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The neoclassical transport theory of fusion-produced alpha particles has been studied by many authors.1"5'
In this paper, we derive a simple analytic expression for the alpha-induced bootstrap current including
the finite trapping-ratio effect near the magnetic axis.

Let us start with a following drift kinetic equation for a distribution function fa of fusion-produced
alpha particles in an axisymmetric magnetic field B = I(ip)V<p + Vip x Vtp:

V/« - C(fa) + Vd • V ^ = ^5(v - va),

where tp is the poloidal flux and ip is the toroidal angle around the symmetric axis; b = B/B, v\\ = b • v;
Vd • VV> — V\\h- V(/^||/na) is the radial component of the toroidal drift velocity; va and ha are the birth
velocity and the birth rate of the alpha particles; and the Coulomb collision operator C is approximated
by the pitch-angle scattering term and the slowing-down term.

First, following the conventional neoclassical transport theory, we assume 5P = pp/L << 1, where pp

is the poloidal Larmor radius of the alpha particle and L is the gradient scale length. The drift kinetic
equation can be solved by expanding the distribution function as fa = fa0 + fal + ... in powers of the
parameter 8p. Then, the lowest-order distribution function is given by

where H is the Heaviside step function, rs is the slowing down time and vc is the critical velocity. We
write the first-order distribution function as

. Iv\\ dfa0
f +9

Then the function ga that is independent of the poloidal angle in the banana regime can be expressed
analytically in terms of eigenfunctions Gi and eigenvalues KI to a bounce-averaged pitch-angle scattering
operator

Gi{\ = 0) = 1 and Gi(X = Ac) = 0,

where A = (v2 — v2\)/(Bv2), Xc = 1/Smax, and < A > denotes the flux-surface average of a quantity A.
Using the first-order distribution function, we can express the alpha-induced bootstrap current in the
form:

D CDC o •

Ja = -IcmavanaTs <B2>

Here/t = l - / e ,

A = 1
2

ft(s1A1 - s2A2) - f ; A, (l - -) (pUi -V\M) •
J=I V KlJ J

(1)
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-Si
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and

with

Pl2 \ Vl JO V3 + V3
C

I'

v3r/(v3+v3
c)

dv

'3v3

where yc = vc/va, Z = ^2 • nje^

ion species, and J i is defined by

alogAj/m,j] with ^ - meaning summation over only

The thermal forces Ai and A2 are defined as

AT

where erf is the fusion cross section and < >v denotes an average over velocity space, and the second

equalities in A\ and A2 hold for a deuterium (D)-tritium (T) plasma with a single temperature TQ —

TT =T.

Next, we derive an analytic expression for the bootstrap current by using a Pade approximation and

a variational method.4' With the use of a following Pade approximation for I'(v)

v3 + \ + 7) v*'

the analytic expressions for p\ and P2 are obtained as

, 1 . , .< 12

~r~—;—s~r- v
[2m + 4j [ZKI + 3j

Vc)-Mv*e)), (3)

+ 3
+ 3 y3

1+2/;3 ' (4)

I 1/3
where y* = yc\ {ZKI + 71/4

The infinite series in the bootstrap current (1) converges rapidly except for the small vc/va limit. In

our practically interesting parameters, the first few terms in these series suffice to provide the accurate

result for the bootstrap current, and thus we approximate the infinite series by the first two terms.

The first few eigenfunctions Gi and the eigenvalues «; can be calculated approximately by a variational

method. The first two eigenvalues and A; obtained by using the approximate eigenfunctions are given

by
0 - y/02 - a7 0 + V/?2 - cry

a a
(5)
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and

A =

' 2

where

a = 4 ( a 2 -2a i ) (26i - - a 3 ) - (60-a2)2 ,
L V ° / J

7 = 4oi (&i + y j -O2,

_ 2 [aa - m (eg - 2ai)]
2K; (6O - o 2 ) - o2

with

bn =< B >n+1 / A" < V l - AB > / F = = - MA (n =
io \ A < VI - A'B > ' l

The coefficients Sk and p^ appeared in the bootstrap current are expressed analytically in terms of
elementary functions as (2), (3) and (4). In addition, the geometric factor A; and the eigenvalue K; are
also obtained analytically from (5) and (6). In calculating these A; and Ki, we only need the geometric
coefficients an(n = 0 — 3) and bn(n = 0,1) which are determined from the geometric structure of the
equilibrium magnetic field. These coefficients an and bn are further approximated in the Pade forms. In
a tokamak with circular cross-section, we find the Pade forms for an and bn as

- 2nB{3/2,n)(l - e)n+1

[2n(n+

[2(n + 1)(» + 2)(n + 3)5(5/2,n + 1) - 1] e'

where C = 1.035..., e = r/Rc is the inverse aspect ratio and B(x,y) is the Beta function.
Our analytical expression for the bootstrap current gives a quite good approximation for vc/va(~

O.lTefkeV]1/2) > 0.2 ~ 0.3. The explicitly calculated transport coefficient L = ftSi~Y,Zi AI (1 -1 /KI )P1

for the bootstrap current is plotted as a function of vc/vQ for Z = 0.6 , and e = 0.1, 0.3 and 0.5 in Fig.
1. The solid and dashed curves which are computed from the approximate and exact expressions agree
quite well. In a similar way, we can derive the approximate expressions for the radial particle and energy
fluxes that are also in good agreement with exact ones.4'

It is well known that a particle orbit near the magnetic axis is quite different from the conventional
banana orbit and a thin-banana approximation in the conventional neoclassical transport theory is
broken down. The neoclassical transport at the magnetic axis has been studied intensively6"9' and
several theories are proposed. These theories predict the finite bootstrap current at the magnetic axis
due to the finite trapping ratio. Recently, Wang9' showed that the bootstrap current at the magnetic axis
can be estimated simply by replacing the conventional trapping condition by the trapping condition at
the magnetic axis. Applying this idea to our problem, we estimate the alpha-induced bootstrap current
near the magnetic axis.
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Let us introduce the trapping condition9' for the alpha particle

ViW1/2

where S = 2qopa/Ro with Larmor radius of alpha particle pa, qo is the safety factor at the magnetic

axis, the poloidal flux near the magnetic axis is assumed to be ip = (Bo/2qo)r2, and we here define the

trapped particle as a particle that reverses the sign of v\\ along the drift orbit. We rewrite this trapping

condition as

> A> = A+ for > 0,
1

for < 0,

where £+ (> 0) and £_ (< 0) are two real roots of the algebraic equation £4 + S£ — e2 = 0. Replacing Ac

by A^ in an and bn and considering (1) as J^ s = (l/2)[J^s(v|| > 0) + J^s(fl|| < 0)], we can estimate the

bootstrap current including finite trapping-ratio effect near the magnetic axis. In Fig. 2, the transport

coefficient L is plotted as a function of e for Z = 0.6, vc/va = 0.5, and 5 — 0.03 and 0.1. The dashed

curve is the result by the conventional theory. This figure shows that the conventional bootstrap current

is strongly modified near the magnetic axis.
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