NEI-NO--

1130

NO9900080

Levitation Force and Magnetization in Bulk and Thin Film
High Tc Superconductors
by
Anjali Bhatnagar Riise

DEPARTMENT OF PHYSICS
FACULTY OF MATHEMATICS AND NATURAL SCIENCES
UNIVERSITY OF OSLO
1998

3 0 - 50

Levitation Force and Magnetization in Bulk and Thin
Film High Tc Superconductors

A Thesis in Partial Fulfillment
of the Requirements for the Degree
of Doctor Scientiarum

Anjali Bhatnagar Riise
Department of Physics, University of Oslo
P.O.Box 1048, Blindern
N-0316 Oslo, Norway
1998

Preface
The work presented here as a Dr.Scient. thesis has been carried out at the Low temperature group,
Department of Physics, University of Oslo in the period January 1993 to April 1998. This includes
a break from studies in the period from March 1995 to December 1996.
The thesis consists of two parts. The first part of this thesis may be considered as motivation,
introduction and background for the second part. The second and main part comprises six scientific
papers. The papers will throughout the thesis be referred to as P i , P 2 , P3 and so on. Five of
these papers are published and one is submitted for publication. Paper P 5 is taken from my master
thesis, which also involved studies of levitation force in high Tc superconductors.
My utmost thanks go to my supervisor Tom Henning Johansen for being a good physicist and
a nice supervisor at the same time. I would like to thank him for all the help, motivation and
encouragement he has given. I would also like to thank Harald Bratsberg for being such a nice and
kind person and for always listening to me so patiently.
I am indebted to Per Hatlestad. Paul Sundby and all other people at the workshop for building
and fixing the parts of the setup used in the experiments. I would also like to thank the rest of the
Solid state group for providing a friendly atmosphere. In particular this applies to 0ystein Lund
B0, with whom I shared an office, to Per O. Hetland and Harald Hauglin, with whom I shared lab
and Michael Baziljevich. The numerous discussions we had about physics and life in general have
really been interesting. My thanks go to Ola Borrebask, Akbar A. Khan and Thomas Walmann
also for helping me with all the small and big computer problems.
Finally a special thanks to my dear little family, Tanvi and Atle, for making homecoming always
something so much to look forward to. I would also use this opportunity to thank my family in
India and my parents-in-law for their love and support all these years.

Anjali Bhatnagar Riise
Oslo, April 1998

Contents
1 Introduction

1

2 Background
2.1 Levitation
2.2 Meissner effect
2.3 Classification of superconductors
2.3.1 Type-I superconductors
2.3.2 Type-II superconductors
2.4 Flux-line pinning
2.5 Critical state models
2.6 Bean:s critical state model
2.7 Bean model applied to the perpendicular geometrj'
2.8 YBCO characteristics and preparation methods
2.8.1 Bulk samples processing
2.8.2 Thin film processing

5
5
5
6
6
6
8
8
9
9
11
13
13

3 Force from magnetomechanics
3.1 Force from a current distribution
3.2 Force deduced from Maxwell stress tensor

15
15
16

4 Applications of levitation
4.1 Magnetic bearings
4.2 Flywheel system
4.3 Lunar telescope
4.4 Transport system on a guide rail

19
20
21
22
24

Appendix A

25

Appendix B

27

Bibliography

29

List of Publications

31

Chapter 1

Introduction
The levitation of a permanent magnet(PM) above a superconductor is probably the most demonstrated experiment in the history of science. It has fascinated physicists since the discovery of the
phenomenon of superconductivity in 1911 by Kammerlingh Onnes. The superconducting levitation
is stable and requires no energy input apart from cooling. The discovery of copper oxide based
superconductors which remain superconducting up to critical temperatures of 90K or even 125 K,
allows the use of liquid nitrogen as cryogen. The abundance, low cost and efficiency of liquid nitrogen as a cryogen are well known. With high temperature superconductors (HTSCs) the levitation
of a PM can easily be performed by cooling the HTSC sample by dipping it in a bowl filled with
liquid nitrogen and dropping a small magnet on the superconductor. The magnet just lifts off from
the superconductor surface and levitates.
Besides being the staple of every introductory lecture on superconductivity, HTSC levitation
has stimulated interest in the potential applications of this phenomenon to bearings in rotating
machinery [1-4]. The principal benefits to be gained from the use of magnetically levitated bearings in rotating machinery are non-contacting surfaces, lower power dissipation and the potential
to achieve significantly higher velocities. Conventional electromagnetic bearing systems that are
not based on superconductivity, require mechanical support in one direction or active electromagnetic feedback control. Because of the inherent stability of levitation, the use of superconductive
components in magnetic bearings offer the potential to eliminate the control system.
Critical current density Jc represents the amount of current a superconductor can carry before
it returns to the normal state and is an important parameter besides critical temperature Tc. For
most applications, large critical current densities Jc of the order of 108 to 1010 A/m 2 are required,
often in the presence of large magnetic fields. Critical current density is not an intrinsic property of
a superconductor, and is strongly dependent on its microstructure. Hence microstructure control
is very important for practical applications. During the last years a lot of progress has been
made in developing new processing techniques for HTSCs. Bulk samples produced by melt-process
techniques [5-8] can carry large currents of density « 1010 A/m 2 . These samples can therefore
produce very large levitation forces and allows the levitation of very heavy objects.
Until recently, only bulk superconductors were considered as natural candidates for bearings
applications. However some preliminary investigations [9,10] have shown that thin films can produce
large levitation forces of the same order of magnitude, as shown by melt processed samples of
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volumes 10 - 100 times of their own. In addition, stiffness values which are a measure of the
stability of levitation, are also very high in thin films. These features make thin film levitation
also very attractive for applications where available area is limited. Several suggestions for possible
applications with thin film levitation have been made [11].
The potential applications of linear and rotary magnetic bearings using bulk or thin films HTSCs
span a wide range of technologies, as illustrated by the following list:
• Engine bearings: rockets, space vehicles, ground based systems
• High speed machine tools
• Energy storage flywheels
• Lunar telescopes
• Micromachine bearings
• High speed spindles for textile manufacturing
• transport systems
The characterization of superconducting materials for levitation applications depends on the
magnetic field intensity and distribution as well as on the local material properties and geometry
of the superconductor. Physicists and material scientists tend to characterize materials in terms of
local properties such as critical temperature Tc, magnetization, or critical current Jc. However the
levitation force between a field source and superconductor is an integrated or "system" effect. In
order to specify material properties for candidate superconductor for bearings, it is necessary to be
able to measure integrated properties such as magnetic force-distance relations, magnetic stiffness,
time dependence etc. For physicists challenge lies in characterizing all aspects of the levitation
force experimentally and developing a theoretical foundation from which the detailed behaviour of
the forces acting between PMs and HTSC's can be fully understood.
As a step towards understanding the physics of levitation, we developed a simple and effective
mechanical pendulum setup to investigate the vertical force experimentally in a magnet-HTSC
levitation configuration. In this setup the basic components consist of PM, glued on to the lower
end of a nonmagnetic rod which hangs from an electronic balance with high resolution. The HTSC
sample is placed on a base in a polysterene container under the PM. The container rests on a stepmotor driven translational stage. The basic setup has remained essentially the same throughout
all the experimental work reported in this thesis. Some additional components have been added in
different experiments, the individual details of which are described in the respective papers.
From magnetomechanics, the force on a magnetized superconductor of volume V placed in the
B-field of a PM is given by ( See section 3.1)
F=

f (M-V)B dV

(1.1)

Evidently, the force between a PM and a superconductor is directly related to two distinct factors;
(i) the magnetization, M, of the superconductor,and (ii) the degree of inhomogeneity in the applied

field. The field produced by PMs of regular shape can be readily computed. Therefore one should
in principle be able to discuss all aspects of the levitation force once the magnetization data of the
HTSC are at hand. In practise however this is difficult to achieve due to the non-uniformity and
complexity of the magnetization distributions present in the HTSCs and a considerable amount of
calculational effort and large number of magnetization measurements might be needed to perform
such studies. Nevertheless these studies can be simplified by a great deal if one is able to model
the spatial distribution of magnetization and critical current density of HTSC by some simple
functional forms.
In HTSCs, which belong to a class called type-II superconductors, magnetization shows a pronounced hysteresis. The irreversibility in magnetization is a characteristic manifestation of flux
pinning, where the effect of pinning inside superconducting samples is to cause a gradient in the
internal induction. The flux density gradient in turn is associated with a current density. Among
different models utilized to describe the current behaviour, the critical state model first introduced
by Bean has been most commonly used. The model assumes that wherever current is flowing in a
superconducting sample, it has a local density equal to the critical magnitude j c . The jc is taken
to be independent of B-field. Therefore given a current distribution with constant density j c , the
magnetization of HTSC can be calculated, which can in turn be used to determine force. This has
been the motivation behind the studies reported in papers P I , P2 and P 3 .
In papers P I and P2, high resolution measurements of the vertical component of the levitation
force and its associated stiffness between a PM and a HTSC bulk sample are made using a cylindrical and rectangular levitation configuration respectively. In paper P2 we have in addition done
measurements and calculations of horizontal stabilizing force and the stiffness governing lateral
vibrations. The results are compared with calculations which are based on a model in which the
superconductor is assumed to be either a sintered granular material or consisting of grains embedded in a non-active matrix. In such samples only intragranular currents are important. The critical
state model is applied to each grain individually and closed form expressions for both vertical force
Fz and stiffness are obtained.
In paper P3 the vertical component of levitation force and stiffness is studied experimentally
and through model calculations in a HTSC thin film-PM levitation configuration. The geometry
employed has a cylindrical symmetry which allows us to develop a simple model to analyse the thin
film -PM interaction. In the calculations we have made use of the work done on magnetization of
thin films in transverse geometry using Bean's critical state model (See section 2.7).
While in the original treatment jc was taken as field independent, in later refinements, mostly
motivated by experimental observations, various dependences of the jc on the local induction magnitude, B have been suggested. Please refer to Section 2.5 for more details. In both conventional
as well as high Tc types of materials, the critical current density shows typically a decrease with
increasing field. Experimental investigations in the high Tc bulk materials in addition often shows
a plateau region, i.e., jc becomes essentially independent of B, begining at some characteristic field,
in increasing applied field. To accomodate this behaviour two models for field dependency on jc
are suggested in the literature [12,13]. In paper P4, we use these two functional forms for jc to
derive explicit formulas for the various branches of the high-field magnetization hysteresis loops in
realistic geometries with cylindrical and rectangular crossections. Later we have also made use of
one of these functional forms for jc to fit the model calculations of levitation force performed in
paper P 3 .
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Another central aspect of flux pinning besides leading to hystersis in magnetization, is that
it gives rise to temporal relaxations. This has been extensively studied both theoretically and
experimentally in terms of the magnetization. Prior to publishing of paper P5, there had only
been two reports on the corresponding behaviour in force. In these reports the force decay had
only been characterized by a total percentage and no attempt had been made to fit force decay
by a mathematical form that could rationalize the observed relaxation. This motivated the study
reported in paper P 5 , in which we measured relaxation in levitaton force when subjected to a
sudden motion-induced step in the magnetic field. It is found that the levitation force relaxes
logarithmically with time. Assuming that force and magnetization behave similarly, the rate of
decay is interpreted in terms of a thermally activated flux creep.
Another interesting and unorthodox way of studying levitation force can be through the study of
components of the B-field in a plane between PM and HTSC sample. It can be shown (section 3.2)
that the force is determined by the field distribution in a plane, £. located between magnet and
superconductor, and is given by
Fz = ^ Tzz dH

(1.2)

where Tzz is a component of the Maxwell stress tensor,
TZz =

1

9

o

\Br - B%].

(1.3)

Here Br is the radial component and Bn is the normal component of the magnetic field at a
given point in E. In addition to determination of force, mapping of such field profiles can provide
additional information, for example, how the shielding currents are distributed in the HTSC. In
paper P6, a detailed mapping of both the radial and normal field components in a plane between
magnet and superconductor in a levitation configuration has been done. The field components
from the bare magnet are also measured, from which the net field distribution produced by the
superconductor is determined.
There are many pieces in the complex puzzle about the physics of levitation. Through the
studies reported in the six papers introduced above, an effort has been made to highlight some
of the aspects of the levitation, both experimentally and theoretically. In my view these studies
attempt not only to solve some of the existing puzzles but equally importantly introduce new
methods and clues and can be used in problem solving related to levitation with different materials
and geometries than the ones considered in this thesis.

Chapter 2

Background
2.1

Levitation

Free floatation of solid and even liquid matter is called levitation. The phenomenon of levitation
has always attracted wide attention. The problem in levitation has not been so much to find
invisible contact-free forces but to attain the stability; the levitated body should not slip sideways
but should be subjected to restoring force in all directions horizontally and vertically when it is
slightly displaced from its equilibrium position.
The search for systems which exhibit stable levitation poses an interesting physical problem. In
1842 Earnshaw [14,15] proved that stable levitation or suspension is impossible for a body placed
in a repulsive or attractive static force field in which force and distance are related by an inverse
square law. See Appendix A. From Earnshaw's theorem one might conclude that levitation of
charged or magnetic bodies is not possible, but this is not generally true.
The levitation of a magnet above a superconductor can easily be performed by cooling the
superconductor by dipping it in a bowl of liquid nitrogen and dropping a small magnet on the
superconductor, the magnet just lifts off from the superconductor surface and levitates. Strong
repulsive forces cause a very stable levitation which apart from cooling requires no energy input.

2.2

Meissner effect

In 1933 W. Meissner and R.Ochsenfeld observed that when a superconductor is cooled below
a certain critical value Tc in a weak magnetic field, the flux lines, originally present inside the
material are ejected out. Therefore the superconductor state is not only characterized by electrical
resistance being zero but also the magnetic flux density, B, inside the material being zero. To keep
B = 0 inside the material the surface currents are induced which are undamped because R = 0.
These currents produce a field which is equal to the applied field and therefore the interior of the
superconductor is shielded from the field completely. The material is said to be in the diamagnetic
state.
In the begining, the Meissner effect was generally used as an explanation for the levitation
phenomenon. It was shown later [16] that levitation force is much less than what is expected from
the diamagnetic model. Moreover the diamagnetic model fails completely to explain the existence
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Figure 2.1: Reversible magnetization as a function of the applied field fora) Typr-I superconductors
and b) Type-II superconductors.
of a lateral force stabilizing the superconducting levitation. The Earnshaw's theorem precludes
the possiblity to find an equilibrium point in a static force field only. Lateral stability of the
superconducting levitation can be due only to complex flux structure arising from the flux pinning
in the superconducting lattice.
The key point in understanding of the laterally stable levitation is that the new high Tc materials
showing this behaviour belong to a class called type-II superconductors.

2.3

Classification of superconductors

In general the superconductors can be divided into two categories.
2.3.1

Type-I superconductors

Usually the observed levitation is ascribed to the perfect diamagnetism of a superconductor in the
Meissner state. This is indeed true for most pure metals, for ex. lead or tin. At temperatures
T < Tc and an applied field B < Bc depending on temperature T, these type-I superconductor
expel all magnetic flux from their interiors. The screening currents exactly compensate the applied
field by their own field. Seefig.2.1. These currents flow in a thin surface layer of thickness A
(the London penetration depth). In type-I superconductors, stability can sometimes be obtained
using a bowl shaped superconductor. The concave shape of the superconductor help in achieving
an energy potential well.
2.3.2

Type-II superconductors

Type-I superconductors have too low Bc to have any useful application. More important for
applications are type-II superconductors which exhibit a different magnetic behavior. Most alloys,
the metal niobium and vanadium and the new oxides belong to this class. Type-II superconductors

2.3 Classification of superconductors

Figure 2.2: a) The radial flux density distribution of a single flux line, and b) Triangular lattice of
fluxoids through top surface of a superconducting cylinder. The points of the exit of the flux lines
are decorated with the ferromagnetic particles.
are in the Meissner state at very low fields (B < BC\(T)) and become normally conducting in the
bulk at quite high (compared to type-I superconductors) fields B > BC2(T). Please refer to fig. 2.1.
In the large field range Bc\ < B < BC2 magnetic field penetrates a type-II superconductor in the
form of magnetic flux lines. In this state the superconductor is said to be in mixed or vortex state.
The mixed state allows the superconductor to remain superconducting even at strong fields since
the normal regions will be localized and surrounded by the superconducting regions. The core of
the flux line, which is normal, is enveloped by a supercurrent which screen the surrounding material
from the field present in the core. The shape of the flux line is determined by the penetration depth
and the coherence length as shown in fig. 2.2(a).
The radial flux density distribution of a single vortex is given by
Bjr)z=

(2-1)

where KQ is the zeroth order modified Bessel function of the second kind.
The density of lines just above Bc\ corresponds to a spacing of A(T) and the magnetization
decreases sharply from its value in the Meissner state. See fig. 2.1. As B is increased further
above Bo\ the flux lines are compressed close together so that the interaction between them are
important. The interactions have the consequence that the flux lines lie on a regular triangular
lattice. Finally at BC2 the lattice spacing is about £(T) (the coherence length) and the normal
cores of the vortices overlap and the superconductor returns to the normal state. In the mixed
state the magnetic flux line lattice was predicted from Ginzberg and Landau's successful theory
of superconuctivity by Abrikosov, the existence of which has been confirmed experimentally. See
fig. 2.2.
In the magnetization curve in figure 2.1, at each point the flux lines have moved so as to be in
the equilibrium state for the applied field, namely a flux lattice of uniform density. This reversible
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curve occurs only if the flux lattice can move freely through the specimen. If the movement of the
flux lines is impeded, they will not come into equilibrium, the density of lines will not be uniform
and the magnetization curve will be irreversible.

2.4

Flux-line pinning

In a real type-II superconductor the flux lines are pinned by inhomogeneities in the material, f.ex.
by crystal lattice defects, grain boundaries, twin planes, stacking faults etc. This flux pinning has
several important consequences. The first is that when an electric current is applied to a pinfree(ideal) type-II superconductor, the flux density associated with this current interacts with flux
line lattice and the lattice may drift driven by a Lorentz like force. This flux line motion relative to
the atomic lattice dissipates energy and causes a voltage drop, and the superconductor is then no
longer ideally conducting. Pinning of lines however allows current density j smaller than a critical
value jc to flow without loss.
A second consequence of flux pinning is that the flux inside the superconductor depends on its
previous history. The magnetization curves of a real type-II superconductor are thus hysteretic
or irreversible. The flux is prevented from entering abruptly at Hc\ because it remains pinned
near the surface and the magnetization curve departs only slowly from the initial diamagnetic line.
Equally when the field is lowered from above HC2, flux is trapped in the specimen. The specimen
can then be paramagnetic, rather than diamagnetic. Flux trapping in decreasing fields leads to the
free suspension of a superconductor not only above but also below a permanent magnet.

2.5

Critical state models

Consider the initial portion of the reversible magnetization curve for type-II superconductors in
fig. 2.1. The flux would enter abruptly at Hci, and just above Hc\ the flux density across the
specimen would be uniform. The effect of pinning centers is to hold the flux lines back near the
surface; there is a gradient in flux density from the applied value at the surface to zero some way
inside, as illustrated in fig. 2.3. From the Maxwell equation curl B = /ioj this field gradient implies
a current flowing at right angles to the field. As seen from figure, this current arises because when
there is a variation in the flux line density the currents from the neighbouring rows do not cancel.
The net current flow impose a force on the flux lines given by Fi = j X B where j is the density
of the net current flow, and B is the average flux density in the mixed state region. When the
pinning force is overcome by the Lorentz force the flux lines start to move but only to maintain a
distribution which exactly gives a net current flow corresponding to critical current density j c . This
assumption forms the basis for the critical state models. The critical state model assumes that the
effect of pinning is to determine a maximum gradient of flux density, or equivalently a maximum
current density j c . The value of jc is strongly connected to the microstructure of the material. A
number of critical state models have been proposed. The simplest case is the Bean model [17],
which assumes the critical current to be independent of the local flux density i.e. jc{B) = const.
In spite of its simplicity the Bean model has been found to be useful in many cases. Other models
which have been proposed are :
• Kim-Anderson model [18] : jc{B) = jo/(l+ I B | /Bo)

2.6 Bean's critical state model

Figure 2.3: A distribution of flux lines and the resulting current flow in the presence of pinning.
Exponential model [19]: jc{B) = jo exp(— | B | /Bo)
Bean + Exponential model [12] : jc(B) — j \ + j2 exp(— | B \ /Bo)
Bean+ Kim-Anderson model [13] : jc(B) = ji + j 2 / ( l + | B \ /Bo)

2.6

Bean's critical state model

Traditionally the Bean model is described in the infinite slab geometry (ISG), as shown infig.2.4.
The flux lines entering the sample from the edge will produce a net flux density gradient as shown
in fig. 2.5. When the field is increased, the gradient remains constant and results in an adancement
of the flux penetration front. The region xp < x < a carries a uniform current with density jc and
the region 0 < x < xp is in the Meissner state with no current. If the field is increased further the
sample will reach full penetration and whole sample is filled with critical current density j c . By
further increasing the field the current is unchanged but the density of flux lines increases. When
the field initially producing full penetration is decreased flux lines close to the sample edge will
leave to produce a negative gradient, as shown in fig. 2.6. The critical current reverses direction in
a small region close to the edge. The position where the flux density profile cross the zero line is
the position of the annihilation zone, and the current density on one side of this zone has opposite
polarity to that on the other side.

2.7

Bean model applied to the perpendicular geometry

Consider a superconducting thin film strip placed with the plane perpendicular to the applied
flux density, Bz. This is called perpendicular geometry (PG) and is also marked in fig. 2.4. The
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Figure 2.4: Schematic diagram of slab and film geometries. The origin of the coordinate system is
at the center of the slab or film.
dimensions of the strip are given by x € [~w, w], y = oo, and z G [-d/2, d/2] where d <C w. The
validity of the Bean model is assumed, and 6cl is neglected.
Due to strong demagnetization the total field will be strongly deformed, wrapping around the
sample, and changing sign at the opposite sample surfaces. The current can only flow in the y
direction in this configuration, which leads to a current density vector
dx

dz

•

)

(2.2)

•

In the limit of very thin films dBz/dx can be neglected, which is the opposite case of the ISG
configuration. The thin film will generate an in-plane Meissner sheet current which screens the
applied flux and flows within a layer of thickness A on both sides of the film.
The resulting sheet current distribution, in the Meissner region, at an applied flux density, Ba
is given analytically by [20,21]
Jyix) —

x

•arctan — „
w x± — x '
7T

(2.3)

H <

where
xp — w/

(2.4)

is the position of the flux line penetration front and Jc is the critical sheet current. Everywhere in
the mixed state region the sheet current has the value of Jc.
The perpendicular flux density resulting from the current distribution in ( 2.3) is given by
0
B(x,Ba,Jc)=

< Bc arctan
Bc arctan

<
w

(2-5)
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Figure 2.5: Calculated critical state behavior as the applied field Ba is increased for a sample
initially in the virgin state. The current density and magnetic flux density profiles for a slab are
shown in (a) and (b), and the corresponding profiles for a film are shown in (c) and (d). Arrows
indicate the progression of the profiles as Ba increases.
where Bc = /J,QJC/TT is a characteristic field value.
The planar current distribution and the perpendicular flux density profiles in PG are shown in
fig. 2.5 and fig. 2.6. The PG configuration result in a strong build-up of flux at the sample edge.
This is an effect of demagnetization and can misleadingly be interpreted as a surface barrier effect.
Similar calculations done in cylindrical transverse geometry, i.e. thin film discs of radius R and
thickness d, placed in a perpendicular magnetic field, [22,23] shows the position of the flux front
to be given by
a = Rf cosh (2Ba/jj,0Jcd).
(2.6)
Similarly for current distribution one gets,
0 < r < a,
a < r < R.

2.8

(2.7)

YBCO characteristics and preparation methods

7_,5 is probably the most investigated superconductor and a typical high Tc representative. It is arranged as a triple perovskite structure reduced with 2 oxygen atoms. The ideal crystal
with 7 oxygen atoms is difficult to produce, and real samples are oxygen deficient. The crystal
structure of YBCO is shown in fig. 2.7. YBCO can exist in two phases, the orthorhombic, or
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Figure 2.6: Calculated critical state behavior as the applied field Ba is decreased for a sample
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density profiles for a slab are shown in (a) and (b), and the corresponding profiles for a film are
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Figure 2.7: The crystal structure of YBa2Cu3O7_j with shaded CuC>2 planes.

2.8 YBCO characteristics and preparation methods

13

the tetragonal. The transition depends on the oxygen deficiency and the temperature. The room
temperature phase is usually orthorhombic.
2.8.1

Bulk samples processing

Various processes are employed for the fabrication of bulk HTSCs. For practical applications,
however large current densities of the order of 104 to 106 A cm"2 are required, often in the presence
of large magnetic fields. The critical current density is strongly dependent on superconductor's
microstructure. Hence microstructure control is very important for practical applications.
Sintering is very commonly used in ceramic processing and has many advantages in preparing ceramics in precise shapes needed for practical applications. In general sintered samples are
prepared from powders of high purity Y2O3, BaCC>3 and CuO. The powders are mixed well and
calcinated at 850-900°C for 1-24 hours and are pulverized. Finally the mixture is sintered at 900°C
for 24 hours. Sintering, however has been unsuccessful in producing high Jc materials. The weak
links at the grain (crystallites) boundaries in bulk sinetered samples are believed to be the source
of low Jc values.
Melt processes [5-8] have been found to be effective in reducing the weak links through grain
alignment and larger Jc values have been achieved in YBCO even at 77K. In a melt process, in
order to reduce the weak links, sintered YBCO is melted and slowly cooled in a thermal gradient.
Further enhancing of Jc can be done by introducing pinning centers since the pinning centers can
prevent flux motion against the Lorentz force. One of the methods to achieve extra pinning is to
add normal Y2BaCuO5 (211) to superconducting YBCO (123) [7,8]. While large J c values can be
achieved in melt processed YBCO, the length of such samples is limited.
Most of the bulk samples used in this thesis were prepared by sintering.

2.8.2

Thin film processing

Thin films investigated as part of this thesis were made using laser ablation. Laser ablation is
based on the vaporizing capabilities of laser radiation [24]. The substrate which is to be covered
by the film is placed in a chamber and heated to about 800K. The chamber is filled with oxygen
at pressures between 0.01 and 1 mbar. Using the laser beam a target of sintered YBCO undergoes
surface evaporation. The YBCO particles deposit onto the substrate forming an epitactic film.
Substrates like SrTiOs, which have matching lattice parameters are chosen.
Another synthesis method is using magnetron sputtering [25]. Magnetron sputtering is performed in a magnetron, a device using a shaped magnetic field to trap electrons. The trapped
electrons ionize the sputtering gas (usually argon) which is electrically attracted toward the target.
In the following impact they dislodge target material. The fragments deposit on to a substrate
forming a film.

left BLMiK

Chapter 3

Force from magnetomechanics
The force on a levitated magnet can be regarded as due to the interaction between field from
magnet and field produced by shielding currents of density J in the magnetized superconductor
with magnetization M. The basic magnetomechanics can be used to derive three expressions which
can be used to determine force in general. These are:
• F = JJ xB dV
• F = /(M.V)B dV
• F = / T . n dYj , where a product of T, the Maxwell stress tensor and n, the surface normal,
is integrated over a plane S.
The derivation of first of these expressions can be found in all the textbooks on Classical
electrodynamics. In the coming sections, we present a derivation of the other two expressions. In
section 3.1. force is derived from a current distribution with density J placed in a magnetic field
B [26]. In section 3.2, we derive the expression for vertical component of the levitation force from
Maxwell stress tensor in cylindrical geometry.

3.1

Force from a current distribution

The force on a small current disribution is obtained by expanding the external magnetic field in a
Taylor series about the center of the arbitrary distribution at r = a= 0,
=

fj(r)xB(r)rf 33r
+ --.] a=0 ^ 3 r.

(3.1)

The notations V a and B(a) are used to emphasize the independence of these expressions from the
integral in r.
The force due to the constant term B(0) is zero ( see result 4.2 in the appendix B). The second
term in the integral involves
3
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where e t ^ is the completely antisymmetric tensor on three indices with €123 = 1. From Eq.( 4.3),
Fi can be rewritten as
.d
T
T . ,o
'iJj — XjJnd r) x (-—
oai
))a=o.

(3.2)

The term j ( r x Jd3r) is the magnetic dipole moment d m. Now from the identity
3
/

/

(-ijk^mlj

=

"ilOkm ~ Oimbkl,

Eq.( 3.2) becomes

fc=i

=

m.(^-B(a)) a= o-m,-(V a .B) 0=0 .

(3.3)

Since V.B = 0 and for the case where V x B = 0, one can get
F= f{dm.V)B.

3.2

(3.4)

Force deduced from Maxwell stress tensor

In magnetomechanics [27] the body force can be representated as a distributed surface force. These
distributed surface forces or tractions can in turn be related to electromagnetic stresses. The
concept of a stress tensor or matrix is related to the tractions on the surface of a body by writing
traction vector r as the inner product of a 3 X 3 matrix T and the surface normal. See fig. 3.1.

/ TU T» T13 W m \
=

n

T2i T22 T23
I \

I

rp

rrl

rp

\

-^31

^32

J-33 /

\

2

(3.5)
1

n

Z /

Integral of r over the surface gives the total force on the body.

F = f T.n da = f V.T dV

(3.6)

where we have used the fact that the components of T are differentiable and continuous and Gauss
theorem has been applied. dV is the volume element of the superconductor with force density V.T
and integration is performed over total superconducting volume. Further this volume of integration
can be extended to an infinite volume containing superconductor but excluding magnet. The nature

3.2 Force deduced from Maxwell stress tensor
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n

Figure 3.1: Different components of the Maxwell stress tensor.
of the above integral is not changed by the choice of infinite volume. The contribution to the force
density from everywhere else except superconducting volume would still be zero since j — 0 in free
space.
For a superconducting material with current density J and placed in a magnetic flux density B
the density of the electromagnetic force experienced is given by
f = J xB

(3.7)

From Maxwell equation V x B = MoJ> which gives
f=(Vx—)xB
Mo

(3.8)

The above expression can be shown to be equal to V.T where T is given by
T = — (B.B - -B28)
Mo

2

(3.9)

w h e r e 5 is t h e 3 x 3 u n i t m a t r i x .

Consider the reaction force F from the superconductor which is given by

F=-

fT.nda,

(3.10)

Here integration is performed over the surface of the infinite volume of integration, with boundaries
at infinity. For simplicity this plane E is taken to be parallel to the superconducting surface and
lying between magnet and superconducting surface.
T.n

=

-(BB--B2^).n

Mo

2
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Considering the special axisymmetric levitation configuration shown in fig. 3.2. The plane S has
normal in the z direction, i.e. n = (0, 0, 1). Then the vertical component of the stress vector will
be given by
(T.n), = r 3 = T33 = ~{Bl

- {B\ + B22))

In the shown cylindrical geometry
B\ + B\ = B2radial

and B% =

B2normal

Using this, the total vertical force on the magnet in cylidrical geometry is given by

Fz = ^- f {B2Tadml - B2normal)dZ
2yUo JT,

= - i - r{B2radial

- B2normal)27rr dr

(3.11)

2-HO JO

From above expression it is clear that once the field components at each point along a radius in
the plane S are known, then the levitation force on the magnet can easily be determined.

Chapter 4

Applications of levitation

Figure 4.1: Suspension of a MPMG-YBCO superconductor below a magnet. The superconductor
can be suspended at an arbitrary position.
One of the most popular demonstration experiment associated with the discovery of HTSC has
been levitation and suspension of small permanent magnets in the vicinity of a superconducting
sample. With the development of MPMG materials with very high pinning density, it is now
possible to levitate very heavy objects by repulsive force between magnet and MPMG samples.
The presence of very high pinning density also makes it possible to trap large amount of flux inside
the samples. In this way very large attractive forces can be produced which lead to suspension of
large and heavy objects below HTSc samples(fig. 4.1). Various applications using such levitation
and suspension have been proposed. In the coming sections, some of these proposed applications
are described briefly.

20

4.1

Applications of levitation

Magnetic bearings

HTSC bearings are, at their most basic, simple devices. They use a bulk HTSC as a stator and a
PM for rotor. The magnetic force repulsion between the stator and rotor causes the stator to be
suspended in mid air, where it is thus able to spin freely. If the rotor tries to move off center in
any direction, a restoring force related to the pinning of magnetic flux lines bring it back in place.
This is known as the magnetic "stiffness" of the bearings.
The principal benefits to be gained from the use of superconducting bearings stem from the
simple fact that the rotor and stator are not in direct physical contact. Consequently, friction
and the problem of heat generation and wear are eliminated. Further the need for a lubricant is
dispensed with. For many practical mechanical systems that operate in harsh conditions, finding
a suitable lubricant may be difficult. Often the lubricant must be cooled and recycled. The
plumbing associated with getting the lubricant to and from the bearing surface may also add
unacceptably to the size and and weight of the real machinery. All these problems are avoided by
using superconducting bearings.
All the above mentioned benefits are also accessible using magnetically levitated bearings,
i.e. via magnet-magnet interaction but unfortunately, stable levitation using simple combinations
of permanent and elecromagnets is hard to achieve. For stability magnetic bearings need to be
supported mechanically in atleast one dimension and more commonly with the active feedback
in the electromagnetic circuit. But in contrast the superconducting levitation is inherently stable
and therefore does not require any such control system. This helps further reducing the power
dissipation of the system.
The discovery of the copper oxide based superconductor materials permit levitation in excess of
77 K, the boiling temperature of liquid nitrogen. The abundance, low cost and efficiency of liquid
nitrogen as a cryogen are well known. The requirement of cooling bearing surfaces to 77 K would
not be a serious liability for many aerospace applications such as rocket engines, where cryogens
such as liquid hydrogen and oxygen are already present, and certain spacecrafts where ambient
temperatures do not exceed 77 K. In fact, conventional bearings may have difficulty functioning
in such hostile environments. Applications that create a high- value added product per hour such
as high-speed machine tools, textile spindles, or computer chip conveyor systems could also justify
the added expense of providing a cryogenic environment for superconducting bearings.
The last few years have seen a great deal of interest in passive superconducting bearings applications. The objectives of developing a more viable HTSC bearings are to achieve higher stiffness
and load lifting capacity while maintaing a low rotational dissipation.

Prototype Design I
In a joint project between ISTEC Tokyo and NSK Bearings in Japan, a 2.4 Kg vertically mounted
rotor was levitated and spun up to 30,000 rpm. This system uses both YBCO rings and rare earth
permanent magnet rings [28]. Seefig.4.2. The unique feature about this design is that it utilizes
the attractive suspension force between a YBCO ring which is field cooled in the presence of PM.

4.2 Flywheel system
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Figure 4.2: Cross section of a design for a thrust and radial bearing using YBCO and a 2.4-Kg
rotor at 30,000 rpm.
Prototype Design II
Researchers at Texas Center for Superconductivity at the University of Houston (TCSUH) have
come up with a unique design that helps solve stiffness problem while also yielding a very high
lifting force [29]. The TCSUH bearings used magnet-magnet interaction to provide lift and magnetsuperconductor interaction for stability. In thefig.4.3, permanent magnets are shown as crosshetched
areas and superconductors as black. Magnets with opposite poles attract each other at the top of
the shaft while like poles repel each other in the bearing at the bottom.

4.2

Flywheel system

The flywheel system has long been studied as a candidate for an energy storage system. However
energy storage for a long duration was difficult because of the friction in the mechanical bearings.
Superconducting magnetic bearings will make it possible to store energy for a longer period, because

Applications of levitation
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Figure 4.3: Hybrid bearing developed by the Texas Center for Superconductivity at the University
of Houston.
of absence of friction. A prototype for energy storage in flywheel system built at ISTEC, Japan
is shown in fig. 4.4. The prototype system is made of bulk superconductors made by the MPMG
process, and a 7.5 Kg, 27 cm diameter aluminium disk embedded with magnets, which can spin
freely about the superconductors. The stationary part consists of 33 YBCO superconductors cooled
by liquid nitrogen, which magnetically support the aluminium disk and allow free spinning. A
flywheel system spinning with no friction in vacuum can store kinetic energy imparted to the disk
from outside, and whenever necessary, can discharge the stored energy in the form of electrical
energy. Prototype can store about 0.1 kWh energy with an energy loss of only 0.1%.
At ISTEC, the idea of making a bigger version, about 3m in diameter where the storage capacity
is 10 kWh, is being worked on. One such energy storage system can be used as an emergency
reservoir or a supplement to everyday energy sources. One way to use this can be to let rotor wheel
receive energy in the period with low energy consumption so as to be able to extract energy from
rotor when supply is limited otherwise. In the future, it might be possible to convert solar energy
into electric energy and then storage of this electric energy using flywheels, to allow discharge
whenever needed, as shown infig.4.5.

4.3

Lunar telescope

The moon is the best site for an astronomical observatory. It is a stable platform with dark sky,
perfect seeing, and offers wavelength not accessible from the earth. Long observation times are
possible ranging from 14 days to forever (in the poles). Chen et al. [30] have proposed the design
of a lunar telescope using a combination of advanced optical fabrication techniques and levitation

4.3 Lunar telescope
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Figure 4.4: a) A magnet-embedded aluminium disk and bulk YBCO superconductors used to
construct a superconducting flywheel.

solar energy

solar cell

power supply

superconducting flywheel

Figure 4.5: Schematic of the storage of solar energy by a superconducting flywheel.
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cooled room
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Figure 4.6: Schematic illustration of a transport system constructed by Nippon Sinku, Japan
by oxide superconductors. Melt processed YBCO superconductors are used to levitate, steer and
position the telescopes.
The moon also has several advantages for levitation by the superconductors. The ground
temperature is estimated to be 40 K if permanently shielded from sunlight. This temperature is
low enough for YBCO compounds to be superconducting. It is also important to note that the
gravity on the moon is seven times smaller than that on the earth. This means that an object
seven times heavier can be levitated on the moon.

4.4

Transport system on a guide rail

As mentioned earlier, a HTSC sample can be suspended below a PM, and viceversa. By virtue of
flux pinning in HTSCs, the position of a suspended object can be stabilized. Moreover the motion
of suspended object can take place without friction as long as field seen by superconductor remains
unchanged. Therefore if a guide rail is construced such that a number of magnets are placed with
the same pole facing the same direction, then the field experienced by levitated superconductor will
not change, and there will not be any friction for the translational motion of the superconductor.
Furthermore, due to flux pinning the levitated superconductor will not deviated from this magnetic
guide. A change in magnet configuration cause friction, and this can be utilized for constructing a
brake or a stop. It is also possible to construct a non-contact transport system without magnetic
guide rail. Here a pair of a HTSc sample and a magnet is used. If one moves the superconductor,
the levitated magnet follows it, and thus can be transported without contact. Such a system has
already been constructed by Nippon Sinku for transport. Schematic of this system is illustrated in
fig. 4.6.

Appendix A
Earnshaw's theorem
Simply stated this theorem states: " A body with steady charges, magnetization or currents placed
in a steady electric or magnetic field can not rest in stable equilibrium under the action of electric
and magnetic forces alone".
This theorem is based on the fact that steady electric and magnetic fields satisfy Laplace's
equation. Continuous bounded solution of Laplace's equation or potential function can not have
any maxima or minima in a closed region except at the boundary of the region.
For suppose that the force field on the magnetic dipole of moment m depends upon the gravitational potential energy (mgz) and the magnetic field B as follows
F = (m.V)B - V{mgz)
According to the magnetic source part of maxwell's equations (V.B = 0 and V x B = j = 0 in free
space), this force field must have a zero divergence.
V.F = midi(V.B) = 0
An stable equilibrium point in this force field would have zero force and be surrounded by neighbouring points for which the force field vectors all point inward toward the equilibrium point.
However such a point has negative divergence of the field F and therefore can not exist.

Appendix B
For current distributions that do not extend to spatial infinity, one can use identity
V.(/ 5 J) = <?J.V/ + fJ.Vg + fgWJ,
the charge continuity equation

and the divergence theorem to obtain

0 = | ( / J x V p + sJ.V/-/</§£) d3r.

(4.1)

It is assumed that the electric charge distribution p{r,t) of the current distribution vanishes in its
own rest frame. p(r,t) — 0. Then the expression ( 4.1) simplifies to

0 = J(fJ.Vg + gJ.Vf) d3r.
For f=l and g = X{, this gives

Ji{v)dzr

=Q

(4.2)

For / = Xi and g = xi, one gets
f JjXi d3r = - f JiXjd3r.

(4.3)
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Abstract
We present high-resolution measurements of the repulsive vertical force and its associated stiffness between a Nd-B-Fe magnet and a YBa2Cu3O7_,5 superconductor in cylindrical geometry. The results are compared with theoretical predictions. The
calculations are based on a model in which the superconductor is assumed to be either a sintered granular material or consisting
of grains embedded in a nonactive matrix so that only intragranular currents are important. The critical state model is applied
to each grain individually and closed form expressions for both vertical force Fz and stiffness are obtained in a configuration
with cylindrical symmetry. The present model explains all features of the experimental results in a consistent way. A very good
quantitative agreement has been obtained using only three adjustable parameters.

1. Introduction

Magnetic levitation of a permanent magnet (PM)
over a bulk high-7"c superconductor (HTSC) was initially a way of bringing the technology to public by
invoking one of superconductivity's most attractive
properties. It has been shown recently [ 1 -4 ], that devices based on magnetic levitation such as contactfree bearings, torque couplers, vibration dampers etc.,
may turn out to be a nearterm application of bulk
HTSCs. To develop such devices with an optimal
performance a basis is needed from which the detailed behaviour of the forces can be fully understood
and evaluated quantitatively. Efforts in this direction
have resulted in a lot of experimental data characterizing the phenomenology of the levitation force between PMs and HTSCs. Studies of different force
components, their associated stiffness and their dependence on various parameters such as distance between PM and the HTSC, time, size and geometry
etc. have been reported [ 5-9 ].

From magnetomechanics the force on a magnetized superconductor of volume F placed in the 5-field
of a PM is given by

F= J (M-V)BdV.

(1)

The force on the PM has the same magnitude but is
directed oppositely. Evidently, the force between a
PM and a superconductor is directly related to two
distinct factors; (i) the magnetization, M, of the superconductor, i.e. the distribution of the persistent
currents, and (ii) the degree of inhomogeneity in the
applied field. The field produced by PMs of regular
shapes can be readily computed. Therefore one should
in principle be able to discuss all aspects of the levitation force once the magnetization data of the HTSC
are at hand. However it has been observed that the
analysis of this kind have most often been carried out
on a general and qualitative basis [10-12]. A phenomenological picture that can correctly and consis-
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tently describe the properties of the levitation interaction also at a quantitative level, is still absent from
the literature.
In this paper we report measurements and compare them with the results obtained from a theory developed for the vertical component of the force. This
theory is based on a model introduced recently by Johansenetal. [13].
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The setup used to study the vertical component of
the magnetic force between a PM and a HTSC is
shown in Fig. 1 (a). The chosen PM-HTSC configuration has a cylindrical symmetry. With reference to
Fig. 1 (b), the applied field produced by an axially
polarized PM with remanent induction BT has the
components
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We used a PM made of Nd-Fe-B with radius
a=7.0 mm and thickness ta = S.2 mm. It is glued to
the lower end of a nonmagnetic rod attached to a
Mettler AE240 Delta Range electronic balance with
a resolution of 0.1 mg. The HTSC sample measuring
b = 7.5 mm and tb=3.5 mm rests on an aluminum
base placed in a polysterene container filled with liquid nitrogen. In order to avoid displacements due to
thermal stress in the easily deformable polysterene
container, a special sample holder was designed. The
aluminum base is rigidly connected by three rods of

Fig. 1. (a) The setup used to study the vertical component of the
force as a function of distance h between a PM and a YBCO disk
at 77 K. (b) PM-HTSC levitation configuration. The field seen
by the superconductor is indicated.

fused quartz (with low thermal expansivity) to a
similar plate at the bottom of the container. The lower
plate rests on the table which can be displaced vertically using a step motor with a minimum step of 1 /
400 mm. With this equipment, force versus distance
measurements were made automatically using a PC.
The HTSC sample was a granular YBa2Cu307_!5
disk prepared by a conventional method. By inspec-
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tion of the sample in an optical microscope we found
that the grains are typically 3-10 urn in diameter.
Prior to measurements the HTSC was zero-field
cooled. The measurements were made while lifting
the sample towards the PM, starting from a distance
/z = 23 mm in steps of 0.25 mm. At each measurement point the temporal relaxations were allowed to
decay below the resolution of the balance.
The vertical magnetic stiffness was also investigated in the same run. The steady vertical motion was
interrupted at every millimeter for a reverse displacement of 20 um. In this way a set of minor loops
was obtained.
The result of such a measurement series is shown
in the Fig. 2 (a). As seen by others [ 1 - 3 ] we find that
minor loops do not follow the major curve obtained
for monotonic reduction of the height, h. The insert
shows the details of one such minor loop. The slope
of a line fitted to the points on the minor loop gives
the magnitude of the vertical stiffness,
K, = —
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In Fig. 2(b) we plot the obtained KZ as a function of
the levitation height. We find that K. increases rapidly as the distance h is reduced. In fact, it shows an
even stronger variation as that shown by the force itself, covering a range of nearly three orders of
magnitudes.
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3. Analysis
3.1. Vertical force
The results of the force and stiffness measurements
will be analyzed in terms of the decoupled grains
model introduced recently [13]. The field of the PM
is assumed to leak through intergranular space and
thereby surrounding each individual grain of the
HTSC. The assumption of broken intergranular links
in sintered samples at field intensities such as those
in the vicinity of Nd-Fe-B PMs is supported both by
AC-susceptibility measurements [14] and by direct
mapping of trapped fields [15]. The presence of pinning centres inside each grain causes a gradient in the
internal induction, which we will describe according
to the critical state model [16]. In this case the flux

20

Fig. 2. (a) The F. as a function of the levitation height. Insert
shows an enlarged view of a minor loop (solid circles) together
with two neighbouring points on the major curve, (b) Vertical
magnetic stiffness derived from the slope of the minor loops.

density gradient is associated with an azimuthal current density of magnitude jc. Fig. 3 shows schematically the expected distribution of currents in the various stages of the force experiment. From such
distributions the magnetization of the HTSC can in
principle be calculated.
Since the present PM is far too large to feel the effect of an individual grain we will take Mas a smooth
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With Bp given by Eq. (2) the integration over z can
be done, and we get the following expression for the
vertical force as a function of the height,
(6)
Here
2K

= {ab J cos<p

2

Fig. 3. Penetration of magnetic flux (right) and distribution of
shielding currents in a region of cylindrical grains (left). Three
cases are illustrated. {&) B<B*, (b) B>B*, and (c) thefieldhas
been reduced by a small amount A5 after an initial state as in
(b).

function representing the local average magnetization. In a geometry where bxa, as in our case, a reasonable approximation is M=M(p, z)t From Eq.
(1) the vertical force then becomes

= a2 + b2-2abcos<p. Eq. (6) gives the force
between two uniformly magnetized coaxial cylinders. The function/(/z) depends only upon the geometry of the configuration, and is symmetric under
the exchange of pairs (a,ta) and (b,tb).
As a check on the analytical result, Eq. (6), we
measured the attractive force between two identical
Nd-Fe-B cylindrical magnets mounted in the apparatus with opposite poles facing each other. In this
case we had a=b=2.5 mm and ta—tb=B.O mm. As
expected, we find that the force is excellently described by Eq. (6) when the uniform magnetization
Mis replaced by Br/n0. Fig. 4 shows the data together
with the theoretical curve. As the only adjustable pa-

lb b

[

(4)

o o

When the PM-HTSC distance is reduced below a
certain value, h*, sufficiently close for essentially all
grains to fully be in critical states, i.e., B^B* as in
Fig. 3(b), one can consider M(p, z) as uniform. In
this case one gets

w
lb b

Fz=-2nM

0 0

Bp(b,z)dz,

(5)
h (mm)

where V-J?=0 was used.

Fig. 4. The Fz for two magnets with their magnetization axes vertical and aligned, as a function of distance h between them.
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rameter the remanent induction of the PMs was found
tobe5 r =1.05T.
In the range of PM-HTSC distances where the
critical state is fully developed in the grains the magnetization will be proportional tojc. Since jc is known
to depend on the flux density it is instructive to make
a parametric plot of the infered magnetization
(7)

h + tbf2

against the applied field at corresponding values of h.
This is shown in Fig. 5, where Ba denotes the field,
Bz(0, tb/2), at the center of the HTSC sample. We
interpret the behaviour of M as follows. As the HTSC
approaches the PM from large distances the intragranular shielding currents will flow in an outer layer
of increasing thickness. This gives rise to the steep
positive flank of the magnetization curve. Saturation
seems to occurnear5a = 0.02Tor/2*« 18mm, where
—M reaches its maximum. After the critical state is
fully established, i.e., above 5 a = 0.02 T, thefielddependence of7C leads to a monotonic reduction in the
saturation magnetization. We quantify this behaviour using the form
-M=

(8)

+BJBQ

•
1

- i

(9)

This theoretical result is plotted in Fig. 6 as a solid
line together with the datapoints of Fig. 2 (a) that lie
on the enveloping curve. The agreement is excellent
from the smallest h and up to about 18 mm. In the
logarithmic plot (insert) one sees that there is a deviation at the large distances. This is expected because of the non-saturation conditions existing at such
small applied fields.
3.2. Vertical stiffness
In the stiffness measurements the relative motion
between the PM and HTSC was reversed by small
amounts. In a first-order treatment the relation between the reversed displacement, Ah, and the reduction in the applied field is given by

1

1

2400

h+ta + tb/2

F:(h)=M0BJ(k)

Fz(h)
Brf{h) '

-M=

as in the Kim model [17]. The two parameters, Mo
and Bo were determined by fitting a straight line to
— 1 /M in the region of saturation as shown in the insert. This gave A/O=2275 A/m and Bo = 0.2 T.
From Eqs. (6) and (8) one gets the following formula for the levitation force
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Fig. 5. A parametric plot of the effective magnetization as defined in Eq. (7) against the applied field.
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Fig. 6. The measured levitation force together with a fitted theoretical curve.
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When the HTSC experiences the field reduction flux
will pour out of the grains establishing in an outer
layer a flux density gradient of opposite sign. In this
layer jc will flow in the reverse direction as indicated
in Fig. 3(c), thus giving a positive addition to the
magnetization of the grains.
In a granular HTSC the superconducting grains occupy only some fraction^ of the total volume. Consequently the total magnetization function M(p, z)
differs from a local averaged Mgrain by the same factor. Although^ may vary slightly from one region to
the other we will in this paper assume thatX is constant throughout the sample. This is consistent with
the observation of the sample in the microscope where
no large deviations from a uniform porosity were
seen. For simplicity, we assume that the grains have
the shape of long cylinders. In this case one can neglect demagnetizing effects, and for small field reductions one has pLoAM&r!lin = | ABZ |, i.e. the same for any
long cylinder. After a reversed displacement, Ah, the
magnetization of the HTSC equals
M(h + Ah) =M sat (/z) +/ s AMgrain
65.

Ah.

Mo

(10)

It is here assumed that the grains are saturated when
the reverse displacement begins. With the expression
Eq. (10) inserted for Min Eq. (4) the force becomes

( -2%bM

tb

sal(h)

2n

\Bp(b,z)dz
o

tb b

/, f \g(z,p)2pdpdz)Ah,

A)"

(11)
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To the first order, the saturation magnetization
after a small reverse displacement by Ah remains unchanged. This can be verified by estimating the second-order term in the expansion of saturation magnetization about any arbitrary point h. In this case
the first term on the r.h.s. of Eq. (11) gives the force
at h + Ah on the enveloping curve, while the second
term causes the stiffness to deviate from the slope of
the envelope. This additional reduction in the force
is
b tb

AF'Z =-fs-[^g(z,p)2pdpdz\

Ah .

(12)

P-o "00

This contributes to the stiffness by
A/2

=L — tb\\g{tb/2,p)2pdp\,
•" Ho

(13)

where the integration over z was replaced by the average value at z— tb/2. This is a good approximation
for thin samples.
By subtracting the slope of the enveloping behaviour of the data shown in Fig. 2(a) we have compared our experimental results with the theoretical
K; as a function of h. This provides a strong check for
consistency of the physical picture since this comparison only allows for an adjustment of a prefactor. the
volume fraction, fs. Fig. 7 shows the result of this
comparison. One sees that a good quantitative agreement between theoretical curve and data can be obtained usingX=0.8, which is a most realistic value.
It should be noted that K'Z differs only very slightly
from the full K.. Thus, from our analysis we conclude
that the vertical stiffness is essentially independent
of the actual magnetization of the HTSC. Geometrical parameters together with the gradient of the applied field are the most important.

0 0

where we have defined the gradient function
4. Summary
[z+ta)2-ap
tay+p2-2ap
2

cos <p
cos <p):

a +z — apcos<p
d<p.
+
z2+p2-2apcos4>)y2

In conclusion we have presented the results from
high-resolution measurements of the vertical component of the force between a PM and a HTSC. The
choice of a cylindrical geometry allowed the direct
analysis and comparison with the results from the
model calculations. This study has enabled us to
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Fig. 7. Semi-logarithmic plot of the vertical stiffness corresponding to the deviation from the slope of the enveloping F:(h) behaviour. The full line represents the prediction from Eq. (13).

characterize the behaviour of the repulsive vertical
force and its associated stiffness also at a quantitative
level with a minimum number of adjustable
parameters.
For the first time, closed form expressions for both
F, and stiffness K'Z have been derived consistently for
a model system. This leads us to an understanding as
to how the geometrical dimensions, grain size and
magnetic response of the superconductor affect the
levitation force. The basic insight gained in this work
can be useful for development of levitation type applications involving any PM/HTSC configuration.
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MEASUREMENTS AND MODEL CALCULATIONS OF
FORCES BETWEEN A MAGNET AND GRANULAR HIGH-TC
SUPERCONDUCTOR
T. H. JOHANSEN, H. BRATSBERG, A. B. RUSE, H. MESTL and A. T. SKJELTORP
Department of Physics, University of Oslo, P.O. Box 1048, Blindem, 0316 Oslo 3, Norway
Abstract—Several central aspects of the phenomenon of magnetic levitation with high-Tc superconductors
have been studied. We report high-resolution measurements of the repulsive vertical force and its associated
stiffness as well as the horizontal stabilizing force and the stiffness governing lateral vibrations. The results
obtained at 77 K using a granular YBa 2 Cu 3 O 7 _ 4 sample and Nd-Fe-B magnet in a rectangular levitation
configuration are compared with theoretical predictions. The calculations, which are based on the critical
state model with the assumption that it applies to the grains individually, give closed-form expressions
for all the measured quantities. We find that the present model explains all features of our observations
in a consistent way. Using only three adjustable parameters a very good agreement exists also at a
quantitative level.

1. INTRODUCTION
Developments over the last few years have shown that exploitation of the phenomenon of magnetic
levitation may become one of the most important near-term applications of high-Tc superconductivity. Because of this, studies of the interaction between a strong permanent magnet (PM)
and bulk high-Tc superconductor (HTSC) is currently a subject of considerable interest. A lot of
work has been done experimentally in characterizing the phenomenology of the force acting between
two such bodies. Measurements of the different force components, their associated stiffness, i.e. the
elastic spring constant active in small-amplitude vibrational motion, and their dependence on
various parameters such as distance between PM and HTSC, time, size and geometry etc. have
been reported by several research groups [1-6].
The force between a PM and a superconductor results from two distinct factors; (i) the
magnetization of the superconductor, i.e. the distribution of persistent shielding current, and (ii)
the degree of inhomogeneity in the applied field. Since the field produced by PMs of regular shapes
can be readily computed, one should in principle be able to discuss all aspects of the levitation
forces once the magnetization behavior of the HTSC is at hand. However, in the literature one
finds that analyses of this kind are most often carried out on a very general and qualitative basis.
In some instances model calculations have been done [7-9], although a physical picture that
consistently describes at a quantitative level the various properties of the interaction has not yet
been presented.
A challenge lies today in developing a foundation from which the detailed behavior of the forces
acting between PMs and HTSCs can be fully understood. The vital importance of this issue has
motivated us to make a series of force measurements and compare with corresponding calculations
based on a model introduced recently [10]. It is the purpose of this paper to describe our results
obtained from investigations of both vertical and horizontal force components including their
respective stiffnesses. All measurements were performed at liquid nitrogen temperature.

2. LEVITATION CONFIGURATION
In order to allow comparison between experiment and theory a geometrical configuration of
sufficient simplicity was chosen. The present PM-HTSC configuration is shown in Fig. 1. The
HTSC has a rectangular shape with dimensions 2b x / x tb in the x, y and z directions, respectively.
The PM is shaped as a rectangular bar and polarized along the vertical. Its size in the )'-direction
is long compared to /, and hence the applied field experienced by the HTSC is close to that of an
535
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Fig. 1. Magnet-superconductor (s.c.) levitation configuration seen from above (upper figure) and viewed
along the horizontal j-axis (lower figure). The applied field seen by the superconductor is indicated.

infinitely long bar magnet, Ba = (Bx, 0, Bz). With the PM placed symmetrically above the HTSC
the components of the field are given by
(1)

An n [(z + h)2 + ( 7 - fl)2][(z + h + Tf + (x + «)2] '
and
B, f
z + ta + h
z + ta+h
BJx, z) = — arctan
1- arctan
27t \
a+x
a —x

arctan

z+ h
a+x

arctan

z + h\
.
a — xj

(2)

Here 2a and fa are the cross-sectional dimensions of the PM, and Br is its remanent induction.
From magnetostatics [11] the force acting on the HTSC can be found from the following intgral
over its volume
F=

(M-V)B a dF,
s.c.

where M is its magnetization. Of course, the reaction force on the PM has the same magnitude,
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and is oppositely directed. In order to evaluate the above integral one will need a model for how
the applied field magnetizes the HTSC. We return to this in Section 4.
3. VERTICAL FORCE MEASUREMENTS
The apparatus used to measure the lifting component of the force is shown in Fig. 2. The PM
is attached to the lower end of a nonmagnetic rod which hangs down from an electronic balance,
Mettler AE240 Delta Range, which has a resolution of 0.1 mg. The PM is made of Nd-Fe-B, and
has dimensions a = 2.8 mm and ta = 6.0 mm and a length of 17 mm in the ^-direction. Its remanent
induction is Bt = 1.05 T.
The HTSC sample is glued on an aluminum base placed in a polystyrene container filled with
liquid nitrogen. The base is rigidly connected by three rods of fused quartz to a similar plate outside
the container. With this arrangement we avoid motion of the sample due to thermal stress in the
easily deformable polystyrene container. The lower plate rests on a step motor driven xz-translation
stage giving 2.5 /zm per step. With this equipment, force versus displacement measurements can be
made automatically using a computer.
The HTSC was made of YBa 2 Cu 3 07_ 5 prepared by a conventional sintering method. The
granular material has a mass density equal to 90% of the theoretical value and has Tc = 90 K. A
rectangular sample was cut to the dimensions tb = 1.7 mm, b = 3.4 mm and / = 11.9 mm. By
inspection of the sample in an optical microscope we found that the grains are typically 5-20 jxm
in diameter.
Prior to measurement the setup was aligned so that the geometry of Fig. 1 was obtained. The
PM was then removed to provide zero field cooling conditions for the HTSC. The measurements
of the force were then done while raising the sample towards the PM, starting from a distance
h = 20 mm. At each point the collection of data was delayed in order to allow relaxations to decay
below the resolution of the balance.
In the same run we also investigated the vertical magnetic stiffness. By interrupting at every
millimeter the steady motion for a reverse displacement of 15 ^m, a set of minor force-displacement
loops were obtained. The results of the entire experiment, which took about 2 h, is shown in Fig.
3a. As seen also by others [1-3], we find that minor loops do not follow the major curve obtained
for monotonic reduction of the height, h. The insert shows this strong deviation in greater detail.

Fig. 2. Apparatus to measure the vertical component of the force between a permanent magnet and a
superconductor at 77 K.
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Fig. 3. (a) Vertical force as function of levitation height. The insert shows an enlarged view of a minor
loop ( # ) together with two neighbouring points on the major curve, (b) Vertical magnetic stiffness derived
from the slope of the minor loops.
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The straight line fitted to the minor loop gives by its slope the magnitude of the vertical stiffness
K, =

—

SF,
Sh

The minus sign makes K, positive. In Fig. 3b the dependence of K. on the levitation height is plotted.
We note that the stiffness here covers a range of 3 orders of magnitude, a much stronger variation
than shown by the force itself.
4. THEORY
4.1. Model
The analysis of the experimental results will be based on a model where the applied magnetic
field is assumed to leak through the intergranular space of the HTSC, and thereby surrounding
and penetrating each grain. For sintered superconductors one expects this to be valid only at
relatively high fields. However, using Nd-Fe-B magnets the applied field exceeds, say, 0.05 T over
a wide range of distances. In fact, the assumption of broken intergranular links at such field
intensities is supported both by a.c.-susceptibility measurements [12] and by direct mapping of the
field trapped by sintered superconductors [13]. Thus, we take the magnetization to be the result
of supercurrents confined within each grain.
In the present geometry the magnetization vector will be essentially vertical, and we make the
approximation M = M{x, z)z. The vertical force component then becomes
F, =

(3)

dx
s.c.

In order to make the calculations analytically tractable we will consider the sample as a system
consisting of a large collection of cylindrical grains, each behaving in accord with the critical state
model [14]. For a long cylinder in a parallel field, B, the flux then penetrates as shown in Fig. 4.
The presence of pinning centres causes a gradient in the internal induction, which by Ampere's
law is associated with a macroscopic azimuthal current of density jQ. The critical current is in
general field dependent. However, we will because of the small grain size take yc to be constant
within a grain.
When the applied field is increased to a certain magnitude, J5* = HQJCR, the thickness of the
current carrying layer, 8, reaches the grain radius JR. The grain magnetization has then the saturation
value of — ?jcR. Figure 5a and b illustrates the distribution of shielding currents in a granular region
in the case S < R i.e. B < B*, and d = R or B ^ B*, respectively.

A
\- 6

B
-

Fig. 4. Flux penetration and current distribution for a long cylindrical grain in a parallel field raised from
0 to B.
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B*
B

AB

Fig. 5. Penetration of magnetic flux (right) and distribution of shielding currents in a region of cylindrical
grains (left). Three cases are illustrated; (a) B < B*, (b) B > B*, and (c) the field has been reduced by a
small amount AB after an initial state as in (b).

In our sample, the superconducting grains occupy only some fraction fs of the total volume.
Consequently, the function M(x, z) in equation (3) will differ from a locally averaged M grain by the
same factor. Although fs may vary slightly from one region to another we will in this paper assume
it to be constant throughout the volume. This is consistent with what we observe in the microscope,
where no large deviation from a uniform porosity were seen.
4.2. Lifting force
Under conditions where essentially all grains are saturated as in Fig. 5b the magnetization,
M(x, z), can be considered uniform over the entire volume, and equation (3) together with \ • B = 0
a
yields
F . = -Ml

I dz I d x — ,
ex

0

-b

th

= -Ml

\

2Bx{b,z)dz.

(4)
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Since our sample is relatively thin we make use of the approximation

F2=-Mltb2Bx(b,tb/2),

(5)

where Bx(b, tb/2) is given by equation (1).
Conditions of saturation can be expected to be realized in states entered along the enveloping
part of the F. versus h curve of Fig. 3a. In the simplest case of a field independent j c , and thereby
also constant, M, the shape of the curve would be given directly by the /j-dependence of Bx(b, tJ2).
On the other hand, as h is reduced in our experiment the applied field varies considerably, and a
slight field dependence ofyc can be expected to influence the force behavior. At this point it is
instructive to make a parametric plot of — M, where

-M =

(6)

ltb2Bx(b,tb/2y

against the applied field at corresponding values of h. This is done in Fig. 6, where the fi-axis
denotes the field at the centre of the sample, i.e. B,(0, tft/2) from equation (2).
We see that — M displays a clear peaked behavior, which can be understood as follows. As the
sample approaches the magnet the increasing applied field gradually magnetizes the grains. This
gives rise to the steep positive flank of the curve. Saturation appears to occur near B, = 0.025 T,
where — M reaches its maximum. In fact, using this value for B* together with a typical grain size
we arrive at the reasonable estimate for the intragranular critical current density, jc — B*/fi0R ^
105 A/cm2. Above the maximum, which occurs close to h = 10 mm, the field dependence ofyc leads
to a monotonic reduction in the saturation magnetization. To quantify this behavior we use a form
•M

=

Mr

(7)

—

as in the Kim model [15]. The two parameters, M o and Bo, were determined by fitting a straight
line to 1/M in the region indicated in the insert. This gave Mo = 2195 A/m and Bo = 0.97 T. An
attempt to fit an exponential form [16] to M(BZ) gave a less successful result.
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Fig. 6. Parametric plot of effective magnetization as defined in equation (6) against the applied field.

542

T. H. JOHANSEN el al.

1

i

I

'

I
I-

L
10

t

I,,,,

12

'

"t

10

!

\

8

1

•

^s

\
Ak -

6

—
-

4

2

\

I
4

0
c

,

V^

4

8

I
12

i
16

20

_

(mm)

—

Calculated

i

0

I
8
h

VV

n

.

o
i

i

—

i

12
h

Experimental

_

16

20

(mm)

Fig. 7. The measured levitation force together with a fitted theoretical curve.

From the equation (5) with M given as in equation (7) one can calculate the levitation force as
function of the height h. The result is shown in Fig. 7 together with the datapoints of Fig. 3a that
lie on the enveloping curve. We see that the full line representing the theoretical prediction describes
the behavior excellently from the smallest h and up to about 13 mm. At the largest distances a
deviation starts appearing as a consequence of the non-saturation conditions existing at such small
applied fields.
4.3. Vertical stiffness
During the reversed vertical displacement of the minor loops in Fig. 3a, each grain will experience
a field reduction, AB. Some flux will pour out of the grain and establish in an outer layer a flux
density gradient of opposite sign. As illustrated in Fig. 5c, this layer will now have je circulating
in the reverse direction, giving a positive addition to the magnetization. For small field reductions
the critical state model gives /x0AMstain = |AB|, i.e. the same for any long cylinder. The following
quantitative analysis will be a first order treatment, in which case a minor loop is reversible.
It will be assumed that the grains are saturated when the reversed displacement begins. By doing
so we concentrate on the small-to-intermediate region of fc-values. After a displacement from h to
h + Ah the distribution of currents becomes as in Fig. 5c, and the magnetization of the granular
sample gets the new value
Ah)=

-

/ s AM g r a i n ,

= -Msal+/S

I

dB.

Ah.
(8)
oz
Inserting this into equation (3), the first term gives the force at h + Ah on the enveloping curve. It
is the second term that causes the stiffness to deviate from the slope of the envelope. This additional
reduction in the force is
dz

oz

/"o
-h

(9)
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Fig. 8. Semi-logarithmic plot of the vertical stiffness, JC', corresponding to the deviation from the slope of the enveloping
F.(h) behavior. The full line represents the prediction of equation (10).
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Fig. 9. Profiles of the applied field B. and gradient vBJfx in the initial symmetrical situation (solid
curves), and after the magnet is shifted by d along x (dashed curves).
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which yields the extra contribution to the stiffness

, 2 ,

AF:

Again, since our sample is thin, we have here multiplied by tb instead of integrating over z. The
function dBJdz should be evaluated at z = tJ2.
By subtracting the slope of the enveloping behavior of the data shown in Fig. 3a we can compare
our experimental results with the theoretical K'Z as a function of h. It is a strong check for consistency
of our physical picture that his comparison only allows for an adjustment of a prefactor, the volume
fraction, fs. Figure 8 shows the outcome of this procedure which was carried out for h smaller than
15 mm, i.e. covering the range where we expect magnetic saturation. One sees that a good
quantitative agreement between theoretical curve and data can be obtained using fs = 0.8, again
a most realistic value.
Note that K'Z differs only very slightly from the full KZ. Thus, form our analysis we conclude that
the vertical stiffness is essentially independent of the actual magnetization of the HTSC. Geometrical
parameters together with the gradient of the applied field are the most important.
In the next section we present a similar investigation of the horizontal interaction where focus
is set on quantifying the lateral stability and the stiffness.
5. HORIZONTAL FORCE AND STIFFNESS
5.7. Theory
Using the theoretical framework developed in the previous sections the lateral force in the
x-direction is given by

Fx =

^

cz

J

s.c.
b

f
J

dB
ex

= ltb \ dx M —z-.

(11)

-b

where, as before, the thin sample approximation was used.
From equation (11) one sees immediately that for the symmetric position of Fig. 1 the Fx vanishes
since here M is symmetric in x and dBJdx = g(x) is antisymmetric.
When the magnet is displaced a small distance d, see Fig. 9, the lateral shift in the field profile
implies that B: increases for x > 0 and decreases for x < 0. To first order of the field change is
ABZ = Bz{x -d)-

Bz{x) =

-g{x)d.

This will cause an asymmetry in M{x) which we can evaluate as follows.
Consider two grains, # 1 and # 2 , located on each side of x = 0. Initially, they both experience
the same applied field, which we assume induces a negative magnetization corresponding to
saturation. After the magnet displacement, however, grain # 1 has acquired an additional magnetization, |AJB,|/JU0, whereas grain # 2 remains in saturation. The resulting M versus x is shown in
Fig. 10 (upper). For x < 0 one has
M = - M s a t + / s g{x)d.
Mo
Secondly, one must also take into account that the gradient dBJdx has been shifted by d. To
first order in d it is now given by #(x — d) = g{x) — g'(x)d, and the following expression is found from
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Fig. 10. Profile of the magnetization after a lateral displacement of the magnet (above), and after completing
one displacement cycle (below). Here AM =/ s |AB-|/rt, is the deviation from uniform magnetization.

equation (11),

(12)

Fx(d) = ltb
-b

By differentiation of equation (2) one obtains the gradient function g, and all the terms can be
evaluated.
To find the stiffness one needs to consider the effect of reversing the magnet motion. With the
magnet back in the symmetric position a grain at x < 0, as grain # 1 , will have experienced one
complete reversible minor loop and has restored its state of saturation. On the other hand, a grain
at x > 0 will experience a field reduction, and hence a positive addition to the magnetization results.
The new profile of the magnetization is shown in Fig. 10 (lower). Here the field gradient is once
again the fully antisymmetric g(x), and the force, equation (11), becomes

=

0)=-h

k

(13)

J«o

This expresses a memory of the magnetic history that the sample has undergone during the cycle
of lateral displacement with amplitude d. In subsequent repetitions of this oscillatory motion the
lateral force will alternate linearly between the two extremum values given by equations (12) and
(13). The stiffness, or elastic spring constant, is therefore equal to
- Fx(d =
(14)

5.2. Experimental results
An experimental investigation of the lateral force and associated stiffness was done with the same
HTSC sample and using the equipment in Fig. 2 except for the modification shown in Fig. 11. The
horizontal force, Fx, on the PM was transmitted as a vertical pull, P = 1.30 x Fx on the balance
using a 90° aluminium angle free to rotate over a knife's edge. A dead load is attached to the angle
in order to pre-stress a thin piano wire connecting the pull to the force sensor. The arrangement
APSUP Z : 7 / 8 - H
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ELECTRONIC
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LN,

Fig. 11. Modification of the apparatus to enable measurements of the horizontal force on the magnet
from the superconductor.

requires that the angle is aligned so that a torque from a vertical force on the PM is eliminated.
This was done by initially submerging the PM in water and adjusting the angle's axis of rotation
until the truly vertical buoyancy gives zero signal on the balance.
Figure 12 shows the results of an experiment performed to make a direct comparison with the
theoretical anlaysis. After cooling to 77 K the HTSC was raised in an increasing field into a position
with h = 1 mm symmetrically below the PM. From the discussion in Section 4.2, a state of magnetic
saturation is expected in the sample as this distance. Then lateral displacements were carried out
repeatedly between d = 0 and d = 12.5 jum. We see from the figure that, as predicted, the virgin
displacement gives a unique branch of the force, and that on return to d = 0 the Fx has become

0.02 —

0.01 —

><

0.00

-0.01 —

-0.02

Fig. 12. Observed horizontal force during a virgin lateral displacement and subsequent small-amplitude
oscillations.
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Fig. 13. Experimental and predicted horizontal stiffness, KX as function of h.

negative. Moreover, subsequent oscillations only produce a linear force versus displacement
relation, the slope of which represents the lateral stiffness KX. We see that KX is about twice the
slope of the virgin curve. In view of the experimental uncertainty this estimate is in fair agreement
with the calculated ratio.
A series of measurements as those in Fig. 12 was done to find the /i-dependence of the stiffness.
The resolution of the apparatus restricted us to the range h < 10 mm. The results are shown in
Fig. 13 where the observed stiffness is presented together with the theoretical Kx{h). The theoretical
curve was found using fs = 0.8 and MS3t = 1900 A/m as dictated by the previous results. The weak
field dependence of the saturation magnetization could be neglected since the main contribution
to KX lies in the integral term. Again, we find a quite acceptable quantitative agreement between
our data and the model calculation, where no parameters were adjusted.

6. CONCLUSIONS
We have in this paper described high-resolution measurements performed to reveal the detailed
behavior of the levitation force acting between a PM and HTSC. A rectangular geometry was a
convenient choice since forces could be analyzed and directly compared with model calculations.
As the result of this comprehensive study we are now able to explain at a quantitative level and
with a minimum of adjustable parameters the most central features of the observed interaction,
namely the behavior of the repulsive vertical force and its associated stiffness as well as the lateral
stabilizing force and the stiffness governing horizontal vibrations.
For the first time, analytical expressions for all these quantities have been derived consistently
for a model system. By doing so it is brought out in detail how geometrical dimensions, grain size
and magnetic response of the superconductor affect the behaviors. We believe that the basic insight
gained in this work can be useful for developments of levitation-type applications involving any
PM/HTSC configuration.
Acknowledgements—The authors wish to thank Professor Y. Galperin for stimulating discussions, and P. Hatlestad for help
with the electronic equipment. The financial support by The Research Council of Norway and The Nansen Foundation is
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Experimental studies and theoretical modelling of the levitation force on a permanent magnet
placed above a superconducting thin film is presented. The levitation system consists of a cylindrical
NdFeB permanent magnet and a circular disk made of YBa2Cu3O7_^. Precise measurements are
made of the vertical force Fz and its associated stiffness KZ as function of the magnet-superconductor
separation at 77 K. Several special features are observed, which contrast the levitation force produced
by bulk superconductors. Both Fz and nz show very high values per unit volume of superconducting material. The hysteretic Fz during decreasing and increasing separation results in a loop of
nearly symmetrical shape, which also contains a peak in the repulsive force branch. The results
are discussed in terms of recent theories for flux penetration in thin superconductors in transverse
magnetic fields. Our analysis leads to explicite formulas for both Fz and KZ, reproducing all the
features of the experimental results. In particular, it is shown that measurements of the levitation
force is a simple and precise method to determine the critical current density in thin films.
06.70.Dn, 74.60.Ge, 74.90.+n

I. INTRODUCTION
Since their discovery in 1987, bulk high-Tc superconductors (HTSCs) have been studied extensively for levitation purposes. This interest stems from the large potential superconducting levitation has in applications like
bearings in rotating machinery [1-3], energy storage devices [3] etc. The principal benefits to be gained from
the use of magnetically levitated bearings in rotating machinery are non-contact surfaces, lower power dissipation
and a potential to achieve significantly higher velocities.
To understand and predict the behaviour of the bearings and other applications, one must be able to analyze
the forces and its associated stiffnesses that are generated between the HTSCs and permanent magnets (PMs).
From magneto-mechanics the force on the levitated PM
is caused by the interaction between shielding supercurrents induced in the HTSC and the gradients in the Bfield from the PM. During the past years, many groups
have done extensive studies of the levitation phenomenon
using HTSC bulks, and due to this, the properties of the
levitation force and related stiffness are now mostly well
understood and supported by theoretical models [4-7].
While HTSC thin films were developed at the same
time as bulk samples, very little work has been done
to study or explain their magnetic levitation capabilities. Some preliminary investigations on levitation forces
generated by HTSC thin films have shown surprisingly
large values of the force as well as stiffness. The force-tovolume ratio for thin films has been found to be w 102

times that for melt processed bulk samples. Stiffness values for thin films are reported to be of the same order of
magnitude as in the best bulk samples. These features
make thin film levitation very attractive for applications
where available space is restricted. Some suggestions for
such applications include micromachine devices, frictionless bearings and stiffness/damping modulators.
Despite the large application potential, quantitative
studies of the levitation force offered by HTSC thin films
are very few. Schonhuber et al. [8] have reported measurements and calculations of the vertical and horizontal
force components and also the corresponding stiffnesses
between a cylindrical PM and a square HTSC thin film.
Their analysis is carried out assuming that the magnetization in the HTSC film is uniform throughout the volume, an oversimplification which is justified only in case
of granular samples with broken intergranular links [5].
A further approximation is introduced by treating the
PM as a point dipole. Also Weinberger et al. [9] have
measured the vertical component of the levitation force,
and suggested that the large force can be attributed to an
enhanced magnetization of the HTSC film due to strong
demagnetization effects. In their analysis they assume
that the film is in a nearly perfect diamagnetic state.
Again, the assumption is highly unrealistic, as will be
shown directly from our present study.
In this work, we report precise measurements of the
lifting component of the levitation force and magnetic
stiffness between a cylindrical PM and circular HTSC
thin film disk. The cylindrical symmetry allows us to de-

velop analytically a simple model for the HTSC thin fiimPM interaction, which successfully explains the observations both qualitatively and quantitatively. The analysis makes use of the new theoretical studies of the magnetic properties of thin superconducting disks in transverse external magnetic field [10-13]. A separate study
of the magnetic uniformity and the behaviour of the flux
penetration in the HTSC film was made using magnetooptical (MO) imaging.
The paper is organized as follows. In section II A,
the details of HTSG thin film samples and the experimental setup and results for MO imaging are presented.
In section IIB, the setup for force measurements and
results for force and stiffness are described. The main
results from theoretical studies of magnetization of thin
films placed in perpendicular geometry are summarized
in section III A. Our analysis offeree is presented in
section III B followed by discussion of stiffness in section
III C.

II. EXPERIMENTAL
A. Film preparation and characterization
High quality thin film samples of c-axis oriented
YBaoCuaOr-j were made by laser ablation on (100)
SrTiOa substrates. A deposition pressure of 0.2 mbar
and a substrate temperature of 80Q°C was used in the
preparation. Films of thickness t — 200 nm were patterned into circular disks of radius R — 4 mm using electron beam lithography and Ar-ion milling. More details
of the material preparation can be found in R,ef. [14].
The critical temperature. Tc measured by AC magnetic
susceptibility was 89.9 K with ATC = 0-3 K.
To ensure the magnetic uniformity of the HTSC sampies used in the levitation experiments the films were initially investigated by magneto-optic (MO) visualization
of flux distribution patterns. The MO imaging system
is based on the Faraday effect [16]. In the presence of
a magnetic field a Faraday active material will rotate
the polarization plane of a linearly polarized transmitted beam of light. The rotation angle is proportional
to the magnitude of the field component parallel to the
beam direction and the length of the optical path in the
indicator material. The presence of a superconducting
sample will produce a modulation of the magnetic field,
which can be directly observed using a polarizing light
microscope with crossed polarizers. In our MO apparatus the sample is glued by Conducting carbon cement
(CCC) on the cold finger of an optical helium cryostat
[15]. The magnetic field is applied perpendicular to the
film plane using a Cu wire solenoid. The measured intensities, I(x,y), of the images can be directly translated into
maps of Bi(x,y) by means of a calibration procedure.

A Bi doped Yttrium-Iron-Garnet (YIG) film with inplane anisotropy was used as the Faraday active indicator
[17]. On one side, the indicator film was covered with a
thin reflecting Al layer, allowing for a double-pass configuration in our incident-light microscope. The images
were recorded with an 8-bit KODAK DCS 420 ChargeCoupled-Device (CCD)-camera and transferred to a computer for processing and storage.
Fig. 1 shows a sequence of MO images of the HTSC film
taken as the applied field, Ba, was gradually increased
after zero field cooling to 77 K. The flux patterns were
recorded at Ba - 3, 6 ,9 ...18 mT. In Fig. L a collection
of triangular sections showing the same part of the disk
for different applied fields is put together to enable an
easier comparison to be made. MO imaging enables us
to notice the excellent quality of the film. The shielding property of disk is evident in (a) as the field becomes
compressed near the edge and is not allowed to penetrate
into the film. In (b) and (c) the outermost part of the
disk is seen to be invaded by flux lines with a distribution
which gives rise to the gradual decrease in the grey level
towards the center. The dark and uniform central area
corresponds to the Meissner region where the shielding
currents exactly compensates for the applied field. In (f),
at Ba — 18 mT the sample seems to be completely penetrated by flux. A small defect is aiso visible very close to
the center, which is also surrounded and penetrated by
flux completely.
B. Force and Stiffness measurements
The apparatus used to measure the levitation force is
shown in Big. 2{a). The HTSC thin film is glued on
a PVC base placed in a polysterene container filled with
liquid nitrogen. In order to avoid displacements due to
thermal stress in the easily deformable styrofoam container, a special sample holder was used. The PVC base
is rigidly connected by three rods of fused quartz (with
low thermal expansivity) to an aluminium base at the
bottom of the container. The container rests on a step
motor driven xz-translation stage giving a 2.5 fim displacement per step. The PM is attached to the lower end
of a nonmagnetic rod which hangs from an electronic balance, Mettler AE240 Delta Range which has a resolution
of 0.1 mg.
The PM-HTSC configuration, is shown in detail in
Fig. 2(b). The cylindrical PM and circular HTSC disk
are mounted with common cylinder axis. The PM is
made of Nd-Fe-B and is magnetized along the vertical
cylinder axis with a remanant induction of S rem — 1.05
T. The PM has dimensions i?pM — 7 rnm and ipM — 8
mm. Prior to the measurements the HTSC was zero field
cooled. The force was then measured while raising the
sample towards the PM, starting from a distance h — 40
mm. Each data point was recorded two seconds after the

motion stopped. When the distance was at the minimum
of 1 mm, the direction of the displacement was reversed.
During such a measurement series we noticed that a small
but significant amount of mass due to condensation accumulated on the PM and its attachment. By performing
an equivalent "dummy" experiment this contribution to
the force could easily be subtracted.
The result of such a corrected measurement series is
shown in the Fig. 3. One sees that Fz shows pronounced
hysteretic behavior as observed with bulk HTSC samples.
However, some distinct new features are associated with
the hysteresis for the thin film-PM configuration. The attractive, or suspension, force observed along the branch
of increasing PM-HTSC distance is found to be almost
as large as the repulsive force observed along the branch
of decreasing separation. In comparison, the attractive
force seen with melt processed samples [18] is very weak
and is hardly present at all using sintered HTSCs [4].
Another distinct feature is the appearance of a repulsive
force maximum at a close distance, an effect not previously reported in the literature.
It is evident that the thin film gives a very high levitation force-to-volume ratio. Previous measurements with
a bulk sintered sample of thickness 3.5 mm and diameter
15 mm showed a maximum force only 10 times higher
than the present film when a similar PM was used [5].
The reason why high-quality thin films produce such a
large levitation force can be understood qualitatively as
follows.
In the present levitation configuration the major part
of the force loop represents states of full flux penetration
in the disk. It is readily verified that the full penetration
field of 18 mT observed by MO imaging corresponds to
z « 20 mm. According to the critical-state model this
implies that a current of density jc is flowing throughout
the sample when z < 20 mm. In such fully penetrated
state, the magnetic moment of the disk is given by
T?r2jctdr=-R3tjc.

(1)

o

To a first approximation the levitation force is the product of the magnetic moment of the HTSC and the field
gradient of the PM. Hence, the levitation force grows
with the third power of the disk radius R. Therefore,
replacing a sintered sample, where typical grain size is
of the order of 10/urrc, by a well-connected thin film can
easily result in a force enhancement by many orders of
magnitude. In addition, thin films are usually characterized by relatively high jc values, which also has an
enhancing effect on the force. Even compared to meltprocessed bulks, which also behave as a well connected
monolith with high j c , the force-to-volume ratio obtained
by thin films is typically two orders of magnitude larger.
This can be explained by the fact that even at high field
values, the flux penetration in the melt-processed bulks
is far from being complete.

The magnetic stiffness is the spring constant associated with the vibrational motion, the determination of
which is therefore of vital importance for any application. In our experiments, the vertical magnetic stiffness
was investigated in a separate run. The steady vertical
motion was interrupted at every second millimeter for a
reverse displacement of 20 fim. This gave minor loops
in the force-distance curve which appeared to be completely reversible. The result of such a measurement series is shown in Fig. 4(a). The slope of a line fitted to the
points on the minor reversible loops gives the magnitude
of the stiffness, defined by
Sz

(2)

In Fig. 4(b) the obtained KZ is plotted as a function
of the levitation height. The stiffness values are seen to
vary strongly during the experiment, and cover almost
three decades in magnitude. We notice also that KZ has
essentially the same values as observed for bulk sintered
samples [5].

III. ANALYSIS
A. Thin Disk Flux Penetration
When a magnetic field Ba is applied perpendicular to
a thin disk with ( « ii, the field will cause magnetic
flux to enter from the periphery, p = R, and penetrate
to the flux front located at p = x. In the Meissner region
p < x, the magnetic field is shielded, i.e. B(p < x) = 0,
and, in contrast to the long cylinder case, the unpenetrated region is still characterized by a finite azimuthal
current density jg. Within the penetrated region the
shielding current reaches the critical density j c . In the
Bean-London model [19,20], where jc is assumed to be
field independent, the location of the flux front depends
on the applied field according to [10-13]
x =

R
cosh{Ba/Bd)'

(3)

where Bd = fiojct/2. Thus, as Ba increases the flux
front approaches the center exponentially, and e.g., at
Ba = 5Bd the front has penetrated 99 % of the disk radius. Note that for the thin film, the characteristic field
Bd is much less than fiojcR, which is the full penetration
field of a long cylinder.
If at some point the applied field is decreased by a small
amount, ABa, a change in the flux distribution near the
edge will occur, see Fig. 5(a). Figure 5(b) illustrates
schematically the magnetization of the disk subjected to
a major field cycle and also the deviations caused by minor field reversals. Among the differences from the long

cylinder case, the most, significant one is that the initial
slope of the minor loops,
....

^AM

is much larger than unity. For very small field reversals
the recent, theories have shown that [11-13],
8 R
X

—

'•

3~

if

(5)

thinner PM of the same radius, the peak becomes eve:
broader and shifts to larger z. On the other hand, a sep
arate calculation shows that for a PM with tp*,j abov
10 mm the peak is not present. Also the peaked behavio
tend to vanish also when the radius of the PM is reduced
This might, explain the fact that previous work on thii
film levitation did not reveal a force maximum.
It is instructive to replot the force data normalized b?
the geometry function so that. She ratio equals j c ,
Jc

Our discussion of the magnetic stiffness is based on this
result.
B. Vertical Force
For the present PM-HTSC configuration it is possible
to find an explicite formula for the levitation force within
the critical- state model. The symmetry of the problem
yields a current density in the disk described by an azimuthal component j$ only. See Fig. 2{b) Thus, the force
density resulting from the interaction of j$ and the local
field from the PM equals f — jg x Bp\j. The levitation
force, i.e., the vertical component off. is therefore the integral of the local product of j ^ and the radial component
Bo,
Bf,(p.z)je(p) t '2np dp
Here z denotes the vertical distance from the lower end
of the PM to the upper surface of the sample.
As argued in Section IIB, thin film levitation is typically taking place under conditions of full flux penetration. In such case, the force becomes
fR

Fz{z)=jc • / Bp{p,z) 2~p dp,
Jo
where

{-l)nCO3 0

M cos <•> + RpM + {z

This formula fully accounts for the dependence of the
force on the critical current density, the remanent induction of the PM, and all geometrical factors.
In Fig. 6, we plot calculated behaviors of Fz[z) for
different PM dimensions. Using jc of 101'3 A/m 2 gives
force values of the same order of magnitude as found in
the experiments. One sees that the calculations predict
a peaked behavior in Fz(z) when the PM has the same
dimensions as the one used in our experiment. For a

Bp{p,z) p dp

In the range of z corresponding to fully penetrated states
the normalized force is expected to be constant for the
Bean model (j\ (J3) — const.). Correspondingly, a fielc
dependence in jc should be reflected in the behavior o:
the normalized force. The result of such a plot is showr;
by full symbols in Fig. 7, where the force is plotted parametrically as a function of the applied field at the center
of the disk.
BAXIS =

Bn
l

PM

V ~ -r -ftpM

(8)
In this representation the force curve shows two distinct
regimes. For the smaller fields, corresponding to large
distances between the PM and HTSC, the curve increases
very rapidly and reaches a. maximum at BAX;S ^ 15 m l .
This value coincides with the full penetration field as observed hi the MO investigation, and we identify the steep
part of the curve as the initial states of incomplete flux
penetration. For the fields above the peak the normalized force can be taken to represent the critical current
density, and hence the weak decline of the curve can be
analyzed in terms of a field dependent j c . We find that
the behavior can be well described by the form
Jc

Br<i

o yV

rtjo

Jo T3\t

(9)

The same field dependence of jc has been previously suggested by others [21]. The full line in Fig. 7 shows the
best fit which is obtained using the parameter values
jo = 0.28 1010 A/m 2 , jx - 1.8 1010 A/m 2 and Bo - 0.102
T. It is evident that there is a very good agreement in the
entire field range after the critical state is fully developed.
With the field dependence in jc of the form (9), one
can recalculate the levitation force from Eq. (6) and compare it with the measured values. The result is shown in
Fig. 3, where one finds a very good agreement for all z.
The small deviation seen at closest distance is believed to
be caused by the dynamic feedback operation of the electronic balance. The extreme sensitivity is well illustrated
in Fig. 4(a), where at z ~ 2mm a reverse displacement
of only 20 p,m causes the force to nearly vanish.

For comparison we also calculate the levitation force
when the HTSC thin disk is modelled simply as a point
dipole of moment m, placed on the axis of the magnet.
The force can then be expressed as
Fz = m-g,

(10)

where g = {dB^xis/dz). In the fully penetrated states
the moment is given by Eq. (1). and the expression for
jc in this approximation becomes
Jc =

t g(z)

(11)

Figure 7 also includes a graph of jc inferred from Eq. (11).
It is seen that even the simple dipole approximation gives
a reasonably good overall description of the normalized
force for most of the field range.
C. Stiffness

Since the point dipole approximation appears to describe the force with reasonable accuracy, the analysis
of the stiffness will be based on the same approximation.
From Eq. (10) it follows that a small reverse displacement
reduces the levitation force by an amount given by
SF = V{5M g + M Sg) ,

(12)

where V = irR2t. In the Bean model the change in the
magnetization is given by [11-13]
SM -

dM

dBAXis

dB AXIS

dz

The change in the force from Eq. (2) can then be expressed as
SF =

—KZ

Sz,

(13)

where the stiffness KZ is given by,
(14)
With x given by Eq. (5) and a saturation magnetization equal to jcR/3, the ratio between the second
and first term in the expression for KZ is given by
(n/8)fj,o jc t g'{z) g(z)~2. This number is for the present
HTSC-PM system readily evaluated to be of the order of
10~4. Thus, to a very high accuracy, the model yields
the following expression for the vertical stiffness.
(15)
Note that this surprisingly simple result for KZ is independent of the superconductor properties, represented by the
critical current density. Moreover, the stiffness is even

independent of the film thickness. The model, however,
predicts a strong dependence on the disk radius and the
gradient in the field from the magnet.
The Fig. 4(b) shows KZ calculated from Eq. (15), which
has no adjustable parameters. The discrepencies at large
z can be explained by the large uncertainly in the stiffness values as indicated by error bars in Fig. 4(b). At
smaller z, on the other hand, the HTSC can not be expected to be be described by a simple dipole and the variation of the field through superconducting volume has
to be taken into account. However an extremely simple
point dipole model shows a good overall fit of the measured values.
IV. CONCLUSIONS
We have made precise measurements of the vertical
component of the levitation force, Fz and its associated
stiffness, KZ . Measurements show high values of Fz- and
«z-per-unit-volume than for bulk samples. In addition
there are found to be some novel features associated with
hysteresis in Fz. Force curve is almost symmetric for
approach and withdrawl of the magnet, where a maximum appears in repulsive force at close distances. The
choice of a cylindrical symmetry in experiments allowed
the direct analysis and comparison with the results from
the model calculations. We have managed to characterize the observed behaviour of Fz and stiffness, both at
qualitative as well as at quantitative level with minimum
number of adjustable parameters. Within the framework
of our calculations, where we make use of the critical
state model, we are able to reproduce the peaked behaviour in Fz. The maximum is explained by 1) the field
distribution of PM, and 2) field dependence in j c . It has
been shown further that measurement of Fz (z) can allow
one to determine jc{B) in thin films using exact results
from this model. The model has been extended to obtain
expressions for stiffness, KZ in the point dipole approximation. The critical state model in such an approximation predicts a stiffness which is independent of superconducting properties. Measurements show an overall good
agreement with this prediction.
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FIG. 1. MO images of a thin disk of R = 4 mm and t = 200 nm, when placed in increasing applied field of 3, 6, 9...18 mT
at 77 K. The corresponding images taken are represented by (a), (b)...(f) respectively. The full penetration of the disk takes
place at Ba = 18 mT.
FIG. 2. (a) The setup used to study the vertical component of the force as a function of distance z between a PM and a YBCO
thin film disk at 77K. (b) PM-Thin film disk levitation configuration. PM has dimensions RPM = 7mm and tpM = 8mm, and
thin film has R — 4mm and t = 200 nm. The field seen by the superconductor and the current directions are indicated.
FIG. 3. The Fz as a function of the levitation height. The Dots represent the measured data points and the solid line is the
calculated curve using Eq. (6) and Eq. (9).
FIG. 4. (a) A major Force-distance hysteresis loop containing a set of minor loops of Az = 20fx m. (b) Vertical magnetic
stiffness KZ derived from the slope of the minor loops. Solid line represents calculated values using Eq. (15).
FIG. 5. (a) The field profiles corresponding to an application of field Ba, followed by a small decrease ABa and (b) Major
magnetization curves containing a few reversible minor loops, in transverse geometry derived from Bean model.
FIG. 6. The calculated Fz using Eq. (6) with a jc = 1010 A/m 2 , for different PM dimensions.
FIG. 7. A parametric plot of the normalized force (which represents critical current density for fields larger than the field
corresponding to complete flux penetration) against the B-field from PM at the axis. (•) represents exact jc calculated from
Eq. (7), (o) shows jc derived from Eq. (11) and solid line represents a functional fit of the form Eq. (9) with jo = 2.8109 A/m 2 ,
ji = 1.8 1010 A/m 2 and Bo = 0.102 T.
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Critical State Magnetization of Hard Type-II Superconductors
with Rectangular and Cylindrical Cross-Sections
Anjali B. Riise,1 T. H. Johansen,1 and H. Bratsberg1
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Magnetization loops in the critical state for the critical current density Jc=Ji +J2 e |B|/B ° and
Jc = J,+J2/(l + \B\/Bo) are calculated. The geometry considered is an infinitely long superconductor with a finite cross-section in the shape of a rectangle or circle. Explicit formulas
are derived for the various branches of the complete high-field hysteresis loop. In the discussion
emphasis is put on the behavior of the width, AM, of the hysteresis loop, and a simple
graphical method to fit model parameters to experimental data is outlined.
KEY WORDS: Magnetization; hysteresis; type-II superconductors; critical state; critical current density.

well as high- Tc types of materials, the critical current
density shows typically a decrease with increasing
field. An exception is the so-called peak of fishtail
effect [7], which will not be discussed here.
Different theoretical works have tried to describe
the field dependences of Jc. The decrease in Jc with
the applied field has been attributed to grain boundaries and possibly also intragranular defects in superconducting materials acting as weak-link Josephson
junction tunneling barriers [8]. The critical current
flowing by percolation through a Josephson network
is expected to show a characteristic decrease with
increasing field. In the high-Tc materials, however,
in addition to the characteristic decrease, the JC(B)
behavior often shows a plateau region, i.e., Jc becomes
essentially independent of the induction B, beginning
at some field Bcig in increasing applied field. A theoretical explanation for this kind of behavior has been
obtained by Meilikhov [9] and two other groups
[10,11]. They utilize a more detailed treatment of the
percolative behavior.
Based on the treatment of Meilikhov and experience with the trial fitting of various Jc models, Doyle
et al. [12] proposed a critical state model with an
assumed Jc of the form
Jc = J,+J2e~m/&>
(1)
Equation (1) is used to fit the isothermal magnetization data for applied field increasing from zero and

1. INTRODUCTION
It is a known method to measure irreversible hysteretic magnetization curves to determine the critical
current density Jc and its dependence on the local
induction B in a superconducting sample. For a given
magnetized state the magnetization depends on an
integral of an a-priori unknown function JC(B).
Therefore, to be able to analyze a given set of magnetization data versus applied field one has to rely on the
applicability of a chosen model function for Jc which
should also be integrable. From a given choice of
the function JC(B), one computes AM and fits model
parameters in a consistent way. Lately this approach
has been used to give solutions of different models in
various geometries [1-5].
Among different models utilized to describe Jc
behavior, the critical state model first introduced by
Bean [6] has been most commonly used. The model
assumes that wherever current is flowing in a superconducting sample, it has a local density equal to the
critical magnitude Jc. While in the original treatment
Jc was taken as field independent, in later refinements,
mostly motivated by experimental observations, various dependences on the local induction magnitude,
B=\B\ have been suggested. In both conventional as
'Department of Physics, University of Oslo, 0316 Oslo 3, Norway.
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up to a field below the lower critical field for the
YBa2Cu3O7-,s (YBCO) grains. The fits yield values
for the critical current density terms Jx and J2 and for
the specimen effective permeability jie(T).
A similar B dependence of Jc was also considered
in a recent work by Johansen et al. [12] where they
successfully used the following model function to fit
the magnetization of melt-processed melt-grown
(MPMG) YBCO samples.
Jc ~ J\

J-,

w

(2)

They have further derived analytical expressions for
internal induction profiles and the entire shape of
magnetization loops as well as the initial branch for
the infinite slab geometry for the given model
function.
In the present work, we extend the previous calculations for the two model functions (1) and (2) by
considering more realistic geometries. We treat the
infinitely long superconductor with a finite cross-section in the shape of a rectangle or circle, and we obtain
the critical state magnetization for both models (1)
and (2). This leads to compact formulas for the
ascending and descending field branches of the hysteresis loop. In the analysis the focus is placed on the
AM, the vertical width of the hysteresis loop, a central
quantity for comparison with experiments. Johansen
et al., previously in their work [5], have derived a
functional relation between AM(Ba) and Jc (Ba) valid
for any critical state model in the present geometries.
We use that result to obtain a simple graphical
method to fit model parameters for the two model
functions described here from experimental data.

2. MAGNETIZATION
We consider an infinitely long superconductor of
rectangular cross-section. See Fig. 1. The aspect ratio
of the cross-section has a value between 0 < a < 1,
where a = 0 corresponds to the infinite slab geometry
and a = 1 represents both a square as well as cylinder
shape, with cylinder diameter being equal to the
square length [3]. The applied magnetic field is
directed along the z axis, and we define Ba from Ba =
HoHz. The sample is assumed to have isotropic properties in the x-y plane.
The flux penetrates equally from all sides.
According to the critical state model this implies that
current flows in a pattern of concentric rectangular
loops in the x-y plane, where each loop is equidistant

Fig. 1. Cross-section of an infinitely long type II superconductor
placed in a parallel magnetic field. In the critical state the supercurrent flows in concentric rectangular loops, each loop equidistant
from the boundary.

from the boundary. The magnetization, by definition,
is evaluated by integrating the magnetic moment of
these loops divided by the total volume V=4wzaL of
the sample:

Aw

A{x)jy(x)dxi

(3)

where A{x) = 4x(w/a - w + x), is the area enclosed by
the current loop and jy denotes the current density
crossing the x axis at a given positive x. In the calculations we neglect the lower critical field and surface
effects.
Figure 2 illustrates a sequence of different situations that occur when the applied field is cycled
through a major loop. Except for an interval immediately after the field sweep direction is reversed, which
we omit in the present discussion, the flux density
profile will always be such that x{B) is a single-valued
function wherever jy¥"0, thus we can use B instead of
x as integration variable.
From Ampere's law
--dB

(4)

Ho
This gives the magnetization expression
fi0M=~\

X[\ + a(X- 1)] dB

(5)

Here X = x/w, and Bm is the induction at the midpoint.
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2.1. Model I: Jc =

J,+J2e-|B|/Bo

2.1.1. Increasing field
We consider an initial state where the superconductor has been cooled below Tc in zero field. As the
field is steadily increased, the flux that penetrates into
the sample will have a density profile with dB/dx > 0;
see Fig. 2. Thus, jy = —Jc, and from Eqs. (1) and (6)
the profile function becomes

xl

' -l
= 1 - - In

Increasing
field

a+e

(9)
a+e

In the first stage of magnetization the flux enters
the sample only in an outer layer of thickness 8. This
penetration depth is given by
Decreasing
field

a+\

(10)

The initial stage lasts until ba reaches a value bp corresponding to complete penetration, or 8 = 1. It follows
that the full penetration field equals
Fig. 2. Schematic picture of the local flux density distribution in
the sample along the positive x-axis (see top) at various stages of
a magnetization hysteresis loop.

The profile function X{B) is obtained by integration of Ampere's law, which gives
1

dS

bp = ln[(l+a) ek-a\

(11)

2.1.1.1. 0<ba<bp. The virgin branch of the
magnetization curve is found from Eq. (5) by setting
the lower limit of integration equal to zero. With X
given by Eq. (9), one gets

(6)
a

The current density jy{B) has the magnitude of the
actual critical-state function, JC(B), and the sign is
opposite that of the slope dB/dx.
In the next sections we apply Eqs. (5) and (6) to
derive M(Ba). We define

~k2

(12)
where we have defined

L=l+-

(13)

(7)
and
and

a = J2/J\

(8)

as dimensionless parameters. Moreover, throughout
this paper, whenever induction symbols are typed in
lower-case it indicates that the quantity is normalized
by Bo, e.g., ba = Ba/B0, etc.

l-s

(14)

The two field-independent terms are given by
F0=F{\ + \/a) and GO = G(1 + I/a). The functions F
and 6 can be expressed in terms of the dilogarithm
Li2 and Kummer's lambda function of third order
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A3 respectively. The properties of these functions are
described in e.g., 14.
By expanding the expression for the initial magnetization equation (12), in powers of ba we find
b +

Bo

1+ a

2k(l+a)

a~

2

Again, setting X = 0, we find that the mid-plane induction bm now satisfies
(15)

which shows that the magnetization curve
. Ba
starts out with a slope of — 1.
One can see by inspection that the expansion can
be written as
fioM=-Btt

2fioJe(0)w

Since k^—kin both X and bm, the same substitution
applies for the entire expression for M in Eq. (5).
Thus, from Eq. (18) we immediately obtain
1+ a

(16)

independent of the actual critical-state function. This
result has in fact general validity and will be shown
in Section 3.
2.1.1.2. ba>bp. When the applied field exceeds
the full penetration value the mid-plane induction bm
becomes nonzero and dependent upon ba. We find bm
as the b satisfying X=0 in Eq. (9), i.e.,
(17)
The magnetization is again computed from Eq. (5),
and with bm given as above, one gets
k

tae~ -l

1+a

Bo '

taek-\

a
k^

-2[G(ta)-G(taek)]

(21)

2.1.2.2. —bp<ba<0. In this interval the induction becomes negative in an outer region X>XQ; see
Fig. 2, curve (IV). Since Jc depends only upon the
absolute value of the induction, two separate
functions describe the profile. Note first that Xo
satisfies
1 a + e~b"
Xo=\ -S(\ba\) = 1--In
k
a+l

(22)

In the inner region, 0<X<X0, integration of Eq. (6)
yields

•?*••

- ^ In /a)[F(ta) - F(ta
-pi{G{ta)-G{tae- )\
kr

(20)

Bl

3(fiojc(0)wf

k

(19)

b
3

+a) 2

function given by Eq. (10) with the substitution
k-*—k, i.e.,

1 ffi"

dB

1
k

(18)

l n r
a + eb

(23)

The mid-plane induction is found setting X(-')(b =
= X0, which gives

2.1.2. Decreasing Field

The situations under discussion are illustrated in
Fig. 2. When the applied field has been lowered from
its maximum value by a sufficient amount, the induction gradient has changed sign throughout the sample.
In these situations we have jy = +JC.
2.1.2.1. ba>0. From Eq. (7) one sees immediately that changing the sign of jy leads to a new profile

l+e~b"/a

(24)

In the outer region, X0<X< 1, Eq. (9) can again be
applied. Since S < 0 w e set jy(B) = Jc(—B) and get
Z(0)=l+-lna +e

(25)
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The magnetization integral, Eq. (5), now becomes

1

Xl0[\+a(XU)-l)]db

=- |

(26)

^* - n
<x= 0.5

W^—
^C^

tx = 1

and we find
\

a
~k2

-7^

: 1f :

ba

in t;)[F(t;)-F0]

i

I

0

10

Ba
K.
1

-y

k
l

-^k

Fig. 3. Magnetization curve for the model (1). The branches for
the ascending (lower) and descending (upper) field are calculated
for a = l, 0.5 and 0 (infinite slab). The virgin curves merge with
the major loops at the point of full penetration bp.

ft

In tm + -5 In2 rm ) ln(a;TO - a)
k
+

k

2.2. Model (2): Jc = Jx + J2/(I + IB\ /Bo)

^\ntm\[F(tm)-F0]

3.2.1. Increasing Field
(27)

-[£(/„,)-Go]
k~

The profile function, the analog of Eq. (9), now
becomes
)

where

ba+l+aj
S

and

e

tm^+

a

-J

(28)

The full penetration field is found
X(b = 0) = 0, which gives

(29)

by setting

ta

2.1.2.3. ba<—bp. It is evident that in this range
of ba, illustrated in Fig. 2, curve (V), the physical
situation is the same as for ba>bp, except now the
direction of the supercurrent is reversed. Indeed, the
entire magnetization loop possesses the symmetry
M{—ba) = -M(ba). We have verified analytically that
the expressions combine to give a continuous ascending and descending branch in the magnetization
curve.
Figure 3 shows the ascending and descending
field branches of the magnetization loops obtained for
the aspect ratios a = 0, 1 ,/2, and 1. The plot covers
the range —4bp<ba<4bp, and we have set k—\ and
fl = 5. All three loops which correspond to c = 0 , 0.5,
and 1 cover a range -4bp<ba<4bp. The virgin part
of the magnetization merging with the major loop at
ba = bp is also shown.

: = bp — a\n

(30)

a+\

2.2.1.1. 0<ba<bp. By integration of Eq. (5) one
gets for the virgin magnetization

, , 0 + «)

A
a
b-a
a+\

-aln[l

ba
a+\

(1-a)
(31)
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One sees directly that the initial slope of/x0Af vs.
Ba equals - 1 .
2.2.1.2. ba>bp. Equation (5) integrated between
bm and ba now gives

-^— = -ba-\-a{bm

The magnetization becomes
Bo

1+ a
\—a-2k

•~—ba—

+ \)
a

+ (\+a)ln

2k

1-

ba \\

a+ljj

2a

\+a'

—-2Uba-bm-k){bm+\+a)
1
3

.

+ ^(ba-bm){bm+\-3(ba

+

(32)

x In 1 -

where the midplane induction bm is defined by
"

m

a n

bm+l+a
ba+l+a

(33)

2.2.2. Decreasing Field
2.2.2.1. ba>0. As in the treatment of the exponential model we can for this region make use of the
substitution k^—k, and from the results of Section
2.1.1.2 we immediately get
(1 + a )

=-ba-l-a(bm+l)

+ 2a{\+a)\2baJr

a\n\\-

ba
1+a
(37)

a+\

The remaining part of the magnetization curve
again follows from the condition M{—ba) = —M(ba).
A set of complete magnetization loops for the model
(2) is shown in Fig. 4. These plots were calculated
setting k=l and a = 5.
3. DISCUSSION
The results for the two models are readily
checked against two known limits:

J.K

x[(ba+l)2-(bm+l)2a
"k2

ba-bm + k){bm+\+d)

——_J~

<x= 0.5
a=1

•-

(34)

-(ba-bm)(.bm+l-3(btt
where
—k = ba — bm + a In

bm+\+a
ba+l + a

(35)

2.2.2.2. -bp<ba<0.
Following the procedure of
Section 2.1.2.2 we find that this time the midplane
induction depends on ba according to

bm-ba-aln[l+
\

a+U

-aIn 1
-\ = k
\
a+\J

(36)

-10

10

Fig. 4. Complete magnetization loops for the critical state model
(2) represented by Eq. (2) for three different values of a.
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(1) The Bean model limit is obtained for both
models by letting a-+0, which gives bp = k, or Bp =
fi0J[W = B*, the familiar value for the full penetration
field. It can also be verified that as o-+0 Eqs. (15) and
(31) reduce to

i3

^L_^^L
3B

(38)

the expression for the virgin magnetization in the
Bean model for the present geometry [6].
(2) The limiting case where a->oo and &-»0 such
that ak = p.0J2w/B0 = const corresponds to the exponential model without a constant term for the model
(1). Equation (11) becomes in this limit bp~
ln(l + ak), a known expression [5]. The same limit
for model (2) corresponds to the model of Kim and
coworkers [15]. Equation (30) transforms in this limit
as bp = V1 + 2ak - 1, again a well-known result [5].
A new result with general validity can be shown
by integrating Eq. (5) by parts, which gives

fi0M=-Ba+\

B{X)(2aX+\-a)dX
v

0

For small fields we can expand the fraction in the
integrand, and get

Fig. 5. (a) Plot of jj.0M as function of the applied field for
the model function (2). The inset shows the representation of
l/fio(&M/AMx - 1) versus Ba for the same function.

In Fig. 5 we show how the vertical width
S o between the branches in Fig. 4 is reduced as the
applied field increases. It is a common procedure to
infer the ^-dependence of Jc from data for AM vs.
Ba. In a recent paper the following functional relation
valid for any critical state mode! was derived [5]:

1

1 + a -2aS + \2aX'(0) - (I + a)J'c(0)

MO)

MO)

(40)

Using here that X'(Q) = (noJc(O)wyx and 5 =
(ti0Jc(0)w)~}Ba + - • -, one arrives at Eq. (16). Note
that this proof holds for all critical-state models where
Jc(0) is finite. Excluded is, e.g., the power-law model,
JcozB~", for which it has been shown that the linear
term, — Ba, is followed by a term proportional to
fi£+" [15].
It is also worth remarking that, as a general rule,
the initial magnetization contains very little information about the function JC(B). We see from Eq. (16)
that the actual field dependence enters first in the term
of order B\, which contains the derivative J'c(0).

It can be shown that the correction to the leading
term rapidly vanishes for Ba<Bp. Hence to a very
good approximation one has
(42)
For models I and II this respectively gives

where Ct = (1 - a/3)nowJi and C 2 = Cxa.
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One can recognize that
Ci=n 0AM(Ba = oo) = fi o AM^

(43)

For functions (1) and (2) this substitution gives
(AM-AMX\

C2

a
C,

W/Bi

1
\+\Ba\/B0

(44)
(45)

respectively.
Rewriting Eqs. (44) and (45) in linear form gives
Ba\/Bo

i_AM_
AAMI

C2

generalization of the Kim and Bean model, we have
derived explicit formulas for the various branches of
high-field magnetization hysteresis loops. Using the
fact that the functional expansion of AM(JC) converges rapidly toward the simple relation
AM(Ba)ocJc(Ba), we have outlined a graphical
method to extract the model parameters by fitting to
magnetization data. We show that the procedure gives
a clear indication whether the present models are
applicable to the data under consideration. With its
three adjustable parameters the models represent a
wide variety of behaviors, and are therefore very useful for phenomenological characterization.
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Logarithmic relaxation in the levitation force in a magnet-high Tc
superconductor system
A. B. Riise, T. H. Johansen, H. Bratsberg, and Z. J. Yang
Department of Physics, University of Oslo, 0316 Oslo 3, Norway

(Received 27 December 1991; accepted for publication 26 February 1992)
The dynamic response of the levitation force between a permanent magnet and a bulk YBCO
superconductor when subjected to a sudden motion-induced step in the magnetic field has been
measured. It is found that the levitation force relaxes logarithmically with time. Assuming that
force and magnetization behave similarly, the rate of decay can be interpreted in terms of a
thermally activated flux creep with a depinning activation energy of #0=0.20 eV. A replot of
previously published results for melt-quenched YBCO also demonstrates that also in this
material the force relaxation is characterized by a logarithmic decay.
While zero electrical resistance remains a central property of a superconductor, the levitating power it has on a
permanent magnet is a property that has attracted a lot of
interest recently. This is undoubtedly because viable applications utilizing high Tc materials as levitator may come
sooner than expected. In developing such innovations it is
of prime importance to characterize the various aspects of
the interaction.
The force on a levitated magnet is expected to be
closely related to the bulk magnetization of the superconducting material. In fact, it is the presence of the permanent magnet that induces a magnetization M in the superconductor, which in turn sets up the field that produces the
force on the magnet. When the permanent magnet with
moment m is small, the force is given by1
F=m'VB^,

(1)

where B M is the flux density due to the induced magnetization alone
(2)
It is therefore possible to derive the magnitude of the force
from magnetometry data, a comparison that has been successfully performed, e.g., by Weinberger et al? Moreover,
the irreversible phenomena that are characteristic manifestations of flux pinning are also expected to correlate in the
two observable quantities. Indeed, Brandt3 has given a detailed account of the observed hysteretic behavior of the
levitation force based on typical hysteretic magnetization
curves.
A second central aspect of flux pinning is that it gives
rise to temporal relaxations, as has been extensively studied
both theoretically and experimentally in terms of the magnetization. On the other hand, reports on the corresponding behavior in the force are very few.4'5 This is quite surprising considering the vital importance of a decay in the
force, which plays such a central role in almost any foreseeable levitation application. The observed force decay
has so far only been characterized by a total percentage.
None of these investigations attempts to fit a mathematical
form that can rationalize the observed behavior, and possibly give a hint to model the relaxation in these systems.
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In this letter, we report our results from steplike excitation measurements of the levitation force, and demonstrate that the relaxation behavior can be described very
well by a logarithmic decay in time.
The measurements were performed using an experimental arrangement shown in Fig. 1. The superconductor
was a bulk YBa2Cu3O7_s (YBCO) specimen having
r c ~ 9 0 K and p>90% of the theoretical density. It is
shaped as a disk with a diameter of 69.3 mm and thickness
of 6.8 mm. The sample was placed on an aluminum base in
a polystyrene container filled with liquid nitrogen (77 K)
so that it totally covered the superconductor. An axially
polarized cylindrical Nd-Fe-B magnet, 5 mm long and 5
mm in diameter, was glued onto the lower end of a thin
rod. The cylinder axis points along the vertical. The rod
hangs down from the force sensor, a Mettler AE 260 Delta
Range electronic balance with a resolution of 0.1 mg. Using a method described elsewhere,6 the moment of the
magnet was determined to be |m| =0.086 Am2.
The distance between the magnet and the superconductor can be controlled by the motion of a step motor,
which can displace the polysterene container vertically by
1/400 mm per step. The magnet-superconductor separation, taken as the distance from the center of the magnet to
the top surface of the sample, was measured using an inductive displacement transducer. Thus, with this equipment, force versus distance or force versus time can be
measured automatically using a PC.
Figure 2 shows the result of a typical relaxation measurement. The sample was initially cooled with the magnet
placed at a distance of 13.5 mm (field cooling). The balance gave a constant signal of / r 0 =3.634 mN for the lifting
force. Then the distance was suddenly reduced by 1 mm in
a ramplike motion lasting 0.77 s. The force reached a maximum of Fm=4.798 mN immediately after the step excitation, i.e., the first sampled value of the force response. The
incremental change then decayed smoothly from Fm—F0
= 1.164 mN to a value 13.3% smaller during the period of
observation. Within the resolution of our equipment the
equilibrium state was reached after about 2 min.
A separate measurement was performed in order to
test the step response of the balance itself. Substituting the
superconductor by another permanent magnet we found,
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FIG. 1. Experimental setup used to measure the vertical component of
the levitation force.

FIG. 3. The decay in the force plotted vs In /.

1
using the same steplike motion, no relaxations in the signal
within our resolution and with the present sampling rate of
1.0 Hz. Another step experiment where the superconductor was removed showed that the contribution to the force
from eddy currents induced in the Al base could not be
detected.
In Fig. 3 we have plotted the response in the levitation
force using a logarithmic time scale with t—0 corresponding to the onset of the excitation. AF(tt) is a normalization
factor discussed later. It is evident that the relaxation behavior is very well described as linear in In t. The rate of
decay can by characterized by the slope

dF

found to be 5=0.462.
We also performed the same experiment with the magnet placed at other positions. The force was found to relax
logarithmically even at distances up to 17.5 mm. The rate
of decay, S decreased from 0.462 to 0.362 when the distance between magnet and superconducting specimen was
increased from 13.5 to 17.5 mm.
From Eqs. (1) and (2) one has an essentially linear
relation between the force and the magnetization, and because of the strong similarity in observed relaxation behavior in the two quantities, one is led to interpret S in terms
of the theory of thermally activated flux creep.7 In that
case, one assumes that a change in the externally applied
field will cause a gradient in the flux density in the superconductor. This gradient will produce a force on the flux
distribution that will tend to minimize the nonuniformity,
an equilibration process that is counteracted by pinning
forces on the fluxoides. However, due to the thermal energy the fluxoids have some probability to overcome the
pinning energy barrier, Uo. The resulting relaxation in the
magnetized state can for times much larger than the microscopic hopping time T be described by8
(
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TIME (sec)
FIG. 2. Relaxation in the lifting force after introduction of a step excitation at time f=0.
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1—
(3)
ln(r/r) j .
\
For the largest times, t>Texp(U0/kBT), the relaxation
vanishes exponentially.
Evidently, this kind of behavior also fits very well to
our observed relaxation in the levitation force. Thus, assuming that the force is described by an analogous formula
one has
dF
dint'

(4)

un
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FIG. 4. Relaxation in the Ievitation force produced by melt-quenched
YBCO. The data were extracted from Fig. 4 in Ref. 5.

Since it is nontrivial to extrapolate to even a rough estimate
for the initial A/"(0), we choose to eliminate this parameter using that at a certain time
kKT
Ur

•ln(r,/T)

(5)

from which it follows that
(6)

dF/d In t
We have arbitrarily chosen /| = 10 s. With the above value
for S and using r=10~ 1 0 s we find Uo/kBT=29.&, or an
activation energy barrier of U0=0.20 eV. This result is in
good agreement with values for Uo in YBCO at 77 K obtained by other methods.9"11
For comparison, we have also taken relaxation data
obtained for melt-quenched YBCO published previously
by Moon et al.5 and plotted vs hi t, see Fig. 4. Here, we also
find that in this case the behavior is well described by a
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logarithmic decay. Using the state at t} = 107 s to normalize the decay we now get 5=0.296. According to Eq. (6)
this corresponds to an increase in Uo by 5%. It should be
emphasized that this numerical comparison relies on r being the same for the two cases.
In conclusion, we have shown experimentally that a
large part of the relaxation in the levitation force between
a permanent magnet and bulk YBCO samples at 77 K has
a In t dependence. Such behavior is expected from the theory of thermally activated flux creep. The activation energy
Uo derived from force relaxation measurements is consistent with values determined from magnetization relaxation
experiments.
An interesting extension of the present work will be to
measure the temperature dependence of the relaxation rate.
Such measurements will be performed in our laboratory in
the near future.
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A detailed mapping of both the radial and normal field components, BT and Ba, in a plane between magnet and superconductor
in a levitation configuration has been done using a temperature stabilized Hall effect sensor. The field components from the bare
magnet were also measured, from which the net field distribution produced by the superconductor has been determined. From
these measurements the component Tzz of the Maxwell stress tensor is calculated. Tzz integrated over the entire plane yields the
lifting force on the magnet, which is verified by simultaneous force measurements. The measurements are compared with previously published numerical results.

1. Introduction

One of the most promising applications of a highTc superconductor (HTSC) is its use as a stable levitator in magnetic bearings. Experimental bearing
devices have already been demonstrated and improvements are being suggested [1,2]. Much work
has been done recently to characterize the different
aspects of the interaction between the inhomogeneous field of permanent magnets and bulk superconductors. Much of this effort has been dedicated
to the measurement of force components and associated magnetic stifness, and their dependences on
various parameters such as distance between magnet
and superconductor [3], time [4], size and geometry of magnet and superconductor [3,5 ], etc. These
measurements provide the necessary basis for the
design of superconducting bearings. However, at
present there exists no complete phenomenological
or microscopic theory which can provide models for
quantitative calculations of these force effects.
The force on a levitated magnet can be regarded
as due to the field produced by shielding currents in
the' magnetized superconductor. It can be shown [ 6 ]
that the force is determined by the field distribution
in a plane, Z, located between magnet and superconductor. For the specific case of axial symmetry,

the vertical component (along the axial z-direction)
of the force is given by
F• Zz =— \r
I zzdi,
x

ZZ

(i)

Z

where Tzz is a component of the Maxwell stress
tensor,
(2)
Here Bt is the radial component and Ba is the normal
component of the magnetic field at a given point in
E. Therefore, in principle, the levitation force can be
investigated also through studies of the field components. Moreover, mapping of such field profiles
can provide additional information, so that one can
gain a better understanding of how the shielding currents are distributed in the HTSC. This was recently
demonstrated by Chen et al. [7] in a study of the
spatial distribution of the trapped magnetic field.
On the other hand, very little work has been done
to map the magnetic field present in levitation configurations. Such field measurements in a plane L
were briefly mentioned by Moon [8], stating that
the eqs. (1) and (2) had been verified within the
experimental uncertainty. However, the paper brings
few details from the experimental procedure and the
obtained results. Later, Cha et al. [5] published a
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numerical calculation of the 5-field with E placed
only 0.1 mm above the surface of the superconductor. In that work they assigned a constant permeability pi to the HTSC. These calculations were not
supported by experimental results.
In this work we report the results from a detailed
mapping of both field components, Br and Bn, in a
plane L for an axisymmetric levitation geometry.
From the field profiles we derive the distribution of
magnetic stress Tzz in the plane. We also show measured field components from the bare magnet, and
determine the net field produced by the HTSC. The
results are compared with different models.

2. Experimental
The measurements were made using an experimental setup shown in fig. 1. It consists of a cylindrical Nd-B-Fe magnet of radius a=3 mm and
height t=8 mm,- magnetized along the vertical cylinder axis. The magnet is held at a fixed position
above a superconducting sample by attaching it to a
rigid rod. The rod is connected to an electronic
weighing cell, Mettler AE260, for measurements of
the levitation force.
The HTSC is placed in a polystyrene container

filled with liquid nitrogen. The samples used were
composed of Y-Ba-Cu-O (YBCO), and prepared
by conventional sintering methods. They were shaped
as a planar circular disk and the symmetry axis was
aligned with that of the magnet.
To measure the magnetic field we used a HP-73S
Hall probe together with a MG3D Gaussmeter, both
manufactured by Walker Scientific Inc. The system,
which gives a resolution of 0.1 gauss, has been calibrated against standards that are traceable to NIST.
The probe is mounted in a stand from which it can
be rotated through 90 degrees to be able to measure
both the normal and the radial component of the
field. The stand itself is fixed to a table which can
move horizontally in an x- or j>-direction using step
motors. The motion is controlled by a PC AT. The
computer also reads the gaussmeter signal via a
voltmeter.
The liquid nitrogen in the close vicinity of the Hall
probe gives significant cooling of the sensor. To
counteract this, the temperature of the probe was kept
constant near 22 °C using a resistive heating feedback control system with a thermistor as temperature sensor.
All the measurements started by positioning the
active area (0.97 mm in diameter) of the Hall probe
at the axis of symmetry. This was done by displacing
the probe horizontally and either maximizing the
signal, in the case of the normal field component, or
finding the zero point in the case of radial field measurement. The contributions from the earth's magnetic field components were subtracted.

3. Results and discussion
3.1. Field distribution

Fig. 1. Experimental setup used to map the components of the
magnetic field in a plane Z between a permanent magnet and
HTSC disk.

Each measurement series was performed with the
HTSC sample cooled in zero magnetic field. The
magnet was then placed 18.4 mm (taken from the
centre of the magnet) above the superconductor.
Keeping the position of the HTSC and magnet fixed,
the Hall probe was displaced along a radius in E,
which lay 2 mm above the sample. Measurements of
the normal field component, Ba(r) were taken each
0.5 mm over a total displacement of 45 mm. The
probe was then rotated 90° and recentered, followed
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by a similar scan of the radial field component, Bz(r).
The results obtained with a large HTSC of radius
22 mm are shown in fig. 2.
Another series of measurements was performed in
the same way but now without a superconductor
present, thus measuring only the field from the magnet. These data are also plotted in fig. 2 together with
the theoretically predicted field from the cylindrical
magnet:

BT(z, r)=5 r e r a J cos(0)
o
(3)

X

and
2-n

? n (z,r)=5 rem -J cos(0)
o

x[.n(

z+Jc(<p)+z2

acos(<p) — r(

z+t
(4)

where c(<t>)=a2 + r2-2arcos(<p), and Biem= 1.2 T
is the remanent induction of the magnet.
As expected from the diamagnetic response of superconductors, Bn decreases whereas BT increases in
magnitude with the introduction of the HTSC. Since
the radial positions are identical in the two series of
measurement, the distribution of the net field produced by the HTSC can be found by simply subtracting the two sets of data. In fig. 2 the net field is
plotted using square symbols. The normal component reaches 6 G at the centre, whereas the radial
component has a maximum of 4 G near r=9mm.
These field intensities are of the same order of magnitude as the remanent field in disk-shaped samples
of sintered YBCO, as observed by others [ 7 ].
To characterize the degree of diamagnetic response one can compare the field from the HTSC
with the field produced in the same plane I by the
image of the permanent magnet positioned symmetrically below the top surface of the HTSC. The
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image field corresponds to complete Meissner effect
in an infinitely wide superconductor. The magnitude
of this field, which was evaluated from eqs. (3) and
(4), is plotted in fig. 2 as dashed lines. Since the plane
I lies above the mirror plane the distance to the image is larger than to the real magnet, and hence the
image field is weaker.
It is seen that the field from the bare HTSC is considerably smaller than the image field. In order to
account for the incomplete Meissner effect one can
try to assign a reduced magnetic moment to the image magnet. One then finds by scaling of the image
field components that both Bn and BT can be fitted
nicely individually. However, the appropriate scaling factors are not the same. Best fits are obtained
using reduction factors of 8 and 6 for the normal and
radial component, respectively. Consequently, the
field profiles of the magnetized HTSC are found to
be inconsistent with such a simple model description.
3.2. Magnetic stress distribution
From the measured field components Ba(r) and
BT(r) the distribution of axial stress Tzz(r) in the
plane £ was calculated according to eq. (2). The result is displayed in fig. 2(c). Data are shown both
with the HTSC present and for the case of a bare cylindrical magnet. The full lines are drawn between
the datapoints as guides to the eye. One sees that the
presence of the HTSC causes the magnetic stress to
increase. Both the increase in Br and the reduction
in Bn contribute to this.
By a comparison with the numerical calculations
by Cha et al. we find a qualitative agreement between our measured Tzz(r) and their corresponding
curve for ^ 1 = 0.5. In both curves the negative peak
at r=0 is stronger than the positive peak occurring
at a finite r. For the smaller permeability values
treated numerically the relative strength of the extrema is opposite.
Near the centre of symmetry there is a significant
deviation in the behaviour of the magnetic stress as
well as in the axial field component Bn(r). The numerical results indicate that both quantities have a
cusp-like behaviour at r = 0 . This feature, which
probably is an artifact of the employed computer
code, is not present in the experimental curves. Since
our geometry deviates slightly from the case dis-

cussed numerically, a more quantitative comparison
is not appropriate.
As a check for self-consistency we performed a simultaneous measurement of the levitation force,
which gave Fz= 1.697 mN. According to eq. (1), one
can also express the force as follows:

f(R)=
Fz=f(oo).

(5)

In fig. 3 we show the function/versus the radius
of integration R. Simpson's 3/8 method of integration was employed. It can be seen that, as R increases, f(R) very closely approaches the measured
force value drawn as a dashed line. The deviation at
i? = 45mm is only 0.014 mN, i.e., less than 1% of the
force. Also, the case when the HTSC was absent is
included in the figure. The function/(i?) now goes
asymptotically towards zero, the obviously correct
value for the levitation force for that case.
3.3. Edge effects
To see the influence that the edge of the HTSC has
on the field profiles, the measurements were re-
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peated using the same permanent magnet and a
smaller YBCO sample; a circular disk of radius
11 mm. The results are shown in fig. 4. One notices
here that the normal field component from the bare
HTSC changes sign at the rim of the superconductor.
Also, the radial component shows a clear edge effect
by having an abrupt reduction after its maximum.
The curve has an inflection point at approximately
r= 11 mm. The field profiles clearly show the bending of the flux lines around the edge of the superconductor. This effect could not be observed with
the larger HTSC.
The profile of the magnetic stress, on the other
hand, does not show such a strong size effect. The
positive peak in Tzz is shifted by only 1 mm towards
the symmetry axis. Thus, in order to evaluate the
levitation force from the stress distribution the relevant integration area is essentially size independent. However, the radius of the HTSC determines
the range where the stress from the bare magnet
shows a significant deviation from the stress in the
levitation configuration.
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4. Summary

We have reported results from a detailed mapping
of the two field components Bn and BT in an axisymmetric levitation geometry. It has been found that a
large sintered YBCO superconductor perturbs the
magnetic field by less than 10% in a plane 2 mm
above the HTSC surface. The fact that the Meissner
effect is very far from being complete even at small
fields can be explained by taking into account the
granularity of the superconductor. The magnetic field
easily penetrates the weak links interconnecting the
individual grains, and thus brings the effective
permeability close to unity.
The field profiles produced by the bare superconductor were compared with a reduced image magnet
model. It was found that both components cannot be
fitted using the same reduction factor. This rules out
such a model for the magnet-superconductor interaction. The results were also compared with numerical calculations done by Cha et al., where they assume that the HTSC can be assigned a constant fivalue. We find that our results are qualitatively consistent with ^ e l > 0.5.

Fig. 4. The normal (a) and radial (b) field components and axial
stress (c) in the plane Z between a magnet and YBCO disk of
radius 11 mm as functions of radial position.
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From the measured field components the distribution of the magnetic stress Tzz was evaluated. By
integrating Tzz over a circle of radius 45 mm in the
plane I between the magnet and the HTSC we calculated the levitation force. The calculated value
agrees excellently with the observed force measured
simultaneously.
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