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1 A microscopic HF-BCS mass formula
Until recently the atomic masses were calculated on the basis of one form or another of
the liquid-drop model, the most sophisticated version of which is the "finite-range droplet
model" (FRDM) [1]. Despite the great empirical success of this formula (it fits the Z > 8
1887 masses with an rms error of 0.689 MeV), there is still an obvious need to develop
a mass formula that is more closely connected to the basic nuclear interactions. Two
such approaches can reasonably be contemplated at the present time, one being the non-
relativistic Hartree-Fock (HF) method (e.g [2]), and the other the relativistic Hartree
method, also known as the relativistic mean-field (RMF) method (e.g [3]). Recently, only
modest progress has been made in the HF method or of the RMF method. In neither
case has the basic parameter set been fitted to the masses of more than ten or so nuclei,
presumably because of the computer-time limitations that arose in the past with deformed
nuclei. However, using parameter sets determined in this way, the masses (and some other
properties) of more than a thousand nuclei have been calculated in both the HF [4] and
RMF (3] approaches. Unfortunately, in both cases the rms errors in the resulting mass
predictions for nuclei of known mass were well in excess of 2 MeV, which is far from
reaching the level of precision found by droplet-like models (around 700 keV); moreover,
both sets of calculations were limited to even-even nuclei.

The result is that the most microscopically founded mass formulas of practical use
were till now those based on the so-called ETFSI (extended Thomas-Fermi plus Strutin-
sky integral) method. The ETFSI method is nothing else than a high-speed high-quality
macroscopic-microscopic approximation to the HF method based on Skyrme forces, with
pairing correlations generated by a 5-function force that is treated in the usual BCS
approach (with blocking). The macroscopic part consists of a purely semi-classical ap-
proximation to the HF method, the full fourth-order extended Thomas-Fermi method,
while the second part, which is based on what is called the Strutinsky-integral form of
the Strutinsky theorem, constitutes an attempt to improve this approximation perturba-
tively, and in particular to restore the shell corrections that are missing from the ETF
part. For full details of this method see Refs. [5] and reference therein. Eleven parameters
are found to reproduce the 1719 experimental masses of the A > 36 nuclei with an rms
deviation of 701 keV [6]. The precision of ETFSI mass table is therefore comparable with
the one obtained by the droplet-like formula. Nevertheless, the ETFSI model remains
a macroscopic-microscopic approximation to the HF method and a logical step towards
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improvements obviously consists in considering now the HF method as such. We demon-
strated very recently [8, 9] that HF-BCS calculations in which a Skyrme force is fitted to
essentially all the mass data are not only feasible, but can also compete with the most
accurate mass droplet-like formulas available nowadays.

The best force that we found, labelled MSk7, is a conventional 10-parameter Skyrme
force. The Msk7 parameters are determined along with the pairing parameters by fitting
the 1719 measured masses of nuclei with A > 36 (with the exception of the \N — Z\<\
nuclei subjected to the Wigner anomalies). All the details can be found in [8, 9]. It
should be stressed that the best fit is obtained for an effective nucleon mass slighlty larger
than one (M* = 1.05M) and a symmetry coefficient J = 28 MeV. Note that the choice
of J is subject to the constraint that the neutron matter does not collapse at nuclear
and sub-nuclear densitites. A compromise between a good fit to experimental masses of
finite nuclei and the stability of neutron matter at nuclear densities leads to the value of
J = 28MeV. The chosen value of 7 = 1 /3 in the MSk7 force leads to a nuclear-matter
incompressibility coefficient Kv = 231.2 MeV in excellent agreement with the experimental
value of 231 ±5 MeV. The Fermi momentum is fixed to the value of kp = 1.326fm~x giving
an rms charge radius of 208Pb in close agreement with the experimental value of 5.50 fm.
The remaining Skyrme and pairing parameters are determined by fitting to the full data
set of 1719 masses. The pairing correlations are taken into account in the BCS approach
(with blocking) using a 5-function pairing force. We allow the pairing strength to be
different for neutrons and protons, and also to be slightly stronger for an odd number of
nucleons than for an even number, i.e the pairing force between neutrons, for example,
depends whether N is even or odd.

In order to describe the \N — Z\ < 1 nuclei, a phenomenological Wigner correction
term of the form

Ew = Vwexp(-\\N-Z\/A) (1)

is added to the total HF-BCS binding energy. The two parameters Vw and A are deter-
mined by fitting to a new data set of 1772 masses, consisting of the original 1719 nuclei
plus the 53 measured nuclei with N = Z, Z ±1 and A > 36 that were originally excluded,
even though they are given in the 1995 compilation.

The data set of 1772 measured masses to which the force MSk7 and the two Wigner
parameters were fitted was restricted to nuclei with A > 36, the point being that the
HF-BCS method is expected to work less well for very light nuclei. Nevertheless, the new
mass table gives all nuclei with Z, N > 8, of which 1888 have measured masses appearing
in the 1995 compilation [7]. The rms error for the set of 1888 masses is 0.738 MeV, as
compared with 0.683 MeV for the set of 1772 nuclei with A > 36. A slightly smaller rms
error for the 1888 masses might have been found if we had refitted the force on adding
the 116 light nuclei, but this would have been at the expense of a worse fit to the heavier
nuclei, for which the HF-BCS method is more appropriate. Fig. 1 plots the errors of our
fit for this same data set of 1888 nuclei. For the same set of 1888 masses the rms error
given by the FRDM predictions [1] is 0.689 MeV.

Other quantities, such as deformations and rms charge radii are also predicted in close
agreement with experimental data. The rms charge radius is defined as

?2 = /pp(r)r2d3r , (2)

where pp(r) represents the HF proton density with a correction for the finite size of the
proton (whose charge distribution is supposed to have a Gaussian form of rms radius 0.8
fm). Comparison with the measured charge radii of the 143 nuclei listed in the 1994 data
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Figure 1: Comparison of the theoretical HF-BCS mass predictions with the 1888 (Z, N >
8) measured masses.

compilation of Nadjakov et al [10] shows an rms error of only 0.019 fm. We stress that
this good agreement has been achieved without any further parameter adjustment, all our
parameters being determined by fitting exclusively to the mass data. This is a sensitive
test of the overall reliability of the present mass formula. Concerning the deformation
parameters, the HF-BCS predictions were compared and found in good agreement with the
experimental compilation of [11]. The rms error to the 274 experimental ^-deformations
is 0.100, to be compared with the FRDM [1] figure of 0.121.

2 Microscopic predictions of nuclear level densities

In a similar way as for the nuclear ground state description, until recently only classical
or serai-classical analytical models of nuclear level densities (NLD) were used for most of
the practical applications. Although reliable microscopic models (in the statistical and
combinatorial approaches) have been developed in the recent years, the back-shifted Fermi
gas model (BSFG) approximation-or some variant of i t- remains the most popular ap-
proach to estimate the spin-dependent NLD, particularly in view of its ability to provide
a simple analytical formula. However, it is often forgotten that the BSFG model essen-
tially introduces phenomenological improvements to the original analytical formulation of
Bethe, and consequently none of the important shell, pairing and deformation effects are
properly accounted for in such a description. Drastic approximations are usually made in
deriving analytical formulae and often their shortcomings in matching experimental data
are overcome by empirical parameter adjustments. In particular, it is well accepted that
the shell correction to the NLD cannot be introduced by neither an energy shift, nor a
simple energy-dependent level density parameter, and that the complex BCS pairing effect
cannot be reduced to an odd-even energy back-shift (e.g [12]). A much more sophisticated
formulation of NLD than the one used in BSFG approach is required if one pretends to
describe the excitation spectrum of a nucleus analytically, especially because of the very
high sensitivity of NLD to the different empirical parameters. For these reasons, large
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uncertainties are expected in the BSFG prediction of NLD, especially when extrapolating
to very low (a few MeV) or high energies (U j> 15MeV) and /or to nuclei far from the
valley of ^-stability.

Several approximations used to obtain the NLD expressions in an analytical form
can be avoided by quantitatively taking into account the discrete structure of the single-
particle spectra associated with realistic average potentials (e.g. [13]). This approach has
the advantage of treating in a natural way shell, pairing and deformation effects on all the
thermodynamic quantities. The computation of the NLD by this technique corresponds
to the exact result that the analytical approximation tries to reproduce, and remains by
far the most reliable method for estimating NLD (despite some inherent problems related
to the choice of the single-particle configuration and pairing strength). A level density
formula based on the ETFSI ground state properties (single-particle level scheme and
pairing strength) has already been proposed by [12]. Though it represents the first global
microscopic formula which could decently reproduce the experimental neutron resonance
spacings, some large deviations, for example in the Sn region, were found.

A new NLD formula within the microscopic statistical approach and based on the
above-described HF-BCS method has been constructed. Some improvements concern the
NLD description only, regardless of the quality of the HF-BCS input used. In particular,
the formula makes use of a phenomenological deformation damping function which takes
two specific effects into account. First, an energy-dependent part describes the transition
from deformed to spherical shapes at increasing excitation energies. At energies above
the deformation energy E^ = Esph — E^ (where Eeq is the energy at the equilibrium
deformation and Esph the energy in the spherical configuration) the nucleus is assumed
to become spherical. No shape barriers is assumed in this simple picture. Second, the
unphysical sharp transition in the NLD formula from deformed to spherical shapes is
avoided by including in the damping function a smooth deformation-dependent transition.

In contrast to our previous approach [12], the spherical approximation to the NLD is
now estimated with the use of a spherical single-particle level scheme, while the deformed
NLD is derived from the deformed scheme at the equilibrium deformation. Another
improvement is brought to the T -> 0 behaviour of the total NLD. To avoid the unphysical
divergence at low temperatures, the traditional formula is corrected by the asymptotic
limit given by [16].
All nuclear structure properties, i.e the single-particle energies ek

q up to an energy cut-off
€\ = fkoo, the pairing strength G and the deformation parameters /?2, Pi are derived from
the HF-BCS model based on the MSk7 Skyrme force. However, the constant-G strength
is obtained by imposing taht the pairing energy calculated with the MSk7 5-pairing force
and a cut-off energy of e\ = huo be the same as in the constant G-approximation with
the constant cut-off energy eA = 20 MeV. This increase of the cut-off energy from HUQ to
20 MeV leads to a global decrease of the pairing energy in the NLD application compared
with the value derived in the HF-BCS mass predictions. This inconsistent treatment of
the pairing strength is found necessary to ensure an accurate fit to the experimental data
on s-neutron resonance spacings, as shown in Fig. 2. We define the rms deviation as

frms = r (3)

where Dth{Dexp) is the theoretical (experimental) resonance spacing and Ne is the number
of nuclei in the compilation. The rms deviation found with the present microscopic HF-
BCS formula is / r m s = 2.14 on the 344 experimental data [14] which is comparable with the
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Figure 2: Ratio of theoretical Dth to experimental Dexp [14] s-neutron resonance spacings.

value of frtns = 2.04 obtained with the phenomenological BSFG formula [15] on the same
data set. The microscopic NLD formula can also be shown to give reliable extrapolation
at low energies where experimental data on the cumulative number of levels for which the
set is complete can be estimated.

The NLD formula described in the present paper has been applied to the calculation
of the spin-dependent NLD for more than 8000 nuclei ranging from Z=8 to Z=110 and
tabulated in an energy and spin grid (U = 0.25 to 100 MeV and the lowest 15 spins). The
corresponding table can be found at the website h t tp : / /www-as t ro .u lb .ac .be .

Appendix: Summary of the microscopic NLD formula

The density of levels with spin J at an excitation energy U in a nucleus (Z, A) is given
by

P(U, J) = [l - f^U)] PsPh(U, J) + fdam(U)Pdef(U, J) (4)

where the damping function is divided into an energy damping part and a transitional
deformation part given by

fdam(U) - (5)

where the deformation energy Edef = Esvh — Eeq is estimated within the HF-BCS method
with the Msk7 Skyrme force. Eeq is the energy at the equilibrium deformation and Esph
the energy in the spherical configuration. The parameters are taken as du = 2 MeV,
f3* = 0.15 and dp = 0.02.
The J-dependence of the level density is obtained from the relation

UJ(U)

(6)

(7)
K=-J
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where fas — ^ for axially symmetric shapes and to 1 for mirror and axially symmetric
shapes.
The J-independent level density is given by

eS(V)

u(U) = . (8)
(2)3/2/D(t0

or equivalently, for a reliable description at low temperatures [16]

where

^ ™ r > (10)

The reduced parameter ared(T) = 4anap/(an + ap) is obtained from the T-dependent pa-
rameter aq = Sq(T)/2T. The T-dependent entropy S and excitation energy U are derived
from the summation on the doubly degenerate single-particle levels eq (with blocking
effect for odd nucleon systems)

U{T) = E(T) - E{T = 0) (12)

where the total energy is given by

q=n,p

and Eg = J(s^ — Xq)
2 + A^ is the quasi-particle energy.

The lengthy expression for the determinant D(T) can be found in [17].
The BCS equations determine the gap parameter Aq and the chemical potential Xq as a

function of the pairing strength Gq

^ ^ (14)

(15)

The parallel spin cut-off parameter for axially-deformed nuclei is obtained from the sum-
mation on the projection on the symmetry axis of the single-particle angular momentum

* Q=n,P k

and the perpendicular spin cut-off parameter is

9=n,j> '«• L

In (a; + y/l + x2)



85

where the rigid-body value of the moment of inertia is

2 mi?2

h2 5 ti>

and

Nq (19)

0 = 41 A~l'z [MeV] (20)
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