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Chapter 1. INTRODUCTION

§ 1. Overview of geophysical inverse problems
Geophysics is a complex of physical sciences including a wide sphere of studies from studying physical properties of the Earth's material and their spatial distribution,
forming a basis for conclusions on the Earth structure, right up to investigation of
physical and geological processes in the Earth. Even if we confine our consideration
with only the part of geophysics studying a spatial distribution of physical properties
of the material, we encounter with a great number of problems relevant to different,
unconnected parts of this science. Thus, study of elastic properties is a subject of
seismology and seismic prospecting, of electric conductivity is a subject of
geoelectricity, of magnetic properties of rocks is a subject of magnetometry. But all
these problems, though seem to be weakly connected, are characterized by a common
method of investigation, which consists in observation on the Earth's surface (as well
as in wells, and in the near-earth space) of some geophysical fields - seismic,
electromagnetic, gravitational -, in analysis of the fields structure, and in drawing
conclusions on distribution of the relevant physical parameters at depth. Conclusions
on the deep structure of the Earth's interior are valid, because the fields observed on
the Earth's surface depend on spatial distribution of the material properties in the deep
parts.
Geophysical fields observed at the Earth's surface depend not only on physical
properties in the Earth's interior, but also on the sources of these fields. Here the
matter does not concern the cases, when 'sources' of the field are the anomalous
characteristics of the medium, such as gravity anomalies caused with anomalous
distribution of density. In some problems, for instance as in magnetotelluric sounding,
or in some problems of seismology, it is possible to use the characteristics of the field
independent of a source. In other cases the objective of the study can be just
investigation of the source, as in seismology, where at present the problems on the
processes in the earthquake sources are advanced to the forefront.
It is possible to predict theoretically the expected values of geophysical fields from a
given distribution of corresponding physical properties of the material and/or on a
given characteristics of a source. Such problems, called as forward problems of

geophysics, are solved by the methods depending on the field's nature. Estimation of
physical parameters of the Earth's material and/or source parameters from values of
the field observed in some part of the medium is the inverse problem of geophysics.
But for all that in different fields - seismology, geoelectricity, gravimetry and
magnetometry - methods for solving the inverse problems have much in common.
This commonness allows the inverse problems to be selected to a separate discipline.
At the beginning stages of geophysics the inverse problems are formulated and solved
rather primitively. They were reduced to a choice of one from two or a few models,
for which the calculated characteristics of the field were in better agreement with the
observed values than for other ones. For example, for a long time discussed was a
question: which velocity-depth model of the mantle - proposed by Jeffreys or
Gutenberg - is preferable. For this aim different characteristics of seismic field (traveltime curves, dispersion curves of surface waves, periods of free oscillation of the
Earth) were calculated for these models (and only for these two!), and compared with
corresponding observations. Drawbacks of this approach are obvious. First of all,
there is no guarantee that among the alternative models there is that one, which
reflects the true Earth's structure. Then the following questions remain unsolved: is
the resolving power of the observations sufficient to distinguish the selected models?
if the observations allow to detail the structure? how to understand 'better' or
'worse' agreement of the synthetic data with the observations? how the errors of
measurements affect the error of the unknown model? how to organize a search of a
model consistent with the observations in optimal way? etc.
Necessity to answer to these and to some other questions led to development of
methods for solving the inverse problems. This was also promoted by availability of
fast computers because solution of the inverse problems requires a lot of
computations. The inverse methods developed in different directions depending on to
what aspect was attached more importance. Now it is possible to formulate general
principles of the inverse problems and requirements to their solution, and to point out
a place of each of the existing methods and to interrelate them.

§ 2. Mathematical formulation of the inverse problem

In general the inverse problem can be formulated as follows:
Given are: the values of characteristics of geophysical fields obtained from
observations either by direct measurements, or as a result of preliminary processing.

The values are usually discrete, and form a data set yt ( i = 1,2,...,η ). Here and below
they will be denoted as η-dimensional vector y. In some cases the observation y is a
continuous function of a parameter t within a limited range of variation of this
parameter. For generality y(t) may be considered as a vector in infinite-dimensional
space.
The observations usually contain random errors. In some cases known are some
characteristics of their distribution (variance, covariance matrix) which can also be
regarded as the initial data for the inverse problem.
Known is a relationship of the fields with physical parameters of the Earth's material
and with source characteristics. For simplicity we shall consider later such problems,
in which unknowns are either characteristics of the medium, or source parameters.
Since the properties of the Earth's material are varying from point to point, the
physical parameters specifying the corresponding properties are functions of
coordinates. Let us define them mfr), where r is a coordinate, m is generally a
vector whose components are different physical parameters of the medium, which
influence the considered geophysical field. For generality we shall call the vector
m(r) the Earth model. Obviously, different models describing different physical
properties of the Earth are studied in different problems. For instance, in the problems
of magnetotelluric sounding the model is a function σ(ζ) describing variation of
specific conductivity with depth; in seismology, in the problems using dispersion
curves of Rayleigh waves, the model is an aggregate of three functions - Lame
parameters A(z),ju(z)

a

nd density p(z) forming a three-dimensional vector.

A source of the field can be also described in a form of some spatial-temporal
function m(v,t), though usually spatial characteristics of a source are represented by a
finite number of parameters. This function (or a set of parameters) also can be named
as a source model and defined by a vector m.
In each case should be known an operator, which allows the values of the field y for
a given model m to be calculated:

y = <D(m)

(l.l)

A type of this operator can be given analytically, but in many cases it is determined
only algorithmically - as a consequence of computational operations allowing
calculation of y from m. The operator Φ is called forward operator.
Besides known are some a priori constraints on the model. They can be various:
may be fixed a class of the models (e.g. the models of medium may be considered in
the class of spherically symmetric or piecewise constant functions); the function m(r)
can be known in some part of the region under consideration; may be known the
limits for values of the parameters. When a type of the function is fixed the model is

represented by a set of parameters that define the given function. Then the relation of
the field with the model is determined by a function of these parameters.
It is necessary to obtain an information on the model which contain in the data set y.
What does it mean? It is evident that theoretically it would be desirable to obtain
m(r), i.e. to construct an operator inverse to (1.1), which allows us to find m(r) from
y. However, since a quantity of the observations is finite, it is in principle impossible
to determine the function m(r) entirely. Possible is to determine only some average
characteristics of the model. But because the data always contain observational errors,
it is even impossible to determine such characteristics exactly, so that we can only to
obtain their estimates.
Below we give some examples of formulation of inverse problems.
Example 1. Determination of velocity-depth curve from travel-time curve of
seismic wave. From observations we obtain a set of travel times tt corresponding to
the epicentral distances Δ^:
f,=f(A f ),

ζ = 1,2,..Λ,

Δ=

-r,

Travel time of seismic wave is governed only by velocity distribution in the medium
V(r). In general case a relation between i(r,,r2) and V(r) is determined by a
differential equation of ray. However, if the travel time is a function of only a
distance between source and receiver and does not depend on their coordinates r15r2 ,
the velocity depends on only one coordinate; in case of spherical Earth it is V(r), in
flat approximation it is V(z). This is a priori constraint on the model.
For spherically symmetric model travel time curve is related to the velocity
distribution in parametric form:
A(p)~2pf

2

,V(r
ldr22
2

2

(1.2)

where ρ is the ray parameter. Parametric representation of the function ί(Δ) as (1.2)
defines the operator of the forward problem (1.1). The inverse problem consists in
determination of V(r) from a given data set tt ,Δ,.
Example 2. Determination of elastic parameters versus depth from group velocity
dispersion of surface wave
Group velocity as a function of period u(T) is determined by the use of frequencytime analysis FTAN (Levshin et al., 1989), which transforms a seismogram to a

FTAN diagram. Maximum of the FTAN diagram corresponds to the dispersion curve
u(T) within some period range (Fig.l). In this case the 'data' is a segment of the curve
u(T). Forward operator is determined not in an explicit form, but as a consequence of
mathematical operations. In the beginning phase velocity of surface wave (for
simplicity let it be Love wave) is

calculated from eigenvalues of the following boundary-value problem:

dz

(1.3)

dv

Here V(z)
is the wave amplitude as a function of depth, ω-ΊπΙΤ is circular
frequency, ξ = αι/α(ω) is the wave number, μ(ζ) and p(z) are rigidity and density
correspondingly. For a given wave number ξ the frequency is the eigenvalue of the
problem (1.3), from which the phase velocity c = (ol ξ as well as amplitude-depth
variation V(z) is determined. Group velocity is obtained from the relationship

CO

\p(z)V\z)dz
It is seen from (1.3) that the velocity depends on rigidity μ(ζ) and density p(z). So the
'model' in this case is a set of two functions μ(ζ) and p(z), and the inverse problem
consists in estimation of these functions from the observed values u, T, or from a
segment of the curve u(T).
In this problem the model is usually assumed to be multilayered, consisted of a
finite number of homogeneous layers. In this case the problem is reduced to
estimation of layer thicknesses and the values of μ and ρ in the layers.

Example 3. Determination of coordinates of seismic source
The data in this problem are arrival times of

P-wave tt at the stations with

coordinates φι,λι situated at different azimuths relative to a source. A velocity
structure and correspondingly a travel-time curve of P-wave Γ(Δ, h) are assumed to be
known. The unknowns are latitude and longitude of the epicenter φ,λ» depth of source
h , and the origin time to- The arrival time at the z'-th station is expressed in terms of
the unknown parameters as follows:
tt =f 0 + Γ (Δ,, ft), where Δ, = arccos(sin φ sin φι + cos φ cos φί cos(/i. -Λ,)) (1.4)
Example 4. Determination of source mechanism from polarities of P-wave first
arrivals.
Signs of P-wave first arrivals are determined from observations at the stations
located at different epicentral distances and in different azimuths relative to source.
Location of the station can be specified by take-off angle fa, which depends on
epicentral distance and source depth, and by azimuth a. The sign of arrival is
determined by three parameters of the source mechanism - strike 0and dip δ of the
fault plane, and by rake λ characterizing direction of slip. In this case the 'data' (let
us define them as z, ) may have only one of two values: +1 or -1. They are related to
the source parameters φ, δ, λ and the station coordinates z'o,, a, as follows (Aki and
Richards, 1980):
z, =sgn(cos^,[-sinz!0cos/lcos/?J + cos<5sin/lsinz l0 sin/?, -f sinytsin£cosi i0 ])
where

cos γι = cos δ cos i,0 - sin δ sin i,0 sin /?
/?,=«,-*
Inverse problem lies in estimation of the angles φ, δ, λ from a set of values z,.
Example 5. Determination of specific conductivity from the data of magnetotelluric
sounding (MTS).
Magnetotelluric observations allow us to determine the complex-valued impedance
Ζ(ω) at the Earth's surface (z = 0) from measurements of components of the natural
electromagnetic field Ex, Ey, Hx, Hy. at a certain point of the surface (Parker 1970,
1994).
If the medium in the vicinity of the point may be regarded as laterally homogeneous,
the impedance is determined as a ratio of mutually perpendicular components of
electric and magnetic fields:

The impedance Z(co) depends on variation of specific conductivity with depth σ(ζ) .
This dependence is determined by solving the forward problem for impedance in the
half-space
equation:

Z(co,z), z>0 . The impedance in the half-space is obtained from the

—^-^- = Ζ2(ω,ζ)σ(ζ) + Ιωμΰ
dZ((ti,Z)

„?/

\

,

(1. 5)

χ

/1

dz

i-N

where JU0 is magnetic conductivity of the medium. Equation (1. 5) should be solved
under the condition Z—>0 at z—*». This equation is non-linear (Riccati equation), and
in general case it may be solved only numerically. But for a multilayered medium
consisting of N-l homogeneous layers over a half-space its solution at the surface is
obtained by the relationship:
where RN is calculated by the recurrence formula (Vanyan, 1 997):
,l A.JV-2)
Zj = ^ιωμ0Ισι

is the impedance

(1.6)

of homogeneous medium with

specific

conductivity σι , ks = ^ϊωμ0σί is the wave number in the 5-th layer, Κλ = 1 .
The inverse problem of MTS consists in estimation of thicknesses of the layers
hs(s = l,2,..^N -V), and the values of specific conductivity in the layers
ffs (s = 1,2,...,N) from the impedance Ζ(ω) obtained from observations within a
certain frequency band.

§3. Linearization of the forward operator
The examples given in the preceding section show a variety of forward operators. As
we shall see later, most of the inverse methods have been developed for a case when
the forward operator Φ is linear. However, in geophysical problems the operator
Φ(ηι) turns out to be linear rarely. Linear are only the problems of gravimetry with
respect to density, and the problems of magnetometry with respect to components of
the magnetization vector. Indeed, a relation of the gravity acceleration g(x) with
distribution of density p(r) is determined by the integral

|r-x|
where γ is the gravitational constant. If the medium is divided into blocks with
constant density values within them,

But if the model of density distribution is characterized by location of an interface z(x)
separated layers with different density, the forward operator with respect to z(x) turns
out to be non-linear. The latter formulation of the inverse problem is widespread in
practice of interpretation of gravity data.
Another example of a linear relation between the data and the unknown parameters
is the relationship between surface wave spectrum and components of seismic
moment tensor Μ(;· (ω) [Aki and Richards, 1980]

Here r and φ are epicentral distance and azimuth of a station correspondingly, h is the
source depth, fir, oi) and Bn<l] are known functions. Index η denotes a component of
displacement in surface wave. Surface wave spectra are determined at different
stations in different azimuths respectively to the source, and these data are used for
determination of seismic moment tensor.
However, if the inverse problem is formulated not as a search of the unknown
parameters m respectively to which a direct operator is non-linear and sometime is
not represented in an analytical form, but as a search of corrections Am to a starting
model m(0) close to a true model. Then a relation between Am and a difference
between the observations y and a solution corresponding to the starting model m(0) ,
is approximately linear. The closer is the starting model to the true model, i.e. the less
is Am , the better is the approximation.
To find a solution m with a given precision, we can use the method of successive
approximations: at first a correction Am(1) to a starting model is calculated, and the
first approximation m(I) =m (o) + Am(1) is obtained; then this solution is accepted as
a new starting model, and a correction to this model is determined, and so on, while
the correction Am (s> becomes sufficiently small. At each stage of the procedure the
linear inverse problem is solved:
AAm^^Ay^-'^y-OCm^)

(1.7)

When the model space M is finite-dimensional, A in (1.7) is a matrix with elements

3Φ -\
^
Alk —\(—
Iν dm,,* /I m-m·<,_„'

,

and if M is infinite-dimensional, (1.7) is the integral

transformation of the form

The method described is analogous to solving transcendental equation F(x)=0 by the
Newton method, in which a solution at the 5-th iteration is determined through the
solution at the preceding iteration by the formula:

χ

=.

Reduction of the forward operator of arbitrary type to a linear operator (1.7) is called
linearization of the problem.
As mentioned above, the main advantage of the linearized inverse problem is that
efficient methods and algorithms are developed just for linear problems. Also it
happens that in cases when the forward operator can be described only
algorithmically, the operator for transforming the corrections to the model Am to
the residuals Ay can be represented explicitly, in linear form.
Let us show how forward operators in the examples given in §2 can be linearized.
Parameters of seismic source
Let f(° be the arrival time at the i-th station calculated under assumption that the
source parameters are ί%,φ0,/Ι?,η0- it is the starting model. The 'data' in this case
are now the residuals between the observed arrival times and those calculated for the
starting model, i.e. Δί, =/, —t°, and the unknown parameters are the corrections to
the

source parameters

Af 0 =f 0 —f£, Δφ = φ-φ°, Δ/1 = /1-/10, &h = h-h°. It

follows from (1.4) that
where
/ * ο , ο χ sin <P° sin Ψ ι cos(/l0 - λ.) - cos φ° sin φ
α, = /?(Δ ,h )
—
sin Δ,
\h°

ηηκΛ)

°ηηβ'" S1"

ΘΓ
Δ0 ,Λ1.0
A

Δ° is the distance from the /-th station to the epicenter corresponding to the starting
model.
Phase velocity of Love wave.. Here we restrict the consideration by the case when
the observed are phase velocities of Love wave (Levshin et al., 1989). A relationship
between group velocity residuals and variation of model parameters cannot be
represented in analytical form. It includes derivatives of phase velocity variations with
the parameters in respect to frequency, which can be obtained only numerically (Rodi
et al., 1975).

As was shown in § 2, determination of Love wave phase velocity corresponding to the
given μ.(ζ) and p(z) is reduced to evaluation of eigenvalues of the following boundaryvalue problem:

A search of eigenvalues ω2 for a given value of the wave number ξ is a
complicated computational problem. It is a typical example of such a problem where
the relationship between observations and the model μ(ζ), ρ(ζ) cannot be represented
in a form of an explicit analytical function. But a relationship between the phase
velocity residual and small variations of the elastic parameters δμ(ζ) and δρ(ζ) can be
written in explicit form.

Self-conjugacy of the operator (1.8) results in the following integral relationship
[Levshin et al., 1989]:
2

°°

2

/Ί2°°

τ

°° /'/fi/A 2

ω \pV dz = —\μν άζ + f μ\ —
ο

ο

ο \ "·Ζ J

(1.9)

dz

Varying the both sides of (1.9) we obtain the following expression which relates
phase velocity variation 5c with the variations of the model:

Here the eigenfunction V 0 (z) and phase velocity of Love wave CQ correspond to the
starting model μο(ζ), Ρο(ζ)· Otherwise formula (1.10) can be written in the form

where
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Travel time of seismic wave.
Travel time is determined by the Fermat functional

ds

τ=

The wave path (ray) L also depends on V(x).

Assume a starting model for the

velocity function VQ(\\ and calculate travel time TO and the wave path LO for this
model. The travel time residual is δ£=τ- ίο · Let us show that

δτ=\δ\-γ*
The eikonal equation for the medium with velocity V(n

may be written up to quantities of the first order smallness

1

Taking into account that (Vr 0 ) 2 = —- we obtain
"o

9δτ

/_!_"

y.

where from

δτ=\δ{In a particular case, when the source and the receiver are located at the surface of a
sphere of radius R, and the velocity V depends only on the distance r from center of
the sphere,
ds -

r

, where po is parameter of the ray reaching the surface at the

epicentral distance Δ in the medium with the velocity Vb(r). Then a correction to the
travel time curve 7Ό(Δ), corresponding to the velocity section Vo(r), is determined as
follows:

ll
1 Λ

*
J

=_2f

R

II

y**·
Ot7S

\ J

(

'

}

where rm - is a distance from the center of the sphere to the lowest point of the ray; in
f
this point —-— = p0. The kernel of the functional (1.11) is discontinuous and
singular in the point r-rm:
:—

rVl

r,
m < r <R

0

r < rm

Impedance of a plane electromagnetic wave.
In a laterally homogeneous medium the components of electric and magnetic fields
E = EX (ca, ζ) Η Η = Ηy (ω, ζ) satisfy the Helmgolz equations:

θζ

:
Ι

^-+ΐωμ 0σ(ζ)Ε(ω,ζ)
7\

=Ο

:)

(1.12)
(1.13)

It is easy to see that the equation (1.5) for the impedance Z=E/H results from these
equations.
Let { E0, H0 } and {E = E0+ ΔΕ, Η = H0 + AH } correspond to the conductivity
<70(z) and σ(ζ) = <τ0(ζ) + Δσ(ζ) respectively. Multiplying the equation (1.12) for
the starting model σϋ (ζ) by E(z), and for the unknown model σ(ζ) by EO(Z), and
deducting one from another, we obtain
ϊ-^Ε—-τ-Εΰ-ίωμ0Ε0ΕΔσ = 0
(1.14)
dz
dz
Integrate (1. 14) from 0 to °°. Taking into account (1.13) and the extreme conditions
Ε —> Ο, Η —» 0 at ζ—>°°, we obtain up to the quantities of the first order smallness
H0 (Ο)ΔΕ(Ο) - Εϋ (0)ΔΗ(0) = -J £02 (ζ)Δσ(ζ)*
ο

(1.15)

The correction to the impedance is obtained if the both sides are divided by HQ (0) :
(1.16)
ο "ο
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§ 4. Ill-posedness of inverse problems
Observations y can be regarded as an element of the space Y, and the model m as an
element of the space M. In general case these spaces may be infinitely-dimensional.
The operator Φ transforms the space M to the space Y. This transformation is
always single-valued: whichever is the model, a certain geophysical field can be
brought into correspondence to it (of course, if the model is sufficient for determining
the field). The inverse problem can be considered as construction of an inverse
operator Φ"1 transforming the space Y to the space M. Is this transformation singlevalued? In other words, does only one model correspond to a given geophysical
field? It is well known that it is not so. For example, different density distributions
may correspond to one and the same gravity field measured at the Earth's surface,
whereas the forward problem - determination of the gravity field from a given density
distribution - is single-valued. Another example - reconstruction of the velocity-depth
section from travel time curve with shadow zone caused by a low-velocity zone
within the medium. Inside and below the low-velocity zone velocity section is
determined non-uniquely (Gerver and Markushevich, 1972 ).
In the most cases non-uniqueness of the solution of inverse problem is connected
with incompleteness of real geophysical data: measurements are made in discrete
points, in a limited area, or in a finite range of some parameter. For instance, it is
known that the inverse problem of geoelectricity has a unique solution if the data values of apparent resistivity as a function of period - are known in the range of
periods from 0 to °°, and the unknown model may be regarded as laterally
homogeneous. But the observations are always obtained in a limited range of periods,
and this results in non-uniqueness of the solution.
If we display schematically the above considerations, then only one point y in the
space Y corresponds to a point m from the space M, whereas a certain domain Π1 in
the space M may correspond to a point y; in general it may be even disconnected
(Fig.2). How to solve the inverse problem in such a situation?
For geophysical studies it is important to obtain a set of solutions corresponding to
given observations. But how to describe this set compactly? Obviously, it is desirable
to find the characteristics specifying all the models, which form the set of solutions.
This can be done in two ways. One way is a priori averaging the model: it means that
instead of a true model we estimate some its average properties. Usually it is carried
out by partition of the medium to layers (blocks) and by estimating average values of
the unknown physical parameters in each layer. In gravitational and magnetic
prospecting a search of anomalous distribution of density (magnetization) is
substituted by determining of some 'additional' mass located in the center of mass

13

of the anomalous body. In principle, this approach allows achieving one-to-one
correspondence between the model and the observations, but it is not so easy.

Fig.2.
If the averaging is insufficient, we continue to remain in the situation described above,
when to one point from the space Υ corresponds a domain in the space M. On the
contrary, if averaging is too strong, we meet with the opposite trouble: a given point
in the space Υ does not correspond to any point from the space M. An example of the
latter case is interpretation of travel time curve of the wave refracted at a curved
boundary in the network of the model with plane boundary. For such a model the
travel time curve is linear while the observed one is necessarily curvilinear. In this
case the space of observations Υ is formed by a set of arrival times ?,(z = 1,2,...,ri) in
consequent points of a profile, but for all that, the points corresponding to any model
of the chosen class should be located at some hyperplane in the space Y, while a
point corresponding to the observations lies outside the plane. Thus, in solving
inverse problem we may meet both with non-uniqueness of a solution and with
absence of the exact solution.
It seems to be more efficient to chose a method for averaging the model directly on
the basis of the observations used. Since each data set fixes a corresponding domain in
the model space, a method of averaging should be determined by the data set.
Both methods for averaging will be described in detail in the next chapters.
Consider now stability of the inverse problem solutions. For this purpose it is
necessary to define a space metric. Hitherto we considered a data space and a model
space as sets of elements not determining a 'closeness' of the elements. If a concept
of distance jo(y,,y 2 ) between the elements* yi and y 2 is introduced, the space is
Here and below we assume that components of vector are of one and
the same dimension and scale. A method for reducing the vectors y €
and me M to such a type is described in §4 chapter 3 and in §1 chapter 4
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called metric. Often is used quadratic metric (L 2 ), in which the distance ρ between
2

the elements y j Η y 2 is defined as /? (yi,y 2 ) = Σ (?2ι ~~ Jiif » or if Y is a space of
ι

functions

Another example of a metric space is a space with uniform metric ( C ), where a
distance between the elements is determined by the formula

or
We shall denote the distance between elements of a metric space |jy2 - y 2 1|.
Operator for transformation of one space to another ( X —> Y ) is called stable, if
small deviations in the initial space X (in a sense of a distance between the elements)
lead to small deviations in the space Y. Strict definition of stability of an operator Φ
transforming a space X to a space Υ is as follows: for any arbitrarily small value of
ε > 0 it is possible to find such δ > 0 , that for any elements from the space X fitting
the condition |x2 - χ, | < δ , a distance between the corresponding points in the space
Υ submits to the condition ||y2 - y1 1 < ε where y , = Φ(χ, ) .
The forward operator is stable as a rule. This follows from the fact that all
geophysical fields - seismic, gravitational, electromagnetic - are stable in respect to
small fluctuations of medium parameters. However there are some exceptions. They
may be caused by two reasons. Firstly, usually we consider not a total geophysical
field, but some its characteristics. And the characteristics may be chosen so that for
certain medium parameters they become unstable. For example, travel time curve of
seismic wave corresponding to a velocity section V(z) becomes unstable in a case
when in a certain point - = 0 : in such a case an infinite loop arises at the travel
dz
time curve. At the same time, seismic wave field corresponding to this velocity
distribution remains stable, because

amplitudes corresponding to the loop are

infinitely small. The second reason of instability of the forward operator is connected
with the fact that sometimes approximate or asymptotic methods are used to construct
such an operator, and these methods may be either inapplicable for some values of
parameters, or bring a low precision. For example, if for calculation of seismic wave
amplitudes the geometric ray theory is used, in the vicinity of caustic or of a shadow
zone we will obtain discontinuity of the amplitude, which does not appear in reality.
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These peculiar properties of the forward operator should be always taken into
account in solving inverse problem in order to exclude the domain of instability from
consideration. Later on we shall assume the forward operator to be always stable.
1

The inverse operator Φ" is usually unstable. This means that small fluctuations of
the data y may lead to arbitrarily large fluctuations of the model m. As mentioned in
§2, observations y always contain errors, so that the 'true' characteristics of the field
are always in a vicinity of the observed ones.
Thus, real observations fix a certain domain in the space Y rather than a point.
Therefore even in the case, when the inverse problem has a unique solution, the
erroneous observations will determine a domain in the space M. If the inverse
operator is unstable, this domain may include quite different models, and a solution
corresponding to the inaccurate data may differ strongly from the true one. This is
illustrated schematically in Fig.3.

Fig.3

Let us contour a small area in the space Y around the point y corresponding to the
observations. A size of this area is defined by observational errors. Let this area
include a point y 0 corresponding to accurate data. Inverse operator transforms this
area to a rather extended area HI, in the space M, and it may happen that the point m
corresponding to the observations y will be moved far away from the true model m 0 .
It is possible to approach to the true solution if some a priori constraints are imposed
to the model.
Due to the above-mentioned peculiarities of the inverse operator (non-uniqueness
of a solution, a possible absence of the exact solution and instability) the inverse
problems are ill-posed.
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§ 5. Parametrization of a model
It was already mentioned in the previous sections that due to non-uniqueness of
the inverse problem we are forced to determine only some averaged characteristics of
the unknown model rather than the complete model m(r). A rate of averaging depends
on the data used and on the data errors. For example, if the data for determination of
elastic wave velocities in the layers bounded by plane horizontal interfaces are travel
times of the waves reflected from the boundaries at normal incidence, it is obvious
1

A
V
that such data determine only average velocities in the layers V, = ht\ \dhjVt(K)
,
av

U

J

provided the thicknesses of the layers ht are known. Such data do not contain any
information on velocity variation Vt (h) within the layers. Thus these data allow us to
formulate the problem only on estimation of average velocities in the layers.
Another example is determination of the crust and upper mantle structure from
dispersion curve of Love wave. From the forward operator (1.3) it is seen that
different dispersion curves of group velocity «(Γ) correspond to different rigidity and
density distributions μ(ζ), p(z) · However u(T) is obtained from observations with
substantial errors, and this does not allow us to determine the structure in details.
Usually to solve this problem a crust-upper mantle model is approximated by a set of
homogeneous layers over a homogeneous half-space. The unknown parameters in
such a model are values of rigidity //, and of densitypt (z=l,2,.JV), as well as
thicknesses of the layers h,(i=l,2,..N-l). Then a search of the unknown functions
μ(ζ), p(z)is substituted by a search of 3N-1 parameters. The substitution of the
functions μ(ζ), ρ(ζ) by the parameters is permissible because it leads to variations
of the dispersion curve within observational errors.
The same considerations can be applied to the problems on studying
processes in seismic source. The process of fracturing in the source is too much
complicated: a fault surface is usually of a complex shape, and the process is
developed irregularly in time. So in general this process should be described by
several functions: a shape of the fault surface, displacement of the fault sides and
rupture velocity as functions of time and coordinates. Since it is practically
impossible to determine this process entirely it is also replaced by a set of
parameters depending on the data and on the tasks of study. If the data are polarities
of P-wave, the source is represented by a point source, in which a fault is infinitely
small. Parameters of the source in this case are the angles specifying orientation of
the fault and direction of slip. If the data are the waveforms in P-waves, and
consequently their spectra, the source can be modeled by an area of finite
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dimension, and the fracturing can be considered as developing along the fault area
with constant velocity. In this case it is possible to estimate additional parameters: a
size of the fault area, average displacement and seismic moment.
The replacement of the unknown model by a simplified one, constructed by
averaging, is called parametnzation of the model.
The following principles of parametrization can be formulated (Keilis-Borok
and Yanovskaya, 1967). First of all should be fixed more or less narrow class of the
functions m(r), in which a model is sought. In the examples described above the
unknown functions V(z) or μ(ζ), ρ(ζ) were considered in the class of piecewise
constant functions. Depending on specific character of the problem different functions
can be chosen: piecewise linear, exponential, etc. The functions are characterized by
some parameters, so that a search of a model in the chosen class of functions is
reduced to a search of the parameters. So as a result of parametrization the unknown
model is determined in a finite- rather than in infinite-dimensional space. Dimension
of the model space is equal to the number of the unknown parameters.
What considerations should be used for parametrization of a model? In other words,
proceeding of what principles we should choose the parameters? As mentioned above,
the choice is determined by the data. Usually, on the basis of numerical modeling computation of synthetic data for different models - we can determine influence of
variations of the model on characteristics of the field. For example, from analysis of
synthetic characteristics of the field we can estimate how strongly the values of the
data are affected by replacement of a multi-layered model by the one-layered model,
etc. This allows us to estimate what properties of the model affect the data strongly or,
vice versa, weakly, what variations in the structure cause distinguishable difference in
the data.
Parametrization should be optimal: it is desirable to chose the parameters so that
their number would be not too large, and at the same time not too small, otherwise
there is a danger to miss some features in the solution contained in the data. It is not
easy to choose the optimal parametrization a priori. But, as we shall see later, if the
parametrization is unsuccessful, it can be corrected in the procedure of solution.

§ 6. Classification of methods for solving inverse problems.
As mentioned above, the main problems that arise in solving inverse problems are
following:
i)
parametrization of a model - a choice of the space M;
ii)
comparison of the observations with synthetic data for a given model - a
choice of a criterion for closeness of the points in the space Υ when no
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exact solution exists;
iii)
a choice of a criterion to which the solution should satisfy when the problem
has infinite number of solutions;
iv)
narrowing the domain of solutions in case of instability.
The existing methods should be classified from the standpoint how they approach
to solving these problems. Also we should bear in mind that simultaneously with
receiving a solution it is necessary to estimate its quality, i.e. how adequate is the
solution to the true model.
Let us dwell on comparison of observations and synthetic data assuming that a class
of models is fixed from some considerations. This problem arises when no exact
solution exists, i.e. when no one point in the space Μ satisfies the condition <3>(m)=y.
This situation is possible in two cases: either the model is described by too few
parameters, so that it is impossible to obtain all features of the observations, or the
number of the parameters is enough, but the data contain errors. In this case such a
point m is accepted as an approximate solution, which corresponds to a point y the
closest to observations y. In this case it is necessary to fix a metric of the space Y.
The metric is chosen proceeding from analysis of the data. The most often is quadratic
metric, but in some cases (for example, when large residuals are inadmissible) may be
used the uniform metric.
If the distance ||y - y|| is minimized in the metric LZ, a solution is determined by the
least square method. If the data are of different dimension, or have different weights,
then a weighted sum of square residuals is minimized:

In general case the approximate solution is obtained by minimizing some misfit
function. In particular, if the metric of the data space is LZ , the misfit function is
simply a sum of square residuals, but in general case its form depends on properties of
the observations.
Properties of the data are allowed most completely if the data are treated in the
probability-theoretic framework. In this approach the data space is considered as a
sample space, and a point y as an elementary random event. In this space given is a
probability of occurrence of any event y for a fixed model m. The probability is
determined by analysis of stochastic properties of the observational errors. For
estimating a model m from a given point in the sample space Y statistical
technologies are used. The approach for treating the observations as random variables
characterized by a certain probability distribution underlies statistical methods for
solving inverse problems. Both statistical methods and the least square method are
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reduced to minimization of some misfit function in the space of model parameters.
Therefore sometimes they are joined under a common name optimization methods.
If the misfit function is determined with allowance for stochastic properties of the
observational errors, a quality of the solution is characterized by estimated variance
and covariance of the parameters. On their basis confidence regions for the model
parameters are constructed. In the framework of optimization methods there is no a
constructive way for an optimal paramertization.
Now let us consider another situation, when the observations are rather accurate, and
a dimension of the model parameters is too large, so that an infinite set of models
corresponds to the observations. In this case a solution cannot be obtained if the
model is not subjected by some a priori constraints. The simplest way to put a priori
constraints is to fix some parameters proceeding from the results of previous studies.
Sometimes it is possible to use some relation between the parameters. In both cases a
subspace is separated from the original space Μ in which a solution is sought.
Another way to put constraints is as follows: of all solutions chosen is that one, which
is closest to a given point mo . This approach is based on the fact that from previous
studies it is always known an approximation to the unknown model. Therefore it is
natural to determine the solution in such a way that it would be more close to this
starting model. In this approach it is necessary to define a metric of the model space
M. In this case the problem is formulated as follows: of the multitude of all possible
solution it is necessary to choose that one, which minimizes the distance IJm-m,,!.
This approach for determining a unique solution in case when the observations y are
linear functionals of m, was developed by G. Backus and F. Gilbert (1967,1968), and
is known as Backus-Gilbert method.
More general criterion to which the solution must fit can be determined from
analysis of a priori probabilistic properties of the solution. This is possible if the
unknown parameters m are considered as random variables characterized by some a
priori probability distribution, which may be obtained from the results of previous
studies, and which characterizes a measure of uncertainty of our knowledge on the
model. However more often the characteristics of the a priori distribution are chosen
from heuristic considerations. In this approach a 'closeness' of the points in the space
M is determined, as in the previous case, in the probability-theoretic framework.
In the case when the problem has infinite numder of solutions, a 'quality' of the
solution is estimated by resolving power of the data. Since the number of the data is
insufficient in order to determine ('to resolve') all the parameters, the solution is found
to be averaged, and it may be interpreted as a result of averaging of all admittable
solutions. A measure of averaging determines the resolving power of the data.
A solution of the inverse problem obtained both by optimization and by the BackusGilbert methods may be unstable. From the standpoint of geophysical interpretation
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such a solution has no sense, because the region of admittable solutions determined by
the observational errors becomes too much extended. In such cases used is
regularization method (Tikhonov and Arsenin, 1974) for determining stable
approximations for solving ill-posed problems. The concept of the regularization lies
in imposing such a priori constrains to the model due to which the solution becomes
to be stable.
The regularization takes on a definite sense in statistical approach for solving the
problem, if both spaces Υ and Μ are treated as the spaces of random events. In this
case the solution m is determined as that one, which corresponds to maximum of a
posteriori probability under the assumptions that the observation is y.
The main difference between the optimization and Backus-Gilbert methods is that
they are intended for solving the problems with different ratio between the numbers of
parameters and the numbers of observations. Optimization methods require the
number of observations to be larger than the number of the parameters. The BackusGilbert method is used in the cases when the number of the parameters is larger than
the number of observations (the model space may be even infinite-dimensional). It is
clear that it would be desirable to have an universal method valid in both cases. Such
a method exists for linear problems, i.e. for those, where dependence of observations
y, from the model parameters m is linear. It is so-called the generalized inverse
method, or as is often called, singular-value decomposition method (SVD). This
method was developed in linear algebra for solving systems of linear equations with
arbitrary ration between the number of equations and the number of unknowns. The
method allows obtaining a solution even in the case, when exact solution does not
exist, but exists infinite number of approximate solutions determined by the leastsquare method. If the solution obtained with this method turns out to be unstable,
some regularization methods may be applied.
The major computational problems arising in application of the above mentioned
methods are: a search of a multidimensional function extremum, and the problems of
linear algebra - solving systems of linear equations, determining the eigenfunctions
and eigenvectors of matrices. Computational difficulties arise due to instability of the
inverse operator, and are expressed in weak variation of the misfit function in a wide
vicinity of the extremum, or, when the problem is reduced to solving a linear system,
the system turns out to be ill-posed. In such cases attempts are made to increase
stability of the solution by applying suitable computational algorithms. But, in the
final analysis, all these methods and algorithms may be interpreted from the
standpoint of a priori constraints imposed to the unknown model. Therefore when
some computational methods are used for solving the inverse problem, it is necessary
to proceed from analysis of the problem, character of the data, a priori constraints on
the model, and requirements to the solution.
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In the next chapters the fundamentals of the above methods will be described.
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Chapter 2. GENERAL PRINCIPLES OF STATISTICAL ESTIMATION

In chapter 1 it was noted that geophysical observations used for inversion always
contain errors, and consequently may be considered as
random variables
characterized by a certain probability distribution whose characteristics depend on the
model parameters. Thus the problem of determination of the model parameters may
be reduced to statistical estimation of the parameters of the random variables
distribution from a finite set of measurements. In the next chapter we shall consider
the methods for solving the inverse problems based on such an interpretation of the
experimental data. To facilitate understanding the next arguments we shall give the
some concepts and fundamentals of the mathematical statistics (e.g. Cramer, 1946;
Rao, 1965; Pugachev, 1984).
Let some multidimensional variable X ( X i , X2 ,—Xn) is measured. Each
component X, of the vector X contains a random error and therefore acquires a
certain value jc, in accordance with the distribution function F(xt) = P(X, ^ x,).
The whole set of data acquires the values χ (xl,x2,...xn) in the space X in accordance
with the distribution function F(;c,, jc2,..jcn) = P(X} < x,,...,Xn ^ *„) · Then X is
called sample space, and the random vector χ is α random sample from a total set of
size n.
If F(x) is differentiable in respect to all x,, the function p(x) =
a total probability density of random variables

—— is called

X,,X 2 ,...X n . For independent

observations
ρ(χ) = Π/>(*,>·

(2-1)

If the probability density p(x) is expressed by a certain mathematical function
containing some unknown parameters

0,,02...,i?t e Θ , the problem of statistical

estimation is reduced to estimation of the unknown parameters of distribution from
the sample values of

X},X2...Xn.

In general this problem may be formulated as

follows:
-

considered is a random multidimensional variable X (X,,X 2 ...X n .), for which
either the probability distribution is expressed by a known mathematical function
containing some unknown parameters

θ (ζ9,,ζ92,...,ζ?λ), or the functional

dependence of the distribution is unknown though known are some moments of
the distribution, which are expressed also in terms of the unknown parameters;
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-

given is a sample of observed values of this variable
y _ γ- y _ „
y _
.
Λ , — Λ, , Λ 2 — Λ 2 ,...Λ η —Y Λη ,

it is necessary to estimate the vector of the parameters θ ( z9, , z92 , . . . , uk ) from the

-

sample values and to determine their precision.
Before proceeding to the methods for parameter estimation we shall point out to
some properties of the function ρ(χ; θ)
1. If ρ (χ; θ) is a continuous and twice differentiable function of the parameters Θ, and
a variables χ domain does not depend on Θ, the function p(x; Θ) is called regular. An
example of irregular function is probability density corresponding to
distribution, in which the mean value depends on a parameter ϋ :

uniform

p(x;-0) = [Η (χ - /(ϋ) + ε)- Η (χ - /(ϋ) - ε)]/ (2ε)
where Η (χ) is the Heaviside function
2. For a regular probability density function the following equality is true:

-E

P

~

~-

( }

i, j = 1,2,..., η
where -

EK (...) is the stochastic average calculated under the assumption that θ is

the vector of true parameters. In fact, let p(\; ϋ) - probability density of a random
variable X - depend on a single parameter ϋ . Then the following equality holds
;z?) dxldx2...dxn =1
From this formula follows that
aiogp(x;t?) , » , ,
, - (dlogpfou1)} .
··Α, = J -^- Pi* ?> άχλάχ2...άχη =ΕχΙ -£^-i I = 0
f

Differentiate this equality in respect to zS :
;^) 6jp(x;t?) ^ .
,
_
dx,dx2...dxn =0.
Taking into account that

θ#

Λ

a#

we obtain the required equality

Ε

·1

/ -Μ

,

η·^ \ 2
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In case of several unknown parameters analogous argumentation leads to formula
(2.2)
3. In the above expression for probability density /?(χ;θ) the vector of parameters θ
is assumed to be fixed, and the probability density is a function of the values of χ
acquired by the random variable X. Now we assume that a value of θ is unknown,
and define the likelihood function for θ by the following formula:
4(θ) = ρ(χ;θ)

(2.3)

If as a result of observations the random vector X acquires a fixed value χ = XQ, the
likelihood function is a function of only Θ. However, emphasize that this function
depends on the values obtained from observations of the random variable X.
For a given value χ = XQ the function L, (Θ) defines a likelihood of the parameters
in the following sense: if different points θ are selected from the space θ , then those,
for which the values XQ obtained from observations are characterized by larger value
of probability density, will be more likely than those, for which the probability
density is small. The likelihood function for several independent experiments is equal
to a product of the likelihood functions for each experiment:
1=1

The is easily seen from formulas (2.1) and (2.3)
The likelihood function for a regular function p(x; Θ) is also regular. In this case
the relationship (2.2) hold true for such a function:

(y log LX (θ)1

\ d*.

)

4. The matrix J with elements
ai
L
7 -ρ
-ρ i °g *(e)

•

^

**,

is called Fisher information matrix. Its diagonal elements /„ are called Fisher
information quantity. For independent experiments they define an amount of
information about the corresponding parameter $, contained in a given sample XQ
The information quantity is a measure of sensitivity of the sample Xo to small
variations of Ot .
Consider now methods for estimation of the parameters. Distinguished are the
problems for determining point and interval estimates. Point estimates are functions
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of sample values Ot =g1(xl,x2— ·>*„)> i

=

1,2,..., k , which reflects the true values

of the unknown parameters as precise as possible. Interval estimate of the parameters
is a domain, within which the true values of the parameters should be situated -with a
given confidence probability.
Point estimate. Many different functions of sample values may be used for point
estimates. Therefore it is important to select those which would give maximum
precision, i.e. would be optimal. It should be noted that because the estimate is a
function of sample data, it is also a random variable. Therefore it is natural to
characterize properties of the estimates by the properties of its probability
distribution. Consider below the main properties of the estimates. For simplicity
confine the consideration by the case when only one parameter ϋ is estimated.
Λ

1. Mean value of the estimate ·&
Efi(ff)

(2.4)

= 0+b(0)

If b(u) = 0 independently on the amount of sampling, the estimates are called
unbiased. If b(u) —> 0 with η —> «= the estimates are called asymptotically unbiased.
Λ

If £$($) —> & with η —> 0° in probability the estimates are called consistent.
2. Variance of the estimate is determined by formula
(2.5)

σ\ϋ^ = Ε^-Ε^ϋ)}
For regular functions

p(x; ·&} a lower bound for the variance exists. This property is

expressed by the Rao-Cramer inequality:
,

.

(2 6a)

where 3(ϋ) is Fisher information quantity. The esimate, for which the inequality
turns into equality, is called effective in the sense of Rao-Cramer inequality.
However the equality is possible only in the class of unbiased estimates, i.e. when
(2.6b)
In case of multiparametric estimation it is necessary to consider a covariance
matrix instead of the variance. The elements of the covariance matrix are
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Determinant of this matrix |V| is called generalized variance. In a class of unbiased
estimates the inequality analogous to (2.6a) holds for the generalized variance:
|V| > J "' , and for the variance of each component is true
(2.6c)
The lower bound in the condition (2.6c) is achieved in the class of unbiased estimates
Λ

only if -& is a linear function of the components of vector x. In a more general case
the unbiased estimate &f has a variance no less than (j ~! )„, the lower bound being
achieved only asymptotically, for n/, —> oo. In such a case the vector θ is called
asymptotically effective estimate in the sense of Rao-Cramer inequality.
If the mean value of the estimate (2.4) is substituted to (2.5), we obtain formula for
the mean square error

E^—ff)2

= σ2(#) + b2(&)

(2.7)

Of two estimates the better is that one, for which a value of the left-hand side is less.
But it is impossible to reach minimum of the mean square error by minimizing either
the variance or the bias because decrease of one quantity results in increase of the
another. Only in the class of unbiased estimates the estimates effective in the sense of
Rao-Cramer inequality minimize the mean square error.
A general approach to determining point estimates is to confine a class of the
estimates, and to find in this class that estimate, which minimizes the mean square
error (2.7). The best developed is the theory for determining solutions in the classes
of unbiased and asymptotically unbiased (for n—>°°) estimates, which lead to the
effective (asymptotically effective) estimates in the sense of Rao-Cramer inequality
(2.6b)
The methods for estimating the parameters, which give asymptotically unbiased
and effective in the sense of Rao-Cramer inequality estimates, are developed in the
theory of statistics for regular functions ρ(χ;θ). These are the methods of maximum a
posteriori probability, of maximum likelihood, and the least square method.
The method of maximum a posteriori probability is based on the Bayesian approach.
Vector of the parameters θ is assumed to be random with known a priori probability
density ρ(θ). Let us observe a random variable X, which acquires the values in
accordance with the conditional probability density ρ(χ/θ), depending on the
parameter Θ. As a result of the experiment the a priori information characterized by
the probability density p(Q) is supplemented by the information obtained from the
observations on X. Now the amount of our knowledge about the values of the
parameter θ will be characterized by the conditional probability density, which is
called a posteriori probability density of the parameter Θ. Denote XQ the value of X
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obtained as a result of the experiment. Then the conditional probability density for a
given XQ , according to the Bayes theorem, is equal to

(2.8)
where

i

LXo(B)- if the likelihood function. The

c = fL^(Q)p(Q)d0i,du v...,d0k·,
β

point estimate in this case is that one, which maximizes

a posteriori probability

density, i.e. satisfies the condition

(2.9)
However it is often impossible to determine the a posteriori probability density for the
unknown parameters. Then the parameters are estimated by the maximum likelihood
method. The likelihood function is constructed on the basis of the probability density
p(ii',Q), in accordance to which the random variable X acquires the value XQ obtained
in the experiment. The maximum likelihood principle is that the components of the
vector θ should be chosen in such a way that the data sample XQ obtained from
observations would be the most probable, i.e. when
L^ (Θ) = max

(2.10)

θ

Usually the function

Z,Xo (Θ) is replaced by the logarithmic likelihood function

/ (Θ) = logLXo (Θ) . Since the both functions reach the maximum in the same point, it
does not matter which of these functions is used to obtain the estimate. However, in
some cases the logarithmic function is preferable.
The maximum likelihood method can be used both for random and nonrandom
parameters. If the parameters are random, the condition (2.10) results from (2.9) for
uniform a priori probability distribution. Consequently the properties of the maximum
likelihood and of maximum a posteriori probability coincide.
Let the distribution />(χ;θ) of the observed random vector X be unknown, but
known are only the two first moments of this distribution, which are functions of the
unknown parameters Θ:

Ε, [{*, - /, (θ))(*, - /, (θ))τ ] = Ry (θ)
In the case when the distribution is unknown, but known are some its
characteristics, maximum uncertainty of our knowledge on the distribution
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corresponds to that one, which results in maximum value of entropy. The entropy of
the probability distribution is defined as follows:

Η =Using the method of Lagrange multipliers it is easy to show that the distribution
corresponding to maximum entropy (2.11), fitting the conditions (2.10) and the
normality condition for probability density j p(s)dxl,..jdxn =1,

is the normal

X

distribution

«r

where |R| is determinant of the covariance matrix R, which characterizes correlation
between the components of the vector X. For the normal distribution logarithm of the
likelihood function obtained proceeding from a sample JCQI,. . -,ΛΟΠ, is following:

R | - x 0 -f ( e R - '

-f (Θ)

(2.12)

When R depends on Θ, the maximum likelihood estimates of the components of the
vector θ should be determined by maximization of (2.12). However, often only the
second term in the right-hand side of (2.12) is maximized. The estimate obtained in
such a way is called least square estimate. If R does not depend on Θ, the least square
estimate coincide with the maximum likelihood estimate (in particular for linear
problems). Practically in all problems, when the real probability distribution can be
appoximated by the normal law, these estimates differ insignificantly. Therefore for
an unknown distribution the least square estimate is generally used. If the
observations are assumed to be independent and of equal accuracy, R=a2I (I is the
unit matrix, σ2 may be unknown), the least square estimate is obtained from
minimizing a sum of square residuals:

1-1

Thus the above methods for estimating parameters under certain conditions follow
one from another. The maximum likelihood method is a particular case of the
Bayesian approach for solving the problem in absence of a prior information about
the unknown parameters. The maximum likelihood method turns into the least square
method when the observations are distributed normally and the errors are additive:
jt, = /, (Θ) + et, so that the stochastic characteristics of the errors do not depend on
the unknown parameters. Therefore, as a matter of fact, the properties of the estimates
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obtained by the above-mentioned methods coincide.
We have already mentioned on the properties of the estimates obtained by the least
square method, the methods of maximum likelihood and of maximum a posteriori
probability density. Let us dwell on them once more. If the likelihood function is
regular, the maximum a posteriori probability estimates and maximum likelihood
estimates are asymptotically unbiased and effective in a sense of the Rao-Cramer
inequality, and have asymptotically normal distribution with mean value tending to
the real value of the parameter and with covariance matrix J"1:

where ρ(θ/θ) is probability density of the estimate θ under assumption that the real
parameters are components of the vector Θ. The diagonal elements of the matrix J"1
are variances of the parameter estimates; therefore they characterize accuracy of the
estimates. The least square estimates are unbiased and effective for a small data
sample, only necessary is that n/k>l. If χ depend linearly on the parameters, the
least square estimate is a linear estimate, and, as mentioned above, its variance
reaches its lower bound.
Non-linear estimating by the least square method can be reduced to determining
linear estimates, if we determine a small correction ΔΘ to the starting model θ(0) rather
then the parameter θ itself. The relationship between ΔΘ and the residuals Δχ
(difference between the observations χ and the values corresponding to the starting
model θ(0) ) is approximately linear (see § 3, chapter 1) . To determine θ with a given
accuracy the method of successive approximations is used: determined is Q^ =
Θ(0)+ΔΘ, then θ(1) is assumed as a new starting model and determined is Δθ(2), etc.,
while the process is stabilized.
The least square estimate is of great importance in many practical problems,
because in most cases the probability distribution is either normal, or can be assumed
as that, if the information on the distribution is absent, and the observational errors
can be considered as additive, because they are usually small. (In this connection the
least square method will be described in greater length than the other ones in § 5,
chapter 3)
Interval estimate. The problem to construct an interval estimate lies in determining
a boundary of the region within which lies the real value of the parameter
Θ* € θ with the confinence probability l-ε. The confidence boundary is optimal, if
the probability l-ε is close to 1, and the size of the region is minimum. When one
parameter ϋ is estimated, the confidence region turns into a confidence interval
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(ΰζ,ΰζ),

within which the true value of ϋ is situated. For simplicity we shall

consider here the theory for determining the confidence intervals, which can be easily
extended to a general case . If the unknown parameter is treated as a random variable,
it is possible to find its probability distribution, and when the distribution is known, it
is easy to determine the confidence interval. This approach, as in case of point
estimation, is based on the Bayes theorem, and can be formulated as follows. Given is
a set of random variables Χι , Xi ,....Xn , ·& . The vector X is obtained from
observations, but ϋ cannot be measured directly. It is required, proceeding from
observations of the vector X, to draw probabilistic conclusions on the value of ϋ . It is
clear that to solve such a problem it is necessary to have information on the
distributions of both X and ϋ .
Let the probability density p( ϋ ) of a separate variable ϋ be given. Besides, let us
know that the random vector X acquires the values in accordance with the probability
density p(\', ϋ ). Assume that as a result of an experiment the vector X acquired the
value XQ. Then the conditional probability density of ϋ for the given XQ fits the
Bayesian formula (2.8), where all notations have the same meaning:
p(0)L·
^ c
The confidence interval for ϋ can be determined as follows:

where 4 and z?2 are chosen so that the length z?2 -

would be minimum for a

given value of l-ε .
However, often it is impossible to determine a priori probability for the given
parameter. In this case two approaches are available. One is based on the assumption
that p(i9)=const. Then the boundaries of the interval are determined from the
condition

But this approach is difficult for practical use.
Another approach for determining the interval estimates is based on the method of
confidence intervals. Briefly it can be described as follows. At first a point estimate
$ is determined for ϋ , for example by the methods desribed earlier. Since ϋ is
expressed in terms of the sample data of X, whose probability distribution is
assumed to be known for any given ϋ, it is also possible to determine the
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probability density for the estimate

A

p(&,&) .Therefore, if we assume

some

confidence probability
l-ε, we shall be able to indicate the values $j" and &*2, between which the random
variable ·& lies:

The values z?* and z^ depend on ϋ : zSf = H(ff) ,

1% = Q(ff) . Let us determine the

inverse functions
$ = h(tf)

, & = q(&[). Then the double inequality tf < & < &l is equivalent to the

following:
(2.13)

q(ff)<u<h(-ff)

In the simplest case, when $* = t? - δλ , ζίξ = t? + δ2 , this inequality takes the form
&-δ2<&<&+δι . A probability of the inequality (2.13) is also equal to l-ε, and
consequently the boundaries of the confidence interval for the parameter ϋ are
determined.
In the described approach no assumption is made about ϋ : if this variable is
random, or not. At the same time from the inequality (2.13) it seems that ϋ is a
random variable.

But it is necessary to keep in mind that random in (2.13) are

boundaries of the confidence interval, so that the result may be formulated as follows:
a random interval with the boundaries $ , ϋ^, depending on the sample data Xo
covers the true value of ϋ with a given probability.
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Chapter 3. MAXIMUM LIKELIHOOD AND LEAST SQUARES METHODS
In this chapter we consider the methods for solving inverse problems which have no
exact solution. As mentioned in Chapter 1, this may be either due to observational
errors, or because the model (a set of parameters) is not adequate to the data. In both
cases we meet the situation drawn schematically in Fig.4: only a part of the space Υ a subspace Y' - corresponds to the space M.
This can be in the case when
the dimension of Υ is larger
than the dimension of M.
The point y corresponding
to the data is located in Y,
and in general it does not
correspond to any point in
M. In such a case an
approximate solution is
Fig.4
determined as follows: a
point
y in the subspace Y' 'nearest' to the point y is determined, and the corresponding
point in in the space M is accepted as the solution. It is evident that to apply such an
approach it is necessary to define a measure of closeness in the space Y, i.e. to fix a
metric of the space. It can be done in different ways. Most often used is the
metric L 2 . However, if the deviation of real observations y from the values
corresponding to a point in M is caused by the observational errors, and a probability
distribution of the errors is known, the metric in the space Y is chosen on the basis of
this distribution.
§1. Statistical formulation of the inverse problems
It is natural to formulate the inverse problems of geophysics from the statistical
standpoint in the cases when deviations of the observed values y, from calculated
ones Φ,(ηι) are caused by the observational errors. The Observational errors' may
include also the residuals caused by local inhomogeneity of the medium, by weak
influence of unaccounted factors, for example, by scattering of a field at small
heterogeneities, by difference in station conditions, by difference in measuring
devices, etc. So the measured values contain random errors, and the values y,
themselves constitute a η-dimensional random vector y. Its probability function may
be known, then it includes the unknown model parameters by means of the functions
Φ(ηι) ; if it is unknown, then in each specific problem its characteristics should be
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analyzed. On the basis of this analysis it can be possible to judge about probability of
a sample y (see § 2). Thus the data space Υ may be treated as a sample space of
dimension n, to the elements of which corresponds a certain probability. The model
parameters m may be considered as the parameters of the probability distribution of
the random variable y , which should be estimated from sample values of y obtained
from observations.
Thus, in statistical formulation the inverse problem of geophysics can be
formulated as follows: given is a random vector y- ( yl , v 2 ,..., yn ) in the space Y of
dimension η with probability density p(y;m.)L which depends on the parameters m by
means of a known function <E»(m). It is necessary to estimate mfrom a known vector y
and to determine a precision of the estimates.
Accordingly to the statements in the previous chapter, the estimates obtained by the
maximum likelihood method are asymptotically unbiased and effective in a sense of
Rao-Cramer inequality. They are obtained by maximizing the likelihood function
J y (m) = logjp(y;m)
or by minimizing the function
^(m) = -logp(y;m)

(3.1)

In general case the parameters m can contain not only the model parameters, but also
some parameters of the probability distribution, e.g. variance of the errors.
When m is a vector of only model parameters, (3.1) may be otherwise written in the
form
where λ can be interpreted as a 'distance' in the space Y between the points y and
y = <t>(m) . Thus the problem is reduced to minimization of this distance. From these
considerations it is clear, in which cases the space Y can be treated as a metric space,
or as a sample space.
Example 1. Determination of velocity-depth curve from travel time curve of
reflected wave. Let us have a travel time curve of the wave reflected from a
boundary, which is assumed to be a horizontal plane, and the overlapping medium is
homogeneous. The observations are made in the points on a profile at distances xt
from a source, and the travel times in these points are equal to tt . The problem is to
determine a thickness of the layer h and seismic wave velocity V in the layer. If the
real medium corresponds exactly to this model, the travel times are determined by the
formula tt = <bl(xl;h,V) =

+4h2

. However, the boundary may be not ideally

horizontal, the medium may contain local heterogeneities, and the travel times are
measured with errors. Assume the residuals dtt = tt -Φ,Οχ,ί/ι,ν) in the subsequent
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points to be independent and of equal accuracy, so that they can be considered as
2

random variables with normal distribution with the same variance σ :

The parameters of distribution here are h, V and α They can be found by
maximization of the likelihood function, or by minimization of the functional
2(7
2

If the variance σ is known, the parameters h, V are determined by minimization of

The latter is equivalent to that as if the data space has the metric L2 .
Example 2. Determination of the source mechanism. The data in this problem are
polarity of Ρ waves, so that they may acquire one of two values: +1 or -1 (see
example 4 in Chapter 1). Thus the values of the data vector y in the space Υ may be
located only in the corners of a multidimensional cube. The unknown parameters in
this case are the angles determining orientation of the fault plane $#,and the rake λ.
To determine these parameters the observations at Ν stations are used. It is obvious
that the parameters should be determined in such way that corresponding polarities at
all the stations would coincide with the observed ones. However a probability of
erroneous determination of the polarity is not equal to zero - this is possible, for
example, due to missing the first phase if intensity of radiation is low and the wave
arrives on the background of noise. Let this probability be a. Then the probability to
determine polarity correctly is 1-cc. The probability of erroneous determination of m
polarities is equal to
p(m) = [ma + (N- m)(l - a)] I P , where Ρ = —--- - is normalizing factor
ΛΓ

determined from the condition ^ p(m) = 1 . Since a value of α is small, this
m=0

probability decreases with m increasing , and the maximum is at m=Q. Since m is a
function of the unknown angles φ, δ,λ, the probability p(m) can be considered as the
likelihood function ρ^(φ,δ,λ) for a given data sample y. Maximization of the
likelihood function is equivalent to minimization of m. So the problem is formulated
as follows: to determine the angles φ,δ,λ, for which the number of erroneous
determinations of polarity is minimum. As a 'distance' in the space Y we can accept
the value of m. It should be noted that in this example a point in the space Y (i.e. a
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corner of a multidimensional cube) may correspond to a finite domain in the space
M, perhaps even disconnected.
Example 3. Determination of vertical specific electrical resistivity in the Earth
from the sounding data. Let us represent the Earth model as horizontally-layered
medium. Each z'-th layer ( i = 1,2,..., N) is characterized by thickness hi (hN=°°) and
resistivity pt. For simplicity assume the medium to be isotropic. Then the values of
apparent resistivity yOc"'(ri,m) at the r;-th (j = 1,2,···,«)spacing may be calculated
by the formula (Matveev, 1974):
oo

pml (r,, m) = A 1 + rf J K(m, r)Jl (tr,) άτ

L

where

J\(r r})

ο

is the Bessel function of the fisrt order, K(m, τ ) a kernel-function

depending on the medium parameters m =(ht, />,) and on the integration variable τ.
Let the observations p°f" differ from pca'(r},m} by a value of random error ξ}
distributed normally with zero mean value and variance σ^. Assume the values σ2}
to be unknown, but known is that σ] = σ\ \pcal (r} ,m)j2, where σ% is also unknown.
Then the random variable p°6i is also distributed normally with the variance σ2 and
the mean value pcat (r ,m). This problem differs from the example 1 by that here the
variance depends on the model parameters. Multidimensional distribution of the
random vector y = (p™,pfs,···, p°bs} takes the form
.

r.1 - ρ

. /

\N,

l r , , m/ )],

V ;

If the model consists of Λ^ layers, the distribution p(y,m)

(3.2)

has 2N unknown

parameters, of which 2N-1 are the model parameters, and one, σ% , is a parameter of
random error.
Example 4. Determination of longitudinal specific conductivity in the Earth from
magnetotelluric data.
Let the magnetotelluric observations (MTS) are carries out in a certain point at the
Earth's surface. The data for inverse MTS problem are real and imaginary parts of
complex impedance Z; = Z(T}) = x} + iy}

(j = 1,2,...,n).

As before, we represent the Earth model by

N-l horizontal homogeneous layers

over a half-space. Then the values of ΛΟ(Γ;,ΠΙ) and y0(Tj,m) can be obtained from
the formula for complex impedance (1.6):
+1

fcj+1 + tanrT1 ^ / a s + l R N _ ( s + l ,
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(3.3)

where m. = (h1,h ,···,ΗΝ^,ρι,ρ2,···ρΝ). The notations in (3.3) are the same as in
(1.6). Assume the observed values

x} and y ; to differ from the calculated ones

x0\Tj,m), y0\T ,m) by the random errors ξ} and η}, which are independent and
distributed normally with zero mean value and the same variance σ 2 . Then the joint
probability density of the random variables jc; and y} for a given j can be written in
the form

\χ,-χ*(ι

2
,,m)f +[y,-y 0 Μ ]

n

2σ2

and the common probability density of the two vectors χ = (χι,χ2,···,χη)

and

y = (yi>:y2» — » y « ) is as follows
+ \y -

exp -

2σ

Let us assume that earlier (for example, from vertical electric sounding) the estimates
of the same parameters

m = {hs,ps} have been obtained. As was mentioned in

Chapter 2, the estimates obtained from random data are also random, and are
characterized by a certain probability distribution. The distribution of the estimates m
may be regarded as a priori distribution of the unknown parameters in the MTS
problem. Let the probability density of these estimates be p 0 (m). Then a posteriori
probability density of the values of m allowing for the information in MTS data is
p(m I x, y) = PO (m)p(x, y;m)
In this case the parameters m can be estimated by maximization of a posteriori
probability density of these parameters.
§ 2. Distribution functions of geophysical observed data
As mentioned earlier, inferences of the theory of statistics can be used for solving
the inverse problem, if the data space is treated as a sample space, to each point being
attributed a certain probability depending on the model parameters. Otherwise, each
point in the data space is considered as a random vector characterized by a certain
probability density. It is obvious that the estimates of the model parameters obtained
on the basis of some statistical criterion should depend on the distribution function of
the data. To obtain a solution describing the real model most adequately we must
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choose the distribution function so that it would reflect the real distribution of the
observations in the best way. For this purpose, first of all it is necessary to realize
what are the causes resulting in the randomness of the data vector y.
Since we are always forced to idealize a model of the medium or of a source, it is
impossible to achieve the exact coincidence of the observations y with the field
corresponding to the model Φ(πι). For any model from the space Y a non-zero
residual E=y -<&(m) always takes place. Statistical methods are based on the
assumption that the residuals can be considered as random observational errors.
Evidently, the residual includes the measurement errors and the random errors,
which depend on the conditions of the experiment. They both can be substantially
reduced by repeated observations. But the residual can never be vanished because the
real medium (source) does not correspond to the assumed model. This lack of
correspondence of the model to the real medium results in presence of an unaccounted
component in the data. By nature this component is not random, because it is caused
by peculiarities of the medium. Therefore, if the experiment is repeated under
identical conditions (at the same profile, for the same sources, etc), the identical data
will be obtained each time, hence this component cannot be excluded. However, if the
residuals in subsequent points, where the observations are carried out, are not
distributed systematically, the residuals may be regarded as random, i.e. caused by
such elements of the medium (or of a source), which cannot be described in the
framework of the model, and which should be considered as random. If a
systematical deviation is revealed, it can be usually excluded by corresponding
complication of the model.
It is clear that distribution of the residual e=y -<&(m) can be considered instead of
distribution of the vector y. In general case parameters of the residual distribution may
depend on the model parameters m. So the problem is reduced to determination of the
ε distribution in each specific case. As in other problems, where we deal with random
variables, two approaches may be used for determining the distribution function:
construction of the distribution curve empirically, and analytical derivation of the
distribution function, if known are the main factors influencing the error, and can be
accepted more or less plausible hypotheses about the investigated event.
In many cases it is acceptable to assume the normal distribution for ε with zero
mean value. It is important to take into account a deviation of a real distribution from
the normal one mainly when the errors are large. In case of small errors many
distributions turn into the normal one as the limit.
Consider some examples.
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Example 1. Distribution of travel times of the waves from earthquakes. H. Jeffreys
(1936 ) has shown that distribution of the observed arrival times differs from the
normal distribution by higher probability of large errors. To describe this distribution
he proposed the following law:

where

g(t) - is a function, which varies smoothly in the range of approximately
CO

several σ at both sides of

*0 , and

[g(t)dt = l
— oo

Parameters of the probability density (3.5) can be estimated from the empirical
distribution. If we assume approximately g(t) = const within some finite, though
rather wide interval, and outside this interval g=0, then for large values of the
residuals p(t) = qg , so that the value of qg is estimated as an average level of the
empirical distribution for large deviations from the mean value (denote it as p^). And
for small deviations, i.e. in the vicinity of the distribution maximum,
1-q
1-q
+
Po = <18 + r— = ~ - =

The value of σ can be estimated from the distribution in the vicinity of the
maximum. If the number of residuals in the interval (t0 -a,t0 + a) is equal to Na ,
and in the interval

Na ^
~Ν~β~

(t0 -/3,t0+ β)

it is equal to Ν β , then for small α and β

Ρ(α/σ)-Ρ(-α/σ)
Ρ(βΙσ)-Ρ(-βΙσ)

where F(x) is the error function. Using the tables for the error function it is easy to
estimate σ from this relationship.
The distribution of the travel times t = fobs - 1source is specified by the nature of the
error St = t - 10 . The observational error dt is formed as a sum of different errors: due
to inaccurate determination of the origin time ίΜ11ΙΜ, as a result of erroneous
determination of the epicentral distance, due to local heterogeneity at the path source
- station, and eventually, due to interpretation error caused by non-correct
determination of a phase on the seismogram, or by non-correct time reading.
Interpretation error can be much larger than all others, though it appears not always,
but with some probability q<l. This results in appearance of the second item in the
expression for the probability density. However, if the data divergent strongly from
the mean value are excluded from the data set, the influence of the interpretation error
on the distribution of the observations practically vanishes, and the distribution of the
remaining data turns out to be approximately normal. Such a method of rejecting the
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large errors is often used in order to treat the observations under the assumption that
their distribution is normal.
Example 2. Distribution of travel time residuals from a set of earthquakes recorded
at a network of stations.
Let the travel times £# be determined at the stations k=l,2,..K from the sources
1=1,2,.. L. For simplicity neglect the interpretation error. Assume the origin time to be
determined with an error characterizing by the normal distribution with the variance
a2ou . The error due to difference in the station conditions is also distributed normally
with the variance σ2, . Also the data contain an error, which is related neither to the
source nor to the station, - it is caused by heterogeneity on the wavepath and by
incorrect measurement of the arrival time. The latter error can be also considered as
normally distributed with the variance σ2 . The distribution of a sum of normally
distributed variables is also distributed normally, with the variance equal to a sum of
all variances, which in the considered case is equal to Cf

2

2

2

+ <7SOU + <7st . But the errors

in individual data are not independent: if the data are obtained at the same station, the
errors will be correlated, and the covariance of these data will be equal to σ2., ; if the
data are obtained at different stations from the same source, their covariance will be
equal to a2ou . Thus, the joint distribution of all the data will be characterized by the
covariance matrix R whose elements are:

_ <7S2,

if the data are obtained at the same station

cr^u

if the data are obtained from the same source

0

if the data correspond to different sources and different stations

The joint distribution of all the data (denote them t = (f,, t2 ,..JN ) T ) is the
multidimensional normal distribution

p(t)=

1

where the vector to(A) is a mean travel time as a function of the epicentral distance Δ.
Example 3. Distribution of phase and amplitude of the impedance. Recorded in
MTS are natural electric and magnetic fields. The data for inverse are the values of
input impedance Z, which for laterally homogeneous medium is Ex I H y . Since the
real and imaginary parts of the impedance χ and y are determined from the primary

40

data by the least square method, it is possible to assume that χ and y are distributed
2
normally with the mean values xo and yo and the same variance σ . For inverse used
are the modulus
2

+y

(the amplitude), or the phase φ = arctan(y / x), or R and

φ jointly.

Let us consider distribution of the amplitude and the phase.
The joint probability density of the variables Λ; and y is determined by the formula
2

(*-* 0 ) +(y-y 0 )
2σ2

2-πσ

2

and the joint probability density of/? and φ by the formula

(3.6)

where

is Jacobian of transformation from x, y to R, φ equal to

cos#? -Rsin<p
sin φ R cos φ
The expression (3.6) is transformed to the form
,

R2+R2

R

(3.7)

where
The distribution of the amplitude can be obtained by integration of (3.7) over the
variation interval of φ, i.e. from 0 to In:
R

I

R + Rn

2σ2

R
= —r-exp
--

σ

(3.8)

σ2

where 70 is the modified Bessel function. The distribution of the phase is determined
by integration of (3.7) over the variation interval of/?, i.e. from 0 to <=°:
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2

exp

P\ffl) =

R -2RRQcos(<p-(pQ)

2σ2

dR =

= — exp
where σ0 =C^R,

(3.9)
F(Z) = J—j exp[-t /> /& is the error

u = cos(#> - <p0),

V Τη

function.
The distribution of the amplitude (3.8) is the generalized Rayleigh distribution.
In case /?ο/σ»1, and if R is not too small as compared with σ, the Bessel function
can be replaced by its asymptotic representation

then

ex

-

This distribution differs from the normal one by the multiplier AR/pp . But this
ο

difference is considerable only in the region, where the values of R are improbable,
i.e. for R far away from Ro . In the vicinity of the distribution maximum, i.e. for R
near to RQ, it can be considered as the normal distribution.
The phase distribution is also possible to consider as normal for small σο- In fact, for
σο »1 the first term in braces can be neglected as compared with the second one, and
2

the second term is approximately equal to —

exp

Thus, the distribution of

the phase for small σο takes the form

p(<p}=

1

-wexp --

(3.10)

In the vicinity of maximum, i.e. for φ close to φΌ, it is possible to accept that
1-M 2 =(φ-φ0)2, u = 1, and (3.10) turns into the normal distribution:
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2σ02

J

When the impedance is determined with a large ratio error (this corresponds to large
periods at the global curve, where the values of R are too small), it is possible to
neglect the second term in the expression (3.9) as compared with the first one, and to
accept the exponential multiplier equal to 1. In such a case the distribution of the
phase turns out to be uniform in the interval 0 < φ < 2π: ρ(φ) = (2π)~ι.
The given examples show that for small errors the distribution of observations may
be regarded as normal one in the most cases. In some cases it can be made normal
synthetically, if the data with large errors are excluded from the data set. But if the
accuracy of the data used for inversion is rather high, it is appropriate to assume the
distribution of the data to be normal.
Let us give some remarks concerning the distribution of that component of the
residual, which is caused by non-adequacy of the model. As was already mentioned, it
is impossible to take this component into consideration, and it is only necessary to
choose the model in such a way that to make this component to be practically random,
i.e. unbiased. The natural requirement to the distribution of this component is that its
mean value should be equal to zero. Usually it is assumed to be normal with zero
average.
Thus, taking into account that a random error included to a residual is usually
distributed according to the normal law, the distribution of the total residual can be
assumed normal in most cases.
§ 3. Estimation by maximum likelihood method
Let a functional dependence for distribution of observations v,· be known, the
parameters of the distribution depend on the model parameters m, and a priori
information on the parameters is not available. In such a case, as mentioned in chapter
2, if the amount of data tends to infinity, the maximum likelihood estimates are
unbiased, effective and normally distributed with average equal to the real value of
the parameters and with covariance matrix equal to inverted Fisher information
matrix. It should be noted that Fisher information quantity must increase with
increasing of the amount of sampling.
The likelihood function has been defined in chapter 2 (formula (2.3)). The
maximum likelihood estimate is that one, which maximizes the function Ly(m), or
the logarithmic likelihood function /y(m)=log Ly(m). Determination of the
likelihood function maximum is reduced to solving the system of equations
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ΘΖΤ (m)
-1
= 0,
dmq

4 = 1,2,..,*,

(3.11)

which are called the likelihood equations.
These equations are transcendent in general, and for solving them the method of
successive approximations is usually applied. In this case it is convenient to simplify
the linear equations proceeding from the property (2.2) at each iteration.
Practically it is always possible to find a certain starting model m(0), in the vicinity
of which the function Zy(m) would be regular and unimodal (having a single
maximum). Expanding (3.11) in the Taylor series in the vicinity of m(0) and keeping
the terms of the series up to the first order, we obtain:
3Zy(m)
where Amp = mp —m£0) . Then the system (3.11) is reduced to the linear system
with respect to the corrections Am p :
AAm=b

(3.12)

where

(

_.j

\

oly (m) ι
~£
dm 1 /m
ι ... '
<0)

(1)

/

f-\2i

\Λ

σ / (m)
A
v~\~^—ή—
{ am om
\

1

(3·13)

n /
Ρ

(0>

m

(0)

Using the estimate m =m +Amas a new starting model we can determine a
correction to m(1) solving again the system (3.12), in which b and A are calculated
in the point m=m(1), etc., up to convergence of the procedure.
On solving the system (3.12) computational difficulties arise due to necessity to
calculate the second derivative of the likelihood function in respect to the
parameters at each iteration. Since the parameters are included to the expression for
the probability density p(y;m) by way of the forward operator <&(m), which in the
geophysical problems is often too complicated, and sometimes cannot be
2

represented in analytical form, calculation of the second derivatives

9 L(m)
am dm

is

2

reduced to calculation of the second derivatives

5 Φ! (m)
. To avoid this
dmqdmp

difficulty the following trick is used.
Since a solution of the system (3.12) is not a final estimate maximizing the
lilelihood function, but its approximation, it is possible to modify slightly the matrix
of the system (3.12) in such a way that the procedure of the successive
approximations would converge to the solution (3.11), even if the approximations at
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each iteration would differ from the solution of the unaltered system (3.12). Only
important is that the right-hand sides of the system retain the form (3.13) and tend
to zero in the process of successive approximations.
Inasmuch as the data used for calculation of the likelihood function are sample
values from the total population with the probability density p(y;m) , the second

A · *; , that
· is a ,sample
, value
A
f
derivative
of dmqdmp
dmqdmp

- , may be

approximately replaced by its stochastic average. And according to (2.2),

_

,

_

(3.14)
Therefore instead of the matrix elements (3.13), it is possible to use the expressions
in the right-hand side of (3.14).
The next example shows how this replacement simplifies the system (3.12)
Example. Determination of the geoelectric section parameters from MTS
data. In general case the data are the amplitudes fl, and phases φι of the complex
impedance

Z, corresponding

to

the

periods

of

electromagnetic

wave

7;(i = 1,2,..., η).
Parameters of the section - thicknesses of the layers d} (j = 1,2,..., Ν - 1) and
specific resistivities p} (j = 1,2,. ..N) - form the (2N - l)-dimensional vector m.
Let us use the expression for the joint probability density of the impedance
amplitude and phase given in § 2 (formula (3.7)). Assuming the observations at
different periods to be independent we may write the likelihood function as the
following product:
1=1

Then the logarithmic likelihood function takes the form

where Rt , φ, are the observed values of the amplitude and the phase, R0l , φοι are
the corresponding values calculated for the model with the parameters
m=(dl,d2...dN_l,pl,p2,...pN).
The right-hand sides of the equations (3.12) take the form
=

3

0=
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Determine the coefficients of the system Apq in accordance with formula (3.14).
Taking into account that the observations are independent we obtain

m

*.'='

q )

"'"ρ

"ι

τ Οι /J

-\

*""q

-\

-\

^d/ng dmp

-ι

dmp dm^ J

'

-ι
2

2
0

2

ν/0ί

; Λ sin (φ, -φ0, )"
_^°' I.
dmq dmp\
For calculation of the stochastic

(3.16)

average take into account the following

relationships:
Ejsmfo-$?„)] = (),

\XIXQI "*" 3Ί3Ot / ~ ^Οι "^ 3Όι ~ Oi >

sin2
(3.17)
= E^ (xf cos2 <p0, + 2xt y, sin φ0ι cos ^ + yf sin2 <2?0ι ) = /?2 + σ 2 .
Substituting these relationships to the right-hand side of (3.16) and executing some
elementary transformations we obtain

The expressions (3.15) and (3.18) can be simplified if we express —^_H——
dmq omq
in terms of the derivatives of the impedance —-. Taking into account that
R0 = ·\]Ζ0Ζν

and φϋ = z(ln Z0 - In ZQ )/ 2 (star denotes the complex conjugate)

we obtain
3r>

(3.19a)

(3.19b)
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7)7

where Z' = —— ;

Ζ'

Η ψ. are modulus and phase of the derivative of the

impedance in respect to the parameter mq . Substituting (3.19a) , (3.19b) into
(3.15) and (3.18) we obtain

, - φ0, ) -

, - ψφ )J

ι=1

Formulas for calculation of

°A

are given by Sochel'nikov (1968).

In some cases the likelihood equations (3.11) can be replaced by more
simple approximate equations without prejudice to the solution proceeding from the
properties of the distribution function. As an example we consider the problem of
determination of seismic travel time curve by averaging the observed travel times i,
assuming them distributed in accordance with the Jeffreys' law (3.5). This problem
is not inverse in full sense of the word, because the problem is not formulated as
estimation of the model parameters. However the travel time curve obtained as a
result of statistical analysis can be used for estimation of the velocity-depth section
by means of the direct inversion ί(Δ) —> V(r). Therefore to solve the proper
inverse problem it is necessary to determine the travel time curve ί(Δ) with the
most possible accuracy.
For simplicity we assume an approximate travel time curve ί0 (Δ) (starting
model) to be known, and required is to determine a correction α to the starting
model, constant within a narrow interval of epicentral distances, from the travel
time data in this interval. The likelihood function has the form
l-q

2σ2
Denote tu -t0(A,l) = StI.

Assume that the quantities qg,

σ and

(l-g)(V2^(7)~1 are determined from the empirical distribution as was described in
§2. The equation for determining the maximum of the function /(a) is as follows:

0
Denote

l-q

— = 1 + μ exp

Then the equation (3.20) may be written as
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ί=1

and the estimate of α is the weighted mean value

w dt I

w .

It should be noted that the weighting factors w, themselves depend on the unknown
parameter a. But since this dependence is not too strong, it is allowed to determine
w, approximately, estimating α under the assumption that the distribution is normal,
and to accept the coefficients to be known beforehand. This assumption is equivalent
to that the parameter α is estimated by minimization of the weighted sum of square
residuals
, -aY\vt , where the weighting coefficients are determined beforehand and do
not depend on the parameter to be estimated.
Dependence of the coefficient w
from the residual x = ot — a is
displayed in Fig.5 by bold line.
It is seen that a big weight is
attributed to the observations,
which differ slightly from the
mean value (\x\ < 2σ), while the
observations with large residuals
(|^|>2<r)

acquire

a

small

weight.
Fig.5
For simplicity the weighting function is often approximated by a Π-shape
function (thin line): the observations with large residuals are excluded from the data
set, and the others are used with equal weights. This method of truncation of the
data set is used when it is known that the observations contain the larger number of
big residuals than predicted by the normal distribution.
Consider now a case that is often met in practice, when the observations are
distributed according to the normal law with the mean value Φ(ιη) and the
covariance matrix Ry

the elements of which do not depend on the unknown

parameters m.
As was mentioned in § 2, in most cases real distiributions can be reduced to
the normal law if the residuals are rather small. The likelihood function in this case
have a form
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η

/y(m) = ~\οξ(2π)

Ry + Υ - Φ ( ι η ) - Φ ( ι η ) ) .

(3.21)

If the maximum of this function is determined iteratively, by solving the linear
system (3.12) at each step, the vector of the right-hand side at the r-th iteration will
have the components

,,rt Γ a / 1

(3Φ Y

„.

and the elements of the matrix A are determined in accordance with formula (3.14)
as follows:

Taking into account that Ey {(y - Φ(m)Xy - Φ(ιη))τ }= Ry we obtain the following
expression for Apq :

Therefore the corrections Am(r:) at the r-th step of the iteration process can be
determined by formula
Am(r> = (BTR;1B)~1BTR;1 [y - Φίιη^1')]

(3.22)

where

~

ν <K J.™

Let us notice that the same formula can be derived without replacement of the matrix
A by its stochastic average, i.e. without use of the relationship (2.2). In case of the
normal distribution the likelihood equation have the form

(r i:i

Expand the left-hand side of (3.23) to the Taylor series in a vicinity of the point m "

, denote Ay ( < r > = y - Φ(ιη(Γ ~ 1) ), and keep the quantities of the first order of smallness.
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This gives
Β τ Κ; 1 (Δγ (Γ) -ΒΔιη <Γ) )) = 0,
from which Am = (BTR;1B)"1 B T Ry'Ay, that coincides with (3.22).
In the next section describing the solution of the inverse problem by the least square
method, to which the maximum likelihood method is reduced in case of the normal
distribution of the data, it is shown that the same expression for corrections can be
obtained, if we expand the function Φ(ιη) , rather than

BL(m)
omq

, i.e. linearize the

forward operator.
It often turns out that the logarithmic likelihood function contains the items or
multipliers, which do not depend on the unknown parameters m. In (3.21) such is the
first term. It is obvious that for maximization of the function Zy(m) such terms do not
play a role, and can be rejected. The function λ(ιη)

obtained by rejecting such terms

is called misfit function. Usually λ(ιη) is taken with the opposite sign, and the
estimate m is obtained by minimization of the misfit function.
As we shall see later, all statistical methods are reduced to extremum search of
some misfit function, or, what is the same, to solving the system of equations
^ 0/

dmg

\

= 0.

Usually this system is solved by the method of successive

approximations, but in some cases this approach meets with some difficulties. The
cardinal one is that the misfit function may have several minimum points rather than a
single one. If a priori information for choosing a starting model is insufficient, a
solution may correspond to a local minimum rather than to the global one. In this case
it is necessary to seek for the solutions from different starting points, selecting them
from the model space randomly, or according to a certain rule, as will be shown in §6.
Also, a relief of the misfit function can be so intricate that the Newton-Rafson method
will diverge even in case of a properly chosen starting point. In such cases other
methods should be used for extremum search. Some of them are described in §6.
§ 4. Estimation by the least square method
To use the maximum likelihood method it is necessary to know a mathematical form
for the distribution of the random data, because the problem of estimation of the
model parameter is reduced to estimation of the distribution parameters. However, the
form of the distribution is usually unknown, and for its determination it is necessary
to carry out the extensive studies related to the error analysis.
In practical problems the wide-spread is the least square method, which is
remarkable for its simplicity. For its application it is unnecessary to know the error
distribution, it is sufficient to have an information only about its two first moments.
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At the same time the least square method minimizes the mean square error (2.5) in the
class of unbiased estimates. The theory of the least square method is described in
different handbooks on the mathematical statistics, e.g. Rao, 1965; Cramer, 1946;
van der Waerden, 1969.
As was noted in chapter 2, if only two first moments of the distribution are known,
the normal distribution corresponds to maximum entropy. In fact, in most real
geophysical problems the distribution of the residual ε=γ-Φ(πι) may be considered as
normal. Let us also assume that variances and covariances of the errors do not depend
on the vector of parameters m. In this case the maximum likelihood method is
reduced to minimization of the functional
/Km) = (y - 0(m))T R;1 (y - <&(m))
This functional is easily reduced to a sum of square residuals, if the vector y is
transformed to the new one:

y' = R; 1/2 y.
If we denote Φ'(ιη) = R~1/2<&(m) , the problem of estimating m is reduced to
minimization of
/l(m) = (y'- <D'(m))T (y' - O'(m)) = e'V

(3.24)

Keeping this in mind, for simplicity we shall later consider minimization of the
functional (3.24) omitting prime at y and Φ. Also for simplicity hereafter we shall
assume that the residuals are independent and have the same variance, so that

The estimates obtained by the least square method are those which minimize the
Γ

sum of square residuals ε ε. The estimates m^g, minimizing (3.24) are called the
least square estimates. Minimizing (3.24) is equivalent to solving the system of
equations

ST(m)(y-0(m)) = 0

(3.25)

9Φ

where S = -—- . In general the system (3.25) is nonlinear, but in the only case, when
oWj
Φ is a linear function of the parameters Φ(ιη)=Αιη , the system becomes linear, S=A,
and (3.25) is reduced to the form
ATAm=AT y

(3.26)

The equations (3.26) are called normal equations. Assuming the matrix A T A to be
non-singular we can write the solution of normal equations in the form

51

m i i g =(A T A)- 1 A T y

(3.27)

A case of singular matrix will be considered in chapter 6.
Linear least square estimates are characterized by the following properties, which
do not depend on the error distribution:
1. The least square estimates are unbiased, i.e.
E(m) = m

(3.28)

Indeed, taking into account that Ε(ε) = 0 , and substituting the estimate (3.27)
to the left-hand side of (3.28), we obtain
E(m) = Ε[(ΑΓΑ)-' A r (Am + e)j=m + Ε(ε) = m
2. The covariance matrix of the least square estimates
R n = 4(m -m)(m -m)r j

(3.29)

can be obtained if we substitute (3.27) to (3.29) and take into account that

= (Α 7 'Α)~ 1 Α Γ Ε(εε Γ )Α(Α Γ Α)- 1 .
According to the above assumption that the residuals are independent and
have the same variance, Ε(εεΓ) = <τ2! , then
(3.30)

The diagonal elements of R n are variances of the least square estimates.
The second property of the estimates is that among all unbiased linear estimates
the least square estimates are characterized by minimum variances. This statement is
known as the Gauss-Markov theorem. We do not prove it here, and send the reader to
any handbook on statistics (van der Waerden,1969; Rao, 1965).
3. If the variance of the data σ 2 is unknown, it can be estimated by the formula
r

2

σ =— (y-Am) (y-Am).
n—k
The difference y - Am is called the residual vector, and σ 2 is the residual
variance. This estimate is unbiased. Substitution it to formula (3.30) gives the
unbiased estimate for the covariance matrix of the least square estimates.
The described properties of the least square estimates are true for any, even for
small samples of the data (it is sufficient only that the condition n>k would hold true),
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and do not depend on the error distribution. However, knowing nothing about the
error distribution we cannot determine the distribution of the least square estimates.
We can only affirm that if the residuals ε are normally distributed, then the least
square estimates are also distributed normally. This follows from linearity of the
estimates, because any linear function of

normally distributed variables is also

distributed normally.
It is easy to see that in this case the least square estimates coincide with the
maximum likelihood estimates, because

log Ly (m) = - —-y (y - Am)r (y - Am) - η log σ - -|
and since σ does not depend on m, maximization of logL y (m)is equivalent to
minimization of (y - Am)r (y - Am) . It should be noted that in this case, except of
the second property true only for linear and unbiased estimates, the least square
estimates are characterized by the property peculiar to the maximum likelihood
estimates, i.e. they are asymptotically effective in much wider class of estimates.
Linear problems are uncommon in geophysics. As was noted in § 3 of the
chapter 1, a linear dependence of the data on the model parameters takes place only
in some problems of gravimetry and magnetometry. But the problems of estimates in
non-linear models are reduced to linear least square estimates by means of
linearization.
Consider now application of the least square method in non-linear problems and
properties of the estimates.
Let the data be non-linear functions of the model parameters <t>(m). As in the
case of a linear problem, let us assume that the mean value of the residual
ε = y - Φ(ιη) is zero and the covariance matrix is cr2! .
The least square estimate is determined as in the linear problem, by
minimization of the sum of square residuals
«>(m)

(3.31)

If ε is distributed normally, the estimate obtained in such a way coincide with the
maximum likelihood estimate. It was noted in § 2 that in most geophysical problems
the assumption on normalcy of ε distribution is righteous. This is a basis for wide use
of the least square method in inverse problems of geophysics. The least square
estimates have the properties characteristic for the maximum likelihood estimates —
they are consistent and asymptotically

effective.

If the distribution of ε is not normal, the least square estimates do not have the
optimal properties. But in spite of this fact they are often used due to their simplicity.
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In some cases, when the distribution deliberately differ from the normal one, it
is possible to reach normalcy of the distribution by a transformation of the data. One
such example is truncation of the data set, when the data with large residuals are
rejected (of course, if such data are not too many). As was mentioned in § 2, in many
cases we may consider the remaining data to be distributed normally. Another
example is introduction of the weighting coefficients to the initial residuals, as was
shown in § 3 for the case when the residual is distributed in accordance with the
Jeffreys' law. If instead of the primary residuals ε = y - O(m) considered are the
weighting residuals e'l=(yl -O^m))^/^, their distribution with fixed weighting
coefficients wt turns out to be approximately normal with zero mean value and equal
variances. Then it is possible to estimate the parameters by minimization of a sum of
weighted square residuals. However in this case w, themselves depend on the
parameters (formula (3.20)). But it is found that the estimate depends insignificantly
on the values of wt . This allows the weights to be estimated approximately, using the
weights estimated without taking the weighting coefficients into account.
The use of the least square estimates is also justified when nothing is known
about the residual distribution except the mean value and the correlation properties.
As mentioned in chapter 2, in this case maximum entropy distribution is the normal
law. Then the estimate corresponding to our notion about the properties of the data is
the least square estimate.
Consider now the procedure for getting least square estimates in non-linear
problems.
The widespread approach for determination of the estimates minimizing (3.21)
is linearizaion of the forward operator O(m) :
O(m) = O(m(0) ) + A(m(0)
where

Instead of y we shall consider a difference between the observed data and the
synthetic ones, corresponding to the starting model m ( 0 ) , Ay = y-<I>(m(0)). This
difference is linearly related to the correction Am :
Ay = ΑΔιη + ε .
According to the previous consideration the estimate of Am is as follows:
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Determination of the estimate m minimizing (3.31) is carried out by successive
(r)

approximations as is desribed in the preceding section. The estimates Am are
(r)

(i )

determined until the values of 5(m )are stabilized and the corrections Am " turn
out to be sufficiently small.
Computational difficulties connected to realization of this method are the same
as in solving the likelihood equations. At first, the starting model should be chosen so
close to the solution that the process of the successive approximations converges.
η
. . . . .
, , , , . .
9Φ.(ιη) ,
Secondly, at each iteration it is necessary to calculate the derivatives —-*
that is
om;
time consuming.
Example.
Let a thickness of the layer Η and seismic velocity V in the layer are to be
estimated from the travel time of reflected wave. The travel time is determined by the
relationship

*(*) =

ν

Let the data on travel times be known in a finite interval of distances, and the data
have errors. Linearizing the problem we obtain the following expression for
corrections to the travel time curve f0(.x) corresponding to the starting values of the
parameters (Ho, VQ):

<* =

.

4Hn
°

SH-

In the synthetic example below we assumed the real values of the thickness and the
velocity to be H=30 km, V=5.6 km/s. The starting values were chosen H=20 km,
V=5.0 km/s. The data set was constituted by travel times in the interval from 20 km to
70 km with a step 5 km (11 values in total). The data contained uncorrelated errors
with rms 0.5 s. The estimates of the corrections to the starting model δΗ,δν are
determines by the least square method, the solution for Η and V is accepted as a new
starting model, etc, until the corrections become lower than some threshold.
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Fig.6
Fig.6 shows the travel time curve corresponding to the real model (bold line), to the
starting model (dashed line), and the data (crosses). The travel time curve
corresponding to the solution (H = 28.2km,V =5.39km/s),

obtained after three

iteration is shown by thin line. Rms errors calculated by formula (3.30) are found to
be 2 km and 0.23 km/s correspondingly. So the real model lies inside the rms error.
The correlation coefficient of the estimates calculated also by on the basis of formula
(3.30) as
r =·

R

&\2

was found to be sufficiently high, equal to 0.97.
To illustrate the first property of the least square estimates, namely, that the
estimates are unbiased, the mean value was determined as a result of averaging of the
solutions for 2000 samples of the data errors. The values of the estimates Η and V
corresponding to these samples are shown in Fig.7. The averaged values of these
estimates are found to be H=30.06 km and V=5.61 km/s that agree with the real
model with high accuracy. The region of the estimates is strongly elongated in
agreement with the high value of the correlation coefficient.
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24

27

Fig.7

§ 5. Estimation of uncertainty of the solution
Since the model parameters are estimated from the observations, which contain
random errors, the parameter estimates are uncertain. Below we restrict the
consideration to the uncertainty of the maximum likelihood estimates. If the
parameters are estimated by the least square method, the estimate may be regarded as
the maximum likelihood estimate in case of normal distribution of the data. Thus the
further conclusions will be valid also for the least square estimates.
The maximum likelihood estimate m is such a value of the parameter m, which
maximizes a probability to obtain a given data set. This estimate does not coincide
with the true value of the parameter mo, but it is situated in its vicinity.
Solution of the inverse problem implies that we must conclude about the true value of
the parameter mo on the basis of the data set y. Therefore we must be able to
construct such a vicinity of the estimate m, where the true value of the parameter mo
may exist with a given confidence probability. A size of this vicinity characterizes
uncertainty of the solution.
Conclusions on size and shape of the confidence region can be drawn on the basis of
the likelihood function /y(m) behavior in the vicinity of its maximum. In (fc+1)dimensional space (mi, m^ ., m^ ly ) this function is represented by a hypersurface
convex near the maximum (Fig.8). If this surface is intersected by a plane ly = ΐ, the

51

projection of the section in the space M* forms a region (hatched), whose boundary
consists of points characterized by the same likelihood ly = I , and inside ly > I .It
is natural to take this region as the confidence region for true value of the parameter.
But in this approach for determination of the confidence region the following
questions arise: what is a contour of the region? how to determine the value /
corresponding to a given confidence probability?
In general, if the amount of data is not too large (if the data set contains insufficient
information on the parameters), the boundary of the region in the model space
determined by the equation / y (m) = / turns out to be rather complicated. This region
can be found only numerically, by calculating the values ly (m) in a vicinity of m.
Such a method will be described in § 6.
For large data sets (n » k) provided the total information on the parameters
determined by the determinant of the Fisher information matrix J is rather big, the
hypersurface determined by the function ly (m) in the vicinity of its maximum can be
approximated by afc-dimensionalparaboloid:

/, (m) = lf (m) + -(m -m)r A(m -m),

Fig.8.
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(3.32)

where the elements of the matrix A A = ——*-—

. Since at η -» °o

the maximum likelihood estimate intends to the true value of the
parameter mo (see chapter 2), no considerable error will be made if the
elements of the matrix A are calculated not at the point m , but at the
true value mo- Besides, for large data sets the matrix elements AtJ can be
calculated not from the specific values y, corresponding to the given data
set, but from their averages (van der Waerden, 1969):

dm,dmj
'
·>

or, according to formula (2.2),

Then formula (3.32) can be written in the form

Zy (m) = Zy (in) - — (m - m)r j(m - m).
i*

It follows from this that the region specified by a given likelihood /

is a k-

dimensional ellipsoid determined by the relationship
(3.33)

Let us show that this region at the same time is a confidence region for the true
value of the parameter mo. For this purpose we use the idea for construction of
confidence intervals described in chapter 2. Remind that the maximum likelihood
estimate m is distributed normally with the mean value equal to the true value of the
parameter mo and with the covariance matrix RsJ^1.

For ^-dimensional normal

distribution it is always possible to determine such Ca , that the estimate m will lie
with a given probability (l-et/)100% within a region fitting the inequality
(m-m 0 ) r R- 1 (m-m 0 )<C a .

59

(3.34)

2

2

If the variances of the data σ are known, Ca is chosen from the tables for χ distribution with k degrees of freedom, otherwise from the tables for Fkn_k -Fisher
distribution with k, n-k degrees of freedom.
From comparison of the expressions (3.33), (3.34) it is easy to see that if C a is
taken instead of β in (3.33), then the region determined by this formula will be the
confidence region for the true parameter mo, i.e. the true value of the parameter will
lie within this region with (1 - α )100% probability.
In the particular case, when the unknown parameter is scalar (k=\) the
confidence ellipsoid is transformed to a confidence interval. The variance of the
2

_ <r
A·
σ. 2=
y

estimate is calculated in this case by formula

iS

estimated jointly with m). Then a confidence interval for the parameter m can be
determined as follows

where tan_l is the Student coefficient for confidence probability (l-cc)xlOO%. If the
variance σ2 is known, the confidence interval is determined with the use of the tables
for normal distribution.
Let us consider geometrical interpretation of the confidence region for two
parameters. The function Zy(m) in this case is of the form
2

2

K-m,)
(m 2 -m 2 )
r(m, - m, ) (m2 - m2 )
--2 ----I
-—
2
2
2
2<7 (l-r ) 2<7 (l-r )

--

Here σ2 - are variances of the estimates ml equal to diagonal terms of the covariance
matrix R; r - is the correlation coefficient of the estimates m^ and m^ determined by
D

the off-diagonal element of the matrix R, r = n/(

/

,.

/ V" l" 2 /

The boundary of the confidence region in the space of two parameters is ellipsis
centered in the point m,,»^. Fig.9 shows examples of such regions (bold lines)
corresponding to the same confidence probability (95%) for different variances of the
data (for simplicity r=Q is assumed). With variance increasing the confidence region
widens and may be so large that includes negative values of the parameters. The part
of the region containing negative values of the parameter m, is hatched.
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Fig.9
If the parameters are real physical quantities, which may acquire only positive values,
such confidence region is inadmissible. This situation arises either when variances of
the data are too large, or in case of strong correlation of the parameters. As the reader
will see from the example below, rms errors of some parameters may be very large
(>100%). In order that the confidence region does not get out the admissible limits of
the parameters, the following trick can be done.
Let us consider a new parameter ξ instead of m related to m by formula
ξ = logm . In this case the interval of variation of the parameter ξ includes all values
from -ο» to oo, so that no limitations are imposed to a size of the confidence
interval for ξ. The confidence interval for the parameter ξ is determined as earlier:
ξ-γτ

_ϊ<ξ<ξ + γταη-ι, where γ = &Λ, and the confidence interval for m is

obtained from it by the transform
exp(log m - γτα^)<m< exp(logm + ^>Λ_,)

(3.36)

This interval contains only positive values of m.
In practice the uncertainty is estimated by the use of confidence intervals, i.e. the
confidence region is determined as a union of the confidence intervals (3.35) for all
parameters. Such a region represents a ^-dimensional parallelepiped in the space M.
In Fig.9 these regions are shown by rectangles. Contour of the region for the primary
parameters mt,m2 is drawn by thin line (as the ellipsis, it includes negative values of
the parameter m,), and dashed line contours the region constructed in accordance
with formula (3.36). The latter one does not contain negative values of the parameter,
but it is greatly extended toward positive values.
It should be noted that when the parameters are non-correlated, the rectangular and
elliptic regions differ not strongly. This allows us to accept a union of confidence
intervals for the parameters instead of the true confidence region. A different situation
arises when parameters are correlated (r^O). In this case the principal axes of the
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ellipsis representing the confidence region are rotated respectively to the coordinate
axes at some angle, and the ellipsis turns out to be elongated. For r —> 1 it
degenerates to a straight line. This is illustrated in Fig. 10, where contours of
confidence regions are shown for different correlation coefficients r, provided the
total amount of information on the parameters | j| remains invariable.
Variances of the parameters increase with the correlation coefficient increasing:
, - is the variance of the z'-th parameter provided that m, and m2
II- r2
are uncorrelated). At r —> 1 the variance increases infinitely, and the parameters
cannot be estimated separately.

Fig. 10
When the parameters are correlated, the approximate representation of the
confidence region by the use of confidence intervals becomes illegal. This is clearly
seen from Fig. 10, where contours of such regions are drawn by dashed lines.
Thus, for big data sets, and provided the amount of information on the parameters
in the data set is large enough, a confidence region for the parameters is represented
by a ^-dimensional ellipsoid, whose shape is determined by the covariance matrix
R=J~V Therefore the covariance matrix entirely characterizes uncertainty of the
estimate.
As mentioned above, in case of small data samples the distribution of the parameter
estimates is not normal, and a relief of the likelihood function cannot be approximated
by a paraboloid. Therefore the described procedure for constructing the confidence
regions cannot be applied. If in such cases the confidence regions are constructed
proceeding only from the covariance matrix estimates, a big error may be committed.
62

This situation is illustrated in Fig. 11, where firm lines show contours of equal
likelihood, and the confidence ellipses obtained on the basis of the covariance matrix
corresponding to the same values of the likelihood are drawn by dashed lines. These
regions differ even for low confidence probability. Open circle indicates the true
value of the parameter m. It corresponds to rather high likelihood value, but is
located outside the corresponding ellipsis. In such situations it is necessary to
determine a region in the model space, where the likelihood function exceeds a certain
threshold. Methods for retrieval of such regions are described in the next section.

JUL·

Fig.ll

Example. Estimation of parameters of geoelectric section from MTS amplitude data
This example illustrates the influence of the data set on the quality of the estimates.
The data are values of apparent resistivity pap for different periods calculated for 3layered model with the parameters hy=\, h2=2, p^—l, p2 =0.0256, />3 =1 and
containing random errors. The errors are distributed normally with zero mean value
and with variances proportional
to
pap
(example
3 in
§1):

Synthetic curve of apparent resistivity is shown in Fig. 12. For inversion we used three
data sets distinguished by the amount of sampling and by the range of periods. The
number of data and the range of periods are given in Table 1 below. The period range
for the sample 3 is limited in Fig.12 by vertical dashed lines.
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Table 1
I

sample
The number

Π

ΠΙ

50

22

22

10'" - 108 c

10'^ - 10" c

of data
Period

10^ - 10" c

range
The unknowns are specific resistivities in the layers and in the half-space, and
thicknesses of the layers, in total 5 parameters. The relation between the data and the
model parameters is ρ(7^) = /7Ι|ΖΛ,(7^;/ζ1,../ί;ν_1;ρ1,../7^)( ,

where ZN - is input

impedance. Expression for the impedance of horizontally layered half-space in terms
of the parameters ht, /?, is given in the example 5, chapter 1, §2.
The inverse problem was solved by the maximum likelihood method, the likelihood
equations being solved by successive approximations.
Solutions for three data sets are listed in Table 2, and rms errors of the solutions, as
well as the correlation matrices of the parameters are given in Tables 3a,b,c. As is
10-q

1-

Q.

0.1 -

0.01

10"

10"

10

Fig.12
seen from these tables, increase of the amount of data leads to substantial decrease of
the parameter uncertainty (compare I and Π). Contraction of the period range results
in increase of the uncertainty and in increase of correlation between the parameters
(compare Π and ΠΙ). Estimates of some parameters obtained from the data set ΠΙ are
correlated so strongly, that they practically cannot be estimated separately, and rms
errors exceed the values of the parameters.
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Table 2
hi

P2

1

0,0256

1

J

1009

00257

0991

1.014

2038

JJ

1030

00265

0981

0.985

2070

m

°913

00361

0.967

0700

2.85

True model

P3

1

Table 3
I

γ,%
hi

h2

Pi

P2

P3

1

0,083

0,004

0,15

0,085

1

0,064

0,65

0,93

P2

7

1

0,035

0,16

P3

6

1

0,6

hi

2

1

h2

8

Pl

1,5

γ,%

Π
hi

h2

Pi

P2

1

0,23

0,005

0,3

0,098

Pl

1

0,082

0,73

0,97

P2

21

0,039

0,23

P3

12

1

0,70

hi

2

1

h2

22

P3

1

1

6,8

γ,%

III
Pi

ha

Pl

h,

h2

0,38

0,999

0,997

Pl

200

0,42

0,990

0,999

P2

150

0,39

0,41

P3

25

0,999

hi
h2

200

P2

P3

0,99

1

1

1

1

200
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§ 6. Some methods for optimization
When the inverse problem is solved by optimization of a misfit function (the
maximum likelihood method is reduced to such a procedure), computational
difficulties related to the extremum search arise. Since a 'solution' is either a point
corresponding to the extremum, or an ensemble of points corresponding to the values
of the misfit function lower (higher) some threshold value, the problem of parameter
estimation is reduced to a search of minimum (maximum) of a function in
multidimensional space. Such problems are the object of computational mathematics,
but we dwell on them because they specify algorithms for solving inverse problems in
geophysics.
The function λ(ιη), whose extremum is to be determined, fixes a hypersurface in
(£+l)-dimensional space (k is the number of the parameters). Projection of an
intersection of this surface by a hyperplane λ=ΰοη8ί forms contours of equal values in
the parameteric space. They are called level lines. Since the explicit form of the
function λ(ιη) depends on the likelihood function, and it is constructed on the basis of
the observed data, a shape of the hypersurface is governed by the results of
observations as well as by the forward operator Φ(ιη).
For a large data set (n»k), which contains sufficient information about all
parameters, the surface in the vicinity of maximum is approximately hyperparaboloid
(see 3.32). Fig. 13 illustrates an example of such a figure.
If the data contain so little
information
about
some
parameters that variation of them
have a slight influence on λ(ηι),
then on the surface of the misfit
function ranges (ravines) appear
(Fig.l4a). If the parameters are
correlated, the relief of the
function λ(ιη) becomes much
more complicated: major axes of
the
figures
are
rotated
respectively coordinate axes, and
in case of strong correlation
ridges are formed (Fig.l4b).

'

Fig. 13
Due to non-linearity of the function Φ(τη) the ranges and ridges may be of curved
shape. The level lines of such surfaces are seen in Figs. 11 and 17. The curved
ranges (ridges) occur often in geophysical problems.
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At present there are many methods for extremem search (Wilde, 1964; Aoki, 1971;
Wismer and Chattergy, 1979).

We dwell on those, which are most often used in

geophysical problems.

Fig.l4a

Figl4b

For distinctness hereafter we shall consider the problem λ(ιη) = min, because
maximization of a function can be easily reduces to minimization by changing the
function sign (see § 3). Most methods for minimization of non-linear function use
successive linear minimization. Moving in the parametric space along some direction
Po with a step ho from some starting point m(0) we find a new point m(1) where
minimum along this direction is achieved. Then the point m(1) is taken as a new
starting point, and movement to the next point m(2) is performed along the direction pi
with a step h\, etc. The methods differ by a choice of the direction pr and the step hr.
The simplest method is step-by-step movement along coordinate axes, so that at
each iteration only one parameter is varying with all others fixed (coordinate-wise
optimization). However this approach is effective only in the case when the function
λ(πι ) may be approximately represented as a product of the functions, each
depending on only one parameter, i.e. xl(m) ~ xi1(m1)^2(m2)/i3(m3)....J.(t(mi.). It is
easy to see that in this case the minimum is reached after k iteration exactly.
Otherwise it is more advantageous to apply the method of steepest descent. In this
method direction of movement p(r) is opposite to gradient of the function λ(ιη) in the
point m(r:> . A disadvantage of such a method is that the minimum is reached too
slowly, when the level lines are strongly elongated (ravine).
Minimum is achieved much faster by the conjugate gradient method (Fletcher and
Reeves, 1964). It can be proved that when in the vicinity of minimum λ(ηα) is
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represented by exact paraboloid, the minimum is achieved after k iterations. The
method is following. At the first step the movement from the starting point m(0)
proceeds in the direction opposite to the gradient p(0) = -VA(m(0)). Let minimum of
λ(ιη) along this direction is reached in a point m(1). Movement from this point
proceeds in the direction

In each next point the direction of movement is determined by similar relationship:
—p(r-1) k A process of movement toward minimum is
illustrated in Fig. 15 for two parameters m\

and mi

using the three methods

described above.

coorcfinatewise
method

method of steepest
descent

conjugate
gradients method

/Do

Fig.l5a

Fig.l5b

Fig.15c

However, in the case when relief of the misfit function is an upturned ridge (Fig.l4b),
all these methods fail, because when we reach a bottom of the ravine, derivatives in
respect to all parameters vanish, and the movement ceases, so that the true minimum
is not achieved.
After the direction of movement is chosen, the problem is reduced to minimization of
a function of one variable. If the descent proceeds from a point m(r) in a direction
p (r) , then variation of λ(ιη) along this direction is determined by the function
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(r)

so that the problem is reduced to solving the equation — = 0. If the point ra is
dx
located nearby the minimum, then in its vicinity the function F(x) can be
2

approximated by parabola F(jc) = F(0) + F'(0)jt + — F"(G)x , so that its minimum is
f

found in the point Λ;Ο =

J7 (f)\

-r— (Fig. 16a). If the function F(x) differs from parabola,
F (0)

but close to it, the minimum is determined by successive approximations (the Newton
method), so that at each step a correction Δχ to the previous approximation is
determined. This procedure is illustrated in Fig.lob. If a shape of the function F(x) is
more complicated, the process of successive approximations may diverge. Such a case
can be expected when the second derivative becomes rather small, and the correction
Ax turns out to be very large. This is shown in Fig.loc: after the first step the solution
departs from the true minimum. In such cases the solution can be obtained by the use
of damping: at each step the correction Δχ is required to be small. This is attained by
minimization of the function

from which the correction Δχ: is determined by formula:

dx

Fig. 16
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/

a

where o>0 is a damping parameter. Dashed line in Fig.loc shows the process of
minimization with damping. In the cases a and b, when minimum can be reached
without damping, the damping reduces speed of calculations: the minimum is reached
after larger number of iterations.
To determine minimum of the function F(x) by the use of the above methods it is
necessary to recalculate its first and second derivatives at each step. This procedure is
time consumable, and, what is more important, if the derivatives are calculated
numerically, they may contain rather large computational errors. More simple method
for finding the minimum is to calculate the function F(x) in successive points with
some increment, and to check at each step, if the value of the function on the next step
is less than on the previous one. When the next value turns out to be greater than the
previous one, the minimum can be determined from the values at three successive
points by parabolic approximation of the function.
The Newton method for minimizing one-dimensional function is extended to a case
of a function of many variables (Newton-Rafson method). It was already mentioned
in §3. In this method the misfit function λ(πι) is approximated at each iteration by a
parabolic function 2(m) obtained by expanding λ(ιη) to the Taylor series:
r)

+ -Am (r)T AAm ( r )
ΛΙ

where

, and A is matrix of the second derivatives of the
«,<">
function λ(κη) in respect to the parameters calculated in the point ι
b, -

9m,

3m,

= 0,

1 = 1,2...,*

(3.37)

so that Am (r> = A 'b , and consequently, m(r) = m^"1' + A-1b .
The Newton-Rafson method is applicable in the cases when the matrix A is not
singular and can be inverted. The method converges if the starting point m(0) is
sufficiently close to the solution and if the first derivatives of the functions λ(ιη) in
respect to m, do not change sign. If the matrix A is ill-posed (that is equivalent to
d2F
——
in one-dimensional case), then the
ax2
corrections Am at a certain step may become so great, that the next procedure of
successive approximations will diverge.

smallness of the second derivative
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For convergence damping of the corrections should be applied analogously to the
one-dimensional case (Levenberg,1944). Instead of /i(m) minimized is the function
2

λ(ιη) = X(m) + «2ΧΔτη9 ,

q = l,2,...,k

where G>q are weighting coefficients indicating a contribution of each parameter,
α >0. Then instead of (3.37) the system

= 0 is solved that is equivalent to

the system of linear equations
(A+K)Am = b

(3.38)

where Κ is diagonal matrix with the elements Kqq - αω9,

q =1,2,... Λ So the

correction to the parameters will be determined by the vector
If Kqq

are suitably chosen, the damping of the corrections controls

convergence of the procedure, not permitting the direction of descent to be changed
strongly in moving to minimum. At Kqq —» 0 Am—> A~'b, i.e. the method turns into
the Newton-Rafson method, where the matrix A may be ill-posed. On the contrary, if
the values of Kqq are large, the matrix A+K is well-posed due to presence of the wellposed matrix K, but the process of successive approximations becomes much slower.
Therefore too small or too large values are invalid.
Marquardt (1963) proposed a rather simple method for determination of the
values Kqq. First of all the system (3.38) is replaced by the equivalent one
(A* + K* )Am* = b* ,

K' = ;$ ,

where the matrix elements are

I is the unit matrix; χ is a scalar. The diagonal elements of the matrix

A* are equal to 1. A value of

χ is assumed to be zero until the parabolic

approximation gives good results. As soon as the convergence fails, χ acquires a nonzero value, for example equal to 10~2 . Denote it χ(Μ). Then the corrections Ami r)
(r-D /

r

and Am[,r)with χ(Γ'1) and %

/ correspondingly are calculated ( v > l is a given

positive number), and two points are found by the formula m^0 = m (r) + AmJ()/) . Of
these two points chosen is that one, for which
(3.39)
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y(r-l)

At the next step taken is either χ(Γ) = %

/

/

or χ(Γ) = χ(Γ~ι) correspondingly. If
y

both points satisfy the condition (3.39), then χ(η =Λ

(r-l) /

/ . While the value of χ

is small, the process of successive approximations converges rather quickly.
If no one point satisfies the condition (3.39), χ{τ~λ) is increased by multiplying by
ν successively (usually v- 10) until the condition (3.39) will be satisfied. Then the
value χ(η = χ(Γ~1ίνβ

is accepted ( β

is integer positive number). Such situation

arises when the parameters are strongly correlated. This results in unreasonable large
values of Ζ · As was already mentioned, in such a case convergence becomes so
slow that there is no sense to continue the process. In such cases is it more reasonable
to use the methods allowing to move along a ravine toward a hollow.
An effective method in such a case is the method of raviness (Gel'fand and Tsetlin,
1962). From a given starting point m(0) we determine a point SQ by the use of a certain
minimization method. Since the function λ(ιη) has the ravine relief, the point So is
found to be at the bottom of the ravine (Fig. 17). Then we chose another point m (0)
not far away from the first one, and descend from it to the bottom of the ravine in the
similar manner to a point Si- The next step to the point m(1) is done along the direction
( Si - So) toward λ(ιη) decreasing

Fig. 17
Plus is taken if >4(Sj) < /I(s0), and minus in the opposite case, so that the movement
is directed toward lowering of the ravine bottom. The value of h is chosen with
allowance for peculiarities of the misfit function. From the point m

()

we again

descend to the ravine bottom to the point 82. The next step is made in the direction 82 -
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(2)

Si, to the point m

(1)

=m ±h(s2 -s,), etc. Calculations along the ravine are

proceeded while
/l(s

(r+1)

( )

)</l(s '' ).

Afterwards location of the minimum should be defined more

accurately using other methods.
If calculation of the derivatives involves computational difficulties (for example, if
the model is described by an implicit function - see example 1 in chapter 1), the
methods for minimization requiring calculation of only the misfit function are used.
The simplest of such methods is the direct search proposed by Hooke and Jaeves
(1961), which is often called configuration method (Wilde, 1964). The algorithm is
as follows. From a starting point m(0> steps are made along individual coordinates by
turns, i.e. the increments ±/^0)are added to each parameter m^ (q =1,2,. ..,k) , the
other remaining in the central point. The misfit function is calculated in 2&+1 points:
one central and 2k around m(0) ± Λ,δ, , where δ, is fc-dimensional vector with the z'-th
component equal to 1 and all other equal to zero. The point, where X(m) has minimum
value, is taken as a new central point, etc., while minimum will be achieved in the
central point.
So a direction to minimum of the function λ(ιη) is determined at each iteration. Since
such a procedure requires many computations, usually at the beginning an
approximate location of the minimum is found using large step, and afterwards it is
defined more accurately with smaller step. The step is decreasing until the minimum
will be achieved with a given accuracy.
The direct search allows movement along a ravine toward a hollow. But since the
trial steps are parallel to the coordinate axes, a hollow may be missed due to
unsuccessful step. Therefore the method of raviness is more advantageous than the
direct search.
The methods for minimization of a multi-dimensional function described above are
valid for search of a local minimum. If the function has several minimums, and a
starting point is located not in a vicinity of the global minimum, the methods lead to
'sticking' in a local minimum rather than in the global one. To provide for a suitable
starting point usually it is necessary to investigate preliminarily the parametric
space: values of the function are calculated in grid points in the region where
possible location of minimums λ(ιη) is a priori assumed. A point m(0) where λ(ιη)
has the least value is taken as the starting point, if behavior of λ(ιη) in neighboring
points indicates a tendency of the misfit function to a single minimum. Otherwise a
vicinity of m(0) is interrogated on a detailed grid.
The simplest way to construct the grid is to distribute the nodes along the coordinate
axes in equal intervals. But in case of large number of the parameters the number of
the nodes turns out to be so big, that this method cannot be practically realized. In
such a case a suitable approach for constructing the grid is the Monte Carlo method
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(Keilis-Borok and Yanovskaya, 1967; Press, 1968; Anderssen and Seneta, 1971,
1972): random points in a selected region of the parametric space are taken as the grid
points. Advantage of this method is that no restrictions are imposed on the number of
the trial points, so that the method is valid for practical use. In such a case the grid
points cover the region under investigation almost uniformly.
The Monte Carlo method was used not only for preliminary investigation of the
parametric space, but also for getting possible solutions. For this purpose a threshold
value c defining a region of possible solutions is assumed for λ(πι): a point m is taken
as a solution if λ(ιη) < c.
Fig. 19 shows the results of determination of density distribution in the Earth's
mantle obtained by F. Press (1970) from 97 periods of free oscillations with
allowance for constraints for the mass and moment of inertia of the Earth. Dashed line
indicates the limits within which the density models were selected by the Monte Carlo
method.

Fig.18
27 density-depth profiles shown in Fig.18 have been selected from 881 trials. The
density models selected as the solutions form a much more narrow band than the
initial one. The solutions allow certain conclusions to be drawn on the features of
density distribution, in particular on existence of low density zone in the upper
mantle.
Monte Carlo method may be used not only for selection of admissible solutions,
corresponding to small values of the misfit function, but also for estimation of the
mean value m, as well as of the covariance function Cm , if an explicit form of a
posteriori likelihood function is known (Tarantola, 1987)
As was shown in chapter 2, the a posteriori probability density on the basis of the data
set XQ is determined by the Bayes formula (2.8)
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p(m)L_ (m)
p(m \ xc) =
^°
,
c

(3.40)

where p(m) is a priori probability density, c = \LXa(m)p(m)dm1,dm2,...,dmk,
β
is the likelihood function. In most cases the distribution of observation
may be assumed normal (also in cases when it is unknown, though known are its two
first moments)), then
1

'-i(x0-f(m))TR-!(x0-f(m))"|

(3.41

According to definition, mean value of a random variable is
(ξ) = JJ...J ξρ(ξμξ

(3.42)

To estimate the mean value m one can take the a posteriori probability density (3.40)
as the probability density in (3.42). As in the search of possible solutions, a priori
probability density may be assumed constant within a given region of variation of the
parameters:
m,(1) <m1< n^\mf <m2< m^2),....,m{1) < mk < mf

.

Then integration in (3.42)

should be performed over this region with allowance for formulas (3.40),(3.41) for
probability density:
(m) = -JJ..jmexpf-l(x0 -f(m^R-^x,, -f (m))\ta
C

\ 2

)

where c = JJ..Jexpj--(x0 -f(m))TR-'(x0 -f(m)) jrfm

(3.43)
(3.44)

For calculation of the multiple integrals (3.43),(3.44), especially in case of large
dimension of the parametric space, it is expedient to use the Monte Carlo method
well-known in computational mathematics (Hammersley and Handscomb, 1964). The
method consists in calculation of the integrand in random points of the region, which
are summed up. Analogously the covariance matrix of the parameters can be
calculated:

Cm=-|J..JmmrexPf-l(x0-f(m))rR-1(Xo-f(m))\im-<m)(m}r
C

\ 2.

)

(3.45)

Though such a method for estimation of multiple integrals is not too accurate, its
advantage is that it requires much less calculations than by the use of standard
techniques of numerical integration.
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EXAMPLE
Consider determination of S-wave velocity-depth curve from Rayleigh wave group
velocity dispersion curve. This problem is severely non-linear, and the misfit function
has several local minimums. This results in difficulties when a solution is determined
by one of the directional methods (steepest descent, conjugate gradients). Solution
turns out to depend strongly on a choice of the starting point, therefore a solution has
to be constructed several times, from different starting points. Even such a procedure
does not guarantee that the final solution corresponds to the global minimum of the
misfit function.

S-wave velocity, km/s
2.8
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Fig. 19

This problem was solved by the Monte Carlo method for synthetic data. For the
velocity section shown by dashed line in Fig. 19 the group velocity dispersion curve of
Rayleigh wave has been calculated; random errors with a given variance σ2 have been
added to the calculated velocities, and the obtained values have beed assumed as the
observed data. The unknown parameters were S-wave velocities in the layers, the
thicknesses of the layers were fixed. P-wave velocities and densities were calculated
from S-wave velocity according to an assumed relationship. Total number of the
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unknowns was equal to 8. The shaded band indicates the region within which the
parameters were selected assuming the distribution of each parameter to be uniform.
After 4000 trials the 'mean' velocity section and variances of the parameters have
been determined by formulas (3.43)-(3.45). White band displays a region of solutions
which boundaries are determined as <m, >±tf , where σι is root mean square error
(square root of the variance). Though the true section is not entirely inside this band,
it is very close to its boundaries.
In the method described the models are selected completely randomly: when the
next point in the model space is chosen, information obtained at previous trials is
ignored. Contrary to this approach in the directional methods of search (steepest
descent, conjugate gradients) the movement in the model space is entirely determined:
it depends only on a choice of the starting point. However, when the function to be
minimized has several local minimums, such methods may result in false solutions if
a priori information on the model is rather poor. In Monte Carlo method this leads to
necessity to carry out a search in a wide region in the model space, and this on the
one hand leads to necessity to try a large number of the models, and on the other
hand, the most probable model (formula (3.43)) may be found between the
minimums. In case of the directional methods, if the starting point is chosen far away
from the global minimum, there is a danger to get to one of local minimums.
To keep advantages of both approaches the methods of random search have been
developed, in which in a course of random trials a 'preferable' direction of the
function decrease is taken into account. These are the hedgehog method (Valyus,
1972), as well as the widespread in the last years simulated annealing algorithms
(Kirkpatrik et al., 1983) and its modifications (Ingber, 1989; Sen and Stoffa, 1991),
and also genetic algorithms (Holland, 1975; Sambridge and Drijkoningen, 1992 ).
The idea of the hedgehog method is following. By some method (e.g. by direct
search, or by the Monte Carlo technique) tried are the points in the model space, and
found is that one, where
λ(ιη) < c,
where c is some threshold value. As soon as such a point is found, the function λ(ιη)
is calculated in the neighboring nodes of a chosen grid. The 'neighboring nodes' are
those, which differ from the initial point at the most by one step at each coordinate.
But since in the case of large number of the parameters there are too many such nodes
(3* - 1), usually are tried not all the nodes, but only those, in which at most q
coordinates ( q < k) differ by one step from the central point. The nodes in which the
above condition is satisfied are attributed to the set of solutions, and the procedure of
trying the neighboreing nodes is repeated for them. This process is continued while it
is possible to pass from one node to another. Then a new part of the area of minimum
is sought. In each node the function λ(ιη) is calculated only once.
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Then it is necessary to check if the obtained parts of the domain are isolated. For
this purpose in two parts of the domain the nodes are taken with the least values of the
misfit function. Let them be the nodes i and j, values of the parameters in these nodes
being m, and m,. In the points ma = m, + a(m/ - m,·) values of λ(ϊηα) are calculated,
where α varies from 0 to 1 with a small step. If all λ(ΐϋα) satisfy the condition λ(ιη)<
c, the domain of minimum is 1-connected.
Thus the hedgehog method allows the whole domain of minimum to be contoured,
within which the values of the multidimensional function are lower than a given
threshold value.
The method is illustrated in Fig.20. Shown is the grid for two parameters; the nodes
are intersection of the grid lines. The domain of minimum is multiply-connected. It
consists of two isolated domains A and B. Suppose that the point 1 has been found by
the Monte Carlo method; the closest node (point 2) belongs to the domain A. Then the
function is analysed in the nodes closest to the point 2.

Fig.20

For q-\ they are the points 3-6, of which the node 3 falls into the domain of
minimum. Therefore the next step is testing the nodes 7-9 etc. As a result of
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successive trials of the coordinate nodes three parts of the domain of minimum are
obtained: with the nodes 2,3,7 and 12,13. Detailed computation along the dashed line
indicates the domains A and Β to be isolated.
The simulated annealing method is based on an analogy between physical process of
annealing and numerical method for search of global minimum of a multidimensional
function. The annealing consists in heating of material up to some critical temperature
(theoretically up to melting) and following slow cooling, so that at each stage the
system reaches an equilibrium state up to an ideal crystal. In this state the system
attains minimum energy. If the cooling is not sufficiently slow, the crystal will have
defects, and the state of the system becomes metastable: it falls in one of local energy
minimums. According to statistical mechanics, macroscopic state of material is
controlled by a sum of states of all particles, and the probability density of the total
system state is described by the Gibbs probability distribution Cexp(-E/kBT), where
Ε is total energy of the particles, Τ is temperature, kB is Boltzman constant, and C is
normalizing coefficient. On the analogy probability density of the model m in
multidimensional space is determined as
/>(m; Γ) = p0(m) exp(-/l(m) / T)

(3.46)

where Jp0(m)is a priori probability density, and Α(ΏΛ) is the misfit function whose
minimum is to be determined. At Τ ->°°

p(m,°°) = p0(m), and at very small

Tp(m,T) has a sharp maximum in the point corresponding to minimum value of λ.
If it was possible to generate random models with probability (3.46), then reducing Τ
slowly we would narrow the domain of search by a vicinity of the minimum. Fig.21a
shows a function of two variables, the cross marking the global minimum where λ=0.
Fig.21b displays the probability density (3.46) for three values of T. If Τ is decreasing
slowly, we can come to the point corresponding to the global minimum.

Fig.21a
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Problems related to this method are: how to generate the random models, and how to
choose a speed of lowering the 'temperature' Τ. If Τ is lowered too fast, we can fall
into one of local minimums. And slow temperature lowering requires too many
computations. All existing modifications of the simulated annealing method differ by
these algorithms.

§ 7. Choice of parameters

The inverse methods described in this chapter proceed from the assumption that the
model is parametrized, i.e. replaced by a finite set of parameters m = (ο^,^,.,.,/η^).
Heretofore
undesirable
parameters
appearance

we did not consider how to choose the parameters, though mentioned
effects resulted from unsuitable parametrization. If the number of the
is too few, the model is inadequate to the data, and this results in
of systematic component of the residual ε = y - O(m), whereas we

consider it as random. If the number of the parameters is too large, the estimates may
be strongly correlated, and the variance of the estimates may grow thus much that the
solution turns out to be senseless.
Strong correlation between the estimates appears also in cases when there exists a
relationship between the parameters, which under some circumstansces may be
considered as a functional. For example, the impedance of natural electromagnetic
field Ζ depends on thicknesses hi and specific resistivities p, in the layers (see
example 5 in § 2 chapter l).However, if the wavelength in a layer exceeds too much
(at least in 10 times) the thickness of the layer, then Ζ depends only on longitudinal
conductivity of the layer5, = y

, so that parameters h, and/0, cannot be

determined separately. So, if the MTS data are obtained at such periods, for which a
ratio of the wavelength to thickness of the corresponding layer is large, the correlation
coeefficient between the estimates of the layer parameters (ht and pt) tends to 1, and
their variances become very large. Since this data set does not contain information
separately on the parameters ht Η pt, the total amount of information on them in the
given data set determined by the determinant of the Fisher's information matrix tends
to zero.
The variances of the parameter estimates increase not only in case of strong
correlation between the parameters, but also when the characteristics of field used for
inverse depend weakly on the parameters. In this case the Fisher's information
quantity containing in the data set is also low.
In both cases parametrization is invalid and should be corrected. The correction can
be done in different ways.
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It is possible not to change the model, but to fix values of some parameters. These
are either the parameters whose variation affects slightly the characteristics of the
field, or those, whose estimates are strongly correlated with the estimates of some
other parameters. In order to fix the parameters it is necessary to use a priori
information on the model. For example, if an experiment is made in a vicunity of
wells, it is possible to fix thickness of sedimentary layer; if for an area under
investigation the acoustic logging data are available, it is possible to fix seismic wave
velocities. But since the exact values of the fixed parameters are unknown, and we are
forced to assume some approximate values for them, this results in errors in the
estimates of other parameters. Let us consider these errors.
Let (k-j) components of the vector m(w;+1,mj+2,...mjt)are fixed. They may be
considered as a (k - j) -dimensional vector ι\ = (η1,η2,...,η,ί_}). Denote the
components of the vector m to be estimated \m^m2,...,m]} as
ξ = fa,£2,...,£j), so that m =

a vector

. For simplicity assume the random errors of the

data to be independent and normally distributed with the same variance σ*. Denote
the mean value E(y) = <D(m) by y 0 . Assume the operator O(m) to be linear (if it is
not so, the problem should be linearized and reduced to linear estimation of
corrections to the unknown parameters respectively to some starting model).
So the vector m is estimated by minimization of
Λ.(ιη) = (y - Am)r(y - Am)
Represent the matrix A in the form

(

C
°11

"^\j

D..
*^ll

£>,,
" ^\k-

C.

C

D_

D-,

Γ

so that Οξ + Οη = Α

f

ίξ]

= Am. Then, taking into account that the vector η is fixed
(τ\)
(η = η ) , the condition, from which the estimate for the vector ξ is determined,

can be written in the following form:
(u-C ξ)τ(ιι-€ξ ) = min,
where u = y - Οη. Thus,
~ru.

(3.46)
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Let ξ0,η0 be the values of the parameters corresponding to the mean value of the
data vector, i.e. €ξ0 + ϋη0 = y 0 . Then
(3-47)

Let us determine a bias of the vector ξ estimate the obtained by formula (3.46). The
bias results from a difference between the real value of η from that which we have
fixed, i.e. from r\ . The bias is determined as follows (see formula (2.4)):

Substituting ξ and ξ0 from (3.46) and (3.47) to this formula we obtain

-Οη0).
Taking into account that E(U) = (y0 - ϋη) we obtain that the bias of free
parameters ξ is as follows
o -η) .

(3.48)

It is evident that if we assumed the values of the parameters η equal to their exact
values η0 , the estimate of the other parameters is unbiased, and the variance of these
parameters is determined from the covariance matrix
(3.49)
If the parameters η are not fixed, but estimated jointly with the parameters ξ, the
variance of

is determined from the covariance matrix
(3.50)

From comparison of the expressions (3.49) and (3.50) it is clear that choosing the
parameters to be fixed it is necessary to proceed from the condition that free parameters
would be uncorrelated, then variances of the estimates of the parameters ξ determined
by diagonal elements of the matrix (CTCj

will be reduced as compared with the

corresponding diagonal elements of the matrix ( A r A j
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. However, precision of

estimates is improved only if we assume

η = η0 . If

η Φ η0 , the mean square error

increases due to the bias. It is determined by diagonal elements of the matrix

(3.51)

.

The first term defines the variance, and the second one is the square bias. So, when we
fix some parameters, it is necessary to guarantee smallness of the bias 1>(ξ) .
Analysis of formula (3.48) for the bias shows that 1>(ξ) can be made small under the
following conditions. Firstly, if the initial parameters m are correlated, and after
fixing some parameters their correlation is reduced, the elements of the matrix
(CTC)~' will be small as compared with the elements of the matrix (Α Γ Α)"1 , so that
the square bias can be small as compared with the variance of the initial parameters
(of cource, if

η-η0 is not too large). Secondly, if the initial parameters are even

not correlated strongly, but the variances of some parameters are large due to a lack of
information on them in the data set, i.e. the characteristics of the field vary slightly
with variation of such parameters, then after fixing such parameters the elements of
the matrix D turn out to be small, and the bias of the other parameters cannot be large,
even if the values of η are erroneous.
Thus, we must fix those parameters, which affect the characteristics of the field
weakly, as well as those, fixation of which decrease correlation of the rest parameters.
Another way to adjust parametrization is a change of the model by consolidation of
the layers (blocks) that results in reduction of the number of parameters. The layers
should be consolidated until the off-diagonal terms of the correlation matrix
r

m (ri} = ^//Λ/^ΙΙ^) t0111

out to

be substantially different from 1, indicating

absence of correlation between the parameters.
In both methods for correcting parametrization we can also proceed from analysis
of informational properties of the data used. This method is based on investigation of
the informative domains.
Let us consider diagonal elements of the Fisher's information matrix:
p=l,2,..,k

(3.52)

where / y (m) is logarithmic likelihood function for a given data sample y, mo is
vector of true values of the parameters. The value J pp

characterizes the amount of

information in the data set yv...,yn relative to the parameter mp . As mentioned in
chapter 2,

J pp

is a measure of sensitivity of the likelihood function to small
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variations of mp. When information on a certain parameter mp(p = 1,2,...,k)is not
present in the data, /j,(m) does not react on variation of tnp, and Jpp = 0. This
property of the likelihood function may be used for a choice of fixing parameters.
In particular case of uncorrelated random variables y1,y2,...,y,I,

distributed

normally with the same variance σ*,

(3 53)

Λ*=ΛΣ
"·;~1
' -Τ^Ί
am
o»m ;' ·
w

·

σ

rp

Each item in theright-handside of (3.53), —
information contained in the i-th observation

yt

represents on amount of
on the parameter mp . To

remove the effect of dimension we may normalize the quantity —-j

^ —- | by

nip and consider

as values of the function J p (x) in the points xt, where the observations are carried
out. The right-hand side should be calculated in accordance with formula (3.52) at the
true values of the parameters m 0 =(mm,..,m0k). But since the true values are
unknown, and for analysis of the information distribution with χ it is sufficient to
know the behavior of the function J p (x) rather approximately, for calculation of this
function it is acceptable to use a priori values of the parameters rather than the true
ones.
The function Jp (x) calculated in such a way reflects distribution of information on
the parameter mp with x . An interval (xpi ,* ft ) , in which the values of Jp(x) are
close to maximum, is called informative interval (domain) for parameter mp. Inside
the informative domain the likelihood function depends most strongly on the given
mp . Comparison of maximum values of Jp(x) for different parameters allows us to
estimate to what extend the obseravations depend on a certain parameter. Besides,
from comparison of the curves J p(x) for different/? we can conclude on correlation
of the parameter estimates. If the curves Jp(x)

and Jq(x) are close to each other

within a certain interval of x, then, if the data are obtained only in this interval, the
estimates of the parameters

m p and mq will be strongly correlated, and the
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parameters cannot be distinguished separately. A given data set contains the data
corresponding to certain points x, (z = 1,2,...,ri) at the Jt-axis. For any given data set we
can determine if the points xt fall inside the informative domains for the chosen
parameters, and consequently conclude what information on a certain parameter exists
in the given data set. If the points xt are found to be outside the informative domain for
some parameter mp , its value should be fixed.
If in the interval of observations the curves Jp(x)

specifying distribution of the

information along χ coincide for two or more parameters, all such parameters but one
should be fixed, otherwise their variances become too large due to strong correlation.
Similar analysis is useful when the parameters are consolidated: two or more
neighbour layers are replaced by one. This should be done in the cases when estimates
of the parameters in the neighbour layers are strongly correlated.
Example 1, The above statements are illustrated by informational analysis of the data
set ΠΙ from the example I § 5.
Fig 22 shows the informative domains for the parameters hl,h2,pl,p2,p3 in the
period range Γε (10~2,108)s. Dashed vertical lines bound the interval of periods
corresponding to the data set ym . It is evident that the observations do not fall to the
informative interval for the parameter Pj and fall partly to the informative intervals
for the patrameters /ι, and p3. It should be noted that correlation between the
parameter estimates incase of the data set ym (see Table 3c) is caused by decrease
of information on the parameters of the upper layer. From analysis of the informative
domains it follows that in this case it is reasonable to fix the parameters /Zj and pl.
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Fig.22
Numerical tests, in which ft, and pl have been fixed by their exact values, and then
by the values corresponding to the starting model, show that correlation between the
parameters of the second and the third layers is reduced substantially (see the table).
Standard errors of the estimates of the parameters is also reduced. Replacement of the
exact ftj and pl by the approximate values did not affect the variances of the
estimates because the bias turned out to be very small.
Correlation matrix
P3

h2

0,177

0,975

P2

1

0,278

P3

1

h2

P2

1

Example 2. The data in this example is dispersion curve of Love wave phase velocity
in the period range Ί- 15 s - 300 s. It is known that in this period range the dispersion
curve depends on the crust and upper mantle structure up to depth of approximately
300 km. Assume the model of 4 layers over half-space (Fig.23). The parameters are
S-wave velocities in the layers and in the half-space Vj - Vs. Assume thicknesses of
the layers to be fixed.
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Fig.23
The functions JP(T) are displayed in Fig.24. It is seen that maximum information on
the velocity in the uppermost layer is contained at the smallest periods, and on the
velocity in the half-space at the largest periods (this follows also from the theory of
surface wave propagation in multilayered media). More interesting is distribution of
the information on the velocities in the 2-4 layers: it is seen that maximum
information on the velocity in the 2nd layer is contained at the periods 30-40 s, on the
velocity in the 3rd layer at the periods 70-90 s, and on the velocity in the 4th layer at
the periods 100-150 s. Maximum values of JP(T)

for these parameters are

approximately the same, though thicknesses of the layers increase from the 2nd layer
to the 4th one. If thicknesses of the layers were assumed to be the same, the maximum
th

nd

value of JP(T) for the 4 layer would be much less than for the 2

one. This confirns

the well known fact that when a section is divided into layers for inversion of a
dispersion curve, it is necessary to increase thicknesses of the layers with depth
inreasing. In such a case information on the velocities in the layers is keeping
approximately equal.
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§8. Model estimation of parameters in case of a priori information
In inverse problems it is important to take into account a priori information on a
model. Construction of the model is always based on some information on the
structure under investigation existing prior to the experiment. To choose a starting
model we use some a priori knowledge on possible values of the parameters. But in
the optimization methods it is possible to take into account the a priori information in
more complicated form. One of the possibilities is allowance of the relationship
between the parameters, or constraints on the parameters of inequality type. Such
constraints can either follow from physical nature of the model, or result from other
studies. Another possibility is to set a priori probability distribution of the parameters
using the model estimates obtained in previous studies. In this case the parameters can
be estimated by maximization of a posteriori probability. A weak point of such an
approach is that the parameters are not random variables, as was mentioned in chapter
2, so that the concept of probability for them is senseless. But if the information on the
parameters is obtained from some previous independent observations by maximum
likelihood method, we may use the distribution of the parameter estimates (remember
that the estimates are random variables!). It is equivalent to that as if for inversion we
use the data of two sets of observations - the present one (I) and the previous one (II).
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Let the present data set used for inversion is yi, and a priori distribution of the
parameters is obtained on the basis of the data set yn . The likelihood function
constructed on the basis of the two data sets is represented by the following sum
Z y i J n (m) = log p(y, ;m)+log p(y „ ;m) = ΖΛ (m)+ΖΛ (m).

(3.54)

Assume the maximum likelihood estimates obtained from the data sets I and Π to
differ not strongly. Expand lJu (m) in the Taylor series in a vicinity of the maximum
ma and retain the term of the second order

2
Here J is the matrix with elements

y

V

°

/d 3
.As shown in §5, this matrix
'
' ·*JA

is approximately equal to the Fisher information matrix with opposite sign, so that
J = R^ , where R n is covariance matrix of the estimate ma
Since /y (ma) does not depend on m, maximization of (3.54) is equivalent to
maximization of the function
χ
1
Γη-1 ,
/ώ ι (ro) = log/?(y : ;in)—(m—m
a ) R^ (in—in a ).
2

If the parameters m are now formally treated as random variable with a priori normal
distribution with the mean value ma and the covariance matrix R n , then I (m) is
logarithm of a posteriory probability of the parameter m, up to a constant item. Thus,
the value m maximizing f (m) is the estimate of maximum a posteriori
probability .The l^

>y

(ro ) is often called generaized or a posteriori likelihood

function.
Let us consider the maximum a posteriori likelihood estimate in case when
observations y} are independent and distributed normally with equal variances cr y ,
and the a priori covariance matrix of the parameters is R n = σ?, I. In such a case
the estimate is obtained by minimization of the following misfit function
/l(m) = —- (y - <D(m))r (y - Φ(ηι)) -\
2<7

— (m — m a )r (m - m a ).
2σ

y

ώ0

Minimization of λ(ιη) is equivalent to solving the system of non-linear equations:
^- = 0,

4 = 1,2,.,*.

Using the Newton-Rafson method (see § 6), we can reduce the non-linear
system to a system of linear equations with respect to the correction
m (r) = m -m^"1' (m(M) is approximation of the unknown model vector m at the
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(r-l)-th iteration):
AAm(r)=b,
wnere
where

(3.56)

-

-

2

_1_(9Φ(ιη)
" t

Τ

»-*.-.«.

*.- [0

μ

for i

It is easy to see that in absence of a priori information on distribution of the parameters
m

(σ^ —> o°) , the system (3.56) turns into a system of normal equations of the least

square method. As mentioned earlier, if the parameter estimates are strongly
correlated, the matrix of the system of normal equations turns out to be ill-posed.
However, if a priori distribution of the parameters is taken into account in the above
form, posedness of the matrix is improved due to addition of positive items to its
diagonal elements.
Example. In the preceding section we considered one of the ways to raise quality of
the estimates, namely, fixation of those parameters, on which the data contain few
information (example 1). Now on the same example we shall consider how the use of
a priori distribution of the parameters influence the quality of the estimates. Let the
mean values of the parameters be equal to those for the starting model, and the
standard

deviations

are

ah> =0.4, σ^ =0.8, σρί =0.4, σΡϊ = 0.22, apj = 0.7

correspondingly. Solution of the problem is reduced to solving a linear system
analogous to that, as in the example in §5, but diagonals elements of the matrix of the
system would be increased by l/c^ . Then the system of equations would be solved
stably by the Newton-Rafson method. The estimates are found to be close to those
obtained from the data set y, . Comparison of the correlation matrices given in §7 and
below shows how the solution is changed: standard errors of the parameters as well as
correlation between them are strongly reduced.
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0,00011
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0,00048
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0,436

0,782
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1
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A

1

0,0175
1

A
A
A
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Thus allowance for a priori distribution results in increase of stability of the solution.
The problems related to rise of stability are considered in more details in chapter 5.
It should be noted a drawback of the method for allowance of information on the
parameters given in the form of a priori distribution (mean value and covariance
matrix). It follows that presentation of the information obtained from previous studies
in such a form is valid only in the case when a priori estimate is close to that, which is
obtained from the present experiment, and a priori variatons of the parameters are not
too large, otherwise the approximation (3.55) fails. However, a priori data are of low
precision as a rule, and therefore distribution of the estimates, which is accepted as a
priori distribution of the parameters, may differ strongly from the normal distribution.
Thus, the assumption of normality of the a priori distribution may lead to artefacts.
This is especially because usually only information on the variances of the parameters
is available rather than on the entire covariance matrix of the estimates R n . So, the
use of a priori information in such a form contains a great arbitrariness and may lead
to wrong conclusions.
From the standpoint of general notions on a model under study is assignment of the a
priori information by defining a domain of admissable values of the parameters in the
space M. Even if no prior geophysical studies have been carried out, it is always
possible to point out realistic limits for variation of the parameters. For instance, we
can deliberately consider that density in the crust varies from 1 to 5 g/cm3. If the
parameters are thicknesses of the layers, they must be positive, etc. In fact, due to
knowledge obtained from previous studies these limits may be narrowed greatly.
The simplest form of the constraints determining a domain of admissable values of
the parameters in the model space M is assignment of the limits for each parameter:
<"<;«;<<"

(3-57)

In more general case this domain may be determined by the inequalities:
7=1,2...Λ

(3.58)

where g} (m) is in general non-linear function of the parameters m .
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Thus the problem is reduced to search of minimum (or maximum) of the misfit
function /l(m) under the constraints (3.57) or (3.58). It should be noted that if /l(m)
is obtained on the basis of the likelihood function, the problem of optimization of this
function under the constraints (3.57) can be considered as determination of maximum
a posteriory probability, if the oarameters are assumed to be random variables with
uniform distribution (3.57). However, in such a case the methods for optimization
described in §6 cannot be used, because the a posteriori probability is not a
continuous function. Maximum of a posteriori likelihood function either coincides
with the extremum (if it turns out to be inside a multidimensional parallelepiped
determined by the inequalities (3.57)), or is situated at a boundary of such a region.
Both these possibilities are shown in Fig.25 for the case when the model is
determined by one parameter (the space Μ is one-dimensional)
•tmm

Fig.25

The same is applied to the case, when the domain of admissible solutions is
determined by inequalities (3.58): the methods described in § 6 cannot be used for
optimization of the misfit function. In such a case the methods of mathematicall
programming should be applied.
We consider the general case, when the constraints are given by the
inequalities (3.58), because the linear inequalities (3.57) can be considered as a
particular case of (3.58). The most widespread method for solving such problems is
the method of penalty functions (Gill and Murray, 1974). Its idea is as follows.
Let the function X(m) be minimized under the constraints (3.58). Introduced is
a series of the functions {Pr (m), r = 1,2,...,} , non-negative and continuous in the space
Μ of the following property: at r —» °° Pr (m) —» 0 if the conditions (3.58) hold true,
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and Pr(m)—>°° if at least one of them is violated. The function P r (m)is called
penalty, or the penalty function. An example of the penalty function is
2

s

Pr(m) = r£{g, (m)[l + sgn g, (m)]}
(=1

The initial problem - minimization of λ(ιη) under the constraints (3.58) - is now
reduced to search of the unconditional minimum of the function
(3.59)
The function Pr (m) plays a role of a penalty for violation of the conditions (3.58):
the larger r, the more rapidly the function Pr (m) increases outside the region, where
a solution is to be situated. At r —»°o the minimum of (3.59) coincides with the
minimum of the initial problem.
A drawback of this method is a slow convergence caused by a complex relief of the
function Qr at large r: near the boundary of the region steep slopes and ravines
appear. To accelerate convergence a following trick is used. At the beginning a small
value of r is taken, and Qr (m) is minimized. Then the value of r is increased, and
the solution obtained at the former step is used as the starting model. Such a
procedure is repeated until the penalty turns out to be sufficiently small.
Though the constraints of the form (3.57) may be considered as a particular case of
the more general constraints (3.58), and the method of penalty functions seems to
be used for solving the problems with such constraints, it it more suitable to use the
methods of linear programming in such a case.
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Chapter 4. BACKUS-GILBERT METHOD
The method developed by G. Backus and F. Gilbert (1967, 1968, 1969) is
designed for solving the problems, in which the number of data is limited though the
accuracy of the data is high enough; at the same time the model - spatial distribution
of some physical properties m(r ) is represented by a large number of the
parameters, or even as an unknown function of spatial coordinates, so that the space
Μ is of very large or of infinite dimension. In any case the dimension of the space
Μ exceeds the dimension of the space Y. In this formulation the inverse problem
has an infinite number of solutions: to any point y of the space Υ corresponds a
domain (subspace) in the space Μ (Fig.26). Therefore to formulate a problem for a
choice of a single point (solution) from this subspace it is necessary to impose some
constraints to the class of the solutions.

Fig.26

A problem in this formulation originated from an attempt to use the data on the
periods of free oscillations for study of the Earth's structure. A definite set of
periods of free oscillations can be associated with a model of variation of the elastic
parameters with depth, λ( r) ,μ( r), p( f). The number of the periods is infinite, but
the observations allow only a finite and rather scanty number of the periods to be
obtained. However, since these data contain information on elastic properties of the
Earth, which supplements our knowledge obtained from other seismic observations
(body and surface waves) , such a problem is reasonable.
At each stage of our knowledge on the Earth's structure there is a definite concept
on variation of physical parameters in the Earth interior integrating all previous
studies. Therefore the problem can be formulated as follows: what do the new
observations, though the number of them is small, add to the present concept? On

95

other words, what minimum modification is necessary to enter to the present Earth's
structure in order to fit the new data? In this approach the constraint imposed on the
model is that the solution should be as close to the existing model as possible. And
to specify the 'closeness' of the points in the space Μ it is necessary to define the
metric of this space. Usually the metric LI is used, but in some problems the model
space may be considered as a space of random events, where probability of
appearance of the model m is determined. Of course, unlike the data that may
contain random errors different in different experiments, the 'randomness' of a
model cannot be considered in such a sense. However, on the basis of our
knowledge on the model we can judge what model is more probable, and vise versa.
Correspondingly of all possible models we can choose that one, which is the more
probable.
The problem in this formulation in a certain sense is opposite to that considered in
the previous chapter. There a solution mis determined so as to minimize a
'distance' between the points y and <&(m) in the space Y. Now we have to
determine the point rh(y) so as to minimize a 'distance' between this point and
some a priori point m(0) in the space M. More general case, when the observations
are inaccurate, will be discussed in the next chapter.
§1. Construction of a solution close to a priori model.
Let us consider mathematical formulation of the problem. First of all it should
be noted that the Backus-Gilbert method is valid only for linear problems, i.e. for
those in which the observations y, (i= 1,2,. ..,n ) are related to the model m(r) by the
linear functional

(4.1)
The functions G,(r)are called data kernels. Integration in (4.1) is performed over
that part of the medium, which has an influence on those characteristics of
geophysical field , which are used as the data y, . As mentioned in chapter 1, in
general, in this form we may write a relationship between a correction to a starting
(0)
model m ( r) and the difference between the observed characteristics y, and those
calculated for the starting model. But, as noted above, the formulation of the problem
assumes that the model to be determined is known rather well from previous studies,
and the problem is to improve this model proceeding from a new finite data set.
Therefore linearization is righteous. So here and below we assume that the 'model'
m(r) is not a distribution of proper physical parameters, but a correction to a starting
model, and the data are differences between the observed characteristics of the field
and calculated for the starting model.
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The idea of the Backus-Gilbert method is described below on the example of onedimensional problem: let the model depend on one coordinate x, and variations of
m(x) have an influence on the observations yt in the interval a<x<b. So the functional
(4.1) can be written in the form
(4.2)

yl=\Gl(x)m(x)dx
a

In the operator form this functional may be written as
y=Gm
(4.3)
where y is vector with components y,,y 2 ,...yn., m is considered as a vector in
infinite-dimensional space, and the vector operator G is defined by formula (4.2).
The relationship between the observations and the model in the form (4.3) is also
valid in the case, when the model is defined by a set of parameters in ^-dimensional
space: in this case m is a vector in this space, and G is a matrix of size nxk. The
system (4.3) has infinite number of solutions. But since m is a correction to a starting
model, it is natural to require m to be small (later we shall consider alternative
constraints to m). The simplest condition for smallness of m is the smallness of its
module, or mTm. If the model space is infinite-dimensional, this condition is written
in the form
b

(4.4)

So the problem is formulated as follows: to minimize the functional (4.4) under the
constraints (4.2). This is a problem of calculus of variations, and it is solved by the
use of the Lagrangian coefficients. Instead of the conditional minimum of (4.4) we
seek for the absolute minimum of the functional
b

(

Λ

b

\m2 (X-)dx + 2^A\ y} -JG, (x)m(X)dx
a

1

V

a

(4.5)
J

The Euler's equations give
,G,(;t),

(4.6)

and the coefficients λ, are determined by substituting (4.6) to the system (4.2):

yl,

i = l,2,...,n

(4.7)

Thus, the problem is reduced to the system of linear equations (4.7). Matrix of this
system is symmetric, and if the data kernels are linearly independent, it is also
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positive definite. In such a case the system (4.7) always has a solution.
In operator form the problem is formalized as follows: to determine a solution of
the system (4.3) under the constraint
T

m m=min

(4.8)

Similarly, using the method of Lagrangian coefficients, we obtain the solution by
determining the absolute minimum of the functional
T

T

m m-2A (Gm-y)

(4.9)

where from the solution is
m=GTA

(4.10)

Substituting (4.10 ) to (4.3) we determine vector of the Lagrangian coefficients Λ,
and obtain the final expression for m:
m = G T (GG T )- 1 y

(4.11)

In linear algebra a concept of normal solution is introduced for solving
underdeterminate systems. If the system has infinite number of solutions, the normal
solution is that one, which minimized a norm of the unknown vector |m|. So the
solution of the problem (4.3) satisfying (4.8) is the normal solution.
When m belongs to a function space, the elements of the matrix GGT are
determined as follows:

(4.12)
If some data kernels G,(x) are linearly dependent, the system (4.7) turns out to be
singular, and a matrix inverse to GGT does not exist. This case will be considered in
chapter 6. Here we assume the matrix of (4.7) to be nonsingular.
The condition (4.8) means that the model space M has quadratic metrics, and a
length of the vector m is minimized in this space. But, as mentioned above, this
condition is not unique. We can consider the space M as a sample space, in which
each point is characterized by a certain probability density p(m). The problem is to
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choose the most probable solution in the domain of all possible solutions. The most
general is the normal distribution with probability density that in case of zero mean
value and the covariance matrix Cm has the form

The condition for maximum probability of m is equivalent to the condition
(4.13)
In case Cm =σ^1, where I is unit matrix, this condition coincides with (4.8), so
that (4.13) may be regarded as more general case of a condition imposed to the
unknown model m. Analogously to the former case it is easy to show that the solution
is as follows:
m = C m G T (GC m GVy

(4.14)

At the same time, if we perform the linear transformation of the model space
M-»M', so that

the condition (4.13) turns into (4.8) and in the space M' the solution will be
determined as that, which has minimum norm.
When the solution is determined in the function space, the covariance matrix Cm
is replaced by a priori covariance function Cm(jc, x'), and the elements of the matrix
GC m G T take the form
* b
T
f
(GC
= ΓJ \GJ1(x)C
(x,xf)G,(x)dxdx
m G ),,
\
til
s ij
* m '
"
J

(4.15)

a a

If there is no correlation between the values of m(x) in neighbor points, then
f

Cm (χ, χ') = δ(χ - x ) , and (4.15) turns into (4.12). In this case
Cm ~l (χ, χ'~) = δ(χ - χ'), and the condition (4.13) that in integral form is
b b
1

JI m(x)C~ (x, x')m(x'}dxdx

=

rain
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(4.16)

turns into (4.4).
]

It should be noted that according to definition the function C~ (x, x') inverse to the
covariance matrix Cm (x, x') fits the following relationship:
(4.17)

δ(Χ-χ}

Example. Determination of elastic wave velocity and density in the mantle from
periods of free oscillations of the Earth.
As an example we give below the solutions of the inverse problem obtained by
Backus and Gilbert (1968) in one of their early papers, where they first applied their
method for constructing the elastic model of the Earth, i.e. for estimation of elastic
wave velocities Vp (r)

and Vs (r) , and of density p(r) from the data on periods of

free oscillations of the Earth.
Periods ot

17 modes

0^19» 0^28* o"28>o"35' 0^43' o^saO^eo» o"?6' O^QTO^ZS»

0^29' oT36 O7^' 0^55 > oT6s > oTs4' olios'

have been used as me data

· Besides the

constraints to the density distribution the data on the average density and on the
moment of inertia of the Earth has been added.

Fig.27
Two starting models has been used for solving the problem (Fig.27a), one
corresponded to the Gutenberg model (dashed lines), and for the second one
velocities in the mantle have been assumed to be constant, equal to their average
values, and density increased monotonously with depth (firm lines). The results
obtained by successive approximations are shown in Fig.27b.
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In the lower mantle the solutions differ strongly, the difference being of the same
kind as the difference between the starting models. But in the upper mantle the
solutions acquire common features expressed in existence of two low-velocity zones.
The best similarity is observed for the first zone, where minimum velocity
corresponds to the depth of 86 km. Here two solutions practically coincide. In the
second zone (at the depths of 320-340 km) some difference is noticeable, though the
low-velocity zone is discovered in both solutions.
The feature of the solutions results from character of the data. For solving this
problem used were periods of only fundamental modes (n = 0) with rather high order
(from 19 to 97 for spheroidal and from 23 to 105 for toroidal modes). As is known
from the theory, these oscillations are concentrated in the upper part of the Earth and
correspondingly contain information on its structure.
The given example shows that in order to conclude on a 'quality' of a solution
we have to know how to estimate resolving power of the data, i.e. how to determine
in which regions, and with which level of detail the solution can be obtained from a
given data set.

§2. Resolving power of the data
In the framework of Backus-Gilbert method a solution is obtained as a linear function
of the data. This results from that a distance in the model space Μ (or in the
transformed space M') is defined in the metric Z-2. Otherwise, the solution (one of
infinite number of all possible solutions) may be written in the form
.Οο)ν (

(4.18)

Taking into account that

we can write the solution as
b

b

< m(x0) >= J5>, Oc0)G, (x)m(x)dx = j A(x, χΰ )m(x)dx ,
a

'

(4.19)

a

i.e. as a linear average of all possible solutions. The function
Α(χ, χΰ) = Σ «, (*„ )G, (*) = a r (jc0 )GU)
(4.20)
ι
represents the averaging kernel. The closer the averaging kernel is to the delta-

101

function, the better the solution reflects a true function m(x ) in the point jc = XQ . In
other words, the details of the function m(x) can be revealed in the solution, if the
averaging kernel is rather similar to the delta-function. If the kernel differs from zero
in a wide interval of *, the solution enables to estimate only an average value of the
function in this interval. So the averaging kernel characterizes the resolving power of
the data.
Unlike the least square method, where a quality of the solution is characterized by
the variance (or standard error), in the Backus-Gilbert method (provided the data are
exact) the quality is determined by the resolution, i.e. by what details of the unknown
function can be revealed in the solution.
A characteristic of the resolution is the averaging kernel. However it is inconvenient
to use the averaging kernel for estimation of resolution, because they should be
calculated in all points x0. More convenient is to estimate the resolution by one
number, which would characterize, even roughly, a width of the averaging kernel.
This can be done as follows.
At first let us define a functional S(XQ) characterizing a proximity of the averaging
kernel A(x,x<j) to the delta-function δ(χ-χο ), so that a criterion of 'deltaness' of the
kernel would be smallness of the value of S(XQ). Obviously it can be done by different
ways. Then we determine a value of the functional S(XQ~) for a Π-shape kernel centered
in the point XQ , non-zero in the interval x0-l/2<x<x0+l/2.

In order the

smoothing by such a kernel gives an average value of the unknown function, the
kernel should be normalized, i.e. its value within this interval should be equal to III. It
is evident that a value of the characteristic of 'deltaness' for such a kernel is a
function of /, i.e. s(xo)=f(l). Then, calculating the value of S(XQ) for the averaging
kernel (4.20) corresponding to the problem considered, and equating it to/[Z), we can
determine the averaging length I.
Thus, to characterize the resolution first of all it is necessary to choose a functional,
which determines proximity of the averaging kernel to the delta-function. It seems
that the most obvious should be the following functional
b

a

However it is easy to see that the integral (4.21) is singular. Indeed, if the parentheses
in the integrand are open, the integral will contain the infinite item 5(0):
b

s(x0 ) = J A 2 (x, *0 )<fr - 2A(x0 , je 0 ) + 0(0)
a

But since this item does not depend on A(X,XQ), it may be formally deducted from
S(XQ). Then as a criterion for comparison of different averaging kernels may be used
the following:
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ο
2

s(x0) = J Α (χ, x0 )dx - 2A(x0, x0 )

(4.22)

It is easy to show that for the Π-shape kernel of the width / S(XQ) is equal to -III.
However, this criterion does not take into account a compactness of the averaging
kernel, i.e. where it notably differs from zero: near or far away from the point XQ. It is
obvious that preferable are the kernels concentrated at most around the point JCQCriterion allowing for concentration of the kernel in the vicinity of XQ may be
smalmess of the functional
b

s(x0 ) = J A2 (x, x0 )J(x, x0 )dx

(4.23)

a

where J(x, x0) is a function equal to zero in the point χ = χ0 and increasing rapidly
with moving away from this point. Examples of such functions may be following
)2

0

-x0)2 /2σ 2 ]

(4.24a)
(4.24b)

The simplest one is the function (4.24a), and later we shall apply the criterion (4.23)
for this function.
For Π-shape kernel centered in the point χ = χ0 the value of the functional (4.23) is

s(x0) =
so that the averaging length in the problem (4.2) is equal to 12 s(xo).
To understand a meaning of the averaging length is easy from the following
example. Let the averaging kernel be the gaussian function

Assume the variation interval for χ from -°° to +°° (Fig. 28).
Using the relationships (4.22) and (4.23) for $(χΰ) it is easy to show that in case of
the criterion (4.22)
s(x0)= —p^-(l-2v2) , and in case of criterion (4.23)

s(x0)= —=. So in the

first case /= —=— = 1.94, and in the second one l=—==l.69L. Thin lines in
2V2-1
Fig.28a show equivalent Π-shape averaging kernels. Fig.28b shows an example of the
averaging kernel also in a form of the gaussian function, whose maximum is shifted
in respect to the point XQ by L/2. In this case the averaging length is larger: according
to the first criterion it is equal to 2.39L, an according to the second one it is 2.53L.
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.69L
1..14L

Pig.28

Let us represent now the criteria (4.22) an (4.23) in terms of the data kernels G, (*)
and the coefficients at (jt0 ) in the formula for the averaging kernel. The functional
(4.22) is expressed as follows:
)G,(*0)

0

'

(4.25)

1

The integrals j G, (x)G} (x)dx = 5y can be regarded as the elements of the matrix
a

S, the coefficients a, (JCQ) as the elements of the vector a, and the values of G, (JCQ)
as the elements of the vector G. Then (4.25) can be written in the following form:
r

r

s(*0) = a Sa-2G a

(4.26)

To express (4.23) in similar way define a matrix Ρ with the elements

Then it is easy to see that (4.23) may be written as follows
s(;t0) = arPa

(4.27)

Some other approaches for a choice of the deltaness criterion are available. They will
be considered later.
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§3. Construction of smoothing solution proceeding from deltaness criterion for
averaging kernel
As was mentioned above, the inverse problem in formulation (4.2) has infinite
number of solutions. One of the approaches for choosing a unique solution from this
multitude is described in §1: that solution is accepted, which has minimum norm in
the space LI and satisfies (4.2). On the other hand, desired is such a solution, which is
characterized by the best resolution, even if it does not fit the equation Gm=y, but is
as less smoothed as possible. This means that the solution must minimize a
discrepancy between the averaging kernel and the delta-function. As was already
mentioned, the functionals determining deltaness criterion for the averaging kernel
can be constructed by different methods. Some of them were considered in the
previous section. Therefore we may say on the 'best resolution' only in the network
of a certain deltaness criterion for the averaging kernel.
Let us show that minimum norm solution considered in §1 is also characterized by
the best resolution from the standpoint of the criterion (4.22). Indeed, minimization of
(4.26) results in the following formula for the vector of coefficients a:
and the solution has the form
m(x0) = *Ty = GTS-ly

(4.28)

According to the definition S = GGr this expression coincides with (4.11).
However, in some cases it is important that the solution would be smoothed over as
narrow region around the given point as possible. In such a case the criterion (4.23)
should be used. If
then S(XQ) is determined by the expression (4.27). However, in this case to determine
the vector of coefficients a one cannot minimize s(x0) directly, because this will
result in a trivial solution a=0. In this case it is necessary to take into account
additional condition to which the averaging kernel should fit, namely the
normalization condition:
l

(4.29)

Using formula (4.20) for the averaging kernel and introducing the notation
b

gl=\G,(X)dx
a

we may write the condition (4.29) in the form
(4.30)
So we must minimize (4.27) under the constraint (4.30).
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Application of the Lagrangian coefficients results in the problem on determining
absolute extremum of the function aTPa + /l(arg-l) , that is equivalent to solving
the system of equations

Determining a from the first equation:

(4.31)
and substituting it to the second one, we obtain the expression for the Lagrangian
coefficient:

λ = —T _t

. After substitution of this expression to formula (4.31),

we obtain the solution for the unknown vector of coefficients. So, finally the solution
has the form:

(4 32)

·

It is necessary to keep in mind that in (4.32) Ρ =
Difference of the solutions obtained on the basis of two considered deltaness
criteria for the averaging kernel is demonstrated on the example below.
Example. Let the data kernels

G, (Jt) are Π-shaped functions in non-overlapping

intervals (0,l),(l,2),...(n-l,n), i.e.
G,(jc) =

tf(z-l)-H(z)

(4.33)

where H(x) is the Heaviside function. It is easy to see that estimation of seismic wave
velocity as a function of depth from travel times of reflected waves at normal
incidence can be reduced to this formulation. Indeed, the travel time of wave reflected
from the z'-th boundary is determined by the integral

i=2
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Denote

y, =(tt-tt_l)/2.

ζ = ΐ-1 +

Ζ — "Ζ

Transform the coordinate ζ—»ζ

so that

— , if ζ, , <: ζ < z,. It is easy to see that after this transformation the

Ζ,-Ζ,-ι

depths of the boundaries turn into the values ζ=ί. Introduce the new unknown
function

m(z) =

z, -z,-i

if zl_i<z<zl, i=l,2,...,n.

Then

(4.34)

so that the data kernels are really determined by (4.33)
If the solution for ηι(ζ) is obtained on the basis of minimization of (4.26), i.e.
proceeding from the condition of minimum norm, it is easy to see that the matrix S in
this case is the unit matrix, consequently S~' = I , and if a point ζοίβ situated in the ith interval, the vector G(£"0)has only the z'-th component non-zero and equal to 1.
The same is the vector of the coefficients a(^'0) = S"1G(^0). And this means that
m(£"0) = y, . So the unknown function ηι(ζ) is a multi-step function taking on values
y, in each corresponding interval.
Now let us consider what function τη(ζ) is obtained in the problem (4.34) on the
basis of the criterion (4.23). It is easy to see that the vector g and the matrix Ρ needed
for the solution are as follows:

p=

&ι(Γο) °
°
Ο
62(£Ό) Ο

Ο

Ο

Ο

°
Ο

Λ (Γ

where ^(ζ0)=\(ζ-ζ,)2άζ = \ + (i-(

From this it follows that
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so that in this case the value of m in any point is determined as weighted average of
all observations.
Fig.29 shows the weighting coefficients for the case of four layers. Let us remind that
in the solution constructed on the basis of the former criterion the coefficients were
Π-shaped functions different from zero only in the corresponding intervals.
1.0
08-

0.0

Fig.29
In the present case the coefficients

α, (ζ) are continuous, and the solution is

continuous also unlike the former case, where it was obtained as multi-step function.
Fig.30 shows the example for the case, when the data have the following values:
}Ί=2, )>2=3, )>3=4, y4=3. The firm line shows the solution on the basis of the criterion
(4.23), and the dashed line - on the basis of the criterion (4.22).
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4-1

3-

-3

2-·

Fig.30
Naturally, we may put a question: what criterion should be chosen in solving some
specific geophysical inverse problem? The answer depends on a priori information
on the unknown function. If it is known that the function should be continuous and
rather smooth, we should choose the criterion (4.23), because smoothing on the basis
of this criterion is the most compact. At the same time we can determine all those
features of the unknown function, which are allowed by the resolving power of the
data. On the other hand, if it is known that discontinuities are permitted (as in the
above problem, where velocity discontinuities must present due to the observed
reflections), the criterion (4.23) is not valid, because it results in a smooth solution:
in the points close to the boundaries the velocity will be determined by averaging the
velocities in both layers: where the considered point is located, and in the neighbor
layer.
Let us make a remark concerning a choice of the data in order to obtain a high
resolution in the whole range of depths. As it was seen, the averaging kernel is
obtained as a linear combination of the data kernels. In order to obtain in each point
such a combination of the kernels that would be concentrated in a vicinity of this
point, it is necessary that the data contain information on different parts of the depth
interval. This statement can be illustrated by the following example.
Example. Fig.31 shows the averaging kernels in the problem on estimation of density
distribution in the Earth from different data sets on the periods of free oscillations of
the Earth (Backus and Gilbert, 1968). As mentioned above, the periods of free
oscillations depend on elastic wave velocities and density in the Earth. If the
velocities are fixed, the inverse problem will lie in determination of density p(r ).
Sets of periods for different modes are characterized by different resolving power.
This is seen from the results obtained from two data sets on the periods of spheroidal
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oscillations. The first set contains periods of the oscillations nS2 for n- 0,1,...,14, the
second one - the periods of nS, for n=l, 2,...,8 and nS2 for n=0,l,2,...,8.

Λ

w

λ

i

0,t

ι>5»

0*

ri»

Fig.31
Each data set was supplemented by the data on the mean density and on the moment
of inertia of the Earth because they provide constraints on the density distribution.
Fig.31 shows the averaging kernels A(r,r0) for different values of r0 (vertical lines).
In spite of the fact that the sets are of approximately equal amount (17 data in the first
set and 19 in the second one), it is seen that in the second case the resolving power of
the data is substantially higher than in the first one, especially in the deep interior of
the Earth. This difference is conditioned by character of the data in these two sets.
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§ 4. Estimation of solution and resolution in the case when the data kernels are
not square integrable.
All inferences in the preceding sections are true only in the case, when the data
kernels G, (x~) are square integrable. When the minimum norm solution is obtained,
b
the matrix of the system (4.7) has diagonal elements J G?(x)dx. When a solution
a

corresponding to the deltaness criterion of the averaging kernel (4.23) is used, the
6

matrix of the system has diagonal elements J J(x, x0 )G,2 (x)dx. It is evident that if
a

the kernels G, (χ) are like that the above integrals do not exist, the technique for
determining a solution described in the preceding sections fails. Such a case appears
in solving inverse kinematic problems of ray seismology, i.e. in determining seismic
wave velocities from the data on travel times along the rays.
In § 3, chapter 1, when one-dimensional kinematic inverse problem of seismology
was considered, it was shown that a travel time residual 3tt is related to a velocity
correction SV(r) by the following functional

Λι

where

rlm

,_ 2

is a value of

'

-

'

G, (r)

,

0,

(4.35)

,

r in the lowest point of the i-th ray, and p, is the

parameter of the z'-th ray. So the kernel

G, (r) =

2

is following:

r>mm < r < R
r<rm

Though in the point rlm the kernel G, (r) is singular, the integral of this kernel exists,
but the integral of the squared kernel is infinite

R

If we try to solve the problem by minimization of J (SV(r)fdr

(r < rninjrj,}), and

r

apply the method described in §1, we obtain a solution singular in the points r = r'm
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κ

and equal to zero elsewhere. The integrals J G^(r)dr have logarithmic singularity : if
r'm

the integrals are calculated from a point rj, + ε rather than from the point r'm, these
integrals will tend to infinity as
described

— ! —Ins when ε—»0. If the technique
V0 (r;)
3

in §1 is applied formally, it is easy to see that the matrix

S"1 =(GG r )~' —>0, where the diagonal elements tend to zero as -(F,)"' (Inε)~l
( F, =

3

\ ), whereas the off-diagonal ones vanish more rapidly. Therefore

ι

ίρ~ ο ο
= li

0

F-1 0

0

0.

0

In ε

and correspondingly

(4.37)

Since any negative power of χ tends to infinity faster than ΙΏΧ at *—»0, it follows from
(4.37) that

lim-

= r'

0

Thus, the function

3V(r ) indeed vanishes everywhere except the points r = rlm

where it tends to infinity.
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However, this solution is not acceptable from the standpoint of physics, so it means
b

that the criterion \(m(x))2dx = minused for construction of the solution is invalid.
a

Obviously, in this case it is necessary to require a solution to be continuous and
varying smoothly in the range under investigation. It turns out that the technique
described in §1 may be formally applied after a transform of the condition (4.2)
(Johnson and Gilbert, 1972). For this purpose let us integrate (4.2) by parts:
b

H, (b)m(b) -H,(a)ro(e)- J H,(x)m'(x)dx=yl

, z=l,2,..,«,

(4.38)

a

where H'(x) = G,(x)
If m(x) is discontinuous in the interval (a,b), additional terms with the values of m (x)
in the points of discontinuity appear in the left-hand side of (4.38). However, if the
function is assumed to be continuous, these terms are absent.

We can ensure smoothness of the solution by minimizing

*
J (m'(x))2dx. But to
a

determine m(x) this is not sufficient: some conditions should be set at the end of the
interval, e.g. m(a ) and m(b), or the values of derivatives m'(a)
and m'(b) , or
extremum conditions for m(a ) and m(b ). In the latter case m2(a ) and m\b ) can be
b

minimized jointly with the functional \(m'(x))2dx :
a

(4.39)

where α is a dimensional coefficient to be chosen from requirements of a specific
geophysical problem. Since y; depends linearly on m(x\ m(a) and m(V), the
technique described in § 1 may be entirely applied in this case.
Minimization of (4.39) under the constraints (4.38) is reduced to solving the
following system of linear equations:

(4.40)

Η I ^(2>)H
(b)
'
J^
/

H,(fl)H,(fl)
I^ '
J
x

/
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and correspondingly,
JC

(4.41)

m(x) = m(a) + \m\x')dx
α

It seems strange that from this relationship we can determine m(b) uniquely, though at
the same time m(b) is also determined by the last relationship (4.40). But it is
necessary to bear in mind that the function Ηt(x ) is defined up to a constant term,
and this term can be obtained by equating the values of m(b ) from (4.40) and (4.41).
Let us consider alternative condition at the ends of the interval:
m'(a) = m(b) = 0

(4.42)

χ

b

Define Η ( (jc) = \ Gt (x')dx'. Minimization of \ (m'(x))2dx under the conditions
a

a

(4.38) yields
ro'(je) = 24H,Oc),

(4.43)

and it is seen that at the assumed definition of H, (x) the condition m(a) = 0 is
satisfied automatically.
Denote H; (b) - h0l. From the condition at the second end of the interval it follows
that
ha = ATho =0

(4.44)

Denote m(b)=C. Then, substitution (4.43) to (4.38) we obtain:
b
}

a

or

QA=Ch0 -y

(4.45)

where
b

From (4.44) and (4.45) it follows
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Introduce the function K ; (jc) = JX (x')dx'. Then
X

m(x) = C-2ΧΚ,(Λ) = C-CKrQ-'h0 +KrQ-'y =
ι
r

ι K n-'h

-

Example. To illustrate meaning of the conditions imposed to the unknown
function in case when the data kernels are not square integrable, let us consider a
problem on interpolation of a function given by its values in discrete points.
Let the values of the unknown function m(x) are known in the discrete points:
m(xl) = mt ( z=0,l,2,...n) . The problem is to determine the function m(x) in the
interval ( XQ , xn ), which has the given values in these points.
Formally the values of the function m(jc) in the points xt may be represented as
linear functionals of the form (4.2), in which the kernels are the delta-functions:

)'

\m(x)5(x-xl} = mt

z=l,2,..,n-l

(4.47)

0

2J m(x)6(x)dx = m0
xn

If the function m(x) is estimated by minimization of \m2(x)dx, we obtain a function
equal to the given values in the points x=xl and to zero elsewhere.
2

Now consider the solution obtained by minimizing f (m'(x)) dx.
Integrate the equations (4.47) by parts:
m

, = mn-^H(x-xQ)m'(x')dx,

ζ = 0,l,2,...,n-l

Here ff(x) is the Heaviside function. Since in this case the value m(xn) = mn

is

assumed to be known, it is necessary to take ct= 0 in the functional (4.39). Solution of
this problem is
[=0

where
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_
ι—
X

i

Λ>=^
Thus, a derivative of this function turns out to be piecewise constant, and the proper
function is piecewise linear. So as a result of formal application of the method
described above we obtain piecewise-linear approximation of a function given by its
values in some points.

If we require continuity not only of the function, but also of its derivative, it is
necessary to integrate (4.38) by parts once more. As a result the integrand will
contain a product of the second derivative

m"(x)

and the ramp function

X

Kt (x) = \ H(x' — xt)dx'.

A

solution will be obtained by minimization of

—eo

*s

\(m"(x))2dx . Of course, in this case some conditions should be imposed on m'(xQ)
%

and m(xn), so that the function m"(x) will be represented as a piecewise-linear
function (a linear combination of the ramp functions Kt (x)), and correspondingly for
m(x) we shall obtain approximation by a cubic spline.

Alternative approach to construct a solution proceeding from a condition imposed to
the unknown function is minimization of the functional (4.16), in which a priori
covariance of the model Cm (x, x') is smooth. Usually it is assumed in a form of the
gaussian function

Cm(x,x") = σ 2 exp- * 2
2L
(

(4.48)

where L is a priori correlation radius and σ is mean amplitude of inhomogeneities.
As was shown in §1 the matrix GGT in this case is replaced by the matrix GCmGT ,
whose diagonal elements

b b

\lGl(x)Cm(x,xf)G,(xf)dxdxf
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are not singular.
Let us consider this approach on the former problem on approximation of a function
given by its values in discrete points. Taking into account that in this case
Gt (χ) = δ(χ - jc,), it is easy to see that the elements of the matrix GCmGT are of the
following form:

The function m(x) turns out to be smooth, because it is represented as a linear
combination of the functions

Disadvantage of this approach is that the result depends strongly on the value of the
correlation length L. Fig.32 shows approximation of a function given by the values in
six points (x=0,1,2,3,4,5) with two values of L: 1.0 and 0.1. It is seen that if L is
chosen too small the result is close to that, which corresponds to minimum norm. If it
is too large, some false extremums may appear. For too large L (L—»°o) this approach
fails, because the functions ψ, (χ) tends to constant.
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L=0.1

Fig.32
Now let us consider what deltaness criterion for the averaging kernel can be used in
the case of not square integrable data kernels. It is evident that neither criterion
(4.22), nor (4.23) are valid. But since the problem is to estimate a difference between
the averaging kernel A(x,x0) and S(x-x0), we can transform both A(x,xQ) and
S(x- x0) in the same manner, so that to obtain square integrable functions after the
transformation. Then a mean square difference between the transformed functions
may be used as the deltaness criterion for the averaging kernel.

The simplest transformation is integration: instead of the function A(.x,;c0)we shall
X

consider the integral of it Φ(χ,χ0)= \ Α(ξ,χΰ)άξ

, and the Heaviside function

a

H(x-x0) instead of δ(χ -x0). Then the deltaness criterion for the averaging kernel
is defined as

(4.49)

χ

Define as before, H ( (x) = \ Gl (x')dx'.

Then
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or, taking into account the notations introduced earlier,
(4.50)

As in case of the criteria (4.22) and (4.23) we can express the averaging length by
way of s(x0). It is easy to show that for Π-shaped kernel centered in the point XQ of
the width / the value of s(x0) is equal to //12.
Indeed, in this case

ο
χ-χ0

x<x0 -111
1

x0-l/2<x<x0+l/2
χ>χ0+1/2
III

= J

This criterion is a particular case of more general integral transformation of the
functions A(x, x0 ) and S(x — x0 ) :

(4.51)

Ψ(χ,χ0) =

= R(x,x0)

In the example considered above R(x, ξ) = Η(χ-ξ).
In general case, taking into account that A(x,x0) = ^atOt0)G,(;e) , we obtain

α

. '

J

α

Denote
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and considering Dt] as the elements of a matrix D, and qt as the components of a
vector q, we may write the expression for s(x0) as follows:
„)

(4.52)

b
2

where f(x0) = \ R (x,x0)dx
a

Now let us consider the solutions obtained proceeding from the deltaness criteria for
the averaging kernel (4.50) and (4.52). We show that a solution obtained by
minimization of (4.50) is the same as (4.46) obtained by minimization of
b

\(m(x)Ydx

under the conditions m'(a) = m'(b) = 0 . The normalization condition

a

for the averaging kernel may be written as
arh0=l

(4.53).

Minimization of (4.50) under the condition (4.53) is equivalent to determination of
the unconstrained minimum of the functional
a r Qa - 2arK(;c0 ) + /I(arh0 - 1)
This results in

Substituting this expression to (4.53) we obtain λ:

'-*';%£'
Since m(*0) = a(xQ)Ty , the expression for m(x0) turns out to be as follows:
m(x0) = KTQ-iy+

1-h ΓΟ~'Κ

°_f

h^Q-'y

(4.54)

that coincides with (4.46).
Now we consider the solution obtained by minimization of (4.52) but without
normalization of the averaging kernel. In operator form the matrix D and the vector q
may be written as follows:
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D = GBGr

q = BGr

Consequently, the solution minimizing (4.52) is following:
m(x0 ) = BGr (GBGr Γ ' y

(4.55)

Comparing it with the solution (4.14) we see that they coincide if Β = R r R = Cm , or

As mentioned earlier, the a priori covariance function is usually assumed in the form
(4.48). It is not difficult to show that in this case

(4J6)
Thus, if the smoothing function Κ(χ,ξ) in (4.51) is assumed to be of the form (4.56),
and a solution is constructed proceeding from the deltaness criterion (4.52), the
solution turns out to be the same as that corresponding to minimum of the functional
(4.16), in which a priori covariance function Cm (x,xf) is taken in the form (4.48).
§5. Application of Backus-Gilbert method to the problems of seismic
tomography
Seismic tomography problem lies in estimation of velocity distribution within some
region (2D or 3D) from travel times of seismic waves along different paths (rays)
crossing the region. It is evident that such a problem cannot be solved without
additional a priori information on the velocity behavior, because the data contain
information only on the velocity along the rays. The data (travel times i,) relate with
the unknown velocity function V(r) by means of the functional

ds
where L, is the wave path, which also depends on the unknown velocity distribution
V(r). However, as was already shown in §3 of chapter 1, the problem is linearized if
known is a starting model VO (r), for which the paths L/o can be calculated:
St. =/, -f,0 = 5-—ds= m(r)-—
i W)/
i \(r)

(4.57)

Otherwise the relationship between the observation y, = dtt and the unknown model
m(r) can be written in a form of integral over the region
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y, =jG,(r)m(rXr

(4.58)

Ω

where Ω is the region under investigation (2D or 3D), and

(4 59)

·»

·

so that the data kernels are singular on the rays and equal to zero off the rays. From
(4.59) it follows that the region Ω can be arbitrary provided that it contains all rays.
If the standard Backus-Gilbert method is applied to this problem, i.e. if we minimize
the functional Jm 2 (r)iir under the constraints (4.58), the solution will

be

Ω

concentrated only along the rays and be equal to zero elsewhere. This is analogous to
the example considered in §4. It is evident that in this case it is necessary to minimize
a functional analogous to (4.39). Here we shall consider 2D problem, which
corresponds either to surface wave travel times corresponding to a fixed period, or to
observations along a vertical profile (a probelm of crossborehole tomography). As the
reqion Ω we consider the whole plane, and assume m=const at the contour of this
region (i.e. at infinity). For simplicity assume the starting model
VQ (r)=const, so that in the first approximation the rays are straight lines. Analogue of
the functional (4.39) with o=0 is
J(V/n) 2 dr

(4.60)

Ω

Let us minimize this functional under the constraints (4.58). This is equivalent to
determination of unconstrained minimum of the functional
J(Vm) 2 dr + 2£4 JG, (r)m(r)<fr - y,

(4.61)

(the multiplier 2 at the second term is taken for convenience).
The Euler equations for this functional are as follows (Smirnov, 1964):
,G,(r)

(4.62)

A solution of this equation is expressed in terms of the Green function of the
Laplacian, which in 2D case is

Thus
\(r) = Χ Λ J G; (r')
<
a

m

ln|r - r^r' + Φ(Γ)
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(4.63)

where Φ(Γ) is an arbitrary harmonic function (the constant multiplier

In

is inserted

to the unknown coefficients λι). From the theory it is known that any harmonic
function, which is not constant, increases at r —» «» not slower than r. But the items
in the sum in the right-hand side of (4.63) increase as Inr. Therefore, from assumption
that at infinity m=const it follows, firstly <3>(r)=C, and secondly,
Ω

>

With allowance for (4.59) the last equation can be written in the form
o=Art0=0
(4.64)

Substitution of (4.63) to equations (4.58) results in
SA + Ct 0 =y
(4.65)
where
S, = jG,(r)*/GJ(r)ln|r-4fr'= J Jlnr, -r,||A
Ω

Ω

i,0L,0

^0

. )

(4 66

V

0

The equations (4.64) and (4.65) form a system of n+1 equations for determination of
the unknown coefficients Λ, and C.
To illustrate the method we shall consider the following model example.
Example.
Velocity distribution shown in Fig.33a is taken as a true model. Travel times have
been calculated along 48 paths drawn schematically by straight lines in Fig.33b. The
times were calculated along true (curved) paths. They were taken as the data for the
tomography problem. The solution is shown in Fig.33c. It is in good agreement with
the true model except the low-velocity zone. But this should be expected, because
there is no information on the velocity in this zone: the rays round a low-velocity
zone.

a

b

Fig.33
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§6. On allowance for non-linearity of forward operator in the Backus-Gilbert
method
As was mentioned above, the Backus-Gilbert method is applicable only for linear
problems. If forward operator in non-linear, the problem is reduced to a linear one by
linearization. It seems that, as on solving non-linear inverse problems by
minimization of a misfit function, the inverse problem may be also solved by
successive approximations, by linearization of the forward operator Φ(ιη) at each
iteration. However, in this case we shall not obtain a solution close to a starting
model. This is illustrated in Fig.34.

Fig.34

To a point y in the data space Υ corresponds a subspace M' of the model space M. If
a solution is defined as the closest one to a starting point mo, it should be in a point
m. If the problem is linearized, so that instead of the operator O(m) we take
y = O(m0) + G(m-m0), a subspace M" will correspond to the point y. Then the
'solution' will be in a point m, which not only differs from the point m, but even
may not belong to the subspace M'. By successive approximations we may achieve
the solution to belong to M', but it will not coincide with m, i.e. will not be the
closest to the starting point mo.
It is possible to take into account non-linearity of the operator <E>(m) by the
following way (supposing the starting model to be rather close to the solution). The
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forward operator is expanded in the vicinity of the point mo up to the second order
terms:
y =0(m0) + G(m-m 0 ) + (m-m0)TB(m-m0)

(4.67)

where

( xrBx denotes a vector with components

x,ByXj , k=l,2,..,n)
ν

When m -m0 is small, the operator (4.67) defines a subspace in Μ more close to
M' than that corresponding to linear transform (y—»M") . Therefore a solution
obtained by minimization of
(m -m0)r(m -m0) = 5mT5m

(4.68)

under constraints (4.67) will be much nearer to m than that obtained by linearization
of the operator Φ(ιη).
Minimization of (4.68) under conditions (4.67) is equivalent to determining of
unconditioned minimum of functional
6mr5m + Ar(y-G5m-6mrB5m)

(4.69)

This problem is reduced to solving non-linear system of equations

These equations are written in components as:

^=Ισ,Λ + β>Λ
In (4.71) the summation convention over repeated indices is used.
Since the system (4.71) is non-linear, its solution cannot be written in explicit form,
and the system can be solved by successive approximations.
Example. To realize a difference in solutions obtained proceeding from linearization
and with allowance for the second order term, we consider below a simple example:
the data space is ID, the model space is 2D, and relationship between y and m is
determined by
y = O(m) = mf - m\

To a point in the space Y ( a point on the number axis) corresponds a curve at the
plane

(mpWtj). This curve defines a subspace M1. It is evident that in this case
125

approximation even with allowance for the quadratic term represents the function
Φ(ιη) only approximately. For concreteness let us take y=l, mo=(l, 1). The curve
ηξ - m3 — 1 is drawn in Fig.35 by bold line. A solution corresponding to minimum
distance between the point mo and this curve is the point m . Thin straight line shows
the subspace M" corresponding to linear approximation of the function
<D(m)

and dashed line represents a curve corresponding to approximation of O(m) with
allowance for the quadratic term:

1.2-1

1.0-

(foe Η
0.6-

0.4
0.8

I
0.9

I
1.0

i
1.1

I
1.2

1.3

Fig.35
The point m corresponds to the Backus-Gilbert solution, i.e. obtained proceeding
from linearization of the function Φ(ιη). It differs from the point m notably: firstly, it
does not belong to the curve O(m)=l, secondly, it is essentially apart from m. But
even if we use this point as a new starting model, and look for a solution by
successive approximations, we never hit the point m . And the solution, which is
obtained by approximation of the function <3>(m) with allowance for quadratic term,
(mq) is practically coincides with the point rh .
A question arises: in which problems is important to use quadratic approximation ,
and when it is sufficient to linearize the functional which relates the data y and the
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model m? The answer to this question depends on that how exact is a priori
information on the model, and how much the starting model mo differs from the
solution, i.e. how small is m -m 0 . If the starting model is well known from previous
studies, so that it is necessary to obtain a solution as close to it as possible, but
in -m0 is found to be not too small, it is necessary to take into account the quadratic
term in the expansion of the operator <E>(m). But this approach makes the
computational procedure too much complicated, because it requires the non-linear
system to be solved by successive approximations. However, if a priori information is
well known, a solution is obtained close enough to the starting model as a rule. This
means that m-m 0 is small, and the linear approximation is sufficient. If, on the
contrary, a priori information is uncertain, it is senseless to look for a solution close to
it. If in this case a solution is constructed by Backus-Gilbert method with the use of
successive approximations, we shall obtain one of possible solutions fitting the
equation y = 4>(m), though it will not be close to the starting model in the sense of
norm. But in this case it is not so important, because there is no confidence in
accuracy of the starting model.
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Chapter 5. GENERAL APPROACH FOR SOLVING INVERSE PROBLEMS
In chapter 3 we considered the approach for solving such problems, which had no
exact solution. In this case a solution m is determined so that the corresponding
vector y = Φ(ώ) would be close to the vector of real data y. Discrepancies y — y are
treated as observation errors different from zero. In chapter 4 considered were the
problems, which had infinite number of solutions. As a solution was assumed that
one, which was close to a given point ma in the space M. In this case it was supposed
that the point nia has been obtained from previous studies, and on the basis of the data
set y it is necessary only to improve this value. In general in real problems it is
necessary to take into account both observational errors and a priori information on
the model obtained from previous studies. Just this formulation of the problem results
from the Bayesian approach described in chapter 2. This approach is reduced to
maximization of the a posteriori likelihood function.
§1. Formulation of the problem and the solution.
In general, if the distributions of y and m are normal (that practically always exists),
the problem to estimate m from the data y is formulated as follows:
(5.1)

Here ma is a priori mean value of m, Rm is a priori covariance matrix of a model,
and Ry is a covariance matrix of observation errors. As formulated in (5.1) the
problem is non-linear. But if we
want to find m close to ηΐα , and if the variances of m, (diagonal terms of the matrix
ROT ) are rather small, the problem can be linearized, that is reduced to minimization
of the quadratic form
T

1

T

1

m R; m + (y-Gm) R; (y-Gm) = min

(5.2)

Here m denotes the deviation m-ma, and y is a difference between real observations
and those calculated for the initial model m^, i.e. y -O(ma) .
We shall show that solution of this problem allows two representations, which turn
into the least square (LSQ) solution if a priori information on the model is not
available, and to the Backus-Gilbert (BG) solution if variances of observation errors
are zero. Differentiating the left-hand side of (5.2) in respect to m and equating it to
zero we obtain the equation
R>-G T R; 1 (y-Gm) = 0

(5.3)

from which m is determined directly:
m = (R;1+GTR;1G)-'GTR;Iy

(5.4)
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It is easy to see that this solution turns into the LSQ solution, if no information exists
on a model: in this case variances of the parameters tend to infinity , and the matrix
inverse to the covariance matrix vanishes. So the solution takes the form (see formula
(3.22)):
m = (GTR;1G)-1GTR;1y
Now let us act otherwise. Denote
A=R;1(y-Gm)

(5.5)

Then it follows from (5.3) that
m = RmGTA

(5.6)

Substituting (5.6) into (5.5) we obtain the following system for Λ:
R y A = y-GR m G T A
where from
A=(R,+GR m G T r'y
and consequently
m = R m G r (R y +GR ffl G T )- ] y

(5.7)

In case Ry=0 (5.7) turns into that one, which was obtained by Backus-Gilbert
method with accurate data (formula (4.11))
It seems somewhat strange that proceeding from the same condition (5.2) we obtain
different forms of the solution: (5.4) and (5.7). In fact the operators in the right-hand
sides of (5.4) and (5.7) are identical. In can be shown in following way:

;'G)-1GTR;1(Ry + GRmGT)(R, + GR m G T ) ' -

(R;1 + GTR;1G)-1(GT +GTR;1GRmGT)(Ry +GRraGT)-1 =

(5.8)

(R;1 +GTR;1G)-'(IC +GTR;1G)RmGT(R> + GRmGT)-' =
RG T (R Vy+GRG T )- 1
The question arises: when should one or another operator be used? It is obvious that it
depends on relation between the number of the data and the number of the
parameters. In both cases it is necessary to invert a matrix, but in the first case
(formula (5.4)) size of this matrix is kx k, and in the second one (formula (5.7)) its
size is nxn. If the number of parameters is less than the number of data, it is
reasonable to use the representation (5.4), otherwise the representation (5.7).
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§2. Solution for the case R y = σ]\ and R m = σ2!
The most often encountered in practice is the case of non-correlated observations of
equal precision, so that Ry = 0'2I· As mentioned in §5 of chapter 3, correlated
observations can be reduced to such a case by the transform

y' = R~ 1/2 y (the

variance of the transformed observations turns out to be unit: cry = 1 ). A priori
information on the model is rather approximate: usually it is possible only to indicate
the limits, within which the model parameters may vary, so that the covariance matrix
R m can also be assumed to be diagonal, equal to σ^ί . If it is not so, the model can
be also transformed, so that instead of

the parameters m the new parameters

1/2

m' = R~ m should be considered (§1 chapter 4). Thus, without restriction on
generality, we can consider minimization of the functional
a;2mrm + σ;2 (y - Gm)T (y - Cm)
If the notation a = σ2, / σ^ is introduced, the expression for the functional to be
minimized will be more simplified:
<2rm 7 m + (y-Gm) T (y-Gm)

(5.9)

In this case two representations for the solution (5.4) and (5.7) take the form:
G5ry

(5.10a)

m=G (GG +«[)-' y

(5.10b)

r

r

At a —» 0 the first representation turns into the LSQ solution (under the assumption
that matrix (GrG)"' exists), and the second one to the BG solution (again under the
assumption that the matrix (GGr)~' exists). If the matrices G T G or

GGr are

found to be singular, so that the LSQ and BG solutions cannot be obtained, in case
or 5*0 the solutions (5.10a) and (5.10b) always exist. It will be shown in §4 that such a
trick - addition of a small positive item to diagonal (positive) elements of a matrix - is
used to obtain a stable solution of ill-posed systems.
§3. Estimation of the solution quality.
When a solution of linear system is obtained by LSQ method, a quality of the
solution is estimated by the covariance matrix, whose diagonal elements are
variations of the parameters (§5 chapter 3). The variances of the parameters depend
on the variance of the data and on the diagonal elemets of the matrix (GrG)"' . The
BG solution can be interpreted as averaged (§2 chapter 4), and deviation of the
averaging kernel from the delta-function determines resolving power of the data. In
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this case a quality of the solution is characterized by the resolution, which is
determined by a functional of the averaging kernel
If the model is described by a finite (though by very large) number of the parameters,
the averaging kernel is replaced by the so-called resolution matrix R , which, as the
averaging kernel, is defined by the equality:
m = Rm
where m is a solution obtained on the basis of some criterion, and m is any of
possible solutions fitting the condition y=Gm.
It is easy to see that in case of LSQ solution the resolution matrix is unit, i.e. all
parameters are completely resolved. Indeed, in such a case

m = (GTG)'1Gry = (GrGr'GrGm = m ,

i.e. R = I.
If the solution is determined by the Backus-Gilbert method, and the data are
accurate, the variance of such a solution is zero, because ay = 0 . It is evident that if
the solution is determined proceeding from minimization of the functional (5.9), then
the variance of the solution differs from zero, and the resolution matrix differs from
the unit matrix. So both variance and resolution characterize a quality of the solution.
For concreteness let us characterize the resolution by a functional analogous to
(4. 19), which in case of finite number of the parameters takes the form:
^(Γ,-δ/Ο-,-δ,)

(5.11)

where r, is vector composed by the i-th row of the resolution matrix R , δ, is vector
composed by the i-th row of the unit matrix I , i.e. with components 5y , and s,
characterizes resolution of the z'-th parameter. It is easy to see that if the parameters
are completely resolved, then s, =0 for all i.
Denote the operator of right-hand sides of (5.10a),(5.10b) as H:
Η = (GrG + aiylGT = Gr(GGr + ci)'1
Vector-row of the matrix Η can be represented as the following product:
hf=6[H
Consequently the vector-row of the resolution matrix R is determined as
Then denote the vector-row of the matrix G as g( :
ft -CMS,
With the use of these notations the estimate of the i-th parameter can be written in
the form:
r

m, = h, y,

from which it follows that variance of this parameter is equal to
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ρ? = h^h, = σ»,
And in accordance with (5.11) the characteristics of resolution of the z'-th parameter
is determined as follows:
r

Si

=ifr t -2r, 5,+l

Now we show that whichever representation of the solution we use - (5.10a) or
(5.10b) - when a increases resolution of any parameter becomes worse, i.e. s,
increases, whereas the variance pf on the contrary decreases. Assume that variation
2

2

of a is controlled by variation of σ , and a y remains constant. This assumption
corresponds to real situation, because variance of the data is fixed, but σ

2

is

ambiguous.
In this chapter we shall assume that if the number of data η is larger than the number
of unknown parameters k, the matrix GTG is not singular, i.e. that matrix (GrG)"1
exists. If on the contrary the number of parameters is larger than the number of data,
the matrix (GG7)"1 exists. Thus a solution in the extreme case ct=Q exists either in
the form (5.10a), or (5.10b). The case when both matrices GrG or GGr are singular
will be considered in chapter 6.
A case n>k. A solution is represented in the form (5.10a), and at cc=Q it turns into the
LSQ solution. As mentioned above, at <2=0 st = 0, and the expression for pf is
determined by the diagonal element of the covariation matrix of the parameters
(see §5 of chapter 3):
ρ2=σ2$^Γδ,

(5.12)

If a*Q, then
R = (GTG + aiylGTG = I - a(GTG + οϊ)-'
jXa) = 5[(R-I)(R-I)T5I=a26[(GTG + aI)-2ei

,

(5.13)

where from it follows that st increases with a. increasing
The variance of the i-th parameter for oc*Q is as follows:
pf(a) = aXh, = <rX(GrG +oirIG7G(GrG + oi)-15i

(5.14)

Let us show that
A 2 (oO<A 2 (0)

(5.15)

Calculate the difference
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2

(0) - ρ? (α) = σ*% {(GrGr ' - (GTG + (Λ)'1 GrG(GTG + αίΤ1 ]δ, =

σ'δ[ (Gr G + aLT1 {(I + α(G^Gr1 )(GrG + ol) - GTG\GTG + oiy1 δ, =
δ >Ο
All matrices in the matrix product are positive defined, so that the total expression is
found to be positive, where from follows (5.15).
It is evident that maximum value of st is achieved at a —>°°: in this case st = 1 .
Correspondingly pf acquires the minimum value, equal to zero.
The case n<k. In this case
if = 5fGr(GGT +£d)-1G = gf (GGr + afflG
s,(a) = gf(GGr + oI)-1GGr(GGr +cd)-1g, -2gf(GGr
= 1 - gf (GGr + cd)-'{l + or(GGr + crt)'1 ]g,
To show that s! (a) > i,(0) we consider the difference
= ogf (GGr +cd)-1{(GGr)-1-(GGr +<*)-' }g, =
= «2gf (GGr + cd)-1(GGTr'(GGr + al)-jg,
Since the matrices (GGr)"' and (GGT + O!)"1 are positive defined the difference is
always positive. Minimum value of s, corresponds to ce=Q and is equal to
and maximum value corresponding to or-»*» is equal to 1.
The variance of the i-th parameter is
where from it is seen right away that the variance decreases with a increasing. At
ot=0 the variance is equal to
^2gf(GGr)-2gi,

(5.16)

and at a-^°° pf —> 0 .
A quality of the solution is the better the smaller are both pf , and st. But as is seen
from the given analysis it is impossible to reduce pf

and s, simultaneously: decrease

of one quantity results in increase of the other one. Therefore to determine a solution
(i.e. to choose a value of a) we have to look for a compromise between variance and
resolution. The curve p2(s) is called trade-off curve (Fig.36). It is easy to show that
the trade-off curves have the same behavior for any other choice of s.
The question arises: how to choose «? No formalized method exists for this purpose.
However the following approach may be proposed. Since usually the variances are
required to be less than a given value δ, a point is determined on the trade-off curve
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where p1 = δ. Let this point correspond to a value 05- Then a value a>as can be
accepted. Alternative methods for a choice of α are considered in the next sections.

Fig. 36 . Trade-off curve

§4. Regularization method
From analysis of the trade-off curve and of the formulas for variances of the LSQ
and BG solutions (5.12) and (5.16) it is seen that addition of the item cd to the
T

r

T

r

matrices G G and GG is important when the matrices G G are GG ill-posed,
so that the variances of the LSQ and BG solutions increase too much. Large values of
the variances mean that the solutions are unstable, and the inverse problem is illposed (see §4 of chapter 1). This means that small perturbations of the data may cause
very large variations of the solutions.
For solving wide class of ill-posed problems characterized by instability of solutions
A.N.Tikhonov (1974) proposed the so-called regularization method. In particular
case of linearized inverse problem of geophysics it is equivalent to the method of
allowance for a priori information considered in the previous sections. Though this
method proceeds from different premises, it results in the same formulas (5.10a),
(5.10b).
The concept of the method proceeds from understanding that due to instability of
the problem it is senseless to look for the exact solutions, and the problem is
formulated as a search of an approximate solution satisfying to some conditions. The
main requirement to the approximate solution is that it should be stable with respect
to variations of the data within the limits of their errors. For all that is more
advantageous to allow a bias of the estimates and to worsen the resolution, but to
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reduce the variance. It is assumed that for absolutely accurate data the solution is
unique. The 'solution' means a result of transformation of the data y by inverse
operator Φ"1 , which may be chosen differently. This operator may take into account
the data errors, for instance, if the solution is obtained by the maximum likelihood or
the least square method. But a unique solution m 0 =O~ 1 (y 0 ) corresponds to
absolutely accurate data. At the same time for different variants of the error e=y-yo
solutions obtained by such methods can differ strongly between each other and
deviate substantially from the solution mo, corresponding to the accurate data.
The same concerns a solution obtained by the Backus-Gilbert method. Though the
formulation of the problem - determination of a solution in the model space Μ of
dimension larger than dimension of the data space Υ - implies existence of infinite
number of the solutions corresponding to a given data set, the Backus-Gilbert method
allows a unique solution to be obtained, which meets some requirements (chapter 4).
We assumed the data to be accurate, but they always contain errors, and due to the
errors a solution may differ strongly from that corresponding to the accurate data.
Instability of LSQ solution results from that the matrix GTG is ill-posed, and in the
Backus-Gilbert method instability is due to ill-posedness of the matrix GGT.
According to the regularization principle the approximate solution should be
arbitrarily close to the true solution mo when y approaches to yo- Otherwise, let y
differ from yo in a metric of the space Y by a value δ. Approximate solution
satisfying the regularization principle should be chosen so that at δ—>0 m would tend
to mo in the metric of the space M. An operator R^ (y) is called regularizing if it has
the following properties: 1) it is defined for all small δ; 2) for any arbitrary ε>0 we
can find such δ(ε) that if ||y-y 0 ||<<5, then ||m-m0|<£·, where m = R J (y). The
solution m obtained with the use of the regularizing operator is called regularized
solution. The operator R^y) contains a parameter α=α(δ), which is called
regularization parameter.
So the problem of determining the approximate solution is reduced, firstly, to
determination of the regularizing operator Έίδ(γ;α), and secondly, to choice of the
regularization parameter α consistent with the precision of the data δ.
An approach to constructing the regularizing operators for the equation <&(m)=y is
based on a priori information on the solution. An additional information on the
solution can be, for instance, requirement of smoothness of the solution (if m=m(x)'),
or closeness of the solution to some point in the space M. etc. On the basis of this
information a stabilizing functional Q(m) is defined, and the regularized solution is
determined as one of possible approximate solutions satisfying the condition
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|Φ(πι)-ν||<<?

(5.17)

and minimizing the functional Ω(ιη).
It is evident that if minimum of Ω(πι) is reached within the region determined by
(5.17), it should be accepted as the solution. Otherwise if the functional Ω(ιη) is
quasimonotonous, the least value of the functional is reached at the boundary of the
region (5.17), i.e. at the value of m minimizing the functional Ω(πι) under the
condition ||O(m)-y| = S. This is a problem for determining unconditional
extremum, and it is solved by the use of Lagrangian coefficients. It is reduced to a
search of minimum of the functional
Λ/Γ(ιη,ν) = ||Φ(ιη)-ν||2 + βΩ(ιη)

(5.18)

The parameter α should be determined from the condition |O(m) - y|| = δ. The
functional Ma(m,y) is called smoothing functional.
All aforesaid is true for arbitrary choice of metrics both in the space Υ and in the
space M. In geophysical problems the metric La is practically always valid for Y.
This results from the fact that O(m)-y can be treated as a random error distributed
normally (see chapter 3). And a sample space with normal distribution can be always
transformed to a space with quadratic metrics. Indeed, if the covariance matrix of data
errors is R, the linear transformation y" = R~ 1/2 y converts the space Υ to Y' with
normal distribution characterized by the covariance matrix I , which is equivalent to
the space with quadratic metric.
A form of the operator <&(m) in geophysical problems can be various. If this
operator is non-linear (or even cannot be represented in analytical form),
determination of the regularized solution is reduced to the computational problem of
extremum search in the space M. In this case, due to application of the stabilizing
functional Ma(m,y)the extremum is localized, and for its search the iterative
Newton-Rafson method can be applied. It is the same as to linearize the operator
O(m) and to look for the corrections Διη(Ι) to successive approximations m(0 . So at
each step the problem is reduced to solving a linear system. But unlike the LSQ and
BG methods considered earlier, at each iteration the regularization is carried out by
applying the stabilizing functional. Below we shall consider how the regularization is
applied in these two methods.
Regularization in the least square method. The least square method is used for
determining an approximate solution of the linear system
Am=y,

(5.19)
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when the number of data is larger than the number of unknown parameters.
According to the above assumption we shall consider that a solution of (5.19) is
unique for exact input data. This means that rank of the matrix A should be equal to
the number of the unknown parameters k, i.e. to dimension of the space M. The
number equations may be larger than the number of unknowns (n>k ). If the righthand sides of (5.19) have errors, then, as was shown in chapter 3, the approximate
solution can be obtained by the least square method. These esimated are unbiased and
are characterized by minimum variance in the class of linear unbiased estimates. But
if the matrix of the system of normal equations ATA is ill-posed, the LSQ solution is
unstable, and the variances of the parameters become arbitrarily large. In such a case
it makes sense to determine the approximate solution in the class of biased estimates,
but characterizing by smaller variance. The regularized solution has just such a
property.
In this case the stabilizing functional Ω(ιη) is chosen in the form |m-m fl || 2 , where
ma is some a priori value, which may be not too close to the true solution. Assuming
the metrics of both Μ and Υ spaces to be quadratic, we obtain that the regularized
solution minimizes the following functional:
(Am - y)r(Am -y) + a(m -me)r(m -mj ,
or corresponds to a solution of the system
r

r

(A A + ai)m = A y + ama

The solution has the form
'

(5.20)

From comparison of this solution with (5.10a) it is seen that they coincide for
ma = 0 . Since m has a meaning of a correction to parameters at some iteration, it is
natural to assume its a priori value equal to zero. So, the solution (5.10a) obtained
proceeding from a priori information on the model is found to be the regularized
solution, which transfers to the LSQ solution at ot=0
Unlike the LSQ solution, which is unbiased, as is well known, the regularized solution
has non-zero bias. Determine the bias of the regularized estimate. Let £"(y) = y 0 .
Since the LSQ solution is unbiased, the bias of the regularized solution can be
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r

r

determined relatively to m0 = (A A) 'A y 0 . So
r

r

1

-A y 0 -or(A A)- A

r
yo

)=

-m 0 )
It is seen that the bias of the regularized estimate depends on the value of the
regularization parameter a (for ot=Q the bias is equal to zero), and on how much the a
priori value m a differs from the true value m0 .
Now consider a variance of the regularized solution. First of all it should be noted
that since the metric of the space Υ is assumed to be La, we imply that random errors
of components of the vector y are independent and normally distributed with the
variance
σ2 = δ2 In. For such a case, as was shown in
covariance matrix of the LSQ estimates is as follows:

§5, chapter 3, the

For the regularized solution (5.20) :
T

7

m - E(m) = (A A + αϊ)-' A " (y -y0)
Substituting this expression to the formula for covariance matrix
R = E{ (m - £(m))(m - E(m))r }
r

2

and taking into consideration that £{(y-y 0 )(y-y 0 ) } = <T I we obtain
R reg =σ2 (Ατ A + id)'1 Α Γ Α(Α Γ Α + αϊ)'1 = σ 2 Α Γ Α(Α Γ Α + οΓΓ2

(5.22)

If the matrix A r A is ill-posed, the elements of the matrix (A r A)~' are very big, and
the variance of the LSQ estimate is found to be very large. The elements of the
covariance matrix of the regularized estimate can be substantially smaller, as is seen
from (5.22). As an example consider the matrix

A'A =
A

'

1

0.7,
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As is clearly seen, this matrix is ill-posed. The inverse matrix is

(A

r

700

i

-1000

1430

If a value of the regularization parameter is taken equal to 0.001, the matrix R r e g ,
determined by formula (5.22) (with 0^=1) is as follows::
(71.7
-101.9^1
[-101.9 146. ij
Thus in this case the variance of the regularized solution is approximately 10% of the
non-regularized solution. Increase of α to 0.01 decreases the variance much more: in
such a case the matrix R reg is
(0.68

-0.96")

[-0.96

1.38 J

Example.
Let us consider determination of epicenter coordinates from P-wave arrivals at
several nearby stations. For simplicity assume that the source depth is equal to zero,
and travel times correspond to Jeffrey s-Bullen travel time table Γ(Δ). Denote
coordinates of the stations (latitude and longitude) φ,,^, and the arrival times i,. The
first approximation for the origin time and the epicenter coordinates are denoted
ί

)

7<0)

(0)

ο° '# 'Λ·

correspondingly. Then the correction to the arrival time at the i-th station

is determined from the following relationship:

&, = t, -C ~T(^} = $0 + ρνφδφ + ρ ( ^ δ λ
οφ
ϋλ

(5. 23

AT

where ρ(Δ) = —, Δ(0) is a distance from the i-th station to the approximate
ί/Δ
epicenter, and δίϋ,δφ,δλ are corrections to the starting values of the corresponding
parameters.

The derivatives

ΘΔ
8Δ
—- and —αφ
όλ

are determined from formula

cosA.t = sin^sin^ + cos^cos^cosi/l-/!,). It is well known that the epicenter is
localized with high accuracy, if the stations are situated round the source more or less
uniformly. One-sided location of the stations with respect to the epicenter results in
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big errors in the epicenter estimate.
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Fig.37
Location of stations and epicenters (true one and the solutions) are shown in Fig.37.
Arrival times corresponding to the true epicenter have been calculated at all stations,
then random errors have been added to the synthetic times with zero mean value and
standard error equal to 2 sec. These arrival times have been assumed as the
observation. Inverse problem was solved for two samples of the errors, After one
iteration, the epicenter is determined without regularization in the points far away
from the true location. The regularized solutions corresponding to the values of a,
for which the sum of square residuals is equal to the sum of square errors, localize the
epicenter in the points rather close to the true one. The origin time was found to be
earlier than the true one by 139 sec in one case and by 59 sec in the second case.
After regularization in the first variant it differs from the true one by 6 sec, and in the
second one only by 2 seconds.
Let us note that in the given example parameters are of different dimension (time ίο
and geographical coordinates φο , λο). However, as was shown earlier, a meaning of
the regularization parameter is a ratio of variances of the data and the parameters, and
consequently a priori variances of the parameters are assumed to be the same.
Therefore the parameters should be at least of the same dimension. In the considered
case a quantity &0/ ρ(Δ) was taken as the unknown parameter instead of <5f0: it is of
the same dimension as the angular distance on spherical surface. Such reduction of
the unknown parameters to the quantities of the same dimension should be always
carried out when regularization is applied.
Regularization in Backus-Gilbert method
This method is also used for solving a linear system
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Gm = y

(5.24 )

but in this case the number of data η is less than the number of the unknown
parameters k. According to this method, of infinite number of the solutions that one is
chosen, which fits to some condition, for instance
mrm = min

This condition results in the following representation of the solution:
m = GTA

(5.25)

and the coefficients Λ are determined from the system of equations
GGrA = y
Thus, construction of the solution is reduced to determination of the coefficients Λ,
which are determined uniquely provided the matrix GGr is not singular. However,
when the matrix GG T is ill-posed, solution for Λ becomes unstable. To obtain a
regularized solution it is necessary to minimize the functional
(GG r A-y) r (GG 7 'A-y) + aQ(A)

(5.26)

The stabilizing functional Ω(Λ) may be taken the same as in the previous case, i.e.
|m|| = m T m (here it is natural to assume m a = 0 ). Taking into account (5.25) we can
write (5.26) in the form:
(GG r A-y) r (GG r A-y) + oA r GG r A
Minimization of (5.25) results in the equation

Otherwise this equation may be written in the form
T

r

(GG ){(GG + oI)A - y}= 0

(5.28)
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(5.27)

Since the matrix GGr is not singular according to the above assumption, (5.28) is
satisfied only when

(GG T +cd)A-y=0
or

and correspondingly
m = G T (GG r +uI)~ 1 y,

(5.29)

that coincides with (5.10b).
Now let us consider how to regularize the smoothed solution, which was obtained
proceeding from the δ-ness criterion for the averaging kernel (4.23). In this case, as
was mentioned in §3 of chapter 4, the solution does not fit exactly to the data. A
problem of constructing a smoothed solution is reduced to determination of the
coefficients α,(*0) in the linear combination (4.20), which minimize s(x0~) defined
by (4.23) under normalization condition for the averaging kernel. Instability arises in
case when the matrix Ρ is ill-posed.
According to the main scheme for constructing the regularized solution, we require
the coefficients to satisfy the condition
s(;c 0 )=a r Pa<£

(5.30)

rather than to minimize s(x0) . The stabilizing functional may be taken in the form
Ω(α) = ara . As mentioned above, minimum of this functional is reached at the
boundary of the region (5.30), i.e. at
arPa = £

(5.31)

The coefficients a should also satisfy the normalization condition
a r g = l.

(5.32)
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So the problem to minimize the smoothing functional under the conditions (5.31) and
(5.32) is reduced to determination of unconditional minimum of the functional

As in the previous cases the regularization parameter is to be determined from the
condition (5.31).
It is easy to show that solution of this problem is

'

'

g^^y
Comparing this expression with (4.32) we see that as in all previous cases
regularization consists in addition of the parameter α to diagonal elements of the illposed matrix.
In the considered cases we assumed the stabilizing functional as a square norm of the
difference m-ma. But this is not a unique possibility. As mentioned above, the
stabilizing functional is chosen on the basis of a priori information on the solution.
When the unknown model represents a set of values of some physical parameter in
consecutive layers (e.g. density, seismic wave velocity, specific resistance), and it is
known that this quantity should vary smoothly from layer to layer that is equivalent to
smoothness of the function describing variation of this quantity with depth, the
stabilizing functional should be taken in the form
(5.34)

In this case regularization consists in addition the tridiagonal matrix oj rather than αϊ
to the ill-posed matrix, where

ρ

-1 0 0
-1 2 -1 0
0 -1 2 -1

0 0

0

η

0 ^
0
...-1 2 -1
0 -1 1
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When the model is a function m(z), the functional (5.34) turns into j (m'(z))2cfe. A
more general form for the stabilizing functional is as follows (Tikhonov and Arsenin,
1974):

dz

az

§ 5. Choice of regularization parameter
As mentioned in § I, in order to obtain a regularized solution, a problem arises
how to choose the regularization parameter a. Proceeding from the definition of the
regularized solution as that one, which minimizes the stabilizing functional under the
condition
<?2

(5.35)

it is clear that the parameter
corresponding solution m

a

α

should be chosen in such a way that the

would fit the condition (5.35), i.e. the parameter

α

should be adjusted with errors of the data. If it was possible to determine such a
function α= α(δ), for which the operator R^iy; a) is regularizing, then the problem
how to choose the parameter α from a given δ would be solved. However, as a rule,
it is difficult to solve such a problem. Therefore usually a value of the parameter α is
selected in a process of calculations. The selection can be realized in different ways
depending on the information available about the data.
If a value of δ is known, we can determine α by trials so that to satisfy the condition
(5.35). Usually it is done as follows. The smoothing functional Ma(m,y) is
minimized for a set of α values {ceo , (Xi , c^ ,....} forming a geometrical series. In
practice the following set is used: 10° , 10"1 , 10~2 ,... For each α the smoothing
functional Ma(m,y) is minimized, and for the obtained solution m" the residual
|O(m)-y|| is calculated. Accepted is the value of a, for which the equality (5.35)
holds true with a given accuracy.
To use this method it is necessary to have rather good information on variances of the
data errors. But in practical problems the value of δ is either unknown, or is estimated
rather approximately. In such cases the so-called quasi-optimal method for choice of
α may be used. According to this method chosen is the value of α minimizing the
quasi-optimal norm
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If Ma(m,y) is minimized for a set of otp forming a geometrical series, for
approximate estimate of μ( α) one can take m*" -m"'"1 . It was found that at some
value of α a distance between consecutive solutions ma/> minimizing M a (m,y)
turns out to be small: the solution is stabilized, and then, with further decrease of a,
the solutions m"' diverge. It was suggested to select the value of the regularization
parameter, which corresponds to the least difference between the consecutive
solutions m"". If additionally a value of δ is known (at least approximately), a
choice of α may be controlled by calculation of the residual j|O(m) - y|| at each step.
It was found that for a wide range of problems these two methods for determining the
regularization parameter - quasi-optimal and proceeding from the residual value - are
practically equivalent. At first this was shown experimentally, on some particular
problems, and then proved theoretically (Tikhonov et al., 1979).
As an example of selection of the regularization parameter we consider below a
solution of the overdetermined system of equations
Ax=b,

(2.1
1. 0.9 1.5}
where A T . Let the true values of the components of the
1^1.9 0.9 0.8 1.4 J
vector χ be (1. , 1), so that "exact" right-hand sides of the equations are (4.0, 1.9,
1.7, 2.9) correspondingly. Add to the right-hand sides the errors (0.01, -0.01, -0.01.
0.01), so that δ2=^£·,2 =0.0004. If this system is solved by the least square method,
the solution (0.73; 1.29) will deviate strongly from the true values because the matrix

. .
(459
ιΓί
A A is ill-posed. Indeed, in this case the matrix (A A) is equal to
^-504

-504}
553J

and the variances of the parameters are very large. Apply now the regularization
method for solving this system with the stabilizing functional Ω(χ) = χ* + χ\ with
the values of α forming a geometrical series. The results are shown in the table
below.
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0

α

Χι

χζ2

δ

R
Α
Α

4

ΙΟ'

ιο-^
0.89
1.12
0.00026

0.73
1.29
0.00021

0.76
1.26
0.00021

Μ
(ο ι)

(0.96 0.05^ Γθ.77 0.25^1
[θ.05 0.95 J [θ.25 0.73 J

0.247
0.271

0.224
0.246

0.122
0.135

1

ΙΟ'2

ΙΟ'

10υ

1.01

1.03
0.95
0.00169

0.98

0.98

0.00040

0.89
0.114

(0.59 0.45} (0.55 0.49^1 (0.52 0.4Ί\
(0.45 0.50) [θ.49 0.46 J \ΟΑΊ 0.43J

0.022
0.024

0.003
0.003

0.002
0.002

It is seen that the solution is stabilized at ct=10"2, and at this value the solution is
found to be rather close to the true one. Also the square residual
δ2 = (Ax - y)r (Ax - y) coincides with the sum of square errors in the data. In the
table are also given the resolution matrices R and standard errors of the parameters
/?,. The variances of the parameters are much less than without regularization, though
resolution of the parameters is substantially worse.
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Chapter 6. GENERALIZED INVERSE
§ 1. Generalized formulation of linearized inverse problems
In previous chapters we described the approaches for solving inverse problems,
which differ by a ratio of the number of data and the number of the unknown
parameters. When the number of data is larger than the number of the parameters, the
latter ones are estimated approximately by optimization methods based on the
statistical theory of estimates. If the number of data is less than the number of the
model parameters (representation of the model as an unknown function is equivalent
to its representation by infinite number of the parameters), the Backus-Gilbert method
can be used. In this chapter we show that for linearized inverse problems both
methods are particular cases of the generalized inverse developed in linear algebra for
solving inconsistent and underdeterminate systems of equations (Moore, 1935;
Penrose 1955; Jackson, 1972).
It is evident that all linearized inverse problems are reduced to solving the linear
system
Am=y,
(6.1)
where m = {m1,m2,...,mi};

y = {y1,y2,...,y,!};

A is a matrix of size nxk, no

restrictions being imposed to a ratio between η and k .
At first we show this for the case k < η , when the least square method is used
for estimation of the parameters m, provided the observations are correlated and of
unequal accuracy. The parameters are estimated by minimizing the following misfit
function:
r

1

/l(m) = (y-Am) R; (y-Am),
where R y

is covariance matrix of the observational errors. Since the matrix is

symmetric and positive definite /i(m) can be transformed to a sum of squares. If
2

we choose the new data y' = R / y and take the matrix A' = R ^A instead of A,
then /l(m) can be written in the form:
/l(m) = (y / -A'm) r (y / -A'm)
Minimization of this quadratic form is equivalent to solution of the equations
A'm = y' by the least square method. The solution satisfies (6.1) approximately.
When the number of data is limited, and the number of the model parameters is
very large, even infinite, a solution with minimum norm is determined by the use
of the Backus-Gilbert method. As mentioned in chapter 4, this method is used for
the problems, in which the number of parameters is greater than the number of data,
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the problem has infinite set of solutions, and vectors y and m are related by linear
operator y =Am, where m belongs either to a space of finite dimension, or to a
function space. The solution of the inverse problem is the normal solution of the
system (6.1).
Thus, in general, solution of a linearized inverse problem is reduced to solution
of the system (6.1). Such a system, depending on relation between k, η and rank of
the matrix A may have no solutions at all, may have a unique solution, or may have
infinite number of the solutions. When the rank of the matrix r = k (k < ή) , then, if
a solution exists, it is unique. The condition r = η guarantees existence of the
solution: for η = k it is unique, and for n<k exists an infinite set of solutions.
Therefore on solving the system (6.1) in general case the aim is determination of
one possible solution, or, if no exact solution exists, construction of an approximate
solution.
The solution is obtained by transformation of the space Y" to the space Mfc
by the use of some linear operator Η
m = Hy
(6.2)
It is evident that so called 'solution' cannot be an exact solution of (6.1), if the
number of equations exceeds the number of the unknowns, but anyhow it should
satisfy (6.1) approximately. At the same time, if the number of the unknowns is
larger than the number of equations, and an infinite set of solutions exists,
m should be one of all the solutions, and it should describe the properties of all the
solutions in the best way. This defines requirements to the operator Η (Jackson,
1972):
1. Obviously, if the solution m = Hy is substituted to the system (6.1), the result
should not differ strongly from y. This means that AH ~ In ( In is the unit matrix
of the order ri). Proximity of AH to ln determines how adequate is the chosen
model. In case of insufficient number of the parameters some features of
observations cannot be revealed in the network of such a model.
2. Since y = Am, then m = HAm , and in order that the solution would describe
in the best way the true model m, which is one of a multitude of possible solutions,
the matrix HA should be close to the unit matrix \k. Proximity of HA to \k
determines resolving power of the data. If HA = I4 , a single solution of (6.1)
exists, which is determined from (6.2). Deviation of HA from \t means that an
infinite set of solutions of (6.1) exists, and m describes common features of these
solutions.
If the parameters ml are values of the unknown function m(x) in successive
points Χι , then m represents a smoothed function (m)^. The greater HA deviates
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from lk, the more smoothed is the solution.
3. Observations always contain errors. Therefore the solution is also obtained
with an error. If the covariance matrix of the data is Ry , the covariance matrix of the
r

parameter estimates is R n = HR y H . It is evident that the variance of the solution
should not be too large: otherwise a solution is senseless. Since we may consider the
matrix R y to be known, smallness of the variance can be achieved if some
constraints are imposed to the operator H. In other words it is requirement of
regularization of the solution.
Determination of a solution of the system (6.1) is a problem of linear algebra.
But since the solution is regarded as a solution of an inverse geophysical problem, it is
important to interpret it and to compare with the solutions obtained by the methods
described in previous chapters. Besides, from the standpoint of the geophysical
problem the following points should be treated: i) determination of resolving power of
the data; ii) determination of information distribution in the data; iii) determination of
optimal parametrization of the model, i.e. a choice of the parameters, which can be
determined uniquely from a given data set.

§ 2. Singular-value decomposition
A method for determining a solution (6.2) was proposed by Moore (1935) and
Penrose (1955). The matrix Η called pseudo-inverse or generalized inverse with
respect to A is constructed on the basis of singular-value decomposition of the
rectangular matrix A. Singular-value decomposition (SVD) means that any
rectangular matrix A with rank r<k,n, can be represented as the following matrix
product:
A=UAVr

(6.3)

where Λ is a diagonal matrix of size r x r ; U and V are rectangular matrices of
size nxrand kxr correspondingly, whose columns are the vectors Uj and v,
determined from the system of equations

Av, = Au.

; '
ATrU, =A,V,
A

(6 4)

'

Diagonal elements of the matrix Λ are called singular values of the matrix A. The
system (6.4) may be written otherwise as
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AV = UA

or

So v, are the eigenvectors corresponding to nonzero eigenvalues of the
symmetric matrix A r A , and

u, are the eigenvectors of the matrix AA r .

Correspondingly the matrices U

and V are orthonormalized, i.e. satisfy the

relationships
UrU = I r , V T V = I r .

(6.5)

The pseudo-inverse matrix Η is determined as follows:
r

(6.6)

When the matrix A is squarte, and its rank is r = k = n, the matrices U and V are
squarte of size r. From (6.5) it follows that Ur = U"1, V r = V"1 . Thus A = UAV1
and A"1 = ΥΛΓ'ΙΓ1 = VA~'Ur = Η , i.e. in this case the pseudo-inverse matrix
coincides with the inverse one.
The pseudo-inverse operation can be extended to the case when the number of
parameters is infinite, i.e. when Μ is a function space.
Use the notation introduced in chapter 4:
b

y,,

i = l,2,...,n.

(6.7)

In this case /If and v, (jc) are eigenvalues and eigenfunctions correspondingly of the
integral equation

where the kernel K(x, /) = £ G, (x) G, (/)
t

Hereinafter we shall consider dimension of the space Μ to be either finite or infinite.
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§ 3. Properties of the pseudo-inverse solution
Let us consider properties of the solution obtained by the pseudo-inverse operator
(6.6) in different cases.
As mentioned above, in case r =k = η the matrix A can be inverted, the system
(6.1) has the unique solution m = A~*y , and the generalized inverse coincide with it.
In case r = k < η there is no solution satisfying (6.1) exactly (the system is
inconsistent). To construct an approximate solution in such problems the least square
method is used. This solution minimizes the mean square residual
τ

r

ε ε = (Am - y ) (Am - y).
Let us show that the solution determined by the pseudo-inverse operator (6.6)
coincides with the LSQ solution mfeq. As is well known, it is determined from the
system of normal equations
(A T A)m ; s g =A r y
If r =k, the matrix A T A has inverse, and
m b g =(A T A)T 1 A r y

(6.8)

Let us use the singular-value decomposition (6.3) for A. Then
m^ =(VAUrUAVr)-1VAU7y
Taking into account that the matrices U and V orthonormalized, we obtain
2 r
r
mlsij= VA- V VAU y = VA-'lfy = Hy.
So in this case the solution (6.2) with the inverse operator (6.6) coincides with that
obtained by the least square method.
Now we consider the case k>n=r, when the system (6.1) has infinite set of solutions.
Then the question arises: what is a characteristic of the solution obtained by the
pseudo-inverse operator H? It turns out that it is normal solution, i.e. it satisfies (6.1)
and simultaneously minimizes |m| = mr m .
Since

r - n, and the vectors v, are

n

eigenvectors of the matrix A T A ,

corresponding to nonzero eigenvalues, additional k - n eigenvectors corresponding to
zero eigenvalues of the matrix

A T A should exist. Together with n eigenvectors

v, (i = 1,2,.,») they form a complete orthonormalized system, in which any vector in
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the space Μ can be expanded.
So the general solution of (6.1) can be represented in the form:

0

,

(6.9)

where V0 is a matrix of size k χ (k-n), whose columns are eigenvectors v 0l . Determination
of a solutions is then reduced to determination of the vectors α and <x0 .
Due to orthonornmality of the eigenvectors the following relationships hold true:
V T V = In,

V0rV = I 4 _ n ,

VTV0=0,

V 0 r V = 0.

(6.10)

Since r = n, the system of eigennvectors u; in the space Y" is complete, and
the data vector y can be expanded in these vectors:

y=l^.

(6.11)

Taking into account singular-value decomposition of the matrix A and the
expansions of m and y in eigenvectors, we may write the system (6.1) in the form:
υΛνΓ(να + ν ο α 0 ) = υβ.

(6.12)

Taking into account ( 6.10 ) this can be written as :
UAa = Up ,
1
from which a = Λ' β.
Thus, in the general solution the vector ο is fixed, and do may be selected
arbitrarily. The quantity mTm is expressed in terms of α and OQ as follows:
T
:r
r
r
m m = (Va +V0a0) (Va + V0a0) = a a + a 0a0
From this formula it follows that minimum of mTm is achieved only if 00= 0.
From (6. 1 1) follows that β = if y.
After substitutions of the expressions for α and β to (6.9) we see that the solution
with minimum norm coincides with that one, which is determined by the pseudoinverse operator (6.6):
m = VA-'U T y=Hy
Just this solution is determined by the Backus-Gilbert method, as was shown in
chapter 4.
Now let us consider the most general case, when r < k, n, the ratio between k Η
η being arbitrary. If in this case k < n, infinite number of LSQ solutions exists. This
results from the fact that the system of normal equations turns out to be singular, and
the matrix A r A does not have inverse. If k > n, the system (6.1) may have no exact
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solution.
As in the case considered earlier, expand the solution in the system of
eigenvectors v, and \ai :
m = Va + V 0 a 0 .

(6.13)

The data vector can be represented analogously:
υοβ0

(6.14)

where the matrix U0 is composed of the eigenvectors of AA r corresponding to zero
eigenvalues. If the expressions (6.13) and (6.14) are substituted to the system (6.1),
and the singular-value decomposition is used for the matrix A, it is easy to see that no
exact solution of the system exists in this case.
Consider
the
solution
minimizing
the
mean
square
residual
|ε|2 =(Am-y) T (Am-y). Substituting m and y from (6.13) and (6.14) to this
expression we obtain
ε Γ ε = (UAa - υβ - υοβ0 )r (UAa - υβ - υοβ0 ) =

It is seen that minimum of the mean square residual is reached when α = Λ~!β . But
this condition determined only a, but not OQ. If we additionally require the norm of
the solution ||m|| to be minimum, we shall obtain oto=0.
So the solution corresponding both to minimum norm and to minimum mean
square residual may be written as

From formula (6.14) it follows that β = Ury, so that m = VA^l/y =
= Hy.
Thus, in this case, the generalized inverse operator results in LSQ approximate
solution with minimum norm.
§ 4. Optimal parametrization
Main requirements to parametrization formulated in chapter 1 are following: on
one hand, the number of parameters should not be too big in order not to get infinite
number of the solutions; on the other hand, in case of too few parameters the model
may be inadequate to the data, i.e. some features of the observations will not be
explained in the framework of such a model. Therefore a choice of optimal
parametrization is important when an inverse geophysical problem is formulated.
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The methods considered earlier - maximum likelihood, least squares and BackusGilbert methods - do not allow this problem to be solved uniquely, though there are
some possibilities to improve the initial parametrization proceeding from the results.
When the inverse problem is solved by the least square method,

covariance and

correlation matrices are determined jointly with the estimates of the solution. Analysis
of the correlation matrix allows the parameters strongly correlated to be found. These
parameters cannot be estimated separately. Instead of several strongly correlated
parameters we can take their combination, replacing the unresolved parameters by
one, which can be determined uniquely from a given data set. Unfortunately in this
approach there is no constructive method to break up the parameters in smaller units.
The only possibility is an analysis of correlation properties of the residuals. If the
residuals are characterized by a variance much larger than that determined from
observations, or they are found to be correlated, while the data errors are independent,
this indicates that the parameters have been chosen unsuccessfully, and they should be
broken in smaller units.
In the Backius-Gilbert method the resolving power of the data is estimated by a
value of averaging length I(XD),

and by the averaging kernels A(x,xo). Analysis of

these functions allows us to estimate a level of detail of the model, which can be
obtained from a given data set. If the parameters are mean values of some physical
parameter in successive layers, the values of / can be used for rough estimate of
thicknesses of the layers at respective depths.
Now let us consider how to choose optimal parametrization in pseudo-inverse
method. Let the parameters be unresolved in some initial parametrization, so that the
system (6.1) has infinite number of solution. This may happen if either the number of
the parameters k is larger that the number of data, or the rank of the matrix A is less
than k. The latter case means that some parameters are related: they cannot be
determined separately. The problem is to define such combinations of the parameters,
which can be determined uniquely.
If the rank of the matrix A is equal to r, it is obvious that it is possible to determine
uniquely only r parameters. Define r-dimensional vector m , the elements of which
are new parameters to be determined. This is easy to do if the solution m is
represented in the form (6.9). It is clear that arbitrariness in construction of a solution
is determined by a choice of the vector cc0, whereas the vector α is determined
uniquely. It is a vector in the subspace Mre M*, formed by the eigenvectors v,.
Therefore, if the solution is looked for in the subspace Mr rather than in the space M*,
it turns out to be unique.
It is easy to see that the new parameters m* = α are related to the initial vector m as
follows:

m* = V r m .

These

parameters

observations:
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are determined

uniquely from the

m*=A- 1 U r y
It is interesting to understand physical meaning of the new parameters. In
case when m=m(z), i.e. when the model is some physical parameter as a function of a
spatial coordinate (e.g. depth), the parameter m* is the result of smoothing of this
function with the weight vrfz). (As mentioned in § 2 , in this case vt(z) are the
eigenfunctions of an integral equation). It is clear that the new parameters will have
some physical meaning if the smoothing is compact, i.e. within a limited interval of
depths. The most perfect is such a case, which is shown in Fig.38, when each
eigenfunction vt(z) averages the unknown model within a certain interval of depths,
the intervals being not intersected. In such a case the new parametrization consists in
fragmentation of the total depth range into layers, and acceptance of the mean values
/

\

1

fz,+tf,

in each layer (m^ = — I

m(z) dz

as the unknown parameters.
V

Fig.38
Unfortunately, in most practical problems the eigenunctions v/(z) (or the eigenvectors
v,) are of much more complicated form, and the problem is to find such combination
of these vectors, which would provide more or less compact resolution in respect to
the primary model. In some cases it can be done, in other it is impossible. This is
illustrated by the following examples.

Example 1. Let the eigenvectors be as follows:
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3, -3,1, 1,1).

It is easy to see that the following transformation results in compactness:

Indeed, in this case

Consider another case, when the eigenvactors are following:

Now it is impossible to achieve a compact resolution. The transformation analogous
to the former one, results in

Though in these two vectors different components are nonzero, in the first vector
they are not neighboring. If such a vector performs transformation of the parameters
mi , ni2 ,ms , rri4 , wj, representing values of some quantity in successive layers, the
transformed parameters will be average values in the 1st Η 5th layers and in the 2nd,
3rd Η 4th ones..
In the next section a criterion of possibility to obtain a compact resolution of the
parameters will be described.
Example 2. Let us treat a character of the eigenfunctions v,(z) in the following
problem of gravimetry. A narrow vertical intrusion with anomalous density results in
gravity anomaly on the Earth surface. The problem is to estimate a distribution of the
anomalous density with depth Δ/3(ζ) . This anomaly can be modeled by a thin rod
along z-axis. The gravity anomalies are measured at the surface (z=0) along jc-axis.
The operator (6.7) in this case is as follows
ζ dz

where γ is the gravitational constant, S

is the area of cross-section of the rod.

According to the aforesaid, the unknown function Δ/?(ζ) can be replaced by a set of
parameters Δ/3* =|

kp(z)vt(z) dz

(i = l,2,...,n) which are determined uniquely

from the data. The functions vt(z) for the case when observations are obtained in
the points x, = 1,2,"',5 (n = 5) , are shown in Fig.39. It is seen that the new
parameters Δ/3 *, do not provide a compact image of the function Δ/?(ζ), with
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exception perhaps of the parameter Apj" representing the average of Δρ(ζ) in the
uppermost part with the weighting function v\(z).

Rg.39

However, if we perform a linear transformation of the functions v,(z):
V* r = CV r , where the matrix C is taken as

'0.73 -0.53 -0.37 0.20 -0.06
0.92 -0.33 0.04 -0.15 0.08
C = 0.75 0.23 0.53 - 0.29 0.05
0.44 0.70 0.23 0.43 -0.25
0.24 0.68 -0.51 0.20 0.41
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then the transformed functions v*(z), which are linear combinations of the
functions v,(z), will be as shown in Fig.40. Then the 'new' parameters are 5
quantities representing averaged values of Δ/?(ζ) with the weights v*(z).

12

Fig.40

§ 5. Resolving power of data
Among the requirements to the inverse operator Η listed in § 1 is requirement of
closeness R=HA to the unit matrix I*.. The matrix R is the resolution matrix (see §3
of chapter 5). This matrix determines to what extent the model parameters are
resolved, because the solution m is related with the model m by the transformation
produced by this matrix:
m = Rm

As was mentioned earlier, it makes sense to say about resolution of the parameters
only in case when the number of the parameters is larger than the number of data, or
at least is larger than the rank of the matrix A. Otherwise the matrix A r A has
inverse, and the operator Η can be written in the form Η = (Ar A) A T . Then
R = HA = A^"" 1 A T A = I ,

so that the parameters are perfectly resolved, i.e. can be determined separately.
Another situation arises when the rank of A is less than the number of the
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parameters. In such a case the matrix A r A cannot be inverted, and R does not
coincide with the unit matrix. At the same time the solution is required to be such
one that the resolution matrix would be as close to the unit matrix as possible.
If a proximity of R to I* is determined by the least square method, it turns out that
the pseudo-inverse operator provides the best resolution matrix. Let us prove this
statement.
Use the singular- value decomposition of the matrix A:
R = HUAV r =BV r
and determine the matrix B, instead of H, so that each row of R would be most
close to the vector 5f with components S-t (SJt is the Kroneker symbol, , i =1,
2,..., &). In other words, each row of the matrix B, which is considered as a vector
b^ , should be the LSQ solution of the equation:
1>]ντ=δ]
or of the transposed equation
The solution is the vector

b, =
where from follows that B = V. Thus R = V V T .
If Η is pseudo-inverse operator
R = VA- 1 U r UAV T =VV r ,
i.e. the resolution matrix formed by this operator is indeed the closest to the unit
matrix in the mentioned sense.
Remind that the same result was obtained in §3 of chapter 4 in analysis of
solutions obtained by the Backus-Gilbert method, which is applicable in case
r=n<k . As is shown above, in this particular case, the solution obtained by the
pseudo-inverse operator coincides with BG solution.
It should be noted that the above criterion of proximity of the matrix R to It does
not take into account compactness of resolution. Indeed, this criterion causes an
increase of the diagonal elements of the matrix R, but it is not sensitive to that which
of other elements should be small. It is evident that the solution m reflects the true
model in the best way, if the elements of each row of the matrix R decrease with
moving off the diagonal. In this case the resolution will be compact.
If the eigenvectors are compact, the matrix R also provides a compact resolution.
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The resolution matrices for examples of eigenvectors given in § 4 are as follows:

ο
R,=

ο

ο

ο0 Χ Κ Χ ο
Κ Κ Κ "
ο ι/ ι/ ι/ ο

ο ° XX

υ

ο

ο χ

χ

73 73
Ο
Ο

73
Ο

υ

2.J

It is easy to show that the matrix R is invariant to any orthonormality-preserving
transformation of the vectors v,·. Indeed, let such a transformation is produced by a
matrix

C(rXr)

sothat

v* = vc,

V * r V* = Cr

Since the matrix C

is squarte, CT = C"1 and CCr= Ir. The new resolution

matrix is
R*= V*V *r= VCCr V r =
i.e. it coincides with R.
So, from a character of the matrix R one may conclude if it is possible to define the
parameters, which are determined uniquely, and at the same time describe the model
compactly.
For the example given in § 4 R is a function of two variables ζ and zo· Fig.41
shows the function R(z,zo)
for several arbitrarily chosen values of ^.indicated by
vertical lines. It is seen that only for small values of

zo compact resolution may be

achieved. Otherwise the used data set (values of Ag(x) in the points jc = l,2,...,5)
allows the peculiarities of density distribution to be resolved only in the upper part of
the anomalous body. A scale of the details which can be resolved is ~ 1-2 relative
units.
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Fig.41

The described approach for constructing the operator, which results in a solution
with the best resolution corresponds to the δ-ness criterion (4.21) when the solution
is obtained by Backus-Gilbert method. However, as was mentioned in chapter 4,
this criterion does not fit the requirement of compactness.
Fig.42 shows the averaging functions 9l(z,z0) (for zo =1) for the example given
in § 4 calculated proceeding from two different δ-ness criteria for the averaging
161

kernel (4.21) and (4.23). Since minimization of s(z0) = J(z-z 0 ) 2 iR 2 (z,z 0 )<fe
takes into account compactness of the resolution (firm line) , the averaging kernel
9i(z,Zo) corresponding to this criterion is more concentrated in the vicinity of the
point zo, but its maximum is shifted respectively zo· At the same time the kernel
correponding to the criterion (4.21) (dashed line) has maximum in the point zo, but
is characterized by nonzero, and even negative, values in much wider interval.

10

Fig.42

§6. Information distribution
Consider now distribution of information in the data. Each observation contains
some information on the model parameters, but the information in different data may
be not independent. The simplest case is when some rows of the matrix A are equal or
differ by a constant multiplier. A certain observation can be a linear combination of
other ones. In general, if rank of the matrix A is less than the number of equations, the
set of η data can be replaced by r independent linear combinations of these data. A
method for such a replacement was described in § 3. It consists in expansion of the
data vector y in eigenvectors u, H U0, : y = Πβ + ΙΙοβο· A general solution m is
represented as a sum Va+VoOo , where do is an arbitrary vector, and α is determined
from the system of equations Λα = β. So that to construct a general solution of (6.1) it
is sufficient to know r values of β,, which are components of the vector β = Ury.
These r components can be regarded as the 'transformed' observations. Each of them
is a result of averaging the primary data y with the weights determined by the
eigenvectors u, . It is easy to see that it is completely analogous to transformation of
the parameters.
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Analogously to the resolution matrix a matrix of the information distribution S = AH is
defined. As mentioned in § 1, this matrix should be as possible close to the unit matrix !„.
Let us show that the generalized inverse operator fits also this condition.
Write the matrix of information distribution using the singular-value decomposition of
the matrix A:
S = AH = UAVrH = UC.
Determine the unknown matrix C so that S would be the best LSQ approximation to
!„. This means that a vector-column of the matrix C should be the LSQ solution of
the following system of equations:

lie, = 6,,
where δ, is η -dimensional vector with components 6y (k=l,2,..,n) . The
solution is

so that C = Ur , and consequently, S = UUr .
If the pseudo-inverse operator is used for the operator Η , then we obtain

Thus, indeed, the pseudo-inverse operator provides the best information
distribution.
Example. Information distribution may be illustrated by the following simple
example. The data are travel times reflected from a plane horizontal boundary ?,·
= t (x, ) in a limited range of epicentral distances 0< xt <X. Known are starting
values for the layer thickness ho and velocity in the layer Vo. The values of h and V
are to be estimated.
Travel time curve of the wave reflected from horizontal boundary is determined
by the formula

ν
Linearization of the problem results in the following expression for travel
time residual relatively to the time calculated for the parameters (Vo, ho ):

V0

,
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V0

The relative corrections ° % and °^/
v
/ "o

/ o

m

ay be taken as the unknown

parameters. Let the observations are carried out in five points on the profile:
x/h0 = 0; 0,25; 0,5; 0,75;1,0. So for determination of two parameters we have 5 equations.
The matrix of information distribution S in this case is as follows:
'0,45
0,40
S= 0,25

0,40
0,35
0,24

0,25 0,06
0,24 0,09
0,21 0,17

-0,15'
-0,08
0,12

0,06
0,09
^-0,15 -0,08

0,17 0,28
0,12 0,40

0,40
0,71

Elements of this matrix have the following meaning: if we calculate the values of dt,
for the model ( oh, oV), they will represents the data averaged with weights equal to
the z'-th row of the matrix S. The eigenvectors in this problem are found to be as
follows:
u[=[0,43 0,43 0,44 0,45 0,48],
u£=[-0,51 -0,41-0.12 0,26 0,70].
As mentioned earlier, the total information on the unknown parameters is
contained in two quantities:

(=1

1=1

Since the components of the first vector are almost the same, β± is a result of
averaging all the data δ tt with practically equal weights, so that /?, characterizes
roughly a mean value of the data. How to interpret /?2 ? If the components of u 2
were elements of arithmetical progression with the intermediate element equal to zero
(for example, -0,6 -0,3 0 0,3 0,6), the data averaged with such weights would
determine a mean slope of the curve S t(x) . The components of u 2 differ from such
a progression, though not strongly. Therefore /32 may be interpreted approximately as
'average' slope of the curve δ t(x) in the range of observations.
§ 7. Regularization of the inverse operator
Consider now the third requirement to the inverse operator Η . The data y
always contain errors: even if the measurements errors are reduced to zero, the
computational round-up errors always remain. They cause the errors in estimation of
the parameters m.
If m = Hy , a covariance matrix R n of the parameter estimates is determined by
the relationship
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r

Rn=HRyH ,
where R y is the covariance matrix of the data errors. It is seen that even in case of
small errors in y R n may increase unlimitedly, if the operator Η increases.
The generalized inverse operator is defined as VA^U7 , where Λ"1 is diagonal
matrix with elements inverse to the nonzero singular values λ,. However, a spectrum
of the singular values often contains very small values of λ/ , that results in large
variance of the parameter estimates. Indeed, if for simplicity we consider the case
when R,, = o21, xthen R n = σ2ΗΗΓ = σ2VA~2Vy, where from a variance of mt is
determined by the formula

From this expression it is seen that due to existence of small values in the
spectrum of singular values the errors of the parameter estimates may be very large.
So the problem is to modify the inverse operator Η in such a manner that to reduce
the variance of estimates.
This problem is closely related to the problem of solving ill-posed systems of
equations, which occur frequently when the parameters are estimated by LSQ
method. If singular values of the matrix A are small, especially the eigenvalues of the
matrix A r A= VA2VT
normal equations.

will be small. This results in ill-posedness of the system of

It is known from linear algebra that relative error of the solution | <5m|/|m||of
ill-posed systems is estimated by the inequality

M<JMI
HI" ΗΓ
where c is the so-called condition number of the matrix equal to ratio of the largest
and the smallest eigenvalues (Strand, 1980). Therefore, if the eigenvalues of the
2

matrix Λ differ strongly, the solution turns out to be unstable.

There are different methods for coarsing the operator H. Widely used one consists
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in truncation of small singular values of the matrix A. The small values λι are
rounded off to zero, so that the number of nonzero singular values is reduced, and
reduced is the rank of the matrix A. A threshold for singular values is determined
by the admissible variance of the solution. If for m, the variance σ2 is admissible,
in the spectrum we may keep only those values, for which the inequality holds:

However, this method results in loss of information contained in the data. If the
rank of A is equal r, then instead of η data (components of the vector y) we use r
the vector β = U r y. Truncation of small singular

independent components of

values results in reduction of the rank of A, and correspondingly to reduction of the
number of components of the vector β. Therefore it is desirable to use such a
method for regularization of the inverse operator H, which keeps the rank r of the
matrix A, but in which strongly correlated data would not eliminated but inserted to
the solution with lower weights. This method is based on the same regularization
principle, which was considered in chapter 5 for regularization of the LSQ and BG
solutions, i.e. on minimization of the smoothing functional
/W a (m,y) = (Am-y) T (Am-y) + «mrm

(6.15)

Apply for A its singular decomposition A = UAV r . The functional (6.15) may be
written in the form
(UAVrm - y f (UAVrm - y) + omrm =
= m r VA 2 V r m - 2mrVAUTy + y T y + omrm
Minimization of this functional yields
mreg = (VA 2 V + id)"1 VAlTy =
= (VA 2 V + αϊ)"1 VI r AU r y =
2

1

2

2

T

= (VA V + οίΓ V(A + (ήτ )(Λ + ΩΪΓ )-' AU y =
2

2

r

= (VA V + aJr'(VA V V
= V(A 2 +cd r r 1 AU r y
or

Product of matrices

2

(A +oJ r )~'A is a diagonal matrix with the elements

-—. At α->0 (Λ2 +oir)"1A->A"1. But at finite (though small) values of a,
λ
for large singular values —r-*
2

/1 + a

λL
1
/Γ , and for small λ, -^-
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» 0.

CONCLUSIONS
On reading this book a natural question arises: what of the described methods is
preferable for solving a specific inverse problem? The answer to this question depends on
the data available and on a priori information on the model. To decide what method
should be used, first of all it is necessary to analyze a priori information from the
standpoint, if it is possible to linearize the problem, i.e. if the a priori information if
sufficient in order to define a suitable starting model. It is necessary to emphasize that by
present most of inverse geophysical problems can be linearized. In global geophysical
problems related to study of distribution of some physical properties in the Earth, a
starting model can be assumed rather close to the solution, because the Earth structure is
investigated sufficiently well by now. In regional studies, especially in studies of the
uppermost part of the Earth, which varies strongly from place to place, we cannot
proceed from such considerations, though some information can be provided by previous
studies in the region. The same concerns source studies, because all sources are different,
and for some specific source we always have poor a priori information.
Of course, in some cases a priori information is insufficient to linearize the problem. In
such a case it is necessary to analyze the data preliminary in order that the model should
be properly parameterized. Also some notions should exist about that how the model
parameters affect the characteristics of the field used in the study, and how variations of
the model parameters correlate with variation of the data. The latter is important in case
of big errors in the data: in such a case it is possible to determine only some average
characteristics of the model rather than details. If the concepts on relation between the
data used and the model are not available, the parameters can be chosen by analysis of
informative domains, as described in chapter 3, § 7.
In a general case the parameters should be estimated by the maximum likelihood
method (see chapter 3), or by the method of maximum a posteriori probability (see
chapter 5) if some a priori information on the model parameters is available. These
methods in non-linear case are reduced to minimization of some misfit function, and for
minimum search the methods described in chapter 3, § 6, can be used. If the number of
data is sufficiently large in comparison with the number of parameters, a quality of the
parameters estimates is characterized by covariance matrix. If the solution turns out to be
unstable (or even non-unique), to characterize the uncertainty of the solution it is
necessary to contour a region of admissable solutions in the model space, i.e. those,
which fit the data in accordance with some threshold condition.
More widespread case is when a priori information allows the problem to be linearized.
The a priori model can be represented either by a set of parameters, or by a continuous
function of coordinates. The unknowns in such a case are corrections to the a priori
model. The corrections can be represented also either by a set of parameters, or by an
unknown function. If in the former case the number of data is larger than the number of
parameters, a solution is determined by the least square method. In general, if the matrix
of the system of normal equations turns out to be singular, or if the number of data is less
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than the number of parameters, for solving the problem the pseudo-inverse method
including the least square method as a particular case should be used.
The latter case (the model is represented by an unknown function) is possible when
there are reasons to think that the data can provide better resolution than the a priori
model. In such a case the Backus-Gilbert method is valid. Again, if the BG solution
cannot be constructed directly because some data contain the same information on the
model, the pseudo-inverse method, including the BG method as a particular case, can be
applied. The aforesaid is also true if the model is represented by a large number of
parameters exceeding the number of data.
Thus, it is seen the pseudo-inverse method is the most general in linearized problems,
because it is valid for any ratio between the number of parameters and the number of
data. Besides, it allows us to construct a solution when the parameters are not resolved
and when different data contain the same information.
Here we have not mentioned the regularization method. As follows from chapter 5, this
method should be applied, if a solution obtained by any method is found to be unstable.
It should be noted that in the network of all methods described in this book there is a
possibility not only to obtain a solution from a given data set, but also to estimate
uncertainty of the solution and to analyze resolving power and information distribution in
the data. Analysis of these characteristics allows us to decide how the data should be
modified (added are new data, raised is accuracy of the data) in order that we could
obtain precision and resolution required for the goals of a given study.
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