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ABSTRACT
One of the recently suggested methods to minimize

undesired thermal distortion of a structure is based on
using a curved bimaterial beam as a structural element.
This element can be designed so that when subject to
temperature variations the element chord length remains
constant, in a broad range of temperatures. Employing
such an element as a structural one raises the question of
the optimal design that' will exhibit zero thermal
expansion and the best structural properties.

The optimization problem is presented in two stages.
First, the optimal curve shape of the beam is sought,
assuming the cross section is constant throughout the
element. The solution is found analytically to be a
catenary, which can be approximated as a circular arch
for the relevant range of parameters. At the second stage,
the optimal form of the cross section and the interface
location are investigated numerically, for a circular
element. Design recommendations are formulated.

INTRODUCTION
All structures that are subject to temperature

variations deform. In various engineering applications
where dimensional stability is crucial, these thermal
deformations pose a serious problem, degrading the
ability of the structure to fulfill its functional
requirements. A few examples of such applications
include: space structures in orbit that are periodically
exposed and hidden from the sun, high-precision
manufacturing machinery, lasers and optical equipment.

The methods to reduce or compensate for these
thermal distortions fall into two main categories: active
and passive methods. The active methods use sensors to
measure the distortions, which are corrected using
actuators. For the passive ones, the structural design
itself provides the correction for the required dimensions.

A new passive method to reduce thermal
deformations has been suggested recently by Slepyan et
al. [1]. The method is based on employing bimaterial
curved longitudinal elements that can exhibit desired
thermal expansion (fig. 1). Incorporating such elements
in a structure will reduce the thermal deformations of the
entire structure, providing the required dimensional
stability. The basic idea is to create curved bimaterial
elements, made of two different materials connected
along their interface. The two materials have different
thermal expansion coefficients, the material on the outer
side with a larger coefficient than the inner one. The
curved element is connected to the structure at its ends.
When heated, both materials expand, but the outer
material has a larger tendency to expand than the inner
one. Therefore, besides expanding, the element bends,
increasing the curvature of the element. The expanding
and bending have opposite effects on the chord length of
the heated element. The expanding increases the distance

between the ends of the element, while the bending,
tends to reduce this distance. By a proper combination of
these deformations, one can obtain elements with a zero
coefficient of thermal expansion (CTE) in a broad range
of temperatures.

Incorporating elements of this type in a structure can
be done in many ways. By a proper combination of such
elements, one can create elements that besides exhibiting
zero thermal expansion, do not experience edge rotation,
thus allowing them to be used in frames, rigidly
connected at their ends. The method can employ
composite material elements, having layers with different
thermal expansion coefficients, or even Functionally
Graded Materials (FGM) where the variation in effective
CTE is gradual, highest on the outside and lowest on the
inside.

Bimaterial elements are usually utilized as
temperature sensitive elements, not as structural
elements. The effect of using the bimaterial element as a
structural element, with zero thermal expansion, leads to
the question of the desired optimal design that will give
the best structural properties of such an element.

As a background for the optimization, the following
section presents a beam-theory analysis of the arch
subject to a temperature variation and an external force
directed along the chord. In the next two sections, the
optimization problem is dealt with as two separate
problems. The first one is finding the desired shape of
the arch, i.e., the minimal length of a zero thermal
expansion element, assuming the cross section is fixed.
Using a variational approach, the optimal shape is shown
to be a catenary. A circular arch is an excellent
approximation for the catenary, for the relevant range of
parameters, and is therefore used subsequently. In the
second problem the optimal form of the element cross
section is sought, yielding optimal stiffness per weight or
strength per weight. An exhaustive search is utilized at
this stage, to find the optimal design points numerically.

Fisr. 1
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ELASTIC RESPONSE
As a preliminary for the optimization, the solution for

an arbitrarily shaped prismatic bimaterial element,
subject to a thermal load and a force directed along the
element chord is presented. This is easily found
following Slepyan et al. [1].

The two basic assumptions that are necessary for the
analysis are: 1. Cross sections perpendicular to the
interface remain plane and perpendicular after
deformation. 2. Slender element, i.e., the depth of the
element is always much smaller than the radius of
curvature (h < R/10). Consequently, the normal strain in
the longitudinal (s) direction depends linearly on the T|
coordinate, and is given by

£ = 5K(S)T] + EZ{S) (1)
where 8K(S) is the change in curvature of the interface,
ez(s) is the normal strain at the interface. The coordinate
s runs along the element interface, and the coordinate TI
runs along the cross section height, centered and
perpendicular to the interface.

The stresses in each of the materials are expressed
using Hooke's law. The stresses are then substituted in
expressions for N(s) and M(s), the normal force and
bending moment, respectively, at each cross section. This
yields two equations which are solved for 8K(S) and e^s).
Hence the stress-strain distribution in the entire element
is known.

Two factors play an important role in the element
design. In the absence of an external load, the local
deformation can be expressed as

z t - a T (2)

where T denotes the temperature variation. The
parameter a* is the change of the interface strain per
degree (1/°C), i.e., it is a measure of the thermal
elongation in the axial direction. Clearly it must be
between the CTE values of the comprising materials. The
parameter b* is the change in curvature per degree
(l/m°C). It is a measure of the bending, per degree,
caused by the heating. Both a* and b* depend on the
material properties and the cross section geometry.

The change in the chord length (u) is obtained by
integrating the deformations along the entire arch,
yielding:

f r

(4)

Minimize the arch length:

u — J 5 K jy ̂ y — J £z cos Qds

where L denotes the entire arch length, and 0 is the angle
between the tangent and the x axis. The chordwise
stiffness is calculated using (4) for the case of an external
force.

OPTIMAL ARCH SHAPE
In this section we propose to determine the optimal

arch shape for the zero CTE element. This is done
assuming a constant cross section, thus separating the
arch shape problem from the problem of finding the
optimal cross section. This enables us to obtain an
analytical solution for the arch shape problem. The chord
length 1 is assumed predetermined. The problem to be
solved is: Find the arch shape y(x), 0 < x < 1, with a
minimal length (or weight) subject to the constraint of
zero CTE. Setting u = 0 in (4), and using

subject to the constraint:

a

V

(5)

(6)

which represents the zero CTE condition.
The boundary conditions are

>'(0) = 0 >•(/) = 0 (7)

To solve the problem, we form the functional
H = I+XJ (8)

where A. is a Lagrange multiplier. The corresponding
Euler equation has the form

(l + \y)y"-\y'2-X = 0 (9)

The general solution of (9) is given by

(10)

Hence the solution to the problem (5)-(7) is a catenary
shaped arch. The constants of integration Cu C2 and the
Lagrange multiplier \ are determined uniquely from the
two boundary conditions (7) and the constraint (6). This
completes the solution.

Although the solution of the Euler equation is only a
necessary condition for a relative extremum, as in any
physically motivated problem, it seems clear that a
minimizing function does exist. Since the solution
obtained satisfies the Eulcr equation, and is unique, we
can conclude that the catenary is the minimizing
function.

It is interesting to note that the mathematical
formulation (and consequently, the solution) of the
considered problem (5)-(7) is the same as for the well
known problem of determining the shape of a hanging
string with a predetermined length.

As mentioned previously, it can be shown that a zero
CTE circular arch with the same chord length, is an
extremely good approximation of the corresponding
catenary, for the relevant range of parameters. Therefore,
a circular arched element can be considered as the
optimal shape for the element, for any practical purpose.
In the following section, this element will be used for the
cross section optimization.

CROSS SECTION OPTIMIZATION
In this section the optimal shape of the cross section

is investigated, for a circular shaped arch. The condition
of zero CTE takes the form [1]:

a I tanfi
1 (11)

the problem can be formulated as:

b 2sin${ (3
where 1 is the required chord length, and 2p is the central
angle, at a reference temperature. The left side of (11) is
the ratio of the thermal elongation and the curvature
change, both per degree, which" depend on the material
properties and the cross section geometry. The right hand
side of (11) depends upon the angle B, defining the
global arch geometry that exhibits zero CTE.

The dimensions of the cross section were used as
design variables. Assuming the materials of the
comprising layers are cribsen, the cross section
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dimensions determine the corresponding shape of the
arch exhibiting zero CTE, according to (11).

An important property of the zero CTE element is
that it cannot be designed straight, in spite of the fact
that a straight element would have superior structural
properties. The reason for this is that a straight element
exhibits non-linear temperature behavior, and therefore it
cannot have zero CTE. It can only be designed
specifically to have zero elongation at a specific discrete
temperature rise, elonaatins during the transition. For
the element to exhibit true zero CTE it must have a
considerable curvature, which is determined by (11).
This is the main drawback of such an element, resulting
' a relatively low-stifness and low-strength, when
in
compared to a straight element.

The cross section chosen for the optimization is a
simple case of two rectangular strips, shown in fig. 2.
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Fig. 2

The design variables are the strip thicknesses hi, h2, and
the width b. The materials chosen for the numerical
example are Aluminum (Ej = 70 Gpa, outer layer) and
Steel (E 2 = 200 Gpa, inner layer).

Two separate problems are solved. We seek either
maximum stiffness per weight, or maximum strength per
weight:

Minimize: Weight(x)

Subject to: QLeff (x) = 0

Stiffhess( x) > Ko (given)
or: Strength( X) > Fo (given)

where x- (1^, h2, b).
The first step of the optimization was carried out for a

constant width b, using the strip thicknesses h b h2 as
variables. Thus we can plot contours of constant weight,
stiffness or strength, yielding the optimal design point.
The contours for the stiffness-weight problem are shown
in fisr. 3,
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Fig. 3

The dashed lines are constant stiffness lines, and the
solid ones are constant weight lines, which are nearly
linear in most of the design region. For any given
stiffness, the minimal weight" of the element is obtained
at the point where the corresponding stiffness line is
tangent to a constant weight line.

The solution found has a characteristic pattern. The
tangent points lie on a straight line, shown on the graph,
which represents a constant ratio between the strip
thicknesses. For the aluminum-steel element, the ratio is
found to be y=h2/h! = 0.59.

A similar process is followed for the strength-weight
problem.

The second step of the optimization was to determine
the optimal width b. The result is that a minimal width b
is always preferable.

Hence the optimal cross section has the form of a
rectangle, with the optimal thickness ratio y (which
depends on the materials chosen), and a minimal width b
(up to the limit imposed by stability considerations). The
total thickness (hi + h2) is determined according to the
stiffness or strength requirements.

Analysis of more complicated non-rectangular cross
sections, using a standard MP routine, backed up these
results.

The optimal thickness ratio found is of further
interest. It is equal to the square root of the elastic moduli
ratio of aluminum/ steel:

(12)

Similar results were observed for other • material
combinations. The reason for such a coincidence is that
the ratio (12) yields the maximum bending per degree b ,
which has a strong influence on die optimization
procedure. Temperature sensing devices are usually
designed with this thickness ratio, since it yields
maximum sensitivity to temperature variations. Such
elements are termed 'normal' elements. This ratio is
utilized in nature by certain plants too [2].

DESIGN RECOMMENDATIONS
1. A circular shaped arch can be considered to be
optimal.
2. A rectangular cross section with a minimal width b is
always preferable. The lower limit of the width is

determined by stability considerations.
3: The total thickness (hi + h2) is determined by the

strength or stiffness requirements. The optimal
thickness ratio is determined numerically, according
to the process outlined in the previous section.

4. The 'normal' ratio of material thicknesses, i.e.

—2- = l-r-L ; is a good approximation for the

optimal stiffness per weight design.
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