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Abstract

We investigated numerically the critical scaling and universality in the short-time dynamics

for the spin models on the two-dimensional triangle lattices. By using the dynamic Monte Carlo

simulations, the critical exponents 6, z and fi/v are estimated from short-time dynamic scaling

relations and the power-law behavior of the magnetization, auto-correlation and the second

magnetic moment. Our results confirmed the universality proposal.



1 Introduction

It has been challenging to determine the critical temperature and the corresponding critical expo-

nents for a statistical spin system with continuous phase transitions by Monte Carlo (MC) simu-

lations because of the critical slowing down[l]. As a result the short-time dynamic techniques[2]

in the non-equilibrium evolution regime gain more and more importance since Janssen, Schaub

and Schmittmann argued that[3] universality exists already in this early time of evolution. In

Ref.[3] it was discovered that for the O(N) vector models with non-conserved order parameter

(so-called model A[4j) quenched from a very high temperature to the critical temperature shows

dynamic scaling behavior already at critical temperature within the short-time regime,

t, bxl"T, b-yL, bx°m0), (1)

where M^ is the kth moment of the magnetization, r = (T—Tc)/Tc is the reduced temperature,

P and v are the well-known static critical exponents and b is a scaling factor. While the new

independent exponent xo is the scaling dimension of the initial magnetization mo- This prediction

was supported by a number of MC investigations (for a review see Ref.[2]). These simulations

offer a possibility to detect conventional (static and dynamic) critical exponents [5, 6] as well

as the critical temperature [7]. The advantage of the dynamic MC simulations is that it may

eliminate the critical slowing down since the measurements are performed in the early time of

evolution where the spatial and time correlation lengths are small.

Up to now, the exponents for different models such as Ising, Potts, frustrated and quantum

XY models in the two-dimensions (2D) have been measured[8, 7, 9, 10], but all of those researches

are concentrated only for the models on square lattices. In this paper, we intend to investigate

whether there exists universal short-time dynamic scaling behavior by determining the exponent

0, the dynamic exponent z as well as the (3/v explicitly for the Ising and Potts systems on the

2D triangle lattices. Some important researches have been carried out in this direction [8, 11].

2 Models and MC simulations

The Hamiltonian for the (/-state Potts model defined on a 2D triangle lattice is given by

<? = l,---,q, (2)

where < ij > represents the nearest neighbors and at is the spin variable which can take q values

on lattice site z. It is known that the critical points locate at Jc = -\og(y/q + 1) which are the

same as those on the square lattices. We consider both the q = 2 and q = 3 cases on the triangle

lattices to investigate the universality explicitly.

From the finite size scaling form of Eq. (1), by setting r = 0, b — txlz it is easy to induce

, m0) = f W M M W ( l , tx°lzmQ). (3)



When k = 1, a scaling relation can be derived

M{t) ~ mot
e, 0 = (x0- 0/v)/z, (4)

on which our measurements of the critical exponent 6 are based. As the spatial correlation

length at the beginning of the time evolution is very small compared to the lattice size, the

second moment behaves as M^(t, L) ~ L~d. Then it obeys a finite size scaling behavior for

mo = 0

M2(t) ~ t\ y = (d- 2f5/u)/z. (5)

Furthermore, for the auto-correlation A(t, t'), a power-law behavior with initial mo = 0 at critical

point has been derived[8]

A{t,t' = 0) = A{t) ~ r A , X = d/z-0. (6)

In our simulations, the time evolutions of

for the Ising model (q = 2), and

t

for the Potts model(g = 3) are calculated. The average < • • • > is taken over the independent

initial configurations and N = L x L. Our strategy of the measurements of the critical exponents

can be described in detail as following. From the initial increase of the magnetization, Eq. (4),

we measure the exponent 0. Taking 9 as an input, from the power-law decay of the auto-

correlation, Eq. (6), we can extract the dynamic exponent z. Then, from power-law behavior of

the second moment, Eq. (5), we obtain the static exponent (3/i/. As it was pointed out [8] that

the Heat-bath algorithm is more efficient than the Metropolis algorithm in short-time dynamics

and the universality is satisfied for different algorithms, we only performed the Monte Carlo

simulations with Heat-bath algorithm. Samples for averages are taken over 150,000 independent

initial configurations on the L x L triangle lattices with L = 32,64 and 128. Statistic errors are

simply estimated by performing three groups of the averages selecting different random seeds

for the initial configurations.



Table 1: The measured 6 values versus different initial m0 for the Ising(<7 = 2) and Potts(<7 = 3) models
on a L = 128 lattice. The last column gives the results of 6 after extrapolation to m0 = 0.0.

mo
q = 2
q = 3

0.
0.

0.04
183(1)
101(1)

0
0

0.02
.185(1)
.089(1)

0
0

0.01
.189(2)
.082(1)

0.00
0.191(6)
0.076(2)

Table 2: 9, /3/v and z for q=2 and q=3 models on the 2D triangle lattice, the results on the
square lattice are also listed (Cited from Tables 1 and 2 in [2])

g=2 (Triangle)
(Ref.[2])

<7=3(Triangle)
(Ref.[2])

9
0.191(2)
0.191(1)
0.076(2)
0.075(3)

2(3/v
0.237(3)

0.240(15)
0.273(2)
0.269(7)

z
2.153(2)
2.155(3)
2.191(6)
2.196(8)

3 Results and Conclusions

In Fig.l the time evolutions of the magnetization M(t) for different initial magnetizations mo

is displayed respectively in a double-log scale and the curves of M(t) behave with the very nice

power-law increase and are parallel each other. Thus 9 can be estimated from the slope of the

curves. In Table 1, the values of 9 for q = 2 and q = 3 models on the lattice of L = 128 with

different initial magnetization are listed and then they are extrapolated to mo —> 0 to get the

final results of 9 = 0.191(6) for the Ising model and 9 = 0.076(2) for the Potts model.

Now, we set mo = 0 and measure the auto-correlation and second moment of the magnetiza-

tion. In Fig.2 the time dependence of the auto-correlation for two kinds of models on the L x L

lattice is presented. From the figure we can see that for L = 32 the finite size effect is obvious,

while for L = 64,128 the effect is already less prominent than the statistical errors. The results

for A can be estimated from the L = 64,128 curves during the time interval [5,200]. Taking 9

as an input and using relation A = d/z — 9 we get the values of the dynamic critical exponent

z = 2.153(2) for the Ising model and z = 2.191(6) for the Potts model. Similarly, the power-law

increase of the second moment M^(t) is also observed, the values of exponent y = [d — 2(3/v)/z

are then determined, and the results of 2/3/v are estimated for the Ising and Potts models (see

Table 2).

We summarize the results in Table 2 for the critical exponents 9, 2f3/u and z estimated

from the slopes of the double-log scale curves by the least square fittings and extrapolations to

mo —*• 0 and L —> oo limits.

In conclusion, we have investigated the short-time critical dynamics of Ising and Potts models

on the 2D triangle lattices to verify the universality of the short-time dynamics[8, 11]. Our study

shows an interesting numerical evidence of the universality by the comparison of the results on



the 2D triangle lattices with that on the square lattices. An interesting subject in this direction

is to develop the short-time dynamic approach for the quantum spin systems[10].
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Figure 1: The time evolutions of the magnetization M(t, L — 128) in double-log scale for different
initial mo=O.O4,O.O2,O.Ol (from up to low) for the Ising model (left) and Potts model(right).
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Figure 2: The time evolutions of the auto-correlation A(t) in double-log scale for different lattices
of £=128,64,32 (from up to low) for the Ising model (left) and Potts model (right).


