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Abstract

A fixed volume of pollutant of small particles is emitted by a point source at a height h above

ground level, at a certain instant of time, in an infinite medium in which wind is blowing horizontally

with a uniform speed, U. The pollutant is subject to diffusion in the presence of advection and settling

due to gravity. The solution for the concentration is obtained in closed form for subsequent times. It is

shown that as time increases the point volume spreads out under the influence of diffusion but the

volume of dust always maintains a point of accumulation, where the concentration is a maximum. In the

absence of horizontal diffusion, the dust moves as a vertical front with uniform speed U. In both cases

the accumulation point moves horizontally with the flow speed but its height is a complicated function

of diffusion (both horizontal and vertical) and gravity. The solution is illustrated graphically.
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1. Introduction

The study of the transport of small electrically neutral solid particles under dry

conditions has been of interest for many years because of its relevance to many

environmental and industrial applications (see, e.g., Skidmore, 1986; Gillette and Passi,

1988; El-Baz et al, 1990; Sharan et al, 1996). It is now known that the dynamics of the

motion of the particles depends on their size. Whereas heavy particles (of size 0.1-0.4

mm) remain close to the ground and can form dunes which move as a bulk, smaller

particles (of size less than 0.1 mm) tend to remain in the air for longer periods which

depend on the flow speed.

The study of small-size particles has been of interest recently and a number of

studies have examined various aspects of the distribution of these particles in the

presence of wind and other factors. However, most of these studies have concentrated on

solving the steady state diffusion equation in the presence of various forms of fluid flow

and stress tensor. The importance of the form of the stress tensor is due to the fact that it

determines the diffusion of the dust. The early models known as the Gaussian plume use

the simplest form of stress tensor which is uniform and has only one component in the

vertical (Gillette and Goodwin (1974). That basic model was extended to the case in

which the vertical component of the stress tensor was allowed to vary linearly with

height, a situation which is a true representation of eddy viscosity immediately above the

roughness height for flow speeds well in excess of 2 m/s. This type of model has recently

been extended to the case in which the vertical component of the stress tensor varies as an

arbitrary power of the height by Lin and Hildemann (1997).



The influence of the horizontal components of diffusion has recently attracted

attention as a natural development in the study of the problem. However, the inclusion of

horizontal diffusion complicates the mathematical problem and only simple functional

forms have been considered. Sharan et al (1996) have studied the steady state distribution

of dust for low flow speeds (of the order of 2 m/s or less) when the horizontal

components of the stress tensor vary linearly with the coordinate in the direction of the

wind, which was assumed uniform. Eltayeb and Hassan (2000) studied the case in which

horizontal diffusion is uniform for moderate non-uniform flow speeds. Both studies have

shown that horizontal diffusion plays an important part in the diffusion of the dust in the

horizontal direction and can produce three-dimensional distributions even for uni-

directional flow speeds.

Our purpose here is to extend the previous studies on the influence of horizontal

diffusion and examine its influence on the evolution of dust concentration with time. This

is an important problem because it may shed some light on the way a steady state can

develop. A previously discussed initial value problem (Hassan and Eltayeb, 1991) has

shown that the form of the ultimate state is dependent on the initial conditions. Here we

extend that discussion to a more realistic model. A prescribed mass of dust is released

from a point at a certain instant and its evolution with time is investigated. This problem

is of great relevance to the environment and industrial pollution. We use integral

transforms to obtain a solution in closed form for the concentration of dust at any time

including both vertical and horizontal components of diffusion. The roles played by the

various components of diffusion in the development of the solution with time are

discussed and illustrated graphically.



In section 2, we formulate the problem and in section 3 we find the solution.

Section 4 is devoted to a discussion of the results and some concluding remarks are made

in section 5.

2.Formulation of the problem

Consider a volume Q of dust emitted at time t* = 0 from a point at a height h

above ground level. We intend to study the distribution, c*, of dust concentration as it

evolves with time in the presence of a uni-directional horizontal wind blowing with

uniform speed U. We take a Cartesian system of coordinates O{x* ,y*, z*) such that

Ox* is horizontal and parallel to the direction of the wind, Oz* is vertically upwards and

Oy* is horizontal and normal to Ox*. Accordingly the source is situated along the z* -

axis. The governing equation is the diffusion equation

3c*
r+u-Vc*=V.(D-Vc')-w.Vc\ V-u = 0 (2.1)

dt'

in which u is the wind velocity, w (= (0,0, W)) is the settling velocity and D is the

stress tensor. The settling velocity depends on the particle size and can be taken as a

measure of the influence of gravity. The second term on the left-hand side of the first of

(2.1) represents the advection of the particles by the local fluid motion.

We shall assume that the stress tensor and the basic flow have the forms
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This equation is to be solved subject to the boundary conditions

(i) c(x,zo,t) = 0,

(if) c(x,z,O) = S{x)S{h-z),

Cm) c(x,z, for |JC|, z, t (2.4)

where z0 is the roughness height.

In order to simplify the presentation of the analysis below, we shall set a = 0 (i.e.,

/3= 0). The full solution with non-zero /3 will be given later. Let

(2.5)

to get

du 1 3 ( du\ v2 o2u 1
(2.6)

The boundary and initial conditions (2.4) can be written in terms of u as

(i) u{x,go,t)=o,

00 u(x,g,0) = e-»2b8{x)gv8(K -g ) ,



Cm) exi2bg-vu(x,g,t)^0 for \x\,g,t->~> (2.7)

3. The solution

We adopt Weber's transform, in g, defined by

u{x,p,t) = j~u{x,g,t)Hv{pg)gdg (3.1)

together with its inverse

u((x,g,t)=r "^AH^ti
v ioJUps0)+Yv

2(Pgyp

in which

Hv(pg) = Jv{pg)Yv(pg0)-Jv{pg0)Yv{pg), (3.3)

Here Jv (x) and Yv (x) are Bessel functions of the First and Second Kinds with order v

and argument x. We note here that

0 (3.4)
* )

The application of the Weber transform (3.1) to equation (2.6) and the utilization of

conditions (2.7,iii) and (3.4) yields the equation

37T 22— / i \

We next use the Fourier transform in x as defined by



i7fo/vK-J u(x,p,t)e-mdx (3.6)

and its inverse defined by

(3.7)
! TC

 J-

The Fourier transform of (3.5) and the use of (2.7iii) leads to

dt y 4b J

The solution of the first order equation (3.8) in t is

The application of the two transforms to condition (2.7,ii) yields

U{czp,O) = {hJ+)Hv{pho) (3.10)

Equations (3.9) and (3.10) then give

)t\ (3.11)

The solution now proceeds by inverting the two transforms. It is expedient to invert the

Fourier transform first.

The inversion of the Weber transform gives

fPK)HApil -„>pdp

The concentration c(x, g, t) can now be written in closed form as



for all |JC|, z(= g2 /4),t> 0. The integral in (3.14) cannot be evaluated analytically but the

numerical computations of the integral are straightforward. The solution can be used to

deduce the results for idealized solutions which are easily verified analytically. It is

immediately clear that the solution decays to zero as t —> °°. Other limiting cases may not

be so easily realized. We consider two particular important cases here.

© 6 = 0

The limit b —» 0 can be deduced from (3.14) by noting that the dependence on x

and t occurs outside the integral. The presence of the factor {x-t)2 in the exponential

has the consequence that the solution decays to zero in this limit unless \x-t\ is very

small. It then follows that

^8{x-t)ll^
H

;^f^pdp (3.15)

It is noteworthy here that the delta function present initially remains in the solution at

subsequent times and maintains the local nature of the distribution in the horizontal

direction. This solution can also be obtained by applying the Weber and Laplace

transforms directly to (2.6) and (2.7) with b = 0.

(ii)



When the roughness height shrinks to zero, the use of the asymptotic forms of Bessel

functions in the integral reduces (3.14) to

c(x'g'f) =

in which Iv (x) is the modified Bessel function with argument x and order v . If we

further take the limit / —» 0, we recover the initial condition (2.4,ii).

4. Discussion

The solutions (3.14) and (3.15) provide a clear illustration for the role played by

diffusion in the development of the solution for moderate flow speeds. When horizontal

diffusion is present, the volume of pollutant moves in the direction of the wind diffusing

both vertically and horizontally about a central point. See Figure 1. The point of

accumulation is always situated at x = t and height, zm. It moves horizontally with the

flow speed, U, at all times. Its downward motion is mainly due to the influence of

gravity, as represented by v. However, the speed with which it moves vertically is also

affected by vertical diffusion and by the height of the initial point at k, as illustrated in

Figure 2. At the early stages of the evolution, the dust is still confined to a small volume

and the influence of gravity is dominant. Its rate of descent is relatively higher than at

later times. When the dust has diffused and occupied a larger volume, its vertical speed

slows down and eventually decreases to zero for large times. As the volume of dust



diffuses out in all directions, the value of the concentration at the accumulation point

naturally decreases. The height zm of the accumulation point is also dependent on z0 in

the sense that if zQ is large then the accumulation point finds itself too close to the level

z = z0 soon after release and this influences vertical diffusion in the downward direction

and consequently diffusion of the dust is stronger towards the vertical than downwards

and as a result zm starts to increase before it stays almost constant for larger times (see

Figure3).

In the absence of horizontal diffusion the volume of dust diffuses vertically due to the

influence of the vertical diffusion and no diffusion occurs in the horizontal direction.

Thus the transport of the volume takes the form of a vertical front with the concentration

of the dust diffusing out vertically from a central point, height zm, in the front which

moves horizontally with uniform speed U. The properties of the accumulation point are

included with those of the case b •* 0 in Figure 3, and the distribution of the dust in the

moving front is illustrated, for all times, in Figure 4.

The influence of the horizontal component of diffusion in the cross flow direction

(i.e., y direction) can be found by employing the Fourier transform in y to equation (3.8).

Consequently, the solutions ( 3.14), (3.15) and (3.16)) should be multiplied by the factor

- = r e x p ( / lAat),
-J2at

This shows that the dust diffuses out horizontally in the same manner in both directions.



5. Concluding remarks

A prescribed volume of dust particles is released from a point at time / = 0 and its

evolution for all time has been investigated. The gas 'blob' is subject to diffusion in both

vertical and horizontal directions and the influence of gravity is also included. The

solution for the concentration as a function of both position and time has been obtained in

closed form. The solution reduces to simpler forms in special cases where the solution

can be obtained independently. It is found, as expected, that it diffuses out into space as

time increases indefinitely. However, the manner in which it diffuses is crucially

dependent on the strength of diffusion in both horizontal and vertical directions. The

mass of dust maintains its center moving horizontally with the flow speed at all times

while its spread in any direction is dependent on the strength of diffusion in that

direction. The concentration of dust is always maximum at the center but the actual value

of this maximum decreases as time increases. Also the center moves horizontally with the

flow but vertically it descends in a manner determined by both gravity and diffusion.
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FIGURE CAPTIONS

Figure 1. The contours of dust concentration when h=5.0,z0 =0.1,6 = 0.5 and v = 0.5

at different times: (a) t = 0.1, (b) t = 1.0, (c) t = 5.0, (d) t = 10.0.

Figure 2. The contours of the concentration of dust at a fixed time for different sets of

values of the dust parameters when (a) h = 5.0, z0 - 0.1, v = 0.5,6 = 0.1; (b)

h=2.0,z0 =0.1,v= 0.5,6 =0.1; (c) h = 5.0,z0 = 0.1, v= 0.1,6 =0.1; (d)

h = 5.0, z0 = 0.1, v = 0.1,6 = 1.0. Note the marked horizontal spread of the dust volume as

6 is increased from 0.1 in (c) to 1.0 in (d).

Figure 3. The variation of the properties of the point of accumulation with time for

different values of the parameters for (a) the height zm and (b) the value of the

concentration Cm. The curves correspond to h = 5.0 and are labeled such that i refers to

6 = 0.1,zQ =0.1,v = 0.5, H for 6 = 1.0,z0 =0.1,v = 0.5; in for 6 = 0.1,z0 =0.1,v=0.1

; and zv for 6 =0.0, z0 = 0.1,v = 0.5

Figure 4. The contours of the concentration in the t-z plane for the case of no horizontal

diffusion (b = 0). The subfigures (a)— (d) correspond,respectively, to

z0 =0 .1 ,v = 0.5; z0 =0 .5 ,v = 0.5; z0 =0 .1 ,v = 0.1; z0 =0.5 ,v=1.0 . Inall cases
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h = 5.0. The concentration profile for any x = x0, say, is obtained by drawing a vertical

line at t = x0 and the intersection points of the line with the contours give the profile of

the concentration with the vertical at the advancing front x = / at that instant. Note that

the point of accumulation moves down with a rate depending on the settling velocity in

the same fashion as in the case b*0.
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