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Abstract
The present thesis deals with neutron noise theory as applied to three comparatively different
topics (or problems) in power reactor physics. Namely they are:
• theoretical investigation of the possibility to use a newly proposed current-flux (C/F) detector in Pressurized Water Reactors (PWRs) for the localisation of anomalies;
• both definition and studies on the point kinetic and adiabatic approximations for the relatively recently proposed Accelerator Driven Systems (ADS);
• development of the general theory of linear reactor kinetics and neutron noise in systems
with varying size.
One important practical problem is to detect and localise a vibrating control rod pin. The
significance comes from the operational experience which indicates that individual pins can
execute excessive mechanical vibrations that may lead to damage. Such mechanical vibrations
induce neutron noise that can be detected. While the detection is relatively easy, the localisation
of a vibrating control rod is much more complicated because only one measuring position is
available and one needs to have at least three measured quantities. Therefore it has currently
been proposed that the fluctuations of the neutron current vector, called the current noise, can
be used in addition to the scalar noise in reactor diagnostic problems. The thesis investigates the
possibility of the localization of a vibrating control rod pin in a PWR control assembly by using
the scalar neutron noise and the 2-D radial current noise as measured at one central point in the
control assembly. An explicit localisation technique is elaborated in which the searched position
is determined as the absolute minimum of a minimisation function. The technique is
investigated in numerical simulations. The results of the simulation tests show the potential
applicability of the method.
By design accelerator-driven systems would operate in a subcritical mode with a strong
external source. This calls for a revision of many concepts and methods that have been
developed for traditional reactors and also it poses a number of new problems. As for the latter,
the thesis investigates the space-dependent neutron noise caused by a fluctuating source. It is
shown that the frequency-dependent spatial behaviour exhibits some new properties that are
different from those known in traditional critical systems. On the other hand, various reactor
physics approximations (point kinetic, adiabatic etc.) have not been defined yet for subcritical
systems. In this respect the thesis presents a systematic formulation of the above mentioned
approximations as well as investigations of their properties. By numerical modelling it was
found that the applicability of the reactor physics approximations is better than in critical
systems.
Another interesting problem in neutron noise theory, which recently attracts more and
more attention, is the treatment of moving boundaries. In this case one needs to redefine such
common methods in reactor physics as point kinetic and adiabatic approximations because,
generally speaking, the various functions involved have different regions of definition. The
thesis as well presents one possible line of developing the general theory of linear kinetics as
applied to systems with varying size. It also generalises the flux factorisation and develops
further the Green's function technique.
Keywords: Accelerator Driven System, point kinetic and adiabatic approximation, noise
diagnostics, control rod vibrations, power spectra, localisation algorithm, Green's function,
fluctuating boundaries.
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Papers I-III

1. Some basic concepts of noise analysis in reactor physics

1. Some basic concepts of noise analysis in reactor physics
Encyclopedia Britannica [Ref. 1] defines noise, for example in acoustics, as any
undesired sound, either one that is intrinsically objectionable or one that interferes with other
sounds that are being listened to. More generally in information theory, noise refers to those
random, unpredictable, and undesirable signals, or changes in signals, that mask the desired
information content. One can clearly see a negative attitude towards noise as something that
deteriorates the performance of a system or makes our measurements inaccurate. As a
consequence we are inclined to develop methods and devices to suppress (or eliminate) the
fluctuations as much as possible.
On the other hand fluctuations occur in a great variety of physical systems, not the least
in reactor physics. Moreover, modern science treats uncertainties in observable quantities as a
fundamental property of Nature. More specifically it is a well known fact that all nuclear
processes obey statistical laws. Therefore the particle transport in nuclear reactors inherits
uncertainties. This can be utilised in a very useful manner because the state variables contain a
mean and a fluctuating component, and the fluctuating component carries very often as much
information and often even more about the system as the mean value. For example the noise can
be used to determine basic properties of the medium where the particle transport takes place, as
well as properties of different technological processes or dynamical properties such as reactivity
response and so on. Summarizing, one can say that noise analysis (or noise diagnostics) is a
useful tool because of its sensitivity and non-intrusive nature.
Noise analysis has been used successfully in reactor physics for about 50 years already. It
is commonly accepted to distinguish between "zero reactor noise" and "power reactor noise".
As one can guess from the terminology the former refers to zero-power reactors, i.e. systems
operating at such a low power that one can disregard the dependence of material properties on
the operational state of the reactor. In such systems the stochastic behaviour of the neutron
distribution comes from the very randomness of nuclear processes such as the type of the
nuclear reaction caused by a neutron-atom collision, the number of neutrons emitted during a
fission event, the time needed by an excited nucleus to release some extra energy and so on.
Thus, from the fluctuations one can extract information about physical properties of the medium
such as the cross sections, the reactivity, the delayed neutron fraction etc.
In power reactors, i.e. the reactors working at a high level of power, in addition to the
intrinsic noise there are thermal and mechanical sources of noise like the temperature
dependence of medium properties, fluctuations in pressure, coolant flow, mechanical vibrations
of control and fuel rods, core barrel vibrations and so on. As a rule, this kind of noise is
dominant in power reactors as compared to the noise in zero-power reactors. Accordingly, by
monitoring this noise one can detect and even localise certain malfunctions in nuclear reactors,
beginnings of emergency processes and so on.
The relatively recently proposed accelerator-driven subcritical systems (ADS)
[Refs. 2, 3] have rapidly gained great interest in the scientific community because of the
following remarkable features:
• they would be inherently much safer than traditional critical systems;
• they would produce much less highly radioactive nuclear waste than traditional reactors;
• they would have access to a vast amount of fuel which is much in excess as compared to the
known resources of U 235 .
A great challenge of ADS lies in the fact that many concepts and methods must be formulated
anew. For example in zero reactor noise as applied to traditional systems the noise source is
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generally assumed to have Poisson statistics which is no longer true in ADS. Consequently,
zero noise in accelerator-driven systems has quite different properties as compared to that of
critical systems. Similarly, power reactor noise in ADS needs to be investigated, as well as the
question how the various reactor physics approximations are applicable for subcritical systems.
Another very powerful and useful concept is the notion of transfer function, which relates
the noise source to the induced noise and at the same time it is entirely determined by the
unperturbed system. In the theory of power reactor noise one usually assumes that the
perturbations (cross section fluctuations) are small enough to linearise the equations and
represent the induced noise as the convolution of a system transfer function and the noise
source. One of the main goals in the theory of power reactor noise is to find such a function.
Then, given statistics of the noise source one can easily derive statistics of the induced noise,
which is the purpose of the theory. Further information on noise and noise diagnostics can be
found in Refs. 4 and 5.

2. Outline of power reactor noise theory
Let us restrict ourselves to one dimensional geometry and the diffusion approximation
with one energy group and one delayed neutron group. Also we assume a homogeneous bare
reactor with the flux vanishing at the extrapolated boundary. Such a model demands less
mathematical details and thus provides a better insight into the subject. Generalisation to the
many group model or other approximations is quite apparent.
We begin with a critical reactor for which, to describe the system static behaviour in
accordance with our model, one needs to have space and time independent group constants D,
vSy and E a . Then the equation governing the steady state is as follows
~

\

= 0

fiVZf$0(x)-kC0(x) = 0
where <j)0(x) and C0(x) are the static flux and the static delayed neutron precursors respectively and xB represents a boundary point. Also we define the following quantities as
• k^ = v £ y / S a - infinite multiplication factor;
• p M = 1-1/A:^ - reactivity of the infinite medium;
• A = l/(vvl,f)

- prompt neutron generation time;
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• Bo = (vEy - Za)/D - buckling of the static equation
A perturbed system obeys the equations
v

K*, 0 + [v£/(l - P) -£a]<K*. t) + XC(x, t)

dt
f

O=o

(2)

c(xB, 0 = 0
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Here, the tilde sign marks the parameters (generally, space and time dependent) of the perturbed system. To derive the linearised equations we apply the standard method of representing
the unknown functions and the coefficients as a sum of the mean value and a small fluctuating
quantity as
<K*, 0 = <t>0(*) + 5(KX> 0

VS/(JC,

C{x, t) = C o (*) + hC{x, t)

±a{Xj *) = S a + 8S a (*, t)

0 = v S . + 5VS.(JC, 0
(3)

Then we put (3) into the original equations (2), finally we neglect products of small quantities.
For the traditional reactors the most commonly used model is to assume fluctuations only
in the absorption cross section £ a (x, t) = ~Ea + 82fl(x, t) which leads to the following
linearised equations

Eqns. (2) and (4) do not seem very complicated. But this is due to our simple
homogeneous 1-D model with one prompt and one delayed neutron group and without
dependence on energy. In practice one has to deal with much more complicated situations that
pose a challenge even for modern supercomputers, especially when one deals with inverse
problems resulting in necessity to solve equations like (4) repeatedly many times. One very
useful method to analyse these equations is to factorize the flux as [6,7]
4>(*. 0 = P(t)\f{x, t)

(5)

In doing so one tends to put the dependence on t as much as possible into the amplitude factor
P(t) whereas the shape function \j/(x,r) represents a deviation from the static solution.
More quantitatively, one substitutes (5) into (2), then multiplies this by the static flux, also
one multiplies the static equation (1) by (5) and subtracts this from the previous result, finally
one integrates the difference over the whole reactor additionally demanding that
= 0

(6)

V

We may impose this restriction because we have just introduced two new functions instead of
only one. This is the usual way to derive the point kinetic equations

A(0
dt

" A(0

where the quantities C(t) and p(t) are as follows

fc(x,t)%(x)dV
C(t) = f-

±|\

(8)
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P(0 =

(9)
2

^

Eqs. (7) are exact so far, but we cannot solve them because p(t) involves the unknown shape
function. One can make useful approximations by introducing certain assumptions about the
shape function. The simplest one is to postulate that

y(x, t) =

tyo(x)

or

<K*. 0 = P(0<t>0M

(10)

resulting in the point reactor approximation with

J«

P(0 = -

v
It should be noted here that the normalization condition in this case is fulfilled automatically.
A slightly more complicated approximation can be derived if one substitutes the
factorization (5) into the time dependent equations (2) and neglects all time derivatives. Then
the shape function can be determined from the equation

DV\{x, t) + [ ^ - la{x, t)]\y(x, t) = 0

(12)

\-keff
J
as the leading eigenfunction subject to the normalization condition (6). We just note here that
time enters the equation as a parameter only.
If we split the time dependent functions into mean values and fluctuations as

<K*, 0 = <|>o(*) + 6< K*> 0
P(t) = l+8P(t)
\\f(x, t) = <j>0(x) + 8i|/(x, 0

(13)

we obtain a linearised representation of the flux fluctuation by neglecting the quantity SP5\|/ as
t)
(14)
This is another basic concept in reactor noise theory to think of the neutron noise as a sum of a
point reactor term and a space dependent term. Now we can say that in the point reactor
approximation we assume 8\|r = 0, in the adiabatic approximation we determine the shape fluctuation 8\|/ as the deviation of the leading eigenfunction of (12) from the static flux.
Another very useful approach is to analyse the time dependent equations (2) or (4) in the
frequency domain by performing a Fourier transform which brings us to
SZJx, (0)
2
2
V2S<Kx, co) + 5 (co)8<K;t, to) = a"D > 0 ( x )
(15)
where the corresponding frequency dependent buckling is defined by
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The function G0((i)) is the well known zero reactor transfer function
l

L

(17)

*co + AJ

It immediately follows from the definition that G0(to) is unbounded when to tends to zero
which results in the following relationship:

co->0
All this allows us to express the solution to (15) as
r
SSJx1,co)

8<K*. co) = J G(x, x', co)
v

aK

D

>0(x')^

where the corresponding Green's function is defined by the equation
V2xG(x, x', co) + B2((a)G(x, x', co) = S(JC - x')

(19)

(20)

Here it is important to stress that the Green's function is completely determined by the unperturbed system. This means that the transfer function is independent of the noise source, or in
other words, the neutron noise can be factorised (in the sense of operator theory) in terms of
the transfer function and the noise source.
If we know the Green's function for a particular reactor then formula (19) can be used in
two different ways:
• direct approach - given a noise source §Za we can calculate the induced noise 5<j) from (19);
• indirect approach - assuming 8(J) to be known (for example from an experiment) we can
calculate the noise source 8E a by inverting equation (19).
Formally, inversion of (19) demands the noise be known everywhere in the reactor. In
practice however the noise is measured only at a few spatial locations. One way to overcome
this difficulty is to find a mathematical model of the noise source which can be used in (19)
directly or indirectly. Very often the noise source may be approximated by an analytical
function, which depends on the position of the perturbation xp and a few unknown parameters.
Then, a few measurements of the noise define a system of equations, from which the unknown
parameters can be determined.
These principles can be applied, for example, to the problem of localising a vibrating rod
pin. It is very convenient to use here Feinberg-Galanin theory [Refs. 8, 9], according to which
the perturbation in the macroscopic absorption cross-section caused by the vibration of the
absorber can be written as
8(jc-* p )]

(21)

where y is Galanin's constant (strength) of the rod. Then using the approximate formula
(22)
which is precise up to the second order in e(co), one has
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C,CO)=-JG(X,X',CO)^-—-^
(23)
, X " I G(x,*',co)
In the next section it will be shown in more detail how to apply this approach to one important
problem of localising a vibrating control rod pin.

3. Noise source localisation using neutron current in power reactors
The aim of the current section is to present a newly developed method to localise vibrating
control pins in power reactors using measurements at one point only. Earlier a localisation
method was successfully developed which uses flux measurements at 3 different points.
3.1 Mathematical model
Because the physical model in this case is essentially two dimensional, equation (23) now
reads as

5<Kr,co) = ^e(«)-V r ,[ G0(r, r', to) • 4>0(r')]
(24)

r, rp, (0) • ex((0) + Gy(r, rp, co)
Here the spatial displacement e(co) (in frequency domain) becomes a vector with components
8x and Zy, and new symbols are introduced as follows
G(r r

' p' m^rP>]

(25)

and similarly for Gy .
Since the vibration components eA.(co) and e (co) are also unknown, one needs at least
3 neutron detectors at positions rl, r2 and r 3 . Then, the neutron noise measured at these
positions is expressed by 3 equations of the type (24). Two of them can be used to eliminate £x
and 8y in the third, and thus to create an identity called the "localisation equation". This latter
is a transcendental equation which contains the unknown rod position as its root. This is the
procedure that was used in [10] and [11]. In [12], instead of an explicit inversion algorithm, the
simulated signals from three detectors were used to train a neural network to identify the
position of the vibrating rod from measured signals. Both methods were tested with success on
measurements taken at an operating plant with an excessively vibrating control rod ([11], [12]).
However, there are situations when this approach needs to be revised. One such case is
illustrated in Fig. 1 where a thin rod produces a week perturbation such that the induced noise
has a small amplitude. Since the amplitude decays with increasing distance from the rod, the
effect of such a vibration can presumably be measured only in the very vicinity of the rod, i.e.
in the detector position in the same fuel assembly. Farther from the source, the background
noise and the noise from other sources exceeds the noise induced by the vibration and thus the
noise measured at such a point is of no use in the localisation or even detection process.
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Fuel rod

©

Instrument tube (detector position)

<

Vibrating
control rod pin

Control rod pin

Fig. 1. Horizontal cross section of a PWRfuel assembly, containing an instrument tube
for a movable detector and 24 control rod pins.
Instead of using three ordinary detectors, each measuring the scalar noise, one can
alternatively measure the scalar noise and two radial components of the noise gradient (which
is proportional to the neutron current in diffusion theory) at one point. Since the current noise
is a 2-D vector in this model in which axial homogeneity is assumed, then together with the
scalar noise, one current/flux (C/F) noise measurement serves 3 independent quantities just as
in the case of 3 neutron noise detectors. In addition to the expressions of the fluctuations of the
scalar flux (24) the same detector yields two components of the current noise as

§Jx(r, co) = - Y [ GXXp(r, rp, co) • 6,(0)) +Gxyy, rp, co) •
(26)

&Jy(r, co) = - y [ Gyxy, rp, co) • ex(co) +Gy)lp(r, rp, co) • e/co)]
Again as before, to simplify the notation we introduce new quantities
xxn

dxdx

•[ G(r, rp,co)(J)(rp] etc.

(27)

It turns out that the Green's function can be reasonably well determined through the equation
V 2 G(r,r') = 8(r-r')

(28)

This is a good approximation in power reactors with p ^ / P = 1 on the so-called plateau frequency region, where G 0 ( c o ) = l / p , and thus B (co) - 0 . In the 2-D cylindrical model used
here this leads to the simple real analytical solution
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2

2

_,.
, , «.
x.
A +(rr'/R)
-2rr'coscp
G{r, (p, r', (p1 = 0) = -—log
±
^
*
r +r' -2rr'cos(p

(29)

where (r, cp) and (r1, cp') are polar coordinates of the vectors r and r' whereas R stands for
the core radius.
In practice it is more appropriate to use the power spectra instead of Fourier transforms.
Likewise, instead of sx((o) and e (to) , the auto- and cross spectra SXX((O) , S (to) , and
5 (to) of the displacement components are used as input source. Using the Wiener-Khinchin
theorem, the auto- and cross spectra of the detector signals can be expressed as

G2xySyy + 2GxxGxySxy]^

(30)

APSD8jy«») =

= -l{GxGyxSxx

+ GyGyySyy + (GxGyyp

+

GyGyx)Sxy}

Calculation of the neutron noise auto- and cross-spectra from Eqs. (30) - (31) requires explicit
expressions for the displacement spectra Sxx((a), Syy((si), and Sxy((n). Simple expressions for
them were derived from a model of random pressure fluctuations as driving forces of the rod
motion [Ref. 10]. It was found that the possible variety of displacement component spectra can
be parameterized by two variables, an ellipticity (anisotropy) parameter ke [0,1 ] and the
preferred direction of the vibration a e [0,7t] as
Sxx<* 1 + k cos 2 a
Syy°c 1 - A;cos2a
Svv°=

(32)

£sin2a

xy

At this point the vibrations are assumed monochromatic and all expressions are taken at a
given frequency. For an isotropic vibration one will have k = 0, while vibration along a
straight line has k = 1. Between these two extreme values the amplitude distribution of the
vibration is an ellipse with the main axis lying in the direction a .
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3.2 Mathematical problem
One can formulate the mathematical problem in a compact form by using the notations
a = (av a2, a2)T = (D2

x,

c = (cv c2, c3f = (-D
T

,

~

D

APSD8jf
(33)

CPSD8jbJ)

t

•

1

s = (sj, s2, s3) = y (Sxx, S SXy)
Here, a and c stand for measured quantities whereas s is not known. Then, (30) - (31) read as
a = As
c = Cs
(34)
where the corresponding 3x3 matrices are defined as follows
2
2G

*>

<
2

2

r

r

G

G

2Gxxf

r2

r2

^vx

G

2GyXf

A=

xxp

.

y

xyp
yyP

Gr Gxxp

°yp

Gy
yp

Xp

C=

x GyXp

G

yp

G

xx

G

yyt

G

xyp

Gy Gyy
P
yp
G

xy,

G

yyP

(Gx

+ Gy G

G
p

xyp

p

xxp

+ Gy G x
( x G
P
p
yy
(Gxx G + GVXG
G

(35)

P

p

yy

yxp

xyp _

p

The matrices A and C depend on the positions of the detector and the vibrating rod pin:
A = A{rd,rp)
C = C(rd, rp)

(36)

From Eq. (34) one can see that signals a and c obey the relationships:
c = C(rd, rp)A~\rd,

rp)-a

a = A(rd, rp)C~\rd,

(37)

rp) • c

where the position r is unknown. This gives rise to the minimisation functions

=

-l,

\\C(rd,r')A-\rd,r>)-a-c

fa(r')=\A(rd,r')

-a\\

(38)

they have an absolute minimum at the point r' = r .
The unfolding procedure thus consists of finding the global minimum of either the
function / a ( r ' ) or the function fc(r'). This can be performed in two different ways:
• by applying a general minimization algorithm to find a core position, corresponding to the
minimum, and then to chose the control rod pin nearest to this position as the vibrating one;
• by checking only the 24 possible pin locations (which are known in advance) and choosing
the one with which (38) yields a minimum.
3.3 Localisation method
At the first glance the solution of the problem is quite straightforward because all one
needs to do is seemingly to apply a general minimisation algorithm for the function fa(r') or
fc(r'). But this simple approach leads to serious difficulties when the conjugate gradient
method was used. Paper II explains in detail these difficulties and develops a different line of
attack which is based on a rather sophisticated mathematical analysis. Because of this the thesis
touches upon some general ideas only.
First of all, the following identities were proven to be true
det(A) = 2 • det(C)
(39)
det(C) = (Gx,Gxy - GyGxx.) • (Gx,Gyy, - GyGyx,) • (Gxy,Gyx, - Gxx,Gyy,)
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This leads to a conclusion that the functions fa(r') and fc(r') are equivalent numerically. In
addition this enables us to find so called singularity curves, i.e. geometrical points at which the
matrices A(r rf , r) and C(rd, r) become degenerate. Fig. 2 displays the singularity curves.
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Fig. 2. Singularity curves
Here, bold dots stand for control rod pins. This is precisely these singularity curves that make it
impractical to use fa(r') or fc(r') as minimisation functions.
Further analysis showed that the relationships (37) are in fact equivalent to a nonlinear
system of equations of the form
fi(x,y) = fi = const

fo(x> y) = fi =

(40)

const

Explicit analytical expressions for the functions f\(x,y) and fzfay) together with the
constants / j and f2 are derived in Paper II. Finally Paper II proposes a new minimisation
function p(x,y) which is believed to be the best in a sense. The next section tries to justify this
statement.
3.4 Numerical tests
The purpose of the numerical tests was to check the minimisation procedure by generating
simulated noise data. For numerical experiments the core has been represented by a 2-D
cylindrical model with a radius of R = 161.5 cm and the distance between fuel rod pins being
equal to 1.26 cm. Fig. 3 shows a quadrant of this model. Up to a factor, the static flux §0(r)
reads as <)>0(r) = J0(2A04Sr/R)
A large number of neutron noise spectra have been generated, corresponding to various
control rod pin positions and vibration parameters. Namely they are k- =
(i-l)Ak
oij = (j- l)Aoc; i= l,2,...,10;7=l,2,...,ll; where Ak = 1/10 and Ace = %/10. For a better
simulation of a realistic case, a "random" (i.e. background) noise was also added to the
simulated signals. This noise was assumed to have a Gaussian distribution. If there is no noise
it is sufficient to solve Eqs. (40). In the presence of noise it is more practical to solve the
equations by minimising an appropriate function. Several minimisation function denoted here
as p^\ p^2\ p(3\ p(ave) have been tried. Table 1 shows outcomes of numerical experiments for

3. Noise source localisation using neutron current in power reactors

11

R = 161.5

Detector

Fig. 3. A quadrant of the horizontal cross
section of the core
different levels of background noise. To complete, we include here also a "combinatorial"
Table 1. Efficiency of Different Algorithms
Background
Noise (%)

Efficiency (%)
(ave)

(com)

Pm

Pm

Pm

0

100

100

100

100

100

100

1

92.2

92.3

99.6

96.1

99.5

99.3

2

83.7

84.1

98.0

89.7

98.3

97.4

5

70.0

67.9

91.8

74.3

92.7

86.4

10

52.0

52.4

79.4

56.9

82.4

67.6

P

P

minimisation function p-com) that checks only the predetermined 24 locations.
As Table 1. shows, the efficiency of all algorithms is quite satisfactory when nonperturbed, "clean" signals are used, or when the level of the added noise is low. With a high
level of added noise, i.e. 5% or 10%, the performance is somewhat less satisfactory, but the
deterioration of the performance is not worse than in similar diagnostic methods, where the
same worsening of the performance was observed with added noise. The minimisation principle
based on the function p appears to be the most effective. It was also tested that if the singular
case k = 1 is included, the efficiency of the algorithms decreases. On the whole, the algorithm
elaborated by us seems to be suitable to solve the specific diagnostic problem.
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4. Neutron noise theory for accelerator-driven systems
This chapter develops the power reactor noise theory for accelerator driven systems.
These systems constitute a novel aspect in two ways. First, the spatial and frequency response
of a subcritical system may show properties that are different from those known in traditional
critical systems. Second, there is a potentially new source of fluctuations present, namely the
fluctuations (both in space and time) of the neutron source. Another point of interest in studies
of power reactor noise is how the various reactor physics approximations (point kinetic,
adiabatic etc.) are applicable. It turns out that there exist no systematic definition of the point
kinetic approximation for ADS, and no definition at all in use for the adiabatic approximation
for subcritical systems. This latter is actually not trivial and its construction for ADS is an
interesting task. Thus, the current chapter gives here a very brief systematic definition of both
approximations, and derives the point kinetic and adiabatic equations from the space-time
dependent diffusion equation. More details can be found in Paper I.
4.1 The formal solution
To obtain better insight we assume a bare homogeneous reactor operating in a subcritical
mode. Also we restrict ourselves to one group diffusion approximation with one group of
delayed neutrons. Then, using the usual diffusion theory boundary condition one can write the
static equation with a steady source as
2

- 2fl)<Kr) + S 0 (r) = 0

InEqn. (41), (j)(r) is the static flux and S0(r) is a static external source.
This system is assumed to be subcritical with a certain value of kefj < 1 or corresponding
negative static reactivity p . The system subcriticality can be obtained from the eigenvalue
equation
2

(^W)

=O

(42)

with the same boundary conditions.
We introduce the equation for the static Green's function as the solution of (41) where the
source term is replaced with the delta function 8(r - r') . In doing so we arrive at the definition
of the static Green's function as the solution to the equation
V2fG(r, r') + B20G(r, r') + 8(r - r') = 0

(43)

Then the solution of (41) is written as
<)>(r) = I G(r, r')-^-—-dr'

(44)

We assume now that the fluctuations of the flux are induced by the temporal and spatial
variations of the external source. As usual in noise theory, one starts with the space-time
dependent diffusion equations in the form
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(45)

C(rB, t) = 0

It should be noted here that Eqn. (45) differs from (2) in two ways. First, it has an external source
S(r,t), and second, §(r) (only one argument) denotes a static flux corresponding to a static source
S(/r). We now split up the time-dependent quantities into stationary values and fluctuations as

<Kr, 0 = <KO + 8<Kn 0
C(r, t) = C(r) + 8C(r, t)
S(r,t) = 5 0 (r) + 8S(r,r)

(46)

Putting (46) into (45), subtracting the static equations and eliminating the fluctuations of the
delayed neutrons by a temporal Fourier-transform, one obtains in the frequency domain the
following equation for the neutron noise
V25<t>(r, co) + B2(co)8(Kr, to) + 8S(r, co) = 0

(47)

for which one can define the Green's function through the equation
V2rG{r, r', co) + B2((D)G(r, r', co) + 8(r -/•') = 0

(48)

then the solution of (47) is given by

54>(r, co) = JG(r, r\ co) § 5 ( ^ < P W

(49)

Equation (49) constitutes the formal solution of the problem, i.e. the expression of the noise
induced by the fluctuations of the external source.
4.2 Non-linearised kinetic approximations
There are several reasons why the point kinetic and adiabatic approximations are useful.
The advantage of obtaining the solution of a noise problem in the point kinetic and adiabatic
approximations, i.e. composing the solution from one term induced by reactivity fluctuations
and the other one describing the distortion of the static flux, is that they are an excellent tool in
interpreting and analysing the solution in simple intuitive physical terms.
In order to develop the reactor kinetic approximations one factorises the space-time
dependent flux as in (5) with the normalisation condition
= 0

(50)

Here, §0(r) is the critical adjoint function, obeying the equation
(r) = 0

(51)

eff
Although in our simplified one-group model §\{r)

is identical with <j>0(f)>

we

keep
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distinguishing them because this is no longer true in a many-group model.
We shall also assume that before the perturbation started one had a stationary system with
ftr, t =-oo) = <|>(r) => P(f = - oo) = p Q =1
(52)
Then (50) can be equivalently rewritten as

JV(r, ml(r)dr = ^{r)^{t)dr

(53)

The usual way of developing the reactor physics approximations from (52) and (53) is to
derive coupled equations for P(t) and \|/(r, t). To this end, one has to substitute the flux
factorisation (5) into the time-dependent equations (45), multiply by the critical adjoint §0(r)
and integrate over the volume of the reactor. One also multiplies the critical adjoint equation
(51) by \)/(f, t) , integrates, and subtracts the two equations. This manipulation will lead to the
point kinetic equations for P(t) in the form

(54)

f
Here, the following functions have been introduced:

f C(r, t)^+0(r)dr
= J—

-j j 4>(r)4»J(r)«fr

\s(r, t)$>(
(55)

Q^-Tc

l

\

;

Because Q(t) does not involve the shape function \\f(r,t) and since P(t) depends linearly
on the source properties, the point kinetic equations can be solved by direct temporal Fourier
transform of Eqn. (54). Eliminating the delayed neutron precursors leads to the frequency
domain solution
P(co) = AGp(a>)g(G))

(56)

Here Gp(co) is the zero-reactor transfer function of the subcritical system, given by
*

(57)

i(o\A + . 'P 1 - p
This function has a frequency dependence similar to that of the zero-reactor transfer function
G 0 (CG) of (17) on the plateau with a break-point roughly independent on the magnitude of the
subcritical reactivity. On the other hand, its amplitude on the plateau is equal to l / ( | 3 - p ) ,
and, most important, it does not diverge with vanishing frequency.
The point kinetic approximation actually means to assume \|/(r, t) = <])(r) for all time
instants. According to this definition, the source-driven reactor behaves in a point-kinetic
manner as long as the flux shape does not deviate from that of the static flux.
To derive the adiabatic approximation, we re-write Eqn. (45) as

,t) + (v^-S.W,.,) - £ g i i i + S(r, t)
Introducing the factorisation (5) into (58) and neglecting all time derivatives leads to

(58)

4. Neutron noise theory for accelerator-driven systems

DV\ad{r, t) + (vZf - Za)Vad{r, t) + ±S{r,

15

(59)

0 =0

where the normalisation factor c(t) can easily be found from (53) as

dr

lw(r')S0(r')dr'
=
=

^(r)jdr'G(r, r')S{rf, t)

(60)

• * •

fw(r')S(rf, t)dr'

and the weight function W(r) is defined through
(61)
Combining (60) and the solution to (59) expressed in terms of the Green's function yields
\G{r,r')S{r',t)dr'
(62)

-

J

J W(r')S(r', t)dr'
4.3 Linearised kinetic approximations
To obtain the linearised kinetic equations we use the splitting (13) and representation (14).
We will also use the relationship
Q{t) = Q0 + 8q(t)
(63)
where the definition of Qo and 8q(t) follows from (46) and the second equation of (55)
(64)

After the usual manipulations we arrive at the following equations for the deviations 8P and dC
dt

A

(65)

The solution of (65) in the frequency domain is
(66)

p

Thus, for the point reactor approximation we have:

84>pjt(r, co) = AG p (a>)6f (©)4>(r)

(67)

In the adiabatic approximation, the first term of the noise in the r.h.s. of (14) is still given
by (67), but we also have to calculate the adiabatic form of the fluctuation of the shape function,
5\j/arf(r, co). This can be obtained from (62) by using (46), linearising, subtracting the static
flux and subsequent Fourier-transforming. The result is

=J

W{r')

(68)
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Thus finally we have
&|>ad(r, co) = AGp(a>)8g(a>)(Kr) + 8i|/arf(r, co)

(69)

Fig 4. shows the exact solution to the noise equation and the kinetic approximations.
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4.4 Comparative study of neutron noise theory
Despite the fact that the theory of power reactor noise in subcritical systems has much in
common with that of ordinary critical reactors there are quite many differences including nontrivial. This concerns both methodology (how to develop the theory) and the spatial frequency
behaviour of the noise itself. As for the latter, this difference somewhat vanishes when the
reactivity p approaches zero or in other words when a subcritical system becomes more and
more critical.
In theory, the possibility of using the Green's technique in the static case is an immediate
and important difference compared to the traditional case of critical systems where the static
equation is an eigenvalue equation which is homogeneous and thus it cannot be solved by the
method of Green's function.
It is interesting to note that, in contrast to the traditional noise theory, no linearisation is
necessary to derive the general solution (49), which is thus valid to any amplitude of the noise
source fluctuations.
We also note another property of the noise induced by source fluctuations that follows
immediately from (49). Namely, that unlike in critical reactors, the amplitude of the noise does
not diverge with vanishing frequencies. Actually, if CO tends to 0, the dynamic transfer function
G(r, r', co) just reverts to the static Green's function G(r, r') and (49) becomes

4. Neutron noise theory for accelerator-driven systems

8(J)(r, to) - [G(r, r')8S(r', co)rfr'
A comparison with (44) shows that unless the source fluctuations can be factorised
85(r,co) = 5/(co)5 0 (r)
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(70)

(71)

the spatial dependence of the noise will deviate from that of the static flux, even in the limit of
small frequencies. However, on the other hand, for cases when (71) is valid, the point kinetic
approximation is applicable over a larger frequency domain or larger domain of reactor
dimensions than its classical counterpart.
Thus, in addition to system size and frequency, the applicability of the point reactor
approximation in ADS depends on also the space-time structure of the perturbation, represented
by the source fluctuations, and hence, the behaviour will be different from that in traditional
systems. Somewhat simplified, it may be stated that since the point reactor approximation can
work both better and worse than in traditional systems, depending on source factorisation
properties, the applicability or usefulness of the point reactor approximation in ADS and
traditional systems is roughly comparable.
We have defined the point kinetic approximation by postulating
<Kr, t) = P(t)Hr)
(72)
From methodological point of view an alternative exists to demand
<Kr, t) = P{t)$Q{r)

(73)

where <j)(r) is the static flux (subcritical flux with source) and §0(r) is the critical flux (system
eigenfunction). It is easy to show however that the only physically plausible and mathematically
consistent way to define the point reactor approximation is through Eqn. (72).
The definition of the adiabatic approximation for ADS is different from what one would
intuitively suggest. Since the system is now subcritical, the static equation (41) has always a
solution <))(r, /) with a time-dependent source S(r, t) at any time instant t such that t is only a
parameter and not a variable. It is tempting therefore to define the adiabatic approximation as a
solution to such a simple equation. However, it is easy to recognise that such a solution is very
poor. Namely, one would then completely disregard the contribution from the delayed neutrons.
This is satisfactory only at low frequencies (co<X).
It is also seen that, unlike in the traditional case of cross section fluctuations, the driving
force Q(t) can be calculated without knowledge of the shape function \|/(r, t) . In noise theory
this independence is achieved by linearisation, such that it suffices to use the static flux or static
adjoint only when calculating the reactivity, but here one does not need to resort to linearisation.
In other words, P(t) depends linearly on the source properties, and its calculation does not
depend on what reactor kinetic approximation is used for the calculation of the shape function.
From (62) we see immediately an interesting feature of ADS. Namely, assume that the
perturbation only consists of a temporal change of the source strength S(r, t) = f(t)S0(r)
with f(t) being an arbitrary function that fulfils f(t =-<») = 1. Then from (62) one has

xfad{r, t) = JG(r, r')SQ(r')dr' =

(74)

Thus, in this case the adiabatic approximation is identical with the point kinetic approximation.
On the other hand, for source fluctuations that can not be factorised in this manner, there
will be a non-zero (and possibly significant) contribution from the adiabatic approximation. In
such cases, as we have seen, the point reactor approximation does not become exact even in the
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low frequency limit. Hence, it can be expected that the adiabatic approximation becomes
superior to the point kinetic approximation even at low frequencies. This is in contrast to the
case of critical systems where for any perturbation with a non-zero reactivity the point reactor
term becomes dominating at vanishing frequencies.
Summarizing the above one can compose the following comparative table
Table 2: Comparative properties
Critical system
G0(co) =

Subcritical system

1

1

z"coj A + . P . 1 L

JCO + AJ

G0((a) is divergent

Gp((a) is non-divergent

when CO —» 0

when co —> 0

5(|)(r,(o) is divergent
when CD —> 0
Linearization is needed to get

is non-divergent
when co —> 0
No linearization is needed to get

8* = J G ^

5<t> = J G - ^ V '
f«|»0(r)82:a(r, ©)4>J(r)dr

5p(co) = -J-

MO =

5. Noise treatment for systems with vibrating boundaries
Here we present only a sketch of noise analysis as applied to systems with varying size.
A detailed treatment of this topic can be found in Paper III. As is pointed out in Chapter 1, one
of the general aims of noise theory is to establish a relationship between the neutron noise and
the noise source via a transfer function referring to the unperturbed system. Paper III explains
why we consider only cases when the magnitude of the fluctuation of the boundary is smaller
than the extrapolation length.
5.1 General formalism
As usual, we start with assuming that the static equations read as
(75)

= 0
Paper III shows that in diffusion approximation the appropriate boundary condition for our
purpose consists of the flux vanishing at the extrapolated boundary such that

n • ¥%(rB) = -

(76)

5. Noise treatment for systems with vibrating boundaries

19

Here rB is an arbitrary point of the static boundary, / is the extrapolation length, and n is an
outward normal on the boundary. Accordingly, the space- and time-dependent neutron flux and
the precursor density obey the time-dependent one-group diffusion equations

(77)

together with the boundary condition
) , t)

(78)

Here we represent a moving boundary by rB + ne(rB, t) where £(r B , t) describes the boundary fluctuation.
Introducing, as usual, the factorisation (5) with the normalisation condition (6) leads to
the point kinetic equations (7), the only difference being that the reactivity is now given by
) V\|/(r, t) - y(r, t) Y<j)0(r)] • dS
p(t) = -^

(79)

where dS = ndS and So = dV0. Here we first encounter a two-fold difficulty, we need the
shape function on the static boundary whereas the boundary condition (78) refers to the
momentary boundary. Moreover, \|/(T;0 is not defined on SQ when V{t) c V o .
5.2 Boundary condition
To cure this difficulty, Paper III proposes to introduce a boundary condition on the static
surface SQ such that it becomes a simplified version of the original condition (78). We
additionally benefit from this by naturally continuing the shape function over the static volume
Vo. To perform this plan, first, Paper III derives a simplified boundary condition
(80)

which is correct up to the first order in 8. The physical meaning of this condition is very clear,
it is equivalent to the case of a fixed boundary with a time-varying extrapolation length as
l{rB,t) = l + e(rB,t)
(81)
which arises from a more involved boundary condition, derived in Paper HE from (78) as

„ . vv(re, „ = - ! g ^ ( , » ,)-!*£>+
9

l

1 + jVWr B , t)

jJ-^-B + O^) (82)

2 2

where B is a corresponding buckling. Since one has IB « 1 in all practical cases, we see that
in fact condition (80) is a good approximation of (82).
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5.3 The point kinetic approximations
Having fixed the boundary condition, for example (80), now we are able to define the
point reactor and adiabatic approximations for systems with fluctuating boundaries. We do not
repeat here the common derivation of the point kinetic approximations because it goes as usual.
Instead we go directly to the reactivity term which reads now as

DJ§Q(rB)y(rB,t)e(rB,t)dS
Pit) = -**

:

(83)

In the point reactor model we assume that y(r,f) = (j>o(r), which leads to

D §o(rB)z(rB, t)dS
Pit) = -^

Also this formula is exact up to the second order of 8 for the adiabatic approximation because
in this case \|/ = §0 + 5\|/ and we can neglect the second order term 5\|/e.
5.4 Linearised solution
In this case the flux factorisation is not used. Instead, an equation is derived for the
fluctuation 8<t>(r, t). Omitting details, given in Paper III, one has in the frequency domain
V28())(r, co) + 52(co)8<Kr, co) = 0

(85)

Here B (co) is the frequency-dependent buckling and the boundary condition is given by
n • Y5<KrB, co) =

+ — — e ( r B , co)

(86)

Now we are ready to present the main contribution to noise theory of systems with fluctuating
boundaries. Paper III gives a complete proof that the solution to this problem is expressed as

, co) = ~\JG(r, rB, co)(J)0(rB)8(rfl, (a)dS(rB)

(87)

1

where G(r, rB, co) is the Green's function of the equation
V2rG(r, r', co) + B2(w)G(r, r',
r',co)
co) = 5(r - r ' )

G(rn, r', o)

« - V r G ( r , r ' , co) I
I
\r = rB
On comparing solution (87) with the traditional expression (19) we can draw an immediate
conclusion that a system with fluctuating boundaries can be modelled by a varying strength
absorber, which is placed at the static boundary and has the following representation
6Zfl(r,0 = - 8(/(r)-c)e(r,f)^

(89)
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where the surface So = dVQ is described through a certain function f(r) as / ( r ) = c, because
in this case the traditional formula reverts to the newly derived one. This is a direct multidimensional generalisation of the approach, proposed in [Ref. 14], to model 1-D systems with
vibrating boundaries by introducing a Galanin-type absorber at the static boundary
8La{x,t) = -8{x-xB)z{t)2

(90)

To summarize, we conclude that formula (87) gives us the general solution of the spacedependent problem. And this enables us to claim that we have achieved the main purpose of
noise theory to represent the noise 5<J) as a product (in the operator theory sense) of a transfer
function (in our case Green's function) referring to the unperturbed system and the noise source.
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Abstract—The space-dependent neutron noise in a source-driven subcritical system is investigated. The noise is
induced by the fluctuations of the source (intensity or position). Besides of investigating the linearly exact
solutions in a 1-D system, the validity of the point kinetic and adiabatic approximations is also investigated. These
reactor physical approximations have actually not been defined in a consistent manner before for non-critical
systems, thus the present study also supplies the theory of such approximations in source-driven subcritical
systems. It is found that the applicability of these approximations depends, in addition to frequency of the
perturbation and system size, also on the space-time structure of the perturbation. Depending on whether or not
the source can be factorized what regards dependence on space and time (frequency), the domain of applicability
of the reactor physics approximations can be either wider or more restricted than in the traditional case. A
general trend is however, that for a given perturbation type the applicability of reactor kinetic approximations
increases with increasing system subcriticality. This is shown through both developing the general theory and
also through quantitative evaluation of concrete cases. © 1999 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION
Source-driven or accelerator-driven subcritical systems (Carminati et al. 1993; Rubbia et al. 1995; Andriamonje
et al., 1995) have been proposed relatively recently as future energy producing systems. Such systems, also called
as "Rubbia's energy amplifier", would operate in a subcritical mode, with a strong external neutron source, such
as a spallator, and could use fissionable/fertile material such as Th-232 as both target and breeding fuel. The
advantages of this type of reactor are that 1) it produces considerably less high-level waste as traditional systems
do, due to transmutation of actinides in the intense excess neutron field; 2) access to a vast amount of fuel which
is very much in excess compared to the known resources of U-235, and 3) it would be inherently safer that
today's traditional thermal reactors.
The physics aspects of such reactor concepts have already been studied quite extensively (Anon 1996; Rief
et al. 1996; Gudowski 1997; van Tuyle 1997; Lapenta and Ravetto, 1998). The focus at this stage is not yet on
operational characteristics, rather on construction of targets, accelerator aspects, core/fuel aspects, high energy
cross sections etc. Nevertheless, also the analysis of the dynamics of such systems has already been started and
various problems and scenarios have been studied (Lapenta and Ravetto 1998; Takahashi et al., 1998). A particular aspect of reactor kinetics and dynamics is the case of zero noise and power reactor noise. Accelerator-driven
subcritical systems (ADS) provide a challenging new scenario in which many questions need to be studied in a
new setting and need to be developed further.
Regarding zero noise, i.e. the fluctuations of the neutron number or detector counts in a low power system
due to the stochastic character of the transport, a new challenging factor of ADS lies in some new properties of
the source. In traditional systems, usually a start-up source with Poisson statistics is used. The known fluctuationbased methods of measuring subcritical reactivity, i.e. the Feynman-alpha and Rossi-alpha formulae, were
derived with the assumption of a Poisson source. In future ADS, a spallation source will be used, whose statistics
is not Poisson, due to the fact that more than one neutron will be born in each spallation event. Derivation of the
corresponding Feynman-alpha and Rossi-alpha formulae was achieved recently by Pazsit and Yamane in a series
of papers (Pazsit and Yamane 1998a, 1998b, 1999; Yamane and Pazsit 1998; Pazsit 1999). A similar study was
* Permanent address: Keldysh Institute of Applied Mathematics, Moscow, Russia
0306-4549/99/5 - see front matter © 1998 Elsevier Science Ltd. All rights reserved.
P I I : S0306-4549(99)00024-9
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performed by Behringer and Wydler (1998). It turned out that these methods are expected to work better in ADS
than in traditional systems, because the amplitude of the measured variance-to-mean ratio or the correlations is
enhanced, due to the presence of the multiple emission source.
Another interesting question is the spatial dynamic behaviour of ADS. Such investigations have already
been started (Rydin and Woosley 1997; Takahashi et al. 1998). However, in most cases, transient (i.e. non-stationary) behaviour was analysed such as reactor response following a step change of reactivity or accelerator current (i.e. neutron source strength) etc. Analysis of stationary stochastic processes, i.e. reactor noise, has not yet
been performed in ADS.
Such power reactor noise investigations constitute the subject of the present paper. The frequency-dependent spatial behaviour of the system will be explored through the study of some basic and representative concrete
cases. In this respect ADS constitute a novel aspect in two ways. First, the spatial frequency response of a subcritical system may show properties that are different from those known in traditional critical systems. Second, there
is a potentially new source of fluctuations present, namely the fluctuations (both in space and time) of the neutron
source. The effect of source fluctuations have properties that are different from those induced in traditional plants
through fluctuations of the cross sections (reactor material).
One point of interest in studies of power reactor noise is how the various reactor physics approximations
(point kinetic, adiabatic etc.) are applicable. It turns out that there exist no systematic definition of the point
kinetic approximation for ADS, and no definition at all in use for the adiabatic approximation for subcritical systems. This latter is actually not trivial and its construction for ADS is an interesting task. Thus one contribution of
the present paper is that we give here a systematic definition of both approximations, and derive the point kinetic
and adiabatic equations from the space-time dependent diffusion equation. Then, the concrete model problems
will be solved both exactly and via the point kinetic and adiabatic approximations. This way, the validity of these
approximations can also be investigated.
Since the goal of this paper is to develop methods and concepts, the reactor physics model used both in the
general part and in the quantitative investigations will be kept rather simple. For instance, a homogeneous core
will be assumed without distinguishing between target and core. Slowing down effects, which require manygroup or energy-dependent theory, which may also be important for the understanding for the dynamics of ADS,
are also neglected. A homogeneous core is a good approximation for cases when the target consists of the core
material as it appears in certain designs, and in certain planned low power experiments, but is not a good one for
systems with a separate target. For a quantitative analysis of such systems, the model needs to be modified
accordingly. The qualitative conclusions of the present analysis will be certainly useful even for the understanding and analysis of more complicated system. Extension of the present model for more realistic cases is planned.

2. GENERAL PRINCIPLES
2.1 General solutions
We will use one-group diffusion theory and one group of delayed neutrons. In this Section on general theory we
leave the notations on space-dependence fully three-dimensional, although in the concrete example we will treat
a one-dimensional slab reactor. Thus the static equation with a steady source is written as
V • DV4>(r) + ( v Z / - Zfl)<Kr) + S0(r) = 0

(1)

with the usual diffusion theory boundary condition
4>(rB) = 0

(2)

where rB is any point on the boundary of the system. In Eqn. (1), <j>(j*) is the static flux. Since it is not the critical flux, we omitted the usual zero subscript, in order to be able to distinguish it from the critical flux which one
would obtain from a criticality eigenvalue equation for the same system without the source. This conceptual critical flux will be needed later when defining the various reactor physical approximations. S0(r) is the external
source, and the other symbols have their usual meaning. Again, in the concrete example we shall assume a onedimensional delta-function steady source.
This system is assumed to be subcritical with a certain value of ke^ < 1 or corresponding negative static
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reactivity p . The system subcriticality can be obtained from the eigenvalue equation
= 0

(3)

We will find it convenient to solve eqn (1) with the Green's function technique, because it will give a possibility to treat both the dynamic and the static case in a similar manner. The possibility of using this technique in
the static case is an immediate difference compared to the traditional case of critical systems where the static
equation is an eigenvalue equation such as (3) which is homogeneous and thus it cannot be solved by the method
of Green's function.
Hence we introduce the equation for the static Green's function as the solution of (1) where the source term
is replaced with the delta function 8(r - r') . Assuming hereafter, that the macroscopic cross-sections are homogeneous, we arrive at the definition of the Green's function as
V2rG(r, r') + B20G(r, r') + ±&{r - r') = 0

(4)

where
(5)
The reason for including the factor 1/D in (4) is to simplify the integral formulae used later which will include
the Green's function.
With the Green's function given by the solution of (4), the solution of (1) is written as
, r')SQ{r')dr'

(6)

We assume now that the fluctuations of the flux are induced by the temporal and spatial variations of the external
source. The case of flux fluctuations, induced by the fluctuations of the cross sections, will be treated in a sequel
to this paper. As usual in noise theory, one starts with the space-time dependent diffusion equations in the form

=

D v

^

+ [ { 1

~

P ) v Z

/ ~ E « ] < K r ' l ) + X C { r ' * > + S ( r > t>

(7)

at
with the boundary conditions
<|>(rB, t) = C(rB, 0 - 0

(8)

We now split up the time-dependent quantities into stationary values and fluctuations, that is

C(r, t) = C(r) + 6C(r, t)
S{r, t) = S0{r) + 5S(r, t)

(9)

Putting (9) into (7), subtracting the static equations and eliminating the fluctuations of the delayed neutrons by a
temporal Fourier-transform, one obtains in the frequency domain the following equation for the neutron noise:

V28(Kr, co) + B2(co)5<t>(r, to) + ^5S(r, to) = 0

(10)
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where now

The quantity G0(to) appearing in (11) is the usual zero reactor transfer function, which also appears in similar
equations of traditional noise theory. It is given as
' G o (o» =

*
ico A + .

(12)
P

,

where all symbols have their usual meaning.
The above transfer function refers to a critical system. As we will see soon, the zero-reactor transfer function of a subcritical system will also appear in the paper, and it is important to have a proper distinction between
the two also regarding notations. Here we only note that the zero reactor transfer function of (12) diverges with
small frequencies. Thus,
B2(03=0) =• Bo

(13)

For a critical system this would mean that for vanishing frequencies, 8<|>(r, to) becomes proportional to G 0 (co),
i.e diverges. For the subcritical system no such divergence will occur.
Equation (10) can again be solved with the Green's function technique. The equation for the Green's function of (10) reads as
V2rG(r, r', to) + B2(co)G(r, r\ to) + ^ S ( r - 0

= 0

(14)

and with (14), the solution of (10) is given as
S<j>(r, co) = \G(r, r\ co)5S(r\ co)dr'

(15)

Equation (15) constitutes the formal solution of the problem, i.e. the expression of the noise induced by the
fluctuations of the external source. It is interesting to note that, in contrast to the traditional noise equations, no
linearisation was necessary to perform in order to arrive at (15), which is thus valid to any amplitude of the noise
source fluctuations. The reason is that fluctuations of the external noise, unlike fluctuations of the cross sections,
are not parametric excitation.
Later on we shall investigate the properties of the noise induced by two basic types of source fluctuations
qualitatively and quantitatively. Here we just note one property of the noise induced by source fluctuations that
can be seen immediately from (15). Namely, that unlike in traditional (critical) reactors, the amplitude of the
noise does not diverge with vanishing frequencies. Actually, if co tends to 0, the dynamic transfer function
G(r, r', co) just reverts to the static Green's function G(r, r') of (4). Since, roughly expressed, in the critical case
the dominance of the point kinetic term, which is the basis of the point kinetic approximation, can be traced back
to the above described divergence of the response with vanishing frequency, it could be suspected that the validity
of the point kinetic approximation is more limited in ADS. This is indeed true in some sense (but, as we will see
later, not universally), since for co —> 0 (15) can be written as
ScKr, co) = j G ( r , O S S ( r ' , c o ) d r '

(16)

A comparison with (6) shows that unless one has 8S(r, co) °e S0(r), i.e. the source fluctuations can be factorised
as
SS(r, to) = 5/(co)S 0 (r)

(17)

/. Pdzsit, V. Arzhanov I Annals of Nuclear Energy 26 (1999) 1371-1393

1375

the spatial dependence of the noise will deviate from that of the static flux, even in the limit of extremely small
frequencies. If the point kinetic approximation is defined as a factorisation of the response into a time- (frequency) dependent factor and a spatial function whose space-dependence is the same as that of the static flux
(more details on that in the next Section), then this means that deviations from (17) will lead to deviation of the
noise from point kinetic behaviour. However, on the other hand, for cases when (17) is valid, we will find that the
point kinetic approximation is applicable over a larger frequency domain or larger domain of reactor dimensions
than its classical counterpart.
It is worth mentioning that the fact that the validity of reactor kinetic approximations depends also on the
spatio-temporal structure of the source, is not limited to subcritical systems. In the case of critical systems, if the
noise source is constant in space for all times or frequencies S(r, t) = C • / ( f ) , i.e. homogeneous in the whole
reactor, the point kinetic approximation remains exact at all frequencies. So space-time factorisation properties of
the source have consequences on the reactor behaviour in both critical and subcritical systems, but both the conditions and the consequences are different in critical and subcritical systems, respectively.
Thus, in addition to system size and frequency, the applicability of the point reactor approximation in ADS
depends on also the space-time structure of the perturbation, represented by the source fluctuations and hence the
behaviour will be different from that in traditional systems. Somewhat simplified, it may be stated that since the
point reactor approximation can work both better and worse than in traditional systems, depending on source factorisation properties, the applicability or usefulness of the point reactor approximation in ADS and traditional
systems is roughly comparable.
Before turning to the quantitative evaluation of (15) in concrete cases, we will below define the point
kinetic and adiabatic approximations more rigorously. Historically, these approximations were introduced into
reactor physics in order to make numerical solution of the dynamic diffusion or transport equations possible for
practical cases. Although this fact can be still valid to some extent, the significance of the reactor kinetic approximations in this respect has decreased quite significantly with the increase of computer power and the efficiency
of the computing algorithms
There is however another reason why these approximations are useful. The advantage of obtaining the solution of a noise problem in the point kinetic and adiabatic approximations, i.e. composing the solution from one
term induced by reactivity fluctuations and the other one describing the distortion of the flux shape in a static
way, is that they are an excellent tool in interpreting and analysing the solution in simple intuitive physical terms.
Both the reactivity term and the static flux distortion term can be easily guessed with some intuition for any perturbation. The resulting noise can thus be interpreted in simple terms. This is why the point kinetic and adiabatic
approximations remain in use in noise theory. It is obviously worth to explore them in the noise theory of subcritical systems as well.

3. THE REACTOR KINETIC APPROXIMATIONS
3.1 General (non-linearised) theory
The reactor kinetic approximations are all based on a factorisation of the space-time dependent flux into an
amplitude factor and a shape function as follows (Henry 1958; Bell and Glasstone 1970). One writes
<Kr, t) = P ( 0 ¥ ( n f)

(18)

where P(t) is the amplitude function and \|/(r, f) the shape function. The idea is that any change in reactor
power should be represented by the amplitude factor, whereas deviations from the stationary flux shape be represented by the shape function \y(r, t). To this order, and also to make the factorisation (18) unambiguous, one
requires the normalisation condition
= 0
Here, §^(r) is the critical adjoint function, obeying the equation

(19)
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= 0

(20)

The dagger sign and zero subscript are meant to indicate that <j>0(r) is the adjoint of an eigenvalue equation, and
not the static flux (or adjoint) in the concrete system which is subcritical. As a comparison of (3) and (20) also
shows, since the one-group diffusion equation is self-adjoint, the critical adjoint is equal to the critical flux.
Hence the adjoint is only needed in an energy-dependent treatment. However, we keep the notation on the critical
adjoint in this paper, partly for easier generalisation of the present one-group treatment to energy-dependent
cases, and partly because it will help better distinguishing the actual flux in the subcritical system and the
(adjoint) eigenfunction of the reference critical system.
We shall also assume that at f = - ° ° , i.e. before the perturbation started, one had a stationary system with
4>(r, t = — ) = <|»(r)

(21)

P(f = - ~ ) a p 0 = l

(22)

from which one has

and

r)4>J(r)dr

(23)

Since the critical adjoint <j)0(r) is undetermined to a constant factor, it is possible to normalise it such that

J<Kr)<|>J(r)dr = 1

(24)

This would simplify many of the later formulae. However, in the general part of this paper we shall not specify
the normalisation, i.e. do not use (24), in order to maintain larger generality and also for easier comparison with
certain traditional formulae.
Equations (21) and (23) actually mean that we have already determined how the point kinetic approximation will be defined. Namely, deviations of the flux shape from that of the static (subcritical) flux will count as
deviation from the point kinetics, whereas all changes of power that do not alter the shape of the static flux will
count as point kinetic.
The reason why it is important to stress this point already here is that there appears to exist some confusion
in the literature regarding how the point reactor approximation should be defined. The possibility for the ambiguity arises because in subcritical systems, one can choose either the static (subcritical) flux or the critical flux
(eigenfunction) as the flux shape for the point kinetic behaviour. This is possible since these two types of flux
functions are not identical in subcritical systems. In other words, one can define the point reactor approximation
either by stating that
<j>(r, t) = P(tMr)

(25)

<j>(r, t) = P(mo(r)

(26)

or by

where <!>(?•) is the static flux (subcritical flux with source) and <|>0(r) is the critical flux (system eigenfunction).
It appears as if in the literature the latter assumption is preferred for the definition of point reactor approximation.
It is easy to show however that the only physically plausible and mathematically consistent way to define
the point reactor approximation must be based on the definition of Eqn. (25), which will arise naturally from (21).
It is only in that case guaranteed that point kinetics has a chance to dominate at low frequencies, and it is only
then that one can obtain point kinetic equations for the amplitude function P(t) that agree with direct (intuitive)
derivations from space-independent cases.
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The usual way of developing the reactor physics approximations from (21) and (23) is to derive coupled
equations for P(t). and \j/(r, t) . To this order, one has to substitute the flux factorisation (18) into the timedependent equations (7), multiply by the critical adjoint <J>0(r) and integrate over the volume of the reactor. One
also multiplies the critical adjoint equation (20) by \y(r, t), integrates, and subtracts the two equations. This
manipulation will lead to the point kinetic equations for P(t) in the form

(27)
dt

A

Here, the following functions have been introduced:

[C{r, m+0(r)dr

^J—

(28)

Z
and

[\S(r,.

(29)

Furthermore, p is the static subcriticality of the system, defined as (keff- ^^Kff • w i * Kff b e i n o defined in (3)
or (20). We have intentionally selected the notation Q for the source when integrated with the critical adjoint so
that it becomes different from the notation of the source itself, in order to easily distinguish between the two
types. As we shall see later, the space-integrated source, and especially its fluctuation Sq, will play a role similar
to that of the reactivity in the linear point kinetic equations. Similar equations have been derived by Lapenta and
Ravetto (1998) and Rydin and Woosley (1997).
It is also seen that, unlike in the traditional case of cross section fluctuations, the driving force Q(t) can be
calculated without knowledge of the shape function \j/(r, t). In noise theory this independence is achieved by
linearisation, such that it suffices to use the static flux or static adjoint only when calculating the reactivity, but
here one does not need to resort to linearisation. Furthermore, similarly to the case of the exact equations (7) and
their solution for the fluctuating part, (10) and (15), no linearisation is necessary to solve (27), because it contains
the amplitude factor P(t) in a linear fashion. In other words, P(t) will depend linearly on the source properties,
and its calculation will not depend on what reactor kinetic approximation is used for the calculation of the shape
function.
Hence the point kinetic equations can be solved by direct temporal Fourier transform of Eqn. (27). Eliminating the delayed neutron precursors leads to the frequency domain solution
P(o>) = AGp(co)Q(co)

(30)

Here G p (a)) is the zero-reactor transfer function of the subcritical system, given by
X
G p (w) - —
—
ioo A + . p . - p

L

(3D

id) + Xj

This function has a frequency dependence similar to that of the zero-reactor transfer function Go(co) of (12) on
the plateau with a break-point roughly independent on the magnitude of the subcritical reactivity. On the other
hand, its amplitude on the plateau is equal to l/((3 - p) , and, most important, it does not diverge with vanishing
frequency. The amplitude and phase of this function is shown in Fig. 1 for a few values of system subcriticality.
It is also worth mentioning that if Q(t) does not vanish with t —> ±«>, (30) will contain a function 8(0)).
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This component will disappear when turning to fluctuations.
The equation for the shape function is more involved, and we shall here only treat two simple cases, i.e. the
determination of \(/(r, t) in the point kinetic and adiabatic approximations. The point kinetic approximation
actually means to assume
\j/(r, t) = <j)(r)

(32)

for all time instants. Thus the space-time dependent flux is given by (25). According to this definition the reactor
behaves in a point-kinetic manner as long as the flux shape does not deviate from that of the static flux of the subcritical, source-driven reactor.
The definition of the adiabatic approximation for ADS is different from what one would intuitively suggest.
Since the system is now subcritical, the static equation (1) has always a solution <j>(r, t) with a time-dependent
source S(r, t) at any time instant t such that t is only a parameter and not a variable. It is tempting to define the
adiabatic approximation as determining <j)(r, f) from such a simple calculation.
However, it is easy to recognise that such a solution is very poor. Namely, one would then completely disregard the contribution from the delayed neutrons. At low frequencies this solution would be exact, but with
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increasing frequencies (eo >X) the decrease of the amplitude due to the disappearing of the delayed neutrons
from the dynamic response would not be accounted for. Thus it is much more efficient to still use the factorisation
(18), determine the amplitude factor P(t) from the point kinetic equations, and determine the shape function
Mf{r, f) from a static equation by using the normalisation (19). This normalisation is not as trivial as in the case of
critical systems, where the shape function has to be determined from an eigenvalue equation and needs to be normalised anyway. By the above described strategy the delayed neutrons (or their absence) are accounted for, even
if only with a simple space dependence.
Thus, for the definition of the adiabatic approximation, we re-write Eqn. (7) as
(33)
Introducing the factorisation (18) into (33) and neglecting all time derivatives leads to the equation
0 + ( v S / - 2 a ) Vffd (r, t) + ^

^ =0

(34)

Actually, eqn (34) can be further simplified. According to (19) or (23), the shape function needs to be properly
normalised. If we had not neglected time derivatives when going over from (33) to (34), this would have been
granted. However, due to the neglections of the time derivatives, the solution of (34) will not, in general, be properly normalized. Since the solution of (34) depends linearly on the last term (which is the inhomogeneous term in
the equation), we can replace the factor l/P(t) with unity, since the normalisation will overrule the effect of it
anyway. Thus the adiabatic equation for the shape function will be
D V \ a d { r , t) + (vZ 7 - 2fl)\|/Bd(r, t) + S(r, t) = 0

(35)

with the further condition that Vfld(''. 0 m u s t fulfil t n e normalisation condition (23).
This normalisation constant can easily be found in the time domain as follows. One writes the solution of
(35) as

V8d(r, 0 = c(t)JG(r, r')S(r\ t)dr'

(36)

where c(t) is the searched normalisation constant. Using also (6) and the normalisation condition (23), the normalisation constant for the adiabatic shape function is obtained as

J

=
dr'G(r, r')S(r', t)

\w(r')S0(r')dr'

T
j W(r')S(r', t)dr'

(37)

where the weight function W(r} is defined through

W(r') = J«|>J(r)G(r,r')dr

(38)

\G(r,r')S(r',t)dr'
Vad(r,t)= \$l(rMr)dr-JJ
jW(r')S(r', t)dr'

(39)

Combining (36) and (37) yields

From (39) we see immediately an interesting feature of ADS. Namely, assume that the perturbation only consists
of a temporal change of the source strength, with no change of the source spatial distribution. This can be
expressed as
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S(r,t)

= f(t)SQ(r)

(40)

with f(t) being an arbitrary function that fulfils /(£ = - °°) = 1. Then from (39) one has
VflrfO-'O = JG(r,r')SQ(r')dr'

= <>(r)

Vt

(41)

Thus, in this case the adiabatic approximation is identical with the point kinetic approximation, i.e. there is no
adiabatic distortion of the flux shape. For such cases the adiabatic approximation does not give any extra contribution to the point kinetic term. As we have seen before, at the same time the above source fluctuation type constitutes the case when the point reactor approximation becomes applicable at low frequencies. Thus one can say
that in cases when the point reactor approximation works best, the adiabatic approximation does not give a contribution to the solution, i.e. it is identical with the point kinetic solution.
On the other hand, for source fluctuations that do not fulfil (40), there will be a non-zero (and possibly significant) contribution from the adiabatic approximation. In such cases, as we have seen, the point reactor approximation does not become exact even in the low frequency limit. Hence, it can be expected that the adiabatic
approximation becomes superior to the point kinetic approximation even at low frequencies. This is in contrast to
the case of critical systems where for any perturbation with a non-zero reactivity the point reactor term becomes
dominating at vanishing frequencies.
The above general conclusions will be demonstrated quantitatively in concrete examples in the next Section.
3.2 Linearised form of the reactor kinetic approximations
As mentioned several times before, there is no need to linearise the dynamic equations of neutron fluctuations in
an ADS, as long as the flux fluctuations are induced by fluctuations of the source properties. All equations, both
for the full noise or for its reactor kinetic approximations, are linear in the searched quantity. However, despite an
obvious lack for the need for linearisation what regards obtaining solutions, we still find it convenient to turn to
fluctuations and neglect higher order terms what regards the reactor kinetic approximations. One obvious difficulty we saw earlier was that the solution of the point kinetic term could only be given in the frequency domain,
whereas that of the adiabatic approximation in the time domain only. A unified treatment in the frequency domain
requires linearisation.
There are even further reasons why treatment of fluctuations is beneficial. First, in practice it is mostly the
fluctuations, i.e. deviations from the stationary values, that are interesting. It is the fluctuations of the noise source
(in this case fluctuations of the external source) that are of diagnostic interest, and they do not have any influence
on the stationary flux values. Fluctuations of the source can only be unfolded from the deviation of the neutron
flux from its equilibrium value, i.e. the neutron noise.
Second, on the practical side, it is mostly power spectra of the fluctuating quantities that are investigated,
which require frequency analysis. Then, turning to linear noise expressions have several advantages. Elimination
of the mean value leads to expressions that are free of 5-function type singularities that are present e.g. in (30).
Second, without linearising, certain expressions, such as (36) or (39) of the adiabatic approximation, will contain
products of time dependent functions, whose Fourier-transform cannot be expressed by the Fourier-transform of
the factors in the product. Neglecting the product of the fluctuating (time-dependent) terms eliminates this problem. It can also be added that in case of periodic or band-limited perturbations (such as those arising from
mechanical vibrations) the higher order terms appear at higher harmonic modes. Thus their neglection does not
change the value of the noise at the fundamental frequency, which justifies the neglection further.
Thus we summarize here the results of the above definitions in the linearised case. We recall the former definitions of splitting up all time dependent quantities into mean values and fluctuations as
<Kr,f) =
P(t) = l + 5P(i)
r, t) = <t>(r) + 8\|/(r, f)

(42)

Using (42) in (18) and neglecting the second order terms yields the following expressions in the time and fre-
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quency domain:
84>(r,f) = 4>(r)-8P(O + 8y(»-,*)
8<|)(r, co) = $(}•) • 8P((0) + 8\|f(r, co)
We will also use the relationship
(44)
where the definition of Q o and 8q(t) follows from (9) and (29). Again, we used the notation 8q for the source
fluctuations on purpose such that it resembles to the reactivity. For later reference, we write out the definition of
in full as

(45

>

In the point kinetic approximation the second term of the r.h.s. of (43) is zero. The first term, i.e. the point
kinetic term, can be readily obtained either from using (42) and (43) in (7), subtracting the static equations, and
doing the usual manipulations, or just using in (30) and using certain simple relationships between static quantities. In either case, we do not need to perform any linearisation, just subtract the mean value. For its reference
value we include here the point kinetic equations for 6P(t), since in future work only the fluctuations will be
used. Thus the equations read as

dt

h

A

The solution of (46) in the frequency domain is
8P(co) = AGp(co)8^(w)

(47)

and for the point kinetic approximation we have:
S(Jy(n to) = AG p ((O)8 9 (o))0(r)

(48)

Since 5P(f) has zero time average, expression (47) is free from singularities of the type S(oo).
A comparison with the traditional reactor kinetic formula for the neutron noise,

5p(eo) = - J-

?

(49)

with expression (45) shows indeed the similarity between the integrated source fluctuation function &q((i)) and
the reactivity perturbation Sp(co). For this reason we shall call the source fluctuation function Sq(to) the "source
activity", to further enhance the similarity with real reactivity perturbations. The similarity concerns both the way
they are calculated and the way they appear in the noise formula. In particular, there exist "asymmetric" source
fluctuations 8S(r, t) which lead to zero source activity, but non-zero reactor noise. In the traditional case, a central vibrating absorber in a symmetric reactor is such a case. We will treat a similar case for source perturbations
in the next Section.
In the adiabatic approximation, the first term of the noise in the r.h.s. of (43) is still given by (48), but we
also have to calculate the adiabatic form of the fluctuation of the shape function, 5\yad(r, co) . This can be
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obtained from (39) by using (9), linearising, subtracting the static flux according to (42) and subsequent Fouriertransforming. The result is

r, co) = JG(r,r')-if{r)

8S(r', co)rfr'

(50)

From (23) and (42) it also follows that the fluctuation of the shape function, 8\|/(r, co), and the critical adjoint
must be orthogonal, i.e.

J

(51)

=0

It is easy to confirm that the adiabatic shape function fluctuation of (50) fulfils this criterion. It is also easily seen
that for perturbations of the type (40), 8\yfld(r, co) = 0 .
With (43), (48) and (50), the induced neutron noise in the adiabatic approximation can be written as
= AGp(w)S<y(co)<|>(r)

J

G(r,r')-W)

W(r')

5S(r',

(52)

In the next section, the spatial structure of the noise, as well as the applicability of the point kinetic and adiabatic
approximation, as functions of frequency and system subcriticality, will be investigated qualitatively and quantitatively for two basic types of source fluctuations.

4. CALCULATION OF THE NOISE FOR TWO MODEL PERTURBATIONS
We shalJ investigate two model perturbations that represent two basic cases. They are physically possible to
occur, and they lead to quite different spatial structure of the noise. The differences will also be seen in the applicability of the reactor kinetic approximation. For simplicity, we shall treat a one-dimensional case, but the results
are very easy to convert to higher dimensions by a simple change of the transfer function and that of the noise
source form.
We shall use a relatively large system that has also been used in studies of noise approximations in critical
systems. We assume a bare homogeneous system with boundaries at x = ±a. The system is described by the
material parameters D, Y,a, vZy, f>, X. The cross section data were taken, with modification, from Garis et al.
(1996). With these data the critical system size becomes 2a = 300 cm. For the different subcritical reactors the
macroscopic fission cross section was modified such that the desired subcriticality was achieved.
As mentioned already in the Introduction, this model represents a significant simplification of an ADS construction, especially of the systems which are based on the concept of a separate, central target surrounded by a
cylindrical core. The model suits better designs without a separate target. In either case, the goal here is to gain
understanding and the results of the present analysis may be useful for the understanding of basic properties of
ADS in general.
In both cases, the static source will be represented by a spatial 8- function, corresponding to an infinitely
thin beam. A finite width beam would lead to qualitatively and quantitatively similar results, but to the expense of
considerably more complicated algebra and thus less insight. Formally, the static source is given by
S0(x) = S05(x-xp)

(53)

where xp is the position of the beam impact point, i.e. the equilibrium source position. In this case the static
equation can be written as:
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(54)

l*(±«)= o
The corresponding Green's function reads as:

sin[B0(fl-x')]-sin[B0(a
G(x, x') =

DB0sin(2B0a)
sin[B 0 (a + x')] • sin[B0(a-x)]
DB 0 sin(2B 0 «)

x<x'
(55)

x>x'

where parameter B o is defined by (5). Hence for the source term (53) the static flux can be expressed as:

= S0G(x,xp)

4>(x) =

(56)

The static flux for two different source positions, and four different subcriticalities, is shown in Fig. 2 and
Fig. 3. Although calculations were made by all four subcriticalities, in this paper only two extreme cases will be
discussed in the quantitative analysis below. A detailed study of several subcritical systems will be reported in an
internal report (Arzhanov 1999). The first system will be very close to critical, with kttc = 0.9996, and the second with a more significant degree of subcriticality, i.e. kecr = 0.99. This latter will be referred to as a "highly
subcritical" system. Although in reality very likely much deeper subcriticalities may also be used, for our purposes of demonstration the above subcriticality is sufficient enough.
In the case of one group diffusion theory, used in this paper, the adjoint critical flux coincides with the
direct critical one and is defined by the equation

(57)

,«i>o(±«) = 0
which has the solution to the precision of an arbitrary factor C:

bt(x) = C • cosf^- •
(58)

As mentioned earlier, it is convenient to choose the normalisation constant C so that:
+a

+a

J $J(x) • Hx)dx H J W(x)SQ(x)dx =1

(59)

This is what will be used in the following throughout.
The dynamic Green's function corresponding to the Eqn (14) in the frequency domain has formally the
same expression as (55) with the parameter B o being substituted with the B(co) of (11):
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G(x, x', to) =

sin[B(a))(g-x')] • sin[B(co)(g
DB(G))sin(2B(co)a)

x<x'

sin [B(co)(fl+ * ' ) ] • sin[B(co)(a-x)]
DB(co)sin(2B(w)fl)

x>x'

Then, the following two perturbations are considered.

(60)
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4.1 Variable strength source (fluctuations of the accelerator current)
Physically, this case corresponds to a temporal variation of the beam current, either periodic or stochastic. Formally, it is represented by

8S(x,t) = SS(t)5(x-xp)

(61)

8S(t) = S(t)-S0
Using (15) and Fourier-transform of (61) gives for the neutron noise in the frequency domain the solution
8<|>(x, w) = 8S(co)G(x, xp, co)

(62)

where 8S(co) is the Fourier transform of SS(t) .In this case the exact dynamic transfer function corresponding
to amplitude fluctuations is defined by

This is one of the quantities that is plotted with the full line in the figures below.
The point kinetic solution is given by (48) and in this case it becomes
84>(x, co) = A • Gp(co) • v • SS(co) • ^(xp)

• $(x)

(64)

Then the point kinetic dynamic transfer function reads as

5S(co)

= PA-G p (a»-<|> 0 <* p )-*(*)

(65)

This is the second quantity shown in the figures with the broken line.
As it was shown earlier, if the source fluctuation can be factorised into a time and a space dependent function such that the latter is equal to that of the static flux, the adiabatic approximation gives no contribution to the
point kinetic one, thus it is uninteresting. This is exactly the case with the perturbation treated here, see (53) and
(61). Hence, only the point kinetic approximation will be investigated here, and only for a central beam.
Quantitative results are shown in Figs (4). and (5). In both figures the solid lines represent the exact (full)
solutions and the broken lines are the solutions in the point kinetic approximation. The following values of frequency were used: 0.002, 0.02, 20.0, and 100.0 rad/s.
Fig. 4 shows the space dependence of the noise in a system that is close to critical. At the two lowest frequency values of 0.002 and 0.02 rad/s, the noise amplitude shape is very close to that of the static flux (see Fig.
2a), and the phase is nearly constant in the whole reactor, consequently the point kinetic approximation works
quite well. At the higher frequency values of 20 and 100 rad/sec, however, the noise becomes much more localised, and the point reactor approximation breaks down. This is similar to the behaviour in critical systems. The
system used in these investigations is a large one ($ M = 0.1361), in which the point kinetic approximation
breaks down at plateau frequencies for a perturbation of the reactor oscillator type (Kosaly et al. 1977). Since the
system under investigation is close to critical, it behaves similarly to a critical one what regards the applicability
of the point kinetic approximation.
On the other hand, a definite difference between the above case and the noise in a critical system is that, as
derived earlier, the adiabatic approximation here does not yield any improvement compared to the point kinetic
approximation. This is a consequence of the fact that the noise source in the present case is represented by the
fluctuation of the external neutron source and not by the fluctuation of the cross sections. In the case of a critical
system with a noise source represented by cross section fluctuations, the adiabatic approximation gave some
improvement compared to the point kinetic one at plateau freuqencies in a large system (Kos&ly et al. 1977).
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Fig. 5 shows the case of a subcritical system with appreciable subcriticality, fc^=0,99. The static flux in
such a system deviates significantly from the cosine-shaped flux in a critical system (Fig. 2d). The noise amplitude shape in this system is very similar to that of the static flux at all frequencies, and the phase is also relatively
constant. The conclusion is that in a subcritical system with such a subcriticality (or deeper), the response is basically point kinetic at all frequencies for the perturbation type considered, i.e. for the fluctuations of the source
strength (beam current) even in a large system. This is again a very definite difference compared to large critical
systems in which the point kinetic approximation breaks down for plateau frequencies. Although in a somewhat
different context, similar conclusions were drawn by Rydin and Woosley (1997) who called this property the
"source dominance" in ADS.
4.2 Variable position source (spatial oscillation of the accelerator beam)
This case corresponds to a spatial oscillation of the beam impact point. For a physically correct representation of
this phenomenon one would need at least two spatial dimensions, but here we sacrifice physical faithfulness for
the sake of better insight. Formally, this perturbation is represented as
(66)
and thus one has
8S(x,t) = SQ{8(x-x -

-

Sot(t)V(x-x)

(67)

From (15) and (67) it follows that the full solution for the neutron noise can be expressed as:
(68)
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where E(CO) is the Fourier transform of e(t). In this case the exact dynamic transfer function corresponding to
source position fluctuations is defined by
(69)

x=
and the derivative of the Green's function reads as:
cos[B(co)(a-a:')3 • sin[B(co)(g + x)]
Dsin[2B(co)fl]

X <X

±

(70)
cos[B(co)(a-f X')] • sin[B(co)(g-;K)]
Dsin[2B(C0)fl]

The point kinetic term given by (48) takes the form:
co) = A • Gp(co) -v-S0-

e(co) •

^0(xp)

(71)

Then the point kinetic dynamic transfer function can be defined as follows:

(72)
Using the given form of the perturbation, from (52) one obtains for the adiabatic approximation:
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e(co)

= -s,

o

• vA • G p (co) • C ^

(73)

J
where the upper sign is valid for x < x and the lower one otherwise.
The above case of the "vibrating beam" or vibrating source is more complicated than the variable strength
beam and thus it will be discussed by the help of several figures. Again, for comparison with the critical systems
and the noise induced by a vibrating absorber, we start with the case of ke^ - 0.9996, i.e. a nearly critical case,
and with a central beam [x = 0 ) . From (45) and (58) we see that in first order of the vibration amplitude, the
source activity in this case is equal to zero, thus there is no point reactor component present in the noise. The
point kinetic approximation is therefore never applicable in this case. Again we see a similarity with the noise in
a critical case induced with a central vibrating absorber which does not have any reactivity effect in first order of
the vibration amplitude. On the other hand, since the noise source is not factorized into the static source and a
time dependent function, the adiabatic approximation gives a non-zero contribution through the fluctuation of the
shape function.
Quantitative results are shown in Fig. 6 for the same four frequencies as in the previous subsection. Since
the point kinetic term is zero, only the full solution and the adiabatic approximation are shown in this figure. The
results show that at the two lowest frequency values, the adiabatic approximation works well, but it deteriorates at
plateau frequencies. This is again similar to the behaviour of the noise induced by a central vibrating absorber in
keff = 0.9996
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a critical system. At opposite sides of the centre of the reactor, the noise has opposite phase. This behaviour is
known from the vibration induced noise in critical systems (Pazsit 1977).
Fig. 7 shows the same cases in the deep subcritical system. It is seen that the adiabatic approximation is
valid at all frequency values. This difference between the nearly critical and deeply subcritical system, what
regards the applicability of the adiabatic approximation, is similar to what we have seen in the previous subsection with the variable strength source and the point kinetic approximation. Summarising, one may state that
deeper subcriticality enhances the applicability of the reactor kinetic approximations (whichever is applicable in
the given case).
Figs 8 and 9 show the case of a non-central beam for the nearly critical and the deeply subcritical cases,
respectively. In this case the source activity is not zero, just as the reactivity effect of a non-central vibrating
absorber is not zero. Thus is this case there is a contribution from both the point kinetic term and from the fluctuation of the shape function. Hence this case is the most interesting of all cases investigated in this paper from the
reactor physics point of view.
The results in Fig. 8, nearly critical system, show that at the lowest frequency, the amplitude of the point
reactor term is comparable with the space-dependent term. Since the latter has opposite phase at opposite sides of
the equilibrium source position, the amplitude of the noise is discontinuous at opposite sides of the source with a
relatively large break. The adiabatic approximation is quite good at this frequency, whereas the point kinetic one
is in significant error, since it cannot account for the discontinuity of the flux, caused by the presence of a significant flux shape fluctuation. At higher frequencies, however, the contribution from the point kinetic term
decreases, and at the same time, the accuracy of the adiabatic approximation also deteriorates. Actually, the deterioration of the adiabatic approximation is not as large as it may seem on the first sight on Figs. Fig. 8c-d. To realise this, it is important to note that also the exact solution is discontinuous at x — xp. The amplitudes are equal at
the two sides, but the phases are opposite. The magnitude of discontinuity is very closely the same for the adiabatic approximation and the exact solution. The overall tendency of deterioration of the point kinetic and adiabatic approximations is in agreement with the behaviour in the nearly critical system of both the point kinetic
approximation for the variable strength source, Fig. 4, and the adiabatic approximation for a central vibrating
source, Fig. 6.

/. Pdzsit, V. Arzhanov I Annals of Nuclear Energy 26 (1999) 1371-1393

1390

keff = 0.9996

-150
0

-100

-50

50

100

-150 -100
Or

150

-50

50

100

50

100

-50
0
50
Position X [cm]

100

150

-200
-300

-300
50

-150 -100 -50
c) co = 20

100

150

-150

0.8

0.2

-150 -100
0

-50

0.8 d) co = 100
| 0.6
•5.0.4
< 0.2

=5.0.4
<

-100

50

-50

100

150

-150
0

S -200

8 -200

a- -300

£ -300

-100

-50

Cu

-150 -100

-50
0
50
Position X [cm]

100

-150 -100

150

150

Fig. 8. The noise induced by an off-central vibrating beam at various frequencies for k(rr =0.9996; Full line - exact solution,
broken line - point kinetic, dashed dot line - adiabatic. approximation, a) (0 = 0.002; b) 10 = 0.02; c) CO = 2 0 ; d) CO = 100.

0.99
a)

co = 0 0 0 2

/
/

ZJ

V
\
\

b)

V
^>

§•0.2
-150 -100

-50

50

0

co = 0.02

/\
/ \

<u 0.4

pn

/

© 0.4

100

/

1/0.2

\

/

\

100

150

100

150

—<
-150

150

A

-g -100

-100

-50

0

50

-100

-50

•o

50

i.

-100
J

8> -200
a- -300

S3 -200

x:

-150 -100

50

0

100

co = 20

"tu

/

§"0.2
<

d) co = 100
\ \

-50

0

/

- ^
50

^- 100

-150

150

v

/

|0.2

\

^C

>

•SO4

/

-100

-150

1

•8 0.4

-150

-300

150

itu

c)

-50

-100

-50

0

"

50

100

150

-50
0
50
Position X [cm]

100

150

Phas fiMfi

'55

tn —200

£ -300
-150 -100

-50

0

50

Position X[cm]

100

150

-100
-200
-300
-150

_
-100

—

:—=-

Fig. 9. The noise induced by a vibrating beam at various frequencies for kea =0.99; Full line - exact solution, broken line point kinetic, dashed dot line - adiabatic approximation, a) CO = 0.002 rad/s; b) CO = 0.02; c) CO = 2 0 ; d) CO = 100.

/. Pdzsit, V. Arzhanov I Annals of Nuclear Energy 26 (1999) 1371-1393
k eff = 0.9996

1 °-

4

1391

co = 20

a) x =20

I" 0.2
-150 -100
0

150

-50

-300
-150

-100

-50

50

100

150

150

150

150

0.8

-150 -100

-50
0
50
Position X [cm]

100

150

-150 -100

-50
0
50
Position X [cm]

100

150

Fig. 10. The noise inducedby a vibrating beam at various positions for kefr=0.9996 and frequency 00 =20.0; Full line - exact solution,
broken line - point kinetic, dashed dot line - adiabatic approximation, a) Xp = 2 0 cm; b) X- = 5 5 ; c) %„ — 9 0 ; d) X = 125.

The results in the deep subcritical system, Fig. 9, show that in that case the contribution from the point
kinetic term to the total solution is smaller than in the nearly critical system. The noise is out of phase at opposites sides of the source, and the break of the amplitude is much smaller, practically negligible. The decrease of
the point kinetic contribution depends primarily on the decrease of the amplitude of the zero reactor transfer
function at larger subcriticalities, see (31) and Fig. 1. From (31) we see that the amplitude of GJ(a) is about a
factor 2 smaller at plateau frequencies as that of G0((o) for kea=0.99, and Fig. 1 shows that the amplitude of
Gp(co) does not at all increase for extremely low frequencies. The amplitude of the space-dependent term in the
adiabatic approximation, eqn (73), on the other hand, increases with increasing subcriticality. As a result, the adiabatic approximation works relatively well for all frequency values. This again is in line with earlier observations
that comparing a nearly critical and deep subcritical system of the same size, the reactor kinetic approximations
work better in the deep subcritical system.
Finally, for further analysis possibilities, we show results in a different way for the vibrating source problem. The space dependence of the amplitude and the phase are shown for the plateau frequency of 20 rad/s at four
different equilibrium source positions in both the nearly critical and the deeply subcritical system in Figs 10 and
11. With increasing distance of the source position from the core centre, where the source activity is zero, a
monotonically increasing point reactor term is present in the noise. Again the same conclusions can be drawn
regarding the applicability of the adiabatic approximation as before.

5. CONCLUSIONS, FURTHER WORK
A systematic definition of the point kinetic and adiabatic approximations was given for source-driven subcritical
systems. The noise induced by two basic perturbations, one induced by a source (accelerator beam) of variable
strength, and one induced by a "vibrating" beam (whose impact point is oscillating) was calculated both exactly
and in the point kinetic and adiabatic approximations. It was found that despite the looser neutronic coupling
(shorter prompt neutron chain) in subcritical systems, the applicability of the reactor physical approximations is
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better than in critical systems. There are nevertheless quite significant differences between the behaviour in critical systems driven by parametric excitations (fluctuations of the cross sections) and in subcritical systems driven
by fluctuations of the external source regarding the individual approximations, i.e. the point kinetic approximation and the adiabatic correction. It was shown that if the driving force is the fluctuations of the source strength
whereas the source spatial distribution does not change, the adiabatic correction is zero and the point kinetic and
adiabatic approximations are identical. For other type of source fluctuations, i.e. when the fluctuating source spatial distribution deviates from the static source distribution, the point kinetic term does not become dominating
even with vanishingly small frequencies. In such cases however the adiabatic approximation becomes asymptotically exact at low frequencies. Thus the applicability of the point kinetic and adiabatic approximations does not
follow exactly the same pattern as in the case of critical systems. These investigations contribute to the understanding of the dynamic behaviour of subcritical systems driven by a source.
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the expression for the neutron noise requires an inversion (unfolding) procedure. Such a procedure was elabIt has been proposed that the fluctuations of the neu- orated by Pdzsit and Glockler, first by a traditional
localization procedure9"1! and then by a neural network
tron current, called the current noise, can be used in ad12
dition to the scalar noise in reactor diagnostic problems. algorithm. Both algorithms were successfully tested with
The possibility of the localization of a vibrating control simulated as well as real measurement data.
rod pin in a pressurized water reactor control assembly
Recently, it was suggested that in many diagnostic
is investigated by using the scalar neutron noise and the
problems, the use of the neutron current, or just the gratwo-dimensional radial current noise as measured at one dient of the flux, could enhance the possibilities of diagcentral point in the assembly. An explicit localization tech- nostics, in particular detecting and locating anomalies.13-14
nique is elaborated in which the searched position is de- (Since in this work we will use only diffusion theory, the
termined as the absolute minimum of a minimization
flux gradient and the neutron current will be used as synfunction. The technique is investigated in numerical sim- onyms. The neutron current will often be called simply
ulations. The results of the simulation tests show the pothe current, which is not to be confused with the electric
tential applicability of the method.
current of an ordinary neutron detector. The latter notion
will not be used in this paper.) One such diagnostic case
concerns the vibrations of a control rod pin in a pressurized water reactor (PWR). The situation is illustrated in
Fig. 1. According to operational experience, individual
pins such as the one indicated in the figure can execute
I. INTRODUCTION
excessive vibrations that can lead to damage. Because of
the weakness of such a perturbation (thin rod), the inDiagnostics of control rod vibrations using neutron
duced neutron noise has a small amplitude. Since the amnoise methods have been the subject of a number of stud- plitude decays with increasing distance from the rod, the
1 12
ies and experiments. " While the detection of vibraeffect of such a vibration can presumably be measured
tions is relatively simple, the localization of a vibrating
only in the vicinity of the rod, i.e., in the detector posicontrol rod is much more complicated. The essence of
tion in the same fuel assembly (Fig. 1). Farther from the
the localization method is an expression for the neutron
source, the background noise and the noise from other
noise that consists of a convolution over the noise source,
sources exceed the noise induced by the vibration, and
represented by the vibrating rod, and the neutron physithus the noise measured at such a point is of no use in the
cal transfer function of the system. To determine the noise
localization or even the detection process.
source parameters (rod location, vibration trajectory, etc.),
If one also wants to locate such a vibrating pin within
the
assembly,
one needs to measure the noise at several
•Permanent address: Keldysh Institute of Applied Mathematdifferent spatial positions to perform localization. Howics, Moscow, Russia.
ever, this means that in the present case there is only
fE-mail: arj@nephv.chalmers.se
one measuring position available close enough to the viICurrent address: Swedish Nuclear Power Inspectorate SEbrating pin. If there is only one measurement position
10658 Stockholm, Sweden.
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O Fuel rod
@ Instrument tube (detector position)
#

Control rod pin

Fig. 1. Horizontal cross section of a pressurized water reactor fuel assembly, containing an instrument tube for a movable detector and 24 control rod pins.

available, one can try to use the scalar flux and the two
radial components of the gradient of the induced noise.
By using these three quantities, measured at one radial
position by a combined current/flux (C/F) detector, the
localization may be possible. This requires the elaboration of an algorithm, either traditional or based on neural
networks, with which the position of the vibrating pin
can be unfolded from the measured scalar and current
noise values. The subject of the present paper is the elaboration of such an algorithm together with an investigation of the feasibility of a suitable localization method
through simulation tests.

Using the weak absorber approximation, the neutron
noise induced by the vibrating rod can be written in the
frequency domain as9
8<f>(r,<o) = ^•

(2)

where
GXp(r,rp,<o)

^ - -

(3)

II. GENERAL THEORY

The reactor model will be the same as in most of the
previous investigations.9"12 That is, one-group neutron
diffusion theory with one delayed neutron group is used
in a bare, homogeneous cylindrical reactor with an extrapolated boundary at core radius R. The vibrations of
the control rod are described by a two-dimensional stochastic trajectory around the equilibrium position rp such
that its momentary position will be given by rp + e(t),
where |e(r)| < R. According to the Feinberg-Galanin
theory,3'15 the perturbation in the macroscopic absorption cross section caused by the vibration of the absorber
can be written as

S2a(r, t) = y[8(r -rp-

e « ) - S(r - rp)] ,

(1)

where y is Galanin's constant for the strength of the rod.

and similarly for Gyp{r,rp,a>). Here D is the diffusion
coefficient and G(r,r',ty) is the Green's function of the
dynamic equation for the neutron noise, defined by the
equation

VlG(r,r'o>)+B2(a)G(r,r',6)) = S(r-r')

, (4)

where
(5)
is the frequency-dependent buckling.9 More details on
the derivation of the noise equations as well as on the
notations can be found in Refs. 4,5, 6, 9, and 10.
Since the vibration components ex{a>) and ey{a>) are
also unknown, one needs at least three neutron detectors,
at positions rtl r2, and r 3 . Then, the neutron noise
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measured at these positions is expressed by three equations of type (2). Two of them can be used to eliminate ex
and ey in the third and thus to create an identity called the
"localization equation." This is a transcendental equation that contains the unknown rod position as its root.
This is the procedure that was used in Refs. 10 and 11. In
Ref. 12, instead of an explicit inversion algorithm, the
simulated signals from three detectors were used to train
a neural network to identify the position of the vibrating
rod from measured signals. Both methods were tested with
success on measurements taken at an operating plant with
an excessively vibrating control rod.1 ?12
Instead of using three ordinary detectors, each measuring the scalar noise, one can alternatively measure
the scalar noise and two radial components of the noise
gradient at one point. Since the current noise is a twodimensional vector in this model in which axial homogeneity is assumed, then together with the scalar noise,
one C/F noise measurement serves three independent
quantities, just as in the case of three neutron noise detectors. Since we are using diffusion theory here, the
current is proportional to the gradient of the flux. (The
current noise is proportional to the gradient of the scalar noise.)
On the practical side, one possibility of constructing
detectors measuring the components of the flux gradient
or the neutron current is the use of the recently developed thin fiber detectors with a scintillating tip.16"18 The
two horizontal components Jx and/,, of the flux gradient,
or the axial component Jz, can be flux measurements taken
at two points along the direction of the component, or
along a two-dimensional circle for the radial components, as was demonstrated by Linden et al.14 and Shiroya et al.19 The two-dimensional horizontal components
of the real current can be measured by a directional screening of such a fiber detector with a Cd shield, as demonstrated in Refs. 19 and 20.
In formulas, one C/F detector yields the measurement of the following three quantities:
+ Gyp(r,rp,co)-ey(co)}

(6)
(7)
and
SJy(r,w) =

-y{GyXf{r,rp,m)'6x{<o)

(8)

Equations (6), (7), and (8) contain the same amount
of independent information on ex, ey, andr p , and, hence,
they can be used to construct a localization procedure, as
was the case with 5<f>(r,co) measured at three different
positions. With a C/F noise detector at a single point, the
diagnostics of a vibrating rod, in particular its localization, is possible. This may be especially useful in the case
of the failure of a single control rod pin (see Fig. 1). The
neutron noise induced by the vibration of a single control pin is not likely to be determined outside the assembly in which the pin is located; thus, it is essential to
perform the diagnostics by using a single measurement
position.
So far, the dynamic Green's function was only symbolically denoted. To make formulas (6), (7), and (8)
concrete, we need to specify the core model and the
corresponding transfer function. The core model used
for the calculation of the Green's function will be based
on the so-called power reactor approximation; i.e., the
Green's function is defined through the Poisson-type
equation9:
(10)
As described in Refs. 9 and 10, this is a good approximation in power reactors with p«,//3 «• 1 in the so-called
plateau frequency region, where G0((o) •* 1/yS, and thus
B2(co) ~ 0. In the two-dimensional cylindrical model,
this leads to the simple real analytical solution

(rrl/R)2-2rr'oos<p]
2
J
+ r' -2rr>cos<p
where (r, <p) &nd(r',<p') are polar coordinates of the vectors r and r ' and R stands for the core radius.
In practice, however, it is not the Fourier transform
of the stationary random processes S<p((o) and SJXiy(ry a)
that is used, as Eqs. (6), (7), and (8) would indicate, since
the defining integral diverges. Instead, auto- and crosspower spectra of the same quantities need to be used, since
they are defined as the Fourier transforms of the autoand cross-correlation functions of the corresponding
processes. Likewise, instead of ex(eo) and eJ<o), the autoand cross spectra ^ ( w ) , Syy(a>), and S^co) of the displacement components need to be used as the input source.
Using the Wiener-Khinchin theorem, the auto-power spectral density (APSD) and the cross-power spectral spectra
(CPSD) of the detector signals can be expressed from
Eqs. (6), (7), and (8) as

Here,
d2
etc
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APSDWx(«) = yHG^Sn + Gi\p
(13)

(14)

Calculation of the neutron noise auto- and cross spectra from Eqs. (12) through (17) requires explicit expressions for the displacement spectra S^ico), Syy((o), and
Sxy(ai). Simple expressions for these were derived from
a model of random pressure fluctuations as driving forces
of the rod motion.10 It was found that the possible variety of displacement component spectra can be parametrized by two variables, an ellipticity (anisotropy)
parameter k G [0,1] and the preferred direction of the
vibration a G [0,-n-], as

(15)
y2
—

Uyyy

(16)

and
ex. k sin 2a

and

f

^

^GxJSl9}.

(17)

Equations (12) through (17) make use of the fact that both
the transfer function and the vibration cross spectra (18)
are real; thus, the notation of absolute values and complex conjugates could be omitted.

APSD,
x10"

(18)

At this point, the vibrations are assumed monochromatic, and all expressions are taken at a given frequency.
For an isotropic vibration, k = 0, while for a vibration
along a straight line, k = l. Between these two extreme
values, the amplitude distribution of the vibration is an
ellipse with the main axis lying in the direction a.
Figure 2 shows plots of the power spectra density
functions as calculated from Eqs. (12) through (17) for a

APSD,5Jy

APSDSJx

x10

X10

100

80

60 60

60 60

60 60

Fig. 2. Auto- and cross-power spectra density with or = ir/4 and k = 0.6.
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case with R = 161.5, xp = 80, yp = 80, a = TT/4, and k =
0.6. These are the type of data that need to be used in a
localization procedure. The plots show only the noise in
the vicinity of the noise source as seen from the x and y
coordinates. The origin of the coordinate system is at the
core center.

and
= Cs ,

where t h e corresponding 3 X 3 matrices are defined a s
follows:

G2

/->2

G2

G2

x

p

III. FORMULATION OF THE LOCALIZATION PROBLEM

A =

xxp

As was mentioned in Sec. II, both an explicit localization algorithm as well as a neural network-based procedure have been used for localization in the past. The
conclusion was that in the case investigated in Refs. 11
and 12, the neural network-based procedure had significant advantages over the algorithmic one. Hence, originally it was thought that the neural network-based
method would be used for the unfolding of the rod position from the measured spectra in the present case also.
A preliminary study showed, however, that the situation
regarding the advantages of the two methods is reversed
in the present case. The reason for the difference is the
much larger number of possible localization results (number of pins that can vibrate) in the present case. In the
previous study, the number of control rods out of which
the vibrating one had to be identified was 7, whereas in
the present case there are 23 possible control pin positions altogether. In such a case, the use of a neural network becomes rather ineffective. Both the number of
output nodes of the network and the training set would
be excessively large, and thus the training would be very
time-consuming.
For this reason, an algorithmic localization procedure was used. This procedure was, however, not identical with the one used in Ref. 11; rather, the principles
of a newer and more effective algorithm were applied
and adapted to the present problem. This newer procedure was worked out recently in Forsmark21 in connection with the localization of a channel instability.
The algorithmic procedure can be described as follows. First, for further discussion it is convenient to introduce the following notations:
aT =

(aua2,a3)T

=

(cuc2,c3)r

(20)

G2

yp
xyp

G2

(GXp G ^
Gyp Gyyp

Gyyp + Gyp

G^ Gyyp

Gyyp + GyX

(21)
The matrices A and C depend on the positions of the detector and the vibrating rod pin:
A = A(rd,rp)
and
= C(rd,rp)

(22)

.

From Eq. (20), one can see that signals a and c obey the
relationship
= C(rd,rp)A-1(rd,rp)-a

.

(23)

This equation contains only measured quantities and the
transfer functions that are also known functions of their
arguments. However, the position of the vibrating rod pin
is not known in general. Nevertheless, one can construct
the matrix C(rd, r')A~' (rd,r') for some point r' to see
how much the calculated vector C(rd,r')A~I(»",i,r')<<*
deviates from the real signal c. This gives rise to the minimization function
(24)

which has the absolute minimum at the point r ' = rp.
Another minimization function can be easily introduced if one notices that from Eq. (20) there follows another relationship, similar to (23):
a = A(rd,rp)C-l(rd,rp)-c

.

(25)

This leads to another minimization function:
and
sT>*(suS2,s3)T = y2(SmSx,,S]V)T

(26)
.

(19)

Here, a and c stand for measured (i.e., known) quantities, whereas s is not known. Then, Eqs. (12) through
(17) can be written as
a = As
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r'=rp.
The unfolding procedure thus consists of finding the
global minimum of either the function/a(r') or the function/ c (r'). This can be performed in two different ways:
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1. by applying a general minimization algorithm to
find a core position corresponding to the minimum, and then choosing the control rod pin nearest to this position as the vibrating one

(x<i,yd) and particular coordinates of the vibrating pin
rod as (xp,yp).
Representation (27) allows us to introduce functions
that are to play a major role in the following study:

2. by checking only the 24 possible control rod pin
locations (which are known in advance) and
choosing the one for which (24) or (26) yields a
minimum.
At first sight, the second alternative could appear
more attractive, since it requires much less computation.
However, earlier investigations by Pazsit and Glockler11
show that only the first version leads to useful results,
and the second leads to a quite low success rate. The reasons for this are discussed in Ref. 11 as well. This conclusion was verified in the present study also.
For this reason, we applied the first alternative in the
present work. It was found that the structure of the linearization function in the present case is so complicated
that the search procedure needs to be improved to become sufficiently effective. The reasons for the difficulty will be demonstrated shortly. A large part of this
paper concerns the elaboration of such an effective localization technique. In Sec. V a quantitative test of the
algorithm is given.
IV. THE MINIMIZATION PROCEDURE
At first glance, the solution of the problem seems to
be quite straightforward; it appears that one simply needs
to apply a general minimization algorithm for the function/a(r') or/ c (r')• But, this approach presented serious
difficulties when the gradient descent method was used.
Most often, only a local minimum was found.
The reason for this can be described as follows. First,
one can prove by direct calculations the following relationships for the matrices A and C:
det(A) = 2-det(C)
and
det(C) =
(27)

It should be noted that, generally speaking, each term in
representation (27) depends, through the Green's function, on the source position marked with the prime sign
(*', / ) and the detector position (x, y). Since the detector position is both known and fixed, whereas the source
position is neither known nor fixed, we shall consider
the detector location coordinates (x, y) as parameters and
the source location coordinates as variables. For the sake
of convenience, we omit indicating the parameters, and
often we do the same for the variables. In future studies,
we shall denote particular coordinates of the detector as

Fi = F,U',y) = Gy
F2 = F 2 (*',/) = G,

Gy> GJ,J

and
1

— Gj-v' Gv

(28)

Figure 3 shows plots of these functions with the same
data as before. The aforementioned difficulties of applying a general minimization algorithm to the functions
fa{r') or fc(r') may arise from possible singularities in
the matrices A or C because these functions involve the
inversions of the matrices. This is indeed the case; moreover, from this point of view the minimization functions
fa(r') and/ c (r') are equally good (or bad) because of
the first relationship in (27).
To establish this fact, one needs to investigate the
functions F\, F2, and F$. It can be shown that these functions possess the following properties:
1. The equation Fiix', y') = 0 defines a unique implicit function y' = y'ix') everywhere in the fuel
assembly.
2. The equation F2ix',y') = 0 defines a unique implicit function x' = x'iy') everywhere in the fuel
assembly.
3. The function Fiix', y') = 0 is positive everywhere in the fuel assembly.
Figure 4 displays a plot of these implicit functions,
or, in other words, the singularity curves of matrices A
and C. In Fig. 4, the bold dots stand for control rod pins.
It is precisely these singularity curves that make it impractical to use fair') o r / c ( r ' ) as minimization functions. Namely, a search for the minimum, based on, for
example, a gradient descent method, will only find the
local minimum within the quadrant in which the search
started, which is not necessarily equal to the absolute
minimum.
Several other approaches are possible. One is based
on the following useful representation for the matrix
AC" 1 :
AC"

1

"\/F3
0
=
0
-F2
-F3
0

0
\/F2
0

0
0
1/Fi

Fx 0
0 F,
F3 F 2 J
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Fig. 3. Functions FUF2, F3 for a = ir/4 and k = 0.6.

This representation is simpler than the representations of
CA"1 or A"1 or C" 1 . As was mentioned earlier, each
term in relationship (29) and the matrix itself depends on
the detector location (x, y) and the source point (x',y').
Using this representation, we can rewrite (25) in the
form of a system of three nonlinear equations:

90

85

•

/

•

=aiF3
c3F1=a2F2

•

(30)

80

•

•

75
•

70
70

75

<

v
1 .•
V

80

85

Fig. 4. Singularity curves.
NUCLEAR TECHNOLOGY

VOL.131

AUG. 2000

90

If one regards the vectors a and c as given (exact) signals, then we can think of Eqs. (30) as a system to find
the location of the vibrating rod. These equations are not
divergent along the singularity curves, but they still have
a pole at the point x' = x = xd, y' = y - yd- To get rid of
this singularity, it is sufficient to divide Eqs. (30) by F3.
This holds because of the properties listed earlier and the
fact that function F 3 tends to infinity more rapidly than
do functions Fi and F2.
By dividing by F3 and introducing the following
notation,
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practice, it is very unlikely that the signals a and c are
known exactly. Because of this, one can hardly expect
that Eqs. (32) can be satisfied exactly, and it is more convenient to use some kind of minimization principle, for
instance, least squares:

>>-*w>-W9)
and
<31

'•'-JS^I'

>

p(x',y') = JpKx',
(33)

we arrive at the following modified system of equations,
"c'.y') ~ Ci/ 2 (*',y') ~d\ = 0
c'.y')-a2/j(*'./)-Ci = 0

(32)
an

where new functionsp\{x',/),p 2 (^'» /)> dPi(x',y')
are defined for further use. The functions f\ and f2 are
shown in Fig. 5.
From a mathematical point of view, it suffices to use
any two of Eqs. (32) to locate the vibrating rod. But, in

We would expect Eq. (33) to be more effective than
using only two of Eqs. (32) in the case where background noise and detection inaccuracies are involved.
It would be interesting to find out the nature of
Eqs. (32) because any two of them might be sufficient.
First, the linear dependence (or independence) of Eqs. (32)
is defined by whether the determinant of the matrix
c2
(34)

a2

f,(x,y)

80
80

70

60 100
Fig. 5. Functions/! and/2.
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is equal to 0 or not. By direct calculations, this determinant can be proved to be 0 if vectors a and c satisfy (20)
for an arbitrary vector s.
For our purpose, it is useful to investigate the solution of each pair of Eqs. (32). The first possible system
and its solution using Cramer's rule can be written as
follows:
det-fi = detj
det-f2 = det2 •

Again, if the vectors a and c satisfy (20) and the vector s
obeys (18), then the expressions for det, deti, and det2
have the following form:
det = Cx a3 — c2c3 = (s3 — st s2)-F2°F3

(35)

One can prove by direct calculations that if the vectors a
and c satisfy (20) and the vector s obeys (18), then the
expressions for det, deti, and det2 have the following form,
where the 0 superscript indicates the value of a corresponding function at the location of the vibrating rod:
det = c, c3 - c2a2 = (si - s2s3)-F?F$
?F$

ancj

= (si -

deu = c2 —

(40)

Once more, if k # 1, then the second possible system of
equations (39) is equivalent to the following system:

= c? - a , a 2 =» O3 -

cxa3-c2c3
c\-axa3
cxa3-c2c3

z

s2s3)-(F?)

"'

Ff
Ff _

=

Mx'.y') =
2

(41)

F3U "

The third possible system is as follows:

and
det2 = <?! c 2 - a, c 3 = (s2 - s2s3)

~ c3f2 = c2

06)
Here we have made use of the following identity:

\det-f2 = det2

(42)

Under the same conditions as earlier, we can write the
following:
cf = (sx s2 - s^)- (F?)
?)2

det =a2a3(37)

which is the elementary consequence of expressions (18)
and (19). Now it is easy to conclude that if k ¥= 1 (i.e., the
rod in question does not vibrate strictly along some direction), then the initial system of equations (35) is equivalent to the following system:

= a2c2 - c, c3 = (j,s 2 - s2)-F?F$

= r 4 ( l " k*)-F?F? ,
and

£LZ

El

= c2c3(38)

. , , , ,, det
h =f2(x\y') = —2 =
det
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This means, once again, that if k i=-1, then the third possible system of equations (42) is equivalent to the following system:

F3°

det-fi = deti
det-f2 = det2 .

-

= r4(l -

a2c2~

The second possible system is as follows:
c2f\ -Cif2 - ax
a3f\ - c3f2 = c2

= (j,s 2

CjC3

a2a3-cl
(39)

Mx',y') =

c2c3-a3ci
a2a3 - c f

£?

F°~h

0
(44)
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To summarize, we can conclude that in fact we have only
one system of equations,

Mx'.y') =/i°
f2(x',y') =/2°

R= 161.5

(45)

Detector

which, because of its symmetrical form and clear meaning, can be called canonical. Further, based on the detected signals a and c, we have three different ways to
compute the right side:

/20-

— axc3

C\C2~ axc3
cta3c2c3

a2c2a2a3

c2 — a xa3
cxa3 - c2c3

a2a3-

-c?
(46)

Now it can be easily concluded from (36), (40), and
(43) that if k - 1, then all three equations of (32) are
linearly dependent and thus are reduced to only one equation. This means that in this case the general minimization procedure cannot identify the unique solution at a
point, only as a curve passing through the vibrating rod
(if there is no background noise).

V. NUMERICAL TESTS
For numerical experiments, the core has been represented by the two-dimensional cylindrical model with the
radius R = 161.5 cm and a distance between fuel rod pins
equal to 1.26 cm. Figure 6 shows a quadrant of this model.
Omitting a constant factor, the static flux <p(r) can be
written as
(47)
where J3Q is the first zero of the Bessel function Jo(x).
A large number of neutron noise spectra have been
generated, corresponding to various control rod pin positions and vibration parameters. These latter should be
varied over all cases that may occur in the concrete reactor. For this purpose, the range of both k and a (k G
[0,1); a e [0,ir]) has been divided into ten intervals,
giving the following discrete values for k and a: kt =
a - l ) A ^ ; a y = ( 7 - l ) A a ; f = l,2
10;./= 1,2,....11,
where A& = ^ and Aa = ir/10.
The noise induced by each control rod and for each
discrete value for k and a has been calculated and was
used individually to test the proposed algorithm for determining the position of the vibrating rod. Thus, the total number of investigated cases is N = 24 • 10 • 11 = 2640.
For each of these N cases, N 6-vectors were calculated (3
APSDs + 3 CPSDs): vM, n = l,...,N.
10

Fig. 6. A quadrant of the horizontal cross section of the core.

For a more realistic simulation, "random" (i.e., background) noise was also added to the simulated signals.
This procedure modifies the signals as

where g is the standard Gaussian random variable, which
is modeled by a random generator, and the parameter cr
takes the following values: cr = 0 (no noise), 0.01 (1%),
0.02 (2%), 0.05 (5%), 0.1 (10%).
If there is no noise, it is sufficient to solve Eqs. (45)
with the right side calculated by one of the three expressions of (46). In the presence of noise, these possibilities
are not equivalent, and, as was mentioned earlier, it is
more practical to solve the equations by minimizing an
appropriate function. So, we tried several minimizing
functions. To describe them, we introduce the following
notation for the different expressions to calculate the right
side of (46):

C1C3- c2a2

g\2\a,c)

=

C|C2-aiC3

cxa3-c2c3
a2 a3

c2a2
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ing of the performance was observed with added noise.
The minimization principle based on (33) appears to be
the most effective. It was also shown that if the singular
case k = 1 is included, the efficiency of the algorithms
decreases.

cl-c2c3

and
(48)

a2a3 Then, different systems of equations and corresponding
minimizing functions are as follows:
(!
==g,
g , ( ! W)

(49)
where i stands for / = 1,2,3, and ave. The term ave means
an average right side, defined as follows:

and
<aue)
82

(50)

=

Another minimizing function p has already been defined
by (33). In each case, we first find a global minimum and
then the nearest rod pin. And finally, for comparison we
present results denoted by p^co"^ corresponding to the
"combinatorial" algorithm that checks only the locations
of control rod pins where the function fa{r') o r / c ( r ' )
yields a minimum.
Table I shows outcomes of numerical experiments
for different values of parameter o\ As the table shows,
the efficiency of all algorithms is quite satisfactory when
nonperturbed, "clean" signals are used or when the level
of the added noise is low. With a high level of added noise,
5 or 10%, the performance is somewhat less satisfactory,
but the deterioration of the performance is not worse than
in similar diagnostic methods, where the same worsen-

VI. CONCLUSIONS AND FUTURE WORK

The present study shows that if the scalar noise and
the two components of the radial gradient of the noise
can be measured at one point, a localization of a vibrating control rod pin can be achieved. It was found that in
the present case, with a large number of possible vibrating pin positions, the algorithmic localization was more
effective than the one based on neural networks. It was
also seen that due to the complexity of the noise source,
i.e., a vibrating absorber, and the combined use of scalar
and current noise, the algorithmic localization procedure
was substantially more complicated to elaborate and apply than in the case of a channel instability and use of the
scalar noise only.
The advantage of the method, compared to the traditional method of using several ordinary (scalar flux)
neutron detectors, is that it requires only one measuring
position. In the case of a weak perturbation, such as the
vibration of a single absorber pin, the noise induced by
the vibrations can be measured only in the neighborhood of the pin; at larger distances, the noise from other
sources and the background will dominate. In such cases,
it may not be possible to find more than one possible
position close enough to the suspected perturbation. The
disadvantages of this method are that the localization.
(unfolding) algorithm becomes more complicated than
the traditional one, and that it requires a new type of
detector that is not yet available.
Practical application of the method therefore requires the development of such a detector. Work is going
on in this direction.14>19>2° Also, application in inhomogeneous cores requires a core model, which leads to a
substantially more realistic dynamic transfer function than
the present very simple one. This conclusion was also
drawn in connection with the channel instability localization study.21

TABLE I
Efficiency of Different Algorithms
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Efficiency (%)
Noise (%)

PW

0
1
2
5
10

100
92.2
83.7
70.0
52.0

p(2)

100
92.3
84.1
67.9
52.4
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100
99.6
98.0
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79.4
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100
96.1
89.7
74.3
56.9

P

100
99.5
98.3
92.7
82.4
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100
99.3
97.4
86.4
67.6
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ABSTRACT
The general theory of linear reactor kinetics and that of the induced neutron noise is
developed for systems with varying size, i.e. in which the position of the boundary fluctuates
around a stationary value. The point kinetic and adiabatic approximations are defined by a
generalisation of the flux factorisation, and the full solution of the general problem with an
arbitrarily fluctuating boundary is given by the Green's function technique. The correctness
of the general solution is proven both generally and also by considering the simple case of a
2-D cylindrical reactor with a fluctuating radius, in which case a direct compact solution is
possible.

1. Introduction
Usually, time-dependent problems in reactor physics are treated in systems with fixed
boundaries. This is motivated by the fact that real systems have fixed boundaries, as well as
that treatment of boundary conditions at time-dependent boundaries are complicated and the
corresponding problems are difficult to solve.
The treatment of moving boundaries has received some interest recently in connection
with calculating the neutron noise induced by the vibration of control rods. The basic
problem there is actually to treat a moving interface between two different pieces of material
regions. For the treatment of small variations (vibrations) of the boundary, there are several
methods available, including perturbation methods as well as a recently developed method
of coordinate transformations (Sahni et al. 1999). These methods were first applied to the
simpler case of a slab reactor with one fixed and one varying boundary (Garis et al. 1996),
then to the more complicated case of a vibrating absorber rod (Sahni et al. 1999). In Garis et
al. (1996), in addition, also the point kinetic and adiabatic perturbations were investigated,
including the question of whether the orthogonality integral, which complements the flux
factorisation ansatz in reactor kinetics, needs to be taken over the fixed (stationary) or the
instantaneous (varying) size. In Garis et al. (1996) it was found that a correct choice of the
integration volume is essential for the correctness of the adiabatic approximation. This point
will be discussed in detail in this paper.
There exists however further incentive to study the case of neutron fluctuations
induced by the fluctuations of the boundary. First, there is an academic interest in extending
* Permanent address: Keldysh Institute of Applied Mathematics, Moscow, Russia
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the formalism of reactor kinetics, including the reactor kinetic approximations such as the
point kinetic and adiabatic approximation, to cases when the system boundary is not fixed.
Second, there is also a practical reason. Namely, there exist a few different classes of
practical cases where treatment of a moving/fluctuating boundary is necessary. The first one
is the case of the enrichment/reprocessing plants, where a solution of fissile material is
contained in a tank with a free surface. Any addition or deduction of material will change the
surface position. Even a perturbation of the free surface without volume change (travelling
or standing waves) can occur. The second case is the future accelerator driven subcritical
systems (ADS) for which a molten salt type construction is one potential candidate. In such
a reactor again a free surface of a liquid core is conceivable. Finally, as the most important
practical application, in current pressurized water reactors, various types of core-barrel
vibrations are known to occur. Out of these the so-called shell-mode vibrations are a typical
case of a system with a fluctuating boundary. Core-barrel vibrations have been diagnosed so
far through the ex-core neutron noise which is induced by the varying water thickness
between the outer core surface and the pressure vessel (Pazsit et al. 1998). However, the
fluctuation of the boundary will also induce in-core noise in the case of shell-mode
vibrations. A theory of the induced in-core noise, together with its measurement, will help
diagnosing shell-mode vibrations of the core barrel.
In this paper a general solution of the noise equations is given for small, but arbitrary
vibrations of the surface of a (bare) system. First the flux factorisation into an amplitude and
a shape function is postulated, and by the help of this, the point kinetic equations as well as
an expression for the reactivity and its perturbation theory version are derived. Then the
adiabatic approximation is derived. After that, the solution of the general space-dependent
case is given first as a generalisation of a 1-D formula from Garis et al. (1996), using the
concept of the Green's function. This generalisation is not trivial, because the Green's
function actually belongs to a different problem (with static boundary). The basis of the
original 1-D formula is the replacement of the vibrating boundary with a fluctuating
absorbing layer at the boundary. The validity of this approach in 3-D is put onto a firm basis
by a formal proof. In addition, the correctness of the 3-D solution is proven with another
formal proof. By this latter proof it is shown that the solution indeed fulfils the defining
equation and the boundary condition, despite the fact that the Green's function satisfies
different boundary conditions. As an illustration, the case of a 2-D bare cylindrical reactor is
treated with a fluctuating radius in the last section. This problem is solved both directly and
with the help of the Green's function. The two solutions are shown to be identical, also
confirming the correctness of the Green's function technique.

2. GENERAL THEORY
One basic problem in a system with a varying size, and especially when defining the
reactor kinetic equations, is that one needs to extend the validity of the static flux into a larger
volume than in which it is originally defined. It is intuitively clear that in order that the
kinetic approximations be applicable, where a (static) reference system and its flux plays a
central role, the change of the system size must be quite moderate. We shall therefore only
consider cases when the magnitude of the fluctuation of the boundary is smaller than the
extrapolation length. Even then, requiring the vanishing of the flux at the extrapolated
boundaries, and using the extrapolated boundaries as the fluctuating ones, would mean that
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the continuation of the static flux to a larger volume leads to negative static fluxes at the
extrapolated boundary of the system with fluctuating size for boundary points that move
outbound from the equilibrium boundary. Likewise, the momentary time-dependent flux,
which is supposed to vanish at the momentary boundary, would need to be continued to the
static boundary any time the boundary moves inwards, leading also to the appearance of
negative flux values. Although the occurring difficulties could be eliminated such that all
final results have a valid physical meaning, there is still the additional problem that the
boundary condition of vanishing flux prevents the application of simple perturbation
formulae.
For these reasons, it is simpler to apply the boundary condition of no incoming current,
leading to the introduction of the extrapolation length / and the boundary condition
n • ¥<bo(rB) =

—

(1)

where rB is an arbitrary point of the boundary, / the extrapolation length, n is an outward
normal on the boundary and V (as well as V) stands for the gradient operator. As a rule we
use the ordinary nabla symbol, but whenever we want to underline the vector nature of the
gradient operator (as in (1)), we use the underscore.
The flux is denoted as <j)(r, t) for the time-dependent case, and the boundary at the
point rB on the surface will fluctuate as rB + m(rB, t), where e(rB,t) describes the
fluctuation of the boundary. Keeping the boundary condition of no incoming current also at
the vibrating boundary, one v/ill have
n-V<Kr, t)\

=

j

\rB + nz(rB,t)

(2)

I

We assume that the space- and time-dependent neutron flux and the precursor density obey
the time-dependent one-group diffusion equations

(3)

together with the static equations
0 (r) +

(vS / -S fl )(t) 0 (r) = 0

The boundary conditions of the static system are given by (1). Since the goal is the
determination of the neutron noise in a linear approximation, the time-dependent quantities
in (3) will be split up into a static and a fluctuating part, as usual:
f)

(5)

C(r, t) = C0(r) + 5C(r, t)

(6)

The only peculiarity here is the fact that the time-dependent functions and the static
functions, denoted with the zero subscript, are defined over different regions. But this will be
commented later. We shall now seek the solution of the problem defined by (2) and (3), both
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in the full space-time dependent case and in the reactor kinetics approximations.
For the kinetic approximations one needs the flux factorisation principle which reads
as (Henry 1958; 1975)
4>(r, t) = P(t)y(r,

t)

(7)

Again, since we will be seeking the solution for the fluctuating quantities, the amplitude
function P(t) and the shape function \\f(r, t) needs also to be split up as

P(t) = l + 6P(t)

(8)

V(r,*) = 4»0(r) + 8v(r,t)

(9)

Combining (5) - (9) together yields an expression for the neutron noise 8<J>(r, t) in terms of
the fluctuation of the amplitude and shape functions as
8<t>(r, 0 = 8P(f)<j)0(r) + 8\|/(r, t)

(10)

In order that the factorisation assumption be unambiguous, it needs to be complemented with
a normalisation condition. In the reactor physics literature this condition is written as (Bell
and Glasstone 1970)
^

0

t Q

(11)

Then the question arises whether in the case of a varying system size, this relationship needs
to be used with a static volume Vo or with the instantaneous, time-varying volume V(t).
This question will be answered in the next subsection.

2.1 The point kinetic approximation
In the point kinetic approximation it is assumed that the shape function is equal to the
static flux at all times, i.e.
<j>pk (r, t) = P(mo(r)

(12)

and the purpose is to derive an equation for the amplitude factor P(t). In noise theory the
same question concerns the point kinetic form of the flux fluctuations, i.e.

8* p J t (r, t) = 8P(O4>0C")

(13>

and the determination of &P(t).
The derivation of the linearised point kinetic equation for the fluctuation of the shape
function &P(t) goes as follows. One puts the factorisation (7) into (3), multiplies (3) with
<J)0(r) and (4) with P(£)ij/(r, t) and integrates over the reactor volume. At this point a
normalisation or orthogonality condition, mentioned in the foregoing, needs to be utilized.
This orthogonality or normalisation condition, expressed for systems with constant
size by (11), arises from the need of the relationship

0

W ^

which is necessary in order to arrive to the usual point kinetic equations.
-5-

(14)

At this point it does not matter whether we take the integral over the static reactor
volume Vo or the momentary (and thus time-dependent) volume V(t). Formally, the point
kinetic equation for P(t) is not affected by the choice of the domain of integration. For the
point kinetic approximation and for the expression of the reactivity, the integration volume
in (14) can be either the static or the instantaneous volume.
The significance of the integration volume appears first when one wants to follow the
usual formalism and set
^

^%r,

t)dV

(15)

because then (14) could be simplified into the form (11), i.e.
O

o

(16)

The advantage of (16) is that it can be used to put the orthogonality integral into a more
convenient and practical form, namely
0

v

(17)

v

This latter expression is used e.g. when normalizing the shape function of the adiabatic
approximation.
The identity (15) is however only valid for constant integration volumes VQ, because
for a time-varying integration domain one has

2- J «>o(r)v(r, t)dV = J <t>0(r)|-V(r, t)dV + J 4>0(rB)V(rB,
V(t)

V(t)

t)^-e(rB,t)dS(rB)(l8)

S(t)

where rB is an arbitrary point on the boundary, S{t) is the bounding surface of the volume
V{t), and £(r B , t) is the space- and time-dependent displacement of the boundary at surface
point rB into the direction of the surface normal n(rB). It is obvious that using (18) in a form
similar to (17) would result in a form completely unsuitable for practical use. For small
displacements of the boundary, the integration surface S(t) can be replaced with the surface
SQ of the static volume, but still the value of the normalization formula would be small. It is
also seen that the difference between using the static or the time dependent volume in the
integral
j> 0 (r)Y|/(r, t)dV

(19)

v
is first order of the perturbation, and cannot be neglected.
Thus in order to be able to arrive to a manageable formalism but also to stay in line
with physical interpretation, we shall perform the integral over the static volume of the
reference system in our formulae. This choice will be touched upon once more when
discussing the adiabatic approximation.
Performing now the integrals in (3) and (4) over the static volume, and subtracting (4)
from (3) will then lead to the usual point kinetic equations for P(t), i.e.
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(20)

dt

(21)

A

Here, as usual, A = l/(z;v2r), and

(22)

The expression for the reactivity, as induced by the fluctuations of the boundary, is given as
D J [<j>0(r)V2\)/(r, t) - y(r,

t)V%(r)]dV
(23)

The reactivity formula can be simplified further by applying the Green's theorem on the
integral of the Laplacians. One obtains
D J |> 0 (r)V\|/(r, t) - \)/(r, t)Y<])0(r)] • dS
(24)

v0
where dS = ndS.
In (24) the effect of the moving boundary manifests itself in the time dependence of
the shape function at the boundary, which itself is determined by the boundary condition (2).
For the shape function \|/(r, t) this can be written as
n-YV(r,t)|

w(r R + «e(r R , t), t)
= - ^
/ B

,

\rB + ne(rB,t)

(25)

I

However, in (24) both \j/(r, t) and V\j/(r, t) are needed at the static boundary. To find
connection with (25), we expand both terms in a Taylor series using the general expansion
formula, which is applicable for both vector and scalar fields, if the series on the right hand
side converges:

F(r + Ar) = £ <^I1-F(r)

(26)

n =0

Keeping only the first two terms in (26) we thus have for the function \|/:
V(r B + en, t) = \|/(rB, t) + e(n • Y) V (r B , f) + O(e 2 )

(27)

A similar expansion formula needs to be employed on the gradient term Vi|/(r, t),
which appears on the l.h.s of (25). There, however, we first assume that
,t)
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(28)

then (25) becomes
V7 / ^
« • Yv(r B + e», f) « B • Vv(r B , 0 =

V(rB + en,t)
j

V ( r B , f)

j

en • Vy(r B , t)

(29)

Rearranging the terms in (29) we finally arrive at
\i/(rR, t)

V(r R ,

The physical meaning of the boundary condition (30) is very clear, it is equivalent to the case
of a fixed boundary with a time-varying extrapolation length as
l{rB,t) = l + e(rB,t)

(31)

The use of step (28), and the resulting equation (30), can be justified and derived in more
details as follows. Applying the general formula (26) and keeping only the first two terms we
can express the gradient of \|/ as

Yv(rB + en, t) = Vv|/(rB, t) + e(n • Y)Yv(rB, 0 + °^)

(32)

To evaluate the term n • V\|/(rB + en, t) it is convenient to introduce a local coordinate
system with an orthonormal basis {i,j, k) at the point rB such that i-n. Then we can write

=£

(33)

which leads to the following expression for the normal derivative
n • (n • V)Vy = i • ^ V y = ^
dx

(34)
2

dx

It is intuitively clear, that locally in the vicinity of boundary, the solution behaves essentially
in the same way as in 1-D geometry. Of course this is true up to the validity of the diffusion
approximation only. Therefore, excluding pathological cases, it will be reasonable to assume
that
V• 2 .

(35)

rB
This is exactly the case for the one-dimensional geometries and for spherical or cylindrical
homogeneous reactors. Then, because the function \j/ in the frequency domain obeys the
equation of the form
V2\|/ + B2\|/ = 0,

(36)

we can now express the second normal derivative (34) in terms of the buckling and the
function itself as
n • (n • V)V\i/ = ^ 4 = V2w = - B 2 y
dx2
This allows us to derive a modified boundary condition from (25) as follows
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(37)

en,t)~nB

V\|/(rB, t) -eB \\f(rB, t) =

+ en, t)

y(r B , t)

(38)

en • Y¥(r B , f)

Grouping the relevant terms we finally have

„ , „
1//-EB 2 . xx WB>*) V
« • Y\|/(rB, 0 = - ( 1 + £ / j ) V]/(^ 0 «
f— +

J^B,
2

;
8+

° ( 8 > (39)

2 2

Since one has IB « 1 in all practical cases, we see that equation (30) is a very good
approximation of (39).
The one-dimensional form of (31) was used in Garis et al. (1996). Applying (30), the
boundary condition for y(r, t) takes the form
V(rR> 0
o,t) =

V( r R' t)
+
-—e(r B , t)

(40)

and putting this into (24) yields
1
Pit) = -^—,

T-,

(41)

By neglecting second order terms this expression can be finally simplified into

Dj>o(rB)e(rB,OdS

P(') = "4
From (41) and (42) it is also seen that for small variations of the boundary, and using linear
theory, it does not matter whether the normalisation integral is taken over the static or the
momentary volume what regards the calculation of the reactivity. The reason is that due to
(40), the numerator of (24) is already of the first order of the perturbation. Thus a change of
the volume of the order E would only give a second order contribution.

2.2 The adiabatic approximation
In the adiabatic approximation (Bell and Glasstone 1970; Kosaly et al. 1977), the shape
function is determined from a static equation such that
, 0 + ( ^ - Z a )V fld (r, t) = 0

(43)

with the same boundary conditions as before, i.e. eqn (25), and its linearised approximation,
eqn (40). Since tyflrf(r> t) is a solution of a homogeneous equation, the criticality equation
(43), it needs to be normalised. According to the discussion earlier, the normalisation
condition for the adiabatic shape function is expressed as
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J «>0(r)\|/fli(r, t)dV = J $(r)dV

(44)

After the adiabatic shape function is found, the adiabatic fluctuation of the shape function is
determined as
ad{r,

t) s

Wad(r,

t) - <>0(r)

(45)

and with this the neutron noise in the adiabatic approximation is given, from (10), as

5<t>flrf(r, 0 = 5P(O<!>oC) + 8v flrf (r, t)

(46)

This can be converted into the frequency domain as
8$ttd(r, co) = 6P(co)(^o(r) + Syad(r, to)

(47)

The normalisation condition (44) is also equivalent to the orthogonality of the
fundamental mode §0(r) and the fluctuation of the adiabatic shape function 8\|/flrf(r, t), i.e.
J 4>0(r)8V<wj<r, t)dV = 0

(48)

It can also be noted that in Garis et al. (1996), an alternative normalisation was used in the
1-D problem of the vibrating boundary, namely

J 4>0('1)V«,(r, t)W = J <h(rW
V{t)

(49)

V(t)

This relationship was determined largely heuristically, based on the observation that the
condition

J 4>0(r)x|/Bd(r, OdV = \ ^(r)dV,
V(t)

(50)

v0

which was tried first, gave incorrect results. Condition (50), on the other hand, was obtained
from another incorrect condition, namely from

4 J W)Vad('> f)dV = °

(51)

V(t)

As we have discussed it before, (51) is incorrect, and thus so is the relationship (50). The
reason why (49) was used with success in Garis et al. (1996) is that the difference between
(49) and the correct (44) is of second order in the perturbation parameter, and thus it can be
neglected in a linear theory. This can be seen by deriving the equivalent of (48) from (49), i.e.

«J»0(r)8\|/Bd(r, t)dV = 0 = J (])0(r)5Vfld(rJ t)dV + O(z2)
v0

(52)

2.3 The full space-dependent solution
In this case the flux factorisation (7) is not used. Instead, an equation is derived for the
fluctuation §§(r, t), introduced in (5). Putting (5) and (6) into (3) and subtracting the static
equation (4), after linearisation and subtracting temporal Fourier-transform one arrives at the
equation for the neutron noise 8<|>(r, t) as
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V2S§(r, co) + B2(co)S<t>(r, co) = 0

(53)

Here B (co) is the frequency-dependent buckling
(54)

with G0(co) being the zero reactor transfer function.The notation is otherwise standard and
more details can be found in Garis et al. (1996).
Eqn (53) differs from the usual noise equations in which the time (frequency)
dependence of the noise is caused by a noise source, induced by the fluctuations of the cross
sections (parametric excitation). In the present case the reason for this dependence, or rather
the reason for the existence of a frequency dependent noise, is the time or frequency
dependence of the boundary condition. This latter can be written for the noise, based on the
same assumptions as those used in connection with (25) and (28), as

n • V8<i>(rB, t) = - - ^ f ^ + ^ V ^ 8 ^ ' 0

( 55 )

Note that because eqn (55) is a linearised equation referring to a small fluctuating quantity,
a non-homogeneous term, i.e. one that does not contain 8<J>, is present, i.e. the last term on
the r.h.s. of (55). Eqn (55) can be directly Fourier-transformed, thus one obtains for the
boundary condition in the frequency domain as
_BA/
,
n • V8<KrB, M ) =

8<KrB,a>) %(rB)£ ,r
r
+ 2 ( B' ^

^ ^

The space-dependent equation (53) with the boundary condition (56) will be solved by
the Green's function technique. In doing so, analogy will be taken with an earlier paper
(Garis et al. 1996). In that paper it was shown in a 1-D problem, even if implicitly, that the
fluctuations of the boundary of a system with an amplitude z(t) (or the fluctuations of the
extrapolation length) are equivalent, as far as the induced neutron noise is considered, with
a perturbation represented by a thin absorber (a 8 -function space dependence in the direction
of the vibration) of variable strength, placed at the static boundary. Thus the absorber is of
the Galanin-type with a strength y related to the vibration amplitude as
(57)
With other words, the vibrating boundary can be substituted by a fluctuating absorption cross
section with a fluctuating part being equal to

8Sfl(x,0 = - 8(z-x B )e(t)2

(58)

where xB is the static system boundary.
We now start with a generalization of (58) to three dimensions as
SZfl(r, 0 = - 5(f(r) - c)e(r, t)~2
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(59)

where the surface S o = dV0 is described through a certain function f(r) as f(r) = c, which
means that the 8 -function in (59) picks up only the boundary r = rB.
This gives a temptation to rewrite the homogeneous equation (53) with the
inhomogeneous boundary condition (56) as an equation with an inhomogeneous right hand
side and a homogeneous boundary condition. To be both illustrative and general we start by
formulating an original problem as
=0
(60)

dn

= rB

The question is whether it is possible to choose a right hand side, say g, such that the system
K(r) + B 2 T(r) = g(r)
(61)
dn
has the same solution as (60), namely *F = <&. To answer this question first we multiply (61)
with <3> and (60) with *F, second we subtract these two equations, and finally we integrate
the result over the volume giving the relation

='[

= jT

Q^-Yj(62)

= -j^bdS =
S

S

V

Now it is clearly seen that the function g must be a product of -b and a function such that
when integrating over the volume Vit picks up the surface S. This is precisely given by
g(r) =-b(r)5(f(r)-c)

(63)

On the other hand the solution for (61) can be obtained through the Green's function
corresponding to the system (61) as
= Y(r) = \G{r,r')g(rf)dV{r') =
v

(64)

= -JG(r, r')b{r<)h{f{r<)-c)dV{r') = -JG(r, r')b(r')dS(r')
v

s

Returning to the starting system (53), (56) we can write the solution as
8<Kr,a>) = -2jG(r,r B ,Q))<|) 0 (r B )e(r B ,a))dS(r B ).
1

(65)

So

Here the corresponding Green's function is defined by the equation
V2rG{r, r', to) + B2(co)G(r, r', to) = 8(r - r')
and by the free surface static boundary condition
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(66)

G(rn, r', (0)
n • V r G(r, r', co) I
= - - 1 *
^
(67)
Ir = rB
*
This is the general solution of the space-dependent problem. Shortly we will give an
alternative derivation of it. Here we just note that the full solution (65) reverts to the point
kinetic one in the limit of low frequencies. This can be shown by the known fact, obtained
by a representation of the Green's function in form of an expansion with respect to static
eigenfunctions (Demaziere and Pazsit 2000)

r, r', co) s (68)
v
Putting this into the solution (65) it is seen that in the limit of vanishing frequencies one
indeed obtains a point kinetic formula, i.e.
8<Kr, co) s <|>0(r)p((D)G0(ca)
(69)
co-»O
where p(co) is the Fourier transform of (42).
The proof that the solution (65) fulfils both eqn (53) and the boundary condition (56)
can be given in a general form. To do so we introduce first the following notation
L = V 2 + B2((0);

$ ( r ) s 8(|>(r, GO)
<j)0(r)8(r,co)

1

(70)

,2

r

Then we can rewrite equation (53) together with the boundary condition (56) as

fL<E>(r) = 0
\
= b(r)

reV
reS

which is a system with a homogeneous right hand side and an inhomogeneous boundary
condition. It is interesting to note that one can define a Green's function for such systems
essentially in the same way as for the systems with an inhomogeneous right hand side and a
homogeneous boundary condition. This Green's function, often called the Green's function
of the second kind or the surface Green's function and denoted as Gs(r, r'), can be defined
by the equations

\LGc{r,r') = 0

reV;
-/)

r'e S

r,r'<=S

(72)

where 5 s (r - r') stands for a surface Dirac's delta function, i.e. it is defined by
= 0

jbs(r-r')dS(r)

r, r' e S r ± r'

=1
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r,r'eS

(73)

Then one can very easily verify that the function
<S»(r) = JGs(r,r')b(r')dS(r')

(74)

s
obeys the system of equations (71). The problem here is that it is not so easy to work with
the surface delta function and the surface Green's function respectively. The alternative is to
express the solution of (71) through the ordinary Green's function (Green's function of the
first kind). It can be done as follows.
Let us introduce the ordinary Green's function associated with the system (71) as
r') = 8 ( r - r ' )
[LBG(r, / ) = 0

r,r'eV
reS
r' e V

(75)

then on the one hand we have
O(r') = jT ®(r)LG(r,r')-G(r,r')L®(r)\dV(r)

(76)

because of (71) and (75). On the other hand using the Green's theorem it can be continued as
$ ( / ) = jT ®(r)V2G(r,r')-G(r,r')V2<P(r)\dV(r)
v

=

= -JG(r, r')b(r)dS(r) = -JG(r', r)b(r)dS(r)
s
s
or rearranging the integration variables we finally arrive at
)

(78)

s
Comparing this formula with (74) one can also conclude that there exits a relationship
between the Green's functions of problem (71)
Gs(r, r') = -G(r, r')

(79)

This proves the correctness of the solution (65) for the problem of the space-dependent
neutron noise induced by the vibration of the boundary.

3. Application to a concrete case
In what follows we consider the full solution (65) only and shall not consider the
reactor kinetic approximations. We shall calculate the neutron noise in a simple model, by
way of a demonstration of the Green's function technique. The problem considered will be
basically one-dimensional, due to isotropy of the perturbation. The more complicated case
of in-core neutron noise induced by shell-mode vibrations of the core barrel, where the
problem is truly 2-D, will be treated in a sequel paper.
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The model case will be a 2-D cylindrical bare system with a static radius Ro. The noise
will be induced by the vibration of the radius R as
R(t) = R 0 + e(O,

(80)

without any azimuthal dependence. For this reason the problem is essentially onedimensional, and both the static flux and the noise will only depend on the radial co-ordinate
r in a polar co-ordinate system r = (r, cp).
The static flux §Q(r) obeys the equation
V2(J)0(r) + Bo(j)o(r) = 0

0<r<R0

(81)

with the boundary condition
i

9d)n
u

— _i(K (i? \

(%o\

r=R

The solution of (81) is
4>0(r) = A]o(Bor)

(83)

where A is an arbitrary constant. The boundary condition (82) yields the criticality condition
as

The dynamic problem in this case can actually also be solved directly, without the use of the
Green's function. Thus we shall first solve the noise equations directly, and then with the
Green's function for the sake of comparison.
The dynamic equation in this 2-D polar geometry with azimuthal symmetry reads as
5(J)"(r, co) + -SfCr, to) + B2(co)8<|>(r, co) = 0

(85)

8<t>(r, to) = CJ0(B(co)r)

(86)

whose solution is

The constant C can be obtained by substituting (86) into the boundary condition (55). After
some simple algebra this gives the solution
C0;

^(^o)/o(g(co)r)
/[/ 0 (B(co)R 0 )-/B(co)/ 1 (B((o)R 0 )]

This solution is in a complete analogy with the 1-D solution, eqn (33) in Garis et al. (1996),
with the trivial difference that in (87), the eigenfunctions of the 2-D Helmholtz operator, i.e.
Bessel functions, appear instead of the eigenfunctions of the 1-D Helmholtz operator, i.e.
trigonometric functions.
The solution of the same problem with the Green's function technique is more
complicated in the present case. The reason is that the Green's function is not azimuthally
symmetric, only its line integral on the perimeter of the system, which is the neutron noise.
Thus the use of the Green's function is not particularly advantageous here. Its advantage
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appears when the perturbation, and thus also the neutron noise, do not possess azimuthal
symmetry.
The full solution of the 2-D equation for the Green's function can be given, by the
method of the separation of the variables, as an infinite sum of Bessel functions in the radial
variable, multiplied by trigonometric function in the azimuthal variable. Such an expansion
is used e.g. in Garis and Pazsit (1998), although with different boundary conditions.
However, since in the present problem the Green's function will be integrated azimuthally,
only the azimuthally constant part of the expansion will remain.
This makes it possible to only determine the remaining term and to simplify the
original, azimuthally non-symmetric equation of the Green's function into

V2rG(r, r\ co) + B2G(r, r\ co) = ^

(88)

P

The boundary condition at r = R o is
dG{r, r\ co)
dn

= -\G(r,r', co)

Due to (88), the solution will be sought separately for 0 < r < f and r' <r<RQ. The general
solution can thus be given as
G^r.r 1 ,©) = C 1 (r')J 0 (B(co)r)

0<r<r'

(90)

and
G2(r, r\ co) = C 2 (r')/ 0 (B(co)r) + C 3 (r')Y 0 (B(co)r)

r' < r < R o

(91)

From the 2-D azimuthally symmetric form of (67) the solution is given as
R02rn

5<Kr, co) = — ^ I G(r, Ro, (o)%(r)e((o)d<p
i

=

2nRQ

j^G^r,

Ro, co)(()0(r)8(co)

(92)

i

0

and thus
27iR0

8Hr,(0) = - 8(co)^C 1 (R 0 )J 0 (B(co)r)

(93)

The coefficients Cj -C 3 can be obtained from the continuity of the Green's function at
r = r' as well as from the jump of the derivative at r = f which is obtained from (88) and
the boundary condition at r = Ro. One obtains then the following three equations for the
three unknowns:
Cj 7 0 <B(©)O - C 2 J 0 (B(co)0 - C3Yo(B(co)r') = 0

(94)

C 1 / 1 (B(co)r l )-C 2 / 1 (B(co)r I )-C 3 y l (B(co)r I ) = J L

(95)

and
C 2 [/B(co)/ 1 (B(co) J R 0 )-/ 0 (B(co)R 0 )] + C 3 [/B(co)/ 1 (B(co)R 0 )-/ 0 (B(co)R 0 )] = 0 (96)
Due to the inhomogeneous term in eqn (95), the above equation system has a determined
solution. As (93) shows, one only needs to determine the factor C^r). From (94)-(96) one
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obtains, with considerably more algebra than before

and thus

This is identical with the result obtained from the direct solution, eqn (87).

4. Conclusions
The theory of neutron noise induced by small vibrations of the reactor boundary was
elaborated. Formulae for the reactivity, the point kinetic and adiabatic approximations as
well as for the general space dependent solution were derived. A concrete case of a 2-D
cylindrical system with a vibrating radius was solved both directly and with the Green's
function technique.
It was shown that in order to keep consistency with the definitions of the reactor kinetic
approximations elaborated earlier for systems with constant size, the inner product
functional must be defined via an integral over the static volume of the system. This is also
necessary in order to keep the previous separability of the noise into a time- and a space
dependent function in the point kinetic approximation, and in general, to keep the physical
meaning of the kinetic approximations.
It was also shown that in linear theory, the integral defining the reactivity can also be
taken over the momentary volume of the system, and in the normalization integral, the
constant volume can be changed into the momentary volume in first order of the perturbation
if it is changed in all integrals simultaneously, i.e. also in the integral over the square of the
static flux.
The results obtained in this paper can be applied to several cases of practical interest.
Examples of such are solutions of multiplying material both in reprocessing plants and in
molten salt type future accelerator driven systems. A more relevant case of immediate
practical interest is the calculation of the in-core neutron noise induced by the shell-mode
vibrations of the core barrel of a pressurized water reactor. Such vibrations have hitherto
been diagnosed by the ex-core neutron noise, but their diagnostics vie ex-core noise has
several limitations, as described in Pazsit et al. (1998). With a theoretical and quantitative
study of the in-core neutron noise the performance of the diagnostics could be increased.
Such a study of the in-core neutron noise induced by the shell-mode vibrations of the corebarrel will be a subject of a forthcoming publication.
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