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ABSTRACT

Nonlinear evolution of fast ions and Alfven eigenmodes, especially the toroidicity-induced Alfven
eigenmodes (TAEs), is investigated with two types of Fokker-PIanck-MHD simulations. In the first
type of simulation, the fast-ion evolution is described by a 4-dimensional Fokker-Planck equation
which takes fast-ion source and slowing down into account. The background plasma is described by
the nonlinear full MHD equations. A bursting behavior of multiple TAEs, which takes place in neutral
beam injection experiments, is reproduced when the slowing-down time is much longer than the mode
damping time and the fast-ion pressure is sufficiently high. In the second type of simulation, 5-
dimensional Fokker-Planck equation is solved with a linear TAE. In addition to the particle source and
slowing down, the pitch-angle scattering is taken into account. The simulation code is benchmarked
with the linear behavior of the alpha-particle-driven n=4 TAE in the TFTR D-T plasma. With a
realistic pitch-angle-scattering rate and a chosen damping rate, the relaxation time to a steady
saturation state is found to be too long to explain the experiment.

I. TAE BURST

Alfven eigenmodes (AEs), especially the
toroidicity-induced Alfven eigenmodes (TAEs),
have been observed in many experiments,
neutral-beam-injection (NBI) heating
experiments [1, 2], ion-cyclotron-range-of-
frequency heating experiments [3, 4], and D-T
fusion experiments at TFTR [5]. In NBI
experiments, recurrent bursts of TAEs took place
and drop in neutron emission that indicates fast
ion losses was observed. In this section we report
four d imensional Fokker -P lanck-
magnetohydrodynamic (MHD) simulation.

A kinetic-MHD hybrid model, which was
used in the Vlasov-MHD and particle-MHD
simulations [6, 7], is employed. In this model
plasma is divided into two parts, namely, the
background plasma and fast ions. The
background plasma is described by the MHD
equations and the electromagnetic field is given
by the MHD description. This approximation is
reasonable under the condition that the fast-ion
density is much less than the background plasma

density.
We consider a four-dimensional phase space

(R, (p, z, v), where v is the parallel velocity and
(R, (p, z) are the cylindrical coordinates. We
consider only the parallel velocity component for
simplicity. We adopt, however, a Jacobian for the
three-dimensional velocity space to be consistent
with the slowing-down term. The cross-over
velocity and the birth velocity of fast ions are
chosen to be equal to 0.3vA and 1.5vA,
respectively.

The effect of fast ions on the MHD fluid is
taken into account in the MHD momentum
equation [6, 7]. The initial condition is an MHD
equilibrium where the aspect ratio is 3. The q-
profile is shown in Fig. 1 with the radial profile
of the fast-ion source. We take for the unit of
length the Larmor radius of a fast ion with the
Alfven velocity (= vAm/qf B) at the initial
magnetic axis. The simulation domain is (32 < R
<64, 0 <z< 32). The major radius of the initial
magnetic axis (s Ro) is 50.5. The unit of time is
the Alfven time (rA =R/vA). A finite viscosity v =
2 x IQr5 vA Ro is considered to damp AEs. It yields,
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FIG. 1. The q-profile and the profile of the fast-
ion source as functions of the minor radius.
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FIG. 2. Time evolutions of TAE energy and
peak value of fast ion distribution function at
v=vA.

for example, an e-folding damping time of 130 zA

for an n=2 TAE which is the most unstable TAE
in the simulations described below. The system
can be specified by three parameters, the
slowing-down time (TS ), the central fast ion
pressure (Po), and the viscosity (v). The Fokker-
Planck equation for fast-ion and the full
magnetohydrodynamic equations are solved by a
finite difference method of fourth-order accuracy
in space and time.

Here, we report the results for P0-5% of the
magnetic pressure and zs - 1000 rA. In this case
the slowing-down time is much longer than the
damping time and the fast-ion pressure is
relatively high. TAEs with toroidal mode
numbers from 1 to 4 are destabilized. Time
evolutions of TAE energy and peak value of fast
ion distribution function are shown in Fig. 2. It

FIG. 3. Contours of fast-ion distribution in (R,
t) space. White lines denote the times when the
global flattening begins.

can be seen that recurrent bursts of TAEs and
drop in fast ion distribution take place. In Fig. 3
shown is the contours of fast-ion distribution in
(R, t) space. We can see the drop in the peak
value of fast-ion distribution is caused by its
global flattening. This global flattening takes
place when the TAE energy reaches a constant
level. This is consistent with the picture of the
mode overlap [8]. Furthermore, this simulation
successfully reproduces fast ion losses associated
with TAE bursts.

II. ALPHA-PARTICLE-DRIVEN TAE

Alpha-particle-driven TAEs were first
observed in the Tokamak Fusion Test Reactor
(TFTR) [5]. It should be noted that the estimated

amplitudes of the TAEs were very small 8B/B ~

l(y5, and they persisted much longer than the
typical damping time. In this section we report on
five dimensional Fokker-Planck simulation.

A perturbative model [9] is adopted to
investigate time evolution of the n = 4 TAE,
where the TAE is described by a linear
eigenmode structure and amplitudes of sine part
and cosine part. We use coordinates, major radius
R, vertical coordinate z, toroidal angle q>, total
velocity v, and the pitch-angle variable £ ( = vM

/v). We consider concentric circular magnetic
surfaces as the equilibrium magnetic field for
simplicity. Electromagnetic field is a
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Fig. 4. The ^-profile and the m-6 and
poloidal harmonics of the n=4 TAE.
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Fig.5. Amplitude evolution of the n = 4 TAE
with the realistic pitch-angle scattering rate and

superposition of this equilibrium field and the
TAE field.

We simulate the n=4 mode observed at TFTR
shot # 103101. We take an approximate q-profile
which is shown in Fig. 4. The eigenmode
equations (e.g. Eqs. (3) and (4) of Ref. [10]) for
two poloidal harmonics m=6 and m=7 are solved
to obtain n=4 TAE structure. The plasma density
is taken to be uniform for simplicity and the
boundary condition that we imposed for this
eigenvalue problem is zero amplitude at r>0.45a
to avoid an intersection with the Alfven
continuum spectrum in this simplified model.
The mode structure is shown in Fig. 4 with the q-
profile.

The parameters are taken to be consistent with
the experiment; RO=2.52 [m], a=0.90 [m], Bo = 5
[T], the mode frequency CO/2K=214 [kHz]. We
take an alpha distribution simplified from Eq.
(51) of Ref. [11]. The central alpha pressure is pa

Fig. 6. The n=4 mode of distribution function
at a poloidal plane at cot - 337 and v = 0.52vA,
for (a) A = -0.79 and for (b) X = 0.65.

(0) = 6xl0\
The algorithm to advance amplitude and phase

of the TAE mode is that developed in Ref. [9].
We take the plasma number density n = 3.5 x 10'9

[nr3] with the effective mass of 2.04 for the
calculated eigen frequency to be consistent with
the observed TAE frequency. It is in good
agreement with the experimental electron number
density around r -0.3 a where the TAE localizes
spatially.

The simulation was carried out with realistic
collisional rates, the pitch-angle scattering rate vd

= 1.0 [1/s] and the slowing-down rate v = 2.8
[1/s]. The mode damping rate is chosen yd- 5 x
1&1 co. The amplitude evolution is shown in Fig.
5.

We would like to discuss the linear behavior
before moving on to the nonlinear stage. We can
simply estimate that the linear alpha drive yL =
9.9 x 103 co, since the total linear growth rate is
4.9 x 103 co and the mode damping rate is Yd - 5
x 103 co. This linear alpha drive is in good
agreement with the NOVA-K analysis result yL =
8xia3a>[12].

It is interesting to investigate the detail of the
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alpha-TAE resonance, since the cut-off velocity
is lower than the Alfven velocity. It is known that
the particles with velocity lower than the Alfven
velocity also can resonate with TAE atv = vA/3.

In Fig. 6 the n = 4 mode of distribution
function at a poloidal plane at cot = 337 is shown
for velocities v = 0.52vA, and X = -0.79, 0.65.
These velocities are close to -vJ3 and v/3,
respectively. It can be seen that the m = 8 and
m=5 modes are dominant for each velocities.
This is consistent with the resonance condition.

Let us turn to the nonlinear behavior. It can be
seen in Fig. 5 that the amplitude decreases
monotonically after saturation. The TAE never
stays at a steady amplitude.

This seems to be inconsistent with the
experimental results. It must be noted, however,
that the time simulated here is much shorter than
the experimental duration when the TAE was
observed (=40 [ms]). To clarify the long time
behavior, we carry out a four dimensional
simulation in which the Fokker-Planck equation
is linearized in v-direction. We consider only one
total velocity v = 0.56vA that is close the cut-off
velocity. We choose this velocity since the drive
to the instability is largest and the pitch-angle
scattering rate is the smallest. This choice reveals
the minimum role of the pitch-angle scattering.
The initial alpha pressure is normalized to give
the same linear growth rate as in the full five
dimensional simulation. The mode damping rate
is chosen yjyh = 0.8 . The result is shown in Fig.
7. We can see that the amplitude shows a rebound
to grow again in (Ot=lOl that corresponds to 8
[ms]. This result suggests a possibility that the
amplitude will oscillate and converge to some
steady level. It is, however, still inconsistent with
the experiment, since no such long-time
oscillation was observed. We need more effort to
resolve this discrepancy.

0 4000 8000 12000

cot
Fig.7. Amplitude evolution of the n=4 TAE
with the realistic pitch-angle scattering rate in
the four dimensional simulation in which the
Fokker-Planck equation is linearized in v-
direction. The mode damping rate is y/yL = 0.8.
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