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Abstract

This thesis is devoted to a theoretical study of anyons, i.e. particles with fractional
statistics moving in two space dimensions, and the quantum Hall effect. The latter
constitutes the only known experimental realization of anyons in that the quasiparticle
excitations in the fractional quantum Hall system are believed to obey fractional
statistics.
First, the properties of ideal quantum gases in two dimensions and in particular the
equation of state of the free anyon gas are discussed. Then, a field theory formulation
of anyons in a strong magnetic field is presented and later extended to a system with
several species of anyons. The relation of this model to fractional exclusion statistics,
i.e. intermediate statistics introduced by a generalization of the Pauli principle, and
to the low-energy excitations at the edge of the quantum Hall system is discussed.
Finally, the Chern-Simons-Landau-Ginzburg theory of the fractional quantum Hall
effect is studied, mainly focusing on edge effects; both the ground state and the lowenergy edge excitations are examined in the simple one-component model and in an
extended model which includes spin effets.
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Part I
General background

Chapter 1
Introduction
The world we experience in everyday life is three-dimensional. So at first sight it
may seem strange that someone should be interested in studying the physics of twodimensional - or even worse: one-dimensional - systems. Nevertheless, this is exactly
what this thesis is about. Several people, both physicists and non-physicists, have
asked me about the motivation for studying abstract systems which do not seem to
have much to do with reality and which do not have any "useful" practical applications. So, before giving a rough description of what this field of physics is all about,
let me start by trying to answer this question.
Actually, there are two answers. First of all, it is not the main purpose of theoretical physics to develop new technology. The main goal is to obtain a fundamental
description and understanding of Nature; demanding practical usefulness of every
project would strongly limit the radius of scientific activity. However, a new theoretical understanding of some phenonemon may often lead to new and useful applications
even though one was not looking for them in the first place. A good example of this is
quantum mechanics which was developed in the first part of this century because people had discovered phenonema which classical mechanics failed to predict correctly.
But in addition to providing a theoretical description of a wide range of phenonema
in Nature, quantum mechanical principles are the basis of many modern technological devices such as lasers, semiconductors or SQUIDS (very sensitive devices for
measuring weak magnetic fields, used in medicine).
Even worse: It is not even crucial if new theories can be tested in any experiment
at the present stage. Sometimes, testing a theory simply demands technology which
does not yet exist. ] One of the greatest achievements in modern physics is Einstein's
theory of general relativity describing gravity. Einstein developed this theory because
he thought it was a logical continuation of special relativity, even though there were,
at the time, no indications that classical Newtonian gravity might not be exact. After
Einstein had presented his theory, it took several years until the first experimental
confirmation: In 1919, English scientists verified that the gravitational field indeed
deflects light, as predicted by general relativity.
What this teaches us is that the lack of immediate applications or experimental
1
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verifications does not necessarily make a theory less interesting. In particular, a
theoretical study of the physics of lower-dimensional systems is interesting by itself,
since it involves trying to understand very fundamental concepts.
Secondly - and perhaps more convincingly to some - we shall see that there do
exist systems in Nature which are effectively two-dimensional. For example, there are
crystals built up of layers consisting of different kinds of atoms in such a way that the
electrical resistance experienced by electrons moving within some of these layers is
much smaller than that for motion perpendicular to the planes. This means that, at
least at low enough temperatures, the electrons do not have enough energy to leave
the layer they are in, and their motion is confined to two dimensions. Actually, one
has even constructed systems where electrons effectively move in only one dimension:
they are called quantum wires. So, in this sense, the models discussed in this thesis do
have something to do with the real world. Furthermore, a theoretical understanding
of these systems may well prove important in the development of new and smaller
semiconductor microelectronic devices.
So, what is so special about lower-dimensional systems? Until 20 years ago, it was
believed that all particles in Nature could be classified as either bosons or fermions.
The physical properties of a particle strongly depend on its statistics, i.e. which of
these two categories it belongs to. Electrons, protons and neutrons are examples
of fermions, whereas photons, the particles that make up light, are bosons. Indeed
it is true that in three dimensions, only Bose- and Fermi statistics are allowed. In
1977, however, the two Norwegian physicists Jon Magne Leinaas and Jan Myrheim
discovered that in two or lower dimensions it is possible to imagine infinitely many
"intermediate" categories of particles [1]. Since these particles can have any statistics,
Wilczek later named them anyons [2]; fermions and bosons are then merely special
cases of anyons.
Anyons and lower dimensional physics were a purely theoretical concept until the
experimental discovery of the quantum Hall effect in 1980 [3]. In the quantum Hall
experiment, electrons are trapped at the interface between a semiconductor and an
insulator or between two semiconductors; this means that they "live" in two dimensions. This system is exposed to a strong magnetic field directed perpendicular to the
plane the electrons move in. One then examines what happens if the strength of this
magnetic field is varied. It turns out that at special values of the field strength, the
electrons are distributed smoothly, so they have the same density everywhere. If the
field is changed slightly, small "lumps" of higher or lower density will form and in a
sense behave like particles. These so-called quasi-particles turn out to be anyons!
In this thesis both anyons in general and certain aspects of the quantum Hall effect
are studied. In order to make the thesis readable for non-experts, such as graduate
students in other areas of physics, I will start at an elementary level: Chapters 2
through 4 give an introduction to some of the basic concepts in this field, namely
quantum statistics (explaining the possibility of the existence of anyons), anyons and
the quantum Hall effect. This general introduction is supplemented by paper I which,
in addition to some original results, gives a pedagogical introduction to anyons and
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quantum statistical mechanics in two dimensions.
Chapters 5 through 8 are more directly related to the areas of physics I have been
working in; they give the theoretical background for the papers and a summary of our
own results. In chapter 5 the field theoretical description of anyons, in particular in
the presence of a strong magnetic field (papers II and III), is discussed. In chapter 6,
the concept of fractional exclusion statistics, a way of introducing intermediate statistics as a generalization of Pauli's exclusion principle, used in paper III, is explained.
Chapter 7 contains a review of the theory of Luttinger liquids (strongly correlated
electrons in one dimension) and how they are used to describe the low-energy excitations at the edge of a quantum Hall system; these concepts are used in papers II
and III. Finally, in chapter 8, the Chern-Simons Ginzburg-Landau theory, an effective
model of the quantum Hall system, is introduced, providing the background for paper
IV.
A short summary of each paper is included along with the papers themselves.

Chapter 2
Identical particles and quantum
statistics
We introduce the basic ideas of identical particles and particle statistics and explain
what is so special about two dimensions.
By definition, two particles are said to be identical if they cannot be distinguished
by any experiment. This means that no intrinsic difference between them, such as
charge or mass, can be detected. This definition is valid both in classical physics and
in quantum mechanics. The important difference is that classically, the particles, even
though they are identical are not indistinguishable; in principle, one can put "labels"
on the particles and distinguish different configurations by following their trajectories (histories). In quantum mechanics, on the other hand, there is no such thing
as a continuous trajectory which allows us to track a particle's history. Therefore,
identical particles are truly indistinguishable in quantum mechanics. This implies
that configurations which only differ by a permutation of identical particles are to be
considered as one and the same physical state.
Now, two physically equivalent states can (at most) differ by a phase factor a, e.g.
\x1X2) = a\x2X\) where Xi denotes the position of particle i. There is a traditional
argument (see, e.g. [4]) saying that since interchanging two particles twice brings us
back to the original state, a2 must be equal to 1, thus a — ± 1 . These two cases
correspond to the particles having different statistics: Those particles that pick up
a (—1) under particle exchange are called fermions and are characterized by totally
antisymmetric wavefunctions. This symmetry property leads directly to Pauli's exclusion principle stating that two identical fermions cannot be in the same quantum
state. The other case, a = 1, gives us bosons; their wavefunctions are completely
symmetrical, and there is no restriction on the number of bosons allowed to occupy
the same quantum state.
At first sight, the above argument is very convincing, and it was believed for a long
time that all particles occurring in Nature had to be either bosons or fermions. Indeed,
all experimentally observed fundamental particles did fit into one of these categories.
However, it turns out that things are fundamentally different in two (or one) space
dimensions, as was first pointed out by Leinaas and Myrheim [1]. In the following
10
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Figure 2.1: A double interchange of two particles is equivalent to moving one of them around the
other.

I will try to explain in an intuitive and non-technical way how the possibility of
quantum statistics other than Bose or Fermi comes about in two-dimensional systems.
Our starting point is the configuration space of N identical particles moving in the
plane. We learned above that points in this configuration space which differ only
by permutations of particles, must be identified. In addition, the singularities, i.e.
points where the positions of two or more particles coincide, are excluded from this
space. Thus, the iV-particle configuration space can be written as
Q = (Tl2N - A)/SN

(2.1)

where It2 is the one-particle base space (the plane),
A = {x e n2N | x,- = Xj, some i ^ j)

(2.2)

is the set of points of particle coincidence, and SN is the permutation group of N
objects.
Removing the singular points of particle coincidence from Q has important physical consequences in two dimensions, as can be illustrated by the simplest nontrivial
case, that of two particles. Consider two identical particles in the plane, situated at
points Tj and r2. The system can equivalently be described by its center of massand relative coordinates, R and r, where r = ri — T2 is the physically important
coordinate. The origin, r = 0, corresponding to particle coincidence, is excluded
from this space. Further, we must identify r = —r, since these points are related by
an interchange of the two particles. As a consequence of this, the particle exchange
r —> — r can in fact be interpreted as a closed path encircling the singularity. The fact
that this path cannot cross the singularity, makes it possible to distinguish between
different "ways" of interchanging the particles - characterized both by the direction
(clockwise or anticlockwise, where, by convention, anticlockwise is taken to be the
positive direction) and by the number of times the path encircles the singularity.
Both properties can be accounted for through the so-called winding number Q of the
path; Q is either a positive or a negative integer (or zero). All paths with the same
winding number can be continuously deformed into one another and form what is
called a homotopy class.
At this point we realize a fundamental difference from the classical argument
at the beginning of this chapter: Particle interchanges are not just permutations of
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particles, but in fact continuous paths with a specified direction and winding number.
The reason why the good old argument works so well for all fundamental particles
we can observe, is that we are living in a three-dimensional world: Consider again
a double interchange of two identical particles. As indicated in Fig. 2.1, the two
consecutive interchanges can be continuously deformed into a closed loop where one
of the particles moves around the other. Since the particles are not allowed to coincide,
this loop cannot be shrunk to a point in the plane, making the double interchange a
non-trivial operation. With a third dimension to move in, however, one can "lift" the
path out of the plane, thus avoiding the singularity, and shrink it to a point. This
shows that in three dimensions, interchanging the particles twice does bring us back
to the starting point.
As before, we can argue that interchanging two particles corresponds to multiplying the state by a phase factor a. In the plane, two consecutive (anti)clockwise
exchanges do not bring us back to the original state, so that a2 ^ 1 in general.
We can assign a general phase e~*e for an anticlockwise exchange, where the "statistics angle" 0 determines the quantum statistics of the particles. The special choices
6 = 0,7T correspond to bosons and fermions, respectively. For general 0, the particles
are called anyons, since they can have any statistics. This name was first introduced
by Wilczek [2].
A mathematically rigorous treatment of the aspects discussed above can be given
[1] (for a review, see [5]) using the fact that allowed statistics are related to the
representations of what is called the fundamental group TTI(Q) of the configuration
space. This group is determined by the topology of Q, which, as we have seen, strongly
depends on the dimensionality of the system. It can be shown that in D > 3, TTI(Q) is
the permutation group SAT which has exactly two one-dimensional representations, one
completely symmetric, the other completely antisymmetric, corresponding to Boseand Fermi statistics respectively. The fundamental group of our two-dimensional
configuration space as defined in (2.1) turns out to be the Braid group Bjf, which has
more general one-dimensional representations, giving rise to intermediate statistics
as discussed above. In particular, recall our special case N = 2. We have argued
that each particle exchange is characterized by a winding number QtZ which again
labels the homotopy class of the loop in question. These homotopy classes form a
group, since winding numbers add under additions of loops. The representations of
this group (£2, which is isomorphic to Z) are of the form e~'®s so that different
representations (i.e. values of 0) correspond to different types of statistics.
Now that we have argued for the possibility of anyons in lower dimensions, it is natural
to ask oneself
• How can we describe anyons explicitly, for example in a Lagrangian framework?
• How does their behaviour, such as their thermodynamics, "interpolate" between
that of bosons and fermions?
• Do they exist in Nature?
These questions will be addressed in the following chapters.

Chapter 3
Introduction to anyons
Some basic aspects of anyons are explained in a (hopefully) comprehensive way.
As we saw in chapter 2, the existence of anyons, i.e. particles obeying fractional
statistics, is allowed in two space dimensions. So far, we have learned that anyons pick
up a phase e~'$ under an anticlockwise exchange. How do we formulate a dynamical
theory in which this property is incorporated? There are several approaches. In a
many-particle description, ^-statistics can be implemented at the Lagrangian level
by adding a topological term to the free Lagrangian. This leads to a description of
anyons as bosons or fermions interacting via a "statistical" gauge field. Exploiting the
analogy to electromagnetism, one can then model the anyons as bosons or fermions
carrying a statistical charge and flux, and their exchange factor can be interpreted
as an Aharonov-Bohm phase [6]. Alternatively, one can get rid of the statistical
interaction term in the Hamiltonian by means of a singular gauge transformation; as
a consequence, the wave function becomes multivalued. In this picture, the exchange
phase is thus built directly into the wave function.
A field theoretical description leading to the same equations of motion as the above
Lagrangian, is obtained by including a so-called Chern-Simons term in the Lagrangian
density. Unfortunately, one runs into problems when trying to reformulate the theory
without this statistical interaction and with field operators obeying modified (anyonic)
commutation relations. The latter is the subject of chapter 5 and will not be discussed
here.
In this chapter we first discuss the non-relativistic description of an ./V-anyon system (Sec. 3.1). We show how fractional statistics can be introduced as an interaction
and how it can be transformed over into the wave function. We also show how anyon
statistics can be interpreted as an Aharonov-Bohm effect. This section contains some
technical details, as I believe that this approach to anyons is rather instructive. Then,
in Sec. 3.2 we briefly discuss the field theoretical description of anyons. Sec. 3.3 treats
the subject of anyons moving in an external field, giving some useful background for
later chapters. Finally, in Sec. 3.4 we review some aspects of the equation of state of
the anyon gas, summarizing what is known about it at the present stage.
Naturally, a brief introduction like this cannot cover all important and interesting
areas of anyon physics, and many topics have been left out. The interested reader
13
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Figure 3.1: Definition of the angle fcj.

is referred to the literature: A very nice and basic review can be found in [7]. Also,
the lecture notes by Myrheim [5] are highly recommended. Other good reviews are,
e.g., [8, 9]. Further, paper I in this thesis summarizes the basics of anyon physics in
a rather pedagogical way, but mainly focusing on statistical mechanical aspects.

3.1

Many-particle description

A system of N anyons can be described by the classical Lagrangian [10, 11, 12]
m

N

0

•

Here, m is the mass of the particles, r; is the position vector of particle i and <f>ij is
the angle between the vector connecting particles i and j and the x-axis, see Fig. 3.1:
rpi-j — a r c t a n

Vj ~ Vi

(3.2)

As we shall see below, a system of anyons described by this Lagrangian obeys
^-statistics. But first note that upon introducing the statistical gauge field

|r,--r,f

(3.3)

where z is the unit vector along the z-axis, we can rewrite the Lagrangian (3.1) as
N

(3.4)
.•=i

3.1
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with the canonical momentum
Pi = irr- - mi-i + e a(i-i).

(3.5)

The Hamiltonian function is given by

HN = ^ - E ^ - e a f c ) ) 2 .

(3.6)

The form of (3.4)-(3.6) strongly reminds of the corresponding expressions for charged
particles moving in a magnetic field represented by a vector potential A(r) [13].
Indeed, this analogy can be carried further as will be clear when we discuss the
interpretation of particle exchanges as Aharonov-Bohm phases. But first let us show
how the statistical interaction we have introduced, gives rise to anyonic exchange
phases. We pass over to a quantum mechanical description by replacing (3.6) with
the Hamiltonian, letting p; = — jftV;. The Schrodinger equation is then:
(3.7)
Now, consider the unitary transformation
$ —»• $' = Utf>
H —> H' = UHU~1.

(3.8)
(3.9)

The eigenvalue spectrum of the energy will be conserved under such a transformation,
H'ip' = Eib'. The operator U is chosen as [14, 2, 11, 12]

The only part of the Hamiltonian that changes under this transformation is the first
term (the momentum):
(3.11)
(3.12)
= pi + ea.(n),

(3.13)

where we have written a for Yli a ( r ») f° r convenience. Thus, the transformed Hamiltonian takes the form of a free-particle Hamiltonian,

The transformed wave function is now
^'-e-'£.-<>!*i-^

(3.15)

Introduction to anyons
Assume that we exchange particles k and I by a clockwise rotation of their relative
angle <pki by an angle ir. Using the fact that <ptk = <f>kI — n, we find that the total wave
function is changed by a phase factor e~tl'/*•(-*•) = ete:
i>(ru ...., rb rk,...... rN) = ei9i>{r1}...., rk, r,,...., rN).

(3.16)

What has been obtained is a free-particle description with multivalued wavefunctions.
So there are two equivalent ways of describing our anyon system: One where the
statistical interaction is directly built into the Hamiltonian and one in which the
Hamiltonian has a non-interacting form but with the statistics encoded in multivalued
many-particle wave functions.
It is also worth mentioning that singular gauge transformations of the type discussed above (Eq.(3.10)) are essential for the concept of "statistical transmutation"
which will be discussed in connection with the Chern-Simons Ginzburg-Landau theory
of the fractional quantum Hall effect in Ch. 8.
Finally in this section, let us exploit further the analogy between the statistical
gauge field and the electromagnetic vector potential. We define a statistical "magnetic" field b in the following way:
b = 6-z = V x a .

(3.17)

In order to calculate b explicitly, we first rewrite Eq.(3.3) as an integral, introducing
the density of particles, p(r):

ar =
which is equivalent to Eq.(3.3) if we assume that the system consists of point particles,
so that the density of particles is given by
/»(r) = £ * ( r - r , - ) .

(3.19)

Then, applying Eq.(3.17) gives the following expression for the statistical magnetic
field:
not

b = —p{r).

(3.20)

Eq.(3.20) shows that the statistical Wield, which is normal to the plane in which the
particles move, is not homogeneous: It penetrates the plane only where the anyons
are located. Each anyon carries a flux tube whose radius is infinitely small since the
anyons are described as point particles. The flux carried by each particle is determined
by the statistics parameter,

*=*?*=*,.^
e

Tt

(3.21)

3.1
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where <j>0 is the flux quantum.
This is where the Aharonov-Bohm (A-B) effect [6] comes in. The essential point
of the A-B effect is that the wave function of a charged particle changes when the
particle moves through a region of nonzero A-field. More precisely, if the particle
moves along a given path, it will pick up an extra phase 6 given by

6=1 [

A-ds.

(3.22)

Ti Jpath

In particular, consider a charged particle moving around a solenoid, outside the
solenoid. In this region, there is no magnetic field. However, the A-field is nonzero
here. If the particle moves along a closed path around the flux tube, the A-B phase
becomes
6 = | / A • ds = | / (V x A) • dS = | f B • dS = ^ £

(3.23)

where we have used Stokes' theorem, fi is the surface whose boundary is defined by
the path of the particle and <& is the flux encircled by the particle. This ^-dependent
phase does not depend on the detailed shape of the path followed by the particle.
What is important, is the direction and the winding number, i.e. how many times
the particle moves around the solenoid; reversing the path will change the sign of the
phase, while going around the flux tube, say, n times will give rise to a phase equal
to n • q'Sf/%. This can, of course, be understood directly from Stokes' theorem, which
states that the surface integral does not depend on the shape of the boundary, as long
as it contains the flux tube.
The connection with the anyon model is now clear: We use the analogy between
the A-B effect and the occurrence of the anyon exchange factor to create the following
picture: An anyon can be thought of as a particle carrying both a charge and flux, i.e.
an infinitely thin solenoid penetrating the plane. This is Wilczek's flux tube model
[2]. Note, however, that we do not mean "real", electromagnetic charge and flux, so
that, for instance, this "charge" does not give rise to any Coulomb repulsion between
the anyons. We only need it for the A-B effect. Similarly, the flux is, as we saw
above, caused by the statistical field a and not the electromagnetic gauge potential
A. Of course, an external field may be present in addition to a. Also note that the
A-B effect does not only describe the exchange of equal anyons - any charged particle
moving around an anyon flux tube picks up a phase q$/h.
Now, consider two anyons being interchanged. They move through a relative angle
equal to n. However, we must take into account that, in this model, both anyons are
carrying a charge and a flux, which doubles the total flux encircled. The phase factor
is then, using Eq.(3.22),

which is twice as much as we should expect! The naive use of Wilczek's model gives us
the wrong phase factor. This problem is correctly taken care of in the field theoretical
description with the Chern-Simons term; in the next section we will explain this point
in more detail.

.18
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Field theory description

How do we construct a field theory which contains the anyonic features discussed
above, in particular the relation between the statistical flux and the particle density?
The answer is that in general, we start from a theory, describing bosons or fermions by
a Lagrangian C, and with a conserved vector current j*1, and add the terms (e = k — 1)
AC = - j * f l | , + ^j^a&ax.

(3.25)

The last term is the so-called Chern-Simons term. In particular, we will be interested
in a non-relativistic description. So we start from a Lagrangian describing Schrodinger
bosons minimally coupled to a^ and with a Chern-Simons term,
L = i6fD0<f> + g^^DV +

-^e^a^ai,

(3.26)

where 0^ = 8^ + ia^ are covariant derivatives. Note that the field a^ has no independent dynamics; it is determined (up to a constant) by the particle density. The
Euler equations for oA are
j =

"

T6elwXd"ax

(3 27)

"

and thus
eijdiaj = 26p.

(3.28)

This shows that the Chern-Simons term is responsible for adding statistical flux to
the particles, turning them into anyons.
In the previous section we saw that treating the anyons as charge-flux composites
and naively calculating their Aharonov-Bohm phase leads to an exchange phase which
is twice the expected anyon phase. The solution to this apparent dilemma is, as
dicussed in [15] that the charge-flux-composites in Chern-Simons theory are different
from charge-flux composites in normal QED, often called cyons [16]. So the mistake
we made in the previous section was to treat the anyons as cyons. To see the difference,
we go one step back and start from the so-called Maxwell-Chern-Simons (MCS) model
which is the Lagrangian (3.25) with an additional Maxwell term

^rU»

(3-29)

where f^, = d^a^ — d^a^. Ordinary Chern-Simons theory then corresponds to the
limit g —> oo. Considering just the gauge sector of this model (g < oo, j = 0),
£,«,,. = - 4 ^ / ' " ' / ^ + -tf^a&ax,

(3.30)

3.3

Anyons in a (strong) magnetic field

varying with respect to a^ and expressing the equations of motion in terms of the
dual field tensor

r = f e*"V*A,
one finds

This indirectly shows that the photons in MCS theory are massive with a mass equal
t o r n = g2/20. Consequently, the photon field has finite range, so the charge is
screened. Explicitly solving for the electric and magnetic fields from a MCS point
particle one finds [15] that they both decay exponentially with a screening length
going as 1/ro. In the infinite mass (pure CS) limit g —> oo the flux tube becomes
infinitely thin. We can now understand why the Aharonov-Bohm phase of these
particles is only half of that of cyons: Imagine one MCS particle (A) moves around
another (B) at a distance large enough so that they do not overlap. A's charge then
"sees" B's flux, since the gauge potential is long-range, a$ ~ 1/r, giving an A-B
phase S = q<&. However, in contrast to the case of cyons, A's flux does not "see" B's
charge which is screened, so there is no additional contribution to the phase.
Instead of this qualitative argument one can compute the exchange phase directly
from MCS theory, e.g. using the path integral formalism [17, 18]. This, of course,
reproduces the correct anyon phase.
In the Chern-Simons approach, statistics is treated as a non-local interaction
between bosonic field operators. It would be tempting to formulate a theory of noninteracting anyonic field operators. Their statistics would then have to be encoded
in their commutation relations, somehow interpolating between bosonic commutators
and fermionic anticommutators. As we will see in more detail in chapter 5, attempts
have been made to construct such anyonic field operators [19, 20, 21, 22]. However, it
turns out to be difficult to absorb the path-dependence of the phase factor associated
with particle interchange in these field operators. Such formulations thus get rather
complicated and technical, and in practice Chern-Simons theory is better to work
with.

3.3

Anyons in a (strong) magnetic field

So far, the only known experimental realization of anyons is the quantum Hall system
(see next chapter) where a strong external field is present. Therefore, it is interesting
to examine the behaviour of anyons in a magnetic field. Several authors have investigated this problem, see e.g. [23, 24]. This section summarizes some results which
are relevant for the work presented in this thesis.
We start by outlining the standard approach for bosons and fermions. The Hamiltonian describing N non-interacting charged particles in a magnetic field is
^ ' ^ A ( r O )

2

(3.33)
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with
r>

A r

( i) = —^ (yie* ~ xiev)

(3-34)

in symmetric gauge. Following [24], we introduce complex coordinates Z{ — X{ + iyi
and split up the wave function as

*(*•' *>) = j ^ y m f { z h

Sj) e lE I 1P

~ "*' '

where we have set h = c = eB = m — IB = 1, with IB = \j\feB
length. In terms of the operators
att =
=

L

_ 29,.)

( i )

(3 35)

-

as the magnetic

(3.36)

(3.37)

defined to act on f(zi,Zj) and obeying

[t]i,

(3.38)

with all other commutators vanishing, the Hamiltonian and angular momentum operators may be written as

(3-39)

n = E[°k + £]
C = EM.--^]=E[^-4o.-]i

(3-40)

i

The single-particle eigenstates constructed as
L L ,

m,n = 0,1,2,...

(3.41)

have energy- and angular momentum eigenvalues
en,m

= n+-

(3.42)

L,m = m-n.

(3.43)

These are the Landau levels treated in standard textbooks, see e.g. [25]. The operators a and c t take us from one energy level to another, whereas applying b and tf
changes the angular momentum. The level spacing is, returning to dimensionful units
for a moment, equal to the cyclotron energy wc = eB/m. The degeneracy of each
Landau level is given by the number of flux quanta penetrating the plane, g = <f>/<po
where <fo = 2?r/e is the flux quantum. For fermions and bosons, ./V-particle states are
constructed as (anti)symmetrized products of these single-particle states.
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The general, anyonic case is much more complicated. Choosing to describe N anyons
as non-interacting particles with the Hamiltonian (3.39) means, as discussed above,
that one has to work with multi-valued wave functions of the form (Eq.(3.15))
Mz^Zj)

(3.44)

with 7 = Tii<j(zi — zj) an< i Is single-valued and symmetric (bosonic representation).
One can get rid of the complicated boundary conditions on the wave functions only at
the cost of introducing (statistical) interactions. Therefore, ./V-particle states are not
just products of single-particle states, and finding the general solutions for statistics
other than Bose or Fermi is a highly non-trivial problem. Here, we restrict ourselves
to pointing out that the anyonic continuation of the lowest Landau level states of
bosons (fermions) can be obtained in a rather straightforward way as [24]

where S denotes symmetrization. These states define the (generalized) lowest Landau
level for ^-anyons with energy and angular momentum
l

E =
L = J2mi

-N

+ ^N(N

-I).

(3.46)
(3.47)

Since 7" is independent of 2,-, we see that the b] are simply Z{ when acting within
the LLL. This shows that the f§ are symmetric and holomorphic polynomials in
{z{}. That they depend only on {z,} and not on {z,} is related to the fact that the
LLL restriction constitutes a dimensional reduction to a system which is effectively
one-dimensional [26].
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Finally in this chapter, let us briefly comment on a topic which has attracted a lot of
attention during the past years: The anyon gas and its equation of state. Whereas the
thermodynamics of the "conventional" ideal quantum gases (bosons and fermions) in
two dimensions is well understood, the case of general anyonic statistics is much more
difficult to handle, and few exact results have been derived so far. In particular, not
much is known about the behaviour at low temperatures/high densities, which is the
truly quantum mechanical and physically most interesting regime; for example, there
are indications (see e.g. [27]) that the ideal anyon gas undergoes a phase transition
at low temperatures, but a detailed understanding of this is still missing.
On the other hand, one has a fairly good understanding of the high-temperature/lowdensity behaviour of the anyon gas. We know that the thermodynamical behaviour
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of quantum gases in the limit T/p —> oo is described by the equation of state of classical, ideal gases and thus independent of their statistics. Quantum corrections due
to the statistics are described in terms of the virial expansion, which is an expansion
of the pressure in powers of the density around the classical limit,

/?P = f > / > '

(3.48)

where /? = 1/fceT, P is the pressure and p the density. A\ equals 1 so to lowest order
this is the classical equation of state. For bosons and fermions in two dimensions,
the full equation of state is known and one can find exact expressions for all virial
coefficients, which are simply related to the Bernoulli numbers Bi [28, 29] (see paper
I for details),
1

^'-1)^-

(3.49)

where the upper sign is for bosons, the lower one is for fermions. A
^
is the thermal wavelength. It follows from the general properties of the Bernoulli
numbers [30] that A\ = 0 for I — 4,6,8,... and that the only difference between the
bosonic and fermionic virial expansions lies in the sign of Az.
For general statistics one expects that the virial coefficients are functions of the
statistics parameter 9 which interpolate smoothly between the Bose and Fermi limits.
Determining the iVth virial coefficient requires knowledge of the iV-anyon spectrum.
So far only the two-anyon problem has been solved exactly, and the second virial
coefficient has been found to be [31]

H)}

(350)

-

The third virial coefficient has been found from Monte Carlo simulations of the threeanyon problem [33],

(hih*sin2

e+C4 sin4

where [32]
c4 = (-1.652 ± 0.012) -KT 5 .

(3.52)

Very recently, the following result for A4 was obtained by Kristoffersen, Mashkevich,
Myrheim and Olaussen [32] using a Monte-Carlo method,
A4 =

A6

4 = ln(V3 + 2) + cos 9) + sin4 6 (c4 + d^ cos 0) + • • • 1 (3.53)
V3
/
J

where

c4 = -0.0053 ± 0.0003

d4 = -0.0048 ± 0.0009.

(3.54)
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Figure 3.2: The fourth virial coefficient of free anyons as a function of 0/ir. The imaginary part
(Im(MC)), i.e. numerical fluctuations, are of the same order as A4 itself (Re(MC)). The curve
marked "Fourier 2" has the values of a and <ij given in the text, "Fourier 1" has c,j = d4 = 0. The
"2nd order" curves correspond to second order perturbation theory near the Bose-and Fermi points.
Printed with kind permission of the authors of [32].

Their result is shown in Fig.3.2. They have further proven the existence of the virial
expansion for anyons, i.e. that all virial coefficients are finite.
It is worth mentioning that there is a case where the full anyonic equation of state is
known, namely that of an anyon gas confined to the lowest Landau level of a strong
external magnetic field. As was shown by Dasnieres de Veigy and Ouvry [34, 35],
analytic expressions for all virial coefficients as functions of 9 can be found in this
case.
A more detailed discussion of the statistical mechanics of quantum gases in two
dimensions is given in paper I.

Chapter 4
The Quantum Hall Effect
In this chapter we give a brief introduction to the quantum Hall effect, which is (so jar)
the only experimental "proof" of the existence of particles with fractional statistics.
The chapter is mainly based on the review by Karlhede et al. [36].
The quantum Hall effect is a series of phenonema that occur at low temperatures
(< AK) in a two-dimensional electron gas subject to a strong external magnetic field
directed perpendicularly to the plane the electrons move in. In practice, such a twodimensional system can be obtained by trapping electrons at the interface between
two semiconductors or between a semiconductor and an insulator. In 1980, von
Klitzing, Dorda and Pepper [3] measured the longitudinal and transverse resistances
of this system using an experimental setup as indicated in Fig. 4.1. They observed

Figure 4.1: The geometry of the quantum Hall experiment

that the transverse (Hall) resistance Rxy = Vyjlx as a function of the magnetic
field exhibits plateaux around certain values of B. In the same regions of B, the
longitudinal resistance Rxx = Vx/Ix is zero. It is different from zero (with sampledependent values) only in the transition regions where Rxy goes from one plateau to
another. Furthermore, the Hall resistance turns out to be quantized taking on values
h[ve2 where v is an integer, see Fig. 4.2. This phenonemon is known as the integer
quantum Hall effect. Some years later, Tsui, Stormer and Gossard [37] performed
25
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Figure 4.2: The integer quantum Hall effect: Experimental data for the longitudinal and Hall
resistivities as functions of the magnetic field in a GaAs-AlGaAs sample. From [36].

similar experiments at even lower temperatures and on cleaner samples and observed
that the Hall conductance can in general be a rational fraction of e2/h. This is
known as the fractional quantum Hall effect. Instead of working with the above global
quantities Rxx and Rxy, it is convenient to introduce the local resistivity tensor pap
defined through
Ea = pa/sjp

(4-1)

with E and j denoting the electric field and current density, respectively, and its
inverse, the conductivity tensor crap = p~^. In two dimensions, where resistance and
resistivity have the same dimension, the relation between them is independent of the
size of the sample and only determined by its shape. Actually, in the special case
pxx = 0 and pxy ^ 0 they are simply equal to each other. This is the case in the
quantum Hall effect except in the transition regions between neighbouring plateaux.
However, the width of these transition regions goes to zero at very low temperatures,
so in this limit the conductivity tensor is off-diagonal with 1
- 0, axy = -ayx -

-V—,

(4.2)

where v is either an integer or a fraction. It turns out that v is just the filling
fraction nh/eB giving the number of filled Landau levels in the system. So the
'For systems with at least a four-fold rotational symmetry the conductivity tensor is antisymmetric.
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integer quantum Hall effect occurs at values of the magnetic field corresponding to
an integer number of Landau levels being filled, whereas the fractional quantum
Hall effect corresponds to partially filled Landau levels. It is worth mentioning that
despite the fact that the quantuni Hall effect is measured in real and thus non-perfect
materials, the quantization of the Hall conductance turns out to be extremely precise;
for the IQHE. RK, the ratio between v and axy has been shown to be independent of
the choice of plateau and sample to within at least 3.5 parts in 1O10 [38] and equal to
h/e2 to an accuracy of at least one part in 107 [39]. In fact, the value of RK has been
adopted by the International Committee of Weights and Measures as the standard
value of hie2.
The above observations show that the traditional, classical description of the Hall
effect in terms of the Drude theory (see, e.g. [40]) cannot be applied in the quantum
Hall regime. In the Drude model one assumes that the electrons are accelerated by
the Lorentz force between scattering events to reach a constant drift velocity v. It
is further assumed that all electrons drift together giving a current density j = nev
where n is the electron density. This simple description leads to a Hall resistance
R*y=—,

(4.3)

enc
where c is the speed of light. Note that this may alternatively be written as

Rxy = \±.

(4.4)

However, if the number of particles is fixed, as is the case in most experiments [36],
we see that the Hall resistance is linear in B and there is no sign of any plateaux.
We shall see in a moment that this problem is resolved if impurities (disorder in the
background lattice) are taken into account. It is worth mentioning that the Drude
model works rather well outside the quantum Hall regime, i.e. at weak fields (below
~0.1T).
In the following sections I will briefly review the physics of the quantum Hall
effect, both in the integer and the fractional regime, and argue for the existence of
gapless excitations at the edge of the system. The behaviour of the system at the
edge is a topic which we will return to several times in this thesis.
This chapter is mainly based on the traditional, microscopic model of the QHE
which was developed in the first part of the eighties. There also exists an effective
theory focusing more on the macroscopic observables in the QHE; this is the ChernSimons Ginzburg-Landau model which we will come back to in chapter 8.

4.1

The integer effect

The case one can most easily understand intuitively, is the integer QHE, occurring
when the highest occupied Landau level is completely filled. We shall see that it is
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essential for the QHE that there is a gap to current carrying excitations, a so-called
mobility gap above the ground state. When the chemical potential lies in such a gap,
the system is incompressible, i.e. K = 0 with the compressibility K given by
= n2

(4.5)

Imagine that the chemical potential lies in a mobility gap and that, for some reason,
the system allows us to vary B at fixed JJ, in such a way that the density of charge
carriers is "locked" to B, i.e. B/n remains constant. Since <jxy oc n/B, this means
that there is a plateau with constant axy over a finite interval of B. How can this be
obtained in the quantum Hall system?
Consider the clean QH system with fixed particle number. Remembering (Sec. 3.3)
that the energy spectrum is given by the equally spaced Landau levels with energy
Ei — (i+l/2)huc, we see that a gap is naturally provided at values of B corresponding
to integer fillings u = i + I. Unfortunately, since the degeneracy of each level is
proportional to B, the system becomes gapless as soon as the magnetic field is changed
slightly; an increase in B opens up new states in the highest occupied level, whereas
a decrease in B pushes the chemical potential up to the next level. This is where the
impurities come in. Disorder will cause a broadening of the Landau level spectrum
and the appearance of localized states in such a way that the extended states are
still situated at the original energies (i + l/2)Huic, whereas the localized ones are
found between these levels, see Fig. 4.3. The localized states do not participate in
charge transport through the system, so the chemical potential at v = i + 1 now
lies in a mobility gap. Now imagine that we start at u = i + 1 and slightly change

extended
states

1/2

3/2

localized
states

5/2

7/2

Figure 4.3: Density of states of Landau levels as a function of energy in the presence of disorder

B. This will change both the energy of each Landau level and the number of states
per level. What the localized states do for us is that they act as internal particle
reservoirs; when B changes, the number of extended states (charge carriers) is not
fixed, but varies proportionally to B. In this way, the Hall conductance remains
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constant over a finite interval of B. When B is increased (decreased) so much that
the highest occupied (lowest unoccupied) Landau level and p, cross each other, the
system undergoes a transition to a neighbouring plateau.
A more pictorial version of the situation described above is that the system reacts
to a change in v away from its "magic" value by changing the density locally, creating
quasiparticles. These are small regions where the density differs from its average bulk
value. The quasiparticles (which are the gapless excitations in the bulk) are trapped
by the impurities and thus do not contribute to the charge transport in the system,
hence leaving the conductivity constant over a finite interval of B. This mechanism
only works if the disorder is not too strong; otherwise, the QHE will be destroyed.
We have now argued for the existence of the QH plateaux. The actual values of the
quantized Hall conductivity as integer multiples of e2/h follow from gauge invariance
as shown by Laughlin [41] and discussed further by Halperin [42]. This argument,
which we will not pursue further here, was extended to fractional fillings v = \/m (m
odd) by Laughlin [43]; we will briefly discuss these states in the next section.
Before finishing this section, however, we comment on the dissipationless current
flow, i.e. pxx = 0, observed at the QH plateaux. This, too, can roughly be explained
by the presence of a mobility gap; microscopically, dissipation corresponds to scattering of the charge carriers to nearby states. However, the gap prevents scattering,
since there are simply no states near the Fermi level to scatter to.
Finally, note that it is not necessary (though possible) to take electron-electron
interactions into account in order to obtain a rough understanding of the integer
effect.

4.2

The fractional effect

The situation is different in the fractional QHE which occurs in systems with weaker
disorder than the integer effect. It is not easy to see how there can be a gap in the
excitation spectrum when a Landau level is only partially filled. In this case, the
mobility gap is provided by the electron-electron interactions as shown in a classic
paper by Laughlin [43], where the case v = 1/m. (with m an odd integer) is examined.
It is shown that the ground state is well described by variational wave functions of
the form

te-**re~*E''W2> (4-6)
where ZJ ~ (x + iy)/\/2lB are complex coordinates denoting the particles' positions in
the plane. This wave function describes a new state of matter, the so-called quantum
Hall fluid, which is indeed incompressible, with a homogeneous electron density po —
pjs/m where p% is the density of states per Landau level.
At the beginning of this chapter we anticipated that the FQHE is the only physical
system where anyons have been observed. More precisely, the quasiparticle excitations
in the fractional quantum Hall effect are believed to be anyons, i.e. obey fractional
statistics. When one changes the magnetic field slightly so that the filling fraction
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moves away from 1/m, the system will react by creating quasiholes {v < 1/m) or
quasielectrons {y > 1/m) which bind to the impurities as explained above for the
IQHE. In this way, the v = 1/m Laughlin state survives in most parts of the system
and plateaux are generated. As shown by Laughlin [43], these quasiparticles carry
fractional charge q = ±e/ra. This fractional charge has been observed in experiments
[36]. It has further been shown theoretically [44, 45, 46] that these quasiparticles
obey fractional statistics,
^
•ir

(4-7)
m

and that, in fact, fractional charge implies fractional statistics [47]. Thus, we here
have an experimental realization of anyons whose fractional statistics can be observed
indirectly via their charge.
The Laughlin fillings, v = \jra are not the only fractions at which the quantum
Hall effect can be observed. For instance, the v = 2/5 and v — Zjl states cannot
be explained within Laughlin's theory. Instead, there exist several so-called hierarchy
constructions [45, 48, 49, 50] which describe these other fractions.

4.3

Edge excitations

As mentioned above, all current-carrying excitations in the bulk of the system have
a gap, i.e. it takes a finite energy to excite them. We will come back to these
excitations when we discuss the Chern-Simons Ginzburg-Landau theory in chapter
8. However, any real quantum Hall system necessarily has to have a finite size. At
the edges, there exist gapless excitations, as can be understood from the following
argument: Imagine that the 2D electron gas is confined to a finite region in space
by some external potential V(x). As we know, in the bulk, the chemical potential
fj, lies in a gap, so the system is incompressible. Now, in the presence of a confining
potential, we can think of the difference
M

- V(x) = pttj(x)

(4.8)

as the local, effective value of the chemical potential. This effective chemical potential
is constant in the bulk, but decreases to zero at the edge. In doing this, it will cross
the energy levels which are occupied in the bulk, thus giving rise to "transitions"
(one for each level crossing) to other QH states with lower filling fractions, until the
electron density goes to zero. Wherever the chemical potential crosses one of the
energy levels, the gap is closed, and there is a region (strip) which is gapless. This
is illustrated in Fig. 4.4 for the case of the IQHE, but similar arguments generally
apply to the FQHE as well [51]. In equilibrium, dissipationless edge currents encircle
the system in one direction, and small perturbations of the edge lead to low-energy
excitations.
For the IQHE, we see that the number of branches of gapless edge excitations
equals the number of filled Landau levels in the bulk. Similarly, in the FQHE, one

4.3

Edge excitations

31

n-3
n-9

X.
n-1

: \
: \

n-TI

v=3

v=2

: v=i

Figure 4.4: The effective chemical potential p.— V(x) (dashed line) goes from its constant bulk
value to zero at the edge, crossing the energy levels that are occupied in the bulk. This gives rise to
gapless edge excitations, see text.

can have one or several branches of edge excitations depending on which hierarchy
level the filling fraction corresponds to. For the simplest filling fractions, v = 1/rn,
and steep enough confining potentials2, there is one single branch of edge excitations.
Physically, the edge excitations are electron-density waves (phonons) drifting along
the edge. Like for the ground state currents, their motion is chiraL which means
that they only move in one direction determined by the electric field —V'(x) from the
confining potential.
The existence of these current-carrying edge states has important consequences
for the transport properties of the QH system [53, 54, 55]. A non-local resistance can
be measured by sending a current across the Hall bar in one place and measuring the
voltage in parallel to this current, but far away, see Fig. 4.5.

2

3

4

ll

6

5

Figure 4.5: Geometry of the "Hall bar" used to measure the non-local resistance RNL- It is defined
as the ratio between a current passed between the contacts 2 and 6, and the resulting voltage drop
measured between 3 and 5.
2

A softening of the confining potential will cause a reconstruction of the charge density profile at
the edge, leading to a more complicated structure with several branches of edge excitations [52].
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The ratio between the two defines the non-local resistance RNL- At low enough
temperatures, R^L is found to be non-zero in regions of B with dissipative bulk conduction (pxx =fi 0), i.e. at transitions between neighbouring plateaux. This behaviour
has been observed both for the integer [53] and fractional [54, 55] QHE and is interpreted as a manifestation of dissipationless edge currents, causing the poteatial
difference induced across the Hall bar to extend more or less unattenuated along the
edges (see [55]).
Since the gapless excitations are localized in a narrow region at the edge of the
QH system, they can be described by effective, one-dimensional theories. Halperin
has shown [42] that the edge modes of the IQHE can be described by chiral ID Fermi
liquid theory. As shown by Wen, a description of FQH edges is given in terms of
a chiral Luttinger liquid for Laughlin states and, for more general fractions, by a
generalization of this model which incorporates several branches of edge excitations
[56]. We will come back to a more detailed description of Wen's model in chapter 7.
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Chapter 5
Field theory of anyons
This chapter gives the theoretical background and motivation for paper II and outlines
the formulation of the field theory of anyons in the lowest Landau level.

5.1

Motivation

Why does one want to formulate a quantum field theory for anyons? And why restrict
oneself to the lowest Landau level? As an answer to the first question one might say
that quantum field theory provides a fundamental description of any many-particle
system, relativistic or non-relativistic and gives us all the important physics. An
honest answer to the second question is that formulating a field theory in the full
case is a very hard problem; when a problem turns out to be too hard to solve,
one has to to simplify it. The lowest Landau level restriction provides the necessary
simplification. Fortunately, this even has some physical relevance; as we have seen,
the only system where particles with fractional statistics have been observed, is the
quantum Hall system in which a strong external magnetic field is present. Solving the
general problem of "free" anyons without an external field is of theoretical interest
but (so far) does not correspond to any real experimental situation.
Let us first recall the special cases of bosons and fermions whose description in
terms of second quantized field operators is well-known; their statistics (corresponding
to the (anti)symmetry of their many-particle wave functions) is reflected in their
(anti)commutators. In the non-relativistic case these are
[#r), <^(r')]± = ^(r)^(p') ± ^(r')^(r) = S(t - r'),

(5.1)

where the upper sign is for fermions, the lower one for bosons. The Fourier components of the fields, obeying
[ajfc,«4f]± = Skk-

(5.2)

are interpreted as annihilation- and creation operators which can be used to construct
iV-particle states
\N) = ^ a J , . . . a ! | 0 ) ,
35

(5.3)
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where |0) denotes the vacuum. From these, the Fock space is constructed. The
connection between the field operators and the corresponding many-particle wave
function is given by
<0|^()^()|Vi>

(5.4)

where \ip) denotes some TV-particle state.
As we showed in chapter 3, a field theoretical description of anyons can be given
in terms of interacting bosons (or fermions) minimally coupled to a Chern-Simons
field. In particular, one can describe fermions as interacting bosons. However, the
above discussion of bosons and fermions suggests that one might try to find a formulation in terms of non-interacting field operators obeying modified commutation
rules, somehow interpolating between bosonic commutators and fermionic anticommutators. Such field operators would then have their statistics built into their commutation relations, in analogy with the multivaluedness of the anyonic wavefunctions
in Eq.(3.15). From these one might then hope to be able to construct the Fock space
and even deduce the partition function of the free anyon gas. (As we saw in section
3.4 the latter is one of the important unsolved problems in anyon physics.)

5.2

Full field theory

Attempts to construct such anyonic field operators have been made by several authors
[19, 20, 21, 22]. A particularly detailed discussion can be found in [22]. Dirac's
canonical quantization method for constrained systems [57, 58] is applied to a model
of a relativistic complex scalar field minimally coupled to a Chern-Simons gauge
field. This is a method for quantizing general systems whose Lagrangian can be any
function of the coordinates and velocities. One then generally finds that (some of)
the canonical momenta are not independent functions of the velocities. Because of
this, not all velocities can be solved for and expressed as functions of coordinates
and momenta only, when passing from the Lagrangian to the Hamiltonian. In the
particular case of Chern-Simons theory one finds that the conjugate momenta of the
Chern-Simons field are given by
7T0

=

0

(5.5)

* °
This defines the so-called primary constraints. Further (secondary) constraints arise
from demanding that the primary ones be preserved in time. Dirac's procedure then
provides a recipe for using these constraints to compute the so-called Dirac brackets
which are standard Poisson brackets modified by additional terms due to the constraints. These Dirac brackets, not the Poisson brackets, are then taken over to commutators when quantizing the system. Applying this procedure to the Chern-Simons
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model it is possible to construct non-local, gauge-invariant, anyon field operators
(with statistics v) which are multi-valued, obeying modified commutators of the type
od 2
mod

^V(y)^(x) = 0
^(y^x) =0

(5.7)
(5.8)

with x ^ y (the point of coincidence, x — y has been removed from the plane). In a
brief discussion of the corresponding Fock space it is shown that an iV-particle state
can be written (in terms of complex coordinates z,z) as

<P(zuz1),...,<p(zN,zN)\O)=Jl(zi-zj)'''i\

)

(5.9)

where | ) denotes a single-valued state. This shows correctly how the state will pick
up a phase under particle interchange.
Even though it is possible, formally, to construct anyonic field operators correctly
reflecting the statistics, this formalism seems difficult to use in practice. This is
because the operators themselves are complicated; they are non-local, which is due to
the path-dependence of the phase factor associated with particle interchange in the
plane. Thus for general statistics v the situation gets significantly more complicated
than in the familiar limits of bosons and fermions where the phase reduces to ± 1 .
It seems intuitively clear that if the anyons had only one space dimension to move
in, the non-locality of the anyonic field operators would be simpler. This simplification
is obtained by the lowest Landau level restriction which, as we saw in section 3.3
corresponds to a reduction to effectively 1+1D. In this case it is possible to carry out
the whole program of writing down the model in a non-interacting form with nonlocal anyonic field operators obeying modified commutators. One can study their
Fock space and deduce their statistical mechanics. In the remainder of this chapter
we will outline this field theoretical model; the discussion of its statistical mechanics
is left for the next chapter.

5.3

Field theory in the lowest Landau level

The starting point for our field theory of anyons in the lowest Landau level is the
corresponding iV-particle description. The form of the JV-anyon wave function is
known,

(z,z) = I I (* - **)"* 00 e^"",

(5.10)

where Z{ = ^JeB/2{xi + it/i), i = 1,...,JV, denote the complex coordinates of the Nparticle system. The function i>(z) is holomorphic, i.e. depends only on the Zi, not on
Si, showing the effective one-dimensionality of the system. This function is either fully
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symmetric (bosonic representation) or fully antisymmetric (fermionic representation).
The statistics parameters v — 0/n in the two representations are related by
vB = i/F + l

(5.11)

as can be seen from the wave function: One can pass from the fully symmetric function
to the antisymmetric one by multiplying it by a Slater determinant H^ (z{ - Zj). But
this just corresponds to v —*• v + 1, which leads to Eq.(5.11). Because of the LLL
restriction, VQ is constrained to the interval [0,2) [26].
As a first attempt to define a field theory, we try, in analogy with Eq.(5.4), to
define field operators by

i

(zN) ...6 (Zl) |V) •

(5.12)

Note that we have used the analytic part of the wave function only, so that the field
operators themselves are holomorphic. The corresponding position vectors are

\z) = \zu ...ztt) = -4=4? fr) ...$ (zN) JO) .

(5.13)

V-/V!

Unfortunately, because of the presence of the f-dependent factor TJ izi —zif

m

the

wave function, one finds that the commutator

A(z',z)=[4>(z'),4?(z)]±,

(5.14)

becomes a complicated operator and consequently, the observables, when expressed
in terms of 4> and d>\ will take a complicated form, not simply related to the corresponding many-particle expressions. However, it is possible, by a transformation
which is not explicitly known, to define new field operators (p, y>+ obeying simple
commutation relations (for details, see paper II),
= -ez>* =8{z',z)

(5.15)

with S(z', z) as the delta function projected to the LLL. In transforming to these
new fields, we have traded the simple connection between the field operators and the
./V-particle wave function for a simple commutator and thus a more direct connection between the observables in terms of <p and ip^ and the corresponding iV-particle
expressions.
As mentioned before, the LLL restriction makes the system effectively one-dimensional.
So far, this has only been implicit. We now use the above (p(z) and <p*(z) to define
a new set of field operators living on the circle and thus being functions of only one
coordinate (the angle variable). This mapping is done by first expanding <p in angular
momentum eigenstates
oo
1=0

^
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and then using the expansion coefficients, which obey

[pt,<p1]± = 6u>,

(5.17)

to define
e iM .

(5.18)

Using (5.17) one finds the (anti)commutator

where S£er{0) is the positive frequency part of the periodic delta function (since the
sum only goes over positive values of /).
When restricted to the lowest Landau level, all particles in the system have the
same energy, half the cyclotron energy, and the field theoretical Hamiltonian is simply
proportional to the number operator,

H = ^-N = ^ T dex\e)x{e).
I

(5.20)

Z Jo

Things get more interesting when we introduce, in addition to the strong magnetic
field, a harmonic potential V(r) = \mij2r1. This will make our system finite, confining the particles to a circular region ("droplet") in the plane. This will be relevant
when we make a connection between our model and the edge excitations in a QH
system in chapter 7. The additional potential also lifts the degeneracy in angular momentum, and it is easy to show that this is equivalent to a model where the particles
move in an effective magnetic field eBea = ^J(eB)2 + (2mw)2. The Hamiltonian gets
the form
H = <zL + ^ | - N
where w|-^ = eBe/f/m,

(5.21)

a = e{Bejj — B)/2m and L is the angular momentum,

L = j ^ de xKO) [-ide + \ fj dff xf(8')x(0')} X{6).

(5.22)

We choose to consider the system described by the Hamiltonian (5.21). Our system
thus consists of fermions (bosons) living in one space dimension (on the circle) and
with a statistical interaction given by the second term in (5.22). Using Heisenbergs
equation of motion, one finds
dtx(6) = -*[xW, H] = - a (9, + ivN) x{9).

(5.23)
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We see that the "statistical" interaction simply goes as the total particle number, and
the non-locality of the "anyonic" field operators
=

(5.24)

Jo
o

. . . .

\

i

defined such as to satisfy the "free" equation of motion,
(dt + ade)->P{6) = 0,

(5.25)

is much simpler than that of the anyon operators in the full, two-dimensional system
discussed in Sec. 5.2.
The linearity of the ^-derivative in the equation of motion (5.25) shows that the
motion is chiral. This can be traced back to the fact that only positive angular
momentum eigenvalues are included in the expansion (5.18), a consequence of the
LLL restriction (cfr. Eq.(3.43)). Our new, anyonic field operators obey modified
commutation relations,
i (

t

± e- " '-*V(0')V (0)
) ± e' v( '-*V(0')V'(0)

= 0
= 0
= A(0 - ff) = ei:/mS+er(6)

(5.26)

with + and — still referring to the fermionic and bosonic representations, respectively.
The operator A(6) acts as a delta function on the space of field operators tj>{6).
The next step, then, is to examine the Fock space corresponding to these operators.
To this end, we consider the Fourier transformation
*

a K e ..

(5.27)

and define basis states
V

...<|0>.

(5.28)

Eq.(5.27) is not a conventional Fourier transform in the sense that the numbers «;,• in
(5.28) are not integers but modified by the anyonic statistics parameter,
Ki = ki + i>{i-l),

i = l,...N,

(5.29)

where fc,- are non-negative integers corresponding to the fermionic (bosonic) angular
momentum quantum numbers. So in the Bose representation, thefc,-can be any set of
non-negative integers, whereas in the Fermi representation, due to the Pauli principle,
we have the additional restriction k, ^ kj. Note that i — 1 in (5.29) is the number of
particles present in the state before the creation operator a\. is applied. The Fourier
components are found to satisfy the following commutation relations

± 4+*4-* = 0
± a\-vaK+l/ = 0
aKa\ ± a}x

(5.30)
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Figure 5.1: The two equivalent states for ki = 1, fcj = 2 and v = 1/3 (fermionic basis). Note that
the sum of the K values is invariant under the permutation.

where IIK is the projection onto the subspace with particle number(s) corresponding
to K (see Eq.(5.29)).
The total energy of (5.28) is a sum over single-particle energies,
(5.31)
and so the interpretation of a\. (aK) is that it creates (annihilates) a particle with
energy ufj* /2 + a.K. However, as a consequence of the unusual commutation relations
(5.30) this occupation number interpretation is not unique. The first of these relations
shows that changing the order of the creation operators actually shifts the singleparticle levels. This is illustrated in Fig. 5.1 for a two-particle state. Note, however,
that the total energy, which is given by the sum over /c,-, remains unchanged under
this permutation. For any given set (ki, ...fc/v) there are TV! equivalent configurations
(KI,...,«JV) with the same total energy. We therefore define an ordering procedure
which in a unique way picks out one of these TV! configurations. This is done by
demanding
> Ki + v\
> Ki + v + 1,

Bose,
Fermi

(5.32)

which means that the particles are ordered by their energy: Each particle we put into
the state has a higher energy {K-value) than all particles already present. In practice,
this means that we order by increasing values of the fermionic (bosonic) fc,-.
We will return to the Fock space occupation rules of this model in chapter 6 where
we discuss the connection with Haldane's fractional exclusion statistics.
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Generalization to several components

The model in the previous section can be generalized to several species of particles.
This is done in detail in paper III. In this section we just outline the essential aspects
of this generalization.
A system of several (M) species of particles is introduced by generalizing the
statistics parameter f t o a symmetric Mx M matrix, denoted gap (Aajg) in the bosonic
(fermionic) representation. Its diagonal entries gaa correspond to the statistics of each
species, whereas the off-diagonal entries account for mutual statistics, i.e. the fact
that statistics phases may occur when particles of different species are interchanged.
These statistics properties are accounted for by the many-particle wave function which
is a generalization of (5.10),

- ^ ^ + ( K K { ^ } J - ) e - ^ ^ . ^ 1 2 (5.33)
in the bosonic representation. The complex coordinate zf = JeB/2(xf + yf) denotes
the position of the ?'th particle of species a. Similarly to the single species case, $ + is
single-valued and symmetric with respect to an interchange of coordinates of the same
species, whereas it is arbitrary when coordinates of distinct species are interchanged.
The fermionic representation is obtained by letting $+ —> $_ which is antisymmetric
under interchange of particles of the same species, and gap —> Aa^. In analogy with
Eq.(5.11) one finds
ga0 = Kp + 8a0.

(5.34)

The definition of field operators, mapping them onto the circle and the transformation
to "anyonic" field operators obeying modified commutation relations, are straightforward generalizations of what was done for a single species in the previous section
and are discussed in detail in paper III. In order to obtain, upon introducing an additional harmonic potential, a simple connection between the Hamiltonian and the
total angular momentum as in Eq.(5.21), we assume that the charges and masses and
thus the cyclotron frequencies, of all the components are the same, as this gives the
same value of a for them all. Again one ends up with creation operators a", being
the Fourier components of "anyonic" field operators on the circle, which can be used
to construct many-particle states. The first commutator in (5.30) is generalized to

which shows that changing the order in which two particles of species a and (3 respectively are added to a state, shifts their levels by their mutual statistics parameter
\a0. Again, an ordering has to be defined in order to pick out one of the Nl equivalent configurations obtained by permuting the creation operators a". As before, we
order by increasing single-particle energies by demanding that each time a particle is
added, it must have - irrespective of its species - a higher value of K than the largest
K already present.

Chapter 6
Fractional exclusion statistics
The "interpolation between bosons and fermions" is addressed from a new angle, introducing Haldane's generalized exclusion principle. This gives the theoretical background
for the second part of paper III.
So far, our discussion of particles with intermediate statistics has mainly been based
on their exchange phases, i.e. the symmetry properties of their many-particle wave
functions (or, in the second quantized description, their commutation relations). A
slightly different approach is to start from Pauli's famous exclusion principle, which
was formulated in 1925:
"No two identical fermions can simultaneously occupy the same quantum state".
On the other hand, in every quantum state there is room for infinitely many identical
bosons. So the difference between bosons and fermions is expressed in terms of their
state occupation properties. It is then tempting to try and generalize the exclusion
principle by suggesting particles which are such that some finite number d of them
can occupy a given quantum state. This idea is not new: Back in 1940, Gentile
[59] investigated a gas of particles with this property, developing a state-counting
procedure which gave a generalized distribution function (occupation probability)
and discussing the thermodynamic properties of an ideal monatomic gas in three
space dimensions obeying this intermediate statistics. However, it is well known that
ideal quantum gases in three dimensions are either bosons or fermions so Gentile's
discussion seems rather artificial, not having any obvious physical relevance.
Much more recently, Haldane [60] introduced his definition of generalized statistics which is different from Gentile's (though it looks similar at first sight) and has
attracted a lot of attention during the past years. One of the reasons for this is its
relevance for anyons in the lowest Landau level and thus the quasiparticle excitations
in the FQHE.
In this chapter, we review Haldane's definition and show, using a state-counting argument, how the distribution function, which interpolates between the known bosonic
and fermionic ones, and thus the thermodynamics of a gas of exclusion statistics particles, can be found. We briefly discuss physical applications of this model and show,
along the lines of paper III, that the model on the circle introduced in chapter 5
43
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provides an explicit realization of fractional exclusion statistics. In most parts of
the chapter, we will restrict ourselves to single-component systems for the sake of
simplicity, but the generalization to several components (species of particles) will be
mentioned briefly.

6.1

Definition of fractional exclusion statistics

Haldane's definition, originally proposed in Ref. [60], is not restricted to two or lower
space dimensions, just like Bose- and Fermi statistics. However, it requires that the
single-particle Hilbert space dimension d be finite and extensive meaning that it is
proportional to the size of the system. For this reason, the definition is relevant
for elementary excitations in condensed matter systems of finite size, but does not
apply to e.g. the free anyon gas. For a given system, the single-particle Hilbert
space dimension depends only on the size of the system, the boundary conditions and
the number of particles in the system. The statistical interaction g is defined as the
change in d when a particle is added at fixed system size and boundary conditions,
&d=-gAN.

(6.1)

So the statistics parameter tells us how many single-particle states a particle "blocks"
when added to the system. It is easy to see that the familiar cases of bosons and
fermions are contained in this definition: If g = 0 we see that no matter how many particles we add, the number of available states remains unchanged, so we have bosons.
If g = 1, each particle added to the system blocks exactly one single-particle state;
this is just the Pauli exclusion principle for fermions. In general, both rational and
integer g are allowed. It should also be mentioned that in order for a thermodynamic
limit to exist, g must be independent of the number of particles [48].
If, more generally, the system consists of several species of particles, g is replaced
by a matrix gap and

Ado = - ] [ > „ „ AW,,

(6.2)

0

meaning that adding a particle of species a changes the degeneracies of all the other
species, blocking ga$ states available for particles of species /?.

6.2

State counting and the distribution function

There is a standard procedure in quantum statistical mechanics [61] for finding the
distribution function (occupation probability) n^ for a system with energy levels
££. In this procedure the (non-equilibrium) entropy S is maximized subject to the
constraints of keeping the total energy and number of particles fixed. The (nonequilibrium) entropy is defined as
(6-3)
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where Wk is t h e "statistical weight", i.e. t h e n u m b e r of ways in which a given n u m b e r
of particles (Nk) can be distributed over a given number of single-particle states (Dk,
the number of states with energy (close to) ek ). This weight factor is determined
by the statistics of the particles, and the momentum index k has been included to
indicate that statistical interaction takes place locally in momentum space; levels with
different momenta are filled independently of each other. In the context of exclusion
statistics this is what is meant by ideal FES [62]. It is well-known that for bosons
and fermions respectively one has

(Dh + Nk- 1)!
N\{Dk-\)\

,„
'

Wk

W
Nk\(Dk-Nk)V

The generalized W for FES can be found solving Eq.(6.1) as
dkB){Nk)=Dk-g{Nk-l)

(6.5)

where Dk is the number of states available to the first particle to enter the system, and
replacing Dk with the statistics-dependent dk (Nk) in W^ ' (bosonic representation).
This gives
Wk

=

tfkl{Dk-gNk

+ g-1)1

which reproduces the correct bosonic and fermionic expressions for g — 0 and <? = 1,
respectively. Equivalently, one can work in the fermionic representation, with
dkF\Nk)

= Dk- \{Nk - 1)

(6.7)

where A = 0 for fermions, substituted into the fermionic Wk . The resulting expression has to be equal to (6.6), leading to the relation
5 = A+1,

(6.8)

which looks just like the relation between bosonic and fermionic statistics parameters
found for anyons in the LLL, Eq.(5.11). The connection between the two models will
be discussed in Sees. 6.4 and 6.5.
With the statistical weight (6.6) established, one can proceed to compute the
average occupation distribution function for exclusion statistics. Introducing

»*- f,

(6-9)

using Stirling's formula and neglecting terms which are small in the thermodynamic
limit (Nk, Dk —>• oo) one finds the non-equilibrium entropy as
J2Dk{(l-(9-l)nk)ln(l-(g-l)nk)-nklnnk

S =
k

-

(l-gnk)\n{l-gnk)}.

(6.10)
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Maximizing the entropy at fixed particle number N = Ylk Dknk and energy E =
YlkDkcknk, i-e. demanding
= 0,

(6.11)

with /? = 1/fcsT, one derives the following relation determining nk for general <?,
(1 — gnk)9

0Uk-n)

which was first found by Isakov [62] and by Wu [63]. This can be solved as [64]

where the function w(x) satisfies
(1 - w)s

= x
(6.14)
w
and xk = exp(/3(ej:—//)). The well-known bosonic and fermionic distribution functions
can be reproduced by inserting g = 0,1. At zero temperature, the distribution
following from Eq.(6.13) is
nk

= l/g, tk < eF

(6.15)

nk

= 0,

(6.16)

ek> eF

where tp denotes the Fermi energy. In general, nk < l/g, which reflects the generalized exclusion principle.

6.3

Thermodynamics

The thermodynamic potential corresponding to the above distribution function is, in
the grand canonical ensemble,
0 = -PV = * B r ^ b ( l - wi) = -keTj^^ii

(6-17)

where the sum goes over states, not levels, so the degeneracies have been left out.
£i = 1/(1— Wi) denotes the single-state grand canonical partition functions, H = HidThermodynamic properties can then be found using standard methods and have been
discussed in [63, 65, 64, 66]. In particular, Isakov et al. [64] have examined a gas of
free FES particles in D dimensions with a general dispersion e(p) = ap" (so in the
standard non-relativistic case a = 1 /2m and a = 2). They obtained low-temperature
expansions of the chemical potential and the specific heat and further the clusterand virial expansions around the high temperature/low density limit. Things get
particularly simple when D = a, e.g. linear dispersion in ID or square dispersion in
ID. In this case, the density of states is independent of the energy and the equation
of state can be found exactly. It then turns out that all statistics dependence lies in
the T = 0 quantities so that, for example, only the second virial coefficient depends
(linearly) on g.

6.4

6.4

Realizations of FES
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There exist several known realizations of fractional exclusion statistics. The most
relevant one for our purposes is the system of anyons in the lowest Landau level. The
thermodynamics of anyons in the LLL was first examined in [34] and turns out to be
the same as for FES; the connection was then established by Wu [63] and by Li and
Ouvry [67]. The following simple argument illustrates why anyons in the LLL obey
fractional exclusion statistics: Recall that the Landau level degeneracy equals the
number of flux quanta through the plane. So if the external field is so strong that the
system can effectively be described by the lowest Landau level only, the degeneracy
of the empty system is
Do - -r-

(6-18)

which is proportional to the system size since <f> = BA. As discussed in chapter 3,
an anyon with statistics v is described as a point charge carrying a flux tube with
flux V4>Q. By convention, the statistical flux points opposite to the external field, so
adding an anyon to the system at fixed system size and B-field reduces the total flux
by v<f>o and thus
Ad^-uAN

(6.19)

which is just the definition of FES, Eq.(6.1). Since the quasiparticles in the fractional
quantum Hall effect are known to be anyons (see chapter 4) and a strong external
field is present in this system, it is not surprising that these quasiparticles obey FES.
This has been discussed in Refs. [60, 68, 69, 67]. (For a review, see [70].)
Other, more theoretical realizations of FES are found [71, 72, 73, 74] in the elementary
excitations of the Calogero- and Sutherland models [75, 76, 77, 78. 79, 80, 81] . These
are one-dimensional models with particles interacting via 1/x2 and 1/ sin2 x potentials
respectively; they are closely related in that the Sutherland model can be obtained
from the Calogero model, in which the particles move on a line, by putting the
particles onto a circle. Both models are governed by fractional exclusion statistics in
the thermodynamic limit.

6.5

Connection to the model on the circle

By now, it may no longer be a surprise that there is a connection between the field
theoretical model on the circle discussed in Sec. 5.3 and FES. The former has the
same quantum numbers as the system of anyons in the lowest Landau level which, as
we have seen, is an explicit realization of FES. The "anyonic" Fock space occupation
rules of the model on the circle were established in Sec. 5.3; it was found that the
angular momentum quantum number of the (i + l) t h particle with fermionic statistics
parameter A must obey
K » + I < K J + A + 1,

z=l,...iV-l.

(6.20)
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Figure 6.1: The ground state for A = 1 (g = 2).

In particular, the ground state is given by
Ki+i = Ki + A + 1,

= 0

(6.21)

as illustrated in Fig. 6.1 for A = 1. Each particle "blocks" g = A+l = 2 states, just like
in the definition of fractional exclusion statistics. The formal proof of the connection
between our model and FES is given in paper III in the general, multicomponent
case. Here, we just outline the single-component version of this proof. As we shall
see, the non-equilibrium entropy derived from our model is just that of FES.
We start with the observation that Eq.(5.29) can be rewritten as
Ki - ki + A ] P 9(m -

KJ)

(6.22)

where 0(x) is the step function and A the fermionic statistics parameter. This is
because we have introduced an ordering procedure where K^ > KI if k > I as discussed
in Sec. 5.3; the energy of a particle gets shifted by all particles below it. In order to
establish the connection with FES, we must go to the thermodynamic limit, which
means letting the system size go to infinity and the level spacing a (see Eq.(5.21)) to
zero. This is done by writing
2TT

and letting the length of the circle L momenta p, and pseudomomenta p,- by

(6.23)
oo at fixed v. We further introduce the
2TT

2TT

= -T-Ki,

Pi =

(6.24)
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The corresponding particle densities in momentum space are denoted v{p) and p(p)
respectively. In the thermodynamic limit sums over over states are replaced by integrals in the usual way,

E-4/*, E-£/tf

(6-25)

p = p + xfdp'p(p')O(p-p').

(6.26)

so Eq.(6.22) becomes

Note that the density of particles p(p) has been included in the integral because
the original sum (6.22) is a sum over particles (occupied states), not just all states.
Eq.(6.26) further gives

Ij

(6.27)

y{p)dp = p{p)dp

(6.28)

We also have to demand

which means that the number of particles in a small interval (p,p + dp) in momentum space is the same as in the corresponding interval in pseudomomentum space.
Combining Eqs.(6.27) and (6.28) then gives a a relation between the two densities.

which can be used to derive the "anyonic" non-equilibrium entropy: Since we have
chosen the fermionic representation here, the entropy is given by (see, e.g. [61])
S=-~

jdp[vlni/ + (l -i/)ln(l-i/)].

(6.30)

Inserting Eq.(6.29) into this expression finally gives
S =~

j dp [plnp + (1 - (1 + X)p) In (1 - (1 + X)p) - (1 - Xp) In (1 - Ap)](6.31)

which is just the FES entropy (6.10). The energy (5.21) can now be expressed as
(6.32)
since ufjt —> wc in the thermodynamic limit. So we see that the model on the circle
describes free chiral particles with a gap, a linear dispersion (with velocity v defined in
(6.23)) and obeying fractional exclusion statistics determined by the original anyonic
statistics parameter. This means that the tools of FES can be used to examine
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the thermodynamic properties of our model. For example, the heat capacity at low
temperatures is found to be

Note that this expression does not depend on the statistics parameter. Further, it is
equal to the expression derived by Wen [56] for the specific heat of the low-energy
edge excitations (which are phonons) in the FQHE. This brings us over to the topic of
the next chapter, namely the connection between our one-dimensional model derived
from anyons in the LLL and Wen's effective theory describing the QHE edge modes.

Chapter 7
Chiral Luttinger liquids and QHE
edge states
The effective theory describing quantum Hall edge excitations as chiral Luttinger liquids is presented, giving the necessary background for the last parts of papers II and
III.
As already mentioned in chapter 4, quantum Hall systems support gapless edge excitations, whereas all charge-carrying excitations in the bulk have a finite energy
gap due to the incompressibility of the system. The electrons in the QH system are
strongly correlated; they move in cyclotron orbits and at the same time repel each
other. This is reflected in e.g. the Laughlin ground state wave function
3<k

for fillings v — l/m; the prefactor shows that the wave function goes to zero as
two electrons approach each other. So the electrons (cyclotron orbits) must arrange
themselves in some well-defined, ordered way in order to minimize the energy. This
strong restriction on the electron motion makes the system incompressible [56]. For
filling fractions other than the Laughlin states, the hierarchy states, the internal
structure of the system is even more complicated. One of the main motivations
for studying edge excitations is that they can provide us with information on these
structures, both theoretically and experimentally [56]. The edge of a QH system
can be described as a one-dimensional system of strongly correlated electrons. In
the case of integer filling fractions, a good description is given in terms of ID Fermi
liquids [42]. This model does not work for fractional fillings; for example, the electron
propagators at FQHE edges have anomalous exponents deviating from that predicted
by Fermi liquid theory. In these systems the electrons form a new kind of correlated
state, a chiral Luttinger liquid, as examined in detail by Wen [56]. This theory is
supported both experimentally by correlation exponent measurements [82] and by
numerical studies [83].
In this chapter we first review the essentials of the Luttinger model using as main
references the papers by Haldane [84] and Emery [85] and a series of lectures given
51
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by Hans Hansson in Oslo in the spring of 1996. Chiral boson theory is discussed in
detail by Floreanini and Jackiw [86]. Wen's application of this model to the FQH edge
states is explained in the simplest case, namely Laughlin fillings, and the connection
to our model of anyons in the lowest Landau level clarified. The generalization to
the multi-component description relevant to hierarchy- or multilayer states is briefly
mentioned for the sake of completeness.

7.1

Luttinger theory and bosonization

A gas of non-interacting fermions is a system which can be solved exactly; from
quantum statistical mechanics we know its distribution function and how to compute
its thermodynamic quantities. When interactions between the particles are taken into
account, things get more complicated. The conventional framework for treating (even
strongly) interacting fermions, at least at low temperatures, is provided by Landau's
Fermi liquid theory [87]. Here, the "bare" fermions are replaced by quasiparticles
near the Fermi surface; a quasiparticle is "dressed", i.e. it is a composite consisting
of a bare fermion and the perturbation (due to the interaction) of the rest of the
system caused by its presence. For example, the quasiparticle energy cp is defined as
the change in energy after adding a particle with momentum p and depends both on
p and on the distribution of all other particles in the system. The basic assumption of
Fermi liquid theory is that the quantum numbers that describe the free system do not
change when the interaction is turned on; the distribution function and entropy have
the same form as in the non-interacting system and qualitatively the system behaves
like a free fermion gas, but with renormalized quantities, e.g. an effective mass.
This renormalization is given by the Landau parameters which are phenomenological
parameters and eventually must be determined experimentally. Fermi liquid theory
has been successfully applied to many interacting fermion systems whose low-energy
excitations are fermionic.
However, there are cases where this model does not apply, i.e. some systems show
non-Fermi liquid behaviour. An important example is the "normal" phase (T > Tc)
of the ceramic high-temperature superconductors where strong deviations from Fermi
liquid behaviour are seen. Further, this kind of behaviour typically occurs in onedimensional systems. We have already mentioned the QH edge as an example of a
strongly correlated one-dimensional electron system. Other experimentally realized
examples are quantum wires and quasi-lD organic conductors. These systems are
described as Luttinger liquids; like Fermi liquid theory, this model is based on an
exactly solvable one, the Tomonaga-Luttinger model (TLM). An essential difference
is that in this case, the low-lying excitations are no longer fermions but non-interacting
massless bosons. The TLM describes interacting fermions with a linear dispersion.
Even if the exact dispersion of the electrons is quadratic, this is not a problem: We
are only interested in low-energy excitations, i.e. excitations near the Fermi surface,
k « kF, where the dispersion may be linearized,
k2 = (k - kF + kF)2 « JfeJ. + 2kF(k - kF).

(7.2)
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The most interesting concept for our purposes is that of bosonization; in one dimension, fermion operators can be expressed in terms of boson operators and vice versa.
This can equally well be illustrated in the absence of interactions, so we start with the
Hamiltonian describing non-interacting relativistic electrons with a linear dispersion
in one dimension (chiral representation),
dx [l>*R{x)idMx) - ^ ( x ) i a ^ i ( i ) ]

(7.3)

where we have neglected spin for the sake of simplicity. The indices L and R denote left- and right-movers, respectively. The TLM contains an additional quartic
interaction but is still exactly solvable. Including further interactions giving rise to
a non-linear fermion dispersion then leads to the Luttinger liquid first introduced
by Haldane [84]. But let us stick to the free case for now. The ground state of
our system consists of a filled Fermi sea (up to the Fermi level kp). The low-lying
excitations around the Fermi level are particle-hole pairs, and these have bosonic
properties. This can be shown without using field theory by examining the fermionic
excitation spectrum (relative to the Fermi level!) and the corresponding degeneracies.
This is a combinatorical problem, and evaluating the partition sum one finds that it
has the same form as that of massless bosons with a linear dispersion [88]. The field
theoretical formalism is rather technical, and we will only outline the main steps here.
Using periodic boundary conditions, the fermion field operators in Eq.(7.3) can
be expanded as

with k = 2itn/L, A = L,R and {ck,c\,} — 5k,k<- Density operators pA defined as
pA{x) =: rt>\(x)M*) • = J EpA, f c e f e
L

(7.5)

k

where : (...) : denotes normal ordering with respect to the Fermi level, have Fourier
components
?A,k = £

:c

A,p±fc<U,p : = pA-k-

(7-6)

v
These can be shown to obey the commutation relations

with the upper sign denoting R. We see that the pk are "almost" bosons so we can
define bosonic operators
(7.8)
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with A — R for k > 0 and A — L for k < 0. The k = 0 mode is represented by the
number operator N*. We have thus constructed bosonic operators from the original
fermionic fields, obeying
[ak, a\] = 6k,k'

(7.9)

as they should. The real-space commutator of the density operators can be shown to
be
\pA[x),

PB{y)}

= ±^-6A,BdJper(z

- y)

(7.10)

where 5per{x) is the periodic delta function. The Hamiltonian (7.3) can then be
expressed by our new bosonic operators and takes the bosonized form

H = vF^r\k\alak + j(Nl + Nl)\.

(7.11)

As mentioned previously, the Luttinger model is defined by adding interaction terms
to this free Hamiltonian. These are [84]
Hint = y Yl t^it (pL,kPL,-k + pR,kPR,-k) + V2k (pL,kPR,-k + pR,kpL-k)] •
b

(7.12)

k

Since this is bilinear in the bosonic operators (four-fermion interaction), the full
Hamiltonian H + Hint can be diagonalized by a Bogoliubov transformation. In other
words, one can find new Bose operators b, tf which are linear combinations of the old
ones and in terms of which the full Hamiltonian takes the same form as the free one
but with renormalized velocities. This is why the TLM is exactly solvable and even
interacting fermions can be mapped onto non-interacting bosons. A Luttinger liquid
then contains additional, more complicated interactions between the fermions, which
is equivalent to introducing interactions between the low-lying bosonic excitations.
After this little detour let us return to the free case and the final important step
in the bosonization procedure: Expressing the original fermion fields in terms of
bosonic ones. We now restrict ourselves to the chiral case since this is what we will
be interested in in connection with the QHE edge modes. This means that only one
of the components, right- or left-movers is present. A local phase field 4>{x) defined
by dx(f>{x) — 2irp(x) is introduced,
(7.13)
k>0

where <po is an integration constant determined by demanding that <f> and p should
be canonical conjugates (recall (7.10)). This gives [4>0, N] = i and the operator
U=ei<h

(7.14)
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is thus interpreted as the charge raising operator. Finally, the original fermion operator can be expressed as
*\x)=t—.:tM*):.

(7.15)

The normal ordering here refers only to a^ and a\. That this is a fermi operator can
be checked by showing that the RHS of Eq.(7.15) obeys the correct anticommutation
relations. The bosonized form of the fermion operators makes it possible to compute
correlation functions in the TLM in a very elegant way. Examples of this can be
found in paper I I 1 .

7.2

Theory of QHE edge excitations

In this section we describe how the low-energy FQHE edge excitations can be described as "chiral Luttinger liquids". An extensive review of this theory can be found
in [56].

7.2.1

Hydro dynamical approach

There is a simple approach, based on classical hydrodynamics, which in a rather
straightforward way reproduces some essential features of the edge excitations in
v — 1/m systems. We start by outlining this approach, following [56].
We have seen that the the bulk of the QH system is incompressible. Consequently,
the system, which is assumed to be confined to some finite region in space by an
electric field E is treated as an incompressible liquid. This means that the bulk density
is constant and the lowest-lying excitations correspond to surface waves moving along
the edge. For the sake of simplicity we assume that the system is semi-infinte, confined
to the half-plane x < 0 by an electric field E = Eex. Because the QHE conductivity
tensor is off-diagonal, this electric field gives rise to an electric current along the edge,
e2
j v = crHE = v—E.

(7.16)

The drift velocity of the electrons, i.e. the ratio between the current- and particle
density, is then found to be
v =| .

(7.17)

So if we perturb the edge, creating a small "ripplon" defined by a small displacement
£,{y), this disturbance will propagate along the edge with velocity v. The corresponding one-dimensional density p(y) = p£{y), with p the constant bulk density, then
obeys the chiral equation of motion
(dt - vdy)p = 0

(7.18)

'In papers II and III everything is expressed in terms of the angle variable 9 = 2xx/L showing
explicitly that the model is defined on the circle.
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so p = p(y — vt). In terms of the Fourier components pk we can rewrite Eq.(7.18) as
p'k = -ivkpk.

(7.19)

The energy of the edge waves can be expressed as
H = —vY,PkP-k,
V

(7.20)

k>0

where we have omitted a constant corresponding to the zero mode. Using Hamilton's
equations from classical mechanics, it is then possible to identify 2izip-klvk as being
canonically conjugate to pk- Quantization of the system then gives the commutator
[pk,P-k>] = -£-k&w.

(7.21)

Z7T

But this is, apart from a constant which may be absorbed in the definition of the density operators, just the relation valid for (chiral) Luttinger liquids, see Eq.(7.7). This
indicates that there is indeed a connection between the QH edge and the Luttinger
model.
The edge waves described here are neutral massless bosons (phonons). Electronand quasiparticle operators can be constructed using the bosonization formalism discussed in the previous section (Eq.(7.15)). For the electron propagator it is found
that
G(y) = < < # % , *M0, t) |0> ~ y~11".

(7.22)

The anomalous exponent (being different from —1) shows that the system is not a
Fermi liquid (or a free Fermi gas).
The correlation exponent is determined by the filling fraction which is a bulk
property of the QH state. This illustrates the motivation we gave at the beginning
of this chapter: Edge excitations are interesting because they may be used to study
bulk properties of the system.

7.2.2

Edge states from bulk effective theory

Wen [56] also gives a derivation of the effective low-energy theory of edge excitations
in the v = l/m state starting from the bulk effective theory,

£ = - ^ V ^ d A - ^-c^A^dM + I hj».

(7.23)

This Lagrangian can be obtained from the Chern-Simons Ginzburg-Landau (CSGL)
theory (which will be dicussed in the next chapter) by performing a duality transformation and taking the low-energy limit, see e.g. [89]. The CSGL model describes
bosons coupled to a Chern-Simons field which turns them into fermions, and moving
in an external field. In the dual picture, the quasiparticles (vortex excitations) are
considered to be the fundamental particles, so j * in Eq.(7.23) is the quasiparticle
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current coupled to the dual Chern-Simons field b^. J* = efivXdl/b)i is the current of
the underlying condensate and I takes the values ± 1 for quasipaxticles/-holes. Note
that the statistics factor in front of the CS-term is inverted as compared to the usual
CS model.
Demanding gauge invariance of the model (7.23) even in the presence of a boundary, Wen argues that the edge dynamics is described by a one-dimensional chiral
boson theory of the form
S=-j-

[ dtdx (dt + vdx) <f> dx4>.

(7.24)

4TT J

The chiral bose field is expanded as

d>{x - vt) = y ^ 0 - ~Q{x - vt) + i J2 V7T {akeik(x-vt) - a^-'*'*"*)) (7.25)
with [<^o, Q] — i, where Q is the charge operator, and [a*, a£#] = Skk1- It obeys the
commutation relation
1<K*)><KV)] = ** sgnper{x - y)

(7.26)

where sgnper(a;) is the periodic sign function (assuming the boundary is a circle). The
charge density at the edge, identified as [90] p = -V/J7/2TT dx<f>, obeys
jdjper(x-y).

(7.27)

As in Sec. 7.1, the electron operator can be expressed as
iPf(x - vt) =

Jti^ix—vt)(Lv

-=
L

:e«"*(*-"0/v^ : .

(7.28)

The factor l/i/v in the exponent ensures that the charge of this operator, determined
by the commutator [Q, ^}, is equal to 1. One can then explicitly compute the electron
correlation function which becomes
) .

(7.29)

The anomalous exponent reflects the non-fermi liquid behaviour of the system.

7.3

Connection to lowest Landau level anyons

This section summarizes how anyons in the lowest Landau level, or more precisely
the field theory model on the circle discussed in Sec. 5.3, can be related to the chiral
Luttinger liquid model in Sec. 7.2. A more detailed analysis can be found in paper II.
We consider an "anyon droplet", i.e. a system of LLL anyons confined to a circular
region in the plane by an external harmonic potential. We know that this S3'stem can
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be described by Eqs. (5.21) and (5.22). In order to have a ground state with a fixed
number of particles No, we introduce a chemical potential
weff
Mo = - y - + aKF

(7.30)

where up is the Fermi angular momentum. Since we are interested in excitations
relative to the Fermi level, we normal order the Hamiltonian

H = a yJ d0 :Xf (-*& + \) X : +^Q 2 ]

(7.31)

where A is the fermionic statistics parameter and Q = N — No is now the charge
relative to the ground state. The fermion operators x* differ from the original ones
in Eq.(5.21) by a phase factor exp(iNc,6).
The Hamiltonian is bosonized in the usual way by introducing
<f>(6 - at) = < j > o - ( 6 - at)Q + t V i - ( a n e m ( e - a t > - a l e - i n { e - a t > )

(7.32)

which is the same as Eq.(7.13) with x = L6/2ir but with the 2-dependence made
explicit. Then
(7.33)
z

Jo

>o

For even integer statistics A = 21, this is just Wen's Hamiltonian for v = 1/(21 + 1)2.
The electron operator discussed in the previous section is proportional to : exp(i<£) :
where <j>(8—at) is obtained from Eq.(7.32) by d>0 —> <£o/V2/ + 1 and Q —> \J21 + 1Q.

7.4

Multicomponent systems

The chiral Luttinger liquid model discussed in Sec. 7.2 only applies to the simplest
fillings, v = 1/(21 + 1). However, one can generalize Eq.(7.24) to a multicomponent
effective theory [56],
1

/.

K is a symmetric matrix with integer entries. It characterizes the FQH state, e.g.
containing information on quasiparticle charge and -statistics and the filling fraction,

2
Recall from section 5.3 that the (bosonic) statistics parameter for anyons in the LLL is restricted
to the interval [0,2). Allowing for A to take these general values means going outside this interval.
This extension of the model is commented upon in papers II and III.
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The matrix V is positive definite, i.e. has only positive eigenvalues, and has dimension
velocity.
This model describes more general QH states, e.g. multilayer systems with a
labelling different layers, hierarchy states or states which are not fully polarized so
a labels different spins. General charged (electron- or quasiparticle) operators can
be constructed as composites of the charged operators : exp(i<j>a) : of the different
components.
In the last section of paper III we present a detailed discussion of the relation
between Wen's multicomponent model Eq.(7.34), multicomponent anyons in the LLL
and multicomponent exclusion statistics. It turns out that our model is a special
case of Eq.(7.34) where all components have the same velocity v and Ka/s is just the
statistics matrix gap. The matrix Vap is identified as vgap. In the general case, the
two matrices are not proportional but can be diagonalized simultaneously.

Chapter 8
The Chern-Simons
Ginzburg-Landau theory of the
FQHE
This final chapter summarizes the background for and main results of paper IV on an
effective theory of the FQHE called the Chern-Simons Ginzburg-Landau model.
Sometimes, when one cannot or does not wish to describe a physical system by a
complete microscopic theory, either because such a theory does not exist or because
it is complicated to handle in practice, an effective theory may turn out to be very
useful. Such a theory does not capture all the microscopical details of the system, but
may well reproduce its important phenomenological features. An important example
is the Ginzburg-Landau (GL) theory describing conventional superconductors (see,
e.g. [91]). This phenomenological theory was developed before the microscopic one
(BCS theory) but was later shown to actually be a consequence of the microscopic
model, at least in certain domains of temperature and magnetic field.
For the fractional quantum Hall effect the situation was different. The first successful theory, developed by Laughlin [43] was a microscopic one. Nevertheless, it is
interesting and important to have an effective field theoretical model, both because it
may provide a simpler way to deduce important features of the system and because
it may help to relate the FQHE to other strongly correlated phenonema. Such a theory, the Chern-Simons Ginzburg-Landau (CSGL) model, was developed by Zhang,
Hansson and Kivelson [92]. Indeed, a deep analogy between the FQHE and a charged
boson superfiuid is found via this model [89].
In this chapter, we present the CSGL theory and discuss how some of the main
features of the FQHE can be deduced from it. The simplest, original formulation
of the model is only valid for the QH system without spin at Laughlin fillings [y =
l/(2fc + 1)) and will be presented first. We discuss the ground state and excitations,
both in the bulk and at the edge. Then we also introduce the generalization to
multicomponent descriptions which can be used, for example, to include spin or more
general filling fractions in the model.
60

8.1

8.1

The model

61.

The model

As we saw in chapter 3, anyons with general statistics 0 can be described as bosons
interacting via a statistical gauge potential. In particular, choosing any odd-integer
statistics parameter $ = (2k + 1)TT, the statistical interaction will turn the bosons
into fermions. Recalling the discussion in chapter 3 we then also see that a fermion
can be described as a charged boson carrying an odd integer number of flux quanta.
This is the basic idea of the CSGL theory: The electrons in the FQH system are
described by a boson field <fi carrying (statistical) flux directed opposite to the flux of
the external magnetic field; this is obtained by coupling <f> to a Chern-Simons field a^.
Assuming that the collection of flux tubes may be approximated by a homogeneous
field, the external and statistical magnetic fields will just cancel each other at a
certain filling fraction v — l/(2k + 1). So at these special fillings, the system just
consists of charged bosons feeling no magnetic field which thus "condense" into a
charged superfluid. This "smearing out" of the statistical flux is called the mean field
approximation and corresponds to replacing the density operator $<$> by a smooth
function (classical density) p(x). Finally, the repulsive Coulomb interaction between
the electrons in the real system is approximated by a short-range (\<f>\4) interaction.
Thus, the CSGL Lagrangian takes the form (setting e = h = c = 1 and choosing

C= = 4>'(idt - ao- V + / i ) t f - K | ( V - * ^ M 2 - A M 4 + -^e'u'Aa(AaA (8.1)
4c?

with K = I/2m where m is the electron mass, A. = a + A, fx is the chemical potential
and V = V(x) denotes an external potential confining the system to a finite region
in space. The corresponding Hamiltonian is
U = K |(V - iA)4>\2 + (V-p)

\<f>\2 + A M 4

(8.2)

where the Chern-Simons condition,
b = - 2 9 p = -2&<j>*<)>

(8.3)

which can be obtained from varying (8.1) with respect to ao, is implicit. Except for
this coupling between the particle density and a statistical magnetic field, this model
is very similar to the GL theory of conventional superconductivity, see e.g. [91].
It is possible to rewrite the model in a dimensionless form, measuring time in
units of the inverse cyclotron frequency ioc = 2KB, lengths in units of the magnetic
length IB = 1/VB, chemical potentials in units of the cyclotron energy and densities
in units of p = B/29. The Lagrangian (rescaled by an overall factor 26/2nB2) then
becomes

^

A)4>\*
4\*- A |^| 4 + ^~a^~a
^x

(8.4)

with A = X/AK6. We see that, apart from the chemical potential, the theory only
contains one free dimensionless parameter.
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It turns out that this rather simple model reproduces several of the key features
of the FQHE; for example, it gives the correct bulk ground state, bulk (topological
and collective) and edge excitations come out right, and the plateaux are reproduced.
Some of these features will be summarized in the following sections; for more details,
see paper IV.

8.2

Bulk properties

In the absence of a confining potential the ground state of the CSGL model is given
by

a = -A

(8.6)

if we choose ao = 0. This solution simultaneously minimizes the kinetic term (the
statistical and magnetic fields cancel each other in the mean field sense) and the
potential V{<j>) — —pp + Xp2-

However, there exist other static solutions with the same constant density p away
from the potential minimum. These solutions have ao j^ 0 and p ^ po with p. — ao =
HQ. This is because the chemical potential enters the equations of motion only in the
combination p. — a0; thus, a shift in the chemical potential can always be absorbed
as a constant shift in ao- In this sense, the solutions of the equations of motion are
independent of the value of p.. However, the energy does depend on p as can be seen
from Eq.(8.2). This observation, pointed out by Curnoe and Weiss [93] can be used
to show how the QH gap and plateaux emerge in this model.
But let us first turn to the bulk excitations. The collective modes, i.e. the lowenergy density fluctuations around the constant density ground state (8.5), were examined in the original paper by Zhang et al. [92] and shown to obey the dispersion
relation
co2(q) = {nBf + -^ (nq2 + 8Ap) .

(8.7)

We see that this mode is massive, since u>{q —*• 0) ^ 0. This is what we expect gapless modes only exist at the edge of the QH system, as discussed in chapter 4.
In addition to the above collective modes, the CSGL model exhibits topological
vortex- and anti-vortex solutions which are identified with the FQH quasiholes and
-electrons. A detailed study of these excitations was presented by Tafelmayer [94].
They are non-singular, finite-energy solutions of the equations of motion characterized
by a winding number (topological charge) s. The vortex flux is given by $ = .s<S?o>
so the fundamental FQHE quasiparticles, carrying one flux quantum, correspond to
vorticity s = ± 1 . The vorticity further determines the electric charge, spin and angular momentum of the excitations. For example, q — ±e/m for s = =fl and v = 1/m,
as expected for the Laughlin quasiparticles.
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We have seen (Eq.(8.4)) that the theory when written in dimensionless form, only contains one single free parameter, A. For given s and ft, the dimensionless (anti-)vortex
energies relative to the ground state are thus functions of A only. These energies were
studied both analytically and numerically in [94]. In particular, numerical estimates
of the energies for s — ± 1 , ±2 and \JL = (MQ were obtained. It turns out that the
solutions show very different behaviour in different regions of A, at least for vortices
(s > 0). A particularly important value is A = 1/2, the so-called self-dual point.
At this value of A the vortex energy is exactly proportional to the vorticity. When
A > 1/2, the energy of n vortices with vorticity 1 is lower than that of one vortex
with vorticity n; this means that a multi-vortex configuration with 3 = 1 is stable,
i.e. the vortices repel each other. For A < 1/2 the situation is opposite, so vortices
attract each other; n vortices with s = 1 would tend to combine to one large vortex.
Since the possibility of collections of vortices with s = 1 is necessary to describe the
FQH system, the interval A > 1/2 is identified as the physically relevant one.
For negative vorticities, nothing like this happens; anti-vortices repel each other
at all values of A.
The existence of finite-energy (anti)vortex solutions together with the freedom to
vary the chemical potential for a given solution leads to the incompressibility of the
ground state and the existence of QH plateaux within the CSGL model. It can be
shown (see paper IV), that there is a total "window" in the (dimensionless) chemical
potential,

within which the ground state is given by the constant density solution. Here, e" and
eav denote the vortex- and anti-vortex energies relative to the ground state. When
fj, is larger than its upper critical value, the ground state configuration is given by
a collection of anti-vortices. Similarly, for \i smaller than the lower critical value, a
collection of vortices takes over as the lowest energy solution. Since Ji = /J,/2KB, a
variation in jj, can be interpreted either as a variation in \i at fixed B or as a variation
in B at fixed /x, The first interpretation says that the ground state density at fixed
B remains unchanged if /J, is changed within a finite interval A/J,, which implies the
incompressibility condition

near p, = fig-

The second interpretation tells us that there is a finite interval AB within which
the density remains constant and "locked" to the magnetic field1. Since the Hall
conductivity is proportional to p/B this implies that <T// is constant within the interval
AB, giving rise to quantum Hall plateaux. Note that this happens even in the absence
of disorder; see paper IV for a discussion of this point.
*In order to keep the kinetic term finite, we must vary the (constant) density along with B such
that b + B = 0.
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Edge properties

Confining the system by an external potential V(x), so that the edge is straight and
parallel to the j/-axis, one finds, as first pointed out by Orgad and Levit [95], a family
of static solutions with the fields being translationally invariant along the edge. These
solutions, all with different density profiles at the edge, are parametrized by the total
charge Q = / dxp(x). As we have seen, the solutions themselves do not depend on the
chemical potential, only their energy does. In the ground state, however, the energy
is minimized with respect to the total charge,

This uniquely assigns a value of p, to each value of Q or vice versa. For a given
solution p(x) one finds the following explicit expression for the chemical potential:
l

2

~ f dxV'(x)P(x).

(8.11)

pJ

So in the ground state, the total charge is a function of the chemical potential. This
means that while changing /J, within the window A/4 leaves the ground state density in
the bulk unchanged, it changes the charge at the edge where there is no gap. Increasing the chemical potential to the upper critical value, one builds up the maximum
amount of charge at the edge. Beyond this point, it will be energetically favourable to
distribute the excess charge in the bulk in the form of anti-vortices. Static solutions
with constant bulk density and a total charge larger than this upper critical value
do exist, but do not correspond to the ground state. Similarly, reducing the charge
at the edge by going all the way down to the lower critical value of p., we reach a
point where it becomes energetically favourable to rearrange the bulk from constant
density to a collection of vortices.
One also finds a connection between the chemical potential and the total edge
current J = f dx jy(x),
fj,-p,0 = 2ej,

(8.12)

showing that the sign of the total current changes at /x = p,o. The current consists of
two opposite contributions which just cancel each other at fj, = po. A similar effect is
found from the microscopic description of the FQHE, as dicussed in the paper.
The edge excitations are found by varying the equations of motion around the
ground state to linear order in the fluctuations. One finds that, to linear order in q.
these equations are solved by a small static perturbation of the edge (i.e. moving
from one ground state configuration to another by slightly changing the total charge
and chemical potential), modulated by a plane wave cos(qy — w£) slowly varying along
the edge. The dispersion is found to be
xV{x)

(813)
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6J5

where we have used our explicit expression Eq.(8.11) in the last step. So the edge
mode is massless, linear and with a velocity equal to < E > / B where < E > is the
electric field (V"(;r)) averaged over the edge. In particular, if the confining potential
is (approximately) linear over the edge, the edge velocity is simply E/B with E
constant. This is just the result found previously from Wen's model, see Eq.(7.17).

8.4

Two-component model with one Chern-Simons
field

The CSGL Lagrangian (8.1) can be extended to include spin [96] by replacing <f> by a
two-component complex scalar field and introducing a Zeeman term
y<7^.

(8.14)

The model then takes the form

a=l

-

a=l

A(/>, + p2f + ^e^a^ax.

(8.15)

The index a denotes the two spin states (up and down) so p = pi + p2 is the total
(charge) density, while ps = pi — pt is the spin density. The Zeeman term is represented by the fact that the two components have different chemical potentials, i.e.
the Zeeman energy is \\i\ — ya\- The spin unit vector is
n = - <ftcr<j>.
P

(8.16)

In this model, the bulk ground state (V = 0) is fully polarized and has a constant
density,

B

Pi

= p = 20 ~

Pi

= o,

~ao(o) -

Mo

ram
(8.18)

where we have chosen ^i > fj,%. The bulk excitations of this model have been discussed
in the literature [97]; here, we focus on the edge properties.
Even though the bulk is fully polarized in the ground state, more interesting
things happen at the edge of the system. If the Zeeman gap (fj,i — /i2) is not too large,
one finds a textured structure with the spins tilting away from the direction of the
magnetic field as one moves towards the edge (i.e. nz = nz(x)). This is accompanied
by a rotation of the spins around the magnetic field when moving along the edge, so
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nx oc cos(fcj/) and ny <x sin(ky) for a fixed x. In our model, this means that one has
static solutions of the form
"

(8.19)
(8.20)

with pi ^ 0.
In paper IV, we have studied the ground state properties of the edge both analytically and numerically. The numerical analysis, performed in the limit where the lower
component (p2) is small, shows that for a given interaction strength A and (not too
steep) confining potential, spin textures appear in intervals of fii near the lower and
upper limits of the allowed "window", Eq.(8.8). The solutions for fj,i < jio are characterized by positive wave numbers, k > 0, whereas the solutions near the upper bound
have k < 0. The corresponding values of the critical Zeeman energy Afj,cr decrease
as Hi approaches /xo from either side. The intervals in [X\ where AyU^. > 0 decrease
when the confining potential is made steeper. The details, graphical illustrations and
a discussion of the results are found in the paper.
Karlhede et al. [98] have observed the same kind of spin texturing effects at the
edge in a numerical study, using both an effective spin model and Hartree-Fock methods. They determined, for different strengths of the confining potential and different
filling fractions, the critical Zeeman energy (or rather, the ratio between the Zeemanand the Coulomb energy) below which a textured edge will be lower in energy than
the polarized one. They also computed the corresponding wave numbers k.
The spin structure at the edge discussed above breaks translation invariance in
the y-direction (along the edge) and spin rotation symmetry around the ^-direction,
both of which are unbroken if the edge is fully polarized. However, a simultaneous
translation along the edge and proper rotation of all the spins does bring us back to
the original spin configuration which is thus invariant under a certain linear combination of these symmetries. Hence, a textured edge breaks one continuous symmetry;
consequently, it seems reasonable to expect a second massless mode [98].
However, generalizing the approach we used to find the edge mode in the spinless
case, we find a third order equation for cv/q; its coefficients are expressed in terms of
derivatives of ground state currents and chemical potentials with respect to the two
conserved charges (Qi,Q2) and the wave number k (see paper IV for details). We
do not have any exlicit expressions for these coefficients; however, the fact that the
equation is third order indicates that there are not two, but three massless modes in
this case.

8.5

Several Chern-Simons fields

Finally, for the sake of completeness, we just mention that there exists a further
generalization of the model. This involves introducing several Chern-Simons fields,
so there is one Chern-Simons field for each Bose field. The general form of this class

8.5

Several Chern-Simons

f

i

e

l

d

s
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of models is

+-^-^lape^aa^apx
47r

(8.21)

a/3

with Aa = aa + A. The multicomponent version of Wen's bulk effective theory for the
FQHE [56] is related to this model by a duality transformation, so lap is the inverse
of the matrix Kap discussed in section 7.4. This model can then be used to describe
the FQH system at more general fillings, e.g. hierarchy states, by suitable choices of
the matrix 1, see e.g. [99].
In this model, as opposed to the one with only one Chern-Simons field, the bulk
densities of all components are constant and different from zero in the ground state,
P« = / 5 - ^ W

(8-22)

with p — B/20 as before. If, in a two-component description, a is interpreted as
labelling the two spin states as in Sec. 8.4, this means that the ground state is not
fully polarized even in the bulk. Therefore, another relevant application of this model
is the description of partially polarized QH-states [100].
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Summary of the papers
Paper I: S. Viefers, F. Ravndal and T. Haugset,
"Ideal Quantum Gases in Two Dimensions"
Am. J. Phys. 63 (1995) 369-376.
The first paper was written with Finn Ravndal and Tor Haugset and is mainly based
on my cand.scient. thesis "Statistical mechanics of anyons in the mean field approximation" (1993). It gives a pedagogical introduction to quantum statistical mechanics
in two dimensions, starting with bosons and fermions. We discuss their equation of
state and derive exact expressions for all the virial coefficients in terms of Bernoulli
numbers. This result, independently obtained by D. Sen, is interesting because it
gives us the Bose- and Fermi limits of all the anyonic virial coefficients. The latter
are in general not exactly known; only the first few coefficients have been computed.
After giving an introduction to the quantum mechanical description of anyons and
reviewing the two-anyon problem, we therefore summarize what is presently known
about the equation of state of anyons (or rather, what was known in 1994).
Paper II: T.H. Hansson, J.M. Leinaas and S. Viefers,
"Field Theory of Anyons in the Lowest Landau Level",
Nucl. Phys. B 470 (1996) 291-316.
In paper II, written together with Hans Hansson and Jon Magne Leinaas, we formulate a field theoretical description of anyons in a strong magnetic field, constraining
them to the lowest Landau level. This is motivated both by the relevance to the
quantum Hall system where a strong external field is present, and by the fact that
the LLL restriction simplifies the problem. This is because the system effectively
becomes one-dimensional. We make this one-dimensionality explicit by mapping our
field operators onto the circle. The theory, originally given by fermionic field operators with a statistical interaction, is then transformed to a free form where the new
field operators obey modified ("anyonic") commutation relations. An additional confining harmonic potential is introduced, lifting the degeneracy in angular momentum.
Examining the Fock space in terms of these "anyonic" field operators we find unusual
occupation rules which strongly remind of those for fractional exclusion statistics.
Introducing a chemical potential and defining all excitations relative to a filled
Fermi sea (neglecting finite-size effects of the latter), we also find that, for special
values of v, our model on the circle is equivalent to the "chiral Luttinger liquid"
{xLL) theory often used to describe the edge excitations in QH systems at Laughlin
fillings.
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In the appendices we discuss the construction of the field operators in the LLL as
an explicit projection from the full theory of anyons in a magnetic field, the classical
mechanical formulation and finally the statistical mechanics of the model on the circle.
P a p e r III: Serguei Isakov and Susanne Viefers,
"Model of Statistically Coupled Chiral Fields on the Circle",
Int. J. Mod. Phys. A 12 (1997) 1895-1914.
This paper, written in collaboration with Serguei Isakov, is a continuation of paper II,
where we generalize the one-dimensional model on the circle to several components.
This is done by starting with several species of anyons in the LLL. with statistics
described by a matrix instead of a single parameter. Again, we define field operators
on the circle and transform the model to a free form in terms of "anyonic" field
operators. We then prove that our model is equivalent to a gas of free, chiral particles
obeying multicomponent fractional exclusion statistics, as indicated by the occupation
rules. This explicit connection can then be used to discuss the thermodynamics of the
model. Finally, we bosonize the model, showing the connection to the multicomponent
version of the x^L theory used to describe the edge excitations of more general FQH
states such as multilayer systems or hierarchical states. The original statistics matrix
describing anyons in the LLL is identified both with the fractional exclusion statistics
matrix and with the K matrix determining e.g. the filling fraction and quasiparticle
charges and -statistics in the multicomponent x^L model.
P a p e r IV: J.M. Leinaas and S. Viefers,
"Bulk and edge properties of the Chern-Simons Ginzburg-Landau theory for the fractional quantum Hall effect",
(Preprint).
In the fourth paper we have left the LLL anyon models in favour of a more direct
description of the FQHE and its edge excitations. The Chern-Simons GinzburgLandau (CSGL) model is an effective theory for the FQHE, neglecting microscopic
details at the magnetic length scale. This theory, developed in 1988 by Zhang and
collaborators, complements existing microscopic models and turns out to give a good
description of the macroscopic properties of the FQH system. In its simplest form,
the model describes the FQHE at fillings v — If(2m + 1), neglecting spin effects. We
study the ground state of this model, both in the bulk and at the edge using analytical
and numerical methods. We also show that the massless edge mode is reproduced
and comes out with the expected velocity. Then, we look at a generalized version
of the model which describes spin effects as well. In the ground state, the system
is completely polarized in the bulk; however, at the edge a textured spin structure
occurs at sufficiently soft confining potentials if the Zeeman energy is small enough.
Again, we study the ground state analytically and numerically. Examining the edge
excitations in this case, we find a third order equation for the edge velocity, indicating
the presence of three massless modes.

Paper I

Ideal quantum gases in two dimensions
S. Viefers, F. Ravndal, and T. Haugset
Institute of Physics, University of Oslo, P.O. BOX 1048, Blindern, N-0316 Oslo, Norway

(Received 2 June 1994; accepted 15 September 1994)
Thermodynamic properties of nonrelativistic bosons and fermions in two spatial dimensions and
without interactions are derived. All the virial coefficients are the same except for the second, for
which the signs are opposite. This results in the same specific heat for the two gases. Existing
equations of state for the free anyon gas are also discussed and shown to break down at low
temperatures or high densities. © 1995 American Association of Physics Teachers.
I. INTRODUCTION
Physics of two-dimensional systems used to be of primarily academic interest in providing mathematically simpler
versions of realistic problems in three dimensions. The fundamental discovery of Leinaas and Myrheim in 19771 of the
possibility for intermediate quantum statistics for identical
particles in two dimensions interpolating between standard
Bose-Einstein and Fermi-Dirac statistics therefore generated initially little general interest. Particles with this new
statistics were later named anyons by Wilczek.2 He showed
that they could be modelled as carrying both a charge and a
magnetic flux locked together in a very special way.
With the progress of modern microelectronics this situation changed.3 The discovery of the integer quantum Hall
effect4 could be explained by the special quantum effects of
electrons effectively confined between layers of different materials in planar transistors. Later it became clear that excitations in the fractional quantum Hall effect obeyed intermediate statistics.5 This in turn suggested that the mechanism
behind the new, high-temperature superconductivity seen in
layers of copperoxide planes in different materials, could
also be anyonic.6"8
Even if anyons should not turn out to be of great practical
importance in the coming years, two-dimensional systems in
general will play an important role in microelectronics and
material sciences. Since the third dimension is effectively
369
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frozen out only at very low temperatures, it is also obvious
that quantum effects will govern the behavior of these new
systems.
Here, we consider the thermodynamics of ideal quantum
gases in two dimensions. Ordinary bosons and fermions are
treated in the next section where their equation of state is
derived. In Sec. II we review the basic properties of anyons
and solve the simplest case of two anyons bound by a harmonic potential. The resulting energy spectrum is then used
in Sec. IV to calculate the second virial coefficient for
anyons. Including some recent results for the higher virial
coefficients, we then discuss in the last section their full
equation of state.
II. STATISTICAL MECHANICS OF BOSONS AND
FERMIONS
We consider JV free and identical particles of mass m in a
box of two-dimensional volume V. Each particle is characterized by the momertum k and corresponding energy
e=k 2 /2m. When they are in thermal equilibrium at temperature T and chemical-potential /x, their thermodynamics follows from the grand canonical partition function

(1)
where the upper signs are for Fermi-Dirac statistics and the
lower ones for Bose-Einstein statistics.9 Here, /3=VkBT
© 1995 American Association of Physics Teachers
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where kB is the Boltzmann constant. In this ensemble the
corresponding free energy density is simply the pressure
P=\n s,lj3V which becomes
(2)
The particle density p=N/V then follows from
ldP\

1 ^

1

(3)

where Li2(.x) is the dilogarithmic function defined by10
t

log t

(11)

When 0 < x « 2 , one can obtain a convergent series for the
pressure by expanding the logarithm in Eq. (9) and integrating term by term. This expansion is thus valid at all temperatures for bosons and only at high temperatures for fermions.
With the explicit solution (7) for the fugacity, we can now
obtain a differential equation for the pressure which will give
the equation of state. Forming the partial derivative

Similarly, if E is the total energy of the particles, the energy
density S=EIV is given by the derivative
dp
(4)
/3A

Since the lowest one-particle energy is here e=0, the chemical potential cannot become positive for bosons. Their fugacity z=exp(Bfj) will thus always be less than one. No such
upper limit exits for fermions.
In two dimensions we can replace the momentum sum by
the integral

we see that the first derivative on the right-hand side is just
the density (3) and the second is obtained from Eq. (7) as
A2
The equation of state is thus explicitly given by the integral
fp

Jo

in the thermodynamic limit where V—>». Writing k dk
= m de, we see that the particle density (3) is given by the
integral

,
p'A2
dp' -

(12)

as first obtained by Sen.11
At high temperatures we can express the equation of state
in terms of the virial coefficients. They can now be obtained
by using the expansion
(13)

(6)
Introducing the thermal wavelength A=(2TrBh2/m)m,
can write the result for the fugacity as
2= + ( l ± e ± p A 2 ) .

we
(7)

The upper signs are still for fermions snd the lower ones for
bosons. For bosons z smoothly approaches the value one as
the temperature goes to zero. Thus there is no Bose-Einstein
condensation in two dimensions except-at T=0 when all the
particles are in the ground state.
For the energy density (4) we similarly find in the thermodynamic limit
8

Jo

(8)

A partial integration where the boundary term vanishes then
gives

which is convergent for 0<|.*| <27r.10 It defines the Bernoulli
numbers Bn, giving B0=l, B[ = - l / 2 , B2=V6, 5 3 = 0 ,
B 4 = - l / 3 0 , etc. with B2n + i-0. We then obtain from Eq.
(12) the virial expansion
(14)
where the dimensionless virial coefficients are simply given
in terms of the Bernoulli numbers,11'12
A ! = (.

(15)

l\

The lowest ones are , 4 2 = ± l / 4 , A 3 =l/36, A4=Q, etc., and
give for the equation of state at high temperatures or low
densities

(9)
1
This is seen to equal the pressure (2) in the same limit. We
thus have .P=2f. In three dimensions the corresponding result is the more well-known relation P = (2/3) 8" for nonrelativistic particles.
Integral (9) for the pressure can be expressed in a more
compact way. Changing variable of integration to r = l
± z exp(—/3e) we obtain
(10)
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211 680

P 7 A 1 2 +-

(16)

Notice the interesting fact that since all the odd Bernoulli
numbers are zero after B j , all the even virial coefficients are
zero after A 2 . Hence, the only difference between the pressures in the bosonic or fermionic gases comes from the second term in expansion (16), i.e.,
(17)
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Fig. 1. Equations of state for free bosons and fermions in two dimensions as
functions of l/pA;*77p.

•id

e

e

a)

b)

Fig. 2. The exchange of two anyons generates a phase factor which depends
on the direction of the corresponding rotation in their center of mass.

since these two exchanges followed by each other are
equivalent to no exchange.
In three dimensions we now see that this latter interchange
is equivalent to the first since it can be obtained by an outof-page rotation around the line connecting the two particles
U2(x) + Li2(x-1)=-j\oglx,
(18)
in their final position. Thus we have 0'(r2>ri) = ^ r 2> r i)
which implies that exp(2i#) = l. This equation has the two
2
where *=exp(pA ) in our case. The difference is just the
solutions $=0 mod 2TT and 6=irmod 2TT. In the first case
pressure or energy density <ify=fi "np'lm in the Fermi gas at the wave function is symmetric under the interchange and
zero temperature as shown in the Appendix. Since it is conthe particles are bosons, while in the other case it is antisymstant with respect to T, we see that the specific heats of these
metric and the particles are fermions.
ideal quantum gases are equal as pointed out by
In two dimensions the two interchanges cannot be related
Aldrovandi.13 It would be of interest to have a more direct
for particles and the parameter 8 can have any value in the
understanding of this simple result.
interval 0*zd<2ir. We then have the possibility for intermeWe have plotted the pressures of the gases as a function of
diate statistics which interpolates between Bose-Einstein
temperature at fixed density in Fig. 1. At high temperatures
and Fermi-Dirac statistics. The wave function for the correwe can use the virial expansion (14). Since it only converges
sponding particles which are called anyons, will thus be nei2
for PA <2TT, it breaks down at low temperatures. For the ther completely symmetric nor antisymmetric. Needless to
Fermi gas just above T = 0 we can instead use the Sommersay, the statistical mechanics of anyon gases will be much
feld expansion9 derived in the Appendix. In two dimensions
different from the behavior of bosons and fermions.14'15
it is found to terminate after the second order. At slightly
A quantum mechanical description of N anyons can be
higher temperatures it smoothly matches up with the virial
obtained by modifying the classical Lagrangian
expansion. We can obtain the pressure of the Bose gas by
just subtracting the constant term ef0 from the Fermi pressure. In the Appendix we have also derived exact equations
(21)
1=2 2 mfj-V(r,,r2,...,rJ,
of state for these gases as explicit functions of the dimen2
sionless quantity pA combining the results in Eqs. (7) and
(10).
where the last term describes the potential energy of the particles and is symmetric in all its arguments. The quantum
mechanical motion of this system is now given by the integration of ex-p(ifdtL/fi) over all possible paths the system
III. QUANTUM MECHANICS OF ANYONS
can take.16 When the motion corresponds just to an interchange of two particles, the net effect should be a change of
The wave functions of bosons and fermions differ under
the wave function by s. phase as in Eq. (19). This effect can
the interchange of two or more particles. While the wave
now be built into the above Lagrangian by adding a topofunction for bosons is completely symmetric, the wave funclogical term
tion for fermions is completely antisymmetric. An interchange of two particles described by the wave function
i/AX\ >r2) is shown in Fig. 2(a). Their relative vector is rotated
(22)
by the angle A<P=TT. The wave function is then transformed
into ip(r2,r\)- Since the two particles are indistinguishable,
This additional term is the sum of time derivatives of the
this wave function can only differ by a phase angle B from
relative angles of all pairs of particles in the system as illusthe initial wave function,
trated in Fig. 3. These angles obviously depend on the positions of the particles. When the angle ^>,y changes by
k4>ij = ir, the corresponding change in the wave function is
Had the interchange taken place in the opposite direction as
in Fig. 2(b), the final wave function would have been
e r*

The result does not depend on the convergence of the virial
expansion. It follows directly from Eq. (10) when we make
use of the special property of the dilogarithmic function10

ilr'lrT,r-l) = e~'(>ip(Ti ,r->)
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(20)

exp i 7T Jo d(f>\ = e ,
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Fig. 3. Definition of the angle 0,-y in the positions of two anyons.

as desired. From this modified Lagrangian we can obtain the
canonical momenta and quantization can be performed by
standard methods.15
In this way we can describe anyons as ordinary particles in
two dimensions with a special, topological interaction.
Bosons obey symmetric statistics and prefer to be in the
same quantum state. Fermions can be considered as bosons
with a statistical interaction of strength a = f l % = l . This results in an effective repulsion between fermions which is
usually explained by the Pauli principle. Similarly, one can
describe bosons as fermions with an additional, statistical
interaction with a=l. The effect of shis topological interaction for arbitrary values of the parameter a in systems of
many anyons is not yet known.
Essentially the only known system where exact results can
be derived is the case of two anyons in a harmonic oscillator
potential
(23)
This is equivalent to the case of two anyons in a uniform
magnetic field, see, e.g., Ref. 17. Introducing the center-ofmass coordinate R ^ f j + r J and the relative coordinate
r = r ] — r 2 = ( ' ' cos <f>,r sin (j>), the Lagrangian (22) becomes
L e= jMR 2 + \M a>2R2 + \(JL( r2 + r2 <f>z + a) V ) + ah <£.
(24)
We have here introduced the total mass M — 2m and the
reduced mass fi=ml2. The statistical parameter enters only
in the relative motion described by the last term in the Lagrangian. The center-of-mass motion is described by the first
part which is just an ordinary, two-dimensional harmonic
oscillator. In order to quantize the system we need the canonical momentum pr=mr and
(25)
They allow the construction of the Hamiltonian function of
the system. In the quantum description the relative motion is
governed by the operator
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Fig. 4. Spectrum of two anyons in a harmonic oscillator potential.

H=-

h2 i B
— \- —
2/x [r dr

a
r—+dr i

, .

(26)
The Schrodinger equation is separable, and the corresponding wave functions can be written as
if/(r,(f>) = e'""i'R(r),
(27)
where the angular quantum number m is an even number if
the particles with the statistical interaction are bosons and an
odd number if they are fermions. For a given angular momentum the radial Schrodinger equation then simplifies to
d2 1 d
7;+-dr
r dr

1
,
,
, ,
j{m-ce)2 +{fJLW2r2 R(r)=ER(r)
r

-

(28)

which has exactly the same form as for an ordinary, twodimensional harmonic oscillator with a angular momentum
l = m— a. The eigenvalues are thus1
where n =0,1,2,... is the radial quantum number. If the particles are bosons, the angular momentum takes the values
m=0,±2,±4,.... The quantized energy levels as functions of
the statistical parameter are shown in Fig. 4. They are seen to
repeat themselves for other values of a with period 2 although the energy of each individual state with definite quantum numbers (n,m) is not periodic.
From Fig. 4 we see that the energy levels fall into two
separate classes with opposite slopes. Within each class the
degeneracy increases linearly with the number of the level
counted from below. For more than two anyons we only
know the lowest energy levels from numerical calculations. 8
Again one finds that they can be grouped into different
classes depending on their slopes as functions of a. This can
be explained by crude, semiclassical considerations.19 In the
case of N anyons, exact expressions for the ground state and
Vicfcrs, Ravndal. and Haugsct
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some excited states have been found, see, e.g., Ref. 17. Apart
from that, few exact results are known for systems of more
than two anyons.

IV. THE SECOND VIRIAL COEFFICIENT
Gases of fermions or bosons at very high temperatures
behave as classical, ideal gases, independent of the quantum
statistics. We expect to see the same behavior in a gas of
anyons. At lower temperatures quantum effects come into
play depending on the statistics. They result in a nonzero
value for the second virial coefficient, which for a gas confined to a volume V, can be calculated from9
V I
2,
^ 1 - 2 "

0

0.2

0.4

0.6

0.8

1

1.2

l.<

1.6

1.8

2

(30)

where Zx and Z 2 are the partition functions of one and two
particles, respectively. While Z, is independent of statistics
and thus the same for all free particles, Z 2 for anyons is more
difficult to derive. It was first calculated by Arovas ei ai20
using Feynman's path integral formalism.1 Since we know
all the energy levels (29) of the two-anyon system, it can also
be directly obtained from21

O)

(31)
where we have written the angular momentum m — 2s when
the anyons are described in terms of bosons. The factor Zx in
front gives the contribution from the center-of-mass motion.
From Eq. (24) we see that it equals the partition function for
one particle in a two-dimensional harmonic oscillator potential, i.e.,
i

z,=

4 sinh2(/3ft&>/2)'

(32)

In Eq. (31) the double sum is just the product of two such
geometric series and gives similarly
cosh

Fig. 5. The second (a) and third (b) virial coefficient as a function of the
statistical parametet a—8tv.

The second virial coefficient for anyons can thus be written
as B 2 = A 2 A 2 where its dimensionless value is
A2=\-\(l-a)2.

(36)

&>(!-<*)

For ordinary bosons which have a = 0 , we recover the result
A2= - 1 / 4 from Sec. II, while a=l gives the standard ferm-~
^ }
ion result A 2 = 1/4. A 2 is plotted as a function of the statistical
for two anyons in a harmonic oscillator potential.
parameter in Fig. 5(a) where it is seen to interpolate
The infinite volume limit V—•«> in Eq. (30) is replaced by smoothly between the fermionic and bosonic values. The
the zero slope limit (o—»0 for particles confined instead by a cusps at the bosonic points are found to disappear when there
harmonic potential. In this limit Eq. (32) approaches
is an additional interaction potential between the anyons deZ,—>l/(/3ft6j)2 which should be compared with the result for
pending on the separation as 1/r2.23
a free particle in a box of volume V,
V. EQUATION OF STATE FOR ANYONS
where A again is the thermal wavelength. Comparing these
two results, we have the relation

\phuj
In addition, in the standard formula (30) we must make the
replacement Vj2-*V when the particles are confined by an
oscillator potential as here.22 Expanding the last term to second order in to, we obtain
373
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In order to calculate the higher virial coefficients
B 3 ,B 4 ,..., we need the partition functions for Af=3,4,'"
anyons, but the energy levels and the corresponding degeneracies for these systems are not known. Instead of such
exact calculations one has to rely on perturbation theory or
numerical methods. Fo'.iowing the latter approach, Myrheim
and Olaussen24 have used Monte Carlo simulations of the
three-anyon problem which have enabled them to extract the
third virial coefficient. In this way they have obtained the
simple result
Viefers, Ravndal, and Haugset
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Fig. 6. The equation of slate to first order in 6 for 9 = 0 , 0.05, 0.1, with ff
increasing from below. The temperature at which the approximation breaks
down, is seen to increase with 6.

batively violated, one can even get negative particle densities
for sufficiently low temperatures. Higher order perturbative
results will probably not give much more understanding of
the physical phenomena causing this unexpected behavior at
low temperatures in the anyon gas.
When the statistical angle 6 is small, anyons can be described as bosons with a hard-core repulsion. Such a system
is known to become a superfluid at low temperatures.9 Similarly, anyons with $~2ir behave as fermions with a weak,
attractive potential. This gives rise to a pairing force between
the fermions so they effectively become bosons which condense. If the particles are charged, we then have a superconducting system. These heuristic arguments are actually supported by approximative and nonperturbative calculations of
anyons at very low temperatures and are probably the reason for the breakdown of the perturbative equation of state in
the same region.

VI. DISCUSSION AND CONCLUSION

A

^h+ih?sinl&-

(37)

Corrections are expected to go as sin4 6, but are absent or so
small that they cannot be determined with the present level
of accuracy in the simulations. Higher virial coefficients will
be very difficult to obtain by this method. ^43 is plotted in
Fig. 5(b) and is seen to take the common value A 3 = l / 3 6
derived previously for fermions and bosons.
The Monte Carlo result is in agreement with analytic calculations where the grand partition function has been
obtained perturbatively to first25 and second26 order in
the statistical angle. These results have more recently been
confirmed in the Chem-Simons formulation of anyons13 to
the same order in perturbation theory.27 Extracting the lowest
virial coefficients and plotting the resulting pressure as a
function of temperature at fixed density, one finds as expected a curve in between the fermion and boson lines in
Fig. 1 as long as pA 2 <l. 1 2 It has been shown that the relation
%=P between energy density and pressure is valid for
anyons as it is for bosons and fermions.28 One can thus also
obtain the specific heat for anyons at high temperatures.12
Since the virial expansion cannot be used at low temperatures, one obtains no information about the thermodynamics
of anyons in this regime where quantum effects dominate.
Instead of relying on the virial expansion, one can try to
use the pressure as function of fugacity in the discussion of
the equation of state. To first order in 8, this is found to
be 25 - 2 ?
(38)
"With the density p=zdldz(pP) we can plot the pressure as a
function of temperature with the fugacity as a parameter. The
result is shown in Fig. 6 for two small values of the statistical
angle. We see that when the temperature gets sufficiently
low, the resulting pressure is no longer well defined.25 When
6 becomes smaller, this happens at correspondingly lower
temperatures. A similar breakdown of perturbation theory is
also seen using the analytical results^"'27 for the pressure
valid to second order in ft. It can be traced back to a violation
of dpldz~2zQ which follows from general statistical mechanics for systems in thermodynamic equilibrium.25 This inequality is derived in the Appendix. Since it is here pertur374

Am. J. Phys., Vol. 63, No. 4, April 1995

Until the discovery of fractional statistics, the thermodynamics of ideal quantum gases in two dimensions was completely understood although a few detailed properties have
first been unravelled during the last couple of years. But
these gases are in general characterized by a statistical angle
which describes anyons interpolating between ordinary
bosons and fermions. With the recent calculations of the first
few virial coefficients we have today a fairly good knowledge of the high-temperature behavior of the ideal anyon
gas. There are also many indications and arguments for the
gas undergoing a transition into a superfluid phase at low
temperatures. However, the details of this transition and the
physical properties of the new phase are still to a large extent
unknown.
Anyons have many very beautiful properties and there is
every reason to believe that in the coming years many of the
present problems will be much better understood or even
solved. These results for two-dimensional quantum gases
might even some time in the future have practical consequences with the ever increasing proliferation of new materials and structures in solid state physics.
We would like to thank Professor S. Ouvry for. several
useful suggestions and comments.
APPENDIX
For fermions at zero temperature the chemical potential is
just the Fermi energy eF. As in three dimensions it follows
directly form the particle density
P=
which gives eF=2irpft2/m.
sity is then
m

1 ,_A2

The corresponding energy den,

(Al)

which also will be the pressure in the fermion gas at zero
temperature.
At temperatures just above zero we can use the Sommerfeld expansion.9 In the calculation of the energy, we then find
it to terminate after just two terms.
Vicfcrs. Ravndal, ;ind Ihiunset
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(A2)
#=0

""

Similarly, we find no power corrections to the chemical potential, i.e., / i = e f as long as kBT<eF. This is also in agreement with the exact result (7) which gives

zN+tJ'zNZN,{N2-NN').

^=— 2
For the low-temperature energy density of the fermion gas
we thus have

,V'=0

Combining the two terms, we get

Because of the symmetry between N and N' we can rewrite
this as

(A4)
where A=(2-rr/3ft2/m)1/2 is the thermal wavelength. Since we
hiave from Eq. (17) that fiF-!iB = <i'o, we see that the last
tierm in Eq. (A4) is the bosonic energy density '6B at low
temperatures.
There are no corrections to these results involving higher
ojrders in 1/pA2 which is small at low temperatures. Instead,
tlhere will be exponential corrections of the order exp(—pA~).
One way to see this, is to use the following property of the
dilogarithmic function10
Li,(jc) 4-Li2( 1 —^r) = —— In JC I n ( l - x ) .

(A5)

2^
N./V'

which is always a positive quantity.
To lowest order in perturbation theory we had the result
(38) for the pressure in the anyon gas as a function of the
fugacity. The corresponding density is
3P

1

e

(A10)

The last term is seen to give a violation of the above bound
at low temperatures where the fugacity approaches one.

For the energy density (10) of the boson gas we then have
1

^

(A6)

(A7)
This provides an exact and explicit result for the energy density of a two-dimensional gas of free bosons valid at all
temperatures. Adding the constant (Al), we then get the corresponding exact result for the fermion gas.
We now want to show that for a gas in thermodynamic
equilibrium the derivative of the density p with respect to the
fugacity z=exp(£/i) is always positive. From the grand canonical partition function9

3=2

(A8)

where ZN is the canonical partition function for exactly N
particles, we obtain the average number of particles
d In E

1
(A9)
N=0

The density is p={N)IV where V is the volume of the system. Taking the derivative with respect to the fugacity at
constant volume, yields

375

Am. J. Phys., Vol. 63, No. 4, April 1995

l

I. M. Leinaas and J. Myrheim, "On the theory of identical particles,'7
Nuovo Cimento B 37, 1-23 (1977).
2
F. Wilczek, "Magnetic flux angular momentum and statistics," Phys. Rev.
Lett. 48,1144-1146 (1982). A more pedagodic presentation is given by R.
Mackenzie and F. Wilczek, "Peculiar spin and statistics in two space dimensions," Int. J. Mod. Phys. A 3, 2827-2853 (1988).
3
For a lucid introduction to these new phenomena, see for instance L. J.
Challis, "Physics in less than :hree dimensions," Contemp. Phys. 33, 111—
127 (1992).
"K. von Klitzing, "The quantized Hall effect," Rev. Mod. Phys. 58, 519531 (1986). More recent theoretical ideas are given by The Quantum Hall
Effect, edited by R. E. Prange and S. M. Girvin (Springer, Berlin, 1990).
S
D. Arovas, J. R. Schrieffer, and F. Wilczek, "Fractional statistics and the
quantum Hall effect," Phys. Rev. Lett. S3, 722-723 (1984).
'R. B. Laughlin, "The Relationship between high-temperature superconductivity and the fractional quantum Hall effect," Phys. Rev. Lett. 60,
2677-2680 (1988); "Superconducting ground state of noninteracting particles obeying fractional statistics," Science 242, 525-533 (1988).
7
Y. H. Chen, B. I. Halperin, F. Wilczek, and E. Witten, "On anyon superconductivity," Int. J. Mod. Phys. B 3, 1001-1067 (1989).
8
F. Wilczek, Fractional Statistics and Anyon Superconductivity (World Scientific, Singapore, 1990).
'See, for example, D. A. McQuarrie, Statistical Mechanics (Harper & Row,
New York, 1976), K. Huang, Statistical Mechanics (Wiley, New York,
1988).
10
M. Abramowitz and I. S. Stegun, Handbook of Mathematical Functions
(Dover, New York, 1965).
"D. Sen, "Quantum and statistical mechanics of anyons," Nucl. Phys. B
360, 397-408 (1991).
l2
S. Viefers, Statistical Mechanics of Anyons in the Mean Field Approximation, Cand. Scient. thesis, University of Oslo, 1993.
J3
R. Aldrovandi, "Two-dimensional quantum gas," Fort. Phys. 40, 631-649
(1992).
"introductions to the physics c.f anyons can be found in G. S. Canright and
S. M. Girvin, "Fractional stcvstics: Quantum possibilities in two dimensions," Science 247, 1197-1205 (1990); [. J. R. Aitchison and N. E.
Mavromatos, "Anyons," Co-temp. Phys. 32, 219-233 (1991); S. Forte,
"Quantum mechanics and fie'd theory with fractional spin and statistics,"
Rev. Mod. Phys. 64, 193-236 (1992).
15
A. Lerda, Anyons (Springer, 3erlin, 1992).
Viefers, Ravndal, and Haugset

375

16

R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path Integrals
(McGraw-Hill, New York, 1965).
I7
M. D. Johnson and G. S. Canright, "Anyons in a magnetic field," Phys.
Rev. B 41, 6870-6881 (1990).
18
M. Sporre, J. J. M. Verbaarschot, and I. Zahed, "Numerical solution of the
three-anyon problem," Phys. Rev. Lett. 67, 1813-1816 (1991).
19
J. Aa. Ruud and F. Ravndal, "Systematics of the //-anyon spectrum,"
Phys. Let!. B 291, 137-141 (1992).
2
°D. Arovas, J. R. Schrieffer, F. Wilczek and A. Zee, "Statistical mechanics
of anyons," Nucl. Phys. B 251, 117-126 (1985).
21
A. Comtet, Y. Georgelin, and S. Ouvry, "Statistical aspects of the anyon
model," J. Phys. A 22, 3917-3925 (1989).
^K. Olaussen, "On the harmonic oscillator regularization of partition functions," (Theoretical Physics Seminar in Trondheim, No. 13, 1992).

U

D. Loss and Y. Fu, "Second virial coefficient of an interacting anyon gas,"
Phys. Rev. Lett. 67, 294-297 (1991).
J. Myrheim and K. Olaussen, "The third virial coefficient of free anyons,"
Phys. Lett. B 299, 267-272 (1993).
25
A. Comtet, J. McCabe, and S. Ouvry, "Perturbative Equation of State for
a Gas of Anyons," Phys. Lett. B 260, 372-376 (1991).
26
A. Dasnieres de Veigy and S. Ouvry, "Perturbative anyon gas," Nucl.
Phys. B 388, 715-755 (1992).
27
M. A. Valle Basagoiti, "Pressure in Chern-Simons Field theory to threeloop order," Phys. Lett. B 306, 307-3U (1993); R. Emparan and M. A.
Valle Basagoiti, "Three-loop calculation of the anyonic full cluster expansion," Mod. Phys. Lett. A 8, 3291-3299 (1993).
2
*T. Haugset and F. Ravndal, "Scale anomalies in nonrelativistic field theories in 2+1 dimensions," Phys. Rev. D 49, 4299-4301 (1994).
24

From Big Science by Nick Downes. Copyright © 1992 by Nick Dowries. Published by AAAS
Press, Washington, D.C., p. 5. Used with permission.

376

Am. J. Phys., Vol. 63, No. 4, April 1995

Viefers, Ravndal, and Haugset

376

Paper II

NUCLEAR
PHYSICS B [FS]
ELSEVIER

Nuclear Physics B 470 [FS] (1996)291-316

Field theory of anyons in the lowest Landau level
T.H. Hansson*-1, J.M. Leinaasb, S. Viefersb'2
a

b

Fysikum, University of Stockholm, P.O. Box 6730, S-11385 Stockholm, Sweden
Institute of Physics, University of Oslo, P.O. Box 1048 Blindern, N-0316 Oslo, and
Centre for Advanced Study, P.O. Box 7606 Skillebekk, N-0205 Oslo, Norway
Received 28 December 1994; revised 26 February 1996; accepted 29 March 1996

Abstract
We construct a field theory for anyons in the lowest Landau level starting from the N-particle
description, and discuss the connection to the full field theory of anyons defined using a statistical
gauge potential. The theory is transformed to free form, with the fields defined on the circle and
satisfying modified commutation relations. The Fock space of the anyons is discussed, and the
theory is related to that of edge excitations of an anyon droplet in a harmonic-oscillator well.

1. Introduction
We consider in this paper the field theoretical formulation of anyons, not in general,
but for particles in a strong magnetic field. This is an interesting case, since so far
the only physical system where the presence of anyons has been established with any
degree of confidence is the quantum Hall system [1], where the particles move in a
strong magnetic field. We assume the field to be sufficiently strong that the particles are
constrained to the (generalized) first Landau level. The dynamics of the system is then
effectively one-dimensional, and this simplifies some of the problems associated with
the field theory formulation. For the full anyon problem, i.e. without the restriction to
the lowest Landau level, the system can be described either in terms of Bose or Fermi
fields with a non-local interaction to take care of the fractional statistics of the particles.
Formulations of the theory without this statistics interaction, but with field operators
which satisfy modified commutation relations have been attempted [2-5], but to carry
1
2
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out this consistently has proven to be difficult, since the phase factor associated with
particle interchange cannot readily be absorbed in the algebraic properties of the field
operators. In the one-dimensional case the problems associated with the ordering and
interchange of particles are easier to handle.
To make the one-dimensionality of the anyon system in the lowest Landau level
explicit, we map the system onto a circle. It can then be transformed to a free field
form, with field operators satisfying modified commutation relations. This leads to
unconventional rules for the occupation of single-particle levels. We consider a free
field form of the Hamiltonian which for the anyon system corresponds to including a
harmonic-oscillator potential in the Hamiltonian. This field theory takes the form of a
chiral Luttinger model, and the formulation is closely related to similar descriptions of
edge excitations in the quantum Hall effect [6,7].
The discussion in the paper is organized as follows. We take, in Section 2, the TVparticle description of anyons in the lowest Landau level as our starting point, and
introduce anyon field operators so that the wave function, in the standard way, can be
regarded as the projection of the abstract state vector on the set of position vectors created
by the (Hermitian conjugate) field operator. We introduce a transformation to fields
with simple commutation relations and express the Hamiltonian and the total angular
momentum operator in terms of these field operators. In Section 3, the field theory is
transformed to a one-dimensional form with field operators defined on a circle. A further
transformation gives a field equation of the free form, but with modified commutation
relations. The Fock space representation constructed with these operators is discussed.
In the last section we examine the free field theory corresponding to particles in a
combined magnetic field and harmonic-oscillator potential. This description is similar to
the chiral fermion field theory introduced to describe edge excitations in the quantum
Hall system. However, in the present case it describes the full dynamics of the system
of (non-interacting) particles in the lowest Landau level. We also show that neglecting
finite-size effects, it is equivalent to the description given by Wen [6] of the edge of
the quantum Hall state with filling fraction l/(2m + 1). In Appendix A we derive the
field operators in the lowest Landau level from the (bosonic) field operators of the full
anyon system. In Appendix B we give a Lagrangian formulation for the corresponding
system of particles on the circle, and in Appendix C we give a summary of the statistical
mechanics for this system.

2. Field operators in the lowest Landau level
The general form of a multivalued N-anyon wave function in the lowest Landau level
is

V ( Z, Z ) = I T (Zi — ZjY^iZ ) exp I — 5 2_. ZiZi I >
where dimensionless complex coordinates have been used,

(2.1 )
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(2.2)
B is here the magnetic field and (x,y) are the coordinates of the two-dimensional
plane where the particles are moving. We use z also as a shorthand notation for the
set of coordinates, Z\,.-.,ZN,
of the TV-particle system. The holomorphic part of the
wavefunction, i//(z), is either a fully symmetric, or a fully antisymmetric function of
the particle coordinates. We refer to these two possibilities as the bosonic and fermionic
representations respectively, v is the statistics parameter of the anyons, which is 0
for bosons and 1 for fermions in the bosonic representation. In this section and in
Appendices A and B we mainly use this representation, whereas both possibilities are
included explicitly when the field theory on the circle is introduced in Section 3. In
the discussion related to the anyon droplet (Section 4 and Appendix C) however, the
fermionic representation is the natural one to choose.
We introduce a basis of position vectors in the lowest Landau level through the
analytic part of the wave function in the following way:
(z|^>.

(2.3)

The field operator <fi(z) is defined by
0(z)|O)=O

(2.4)

and
\z) = | z i , . . . ZN) = - 4 = ^ (zi) • • -^ (ZN) |0>,
(2.5)
VNl
with |0) as the vacuum state and (ft {z) as the Hermitian conjugate field operator. This
definition gives the standard expression for the wave function t//(z) in terms of the field
operator,
b) .

(2.6)

The field operators act within the lowest Landau level, and the action of the operators
on vectors orthogonal to this subspace is defined as zero.
Consider the scalar product between two states of the lowest Landau level,

'}=

f d2zl...d2z

J

J

= ( i A | / d 2 z \ . . . d 2 Z N e x p I - ^ Z i Z i J y j v ( z , z ) | z i ..-ZN){Z\

. . . z N \ <{>')>
(2.7)

where
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(2.8)
This gives the completeness relation,
) . . f w ) < Z i . . . z w | = -Pjv

(2.9)

with PN as the projection on the N-particIe space. This implicitly defines the overlap
between basis vectors,
gN(z\z)

= (z'\z).

(2.10)

For arbitrary i//(z) we have
2
Z]

.. .d2zN exp l-J^Wi)

yN(z,z)gN (z',z)>^(z) = ip(z'),

(2.11)

which means that gn acts as a 5-function in the space of analytic functions (j/{z), when
the v-dependent term yN is included in the integration measure. However, because of
7/v the overlap function g^ does not have a simple form. While g\{z) = ez Z/TT, g2 is
rather complicated,

(2.12)
When the wave functions ip(z) are symmetric, the field operators <f>(z) and <p(z')
commute in spite of the complicated scalar product. However, the scalar product is
important for the commutator

[

)

]

,

(2.13)

as is illustrated by the following matrix elements of the operator A:

',z) = (O\[cf>(z'),<f>Hz)]\O)=g1U',z),
)

(2.14)
(2.15)

f. z{, Z\, Zl) - g\ (z(, Z\ )g\(Z2, Zl).

Similar, but more complicated, expressions can be found for larger values of the particle
number N.
That the commutator [<f>(z'),4>Hz)] is a complicated operator and not a simple
function of z' and z implies that the observables, when expressed in terms of <j> and
$ , may take a rather complicated form. This is the case for the particle number as
well as for the angular momentum operator, even if these have simple expressions in
the /V-particle formulation. To recover these from the field theory expressions of the
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operators one has to make use of the commutators between the creation and annihilation
operators.
To simplify expressions, we introduce the dual basis \z)) by the orthogonality requirement
(z'\z))

= SN(z',z),

(2.16)

where the 5-function now refers to the integration measure where the ^-dependent factor
JN is omitted,

perm{j}

\

»

/

The completeness relation then becomes
PN=

d2z\ ...d2zN

exp ~2_,*«•*<•) tzi • • -ZN))(ZI

• • -zN\

(2.18)

= j d2z\ .. .d2zN exp ( - 5 3 ztZi) |fi .. .fw)((zi ... zN\

(2.19)

with the two sets of basis vectors related through the expression

( ^

r
|z» = / ^ i ' • • . ^ e x p

\

- Y z'z! yN(z',z')SN (z'.f) |f').

(2.20)

Corresponding to the new basis we define the dual field operator <p+ by the relation
) = \ZI,...ZN))

=- i ^

+

(zi)...<f>+

(ZN) | 0 ) .

(2.21)

For the operators <fi an<3 4>+w e find, in the bosonic representation, the commutation
relations

These follow from the symmetry of the wave functions and the orthogonality relation
(2.16). Due to the simple commutator between (j> and (j>+, the basic observables of the
system can be given a simple field theoretic form. In the N-particle representation the
Hamiltonian is simply proportional to the particle number,

H=—N
2m

(2.23)

and the angular momentum is
LN = J2zi^- + ^N(N-l).
In the field theory formulation these operators have the form

(2.24)
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H
and

as can readily be verified by applying them to an Af-particle wave function {z\*f/)We stress that the dual field operator <j>+ is different from the Hermitian conjugate
operator ft. As already discussed, the observables (2.25) and (2.26) cannot be written
in a simple form in terms of the field operators <\> and <ft. If we formally write the
relation (2.20) between the two sets of basis vectors as
\z)) = A \ z ) ,

(2.27)

the operators <j>+ and <ft are related by
(f>+= A<f>1 A ' 1 .

(2.28)

The operator A is positive definite and Hermitian, so it can be written in the form

A-^rfS,

(2.29)

where S is a non-singular operator. This operator, which is only partly specified by its
relation to A, can be used to introduce a new set of field operators, by the similarity
transformation

For the new field operators we have the same simple commutation relations (2.22)
as for <j> and 4>+. Also the transformed observables have the same form as in (2.25)
and (2.26), but with <f> and 4>+ replaced by <p and <pK In this way one can obtain a
more standard form of the observables in terms of the field operator and its Hermitian
conjugate, but for the transformation (2.30) we do not have an explicit expression.
In this section we have introduced field operators starting from the /V-particle operators
constrained to the lowest Landau level. In Appendix A we show how to relate this
description to the field theory description of the full anyon system, with the fractional
statistics appearing in the form of a non-local interaction.

3. Field theory on the circle
The anyon system restricted to the lowest Landau level can be regarded as a onedimensional system. One way to make this explicit is to map the system onto a circle.
The field operator <p(z) is expanded in angular momentum eigenstates,

Y,4=9iz',

(3-D
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and the new operators x(&) are defined as

(3 2)

-

£ ^'-

In the following we include in our discussion both the bosonic and fermionic anyonrepresentations. In the fermionic case the commutators (2.22) are changed to anticommutators, and with both possibilities included in one equation, the commutator /anticommutator of the fields x ' s

[x(e'),xH8)]± = -L £«"<*'-»> = s;er(e' - e\

(3.3)

where S^er(0) is the positive frequency part of the periodic delta function. The angular
momentum has the following form in terms of the new operators:
2ir

X(6).

"••I

(3.4)

We shall in this section consider L to be the Hamiltonian of the system, and hereafter
refer to it as HL. This essentially corresponds to introducing a harmonic-oscillator
potential in addition to the magnetic field, as we discuss further in the next section. The
equation of motion becomes
d!x(.0)=i[L,x(0)]=-(d8+ivN)x(e),

(3.5)

where N is the particle number operator. The I'-dependent "statistics" term can be
eliminated by the following transformation:
257-

etfwwo)

(3.6)

o
and the new field operator satisfies the field equation
(3t + de)tH0)=0,

(3.7)

which has the form of a free field theory of massless, chiral fermions on the circle. The
new fields obey modified commutation relations:

') ± e-'V(f?-"'V(0')</'(0) =o,
') ± e-iHe-e"><//i(6')ip\e) =0,
=A(6-0')

(3.8)

with + and — referring to the fermionic and bosonic representations, respectively. The
operator A(0) is defined as
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A(0) =

(3.9)

and is the natural modification of the <5-function defined in (3.3), in the sense that
(3.10)
2TT

[ d0'A(0-0')tff(0')=if,(6).

(3.11)

The commutation relations given above are similar, but not identical, to generalized
commutation relations that previously have been considered for one-dimensional theories.
(See for example Ch. 7 in Ref. [8].)
We note that, due to the unconventional commutation relations satisfied by the field
operators, the angular momentum does not have the free field form, but is instead given
by
lir

lir

4,(0).

HL =

(3.12)

The interaction term conspires with the unconventional commutation relations to give
the free field equation of motion (3.7) for ft(d).
The discussion in this section is entirely in a Hamiltonian framework, but there
should also be a Lagrangian formulation, which would be appropriate for a path integral
approach. In Appendix B we discuss the classical Lagrangian formulation, and show
how to define Poisson brackets which, upon quantization, reproduce the commutation
relations (3.8) to first order in v.
Now consider the Fourier transform
(3.13)
In this expansion the Fourier variables are non-integers, but due to the periodicity of the
original field x(8), K is restricted to
K = k + vn,

(3.14)

where k and n are non-negative integers. If we further introduce a set of basis states
KN,...,Ki)

= -^=a\N...a\i\Q),

(3.15)

we have the restriction
(3.16)
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This means that a\ annihilates all states where the integer n is not equal to the particle
number of the state. In operator form this is expressed through the identity
flte-2«w

=

g-2«-i«fltf

N

=

The operators aK and a\ satisfy the unconventional commutation relations

aKa\±a\_vaK-v

= 8KXnK,

(3.18)

where ITK is the projection on the subspace with particle number(s) n determined by
K through (3.14). We note that if v is an irrational number, n is uniquely determined
by K; if v is a fraction pjq, n is determined only modulo q (assuming p and q do not
have a common divisor). The projection TIK satisfies the relations

a\nK=nK+va\,
aAnK=nK-vaA.

(3.19)

For rational v = pjq, we derive the following explicit expression for IJK:
nK=
{

d9 g ^ C « - ' - " W = I ^ y i r i n C t - , . ^
q
1=0
H=l

(3.20)

while for general v there is no such simple formula.
The commutation relations (3.18) imply that for fermionic commutation relations for
the original fields we have

4+A

= 0-

(3.21)

This leads, in this case, to the additional restriction £,- ¥= kj for the quantum numbers
K-, given in (3.16).
Since the field ft(0) satisfies the free field equation (3.7) and the operators aK
therefore have the simple time evolution
aK{t)=e-iK'qK,

(3.22)

the states (3.15) are energy eigenstates with time evolution
=(0\aK](t)...a
^

)

(3.23)
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K=l

K= 0

K=l

K= 0

Fig. I. Two equivalent states of two particles in the v = j system. The left one corresponds to the normal
ordering prescription (3.25).

Thus, the energy (or angular momentum) eigenvalue of the state is simply
I,...,

*>]= ] £ KJ.

(3.24)

This permits an occupation number interpretation of the states (3.15) generated by
the operators a^. Such an operator creates a particle with energy K, and the total
energy is equal to the sum of single-particle energies, just as if the particles were noninteracting. Note however that the ^-dependent statistics interaction affects the values of
the single-particle energies, (3.16). The commutation relations (3.18) also show that
the occupation number description is non-unique. A reordering of creation operators will
give a different distribution over single-particle levels, although the total energy remains
invariant. This is illustrated in Fig. 1 for two different but equivalent distributions in the
case v = i . However, the distribution over single-particle levels may be given a unique
definition by introducing a normal ordering of creation operators. A possible definition
of such a normal ordering of a string of creation operators a\N.. .alt, would be the
requirement
> Ki + v,
Ki+\ ^Ki + v+1,

Bose,
Fermi.

(3 25)

This requirement can readily be seen to be satisfied for one of the possible orderings of
the operators by use of the commutation relations (3.18).
To comment a bit further on this occupation number description, we will assume
v = p/q, with p and q integers. If we compare with the energy levels of the v = 0
system, we note that there is a splitting of p of these levels into q levels in the new
system. This gives a typical level distance of \jq in the new system, although the level
distance increases to p/q at the bottom of the spectrum. However, these levels cannot
be freely filled with particles. When filled from the bottom of the spectrum (according
to normal ordering), there has to be a minimum distance of p/q between one particle
and the next, even if there are unoccupied levels in between. In terms of the levels of
the v = 0 system this is like having a maximum occupation of q/p for each level, but
the energies of these particles are not the same due to the level splitting between the
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K= 1

Fig. 2. The ground state of the v = | system.

v = 0 and the ^ = p/q systems. As an example, we show the ground state of the v = |
system in Fig. 2.
The occupation rules discussed above clearly suggest a connection to exclusion statistics, first introduced by Haldane [9]. This connection can be made explicit, as will be
discussed in a separate publication.

4. Field theory and the anyon droplet
We will now consider a model Hamiltonian that incorporates several features of a real
FQH system. The starting point is a system of "free" anyons in a strong magnetic field,
B, and confined to a circular region by a harmonic potential V(r) = eAo = \mop-r1. The
potential is weak in the sense that co <§; &>c, where wc is the cyclotron frequency of the
magnetic field. This theory is equivalent to having the particles moving in an effective
magnetic field
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mo))2

(4.1)

\Ncot where L is the total angular momentum operator,
with the Hamiltonian H = aL+ \Ncot
e
co
oe c the cyclotron frequency of the effective field, and
1
a=—(eBeff-eB)
2m

mco2 a2
~ — - = —.
eB coc

(4.2)

We also have a = v/R where R is the radius of the anyon "droplet", and v the "Fermi
velocity", i.e. the drift velocity of the electrons at the edge due to the harmonic-oscillator
potential eAo (see (C.18)). The system is described by the following field theoretical
Hamiltonian:
2ir

(4.3)
where the Fourier transform of x(@) o n ' y includes positive frequency components. The
Fermi (angular) momentum KF has been introduced to fix the number of particles in
the ground state. It corresponds to including a chemical potential

+ {cof.

(4.4)

Throughout this section, we choose to work in the fermionic representation. Then, the
particle number No of the ground state is determined by
(4.5)
and for convenience we choose
(4.6)
The physical size of the droplet is
(4.7)
being the magnetic length y/2/eBe{(.
With the following transformation of the field:
(4.8)
the new field will satisfy the free field equation
(4.9)
and the total energy is simply a sum of single-particle energies,
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= a V ^ ; .

303

(4.10)

In this case the possible values of K are determined by
K

= k + vn —

(4.11)

where k and n are non-negative integers. The ground state corresponds to having the
negative K states filled, in the way discussed in the previous section.
Expressed in terms of the ^-field, we then have a free field theory with the form of a
chiral, massless fermion theory on the circle. However, due to the non-trivial periodicity
conditions, the angular momentum variable K takes unconventional values. There is also
a "bottom" in the Fermi sea - it is defined by K = — K?, and thus related to the total
number of particles in the system. As pointed out in the previous section (see (3.12))
the Hamiltonian does not have the free field form, but is given by

= aHL = a f dOif/HO) -ide - ^ jd9'i}>H0')tp{8')

(4.12)

The model discussed in this section has the form of a chiral Luttinger model, and
for even values, v = 2m, it is essentially the same as the one used by Wen [6,10] to
describe the edge excitations of a droplet of fermions in the lowest Landau level (see
also Stone [7]). In our case, however, the Hamiltonian gives an exact description of
the full anyon system, and the excitations are in general not excitations of the edge. The
"Fermi" surface «• = 0 corresponds to the edge of the droplet, and small K will correspond
to excitations close to this surface. But the field operator if/^ also includes components
(large positive K) which create particles far from the surface, and components (large
negative K) which annihilate holes deep inside the droplet. One should also note that,
due to the uncertainty relation between K and 8, an excitation that is sharp in 6 is
totally spread out in angular momentum, or equivalently, totally delocalized in the radial
coordinate r.
We now demonstrate that if we ignore the finite-size effects due to the "bottom" of
the Fermi sea, and consider the special values v = 2m, our theory is exactly the one used
by Wen to describe the edge of a quantum Hall system with filling fraction l / ( 2 w + 1).
We return to the formulation in terms of the original field x an<3 write the Hamiltonian
(4.3) in a form which is normal ordered with respect to the Fermi level,

H =a

J

d6 :

(4.13)

.0

with <2 = N - No as the charge operator. Writing H in this form we have redefined
the field x by absorbing a phase factor elN"e and subtracted the ground-state energy.
This theory can be bosonized using standard techniques (for all the relevant details
see [11]). The bosonized form of the fermion operator is
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(4.14)

:e
where the chiral Bose field <j> can be written in the form
in(6-at)
at) + iJ2 \ W

-M-at)

]•

(4.15)

The operator 4>o is conjugate to the charge operator Q, [<f>o,Q] = i, and the normal
ordering in (4.14) only refers to the operators an and a\ that annihilate and create
neutral chiral excitations and satisfy the commutation relation [am,a\] = Smn. The
charge Q determines the periodicity of the Bose field and can be interpreted as the
winding number associated with this field. The Hamiltonian takes the bosonized form,
277

+mQ2

H=a

(4.16)

=a
n>0

This Hamiltonian is precisely of the form discussed by Wen. However, the correlation
functions of the fermion operators are obviously those of a free fermion theory and the
short-distance behavior (which can also be interpreted as the large-R behavior) can be
calculated using either the fermionic or bosonic form of x and x^>
(4.17)
Thus, the operator x is not identical to the operator identified by Wen as the fermion
operator [10]. To find the correspondence to Wen's fermion operator, we first note that
we, by a change in the definition of the Bose field, can absorb the interaction term of
the Hamiltonian and bring the full Hamiltonian to a free field form. The new Bose field
is defined as
1

(4.18)
n>0

and the Hamiltonian has the free field form
(4.19)
The parameter v = 2m now only appears implicitly in the periodicity conditions of the
field 4>.
Corresponding to the Bose field (J> we introduce the new fermion field
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/ ,
\
^ : exp (iV(2m+1)^(0, Oj :
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(4.20)

This operator is the one which can be identified with Wen's fermion operator. The
correlation functions for the operator do not correspond to free fermions (or a Fermi
liquid) but are typically

^JL

(4.21)

However, it may be important to note that this behavior is closely related to the fact
that the anticommutator {xH&, t),x(0', t)} does not equal a (periodic) delta function,
but a more complicated local distribution involving derivatives of the delta function. In
this respect it is not a standard fermion operator. We also note that the Hamiltonian
(4.19) does not have simple form when expressed in terms of x a n d $• Thus, the
form of the correlation function (4.21) is not sufficient to imply a strongly correlated
ground state of Luttinger liquid type in the present model. This is not to say that the
real electrons at a FQH edge do not form a Luttinger liquid. Remember that the fields
in our simple model on the circle are related to the original anyons in the lowest Landau
level by the transformation S (see (2.27)-(2.30)) which is not explicitly known. It is
not inconceivable that the correlation functions of this anyon operator are more closely
related to the correlation functions of the operator x rather than those of the field
X, which describes the"elementary" fermions in our simple model. Clearly this is an
interesting and important point to clarify. (For a related discussion see [12].)
As stressed by Wen, the thermodynamic properties of the edge states in the QH
system are the same as for a Fermi liquid and we expect the same in our model. In
Appendix C we derive an exact formula for the grand canonical partition function for
our model on the circle and show that the specific heat at low T is the same as the one
derived by Wen for the QH system.
Finally, we point out that the transformed field tj/ (4.8), which satisfies the free field
equation and obeys the modified commutators (3.8), can also be related to the Bose
field <j> in a simple way. For arbitrary v we have

tfrH6,t) =-^=

: exp (i(<f> - vQ(0 - at))) :

(4.22)

V27T

and the bosonized form of the Hamiltonian is as given by (4.16) with 2m replaced by
v.

5. Concluding remarks
In this paper we have exploited the one-dimensional nature of the lowest Landau level
to formulate a field theory of anyons. The natural Hamiltonian in this theory is the total
angular momentum, which is essentially the energy operator in a harmonic-oscillator
well. The field theory is expressed with the holomorphic field operator <p{z) and the
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antiholomorphic <p^(z) as the fundamental variables. In terms of these operators the
angular momentum takes a simple form.
We have also formulated the theory as a function of a real variable on a circle. In this
formulation we cast the theory in free form by a non-local transformation on the fields.
However, the non-locality is of a rather simple nature since it only enters via the total
particle number N, and the transformed fields can be shown to satisfy rather simple,
modified commutation relations. The corresponding Fock space structure is interesting
in that it allows for an occupation number interpretation of the energy eigenstates. For
a given state this interpretation is not unique, but must be specified by an ordering
convention for the single-particle states.
The ^/-dependent interaction can be interpreted as a kind of "statistical" interaction
between particles with fractional statistics on the circle. There exists another realization
of fractional statistics in one dimension that we have so far not mentioned, namely
the one related to the Calogero model [13,14]. This is a system of N particles in
one dimension interacting by a repulsive ("statistical") l/x2 two-body potential. Also
this model has been shown to be equivalent to the system of anyons in the lowest
Landau level [15,16], although again with no simple transformation between the two
systems [ 17,18]. The correspondences to the anyons in the lowest Landau level suggest
a close connection between the two different realizations of fractional statistics in one
dimension. However, we have not found any explicit connection between the field theory
considered in this paper and the second quantized version of the Calogero model.
The theory discussed in this paper describes a system of non-interacting anyons in
a strong magnetic field. It is related to the system of interacting particles in the sense
that anyons are supposed to correspond to elementary excitations in an incompressible
Hall fluid. As pointed out, the theory is identical to Wen's theory of the edge excitations
in the simplest FQH fluids. An interesting question is whether corrections can be made
by introducing particle interactions explicitly in the description. In particular, can the
one-dimensionality of the system be exploited to simplify such a description? This is
not so obvious, since the interactions, when projected into the lowest Landau level, may
take a rather complicated form. This is seen already in the case of interacting fermions,
where two-body interaction potentials in the full theory are mapped into functions of
derivatives in the projected theory [19]. In the general anyon case this projection takes
an even more complicated form. Thus, the gain obtained by reduction of dimension will
in general be compensated by a more complicated form of the interaction Hamiltonian
and of other observables.
However, some special types of interaction may appear in a simple form in the onedimensional theory. The full anyon system is periodic in the statistics parameter v, so in
the one-dimensional description, v is effectively constrained to 0 ^ v < 2. The extension
to larger values of v, discussed at the end of Section 4 in the context of the edge theory,
should be interpreted as describing an anyon system with a special short-range repulsion
which excludes certain states from the spectrum. In particular, the odd-integer values of
v larger than 1 correspond to fermions with a short-range repulsion of the form discussed
by Haldane [20] and by Trugman and Kivelson [21]. This additional repulsion can be
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viewed as due to a magnetic flux attached to each particle, which corresponds to the
"composite fermion" picture of Jain [22]. We may hope that the free-field form of the
anyon theory discussed here may be useful to examine further certain aspects of the
many-particle system with a repulsive interaction between the particles, but as already
stressed, the real challenge is to derive the one-dimensional expressions for the original
lowest Landau level electron operators (and for a general v for the original anyon
operators).
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Appendix A. From full field theory to the lowest Landau level
We shall connect the field theory defined in Section 2 to the full field theory of anyons
in a magnetic field. This problem has been studied earlier in the case of fermions in
e.g. [23]. For the full theory of anyons in a magnetic field a (non-local) field theory can
be defined in terms of bosonic operators <P(z,z) with a statistics interaction included
in the Hamiltonian,
(A.I)

2m J
Here D and D are covariant derivatives, D = d — iA and D = d - iA, with

A = Astat + Aext =l\f

d2z

'p^'^">~^

(A 2)

~ '§'

'

where p(z, z) = &(z, z)<P(z, z) is the density operator. Similarly, for the total angular
momentum we have

L= fd2z<PHz,z) [zD-zD + zz]<P(z,z).

(A.3)

A wave function *P in the lowest Landau level obeys the condition
= 0.

(A.4)

This can be translated into the following condition which involves the field operator,
T)<P(z,z)P=0,

(A.5)

where P denotes the projection on the lowest Landau level. (This can in fact be regarded
as the defining equation for the projection P in the field theoretical formulation.) For
the projection of the Hamiltonian we get
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PHP = -6-^ f'd2zP<PHz,z) [DD-{]<P{z,z)P
= | ^ fd2z P#Hz,z)*(z,z)P.

(A.6)

When deriving (A.6) from (A.I) one seems to pick up an additional contact term
~ f d2z P&<pi<P<PP from the commutator [D,D], but this term vanishes due to the
projection on the lowest Landau level. This follows from the fact that, for states in the
lowest Landau level, the operator <P(z',z')<P(z,z)P vanishes like \z — z'\" when z'
approaches z- This is shown explicitly in (A.9) 3 .
The expression (A.6) is, except for the prefactor eB/2m, identical to the number
operator for anyons in the lowest Landau level. In terms of the field operators introduced
in Section 2, the projected Hamiltonian then gets the form

PHP = ^Jd2z

e-izcj>+{z)<j>(z) = ^n\d2z

e~u(pHz)<p{z).

(A.7)

The projection of the angular momentum is
PLP=

=f

f

(A.8)

There is a clear resemblance between this expression for the projected operator PLP
and the corresponding expression (2.26) for the angular momentum, which involves
the field operators 4>(z) or cj>+(z), and which is derived directly from the //-particle
description in the lowest Landau level. (Note however the factor v/4 in the expression
for PLP.) To examine further the relation between these expressions, we consider the
connection between the projected field operators and the field operators in the lowest
Landau level. We have

(A.9)
for an arbitrary state \tp) in the lowest Landau level. This can be expressed as

?

For the full anyon theory the possible presence of an additional contact interaction, and its connection to
the singular statistics interaction, is a somewhat subtle point. For discussions of this point see [24].
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From this we derive

]J |z, - ztftf (5) ^

(Z2, za) • • •& (ZN.ZN) \O)

(v I d2z ln|z, - z | ^ f ( z ,

t

which implies
P& ( z , f ) = e - i ? z ^ (?) Pexp U

/"d 2 z ' ln|z - z'|
(A.12)

We introduce the operators

fdh' \n\z-zf\4>Hz',z')4Kz',z')

I(z,z)=v

(A.13)

and
A=

= v f'd2z

jd2z'

ln\z-z'\<PHz,z)<PHz',z')<P(z',z')<PU,z)

and the transformed field

The operator c& satisfies the condition

as can be verified directly from the condition (A.5). As follows from (A.12) the field
operator 4>(z) is simply the projection of 0 on the lowest Landau level,

A corresponding expression can also be found for the dual field operator <f>+. We then
take (2.20) as our starting point and manipulate it in a similar way as done above to
find the operator <f>. We get
<f>+(z) = -

[d2z'e^~L2i>)z'P<PHz',z')e^z'-z">P

= - Id2z'e^~i>)z'4>\z')Pe2Sil'-l')P.
77- J

(A.18)
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In the first of these expressions for <f>+, the projection P to the left can in fact be
omitted when P is present to the right. This is verified by showing that D<P(z,z) gives
zero when applied to the expression. According to (A.5), this implies that the operator
leaves the lowest Landau level invariant, and an explicit projection is not needed. By
use of this property, and the corresponding one (A. 17) for 4>, we can verify that the
operators <f> and <f>+ indeed satisfy the commutation relation (2.22). We can furthermore
show that the expressions (A.6) and (A.8) for the projected Hamiltonian and angular
momentum reproduce the correct form of H and L, when these are expressed in terms
of the operators <f>(z) and 4>+(z) (see (2.25) and (2.26)).
It is of interest to note that the projection operators in fact can be left out altogether,
when we consider the action of the operators on the subspace generated from the vacuum
state by the action of 4>+. We then write the field operators in the following way:

<f>( z)=-

VJ

[d2z'eu-±z'n'e
[d2z'e^-W

z) = -

J

This is so since the vacuum state belongs to the subspace projected out by P, and this
subspace is invariant under the action of <f> and <f>+, as explained above.

Appendix B. Lagrangian formulation
In this appendix we consider the classical mechanics of the Hamiltonian HL given
in (3.4). In particular we shall derive the Poisson brackets and compare them to the
commutators (3.8) derived in the text. The Lagrangian corresponding to HL is
lit

LL = iJd6x(6)x(e)-HL(X,x),

(B.I)

o
and by direct variation we obtain the equation of motion
{idr + idg-vN)x(0)=0.

(B.2)

By the transformation
i m

iNe

(B.3)

where N = J^ dd~x(6)x(0), (B.2) becomes a free field equation for iff.
The Poisson brackets between x a n d ~X are canonical,
{X(a),x(p)} = -i8^r(a-f3),
and we calculate the Poisson brackets between iff and iff as

(B.4)
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,<A{&')} = J dad/3 \{x(a),x(P)}
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Sj($')

SX(a)

- 0') + v{6 - 6')~4>{e')ilf{e).

(B.5)

Using a similar expression we also get
(B.6)
In deriving these expressions, it is important to keep the correct sign of the argument in
the positive frequency delta function S+et(a - /3) and to use relations like (3.10) and
(3.11) to perform the integrals.
If we quantize by the canonical prescription i{A, B} —> [A,B], we get

- [\ -iHO-e')]if>(e')ii,(e)

=0,

') - [i - i v { $ - 0 ' ) ] ^ ( 0 V f ( 0 ) =o,

which agrees with the Bose part of the commutation relations (3.8) to leading order in
v. Also notice that to O(v) there is no ordering ambiguity in (B.7). It thus seems that
the classical limit must be defined by taking both h and v to zero, and then, in a sense,
HL together with (B.7) describes "classical anyons" for small v.

Appendix C. Statistical mechanics
In this appendix we derive the grand canonical partition function of the system of
particles on the circle discussed in Section 4. Again, we choose v = 0 to correspond to
fermions.
The general expression for the grand canonical partition function is

(C.I)
N=\ {nk}

where {n/J denotes all possible configurations of the /V-particle system. We know from
Section 4 that the total energy of N anyons in our system has the form
(C.2)
(Here the ground-state energy has not been subtracted.) Since we are working in the
fermionic representation, the occupation numbers rik can take the values 0 and 1.
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Now we move the zero-point of the energy up to the Fermi level, which is assumed
to be large. In this way we obtain a more symmetric picture with a deep Fermi sea and
both particle and hole states. As in Section 4, we rewrite N = Q + No, where A^ is
some large number, and
oo

No—]

oo

] T knk + ] T knk

(C.3)

fc=0 k=No
oo

Wo-I

+ +J^(l-N
+J^(l-N
Dnj" + \N
\ 0(N0 - 1 ) ,
= £ ( / + N0)n+
0 0 + Dnj"
/=0

(C.4)

1=0

where we have identified the particle and hole occupation numbers as rif = n/vo+/
and nj = \ — nNo-\-i respectively. The charge, i.e. the total number of particles with
No subtracted, is now given by Q = 5DS) nt ~ E H " 1 " ; " - Similarly, we rewrite the
statistical interaction term,

\vN{N - 1) = \vQ2 + {vQ(2N0 - 1) + {vNQ(N0 - 1)

(C.5)

and /u.N = JXQ + /J.NQ. This gives
N0-l

oo

/ieff] nf + ^ [a(l + I) - /neff} «+ + {avQ2 + A),
;=o
(C.6)

E-fiN=J2[a(l+%)+
;=o

where the effective chemical potential is given by
{)-&f
= H-fJLo

(C.7)
(C.8)

and
A) = {a{v + \)No(No - 1) - (/i ~ K * ) Wo-

(C9)

Now, assume that /Vo is so large that it can be replaced by infinity in the sums above.
Then, except for the Q2 term, our model looks like a fermionic system of particles and
holes with odd-integer energy levels (with spacing \a), an effective chemical potential
/xeff and a zero-point energy A). The troublesome term expi-^pvaQ2)
in the partition
function can be dealt with by rewriting it as a Gaussian integral (Hubbard-Stratonovich
transformation),
i

exp (-\pvaQ2) = J y ^

°°

f da exp {-\fivaa2 - ipvaQo) ,

(CIO)

—oo

leaving us with a term which is only linear in Q, thus giving an imaginary contribution
to the effective chemical potential which becomes ^eff - ivacr. In summary, our partition
function is now given by
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oo

E" =exp(-ySA.)y ^

f da exp {-{pv

XSF [P, Meff - w ] H F [P, -(/Arff - iVaO")] ,

(C.I 1)

where the fermionic partition functions are of the usual form

where, in our case, ej = \a{2l + 1 ) . This expression can be rewritten in terms of the
function 0-}(u,q), defined by [25]

n=0

n=l

oo

= ] T <fe2in">

(C.14)

n=—oo

where we identify q = exp( — \pa) and u = ^(Pvaa— iPfitff). We use the series representation of the © function to perform the integral in ( C . l l ) term by term, identifying
the last product of 6*3 as the inverse of a bosonic partition function with integer energy
levels (in units of a) and zero chemical potential. The series obtained after integrating
over a is again a © function and can thus be written as a product of partition functions
as discussed above. The result of this calculation is

(C.15)
where
OO

/

r n

*

"1 \

Bp+V[p,/zeff] =TT ( 1 + exp — p — - — a ( v + 1) — /u,eff j ,

(C.16)

00

Thus, we have obtained an expression for the partition function of the system of particles
on the circle simply as a product of fermionic and bosonic partition functions with shifted
chemical potential and rescaled energy levels and a prefactor determined by the offset
/2o. Taking the fermionic limit v = 0 in (C.15), we see that the two bosonic partition
functions cancel and we are, apart from the offset, left with a product of the fermionic
particle and hole partition functions (characterized by /x > 0 and /u < 0, respectively).
A direct application of this result is the computation of the specific heat in the lowtemperature limit. To specify how to take the thermodynamic limit of the system, we
write the parameter a which defines the energy splitting in the following form:
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2TT
co2
a^—vK—.
(C.18)
L
o>c
The length L, which we interpret as the circumference of the circle in the onedimensional description, is defined as the length of the edge of the anyon droplet
in the harmonic-oscillator potential, L = 2TTR. V then corresponds to the drift velocity of
the charged particles at the edge. The large "volume" limit, L —> oo is taken such that
v stays finite. This implies that both u> and a go to zero in the thermodynamic limit.
Our strategy now is to expand the thermodynamic potential, which is —kT times the
logarithm of the partition function, in powers of the temperature,

a = OQ + c i O , L)T + c2(fJ.,L)T2 + ...

(C.19)

and to combine the following expressions for the entropy and the specific heat:

In calculating the thermodynamic potential corresponding to (C.15), we get two bosonic
and two fermionic contributions, plus a ^-independent term A)- The sums over energy
levels can be approximated by integrals, choosing as the integration variable x = fian,
such that dx = fiadn = /3a, which is small at a given T in the thermodynamic limit
co —> 0 (a—>0). Then, the two bosonic contributions become
CO

-kTlnZB[/3] = £ T ^ l n ( l - e~^m)

(C.22)

B=0

a

( v'

v

J
o

4
6

(C23)

a

and similarly,
1

<C24)

^

In a similar manner, we approximate the fermionic potential by
(icT\

-fcrinZg+'tfr/ieff] « ~ f l ( y

+ 1)

oo

r
/ dxln(l+ae-x),
o

a =e ^ .

(C.25)

If /ieff < 0 then a —> 0 in the low-T limit, and the expression (C.25) becomes
exponentially small. This implies that the contribution from the partition function of
the particles vanishes for T —» 0, but for the partition function of the holes, which has
exactly the same form, except for the sign of the chemical potential, there will be a
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non-vanishing contribution. For /x^ > 0 the situation is reversed, with a contribution
only from the particles. There is an obvious symmetry of the total expression when
the sign of /Ueff is changed. Thus, let us assume that the effective chemical potential is
positive such that the hole contribution is suppressed. Then, the integral in (C.25) can
be calculated by rewriting it in the following way:
oo

a

[ dxln(l +ae~x)= f — ln
v
J
' J0 y
1

H

VO (e~p^B) .

(C.26)
iz
12
Thus, we obtain the following expression for the thermodynamic potential of the total
partition function:
(C.27)
Note that there is no first order term in T. (C.20) and (C.21) then imply that, to lowest
order, Cv is equal to the entropy. Also note that there is no statistics dependence in this
approximation. To lowest order in T the chemical potential /*eff is, for fixed density,
independent of T. Differentiating (C.27) with respect to T and making the substitution
a -* ^-v,

(C.28)

we then find get the following expression for the heat capacity per unit length:
cw = % = ^k2-.
(C.29)
L
6 v
This is identical to Wen's result for the specific heat of edge excitations in QH states,
found from a hydrodynamical approach [6].
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Starting from a field theoretical description of multicomponent anyons with mutual statistical interactions in the lowest Landau level, we construct a model of interacting chiral
fields on the circle, with the energy spectrum characterized by a symmetric matrix gap
with nonnegative entries. Being represented in a free form, the model provides a field
theoretical realization of (ideal) fractional exclusion statistics for particles with linear
dispersion, with gap as a statistics matrix. We derive the bosonized form of the model
and discuss the relation to the effective low-energy description of the edge excitations
for Abelian fractional quantum Hall states in multilayer systems.

1. Introduction
Recently, a field theory of anyons confined to the lowest Landau level (LLL)
of a strong magnetic field was formulated.1 The authors of Ref. 1 next mapped
their field theory (which is effectively one-dimensional) onto a circle obtaining
a theory of a chiral fermion field with linear dispersion. The problem involves a
(statistics) parameter g entering the wave function of anyons in the LLL $ =
Hi<j(zi ~ zj)g^+{{zi})e~1^-'i
1 where $ + ({^}) is a symmetric function of its
arguments. The requirement that the function $ + should be a polynomial for all the
states in the LLL implies that g € [0,2). Remarkably, the field theory on the circle
remains consistent in a wider interval of range of the parameter g, for all g > 0.
The motivation to consider such an extension of the theory is the similarity of the
above wave function with g odd to Laughlin wave functions of fractional quantum
Hall (FQH) states.2 It suggests that for g odd, the model of a chiral field discussed
in Ref. 1 may be used to describe edge excitations for Laughlin states. Indeed, a
'Present address: Institute of Physics, University of Oslo, PO Box 1048 Blindern, N-0316 Oslo,
Norway.
Permanent address: Medical Radiological Research Center, Obninsk, Kaluga Region 249020,
Russia.
t Supported by the Norwegian Research Council.
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bosonization of the theory enables one to recover correlation exponents as well as
the low temperature thermodynamics1 coinciding with those obtained with the use
of the (chiral) Luttinger liquid description of edge excitations3 (for a recent review,
see Ref. 4).
In this paper, we generalize the model in Ref. 1 to the case of several species of
particles. In Sec 2, we discuss a field theoretical description of anyons of several
species in the LLL described by the generic statistics matrix gap (with off-diagonal
elements corresponding to mutual statistical interactions0), and then map the system onto a circle. Upon extending the possible values of the statistics parameters,
we arrive at a model of interacting chiral fields, with the energy spectrum characterized by a symmetric matrix ga0 with nonnegative entries. As in the case of a single
species, the theory may be reformulated in a free form (in terms of field operators
obeying more complicated commutation relations). We discuss the construction of
the corresponding Fock space. In Sec. 3, we show that this construction provides
a field theoretical realization of ideal fractional exclusion statistics:6"12 in the thermodynamic limit the model is equivalent to a system of free chiral particles with
linear dispersion, characterized by the (bosonic) statistics matrix gal3.
It was observed in Ref. 13 that as a result of the dimensional reduction, the
system of two anyons in the LLL admits a description in terms of fractional statistics
in one dimension. The latter statistics was originally introduced by Leinaas and
Myrheim in the Heisenberg quantization of identical particles.14 It was also argued
in Ref. 14 that the system of noninteracting particles obeying fractional statistics
in one dimension is equivalent to a system of particles with long range inverse
square interaction (see also Ref. 15). Using the asymptotic Bethe ansatz for the
latter model,16 an equation for the single state distribution function for fractional
statistics in one dimension was derived (note that in spite of being derived from
the one-dimensional model, the resulting single state statistical distribution does
not make any reference to the space dimension).7 The same distribution function
was also derived8'9 from the generalized exclusion principle6 and the statistics is
now referred to as fractional exclusion statistics. The system of anyons in the LLL
is a realization of this statistics, as can be seen from the equation of state and
thermodynamic quantities.9'10'5
The above explains the appearance of exclusion statistics in the model of chiral
fields on the circle which has the same quantum numbers as the system of anyons in
the LLL. Using the exclusion statistics representation of the model, we calculate the
low temperature heat capacity. The connection with exclusion statistics enables one
to describe the model in terms of equations having the form of asymptotic Bethe
ansatz equations.16 This implies simple dynamics encoded in two-body scattering
phases of a step-wise form. We discuss some peculiarities in calculating quantities like the dressed charge matrix due to a step-wise character of the two-body
scattering phases.
In Sec. 4, we consider the relation to the effective low-energy description of edge
excitations in Abelian multilayer FQH states.17'4 In the bosonized form, our model
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describes a set of chiral boson fields all propagating in the same direction with the
same velocity. For the case of odd diagonal entries and integer off-diagonal entries,
the statistics matrix ga0 can then be identified with the topological matrix Kap
describing the edge excitations. This in particular implies an interpretation of edge
excitations in terms of exclusion statistics and is consistent with the results of Fukui
and Kawakami who achieved the same identification between gap and Ka@ for edge
excitations in hierarchical FQH states. 12
2. Multicomponent Field Theory on the Circle
Consider a system of M species of anyons in the LLL, described by the generic
statistics matrix gap (a, (3 = 1,..., M), with Na the number of particles of species
a. The wave function of the system has the form5

* = n n & - z*)9aa n n ^ - ^y-^+a^i{*f >,• • • )e-* £~*iz?f.
<* i<j

a</3 i,j

(1)
Here zf = y/eBj2(xf + iyf) is a dimensionless complex coordinate of the ith. particle of species a (the charges and masses of all the species of particles are assumed
to be the same). The symmetric matrix gap is responsible for the statistics of
anyons, with nondiagonal elements corresponding to mutual statistical interactions
between particles of distinct species. The function $+ is single-valued and symmetric with respect to an interchange of coordinates of the same species, arbitrary
when coordinates of distinct species are interchanged (bosonic representation).
The wave function (1) acquires a phase exp(iTrgaa) under an (anticlockwise)
interchange of two particles of species a and a phase exp(i27rgQ.yg) under winding a
particle of species a around a particle of species (3 for a # 0 (provided that each
of the above closed paths encloses no other particles). In order for the function $+
to be a polynomial for all the states in the LLL, one should choose the intervals
gaa £ [0,2) and ga@ € [0,1) for a ^ /?. gap = 0 and gap = 6a/3 correspond to sets
of bosons and fermions, respectively.
It will be convenient for us to work in the fermionic representation. The latter
is obtained by the change gap = 6ap + \ap and absorbing a Slater determinant
corresponding to the <5Q/?-part of gap in (1) in the definition of the function $.
This converts $+ into the function $_({^f }, {zf},...) which is antisymmetric with
respect to an interchange of coordinates within the same species of particles.
The angular momentum for the states (1) has eigenvalues
(2)

where v?a are nonnegative integers, distinct within each species, corresponding to
the fermionic part of the angular momentum associated with the function 3>_.
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Following Ref. 1, we introduce the fermionic field operators fa(z) obeying the
following anticommutation relations:
7T

P

n

On expanding <pa{z) i powers of the angular momentum eigenstates
oo

(4)

these imply the usual fermionic anticommutation relations for the components:

{<pf,vf.} = Wf^}

= 0,

W?,^}

= 6a06u,.

(5)

In terms of the field operators (3), the angular momentum can be written as
2

L = Y I d'zz e-*

(6)

a

with the representation of the particle number operators as

Na= J d2ze-"tpi(z)va(z)

(7)

(d?z = dxdy). By using the expansion (4) and the explicit construction of the
fermionic Fock space generated by the operators (5), one can verify that the formula
(6) recovers the correct angular momentum eigenvalues (2) for states with fixed
particle numbers.
Upon adding a harmonic potential (of frequency w), the Hamiltonian becomes

f

«+«£,

(8)

where a^ff = y/w\ + 4u>2, wc = eBIm is the cyclotron frequency, and a =(cjjff — wc] •
To leading order in w2/a^, which is assumed hereafter,
ujf

~ OJC ,

a ~ UJ2/WC

w < UJC .

The wave functions (1) for gaa odd integers and gap integers have the form of
the wave functions describing FQH Abelian states in multilayer systems, with zf
playing the role of the complex coordinate of the ith. electron in the ath layer (such
wave functions were first discussed by Halperin18). Motivated by this similarity, we
consider an analytic continuation of the solutions for anyons in the LLL, allowing
the parameters gap to take any nonnegative values. For a single layer, the edge
excitations are generated when the function $ + in (1) belongs to the space of

(9)
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symmetric polynomials in {z*},3'4 which is relevant to the polynomial character of
the functions $ + in (1).
We now consider a mapping of the system onto a circle. Using the operators ipf
from (4), we define the fields on the circle (parametrized with an angular coordinate
9)

by

*«(*) = E

^

The commutation relations (5) then imply

n=0

where S£er(@ — 9') is the positive frequency part of the periodic 6-function.
We introduce the Hamiltonian for the fields on the circle corresponding to
(8) as

1

J

Z

\

IS

J

with the representation of the particle numbers as

Na= I* dexl{e)xa{e).

(13)

Jo
The equations of motion

dtXa(e) = i[H,xa(O)} = -aide+iY^^0N0\Xa(O),

(14)

on introducing new fields by
a{9),

(15)

take a free form,
(dt + ade)i>a{9) = 0.

(16)

To derive the commutation relations for the ip operators, it is convenient to use
the identity

To prove this, we first note that the operators Xa and Xa satisfy
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The first relation in (18) written as Naxp = Xe^a-^afi)-, is generalized to N^X0 —
Xp(Na — 6ap)k, with k a positive integer, which straightforwardly leads to (17).
Using the identity (17) and similar identities for the operators xtt> we obtain
from (11) the commutation relations for the tp fields:
= 0,
= 0,
H

l

(19)

= Sa0Aa(6 - 9')..

where the operators

h+^e-e1)

(20)

behave to some extent like <5-functions on the circle:

/
Jo

Jo
Consider the "Fourier transform" of the ijj operators:

The (nonnegative) numbers Ka are not integers, in contrast to the numbers na in
the expansion (10). Allowed values of Ka can be obtained by calculating the matrix
elements of the field ipa between states with fixed particle numbers {n'p}. The
only nonzero matrix elements correspond to the transition n'a + 1 —> n'o, without
changing the other numbers of particles. Comparing the matrix elements of ipa, in
its two representations, (22) and (15) with (10), yields the restrictions
Ka = na + ] T \a0n'0 ,

(23)

where the nonnegative integers na are the same as in (10).
Let us introduce a set of basis states and label for a moment all the particles by
a single sequence 1,..., N
\KN,...,K1

) — —7=o,KN

•••«„

|U;.

Then we obtain the restriction

4 <

I > ^

]

« = l,2,...,iV a ,

(25)
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where for each species a, i numbers particles in order of their appearance in (24),
nxa correspond to the fermionic angular momentum quantum numbers (see (2)).
We have also denoted by Ny the number of creation operators for species (3 in
the sequence (24) (counted from the right to the left) standing before the operator
creating the ith particle of species a (in other words, Ny is the number of particles
of species (5 created before the ith. particle of species a).
Inserting the expansion (22) into (19), we obtain the commutation relations
for the operators a% and a%^ (here we drop the index of K labelling the species of
particles)
& ' QT

~r & \ \

€l

\

==

U,

l^^J

where II" are the projections on the subspace with the particle numbers {n'y}
determined by (23). The projection operators satisfy the relations

For rational \ap with common denominator q, explicit expressions for these operators can be derived:

(28)
n=l

It is easily seen from (28) that on the states with fixed particle numbers, the
operators (28) have eigenvalues 1 if the relations (23) are fulfilled and eigenvalues
0 otherwise as it should be.
The occupation number description determined by the creation and annihilation
operators a%i and a" is not unique: as can be seen from (26), the interchange of
any two of the creation operators leads to an equivalent state corresponding to the
same fermionic quantum numbers {nla}. Rearranging an iV-particle state does not
change the total energy of the state, which is given by the sum over single-particle
energies,

An ordering procedure may be introduced by demanding that each particle
added into the system has to have a higher (or equal) value of K than the largest K
already present in the system. This means that only the states (24) corresponding
to the ordering Ki < • • • < K/v are regarded as physical states, which makes the
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occupation number picture unique. Any of such normal ordered states can also
be constructed in a unique way starting from a given set of the fermionic angular
momentum quantum numbers {n%a} by putting particles into the system one by one
and always making sure to put in the particle which gets the lowest possible value
of K.
Equation (25) then admits the interpretation that the spectrum of available
single particle energy levels for a particle of a given species, say a, is shifted upwards
by the presence of all particles below it. Each particle, say of species /?, causes a
shift Xap. By convention, particles of distinct species in the same level shift each
other by |Aa/?(= |A/3Q). This means that the order of filling of levels of the same
energy with particles of distinct species is unessential.
Figure 1 illustrates the above normal ordering procedure in the case of a simple
two-component system with integer statistics parameters.

—o—•—

-O

K

= 6

K

=4

... o—
Fig. 1. Ground state of a two-component system with p n = 3, 322 = 5 and 312 = 921 = 1 (bosonic
representation). The white and black circles denote component 1 and component 2, respectively.
The state has been built up according to the normal ordering convention, with increasing energy
(K) values. The pattern repeats periodically. The filling factor is 3/7 = J^afl^a/S ^ t n e n u m b e r
of particles in the ground state is such that the Fermi level is the same for both species).

3. Relation to Exclusion Statistics
3.1. Thermodynamic limit of the free particle

formulation

With the ordering procedure described at the end of the previous section, Eq. (25)
can be written in a compact form as
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- *f) >
0

(30)

I

where h(x) is the step function, which is defined here as h(x) = 1 for x > 0,
h(0) = | , and h(x) = 0 for x < 0. We assume the ordering «f < «f < • • • < K ^
within each species (the resulting numbers K" within the same species are distinct).
In the form (30), the numbers K.J are similar to "renormalized" quantum numbers
introduced for integrable models of a Calogero type.19
We now specify the length of the circle as L and use the identification1

a=|V

(31)

If one assumes that the harmonic potential is created in an anyon droplet of radius
L/2TT by an electric field, then the velocity v can be interpreted as the drift velocity
on the edge E/B (the velocity of the edge excitations) where E — {mje)J2R is the
electric field on the edge. The thermodynamic limit is understood as w —> 0 and
L —* oo while v is kept fixed. We also introduce the momenta and pseudomomenta
r)a — —na

ka — —

distributed in the thermodynamic limit with the densities va{pa) aJid pa(ka), respectively, so that the number of particles of species a in the interval (pa,pa +dpa)
or in the corresponding interval (ka, ka + dka) isa
va(pa)dpa = pa(ka)dka

(33)

In terms of (32), Eq. (30) reads

p

I

or, in the thermodynamic limit,
* = ka - V

/

\aPh{ka - k^ppik^dk13.

(35)

From this equation, we get

and with the use of (33),

J\

(37)

a
The transition to the thermodynamic limit below is similar to that given in Ref. 20. We stress
however that our starting point is the free field occupation number picture rather than the spectrum
of an integrable model as in the above reference.
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The fermionic description of the energy levels implies that the (nonequilibrium)
entropy has the form
(38)
^

n

JO

or, in terms of pa,
In

-pa In pa +

-

\dka.

In

(39)

The latter expression, along with the expression for the energy
E =

(40)

^

shows that in the thermodynamic limit, the model on the circle is equivalent to a
gas of free chiral particles with linear dispersion (with a gap), the same for all the
species, obeying ideal fractional exclusion statistics8'9 with the fermionic statistics
parameters \ap. We refer to the bosonic and fermionic statistics parameters21 gap
and Aa/j as those appearing in the bosonic and fermionic counting of the statistical
weight
Na\(Dba-1)1

with
(42)

resulting in the expression for the entropy (39) upon taking the thermodynamic
limit Na —> oo, Ga —> oo, with pa = Na/Ga kept constant. Equation (41) implies
the relation between the bosonic and fermionic statistics parameters
(43)

9a(3 ~

Equations for the distribution functions pa in the equilibrium can be derived
from Eqs. (39) and (40) in the usual way. In terms of the single state grand partition
functions £ a , related to the pa's by5
Ca = 1 +

Pa

(44)

these read
(45)
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3.2. Heat capacity
We now assume that all the species are kept at the same chemical potential, fj,a = PWe also restrict to the case where all the distributions pa (and, correspondingly,
£a) are equal to each other. It then follows from (45) that
M

\M = J2 Ke

(46)

0=1

is independent of a, and (45) coincides with the equation for the partition function
for a single species of particles with the statistics parameter (46):
(£a-l)^M=e(M°~|w°~rfc)/T-

(47)

We calculate the low temperature heat capacity for this case following essentially
Ref. 22 for the case of a constant density of states, which holds for a linear dispersion
in one dimension (the diiference from Ref. 22 is that in the case at hand the particles
are chiral and have a gap in the dispersion law). Introducing the variable w by
^

(48)

we represent the particle density d = N/L = ]T)Q /0°° pa(k)^
as integrals over the variable w:
dJ =

M

and the energy (40)

T

1 —w
MT
MT

E

=
L

2-KV
2-KV

rw^
"•""
Jo
Jo

(49

dw
1 —w

where -UJ(O) is the solution of Eqs. (47) and (48) for k — 0. From the first equation
in (49) we find
w{0) = l-e-2*vd/MT.
(50)
From Eqs. (47) and (48) we then have
fia = ]^c + 2TT{\M + l)v^

+ Tln(l - e-^vd>MT).

(51)

Finally, combining this with the second equation in (49), we obtain
E

F1
d

[

d1
H

X M

+

l)\

+

Tdl(0)

MT2

ll

/%w(°)

In w

dd w .

(52)

At low temperatures T < 2-Kvd/M, up to nonperturbative corrections, containing
the exponential factor e-^vd/MT5 w (0) can be set to one. The integral in (52) then
equals — |TT2, which results in the heat capacity
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In the single species case this result reduces to that obtained in Ref. 1 in a different
way. The present derivation shows that (53) exhausts all the perturbative (behaving
as powers of the temperature) terms in the heat capacity.
3.3. Asymptotic Bethe ansatz equations
The connection with ideal exclusions statistics suggests that the equations of the
model can be represented in a form similar to asymptotic Bethe ansatz equations16
(the latter have the form of the thermodynamic Bethe ansatz equations,23 with twobody scattering phases (matrices) having a step-wise form). Indeed, introducing the
"dressed" energies ea by
Va

=

*/J- -f. 1

so that
£a = l + e - ^ / r ,

(55)

£Oa(ka) =-u>c + vka .

(57)

we find that Eqs. (45) become

where
At

Equations (56), along with (35), have the form of the asymptotic Bethe ansatz
equations for a system of particles with the "bare" energy (57) and the step-wise
';two-body scattering phases"

0(kf - kf) = \a0h{k« - kf).

(58)

One can in addition introduce the density of holes pa{k), related to the interval
dka, by
(l-va{jP))dpa=pha{ka)dk*.
(59)
With the use of (33) and (36), we obtain
0
For T = 0, in the case of equal boundary pseudomomenta, k% =fco,w e have
P
Pa = 0 ,

'
p^. — 1 ;

(61)

k > k0 .

We now turn again to the above special case of equal pa for all species and
evaluate the Fermi velocities of quasiparticles (the same for all species) in the picture
of interacting fermions for T = 0
dp

(dkdsc
\dp dk

(62)
k=k0
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where pp is the Fermi momentum for the distributions va and &o is the boundary
(pseudo-Fermi) momentum for the distributions paFor zero temperature, because of the jumps in the distributions of pseudoparticles and holes, the expression (62) is not well defined for k = k0. It is well
defined however for k = k^(= k0 — 0) and for k = k£(= k0 + 0). In the above
special case of equal distribution functions for all the species, we obtain from (56),
s'aiK) = V(XM + i ) ' 1 a n d £'«(kt)

= V-

With d

P/dk

= (XM + i ) " 1

for k

=k0

and dp/dk = v for k — k$ following from (36), we conclude that
vf(k£) = vf(k$) = v,

for T = 0.

(63)

Representing then the Fermi velocities (62) as

e'a(k),

°'
k = k+,

(64)

we remark that the first line in (64), which is normally used to evaluate the Fermi
velocities in the thermodynamic Bethe ansatz method (see e.g. Ref. 24), in the case
of step-wise two body phase shifts (asymptotic Bethe ansatz) holds only for k < fc0Similar peculiarities due to a step-wise form of the two-body scattering phase
also arise for other quantities determined by the asymptotic Bethe ansatz equations.
We discuss here the dressed charge matrix (which is related to Friedel oscillations,
conductivity etc. see Ref. 25). With the two-body scattering phases (58), the dressed
charge matrix is determined by the equations24
Za0(kp) = 6a0 - V) f ° Za^)X7P6(k'^

- k0) dk'^ .

(65)

The function Zap{kp) thus has a jump at the boundary pseudomomenta k0: below
the pseudo-Fermi level
Za0(ko) = (g-l)a0,
(66)
while above the pseudo-Fermi level
6a0.

(67)

The relation between the dressed charge matrix and exclusion statistics matrix can
also be written in a matrix form as
Z(kv)Z(k+) = g'1.

(68)
l

which is different from the result Z(ko)Z(ko) — g~ obtained in Ref. 26.
Note that the representation of the Fermi velocity (64) and the relation of the
dressed charge matrix to the statistics matrix (68) are valid for an arbitrary "bare"
energy of particles e° (fe) (which in the case at hand is (57)). For the case of a single
species, the relation similar to (68), between the dressed charge function and the
fractional exclusion statistics parameter, was discussed in Ref. 27.
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3.4. Thermal

excitations

Because of the nontrivial temperature dependence of the dressed energy e(k) determined by Eq. (56), it is not obvious that the above zero temperature quasiparticle
excitations survive at finite temperatures. In this subsection, using the exclusion
statistics representation of the model, we calculate the Fermi velocities (62) at low
but nonzero temperatures. The derivatives with respect to k in (62) then have to
be evaluated at the point /j-a = e° (k).
The derivative dp/dk is given by (36), which in the case at hand reads

J | = 1 - XMpa .

(69)

To calculate the derivative deajdk, we note that, according to (45) and (55), ea
depend on k only via x = e^a~£^k^lT,
which yields
dea _ dx dea _

3l;a

dk ~dk~dx~~vxdx

1

£~^r

[

'

Taking into account the relation between the single state distribution functions and
partition functions (£ = f[a £a),
o -x-^-Mx—^

(71)

and expressing £a in terms of pa with the use of (44), we get
~=v(l-

XMPa).

(72)

Note that both the derivatives (69) and (72) are well defined at the point fia — e°(fc).
Using these, we finally obtain the Fermi velocities of quasiparticles for T ^ 0
v% = v.

(73)

This calculation proves that the Fermi velocities of the quasiparticles at nonzero
temperatures remain the same as at T = 0. As the derivation shows, the conclusion
holds for an arbitrary bare energy e°a(k) in the asymptotic Bethe ansatz equations (56).

4. Bosouization and Relation to Edge Excitations in
Multilayer FHQ States
In this section we bosonize the model governed by the Hamiltonian (12) generalizing
the procedure given in Ref. 1 to the case of several chiral fields. We then discuss the
relation of the bosonized form of the model to the effective low energy description
of edge excitations in multilayer FQH states.17'4
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Consider the Hamiltonian (12) of chiral fields on the circle of length L specified
by (31). The fact that the model is described with only one velocity v means that in
the picture of the anyon droplet, all the species of particles have the same boundary
radius. We assume that the boundary (pseudo-Fermi) values of « in the ground
state are the same for all species. It then follows from the occupation rules and
the ordering procedure described in Sec. 2 (or, equivalently, from Eq. (30)) that the
pseudo Fermi angular momentum is
(74)

«o = (Xaa

where Noa is the number of particles of species a in the ground state. We introduce
the chemical potentials for zero temperature by
(75)

with
NOa - \

• 2^

XapNO0,

(76)

This choice corresponds to the chemical potential lying on the midway between the
highest occupied and the lowest unoccupied energy levels.
The pseudo-Fermi levels in the model on the circle are directly related to the
physical size of the anyon droplet: for large Na one has
(77)

R2 ~

where ro — ^j2/eBes is the effective magnetic length. This means that all n'p have
the same value, up, from which follows that Yip 9a/3^o0 should not depend on a.
This also implies that fx^ = no •
We fix the ground state subtracting fj,0N from the Hamiltonian (12),

{-ide - KF) +

(78)

By normal ordering the Hamiltonian with respect to the Fermi levels, subtracting
a constant and redefining the field operators Xa for the rest of this section by
Xa —* e-~lN°aBXa, we obtain the Hamiltonian describing the excitations

r
Jo

where Qa = Na — Noa are the charge operators.

(79)
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The fermion fields Xa admit the representation (for details of the bosonization
procedure, see Ref. 28)
(80)

where the chiral boson fields are given by
(81)

4>a{8) — <Po — Qcfi + i / ]
n>0

with [<j>o,Qp] = i6Q0 and [aQm,a^J = Sa06mn- The normal ordering in (80) refers
only to aan and a)an. The fields ®a satisfy the commutation relations
sgnper(0 - 0'),

(82)

where sgnper(0) is the periodic sign function: (d/d0)sgnper(0) — 2Sper(6). The extra
phase in (80) containing the charge operators ensures that the fermion operators
for distinct species anticommute (rather than commute) with each other.
The bosonized form of the Hamiltonian (79) reads

±-1 do-.
a

4

(83)

J0

(84)

where ga/3 are the bosonic statistics parameters [see (43)].
Since gap is a symmetric matrix, it can be diagonalized by an orthogonal transformation, {O~igO)ap = Aa6ap. The Hamiltonian then becomes that of a set of
uncoupled components with (bosonic) statistics parameters AQ,
(85)
where aan = Oja^,,, Qa = Oa^Q0. The transformed operators aa and ^n still
obey the bosonic commutation relations.
At this stage one has to demand that all the eigenvalues Aa of the matrix gap
should be positive, in order for the Hamiltonian (85) to be positive definite. This
means, as we will see below, that all the edge modes in our model propagate in
the same direction. Note that the diagonal form of the Hamiltonian (85) implies
that the low-temperature heat capacity is just a sum of heat capacities from all the
species, irT/Qv from each, in agreement with (53).
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The Hamiltonian (85) can be transformed to a free form

[

i2 : ,

(86)

where the new Bose fields are defined by

4{$)

±4%

(87)

With [0
One can define the charged operators corresponding to thefields<j>a:

These operators have charges qa = •~fa/V^a (determined by the commutator
[QatXtD a s w e ^ a s "statistics" 7^ in the sense that

xl(0)xW) = e^^^-^xWteUe)

•

(89)

In particular, if one chooses -ya = \/A Q and if Aa = 2ma + 1, with ma a positive
integer, the operator (88) is an "electron" operator of the kind discussed by Wen.3
Another special case 7 a = l/\/A o = l/y/2ma + 1 corresponds to a particle with
fractional charge and statistics equal to l/(2m o + l) like a fundamental quasiparticle
in a v = l/(2ma + 1) FQH layer. The fields corresponding to distinct species
anticommute with each other, {Xa(^)>X^(^')} = 0> e t c A general charged operator can be composed of operators of the above type:
7

°*-W:'

(90)

which corresponds to the total charge ]Ca/?CW7/?/-\/A<3 associated with the oper-

ator J2aQaTo discuss the relation to the edge excitations in multilayer FQH systems,17'4
we rescale the Bose fields 4>a and transform back to the nondiagonal picture, using
the inverse of the above orthogonal transformation. This defines new fields
^

,

(91)

obeying the commutation relations (cf. (82))
[4>a(9), 4>0{&')] = i*9Zl sgn p e r (0 - 9').

(92)

The Hamiltonian (79) takes the form
H' = -— y ga0 I
a/3

d9 : {d$4>a)(d0<frp) : .

(93)
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For the case where the diagonal elements of the matrix gap are odd numbers and
the off-diagonal elements are integers, Eqs. (92) and (93) reduce to those describing
edge excitations in multilayer Abelian FQH states 4 if one identifies
9<x0 = Ka/3,

vgap = Va/3,

(94)

where Kap is the topological matrix (in the symmetric basis) and Vap is a positive
definite matrix describing the interaction between the chiral bosonic modes.4 Thus,
our model with only one velocity v. corresponds to the special case where the
matrices K and V are proportional to each other. In the more general case of the
effective Luttinger liquid description of the edge excitations, when different edge
modes may have different velocities, the matrices V and K can be simultaneously
diagonalized, and the velocities are determined by the ratios of their respective
eigenvalues.29
Note that the conclusion about the identification of the exclusion statistics
matrix with the topological matrix (the first relation in (94)) was previously
obtained by Fukui and Kawakami for hierarchical FQH states (by comparing the
excitation spectrum for the edge excitations and chiral particles obeying ideal fractional exclusion statistics). 12
In addition, expressing the general charged operator (90) in terms of the fields
4>a a s

with la = Oaf3^/A07p, we find that this operator has the total charge

and statistics Y^a/3 ^a9aph- For integer la, this agrees with the expressions obtained
by Wen and Zee in the symmetric basis.17 Finally, the filling factor is
*« T " * * .

(97)

where ia = Y^p O~^. Figure 1 illustrates the first equality in (97) for a simple
example of two components.
5. Concluding Remarks
We have constructed a model describing several chiral fields on the circle which has
the same quantum numbers as a system of anyons of several species in the lowest
Landau level. The parameters of the model range in wider intervals than the original
(statistics) parameters of anyons; this is achieved by the analytic continuation of
the solutions corresponding to anyons in the LLL.
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The model incorporates some features of the physics described by the electron
wave functions corresponding to Abelian multilayer FQH states. The harmonic
potential added into the system of anyons plays the role of the confining potential of electrons in the FQH states. The model on the circle was found to recover
the effective low energy description of edge excitations in the special case of equal
velocities of all edge modes. In this sense, the model obtained can be considered as a
possible dynamic theory underlying the effective chiral Luttinger liquid description
of edge excitations.
In this context we note that some of the correlation functions as well as low temperature thermodynamics of edge excitations have been obtained using only the
effective Luttinger liquid description of the edge excitations (see e.g. the review4).
On the other hand, recent calculations of nonequilibrium transport properties
through a point contact in a Luttinger liquid (which is related to tunneling transport between edge states in FQH devices) are based on a particular (integrable)
dynamic model of the Luttinger liquid.30
In this connection the question arises to what extent these nonequilibrium properties depend on a particular dynamic model of edge excitations. The model we
have discussed has simple dynamics encoded in step-wise two-body scattering phases
when it is formulated in the form of the asymptotic Bethe ansatz equations (see
Sec. 3). It seems therefore to be interesting to use this model to investigate the
above issue.
Another remark concerns the edge excitations for hierarchical FQH states. Integrable models with long range interactions can be constructed which are described
by the same matrices as the topological matrices corresponding to hierarchical FQH
states (see Ref. 31). A simple link between the integrable models with long range
interactions and edge excitations for FQH states is given by the (ideal) fractional
exclusion statistics. Exclusion statistics provides, in addition, a connection with
anyons in the LLL.9'10'5 This suggests that an explicit dynamic model of edge
excitations for the hierarchical FQH states can also be constructed, along the lines
of the present paper, starting from the appropriate picture of anyons in the LLL.
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ABSTRACT
The Chern-Simons Ginzburg-Landau theory for the fractional Quantum Hall effect is studied in the presence of a confining potential. We review the bulk properties of the model
and discuss how the plateau formation emerges without any impurity potential. The effect
is related to changes, by accumulation of charge, at the edge when the chemical potential
is changed. Fluctuations about the ground state are examined and an expression is found
for the velocity of the massless edge mode in terms of the confining potential. The effect
of including spin is examined for the case when the system is fully polarized in bulk. In
general a spin texture may appear at the edge, and we examine this effect in the case of
a small spin down component. The low frequency edge modes are examined and a third
order equation is found for velocities which indicates the presence of three different modes.
The discussions are illustrated by numerical studies of the ground states, both for the oneand two-component cases.

1

Introduction

Since the experimental discovery of the quantum Hall effect (QHE) [1, 2], which occurs
in a two-dimensional electron gas subject to a strong perpendicular magnetic field, several
approaches to a theoretical description of this system have been developed. As a useful
supplement to existing microscopic descriptions [3], Zhang, Hansson and Kivelson [4] in
1988 proposed a Chern-Simons Ginzburg-Landau (CSGL) model for the fractional quantum
Hall effect (FQHE). This model is based on the concept of "statistical transmutation", i.e.
the fact that in two dimensions, fermions can be described as (charged) bosons carrying
an odd integer number of (statistical) flux quanta. At the Lagrangian level this is done by
adding Chern-Simons fields coupled to the bosons. In this way, electrons in an external
magnetic field are described as bosons in a combined external and statistical magnetic
field. At special values of the filling fraction the statistical field cancels the external field
(in the mean field sense) and the system is described as a gas of bosons feeling no net
magnetic field. These bosons "condense" into a homogeneous ground state. In fact, this
rather simple effective theory reproduces several of the key features of the FQHE [4], such
as the quantization of the Hall conductance and the existence of (anti)vortex excitations.
It is even possible to re-construct Laughlin's electron wave functions from this model by
considering quantum fluctuations about the (mean field) boson ground state [5].
An interesting aspect of the quantum Hall system is the existence of gapless edge
modes [6] which has important consequences for the transport properties of the system
[7]. Several authors have studied the CSGL model in the presence of an (infinitely) steep
external confining potential and have shown the presence of gapless edge modes [8, 9, 10]
in this model. The description of these modes in the CSGL model has also been related
[11] to the chiral Luttinger liquid description of the edge excitations [12, 6].
In this paper we study a number of aspects of the CSGL model, discussing both its
ground state and excitations. We focus, in particular, the attention on edge effects and
follow up the discussion of previous papers on this subject by considering the density profile
and edge excitations for a smooth confining potential. We also examine the effects on the
edge of including the electron spin in the description.
A short presentation of the model in its simplest form is given in section 2. It describes
the quantum Hall system without spin at Laughlin fillings v = 1 /(2m + 1). In section 3,
we review the ground state properties of the bulk and discuss how the existence of finiteenergy vortex excitations leads to incompressibility of the ground state and the existence of
quantum Hall plateaux, two key features of the QH system. The edge of the system in the
presence of a smooth confining potential is then studied (section 4). In the ground state
(with uniform bulk density) one finds a one-parameter family of solutions parametrized
by the total charge at the edge [9]. When this charge exceeds an upper critical value, the
ground state with uniform bulk density becomes unstable due to formation of anti-vortices.
Similarly, there is a lower critial value of the total charge beyond which the bulk tends
to rearrange itself by formation of vortices. A numerical study of the ground state within
these limits is presented. We further perform a systematic analysis of edge excitations and

show the presence of a massless mode with dispersion of the expected form ui/q =< E > /B
[6], and with an explicit expression for the averaged electric field < E >.
In section 5 we generalize the model to include spin by introducing a two-component
description with a Zeeman interaction. The ground state is completely polarized in the
bulk, however, a spin texture at the edge may be energetically favourable if the Zeeman
energy is not too large. We study the ground state analytically and numerically; there is a
two-parameter family of solutions parametrized by two conserved charges. The numerical
analysis provides estimates of the critical Zeeman gap and it shows rotation of the spin
vector along the edge for smaller values of the Zeeman energy. (The same effect has
been demonstrated in a recent study by Karlhede, Kivelson, Lejnell and Sondhi [13] who
used Hartree-Fock techniques and an effective spin model.) We further examine the edge
excitations of the spin-polarized system and find an equation for the mode frequencies
which indicates the presence of three massless modes at the edge.
Finally, in section 6 we summarize and discuss our results.

2

The model

The spinless system is described by the Lagrangian [4]
C = <p*(idt - a0 - eA0 - V(x) + fx)<f> - K |(V - i(a + eA)) <j>\2 - A \<f>\4 + -e^a^ax.
4P

The Bose field 6 is coupled both to an external field A = (0, Bx) and to the statistical
field a. fi is a chemical potential, 6 = (2m -f 1)TT for the v = l/(2m + 1) state and the
term \\4>\4 models the Coulomb interaction which is present in the underlying microscopic
theory. We choose AQ = 0. With the Bose field decomposed in terms of density and phase,

4> = VP eie,

(2)

the field equations are
+ V-ii + dtO + KiAd

V6)2 + 2Xp] Jp
[6>

and
V x A = -26 (p - p)
dxo,o + dtdx — —26jy
dya0 + dtay = 20jx,

. .
>

(

where A = a + eA, p = eB/26, and the current density is
j = -2Kp (A - V6).
3

(5)

(1)

The Hamiltonian is

[K|D^| 2

H = ftPx

+ V\4>\2 + m4 - MH 2 ] ,

(6)

where D = V — iA and the constraint (4) is implicit.
In some parts of the paper it will be convenient to work with dimensionless quantities.
Rescaling the fields in (1) such that length is measured in units of the magnetic length
IB = 1/yfeB, chemical potential in units of the cyclotron energy wc = 2eisB, time in units
of the inverse cyclotron frequency and density in units of its constant bulk value,
a0 = ao/ojc, p. = /x/wc
dt = dt/ue
di = ledi,
a.i = lBai
9

one finds that the Lagrangian (rescaled by an overall factor 26j2Ke2B2) becomes
C = 4? (iBt - «o - V + A) 4> - \ |(V - iA)4>\* - A |^p +

l

-e^~a&~ax

(7)

with

Thus, the theory contains only one free, dimensionless parameter (in addition to the chemical potential) [14]. In particular it is worth noting that the statistics parameter $ is
absorbed in the rescaled interaction parameter A.

3

Bulk properties

We start by reviewing the main features of the CSGL model in the absence of an external
potential, V(x) = 0. It is known for the FQHE that at special fillings, v — l/(2m + 1),
the ground state is characterized by a uniform electron density, p = peB/2iT. As is well
known [4], the CSGL model has this constant solution when the chemical potential takes
a special value JXQ,
9

=

p=

2X=^e

a = -eA
a0 = 0.

(9)

(10)
(11)

This solution simultaneously minimizes the kinetic term (Di<f> = 0) and the potential
V{4)
\l\2\\4\*

However, there exist other static solutions with the same constant density p away from
the potential minimum. These solutions have ao ^ 0 and /J, ^ JJ,Q with fj, — ao — fio- This
is because the chemical potential enters the equations of motion only in the combination
H — a0; thus, a shift in the chemical potential can always be absorbed as a constant shift
in Oo- In this sense, the solutions of the equations of motion are independent of the value
of jj,. However, the energy does depend on fj. as can be seen from Eq.(6). This observation
is useful for understanding how the QH plateaux emerge in this model, as we will discuss
below (see also Curnoe and Weiss [15]).
The low energy charged excitations of the QH system are the localized quasiparticles
and quasiholes. These are believed to be formed when the density is changed relative
to the special filling p = p, e.g. by changing the strength of the magnetic field B. In
the CSGL model these excitations are represented by vortex and anti-vortex solutions,
whose existence has been shown in [4, 5] and their properties examined by several authors
[16, 14, 15]. (We refer to the solutions with charge deficit as the vortex solutions and
the solutions with excess charge as the anti-vortex solutions.) A general vortex solution
is characterized by a topological quantum number s, which is s = ±1 for the elementary
vortex/anti-vortex solutions. The corresponding charges are ±i/e, and the energies (relative
to the ground state) we denote by e" for the vortex and eav for the anti-vortex.
For given s and £, the dimensionless vortex/anti-vortex energies are functions of A only.
These functions were studied numerically by Tafelmayer in Ref. [14], for s = ±1,±2 and
p, = fio- As demonstrated by these functions there are two separate regions of A where the
vortex solutions show qualitatively different behaviour. The regions are separated by the
special point A = 1/2, referred to as the self-dual point. At this value of A the vortices
are solutions of a linear (self-dual) differential equation, and the vortex energy is exactly
proportional to the vorticity. Thus, the vortices are non-interacting. When A > 1/2,
the energy of n vortices with topological charge 1 is lower than that of one vortex with
vorticity n (as demonstrated in Ref. [14] for n = 2). This means that a stable multi-vortex
configuration with s = \ can exist, since the vortices repel each other. For A < 1/2 the
situation is opposite, so vortices attract each other; n vortices with s = 1 would tend to
combine to one large vortex. We may then identify the interval A > 1/2 as physically
relevant for the FQH effect, since only in this interval a stable density of vortices will be
formed when the filling fraction is decreased relative to the plateau value l/(2m + 1). For
anti-vortices there is no self-dual point. They have a repulsive interaction for all values of
A.
The existence of finite-energy vortex/anti-vortex solutions together with the freedom to
vary the chemical potential for a given solution leads to the incompressibility of the ground
state and the existence of QH plateaux within the CSGL model. We argued above that
a given solution of the equations of motion is independent of the value of /J,, whereas the
energy of the solution does depend on pi. The energy (6) can be rewritten in a dimensionless
form as
E{jx) = E0- jxQ,

(12)

where Q = 29Q = 20f<Px p, y. = pfanB, E = 20E/2eKB, and £ 0 is independent
of /2. (The occurrence of the additional (dimensionless) factor 2$ in the rescaling of the
total energy and charge is due to our choice to include this factor in the rescaling of the
density.) For ft, = po the energy is minimized by the constant solution p~ = 1, and the
vortex- and anti-vortex solutions have positive energies, <P(/*o) and lav(p0) respectively,
relative to the ground state. When the chemical potential is increased by Sp, the energies
of all the solutions will decrease by 5p times their respective charge. Since the anti-vortex
configuration has an excess charge as compared to p — 1, its energy will be lower than that
of the uniform solution when p exceeds a critical value
~6av{M/2Tr

jj* = fa +

(13)

with 2n as the (rescaled) charge of the anti-vortex. Thus, for // > (i+ the uniform ground
state becomes unstable with respect to anti-vortex formation. Similarly, a lower critical
value exists,
/T = £o - e"(Ao)/27r,

(14)

and if this is exceeded the uniform ground state becomes unstable with respect to vortex
formation. Thus, there is a total "window" in the (dimensionless) chemical potential,
A/2 = (^(Ao) + eav(Ao)) /2TT

(15)

within which the ground state is given by the uniform density solution.
Since p. = fx/2eKB, a variation in p, can be interpreted either as a variation in p, at fixed
B.

or as a variation in B at fixed \x,

corresponding to the following interpretations (returning to dimensionful quantities):
1) The ground state density at fixed B remains unchanged within a finite interval
•t

which implies the incompressibility condition

{fj,0))/i/

[ILQ)

near fj, = fio-

2) The density remains "locked" to the magnetic field through the condition b + eB = 0
when B is varied within a finite interval

AB = (£>o) + ?«{&)) ^

= (?Vo) + HalVo)) £*.

(20)

Since the Hall conductivity is proportional to p/B this implies that CFH is constant within
the interval AB, giving rise to the Hall plateaux.
So, at least qualitatively, the simple mean field theory reproduces the right picture as
far as the plateaux are concerned. This is the case even without an impurity potential,
since this is a model with a fixed chemical potential rather than fixed charge density. Thus,
on a plateau the charge density changes with the magnetic field until it is energetically
favoured to create vortices or anti-vortices in order to re-adjust the mean charge density.
At this point the Hall conductivity leaves the plateau.
When the strength of A is increased, the width of the plateaux will decrease. This
follows from the expresssion (20) and the fact that the dimensionless vortex-and antivortex energies divided by A decrease with A (see Ref. [14]). This is in accordance with
the expectation that an increase in the (Coulomb) interaction of the particles will tend to
suppress variations in the charge density. If an impurity potential is added we expect a
broadening of the plateaux beyond the point where vortices are formed, since the vortices
will bind to the impurities and therefore not affect the Hall conductance. This gives the
connection to the standard picture of the fractional quantum Hall effect.

4

The edge

In the presence of a confining potential V(x), corresponding to an external electric field
eE = — VV, the size of the system becomes finite, with a density profile at the edge that
depends on the form of V. We choose here a geometry such that V is a function of x only
and thus translationally invariant in the y-direction. This means that the edge is parallel
to the t/-axis. We further choose x = 0 to be an interior line in the bulk (far away from
the edge), and assume the system to be symmetric about this line. Due to this symmetry
it is sufficient to consider the system for x > 0. We first examine the ground state of the
system and then, in Sec. 4.2, discuss the gapless edge modes obtained by perturbing the
ground state. Static solutions have previously been obtained numerically by Orgad and
Levit [9] in the case of an infinitely high step function potential. In this paper, we consider
a smooth potential V(x) which is more relevant for real physical situations. 1
1
However, the translationally invariant form we assume for the ground state density at the edge may
implicitly mean that the steepness of the potential should not be too small. A slowly varying potential may
be considered as an ^-dependent chemical potential, and from the discussion of the bulk properties, we in
this case expect a broad edge with vortices trapped in the edge region. This corresponds in the FQHE to
a composite edge with strips of compressible and incompressible Hall fluids, as discussed in Ref. [17].

4.1

Ground state

We consider ground states which are translationally invariant in the ^-direction, i. e. they
correspond to static solutions of the field equations where all the fields are functions of x
only. The field equations then reduce to the form,
(x)
dxa0{x)

= -26{p{x)-p)
= 4K0Ay(x)p(x),

(21)
(22)
(23)

where we have made the gauge choice <j> = y/p, i.e. the wave functions are real. Again,
Ay = eAy + ay and due to the symmetry of the system (and our gauge choice) ax = 0.
As before, Ax — 0 and Ay — Bx. We further choose ay(0) = 0, and as follows from
the discussion in the previous section ao(0) = n — no in order for the density to take the
constant value p in the bulk.
There is a conserved charge in this problem, Q = J dxp, and consequently a oneparameter set of ground states parametrized by this charge [9]. This set of ground states
can alternatively be parametrized by the chemical potential. Thus, the ground state energy,
which has the ^-dependence E = Eo(Q) — [iQ, may initially be considered as depending on
two independent parameters Q and jj,. However, for the true ground state, which is found
by minimizing the energy with respect to Q,

the chemical potential will be a function of Q,
dE0

(2o)

From the discussion of the previous section we know that there is no change in the bulk
charge for small variations in JX around /J.Q. This means that when the chemical potential is
changed within the limits determined by the vortex- and anti-vortex energies, all changes
in the ground state take place at the edge. In particular, the additional charge which is
introduced by a change in the chemical potential, is confined to the edge.
The energy is stationary with respect to variations in the wave function about the
ground state. This is true, due to (24), also for variations where the total charge is changed.
For an infinitesimal translation 5x of the edge, with 5Q = p6x and 5p{x) = —p'(x)5x, one
finds
SE0 = Sx (Xp2 - jdx V{x)p'{x)\

(26)

which leads to

^

JV'(x)p(x).

(27)

The same expression, but with the additional term <zo(°°) on the right hand side can be
derived from the equation of motion (21) by multiplying it with 4>'{x) and integrating over
x. This leads to the conclusion ao(oo) = 0. An interesting consequence of this is that the
total current in the system is zero when fi = no: Integrating Eq.(23) over x gives
ao(oo) - ao(0) = -2$J,

(28)

where J is the total current (in the y-direction). Since ao(0) = / j - / i [ W e have
(29)
Thus, the integrated current, which in general will have two contributions of opposite sign
at the edge, will have an overall sign which changes at fj, = JIQ.

Figure 1: Ground state edge profiles for A = 1 and V(x) — | 9{x — 5) • (z — 5) 2 . The curves correspond
to (from above) the upper critical value /*+, ft = /i0 and the lower critical value p.~.

This change in sign of the current has an analogue in the microscopic picture of the real
quantum Hall system: There are two contributions to the current. One is the drift current,
caused by the drift of the cyclotron orbits in the external electric field. The other is the
polarization current, due to the gradient of the density at the edge and with origin in the

cyclotron motion of the electrons. These contributions will have opposite sign, and which
one will dominate is determined by the value of the chemical potential or, equivalently, by
the charge collected at the edge.
A numerical study of charge and current densities in the ground state is presented
in Figs. 1 and 2. In Fig. 1 the edge profile <fr{x) is shown for three different values of the
chemical potential in the case of a harmonic confining potential V(x) = 0.5 8(x — 5)-(x—5)2
where 8(x) is the step function, and A = X/(4K9) = 1. The upper curve corresponds to
jj. = 3.5 LJC which is the upper critical value as estimated from the numerical values in
Ref. [14]. Note the excess charge accumulated at the edge. For y, larger than this value the
ground state is expected to be an anti-vortex configuration in the bulk rather than a state
with uniform density. The middle curve corresponds to /i = /io = 2 u>c whereas ji = 1.3 CJC,
the estimated lower critical value, for the lowest curve. For smaller values of the chemical
potential the ground state is believed to reorganize into a density of vortices.

Figure 2: Current densities corresponding to the profiles in Fig. 1. The total (static) current is negative
at fx < jj.Q, zero at ix — fio and positive for /* > ^o-

The current density profiles corresponding to these three solution are shown in Fig. 2.
Note the change in direction of the total static current: For fj. = 1.3 uic < Ho the current is
negative; for fj, = p.o the two contributions cancel (as anticipated in Eq.(29)), whereas the
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positive contribution dominates when n > fio as in the last plot.

4.2

Edge excitations

The linearized field equations for fluctuations of the fields about the ground state have the
form

V x 6a
dx5a0 + dt8ax
dySa0 + dt5ay
dt6p

+ [a0 + V - n + KA2 + 2\p] Sy/p

(30)

=
=
=
=

(31)
(32)
(33)
(34)

-265p
4n0 [ASp + p {Say - dy8&)]
-4K0p{5ax-dx50)
2KV-[A8p + p(5a-V50)].

For low-frequency fluctuations propagating along the edge we write, as a simple ansatz, all
the fields as an z-dependent part modulated by a slowly varying (y, ^-dependent harmonic
part,
5p(x,y,t) =
Sp{x)e^-^
69{x,y,t) = -ir,(x) e*"-*)
Sa*(x,y,t) = Sa^x) e^-^.

(35)

The field equations can then be reduced to purely cc-dependent equations with the prescription dv —¥ iq and dt —> —iw. We consider q as a small parameter and expand all the
fields in powers of q, e.g.
Sp(x)

= 8pW(x)

+ q 6pM(x)

+ q2 5 p V \ x ) + ••• .

(36)

Since we are interested in the gapless modes we assume w to be of first order in q. The
field equations (30)-(34) are examined order by order in q. As a starting point we assume
that to lowest order only the phase fluctuation rj contributes. This reduces the 0th order
equations to
AK0{pdxri) = dx {Pdxri) = 0

(37)

so ?/ 0 ' is a constant.
To first order in q, in (33) and (34) only the terms involving p{5ax — dx6) oc Sjx survive,
simply giving
Sj™ = 0.

(38)

The first three equations (30)-(32), on the other hand, take the same form as those for
a first order variation in the equations of motion (21 )-(23) for the (^-dependent ground
11

states. Thus, to O(q) we have the following solution:
(39)
-6fi + -rlW
6aW(x)

= foWW + ijO

(40)
(41)

where W refers to variations between stationary fields obtained by a small change SQ in
the ground state charge and a corresponding change 5p in the chemical potential.
For the stationary ground state fields the current conservation is trivially satisfied.
This is not the case for the modulated fields (35), where the current conservation in fact
determines the dispersion law for the edge waves. We note that to lowest order the current
conservation involves the second order contribution to j x and can be used to determine
this from the first order fields. However, the integrated equation contains only first order
fields, due to the boundary condition
MO) = M°o) = 0

(42)

wJQ = qSJ.

(43)

and has the form

This equation is in fact correct to all orders in q, with 5Q as the fluctuation in the integrated
charge and 5 J as the fluctuation of the total current in the ^-direction. To first order in q
this gives
q

dQ

26 dQ

K

'

where the derivatives refer to the Q-dependent ground state. This expression for the
dispersion law agrees with the expression found in Ref. [9] in the case of an infinitely steep
confining potential. In our case we can further express the dispersion in terms of the
potential V[x). Inserting the expression (27) for /i derived in the previous section into (44)
gives

For a confining potential which is approximately linear over the edge it has the form

with eE = — V'e x = —eEex, and more generally it can be read as an averaged form of
this equation, with the .E-field averaged over the edge. We note that the velocity of the
edge waves is always in the same direction as the drift velocity of the electrons, and is not
necessarily in the same direction as the (integrated) edge current in the ground state.
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5
5.1

Two-component system
The model

The CSGL Lagrangian (1) can be extended to include spin [18]. This is done by replacing
<p by a two-component complex scalar field and introducing a Zeeman term
(47)

The model then takes the form
2

a=l

a=l

where the index a denotes the two spin states (up and down), so that p = p\ + p2 is the
total (charge) density, while ps — Pi — p2 is the spin density. A spin unit vector may be
introduced by
\

n = -ft<r4>

(49)

P
with components in the plane as well as in the direction of the 5-field (^-direction). In
(48) the Zeeman term is represented by the difference between the chemical potentials of
the two components.
With the densities and phases of the two components of 4>a as variables, the field
equations are,
1^ y/Pa = ko + V — {P-a ~ dt0a) + K (A — V0 a ) + 2A (pi + p2)\ ^fpZ
Vxa=
-26{p1+p2)
dxa0 + dtax = 4n9 E a Pa ( A - dyea)
dya0 + dtav = -AK$ J2a Pa {ax ~ dx9a)

(50)

where Ai = «i + eA, as before, and the current densities are given by
j a = -2KP«

(A - V0a).

This system has two conserved charges Qa = / cPx pa .

5.2

Ground state properties

The form of the Hamiltonian
2

13

(51)

implies that the bulk ground state (V = 0) is fully polarized and has a uniform density,

P2 = 0,

(54)

where we have assumed ^ > \ii- The chemical potential of the upper component is related
to no by
/tii - a o (0) = nQ.

(55)

Even though the ground state in the bulk is fully polarized, this may not be the case at the
edge of the system. Tilting the spins {i.e. p2 ^ 0) at the edge may lower the energy if the
Zeeman gap is not too large. This problem was recently studied numerically in Ref. [13];
their calculations were based on Hartree-Fock and an effective action approach [19] in the
low-energy limit of the CSGL model. Here, we shall examine some of the ground state
properties at the edge both analytically and numerically, within the framework of CSGL
theory.
As before, we introduce a confining potential V(x), which gives rise to a straight edge
parallel to the t/-axis. We consider stationary solutions, with densities p\ and p2 that are
translationally invariant in the y-direction. With the gauge choice 9\ = 0, the solutions
take the general form
'

(56)
(57)

with pi = p, p2 = 0 in the bulk. The gauge choice implies Ax = ax = 0 with oo and ay
as functions of x only. The parameters k and f3 are undetermined at this stage. However,
we see that if k ^ 0 this means that the spins will rotate around the Z?-field when moving
along the edge. With the ansatz (56) and (57) the equations of motion reduce to
+ V - m + KA2 + 2\(Pl + p2)] ^/p[
<*> + V - fi2 - 0 + K{A - kf + 2A(/»i + p2)] y/pi
- 2 0 (pi + pa - p)

(58)
(59)
(60)
(61)

with A(x) = ay(x) + eAy(x). The corresponding energy (per unit length in the y-direction)
is

E = j dx [(
+

X(pi + P2)2} - fnQi - V2Q2,

(62)
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where Qa now denotes charge per unit length, Qa — Jdx pa(x
The ground state conditions are

dE

dE
(63)

8Q2=°
and

These conditions determine the chemical potentials as functions of the charges, \xa =
V-a{Qi,Q2)- So here we have a two-parameter set of ground state solutions parametrized
by the charges Q\ and Qi.
From the condition (63), that the ground state energy is invariant under any first order
variation of the two charges, we can derive expressions for /Zi and /?. We first consider
a perturbation in Qi caused by an infinitesimal translation of both components in the
^-direction (thus keeping Qi fixed). This gives
Ml

= Xp + \ J dx V\x)p{x)

(65)

which corresponds to Eq.(27) in the one-component case. Again, the same expression but
with an additional term ao(oo) can be derived directly from the equations of motion, giving
ao(oo) = 0 in the ground state, and consequently
Pi - [to = 26 J,

(66)

where J = Jj + Ji is the total (integrated) current along the edge.
Similarly, we can slightly perturb the "spin charge" Qs — Q\ — Qi keeping the total
charge fixed. This is done by an infinitesimal 51/(2) rotation of <f>,
<Pi — > 4>\ + £<t>2

(67)

with
e = e(y) = eoe~iky

(69)

and £o as an infinitesimally small real constant. This introduces the following variations
in the charges,
SQs = 4s0

dx\fpi(x)\JP2(x),

SQ = Q,

and the condition of stationary energy, dEjdQs = 0, gives
fdx
fdx
15

(70)

The same expression, but with an additional factor /? on the right hand side, can be deduced
from the equations of motion by multiplying (58) and (59) by ^fpl and ^fpl respectively,
subtracting the two equations and integrating over x. This leads us to the conclusion that
the ground state condition dEjdQs = 0 implies /? = 0. Thus, there is no i-dependence
in the phase of <p2; the ground state is static. Note that the relations (66) and (71) were
derived only demanding that the energy be minimized with respect to the charges; they
are therefore valid even for values of k that do not minimize the energy. Finally, also
demanding dE/dk = 0 one finds
J2 = -2K j dx p2{x) {A{x) - fc) = 0

(72)

which gives an expression for the ground state value of k,
k = ko = -^- fdx p2(x)A(x).

(73)

V2 J

As already stated, we expect a critical value of the Zeeman gap A/z = fj.% — \i2 to exist,
so that if this critical value is exceeded the system will be fully polarized also at the edge.
If the gap is close to, but smaller than this value we expect the second component of the
wave function to be small. We will make an analysis of this case and illustrate the case by
numerical evaluations of the ground state wave function.
For small Q2 we can expand fi2 in powers of this charge (for given Qi and k)
{i2 = $)+$)Q2

+ ~-

(74)

and similarly for the density p2,
fa = P2IQ2

= pf] + P ^ Q i ••••

(75)

The lowest order terms correspond to the limit Q2 —>• 0. This means that fjb2 is the value of
Hi which corresponds to the critical Zeeman gap for given \X\. Similarly, p2 represents the
profile of p2 in the same limit. In this limit p2 is negligible compared to p\. and the problem
is simplified since the equations for the two densities ((58)—(61)) then decouple: Eqns.(58),
(60) and (61) get reduced to the single-component equations (21)—(23) discussed in Sec. 4.1,
and the equation (59) for Vp2 simply becomes a one-dimensional potential problem,
K%y/faW

= [U(x, k) -

M2]

^{x)

(76)

where the potential is
U(x, k) = ao{x) + V{x) + K(A(X) - kf
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+ 2\Pl(x).

(77)

Figure 3: The (dimensionless) potential V(x, kg) determining the density p2(x) of the lower component
in the limit p2 C Pi- Here, the confining potential is V(x) — 0.05 9{x — 5) • (x — 5)2, ft\ « 1.5 and
k0

=

ko-lB

= 0.49.

The ground state is found by minimizing the energy with respect to k, and the chemical potential p.i is determined as the (lowest) eigenvalue of the potential problem. This
determines the critical value of the Zeeman gap for the chosen value of fj,\.
The expansion in Q2 may be used to correct iteratively the lowest order results. Thus,
the lowest order contribution to p2 gives first order corrections to the equations for pi, ao, A.
This in turn gives first order corrections to the potential U(x,k) and to fi2, p2 and fco, etc.
This gives a systematic way to determine the ground state density profiles for small Q2.
We have solved this problem numerically only to lowest order in Q2. Harmonic potentials of varying strength have been used, and several values for p,\ have been chosen in the
allowed interval (as determined in the one-component case).
Fig. 3 shows the potential U(x, ko) for one specific value of JJ,X. The minimum of U is
located at the edge as expected. The wave number fc0 takes a non-vanishing value. Thus,
the spin vector is rotating when moving along the edge.
The corresponding density profiles are shown in Fig. 4. The figure shows that the lower
component (ip2) of ground state density is relatively weakly bound in the potential U(x, k)
for this particular choice of V(x) and /xj. The localization gets sharper for values of \i\
17

0.8\

0.6-

0.4\

0.29|x)
00

2

4

_ _ _
6

h

io
X

Figure 4: Edge profiles y/pi(x) = <p\{x) and ^/p2(x) = tp2{x) corresponding to the potential in Fig.3.
The corresponding (critical) Zeeman gap is £i — £2 « 0.002.

corresponding to larger fco- A similar effect is seen in Fig. 0 when k is changed relative to
the ground state value koTable 1 shows numerically estimated values of ko and the critical Zeeman gap for different \i\ close to the lower critical value /x~ (discussed in Sec. 3), and for a fixed confining
potential V(x). When /J.I is increased towards /io, both the wave number and the critical
Zeeman gap decrease until A / ^ goes to zero with a finite value of kg. A corresponding
study with a steeper confining potential shows no solution with positive ko and Afj-a- close
to ji~. This indicates that the interval of ji\ where spin textures occur, increases with
softening of the confining potential.
Similarly, one finds solutions with Afia- > 0 near the upper critical value fi+. These solutions are characterized by negative wave numbers whose absolute value decreases along
with the critical Zeeman energy as ^ is lowered.
We can summarize our results as follows: For a sufficiently soft confining potential and
for Zeeman energies smaller than some critical value, the spins at the edge are tilted in the
ground state {nz ^ 1 ) and rotate around the z-axis with a wave number ko as one moves
along the edge. When JJ,\ is increased from its lowest allowed value pT at fixed confining
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F i g u r e 5: Shape of <pt(x) = \Jf>2(x) for values of k away from &o- The confining potential is V(x) =
0.05 6(x ~5)-(x5) 2 and fn = 1.5. The curves correspond to (from below) k = 0.49 (= k0), 0.55, 0.60.

potential, both fc0 and the critical Zeeman gap AfMcr decrease until A/ia- goes to zero. Near
the highest allowed value fi+ the edge is again spin textured, with negative ko and a critical
Zeeman gap which approaches zero as pi is decreased. The ranges in JJ.\ where the edge is
spin textured, decrease as the confining potential gets steeper.
As mentioned in Sec. 4, the egde is expected to become unstable with respect to a
redistribution of the charge at soft confining potentials and/or \i\ far away from fio- This
means that texturing may preempt a reconstruction of the edge only as long as the confining
potential is not too soft.
Since the "window" (Eq.(18)) of allowed /u.j depends on the interaction strength X,
the results discussed above may change quantitatively for other values of A; here we have
only examined the case A = 1. For this value of A we have found values for the critical
Zeeman gap (see table 1) which are of the same order of magnitude as the Zeeman gap
reported in real experimental situations; typically, A/j./u>c ~ 1/60 in QH experiments in
GaAs heterojunctions [20].
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1 fa
1.3 = /T
1.4
1.5
1.6

k0
1.0
0.6
0.5
0.3

After |
0.06
0.01
0.002
-0.007

Table 1: Wave number and critical Zeeman gap A^ cr = fii — fi2 for some values of the
chemical potential fj,i at A = 1. The confining potential is V(x) = 0.05 • 6(x — 5) •
(x — 5) 2 . Chemical potentials are measured in units of the cyclotron energy, whereas the
dimensionless wave number is k = k • 1%-

5.3

Edge excitations

When the edge is spin textured one may expect new massless edge modes to appear; as
argued in Ref. [13], translational symmetry along the edge is spontaneously broken by the
phase of <j>2, and one may expect a corresponding Goldstone mode to exist (at least at the
mean field level). We have examined the edge modes by considering quadratic fluctuations
in the fields around the ground state configuration in the same way as was done for the
spinless case.
Again, we assume the fluctuations in the fields to be separable in the x- and ydependence,
8pa(x,y,t)
= 8pa(x)e'{gy ut)
S6a(x,y,t)
= -?r?a(a;)e'(TO~w()
oo.^Xy y, tj = od^xjB
and thus replacing dy
K {pi

-

(78)
(79)
(80)

iq and 3 t —» —iw, one finds for the linearized field equations
=

[5a0 — u>7]a + 2« (A — ka) (8ay — qrja) + 2XSp] y/p^

+

\a0 + V — na + K(A — ka)2 + 2Xp\ ST/PZ,

djav-iq6ax
dxSa0 -

=
=

-26Sp
4K6 Y2 [$P<X {-A - ka) + pa {8ay - qrja)]

iqSa0 -

=

—AKO Y] [pa8ax + ipadxr]a]

(81)
(82)
(83)

Or

— 2K [iq5pa (A— ka)+ iqpa (Say — qr)a)
+ dx {pa (8ax + idxr)a))]

(84)

(85)

with k\ = 0 and k2 = k. As in Eq.(36) we expand all the x-dependent functions in powers
of q and assume that the phases T?I and 7?2 dominate to 0ih order. In analogy with Eq.(37),
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one finds

(

)

°

(86)

which implies that r?J and 772 are constants.
To O(q), the last two equations (84) and (85) give

] = 0,

(87)

and therefore Sjj^l = 0. as follows from the boundary conditions on the current deep in
the bulk and outside the edge.
The first three equations, (81)-(83), again take the form of those for variations in the tand ^-independent (ground state) fields (5p(?\$a,(*\6iJ,c,,Sk) (see Eqs. (58)-(61)), provided
we make the following identifications

One should note that in these expressions Sk is not restricted by the condition (64). only
the ground state conditions (63) are satisfied. Thus the variations in the fields depend on
three parameters, which we may choose to be Qi,Q2 and k. However, the identifications
(88) implicitly give an additional constraint,
oj$k = —q(6fii - S/x2) = —qSA/j,

(89)

and with this condition included, the fields depend only on two parameters, Qi and Q%.
The continuity equations for the currents,
w5Qo = q5Ja

(90)

give two linear, homogenous equations in the two variables which determine the (low
frequency) normal modes. The equations have the form
Ma(,6Q0

=O

(91)

with
MaP = ( - + Afxk)(-5a0
q
9

- JaP) + JakA[X0,
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(92)

vhere we have introduced the notations
dAfj,
dk
dJa

dAp
dQa
dJa

a

,

Eq.(91) corresponds to Eq.(44) for the one-component case, which there gave wjq in terms
of derivatives of J and fi with respect to Q. Here the matrix equation gives a secular
equation which is third order in ujq,
-I

+A\-\

q)

+B~+C = Q

\qj

(94)

q

with
A

=

Ajik - Jn - J22

B

=

J11J22 - J12J21 - Ank(Ju

C

=

Aflk(JiiJ22-

+ J22) + A/uiJlh

J12J21)-A^i{JlkJ22-

J2kJl2) ~ Afl2{J2kJ\l-

J\kJ2l)-

(95)

The parameters of this equation are determined by the solutions of the (ground state)
equations (61). We do not have any explicit expressions for the parameters, but one
should note that they are not all independent, due to relations like (66).
The fact that (94) is third order in w/q indicates that with spin effects included there
are three massless chiral edge modes (rather than two). We cannot give the velocities of
these modes in explicit form, but we note that the expressions (65) and (66), which relate
the total current to the confining potential, imply that the velocities can be written as
w

1 f°°

- =- /

o

,. . Sp

dxV(x)w

(96)

where Sp and SQ are the variations in total charge density and integrated charge, respectively, for each of the normal modes. When the variation in the charge density is located
at the edge this shows that the velocities of all the modes can be written in the general
form < E > /B, with < E > as an averaged value of E — V'/e at the edge. However, the
E-Held will be averaged with functions which in general are different for each of the three
modes.

6

Discussion

The Chern-Simons Ginzburg-Landau theory gives a mean field description of the fractional
quantum Hall effect which reproduces correctly several of its main features. Here we have
examined, in particular, edge effects in this framework, both by analytical and numerical
22

methods. The starting point has been the observation that if the chemical potential is
varied within a certain interval there is no change in the uniform bulk density, but a
change in the edge profile is introduced. Thus, there is a set of ground states parametrized
by the edge charge. The edge current also varies with the chemical potential, and we have
found that it changes sign for the value of the chemical which minimizes the potential
energy in bulk. This value can be considered as corresponding to the central point of the
Hall plateau, the point where the uniform charge density of the electrons neutralizes the
(constant) background charge.
The low-frequency edge modes have been examined in terms of quadratic fluctuations
in the fields and with an expansion in the wave number q for fluctuations propagating along
the edge. As expected (and previously shown for an infinitely steep confining potential)
there exists in the spinless case one gapless chiral edge mode. To first order in q the density
profile of this mode is the same as for an (infinitesimal) variation in the ground state profile
introduced by a variation in the charge (and the chemical potential). An expression for
the velocity of propagation has been found in terms of the confining potential; it has the
form of an averaged drift velocity EjB, averaged over the edge with the density profile of
the gapless mode.
The edge effects of a fully polarized system with spin have been examined in a similar
way. In this case there will be a spin texturing of the edge if the confining potential is
sufficiently soft and if the Zeeman energy is not too large. The ground state then depends
on two edge charges, one for each spin component, and we have examined the case were the
second charge (corresponding to the spin down component) is small. The critical Zeeman
gap has been examined numerically as a function of the chemical potential (for a particular
value of the interaction strength). It is different from zero in intervals of [i\ near the upper
and lower bounds /J,+ and fi~ and decreases when ^ approaches /J,Q from either side. The
width of these intervals increases with softening of the confining potential.
Also in this case there are gapless edge modes which can be related to variations in the
ground state fields introduced by variations in the charges. However, the variations involve
changes in the wave number k of the spin down component which are not restricted by the
ground state condition dE/dk = 0.
The continuity equations for the charges give a third order equation for the mode
frequencies. This indicates the presence of three chiral modes. However, the equation has
been given in terms of a set of undetermined parameters. It will be of interest to examine
further these parameters to see if there are more relations or constraints than have been
established in this paper. Also a numerical study of these modes is an interesting subject
for further research.
The edge modes have here been studied as quadratic fluctuations about the mean
field ground state. A question which deserves further study is whether quantization will
qualitatively change this picture. The reason that this cannot be ruled out is the quasione dimensionality of the system and the suggested connection to spontanous breaking of
translational symmetry of the ground state [21]. As is well known, spontaneous symmetry
breaking is not supported in one-dimensional systems due to (quantum) fluctuations in the
23

symmetry breaking variable
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