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MHD theory of conventional stellarators was originally
founded on the basis of so-called stellarator expansion [1].
Later in early 80s several groups developed new methods and
extended the theory to the wider scope of problems. But one
thing remained basically the same in all quite different
approaches: the expansion which was used to reduce the
equilibrium equations

Vp = [ j x B ] , (1)

div B - 0 , j = rot B . (2)

Here p is the plasma pressure, j is the current density, B is
the magnetic field induction.

There were other common features: expansion was always
used from the very beginning; four (or even more) parameters
were assumed to be small. All this made the derivations rather
complicated, all expressions approximate. In addition, it was
impossible to restore known exact results in the limit of axial
symmetry.

These evident shortcomings gave the ground to the mistrust
shown sometimes to 2D models of a stellarator. And theory
itself confessed that it would not claim on the better
attitude: when good agreement of 2D and full 3D models was
demonstrated [2], it was commented [31 as being "much better
... than one has any right to expect".

Nevertheless, 2D models were always quite reliable, beyond
expectations of those who adhere to 3D equilibrium codes. One
might ask whether it was accidental or not.
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Numerical comparisons [4-71, showing good agreement of 2D
and 3D equilibrium models, are convincing, but particular
examples. The confidence to the model depends on the
assumptions and derivation procedure. Fortunately, it can be
simplified and refined significantly, as shown below, and
approximations can be introduced step by step, in contrast to
all previous approaches.

First of all, it must be stressed that Maxwell equations
(2) are "reduced" to 2D equations without any approximation.
Indeed, Maxwell equations are linear and can be naturally
decomposed on two parts

div B = 0 , j = rot B , (3a)

div B = 0 , ] = rot B , (3b)

when magnetic field is represented as

B = B + B . (4)

Here B is the axisymmetric and B is the helical component of B.

There is no need to introduce simplifying assumptions at

the next step also. Equation divB = 0 is satisfied by

B = [ V(M,) x VC ] + VC (5)
. 2 7i

with At and F depending on r and z only (r, C,, z are ordinary

cylindrical coordinates). Then toroidal component of j = rotB
gives

= - r div . (6)
r2

These trivial straightforward operations within Maxwell
equations give the result, which must be considered as the
most important intermediate equation. For tokamaks Eq. (6)

turns into the Grad-Shafranov equation, when \r is
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expressed through plasma pressure and poloidal current. Just
the same, Eq. (6) is the precursor of the desired result for
stellarators. If it is understood, the rest of calculations

must be oriented on getting />. as accurate as possible.

Equilibrium current density j must be found from the force
balance equation (1) supplemented by divj = 0. In all
approaches the expansion technique was used to solve divj = 0
with given j±, and it was the central and most complicated
part of calculations. But again we can postpone the expansion:
it is not necessary to apply it for solving the equation
because we can write out its exact solution:

/
rot p(B - lfH) . (7)

> J < B 2 >

Here brackets <...> denote the usual volume averaging between
neighboring flux surfaces,

< j B >
an = , (8)
U n

and fu is the function satisfying the equation

B-VfH = B 2 - < B2 > . (9)

This equation is much simpler than divj = 0, which is
identically satisfied by (7) provided

B-Vp = 0 . (10)

The latter is the last unused consequence of Eq. (1).

It must be realized that Eq. (1) is replaced now by (7),
(9) and (10). Another important fact is that all expressions
written above are exact. The need in approximation appears

later, when we try to get /* from (7).
At the beginning we have to solve Eqs (9) and (10), which

belong to the class of magnetic differential equations (MDE)

B-V* = y . (11)
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For stellarator both functions x and y look like x + x, and
MDE (11) is equivalent to the pair of equations

B-Vx + < B-Vx >- = !/, (12a)

B-Vx + B-Vx = y , (12b)

where / and < / >^ denote the same: averaging over C, at fixed

r and z.

In conventional stellarators the poloidal field B can be

much weaker than helical field. That is the reason why B-Vx

must be retained in Eq. (12a). However, B-Vx is disregarded in

the last equation, which is allowed when |B| « |B|.
This is the first approximation. In fact, we accept

stronger restrictions

|B| « Bt , ii « m , (13)

where Bt is the toroidal field, [i is the rotational transform,
and m is the number of helical periods. Under these
assumptions one gets from (12b)

r A
x = - Sr-Vx + — y , (14)

Bt
where notation of [8] is used:

r ^ ^ f~
5r = — B n , f = f dC, .

Bt P J

With given x Eq. (12a) can be easily transformed into

— - - ~ ~
( B + B* )-Vx = y - < B-V( - ~y ) > , (15)

where

B* = [ V0V x VC ] (16)
v

* [

is the "effective" poloidal field, and
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TI r2 r - £ -, VC 2 TT r2 ~ ~
017 = < I B x B J • > = < B^ B > . (17)
V Bt |VC| C Bf

 z r C

To get (15) from (12a), one needs to find < B-Vx >̂ . This
value is calculated exactly. Just use (14) and the identity

< B-V(5r-V/) > = - B*-V/ . (18)

Procedure described by (11)-(18) allows to express /„ in
(7) through the magnetic field. Let us note that only two
small parameters (13) have been introduced to reduce MDE (11)
to 2D equation (15). Neither aspect ratio, nor £ (ratio of
kinetic and magnetic pressures) were restricted.

Assumption /3 « / is natural for stellarators. It can help
in two ways. First, at (3 « / there is no need to solve Eqs
(3b). Second, rhs of Eq. (9) is simplified, and we get

FF'(ip) dp
+ 2nr —

B >c + B B*
(19)

B22nr dif)

Here p = p(\))), F = F (\p), and

0 = 2nrAt + ifJy , (20)

which is the consequence of (10). With these two relations Eq.
(6) becomes

n (t)
p(j)( 1 + Qu ) - . (21)

r2 r2

Here Q stays for a small term from (19).

As we could see, this 2D equation is mathematically
accurate. Small inaccuracy is introduced when approximate
expressions for i//̂  and oP are substituted into (21). In any
case the structure of the equation is absolutely correct,
which can guarantee any desired accuracy, if \})y and Q can be
properly found.
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Originally stellarator expansion was based on the
assumption that the lowest order configuration was a uniform
axial magnetic field [11, and toroidicity was introduced as a
small perturbation. With a tendency to reduce aspect ratio to
7 in ATF and to 5 in CHS, traditional large aspect ratio
expansion became, from a theoretical point of view, a weak
point of the method.

In fact, the role and danger of the inverse aspect ratio
expansion were overestimated. As shown above, instead of a
uniform field [1], a toroidal field can be considered as the
lowest order configuration. Surprisingly, it does not
complicate the derivation, if it goes through (6). And the
gain is essential: no restriction on toroidicity results in
the correct structure of the final equation.

Final equation (21) is the direct consequence of Maxwell
equations. Therefore, there is nothing artificial or
restrictive in the two-dimensional model of stellarator, when
it is introduced and treated in a correct way. Reliability of
such models was empirically proved, but honest theoreticians
prudently pointed out the lack of justification [61:
"two-dimensional equilibrium models have been shown to be more
useful than had been expected". We tried to show that there is
a solid foundation for optimistic expectations.
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