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1. INTRODUCTION

As well known the angle distribution (AD) of ion tracks in polymeric foils
produced by the fission fragments of uranium atoms in nuclear reactors has the three
dimensional one. In the case of track membranes produced on the high energy heavy ion
accelerators is very difficult to obtain the same AD as in nuclear reactors. In parallel
geometry of pores, when all trajectories of incident ions are parallel, if two or more pores
overlapped on the one surface of the membrane than these holes will be overlapped on the
opposite surface too. The AD allows to decrease of the multiple pore overlapping along
of the length of pores, i.e. two or more overlapped pores on one surface can have the
various angles to the normal surface direction and as a result the overlapping is absent on
the another surface. So, this AD is a way in the production of the sterilizing membranes
for the biomedical purposes. And secondly the AD gives possibilities to obtain the
overlapping of pores in the volume of membrane for the increasing of water and gas flow
rates in the processes of filtration and as a consequence for the increasing of life time of
the membrane.

The goal of this article is the estimation of the probability of volume
interconnection rates (PVIR) of pores with various angle distributions in track etched
membranes (TM).

2. METHOD OF CALCULATIONS OF PROBABILITY OF VOLUME

INTERCONNECTION RATES

The relative number of overlapped pores can be determined using of the simple
expression:

Wover = Nover/N, (1)

here Nover and N are the numbers of overlapped pores in the volume of material and the
tracks on a area S consequently. Here the value N = n*S and n is the track density. The
value Wover is strongly depends on the angular distribution of tracks. To estimate of the
Wover value in the case of parallel geometry of tracks is very easy. As well known the
probability of double pore overlapping has the following form [1,2]:

W1 = [1 - exp(-4*P)], (2)

where P = rc*D2*n/4 is the porosity of track membrane, D is the diameter of the pore.



In the case of the TM production on high energy heavy ion accelerators [3] can be
used the following multi-plane angular distributions:
11 - the double angular distribution along the width of the membrane a = ±amax; at $max =
0°;
12 - the homogeneous distribution of angle (3 c [-pmax, +Pmax] along the membrane length
at amax = 0°;
13 -the double angular distribution along the width of the membrane <x= ±amax and
homogeneous angle distribution (5 c [-pmax,+Pmax] along the length of the track membrane
(the composition of cases I| and I2).

And for TM producing on nuclear reactors or with special technique on heavy ion
accelerators one can write the following angular distribution:
U - the three dimensional angle distribution a c [-amax, +amax] and p c [-(5max, +Pmaxj,
where angles amm and pmax may be equal one each other, i.e. amax = Pmax- As very easy to
see this case corresponds to double composition of case I3.

To solve the problem formulated above is very difficult using of the theory of the
probability, because with the increasing of the porosity (P) the relative number of
overlapped pores (Wover) much more than the unit in many cases (Wover > 1), i.e. the
probability of that process is equal to unit practically from the small angles (a and P, see
cases of Ii -14) to big ones.

From our point of view for the calculations of relative number of overlapped pores
(Wover) the simplest way is to use of the a Monte Carlo simulation. It is well known that
this method is used when practically impossible to solve task analytically. Also, this
method allows to obtain the probabilities of multi pore overlapping in the volume of
membrane (Wm, where m = 1 ,...,10 and so on).

There is only one limitation connected with the necessivity to raffle off a
significant quantity of events (the number of tracks N on a square S = L * L should satisfy
the condition N l /2/N « 1, here S is a square with the length of side L).

The scheme of calculations was following. The position of each admission pore
(as example i pore) on one surface of membrane is described by twice coordinates (X;,
Yj). The coordinates may be represented in the form in Monte Carlo method:

Xi=L*©i , Y, = L*Di, i= 1,N, (3)

where the ©i and Qi are the random numbers in the interval from 0 to 1 (i.e. ©> and Qj c
[0,1]), N = S * n is the number of accidental events in area S. The position of outlet pore
in common case can be written as:

Yj" = Yi + H*tg(prnax*K2i), I = 1, N, (4)



here H is the thickness of the membrane, parameters Kn and K2i may be presented in the
following forms:

Kii = + i, i = 1, N/2, K i i = - l , t = N/2,N
andK2i = 0 (the case I,) (51)

K n = 0 . K2i = 1 - 2 * 9 .
C i c [ 0 . 1 ] . i = l . N (the case I2) (52)

K|,= +l , i = l ,N/2.
K|, = - l , i = N / 2 , N ,
K2l = 1-2*9, ? iC[0 , l ] ,
i = 1. N (the case I3) (53)

K,i = 1 - 2 * 9 , 9 c [0,1], i l .N
K2| = 1 -2*A,. AjC [0,1],
i = l , N (the case L,) (54)

Where Aj and 9 are the random numbers.
The number of overlapped pores on both surfaces may be found from the

conditions:

A2 = (Xi - Xj)2 + (Yi - Yj)2 < D2

A2 = (X"j - Xj) 2 + (Y'i -Yj) 2 < D 2 ,
i , j = l , N . (6)

For the calculations of the volume pore overlapping we used simple method. The
thickness of membrane was divided on the layers with the thickness of AH (for the correct
calculation AH has to satisfy the condition: AH < D). The numbers of such layers will be
M = H/AH. In each layer the number of overlapped pores was calculated using the
condition:

A2= [Xi (Hk)- Xj(Hk)]
2 + [Yi(Hk) -Y|(Hk)]2 < D 2 .

i , j = l ,N, (7)

where (Xj(Hk), Yj(Hk)) and (Xj(Hk), Yj(Hk)) are the coordinates of two pores in the layer
with the number k, and the depth of this layer is Hk = AH*k, where k = 1, M.

If the pores were overlapped in previous layer (k-1) and saved overlapping in the
next layer (k) such event should be taken out. So the total number of overlapped pores



was calculated. In the same time the calculations of the total (Z,ot) and relative (5 = Zio[/S)
squares of overlapping in the volume of membrane has been carried out. This parameter
is very important because it determines the gas or water flow rate throughout the
membrane and life time (the time of the filtration process bring to a stop) of the
membrane in the processes of filtration.

The value of overlapped area of two pores on the distance A (see equations (6) and
(7)) should be found from the expression:

S2 = 2*S0 - {[arccos(A/D)*D2 - D*A*[1 - (A/D)2]l/2}/2 . (8)

Here So = n*D2/4 is the area of the one isolated pore. Thus with the calculation of the
number of overlapped pores in the layer k very easy to estimate of the area of the
overlapping of i andj pores - S2(k,ij). Then the comparison of S2(k ,i,j) has been carried
out in various layers k for the finding the maximum value. The total area of overlapping
(Stot) is the sum of the maximum values of the double overlapped pore squares. As very
easy to see in the case of multiple overlapped pores (if pore with the number i overlapped
with the j i, J2, J3 and so on pores) the account of a few times of the same overlapped area
is possible (this event will be if the following pores are overlapped (iji), (i J2), (1J3) and
(ji J2X G2J3) and so on overlapped too). For the correct account of the overlapped areas
the total quantity of pores which overlapped more then two times (Ncor) has been carried
out. Then the correcting value of area was determined from the expression:

£cor=So*Ncor*e, (9)

here the parameter s is the correcting coefficient and one can estimate it from the
modeling calculations. In this paper the value of this coefficient was in limits 0.7 - 0.8.
Thus the total and relative areas of overlapping of pores in the volume of membrane have
the expressions, consequently:

£fina! = t̂ot - £cor . S = £fina|/S . (10)

Also the probabilities of multiple pore overlapping in the volume of membrane
with the multiplicity's up to 10 were calculated in this model. For this purposes the
quantities of multi overlapped pores (Nm) have been calculated and the probabilities have
been accounted using the form:

Wm = Nm/N, m = l , . . . , 10. (11)



The value of N has been taken from the condition described above (Nl/2/N « 1)
and another one, connected with the increasing of the square of outlet pore surface (Snew)
in comparison with the area S. So this condition has a form:

(S - Snew)/S « 1 (12)

Snew can be written as

Snew = [L + 2*H*tg(amax)]*[L + 2*H*tg((3max)] . (13)

After a simple transformation one can write:

N » 16*H2*P*[tg(amax) + tg(pmax)]
2/(7i *D2) . (14)

In the next part of this article the results of numerical calculations will be carried
out.

3. NUMERICAL RESULTS AND DISCUSSIONS

In our calculations the following parameters of TM were used:
- the membrane thickness were h = 5,10 and 20 pm;
- the track density was n=109 track/cm2;
- the angles amax = 3roax = 30°;
- the diameter of pores were D = 0.05, 0.075, 0,10 and 0.15 urn and corresponded

to following porosity's of membran P = 1.96, 4.42, 7.85 and 17.67%.

3.1. THE DOUBLE ANGULAR DISTRIBUTION ALONG THE WIDTH
OF THE MEMBRANE {a = ±amax and pmax = 0° (Variant U)}

In figure 1 the distributions of relative numbers of overlapping vs. angles amax are
presented. Curves 1-4 correspond to the diameters of pores 0.05, 0.075, 0.10 and 0.15
\xm. The parameter AH in these calculations was 0.1 urn and for the estimations of
accuracy of results in the case of small diameters (D = 0.05 and 0.075 nm) AH was varied
from 0.05 to 0.75 |am. There was no any big differences. As one can see all dependencies
can be described by simple expression:



WOVer(cw0=0.13*2*n*D*h*n*amax+0.5*W\ (15)

where angle amax should be measured in radians.
In figure 2 the dependencies of the relative volume area overlapping of pores

(AS/S %) vs. the angle amax are presented. Curves 1 - 3 correspond to the pore diameters
D = 0.075, 0.10 and 0.15 jam respectively. Here the dependencies AS/S(a,nax) are not a
linear as in the case of Woverand grow more quickly with the increasing of pore diameters
(for the diameter D =0.15 u.m at angle amax = 30° the value AS/S = 75 %).

In figures 3 and 4 the probabilities of multi overlapping of holes (Wm, m=l,...,10)
vs. the angle ctmax for the diameters D =0,10 and 0.15 um are presented respectively. As
one can see from the figures 3, 4 the maximum of multi pores overlapping in the case of
pore diameter D = 0.15 urn has a shift of about 10° in comparison of the case of pore
diameter D= 0.10 u,m. And the decreasing of Wm at m < 10 connected with the grow of
the Wm where m > 10.

3.2. THE HOMOGENEOUS DISTRIBUTION OF ANGLE 0 c [- pmax,
+Pmax] ALONG THE MEMBRANE LENGTH AT amax = 0° (Variant l2)

In figure 5 one can see the distribution of Wover(Pn,ax) vs. the angle (3max for
various pore diameters (D = 0.05, 0.075, 0.10 and 0.15 urn, respectively). From this
figure it is clear that these dependencies of values Wover(pmax) have linear character vs.
angles pmax- The simple expression for the estimations of Wover (pmax) was obtained, as in
the variant 1:

Wover(pmax)= 0,l*2*7t*D*h*n*pmax+0.5*W', (16)

where angle fSmax should be measured in radians.
In figure 6 the dependencies of the relative volume area overlapping of pores

(AS/S %) vs. the angle pmax are presented. Curves 1 - 4 correspond to the pore diameters
D = 0.05, 0.075, 0.10 and 0.15 p.m respectively. As very easy to see here the all
dependencies have linear character. The comparison of figures 1 and 5 and figures 2 and
6 allow to conclude that in variant 1 the relative number of overlapped hole is Wover

 =

6.75 much more then in variant 2, where Wover= 5. However the relative area of volume
overlapping in variant 1 is of about AS/S = 70 % and in variant 2 is AS/S = 145% (all
these values are taken for the parameters: D = 0.15 (am and angles amax and pmax = 30 ).

For the understanding of this calculated facts in figure 7 the probabilities of multi
overlapping of holes (Wm, m=l,...,10) vs. the angles pmaxare shown. The parameters were
the following: D = 0.15 |am, n = 109cm"2, h = 10 \im. As one can see the probabilities of



multiple pore overlapping W,,,(pmax) much more than the same ones Wm(amax) for the
angles more than 15°. As it will be shown below the same reason should be in the case of
three dimensional angle distribution too.

If we will correct the values AS/S % on the angles amax and <pmax > with the use
of expressions (it necessary to do because the area of two overlapped pores is the ellipse
with one axis is equal to D = D/cos(amax) and another axis is equal D = D/cos(<pmax > ),
where <pmax> is the medium angle of distribution on pm a x):

(AS/S %)coma = (AS/S %)/[cos(amax)*cos(<p\im >)] . (17)

If one use this expression for the estimation of (AS/S %)Corrcct for angles 30° for the
variants 1 and 2 the big differences will be kept too.

3.3. THE DOUBLE ANGULAR DISTRIBUTION ALONG THE WIDTH
OF THE MEMBRANE {<x= ±otmax } AND HOMOGENEOUS ANGLE
DISTRIBUTION {p c H3max,+Pmax]} ALONG THE LENGTH OF THE
TRACK MEMBRANE (Variant l3)

In figure 8 the dependencies of W0Ver(Pmax) VS- the angle pmax • The curves 1 -3
correspond to the ocmax

 = 5°, amax = 3° and amax
 = 0 respectively. Curve 4 is the

dependence of Wover(ami,x) vs. the angle amax at the value of angle pmax = 0°. The
parameters here are the following: n = 109 cm"2, h = 10 um and the pore diameter is D =
0.15 urn.

As one can see with the increasing of angle amax the relative number of
overlapped pores Wovcr grow in comparison with the variant 2 practically additively like
as

WOvcr(CCmax, pmax) = Wover(P,ro,x) + W0VCr(cw) . (18)

Its very good seen from the behavior of curves 3 and 4 at p,,,ax = amax = 0°, where the
value WOvcr = W (see equation (2) at the porosity P = 17.67 %).

So, we concluded that the use of the variant 3 of angle distribution for the big
values of angle pmax and small value of angle amax is not very effective in comparison of
variant 2.

This conclusion can be supported by the results which are presented on the figures
9 and 10 where the probabilities of multi overlapping of holes (Wm, m=l,...,l0) vs. the
angles pm;« are shown (for D = 0.15 j.im - figure 9 and D = 0.10 (.im - figure 10). The



parameters of calculations were the following: n = 109 cm"2, h = 10 urn and amax = 5° .
From the comparison of figures 10 and 7 one can see that for big angles pmax > 10° there
are practically no differences, only for the angles |3max < 10° the situation with the multi
overlapping probabilities of pores much better in variant 3, because for these angles Wm ,
m = 3,4,5,6,7 much more and W 2 is a small than for variant 2.

3.4. THE THREE DIMENSIONAL ANGLE DISTRIBUTION
{ac[am a x ,+am a j and (3 c [-pmax,+Pmax]} ALONG THE LENGTH AND
WIDTH OF THE TRACK MEMBRANE (Variant l4)

We observed here the variant 4 with the condition (3max = amax = 30°. In figure 11
the dependencies of WOver(Pinax,a.max) vs. the angle pmax = amax are presented. The curves 1
- 2 correspond to the pore diameters D= 0.10 and 0.15 um respectively. The parameters
here are the following: n =109 cm"2, h =10 |j.m. As one can see the grow of
WOver(Pmax,cCmax) more strong in comparison with the other variants of angle distributions.

In figure 12 the dependencies of the relative volume area of overlapping of pores
(AS/S %) vs. the angle pmax = ccmax are presented. Curves 1 - 2 correspond to the pore
diameters D = 0.10 and 0.15 um respectively. As one can see the grow of Wover(pmax,amax)
and AS/S more strong in comparison with the other variants of angle distributions

In figure 13 the probabilities of multi overlapping of holes (Wm, m=l,...,10) vs.
the angles amax and pmax are presented. Here the calculations were carried out for the
diameter D= 0.15 urn, and other parameters were the same as in figure 11. As it possible
to see from this figure 13 the maximums of Wm for m = 10, 9, 8 and 7 take a place at
angles ccmax and pmax less then 13°. So this variant of multiple overlapping better in
comparison of other variants.

4. CONCLUSION
In the table 1 the values of Wover(amax, pmax), Wover(amax, pmax=0°) and AS/S at the

maximum values of angles are presented for variants 1 - 4 of angle distributions.

Table 1.

Angles

** overv^max)Pma

x)

W ovci V^maxi Pma

x=0°)
AS/S, %

CCma*=30°

Pm™=0°
variant 1

6.75

0.34

68

cw=0°
Pmax =30°
variant 2

5.17

0.34

148

C^max — J

Pmax =30°
variant 3

5.37

1.11

163

am ax=5°
Pmax =30°
variant 3

5.58

1.62

171

am a x=30°
Pmax =30°
variant 4

7.5

0.34

230
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Figure 1. The dependencies of W0Ver(amax) vs. the angle am3x. The parameters are
following: n= 109 cm*2, h = 10 um. The curves 1 - 4 correspond to pore diameters D =
0.05, 0.75, 0.10 and 0.15 um, respectively (variant 1).

10

max

Figure 2. The dependencies of the relative volume area overlapping of pores (AS/S %) vs.
the angle amax are presented. Curves 1 - 3 correspond to the pore diameters D = 0.075,
0.10 and 0.15 u.m respectively (variant 1).
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Figure 3. The probabilities of multi overlapping of holes (Wm> m=l,...,10) vs. the angle
ctmax for the diameter of pores D =0.10 jj.m are presented (variant 1).

Figure 4. The probabilities of multi overlapping of holes (Wm, m=l,...,10) vs. the angle
ama.x for the diameter of pores D = 0.15 ).im are presented (variant 1).
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max

Figure 5. The dependence of Wovcr(pmax) vs. the angle pmax . The parameters are
following: n = 109 cm'2, h = 10 |.im. The curves 1 - 4 correspond to D = 0.05. 0.75. 0.10
and 0.15 urn, respectively (variant 2).

max

Figure 6. The dependencies of the relative volume area overlapping of pores (AS/S %) vs.
the angle p n m are presented. Curves 1 - 4 correspond to the pore diameters D = 0.05,
0.075, 0.10 and 0.15 jim respectively (variant 2).
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J3 max

Figure 7. The probabilities of multi overlapping of holes (Wm, m=l,...,10) vs. the angles
Praax- The parameters were the following: D= 0.15 f.im, n= 109cm"2, h= 10 |.im (variant 2).
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Figure 8. The dependencies of Wover(pmax) vs. the angle (3max. The curves 1 - 3 correspond
to the ccmax = 5 , araax = 3 and ccmax = 0° respectively. Curve 4 is the dependence of
Wover(amax) vs. the angle ccmax at the value of angle pmax = 0°. The parameters here are the
following: n = 109 cm"2, h = 10 ^m and the pore diameter is D = 0.15 urn (variant 3).

Figure 9. The probabilities of multi overlapping of holes (Wm, m=l,...,10) vs. the angles
Pmax- The parameters of calculations were the following: D = 0.15 um, n = 109 cm"2, h =
10 urn and amax = 5° (variant 3).
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Figure lO.The probabilities of multi overlapping of holes (Wm , m=l, . . . ,10) vs. the angles
Pmax- The parameters of calculations were the following: D = 0.10 jam, n = 109 cm'2 , h =

0 d 5°10 um and amax = 5° (variant 3).

2 0 25 J3 max

max
Figure 11. The dependencies of Wovcr(|3max,amax) vs. the angle pmax = amax. The curves 1 -
2 correspond to the pore diameters D = 0.10 and 0.15 um respectively. The parameters
here are the following: n = 109 cm"2, h = 10 um (Three-dimensional angle distribution -
variant 4).
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Figure 12. The dependencies of the relative volume area overlapping of pores (AS/S %)
vs. the angle pmas = amax are presented. Curves 1 - 2 correspond to the pore diameters D =
0.10 and 0.15 jim respectively (Three dimensional angle distribution - variant 4).

20 < W
Prnax

Figure 13. The probabilities of multi overlapping of holes (W,,,, m=l 10) vs. the anszles
Pmi«and amax. '1'he parameters of calculations were the following: D = 0.15 ).im, n = 109

cm'", h = 10 um (Three dimensional anele distribution - variant 4).
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As very easy to see at low angles the differences between W0V(.r(anlax, p\ i m =0 ) as
a function of amax are much more than between W0Ver(amax ,Pmax) with the following grow
of ctmsx- Also one can conclude that three dimensional angle distribution better in
comparison with the other distributions, because Wovcr (amax = (3niax = 30°) = 7.5 and AS/S
= 230 %, but for case of the production (irradiation) of polymeric foils by high energy
heavy ions on accelerators variant 3 is not so differs.

The method presented here allows to predict the value of Wover for various multi-
plan angular distributions and as a result will be successful for the estimations of such
interconnections on diffusive and convective flow rates of fluids and gases. Also it is
possible to choose the necessary kind of distributions of multi overlapping holes for the
following production of TM.

The scheme developed here may be used not only for the cylindrical geometry of
hole structure but for the holes with the complex hole shapes too.
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