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Abstract A new scheme to simulate elastic collisions in particle simulation codes is presented. The new scheme aims at
simulating the collisions in the highly collisional regime, in which particle simulation techniques typically become
computationally expensive. The new scheme is based on the concept of a grid-based collision field. According to this
scheme, the particles perform a single collision with the background grid during a time step. The properties of the
background field are calculated from the moments of the distribution function accumulated on the grid. The collision
operator is based on the Langevin equation. Based on comparisons with other methods, it is found that the Langevin
method overestimates the collision frequency for dilute gases.

INTRODUCTION
Particle simulation methods and in particular the Direct Simulation Monte Carlo method (DSMC) have proved
very successful in simulating complicated physical phenomena in a rarefied environment. However, many problems
of practical interest involve dense flows that make DSMC simulation computationally very demanding, if not
impossible.
Even in the most favorable problems, particle simulation methods have the disadvantage of being
computationally expensive. The result is that the enormous potential of these methods in physical flow modeling has
not been exploited by industry. Although massively parallel computers have contributed significantly in speeding up
particle simulation codes, three-dimensional applications remain out of the scope of most modem computer
platforms at present.
The most important limitation in modeling the high-density regime comes from the large number of collisions
that particles undergo, which adds a very significant overhead to the calculation. In the case of non-reacting flows,
these collisions keep reproducing the equilibrium distributions without adding any new information to the flow.
In a previous paper by Gallis and Torczynski (1), the BGK equation (2) and Cercignani's extension (3) were
examined as possible collision operators. In this paper, a method based on the work of Langevin (4) to model the
collisions in a collective manner is examined and compared with the previous methods.

MODELS FOR THE COLLISION TERM OF THE BOLTZMANN EQUATION
The complexity of the nonlinear structure of the collision integral of the Boltzmann equation has
encouraged the development of simplified models that retain most of the properties of the Boltzmann equation but
are not derived directly from it. The BGK method uses a simplified collision operator that takes the form:
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where fo is the Maxwellian distribution corresponding to the local temperature and average velocity,/is the initial
distribution of the particles, n the number density, and v is the collision frequency. Examination of the BGK model
indicates that it reproduces the equilibrium solution / = f0 at equilibrium. The BGK equation also reproduces the
correct moments and satisfies the H-theorem. For the highly collisional regime, and when used with the ChapmanEnskog expansion, it leads to the Navier-Stokes equations. In this equation, the term nvf0 represents the collisions
replenishing the equilibrium distribution/,, and the term w/represents the collisions depleting the distribution/
The physical interpretation of the assumption that the replenishing number of collisions is given by nvfo is
that post-collision molecules are selected from a Maxwellian distribution at the local average velocity and
temperature. It is evident that this behavior can readily be incorporated in a particle code. By doing so, the burden of
calculating collisions is reduced.
Despite the shortcomings of the BGK equation, it is able to reproduce the main features of the Boltzmann
equation. Several modifications to the BGK equation have been proposed at the expense of the simplicity of the
model. Cercignani (3) proposed a modification to the BGK equation that would allow it to reproduce the same
viscosity and thermal conductivity as the full Boltzmann equation, here referred to as the BGKC method. To do this
the Prandtl number is introduced as a parameter in the equation. The generalization of the BGK equation is obtained
by the replacement of the Maxwellian distribution with a local anisotropic three-dimensional Gaussian, referred to
as the ellipsoidal statistical (ES) model:
f0 = ^(detA)"2
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where the matrix^4 is:
Ay = [(2RT/?r)Sv -2(1 -?v) PlJ l{pPr)]"1

(3)

where R is the universal gas constant, u is the velocity in the center-of-mass frame of reference, p is the local density
of the flow, Pr is the Prandtl number, andp y is the pressure tensor. Recently this method was introduced into particle
simulations with reasonable success (1).

LANGEVIN'S EQUATION
Langevin proposed a method for Brownian motion to model collisions between particles (4). According to
this method, the influence of the surroundings on a particle that moves with a velocity u can be split up into two
parts: a deterministic part representing the dynamical friction experienced by a particle(-J3u), and a probabilistic
part characteristic of the Brownian motion (U ). The Langevin equation takes the form:
u =u 6

(4)
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in which At is a time interval over which motion occurs and u0 is the velocity of the particle at the beginning of the
interval. The dynamical friction coefficient /?and the probabilistic part U are assumed to be independent of the
velocity of the particle. The probabilistic part U is chosen from the modified Maxwellian distribution (4):
-.3/2
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in which T is local temperature, k the Boltzmann constant, and m the mass of the particle. Effectively this
distribution is Maxwellian at temperature r ( l - e ~ 2 / a r ) . In this study the dynamic friction coefficient is interpreted
as the equilibrium collision frequency.
It can be shown that the Langevin equation forms the basis for deriving all the physically significant
relations concerning the motion of Brownian particles. The Langevin method has been applied successfully in the
past for the modeling of charged flows with PIC by Jones et al. (5) and for DSMC by Gallis et al. (6). It should be
noted, however, that the Brownian-motion paradigm corresponds more closely to the motion of charge particles in a
plasma than to that of neutrals in rarefied flow. More specifically, Brownian motion describes the motion of a
particle in very dense fluid (liquid density) in which multiple collisional interactions are very frequent, whereas the

Boltzmann equation describes the motion of particles when only binary collisions are important. Thus, charged
flows due to the long range interaction of the Coulomb forces fit the description of the Brownian motion more
closely than neutral particles.
Another significant difference exists between the conventional DSMC collision operator and the Langevin
model. In the DSMC method a fraction of the particles modify their properties significantly in every time step while
the rest remain unchanged, but in the Langevin model every particle in a cell receives a small modification of its
velocity in every time step. The modification constitutes a small change in their properties. It should be noted that
the random velocities are not selected from a Maxwellian with the temperature T of the background gas, but with a
temperature of r ( l - e " 2 ^ ) that depends on the time interval and the collision frequency. In cases where the
collision frequency is very low, the probabilistic contribution U adds a very small vector to the particle velocity, the
deterministic contribution similarly applies a small modification to the particle velocity for every time step.
The Langevin method assumes that the thermal energy in a cell is always distributed according to a
Maxwellian distribution. This assumption naturally restricts the method to equilibrium or near-equilibrium
situations. The worst-case scenario for the method would be the collision of two monochromatic particle beams.
While the DSMC method predicts a gradual depletion of particles from the initial distributions to an equilibrium
distribution, the Langevin model evolves all particles gradually towards an equilibrium distribution at the average
velocity and temperature.

APPLICATION TEST CASE
The first test case examined is that of the flow over a 10° wedge (see Figures 1 and 2). The flow travels
from left to right and the sides of the wedge are assumed to be specularly reflecting. The gas is pure argon at an
ambient temperature of 180 K. and a number density of 1022 m"3 with an upstream velocity of 1365 m/s (see Table 1).
The domain is discretized with 25,000 cells, and a time step of 10"8 s is used. The downstream boundary condition is
assumed to be non-reentrant (vacuum), which is acceptable for the supersonic flow downstream of an oblique shock.
This test case is simulated with the DSMC, BGKC and Langevin methods. Steady-state conditions are observed
after 5,000 time steps while the code executes a total of 65,000 time steps.
Upstream Conditions
Molecular Mass
Specific Heat Ratio
Number Density
Temperature
Speed of Sound
Free Stream Velocity
Mach Number

39.99 amu
5/3
1022m-3
180 K
249.75 m/s
1365 m/s
5.465

Downstream Conditions
Number Density
Temperature
Speed of Sound
Velocity
Mach Number
Wedge angle
Shock angle
Table 1. Shock wave

2.1xl0 22 m" 3
336 K
341 m/s
1304 m/s
3.823
10°
19.55°
conditions

Figure l(a-c) presents the number-density contour lines as calculated by the DSMC, BGKC and Langevin
methods. Figure 2(a-c) in the same fashion presents the corresponding translational temperature contour lines. At x
= y = 0, the location of the leading edge of the wedge, the shock layer forms.
A quantitative comparison indicates that all three simulations are in agreement about the downstream
conditions and the shock angle. For example, with all three methods, the flow downstream eventually reaches a
maximum number density that is about double the upstream number density, and the shock angle is 19-20°, as

theoretically predicted (see Anderson (7)). The fact that the DSMC, BGKC and Langevin solutions produce the
same downstream temperature and number density confirms that all methods conserve momentum and energy.
Comparing the figures in more detail, it is seen that the Langevin method predicts a very thin shock
compared to the DSMC and BGKC solutions, which are seen to be in remarkable agreement throughout the domain.
The temperature increases from 180 K upstream to 336 K in the downstream area. For the DSMC and BGKC
methods, only a small portion of the downstream flow reaches the equilibrium temperature, while the Langevin
solution produces a large downstream area at a temperature of 336 K.
The shock thickness depends on the collision frequency: a larger collision frequency produces a thinner
shock. The reason for this excessive collisionality of the Langevin model is that it describes the Brownian motion, in
which multiple collisions are very frequent. This differs significantly from the paradigm of a dilute gas in which
only binary collisions are important.
An attempt was made to circumvent this problem by artificially decreasing the collision frequency. By
multiplying the collision frequency by a factor of 0.25, the correct shock thickness can be reproduced by the
Langevin method for this particular problem. Unfortunately, this factor was found to be very problem-dependent.
Therefore, such a modification does not have any physical validity and cannot be recommended.

CONCLUSIONS
From this comparison, it is clear that the Langevin approach overestimates the collisionality of the flow
with respect to the DSMC and BGKC methods. As mentioned earlier, the paradigm of the Langevin approach is
quite different from that of the Boltzmann equation. The Langevin approach may be suitable for very high densities
and charged flows, in which the collisions are so frequent that they can be replaced by a Brownian force acting on
the particles. However, its application to dilute gases does not appear to be appropriate.
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Figure2a. DSMC: translational temperature

Figure la. DSMC: number density
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Figure lb. BGKC: number density

Figure 2b. BGKC: translational temperature
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Figure lc. Langevin: number density
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Figure 2c. Langevin: translational temperature

