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BILATERAL GENERATING FUNCTIONS AND OPERATIONAL METHODS

Riassunto
Le funzioni generataci bilaterali sono quelle che coinvolgono prodotti di tipi differenti di
polinomi, si dimostra che i metodi operazionali offrono uno strumento potente per derivare
queste nuove famiglie di funzioni speciali. Si studiano casi relativi a prodotti di polinomi di
Hermite e Laguerre, Hermite e Legendre.... Si propongono infine possibili estensioni del
metodo.

Abstract
Bilateral generating fonctions are those involving products of different types of polynomials.
We show that operational methods offer a powerful tool to derive these families of generating
functions. We study cases relevant to products of Hermite and Laguerre, Hermite and
Legendre.... polynomials and propose further extensions of the method.

Key words: Generating functions, orthogonal polynomials, operational methods, generalized
polynomials.
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BILATERAL GENERATING FUNCTIONS AND
OPERATIONAL METHODS

1 INTRODUCTION

One of the by-products of the method of quasi-monomials, proposed in Ref. [1,2], is the
possibility of dealing, in a fairly straightforward way, with different classes of generating
functions. An example is provided by the Mehler type formula [3]

S(x,y;z,w|t)=X — Hn(x,y)Hn(z,w) , (1)
n=0

with Hn(x,y) being Hermite-Kampe de Feriet polynomials defined by the series

[n/2] r n-2r
Hn(x,y) = n! Y -^ , (2)

rtj r!(n-2r)!

by the operational rule [4]

(3)



and by the generating function

(4)
n=0 n !

The use of the identity (3) allows to cast eq. (1) in the form

3 2 3 2 a2 a2

y — r + w — ° ° n +
S(x,y;z,w|t) = e 9x2 3z

n!

Furthermore, since

ey3*2f(x) = — U | e •*> f(^)d^ (6)

we can transform the derivation of the generating function in eq. (1) in the evaluation of a
Gaussian integral, thus getting [3]

xzt+t2(wx2+yz2)

S(x,y;z,w|t) = , ] e '"4 t 2 y w . (7)
/l —4yt w

The use of analogous techniques may be useful to state other results concerning e.g. the
generating functions associated with Laguerre polynomials, which are quasi monomials under
the action of the operators [5] *

We remind that the operators M and P act on a quasi monomial pn(x) in a multiplicative-like and
derivative-like form, namely

Mpn(x) = pri+1(x)

Ppn(x) = npn_1(x)

for further comments see refs. [2,5]



- 3 a • <8»
L> — ___ Yi — ' A

dx dx

/V 1

where £>x is the inverse of the derivative operator and accordingly the Laguerre polynomials

can be defined as

(_l)Syn-sxs
7- • (9)

s=0

Equations (8,9) can also be exploited to obtain the following generating function [5]

—Xn(x,y) = ey
tC0(xt) (10)

n=0

with

_ r!(n + r)!

being the nth-order Tricomi function [6].

In the forthcoming sections we will prove that the previously outlined procedure offers a
useful tool for the derivation of bilateral generating functions involving products of
polynomials of different nature (3). We will, indeed, derive generating functions of Mehler
type, involving products of Hermite-Laguerre, Hermite-Legendre polynomials, using methods
of operational nature.

2 BILATERAL GENERATING FUNCTIONS

The first example we will consider is provided by



10

F(x,y;z,w|t)=£ —Hn(x,y)Xn(z,w) (12)
n=0

which according to eqs. (3,10) can be rewritten as

F(x,y;z,w|t) = e 3 x 2ew x tC0(zxt) (13)

It is evident that the evaluation of the infinite sum (12) amounts to the derivation of the
integral

F(x,y;z,w|t) = —Uf° e 4* ew*C0(z$t)d$ (14)

By using integration techniques based on the generating function method (see Appendix) we
find the following result

, y(zt)2), (15)

where

(16)

is the nth-order Hermite-Tricomi function whose properties have been discussed in Refs. [7].

The previously outlined method can be exploited to extend the above result, thus getting e.g.
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— H + I ( x y ) £ ( z w ) = A/Cxyjzwl t ) e y ( w t r + x w tF!(x,y;z,w|t)= j£ — Hn+I(x,y)£n(z,w) = A,(x,y;z,w| t)e5

n=0 n"

(17)

A /(x,y;z,w|t)= (-2yzt)pH/_p(x + 2ywt,y)(HCp(2zt(^ + ywt),y(zt)2))

whose derivation is detailed in Appendix. It is also worth noting that the same result can be
achieved by exploiting eqs. (4,8-9) which yields

F(x,y;z,w|t)= e x t ( w -^ ' ) + y t 2 ( w -^ 1 ) 2 =

y(wt)2+wxt -(xt+2yt2w)£>~l+yt2lb~2

which, according to the operational identity

(18)

provides us with a further tool to derive eq. (15).

In Ref. [5] the following polynomials, have been introduced

[n/2] ,rn-2s, .s

whose nature in between Laguerre and Hermite type polynomials, ensures their monomiality
under the action of the operators

(21)

y 3y' dx dx

The relevant generating function can be directly inferred from the first of eq. (21) thus finding
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T (22)
O il.

We can now derive a further bilateral generating function involving Hermite and

polynomials. We find indeed

*-" y 9 no

2F(x,y;z,w|t)= V — Hn(x,y)2£n(z,w) = e 3x ewxtC0(zx t2) (23)
n n '

n=0

By following the integration method discussed in Appendix we end up with

2 y ... -, » (24)

where

is a Bessel Hermite Function [7],

An important by product of the identity (24) follows from the fact that 2i^(x,y) implicitly

contain the Legendre polynomials [8], namely

(26)

It is therefore lear that by setting z=-l/4(l-w2) and by replacing w with -w we are able to
derive a bilateral Mehler generating function involving products of Hermite and Legendre
polynomials.
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3 CONCLUDING REMARKS

It is evident that the method we have proposed offers a fairly efficient mean to evaluate
families of bilateral generating functions. A further example involves the polynomials

n-k k n-k

ferw- (27)

defined in Ref. [9] and quasi monomials under the action of

d d - d d
dx dx y dy dy

It is relatively easy to prove that

00 . n

according to the previous relations we can easily state that

32

™ <-» y — ^

G(x,y;z,w|t)=X ^Hn(x,y)Rn(z,w) = e 3x-Co(-wxt)Co(zxt) (30)
0 (n!>n=0 Vli:

The problem is again reduced to the evaluation of Gaussian integrals, the specific details of
the integration method are given in Appendix, and we get

G(x,y;z,w|t)=H C00(-xwt,y(wt)2;zxt,y(zt)2 |-2wyzt2) . (31)

Where HCo(a,P;y,8|e) is the (0th, 0th) order of the two-index Tricomi-Bessel functions defined

as



14

£ (-l)r+sHrs(x,y;z,w|x)
HCm,n(x,y;z,w t)= £ „ r 'S \ / \ , (32)

r!s!(m + r)!(n + r)!

with Hm>n(x,y;z,w|t) being two index Hermite polynomials defined in Appendix and studied

in [4] and references therein. This last result is relatively important since it offers an

interesting conclusion, based on the fact that the Legendre polynomials are a particular case of

the polynomials (27); according to Ref. [7] we have

(33)
V / / J

by setting therefore

z = -
2

(34)

w = -
2

in eq. (30,31), we can derive a bilateral generating function of the type

G(x,y;^ 11) = ^ Hn(x,y)Pn(C). (35)
n=0 (-n--)

In this paper we have outlined a general method to derive families of generating functions,
hardly achievable with ordinary means, in a forthcoming investigation. We will discuss the
extension of the method to multiindex polynomials.
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APPENDIX A

Most of the results of the present paper are based on integrals of the type

I n ( a , b , c ) = P e-ax2+bxJn(cx)dx , (A.I)

where Jn(x) is a cylindrical Bessel function of first kind. By recalling that the generating

function of ordinary Bessel fucntions is

-it--)
tnJn(x) = e 2 f |t|<oo, t * 0 , (A.2)

n=—o

we can derive the integral (A.I) by following the method proposed in Ref. [10] and

summarized below

1) We use the eq. (A.2) to write

n=—oo

2) From the integral on the r.h.s. we get

tnln(a,b,c)= - e 4 a e 4 a i e16a l . (A.4)

n=

3) By recalling that the Hermite Bessel function is just provided by

r=0

It is therefore evident that
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- b2

,bc c \
k2a'4a'

The same method applies to the derivation of integrals involving the Tricomi functions,
characterized by the generating functions

X

n=—oo

thus finding

(— — 2
r°° 2 u 17T r)C C

In(a,b,c)=[ e~ax ebxCn(cx)dx= - e 4 a ( H C n ( — , — ) ) (A.7a)
J—<x> \\ a Oa Act

<A.7b,

As to eq. (17) we note that its derivation depends on integrals of the type

I n , ( a , b , c ) = r e"ax2ebxx/Cn(cx)dx (A.8)
' J—CO

whose evaluation requires a slight extension of the generating function method, we can indeed
write

1
n=-oo /=0 l '

(A.9)
be | c2 u2^ bu uc

2at 4 a t 2
e 4 a 2a e 2at

Thus finally getting
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p-U

The case relevant to integrals containing products of Bessel functions, namely

Im n(a,b,c,d)=H e-ax2+bxJm(cx)Jn(dX)dx (A.ll)
* J —oo

requires an extension of the method leading to eq. (A. 11) which yields

Y°° Y°° umvn lm n(a ,b,c ,d) = e t r e - a x 2 e L 2 ( U " u ) + 2 ( v ~ v T d x

so that one finally gets

(A. 12)

( 2 2 A
where wJmn — . — '•>—,— I •— denotes a two index Hermite Bessel function, defined asH m 'n 2a 4a 2a 4a ' 2a

H J m > n ( x , y ; Z , w I x) = ( r _ o 2 ( ) r ! s , ( m + r ) ! ( n + s ) r

(A.13)
min(m,n) rTT / \TT / \

Hmn(x,y;z,w|x) = m!n! Y ' t Hm_r(x>y)Hn_r(z,W)
' r r 0 r!(m-r)!(n-r)!

being this family of functions characterized by the generating function
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^V(uV^(v
umvn(HJm > n(x,y;z ,w|T)) = e2 u 4 „ 2 v

(m,n)=—°°

(A. 14)

The Tricomi version of the functions (A.5) can be cast in the form

(-l) r + sH r s(x,y;z,w|T)
HCm,n(x,y;z,w|x)= £ r'8\'/'

r!s!(m

and the relevant generating function reads

Z-r
(m,n)=—o

x^ y . z w
. u u2 v v2

These last relations justify the results contained in the concluding section of the present paper.
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