the necessity of using chains of mirrors are likely to cause a considerable reduction of the
detection efficiency s. However, compensation for these constraints can be sought in a more
favourable viewing geometry and also in spectral filtering, as will be discussed now.
6.3.1.1 Increase of the SNR by end-on viewing. Observing the irradiated plasma volume endon or nearly end-on [7] leads to considerably lowering the background and increasing the signal because the length / of the observed volume becomes longer, but is viewed in projection.
The increase of / , which is at the cost of spatial resolution, is limited when the diagnostic
includes the use of a neutral beam [13], because the fluorescing part of the observed volume
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then only extends over the finite beam halo in which the thermal neutrals are generated by CX.
For full end-on viewing the surface 2rl in the expression for Np [see Eqs.(5.3)] would be
replaced by nr2, which amounts to a spectacular reduction of the background by typically
two orders of magnitude. For such viewing the numbers to be taken in Table 1 would be those
in the parentheses, except for the upper two lines of the table (nA = 1014m~3, TA > 10 keV)
where even the reduced background is still larger than the signal.
6.3.1.2 Increase of the SNR by spectral filtering. The fluorescence signal and the background
radiation may be discriminated by spectral filtering when their spectral widths are distinctly
different. A broad (narrow) fluorescence line may be separated from a narrow (broad) background by blocking (filtering) an adequate central region of the observed spectral profile. The
background is essentially thermal Lyman-a line radiation emitted from regions close to the
plasma edge and thus arises as a superposition of Doppler profiles (not necessarily gaussian
[5]) corresponding to moderate kinetic energies (usually below 50 eV). The width of the fluorescence line depends on both the location in the plasma from where it is observed and the
characteristics of the laser by which it is excited. Fluorescence lines emitted from the cool
regions at the very edge are narrow, but scarcely need spectral filtering because the large
neutral densities in those regions generally imply high SNRs. The interest of spectral filtering
primarily arises when the fluorescence originates from the hot plasma bulk. It should be noted,
however, that the corresponding fluorescence line shape, although much broader than that of
the background, does not represent the full gaussian Doppler profile that one would have for
thermal emission. The reason is that the laser profile generally covers only a part of the
absorption profile, so that the excited atoms occupy a limited domain in velocity space.
Let us assume, for a rough evaluation of the fluorescence profile in the case of two-photon
excitation , that the absorption profile is distinctly broader than the laser profile and results
from pure quadratic Doppler broadening: P(ux) = (2 / Jn)0{-m)ylVJ exp(m), where 0
denotes the Heaviside step function, and where m = 4c2AcoL I v2hco0, vth = -yJ2kTA IMA . If the
laser is tuned to the maximum of P(wr) {VJ = 1 /2), only atoms with velocities \v\ in the
vicinity of v^ = vth IV2 are excited; hence the normalised velocity distribution of excited
atoms is approximately S(v2 -

VIC)/2TZV<!X

. From this the resulting fluorescence profile is easily

derived to be Pf(Aa>f) = (c/2vexcoo)0(vexo)o lc-\Acof\).
2vexa0 fc = (a)0/ c)^JSkTA IMA

This is a flat profile whose width

is to be compared to the width (co0 /c)^81n2 kTedge IMA

(FWHM) of the background radiation which we here assume approximated by a gaussian
Doppler profile at some (low) edge temperature Tedge. Spectral filtering is not only favoured by
the larger width of Pf(Acof),

but also by its flat shape which (in the above model) keeps the

same height from the centre to the wings. In cases where TA / Tedge is not large enough for the
two widths to be distinctly different, the excitation may be attempted at larger frequency
detunings, even if the signal then decreases. For example, at m = 2 the absorption profile has
decreased to about half of its maximal value, but the width of the fluorescence profile is
increased by a factor of 2.
6.3.1.3 Increase of the SNR by short-pulse operation. In the preceding calculations we have
taken a common value At for the laser pulse duration AtL and the observation time Atobs.
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While Atobs is reasonably fixed to be the time that an atom needs to emit the fluorescence (i.e.
about the inverse Einstein coefficient), AtL (for given pulse energy) can, in principle, be made
shorter. Furthermore, in a highly non-stationary situation, the beginning of the time interval
Atobs may be set after that of the time interval AtL, to avoid that too much stray light of the
laser falls on the detector. Avoiding stray light is particularly important for one-photon
excitation where the incident and detected wavelengths are identical. The shortening of AtL has
two advantages in the case of two-photon excitation: not only is a given laser intensity then
attained at larger focal radii, i.e. for larger observation volumes, but it also acts during a
shorter time and thus causes lower losses by three-photon ionisation. Both effects lead to
higher signals. Apart from possible technical constraints, a lower limit to AtL is set by the
condition that the light trains should not be shorter than the observation volume (cAtL > / ) .
Thus for / = 30 cm, e.g., AtL might be decreased to 1 ns.
6.3.1.4 Increase of the SNR by polarisation analysis. According to the results obtained in
Sec.5.2 the fluorescence is partially polarised, with the polarisation plane parallel or perpendicular to the magnetic field. When the field direction is known from independent diagnostics,
a polariser may be set at the known angle of polarisation. If the polarisation degree of the fluorescence is high enough (which may be the case for low ne, e.g., in the plasma edge) and the
polariser has ideal characteristics (transmission sp and polarisation efficiency P close to one),
the signal passes without notable loss while the unpolarised background is reduced by a factor
of two. The SNR is thus increased by a factor of V2 . This ideal situation, however, is possibly
not realisable with the polarisers presently available. The sapphire reflection polariser reported
in Ref.[33] has reflectance sp = 0.45 and polarisation efficiency P = 0.9.

6.3.2 Expected precision for the determination of isotope density ratios
For a diagnostic of the isotope density ratio rDT =nD/nT the neutral densities nD and nT
have to be determined by two independent laser shots. The two pairs of counterpropagating
light beams may originate from two different laser systems (tuned at half the D and T
resonance frequencies, respectively) and have to occur at slightly different times in order to
allow the temporal separation of the two Doppler broadened fluorescence signals [6]. If the
photon noise causes the two measurements to be affected by the relative errors AnD /nD =
1/SNRD and AnT / nT - 1/SNRT, respectively, the relative error of the isotope ratio is
ArDT lrDT = -yJSNRp +SNRj.2 . For cases where the two SNRs are comparable, Arm / rDT is
roughly given by an individual noise-to-signal ratio multiplied by V2 . Note, however, that
owing to the smaller thermal velocities of tritium, SNRT is usually larger than SNRD.

6.3.3 Expected precision for magnetic field measurements
The polarisation of the fluorescence (see Sec.5.2) can, in principle, be exploited for magnetic
field measurements [1,3] . To write an expression for the (absolute) error of the magnetic pitch
angle y, we assume, for simplicity, that this angle is small and that the fluorescence has n
polarisation and is observed in the midplane of a toroidal plasma along the radial direction. If
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the fluorescence is analysed at the three angles of polarisation -45°, 0°, +45° with respect to
the midplane and if the corresponding mean detected photon numbers are N_4S, No, and
N+4S, the error of y is [1,3]

2 IN,'0 -N-"+45
M-

JT
N_
- 4AK
5

2PP* J2eDp

N

where sp and P are defined as in Sec.6.3.1.4 and P" is the polarisation degree of the fluorescence. Further Nf and Nb are the mean numbers of fluorescence and background photons
detected in the absence of a polarisation analyser. The last factor in the above approximate
equations equals the relative error, AnA /nA,ofa neutral density measurement. Hence, one has
Ay > (AnA lnA)l2P'c, where the equal sign holds for an ideal polariser. Measured in degrees,
the error is about Ay°=46(AnA lnA)lP* for the polariser mentioned in Sec.6.3.1.4 [33]. It is
thus seen that even for highly polarised fluorescence (P* « 1) the conditions for measurements
of the magnetic pitch angle are much more stringent than for measurements of the neutral density. For example, measurement of the pitch angle with a precision of 0.5° would require conditions that allow the measurement of the neutral density to better than 1%. For el£2=
l(T 5 msrthis would demand densities of the order of 1015 -10 16 m" 3 . However, as has been
discussed in Sec.6.3.1, in small machines the product el£2 may be larger (it was taken above
lO^msr in Refs.[l, 3]), so that smaller lower limits for the neutral density might be required
there to make the measurement possible. These limits should, however, be attained over the
whole plasma diameter because the interest of magnetic field measurements is most often in the
zone near the magnetic axis. In large machines, where the intrinsic neutral particle densities
attain sufficient values only close to the plasma edge, the method could still be applied in
combination with a DNB [13]. However, as has been outlined in detail in Ref.[13], when a
DNB is used, it would probably be more profitable to excite the fast beam atoms and analyse
the polarisation of their fluorescence than to do this with the thermal atoms created by CX.
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7. CONCLUDING REMARKS
The preceding investigations have confirmed that LIF in the Lyman- a lines of the hydrogen
isotopes is suitable for the diagnostics of MCF plasmas. Valuable spatially and temporarily
resolved information can be obtained from the intensity of the fluorescence, from its dependence on the laser frequency and from its polarisation. The intensity of the fluorescence is a
measure for the density of the excited neutrals; for Doppler-free two-photon excitation this
measure is isotope-selective. The dependence of one-photon excited fluorescence on the laser
frequency reflects linear Doppler broadening and so directly provides the distribution of the
velocity components along the laser beam. The corresponding dependence of Doppler-free
two-photon excited fluorescence is determined by plasma Stark broadening or, for high enough
temperature, by motional Stark and quadratic Doppler broadening. Thus, depending on which
broadening mechanism prevails, this dependence gives information on, e.g., the effective ion
charge number Zes or on the neutrals' velocity distribution. The better way to determine the
latter, however, consists of giving the two laser beams a slight crossing angle with the possibility of turning the plane spanned by the beams about the beam axis. The small linear Doppler
broadening thus introduced allows one to explore the velocity distribution in all directions
perpendicular to the laser beams. In combination with neutral beam injection this also provides
a sensitive method of measuring the plasma rotation. Finally, for high enough neutral densities
the polarisation of the fluorescence and, in the case of one-photon excitation, also the dependence on the laser polarisation can be exploited for measurements of the magnetic field direction. One-photon excitation might be preferable over two-photon excitation for such purposes
because the polarisation degree is usually higher and does not change sign. However, this
advantage may be partially counterbalanced by stray light problems which play practically no
role for two-photon excitation.
The dependence of the fluorescence on different plasma parameters, though advantageous for
the determination of these parameters, is inconvenient when the diagnostic is uniquely aimed at
neutral density measurements. The supplementary diagnostics thus required, even if they can
partly be performed in the framework of the LIF measurements themselves, introduce further
error sources which add to those caused by uncertainties about the laser parameters and by the
photon noise. One of the decisive plasma parameters influencing absolute neutral density
measurements is the neutrals' temperature. Fortunately, its influence is considerably softened
for relative measurements such as the determination of the D/T density ratio by Doppler-free
two-photon excitation. An important laser parameter for the measurement of this ratio is the
frequency detuning which should be known and stable to better than 100 MHz.
The photon noise imposes a neutral density detection limit of 10 u -10 15 m'3. Intrinsic neutral
densities attaining this limit may cover the whole plasma of small MCF devices, but in large
machines they are confined to the edge region. Application of the diagnostics in the bulk of
large MCF plasmas therefore requires an enhancement of the neutral density. This can be
achieved by charge exchange with a diagnostic neutral beam, a method which has also the advantage that the information on both density and temperature is then provided on the plasma
ions rather than on the intrinsic neutrals. To apply the diagnostics at ion temperatures above a
few keV, however, considerably higher laser pulse energies than presently available would be
necessary. Also, significant progress in neutral beam technology would be indispensable to
obtain the penetration of sufficient beam power into the central plasma regions of large
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machines. Application of the Doppler-free excitation scheme in the very core of ITER, for
example, would require lasers with pulse energies close to 1 J in combination with the shortpulse multi-GW neutral beams presently under development. It should be noticed, however,
that for optimisation and control purposes one needs measurements of the D/T fuel mix in both
the plasma core and the plasma edge. The success of the Doppler-free two-photon excitation
scheme in the PSI 1 experiment and the perspective of application in the edge and outer bulk
plasma of ITER should be sufficient motivation for testing this diagnostic on a tokamak or
other MCF device.
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APPENDIX 1
Tolerating errors of order 108 Hz in the determination of the atomic levels, the atom's
Hamiltonian can be written as
H = Hnr+Hext+Hfs+Hhfs.
(Al.l)
Here, Hnr is the Hamiltonian obtained from the non-relativistic Schrodinger equation without
external perturbations; Hext represents the perturbation caused by the external electric and
magnetic fields vxB

and B; Hfs collects all fine-structure contributions arising from

relativistic effects, spin-orbit coupling and Lamb shifts; finally, Hhfs represents the hyperfinestructure contribution resulting from the interaction between the magnetic moments of the
electron and of the nucleus.
Explicitly, the external field contribution can be written as
Hea=-D-(vxB)-(M1+Ms+M1)-B

with D = -ef,

M1=-(eh/2Me)I,

Ms=ge(eh/2Me)s,

(A1.2)

M, = gn[ehl2Mp)l

being,

respectively, the electric dipole operator, the magnetic orbital and electron spin dipole
operators, and the magnetic dipole operator of the nucleus; ge = -2.0022906 and gn are the gfactors of the electron and of the nucleus.
The fine structure contribution in Eq.(Al.l) can be expressed as
12

fi

where

Here, the quantum numbers j , ntj correspond to the angular momentum j = 1 +s , while m1 is
the magnetic quantum number of the nuclear spin / ; the first of the two energy shifts in
(A1.4) arises from an expansion of the Dirac equation to second order in the fine structure
constant a (see e.g. Ref.[34]) and is given by

The second energy shift is the Lamb shift which can be expressed as

66

The coefficients Cn[j can be found, e.g., in Ref[35]; for our purposes we need the values
C101/2 = 7.490, C201/2 = 7.662, C211/2 =-0.0950, C213/2 = 0.0925.
Finally, the fourth (hyperfine-structure) contribution in (Al.l) can be written as [36]
Hhfs=gna2Ei

(sr)(lr) 1
RY

-a;

r2

3

s •I

1

(A1.7)

3r

where a0 is the Bohr radius; the remaining quantities have been defined in Sec.2.
The diagonalisation of the Hamiltonian (Al.l) may be performed separately for each block
PyfiPn, where Pn is the projector on the Hilbert subspace of principal quantum number n.
Indeed, it can easily be checked that all corrections arising from off-diagonal elements between
different n (as e.g. the quadratic correction to the linear motional Stark effect) remain below
the errors tolerated in this paper.
Considering Lyman- a, we are concerned with the blocks P]HP] and P2HP2 which we first
represent in the basis where the truncated Hamiltonian Pn(Hnr +Hext)Pn is diagonal, i.e. in the
one formed by the states \y/msmj) = |^)®|/w J )®|m / ), where y/) = \l00) for « = l and
I V) - I /*) (iu = 1>2,3,4) [see Eqs.(2.1)] for n - 2 . For n = 1 the truncated Hamiltonian has
the 2(2/+l)

eigenstates

(ms =+1/2, m1 = - 7 , - 7 + 1,...,/) with the same
number of corresponding eigenvalues Ex - B{ge/j.ems + gn/upmj), whereas for n = 2 it has the
8(27 + 1) eigenstates jumsmj) and eigenvalues E2(fi)-B(ge^ems

+gnjupmi)- The quantities

involved in these expressions have been defined in Sec.2.
The representation of
we obtain

], in the basis chosen is derived by using Eqs.(A1.3-6). For n - 1

TtljtTlj

(A1.8)
2

-Ry

3

-a -6357a

For n = 2 we write [using (Al .3)]
(A1.9)
with
lm'm's).

(A1.10)

jntj

With the help of Eqs.(A1.5,6) and the known expressions for the Clebsch-Gordan coefficients
[24] the evaluation of the matrix elements (A1.10) is straightforward. The non-vanishing
elements are:
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' 0 1/2,0 1/2 ~" lvl0

^

-1/2,0 -1/2

=&
a<l--

(Al.ll)

0ZUa}ERy,

+

(A1.12)

+2AE*

•*" 0 1/2, 0 1/2 ~~ -"^0 -1/2, 0 -1/2

1/2,,

(A1.13)
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(A1.14)

2, -n/2
y2, 1 -1/2

2,

-1/2, 0 1/2

3/2 - AE

0 -1/2

(A1.15)

= a2

The expressions (Al. 11-15) have now to be inserted into Eq.(A1.9) to evaluate the matrix
elements of P2HfsP2 with the help of the coefficients (2/w|//> given in Eqs.(2.1). We will see
later that for the purposes of this paper knowledge of the whole matrix is not necessary. Rather
it is sufficient to concentrate on those elements involving states with ju = 1 (because of their
significance for the two-photon excitation process considered) and on some elements involving
the near-by lying states with ju = 2 . Among all the matrix elements

H^m'jn^.

flfi\f£m;mj') =

(A1.16)

we therefore indicate only the following:

7
= -a

1/24-0.813^

.192

l92

(2mm, Hf. 2m 'm,) = - a 2

m,

+

0.03573
/32

= -0.03582a

2

W/

(A1.18)

(A1.19)

\Hfi 12msmj) = (2m/nI \Hfi \ lmsmj) = 0,

1 — m, Hfi 2 - - m, ) = ( 2 -

(A1.17)

m, H( 1 -— m,
2
*

2_

-m

2

a2\ — +0.0066a \ERv =
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W

7

Hf

ii

0.02088 z*

(A1.20)

H

fi\lms'mi)

=

1=A—vrfl- 19.435a + mJl + B2 (l +
2

03na)]a2ERS,

-fo.8582 + \.00232msj\+j32 ]a2ERyS'

24->/2(l+/? )L

J

,

. -19.43 5a - ms ^/l+y9 2 (l + 0.318a)]a2ERySmm,

24>/2(l

(A1.21)

(Al .22)

0.8582 -1.00232w.

We now turn to the hyper-fine structure contributions P Hhf P . For n = 1 we note that only
ft

* If »i Ft

the first of the three terms in (A1.7) contributes to the matrix PxHVsP^ because S-states have
a vanishing quadrupole moment (second term) and vanishing orbital angular momentum (third
term). Using the known expressions for the spherical wave functions to evaluate the spatial
part of the matrix elements, we obtain
•gn^ERy-^fim/n^-I ms'mj

(A1.23)

The last factor in the above expression can be calculated in the following manner [24].
\s • l\m[m\) = (m
-is

m's) (m, \lx +Hy\m'}))

, +-^|[-+msj [-(A1.24)
It is seem from this result that off-diagonal elements exist only between states whose electronic
spin quantum numbers ms differ by one, i.e. whose energies are separated by about 2ha>L,
corresponding typically to frequencies on the order of 100 GHz. On the other hand, the order
of the matrix elements of P]HhfsP] lies below 1 GHz; according to second order perturbation
theory, the off-diagonal elements therefore lead to energy corrections which are at most on the
order of (l GHz) /(l00 GHz)=10 MHz, which is completely negligible in the context of this
paper. It is thus sufficient to only retain the diagonal elements, whose expressions are obtained
by combining Eqs.(A1.23, 24) :
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8M.

H

(A1.25)

¥s

We now show that arguments of a similar kind also hold for n = 2. This is obvious for those
off-diagonal matrix elements connecting between states with different ms or // (except
between ju = 1 and ju = 2) because these again correspond to level separations which are at
least on the order of 100 GHz. On the other hand, more detailed calculations are necessary to
investigate the effect of those off-diagonal elements which correspond to the same ms, the
same u, or which connect between ju = 1 and ju = 2. Since the states with ju = 1 are selected
for the two-photon excitation process, we need only consider elements involving states with
ju = 1 and the near-by states with /j. = 2. We write these elements in the form (fj. = 1 or 2,
//=lor2)
(A1.26)
with
(Ai.27)
where the three terms on the rhs. are to represent the three contributions of Eq.(Al .7).
The first contribution is analogous to the onejn Eq.(A1.23); it is easily calculated to be
,/i'm;) = (//|200> <200|//) <200|ya20S(r)\200) (mjn, \s-I\msm'j)
(A1.28)
where we have used Eqs.(2.1) and (A1.24).
The second contribution in Eq.(A1.7) can be interpreted as the scalar product of two tensor
operators of rank two. To calculate the relevant matrix elements of this product, we express it
in terms of spherical tensor components. According to Ref.[24] we have
(2,-<

(A1.29)

q=-2

where the tensor components Tx, which are given by
1/2

(A1.30)
depend only on the spin variables (in spite of the formal appearance of r ), and the components
T2, which are given by
1/2

(A1.31)
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depend only on the relative electron-nucleus position r . In the above equations we have
defined 24
()
(A1.32)
where Y2q are spherical harmonics. The components (A1.30) are conveniently evaluated using
Cartesian coordinates. With the help of the expressions
(A1.33)
we obtain the results

(2,±2) = \ (sx ±isy) (/, ±ily)

(A1.34)

which give rise to the following matrix elements.
(m/n,

> = ^m/njS^,

{m/n, \Tx (2,±2)|m s m') = 0,
(A1.35)

The matrix elements of the components (A1.31) can be written as
(M\T2(2,q)\ju')=

2>|2//H>

(2lm\T2(2q)\2l'm')

(2l'm'\M')

imVm1

(A1.36)
-m q m.
where the last expression has been obtained using Eq.(A1.31) and the Wigner-Eckart theorem
[24]. From Eq.(A1.36) we easily get

(A1.37)
The explicit result for the second contribution C2 is then obtained by inserting the matrix
elements (A1.35) and (A1.37) into Eq.(A1.29). To obtain the third contribution we write
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2\m'msm')(2\m'\n').

(A1.38)

mm'

The second factor under the sum sign is analogous to the expression given by Eq.(A1.24) and
can be obtained from this by multiplying the rhs. of Eq.(A1.24) with 1/24 [the contribution of
the radial part (a01 r)3 ] and by replacing there ms , ms with m, m' and 3/2 and 1/2 under
the square root with / and l+l. The result for Eq.(Al.38) is then

(A1.39)

y X 7 " mi

The above results for C, , C2 and C3 can now be combined to yield the total hyperfinestructure contribution (A1.26). The general expression for the matrix elements of the quantity
C defined in Eq.(A1.26) is
(A1.40)
where
A = 3 mi

1200> <200| / / ' ) + ^ (//1210><21 o| //'
(A1.41)

(A1.42)

(A1.43)
The matrix elements (A1.40) can now readily be calculated by taking the coefficients (2lm\ju)
from Eqs.(2.1). The non-vanishing elements (for ju = I or 2, ju'= I or 2) are given by the
expressions
1-J32/2O

(

C{2m],2mI)

2
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x

1
= —

(A1.44)

+ie±m

(A1.45)

16
and by three further expressions obtained from the Hermiticity relation

(A1.46)

m}

In order to demonstrate that the off-diagonal elements of Hhj-S [given by Eq.(A1.26) in
conjunction with Eqs.(Al.45,46)] have a negligible effect on the position of the energy levels,
we first establish their order of magnitude. This is maximal for ms=+l/2, m} =+I and leads
to the absolute value

W-filg.
<

1T

2 ¥

2

fi

(A1.47)

2

Taking the example of tritium, where V27g n is largest (= 5.96), and putting /?« 1 the rhs of
Eq.(A1.47) corresponds to a frequency of 5.3 MHz. In comparison to this, the differences of
the corresponding diagonal elements are
j \H\ \mjnj > - (2ms m1 ±
2

= ±BgnJu-a E•Ry
l

m1 ± 1>

0.0357^1 gMe
(l~p2 20
6.4xlO" +
r2 - ^ — - m —^-r—1»,
2

1,
\m,
V ;±1)

44

\ +p J

3M

'V. l + p

'

10

(A1.48)
'

where the two brackets represent, respectively, the contributions of Hj-S [taken from
Eqs.(Al.17,18)] and Hhfs taken from Eqs.(A1.26) and (A1.44). The order of magnitude of this
expression is determined by the second term in the first brackets which dominates over all the
other terms; it provides the contribution -0.0357a2ERy /(1+/? 2 ), which corresponds to
about 3.1 GHz for /?» 1. According to second order perturbation theory, the effect of the offdiagonal elements of H^s is to correct the level positions by amounts of the order of
(5.3 MHz)2 / 3.1 GHz « 9 KHz, which is completely negligible in the context of our work.
After neglecting the off-diagonal part ofHhfs we are still left with the off-diagonal elements of
Hfs, as given in Eqs.(Al. 19-22). It turns out that these lead to level corrections lying slightly
above the error limit tolerated in this paper. To include these corrections, we may restrict
ourselves to the levels E2(\msmj) corresponding to// = l, because these are the only ones
which can be reached by the two-photon excitation process. Using second order perturbation
theory, the corrected levels become
ij \H\\mjrij

(A1.49)

+!

i (lm*mi

H

Imjn, >-

Hn
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'

\'

where we have exploited the fact that contributions of Hfs and H^fi to the energy denominators lead to negligible effects on the corrections.
It is seen from Eqs.(Al. 17-22) that the sum in Eq.(A1.49) contains only three terms; these
correspond to {//,m,'}= {2,-TWJ, {3,/H,}, {4,/n,,}, respectively. The total expression (A1.49) is
now easily evaluated using Eqs.(Al.l), (A1.17), (Al. 19-22), (A1.26) and (A1.44). The result
is
E2 (lmsmj ) =

--ERy-

\ + B2
a*E2y

l + B2

'

(A. so)

B2(0.00299-0.00043(l+B2)

To obtain the Lyman—a transition frequencies, we have to subtract the ground state levels
from the excited ones given above. These are

El(msm1)= -ERy -B(geMems +
= -ERy -B(geMems

gn]upmI)-a2ERy\--6357a-^LgnmsmIJ

+ gnMpmi) - a 2 £ R ,(0.20361 -0.00145gBi»yii7),

where the first two terms represent the contribution of Hnr +Hext and the remaining terms are
the fine-structure and hyperfine-structure contributions as obtained from Eqs.(A1.8) and
(A1.25).

APPENDIX 2
With the use of the definitions (2.21), the summations in Eqs.(2.17) may each be split into a part
involving the light particle species and another part involving the impurities. The quantities ne,
neZeff, neX^ and « e Z^ may thus be rewritten as

= n,' X'+ne" X"« n.' X'+ne "

The approximations in the last two equations hold under the assumption that the masses of the
light particle species are much smaller than those of the impurities, so that one has Xt « V2 for
the latter. Solving the first two equations for « / and n" and inserting the resulting expressions
into the last two equations leads to Eqs.(2.20).
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APPENDIX 3
Photo-ionisation cross sections for atomic hydrogen are given in Ref.[36]. Written in SI units,
the cross section for ionisation from the 2S states (n = 2, I = m = 0) is
\/

\/

i

i

i

i

!/•_

i

where v is the frequency of the ionising photon and v2 the frequency distance of the excited
level from the ionisation threshold. The function/ is defined by
/(y)=exp(-8*arctan(l/x))

l-exp(-4;rx)
It can be shown [37] that the cross sections <j(nlm,e) for ionisation from the 2P states (n = 2,
I = 1) by radiation having linear polarisation e along the quantisation axis can be established
by slightly generalising the formalism described in Ref.[36]. Defining the orthogonal unit
vectors ux, uy, uz (with u0 = uz pointing along the quantisation axis), these cross sections
are given by
(A3.3)

(A3.4)

For radiation at half the Lyman-a frequency one has v2 / v = 2 / 3 and v -1.233 x 1015 Hz.
Eq.(A3.1) thus yields
cr(200) = 6.174 xl(T 22 m 2 ,

CT(210)

=—

CJ(200),

cr(21±l) = — CT(200) .

(A3.5)

We now derive cross sections <j(ys,e) for more general cases where the initial atomic state is a
superposition of spherical n = 2 states, y/) = ^ C / m 2lm), and where the polarisation vector
lm

e does not necessarily point along the quantisation axis and is allowed to be complex. We note
thatcr(^,e) is proportional to r(y/,e) = ^{f\D.e\i//)\

, whereD is the atomic dipole

operator and the summation is over all final continuum states | / ) = | a Im) satisfying the energy
condition Ef-E2=hv.
Expressing the scalar product in terms of spherical vector components, r(y/,e) can be written as
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(A3.6)
aim

m l m

q.q'=-i

h \2 i

where eq and (e*)q (q - 0, ± 1) are the spherical components of e and e * , respectively. The
selection rule Al = ±1 causes r(y/,e) to split into three parts,

corresponding to the three cases (/ = 1, /, = l2 = 0), (/ = 0, /, = l2 = 1), (/ = 2, /j = l2 = 1).
Using the Wigner-Eckart theorem [24], the product of dipole matrix elements involved in the
first part, summed over m, becomes

Z(200\Dq\alm){alm\Dq,\200) = (-

(A3.8)

From this the first part is calculated to be
2

( *)
*)oeo - ((e %
%ex - ((e • ) ) = | rr lol |CCo o| | 2 ,
= \ \r\ iC Cf oo( f((e

(A3.9)

iO

where we have used the abbreviation
(A3.10)

In a similar fashion the second part is obtained to be
1

(A3.ll)
m=-l

The calculation of the third part follows analogous lines, but is more involved. The result is
_

(A3.12)

where

c(-i-i)=c; I c M , c(i,i) = c;_,c11, c(o,o)=4c;ocIO+3(c;_1c1_I+c;Icn),
C(-l,0) = -3C;oC1_1 -2CuCl0,

C(0-l) = -2C;0C^ -3C;,C 10 ,

(A3.13)

'10'

-1,1)=cc,,+3c; 0 c 10

'if*
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f

I f.f

f

Writing Eq.(A3.7) [together with Eqs.(A3.9, 11, 12)] for e = e0 (eq =Sq0) and for the three
states y/) = |200), |210), |211), we may solve for r10, rm and r2] to obtain
rI0 = 3r(200,e 0 ),

r0I =3r(210,e 0 )-4r(211,e 0 ),

r2i = 10r(211,e 0 ).

(A3.14)

Inserting these expressions into Eqs.(A3.9, 11, 12) yields relations between r(y/,e) and its
special realisations r(2lm,e) which hold for <j(y/,e) and <j(2lm,e) as well. Analogously to
Eq.(A3.8) we thus obtain
(A3.15)
with

(A3.16)

= — o-(200)

<T(21O,e o )--a(211,e o )
m=—1

m=-\

where we have used Eqs.(A3.5) to express all cross sections in terms of cr(200).
We now specify the coefficients Clm for the four states | ^ ) = |//) (ju= 1,2,3,4) given in
Eqs.(2.1). From Eq.(A3.15) we then obtain the four corresponding cross sections o-(ju,e); the
three parts cr10 (/u,e), <jol(ju,e), cr2l(ju,e) constituting each of them are, respectively, given by
_ n ^ _ ^(200)
o-(200)

27(l+ fj1)

+e_}z

- 7(e
(A3.17)

2a(200)

(A3.18)

27

o-21(2,e) =

45

*\e0 -

-3(e
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/?V(200)

o-(200)

(A3.19)

<x(200)

1-

|-e_,z|

(A3.20)

<7 21 (3,e) = -

The above expressions take simple forms when the polarisation is linear in the direction of the
magnetic field or circular in the plane perpendicular to it. In the first case (e=u0, implying
eq=Sq0,
(e*)q=5q0\Eq.(A3.15)yields

(A3.21)

In the second case [e = u±l = +(ux ±iuy) IV2 , which implies eq = -Sq^,

(e*)q = 8q ±1 ], one

obtains
CT(200) (
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i = —<j(200),

CT(3,M ±1 ) =

cr(200)
2

(A3.22)

54

(T(200)
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From the cross sections indicated here the ionisation rates of states | //) are obtained as

where / , , I2 are the intensities of the two laser beams and e,, e2 their polarisation vectors.
With the help of the above results all photo-ionisation rates can thus be expressed in terms of
the two rates
[SI],
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(k=l,y.

(A3.23)
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