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Abstract

The purpose of this report is to give a detailed description of the calculation of the
Feynman-alpha formula with deterministically pulsed sources. In contrast to previous
calculations [1], Laplace transform and complex function methods are used to arrive at a
compact solution in form of a Fourier series-like expansion. The advantage of this method is
that it is capable to treat various pulse shapes. In particular, in addition to square- and Dirac-
delta pulses, a more realistic Gauss-shaped pulse is also considered here. The final solution of
the modified variance-to-mean, that is the Feynman Y(t) -function, can be quantitatively
evaluated fast and with little computational effort.

The analytical solutions obtained are then analysed quantitatively. The behaviour of the
number of neutrons in the system is investigated in detail, together with the transient that
follows the switching on of the source. An analysis of the behaviour of the Feynman 7 ( 0 -
function was made with respect to the pulse width and repetition frequency. Lastly, the
possibility of using the formulae for the extraction of the parameter alpha from a simulated
measurement is also investigated.
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1. Introduction

The theory of the Feynman-alpha method with pulsed sources became interesting recently
in connection with the future accelerator-driven systems (ADS). An ADS is a subcritical reactor
driven by a strong external neutron source. The source needs to be an accelerator-based one, in
order to achieve sufficient intensity. The most frequently proposed candidate for such a source
is based on the spallation reaction. Due to technical reasons, such accelerators will most likely
be operated in a pulsed mode. This is also the case with the international MUSE project, which
is a 5th FrameWork program of the EU, for the experimental verification of some basic ADS
principles. The MUSE experiments are being performed on a fast research reactor called
MASURCA, driven by a pulsed neutron generator called GENEPI [2]. The calculations
described in this report were partly made for the theoretical support of evaluation of the MUSE
experiments.

There are different ways of describing a pulse of neutrons from a neutron generator. One
possibility is to assume a finite pulse width, usually with a square shape, and assume that during
the pulse all neutrons arrive at random with Poisson statistics. In between the pulses there are no
neutrons emitted. This method was used in Refs [1], [3]-[5], and this is also the approach that
we shall pursue in this report, although here both square and Gaussian-shaped pulses will be
considered. The other possibility is to assume that the pulses have the width of a Dirac delta
function in time, but at each pulse a random number of neutrons is injected into the system. This
approach was used in Refs [6]-[8]. In certain special cases the results from the two methods are
quantitatively equivalent, as it will be touched upon in the report.

In either cases, i.e. either finite width or infinitely short pulses, there are still two
possibilities to perform or evaluate measurements. These are generally termed as deterministic
and stochastic pulsing, respectively. The deterministic pulsing means that the start of the
measurement, i.e. neutron detection or pulse counting in the neutron detector, is synchronised
with the source pulse train. The usual assumption is that the neutron detection always starts at
the start of a pulse from the neutron generator. The stochastic pulsing means, as the name
indicates, that the neutron detection and the source pulsing are not synchronised, so that the start
of the neutron measurement is randomly distributed with a uniform probability over a time
period of the source pulse.

For the case of finite sources, which is also our subject here, both the deterministic ([1],
[5]) and the stochastic ([4], [5]) pulsing was treated earlier. However, in these earlier works the
case of the deterministic pulsing was treated with a method such that the corresponding
temporal differential equations were solved piece-wise for each consecutive pulse and the
periods in between the pulses [1]. Although the method did yield quantitatively correct results
with very short computation times, it was at the same time clumsy to use for different values of
the input parameters, and did not appear to be suitable for parameter unfolding by curve fitting.

Another, more significant drawback was that the solution method was based on the
piecewise constant behaviour of the source. Extension of the method to more complicated (and
hence realistic) pulse shapes would incur a substantial complication.

In the case of stochastic pulsing, another approach was used. It was noticed that several
expressions for the first and second moments of the neutron number and the number of
detections were, or could be cast into, the form of convolutions. One could make use of the fact
that the Laplace transform of such convolutions could be written as the product of the individual
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Laplace transform, and the original convolution could be obtained in the time domain through a
Laplace inversion by complex function methods. It was therefore suggested that also the case of
deterministic pulsing also be treated this way, and even the feasibility was demonstrated [5].
However, in order.to arrive to tractable compact results, a significantly larger effort was needed
than in the case of stochastic pulsing. This was only achieved relatively recently.

It was immediately realised, that this method could be extended to other pulse shapes, and
in particular to a Gauss-shaped pulse, which is actually the case of the pulses of the neutron
generator GENEPI in the MUSE experiments. In fact, the singularity structure (number and
position of the poles) of the function to be inverse transformed is determined only by the
periodicity of the source pulse train, and it is only the values of the residues at these poles that
are dependent on the actual pulse form. This means that it is only a relatively small part of the
calculations that needs to be re-done when calculating the Feynman-alpha function for various
pulse shapes. This is demonstrated in the report by calculating the ^-function for both square
pulses and Gaussian pulses.

The purpose of this report is to describe the flow of these calculations in a detail that is
larger than what is customary in a journal publication. Also, based on the compact form results,
a qualitative and quantitative analysis of the Feynman-alpha formula is made and reported, what
regards the dependence of the characteristics of the 7 ( 0 -curve for various combinations of the
pulse width and repetition frequency. Finally, the possibility of extracting (unfolding) the
parameter alpha from some simulated measurements, generated by the formulae derived and
adding some extra noise, is investigated. These show that the formula is suitable for the
determination of subcritical reactivity from Feynman-alpha measurements with deterministic
pulsing, given that the pulse period is short enough in comparison to 1 /a.

2. General theory

The principles and the basic theory of the Feynman-alpha method are described in several
publications, including the pre-decessors of the present, work (e.g. in [1], [3] and [5]). The
method is based on the measurement of the detector counts Z{T) during a measurement time
period T in a stationary system driven with a source S. Both the source emission, the diffusion
and multiplication of the neutrons in the medium, as well as the detection process, are subject to
random fluctuations. The probability of emission of a source neutron during time t is given as
Sdt. The condition of stationarity requires that the measurement is made a long time after that
the source was switched on, such that all transients after the switch-on have decayed. With a
repeated measurement of the random variable Z, its mean (Z) =Z and variance oz(T) can be
determined. With a repetition of the measurement for various measurement time lengths, the
dependence of the relative variance, or the variance-to-mean az(T)/Z (Feynman-alpha
function) can be determined. In practice, it is more customary to use the deviation of the relative
variance from unity, which is called the Feynman 7-function:

Y(T) = -£
Z{T) Z(T)

where

(2)
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is called the modified variance. The advantage of introducing the modified variance is the
convenience that one can derive equations for it directly.

The mean and the variance of the detector counts can be calculated from a master equation,
i.e. from a probability balance equation. Usually, it is more advantageous to use the so-called
backward master equation, which means that one has to operate on initial variables [9]. This
excludes the possibility to switch on the source in -<*>, rather it is assumed that the source is
switched on at t = 0 and the measurement is made when t —> °°. For this reason one needs to
go in two steps; first the probability of the number of neutrons in the system and detector counts
during the time period (t - T, i) is determined, and then from this the probability of the same
quantities is calculated for the case of an external source.

Because we shall be dealing with a time-dependent source, which constitutes a
complication compared to the previous cases, for the time being we shall neglect the existence
of the delayed neutrons in this work. They will be treated in a coming publication.

The quantities that will appear in the derivation are thus as follows.

P{N,Z,t) (3)

is the probability of finding N neutrons at t and Z counts in the time interval (t — T,t), due to
one neutron starting the process at t - 0 . One also introduces the probability generating
function of P as

,t) (4)
N Z

If a master equation for the generating function G is obtained, equations for the various
moments can be obtained by differentiating G w.r.t. x or z. Such a master equation was derived
a long time back in the theory of neutron fluctuations in nuclear reactors. For later reference, we
only quote the two first-moment quantities that will be used in later parts of the paper in the
calculations. The expected number of neutrons at time t is given by

N(t) = eM (5)

where a is the prompt neutron time constant, given by a = - p / A . Here p is the subcritical
reactivity (to be determined in the measurement) and A the prompt neutron generation time.
Both p and A can be expressed by nuclear physics parameters such as cross sections and
neutron speed, and are known in a calculation.

The second quantity we shall need is the expected number of counts, which is given as

t

Z(t, T) = XdJN(t- t')A(f, T)df (6)
o

where

From (5)- (7) it readily follows that
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Z{t,T) = \äJA(t',T)N(t-?)df = a
h
a'

0<t<T

~\)\ t>T.

(8)

In a similar manner,

(9)

denotes the probability of finding N neutrons at t and Z counts in the time interval (0, t), due
to a source being switched on at t = t0. As it is usual in the literature, all distributions and
moments, corresponding to the source-induced case, will be denoted by a tilde. The generating
function of P is defined as

t
 Z 'G(x, z, t\tQ) =

As it will be seen in the next section, one can derive a direct relationship between G and G
such that the latter is given as an exponential integral over the former. Calculation of the
moments of the source-induced distribution requires in general the calculation of multiple
nested integrals over certain functions of the various moments of the single-particle induced
distribution.

3. Calculation of the Variance-to-mean for Deterministically Pulsed
Sources

As mentioned earlier, the novelty of the Feynman-alpha method with a pulsed source
consists of the time dependence of the source. Some characteristic properties follow directly
from the fact that the source consists of a train of pulses, independently of the form of the
pulses. These will be first investigated here. For the sake of concreteness, whenever explicit
formulae are necessary, square pulses will be assumed. The case of Gaussian pulses will be
treated in Subsection 3.5.

3.1. The source and its Laplace transform for square pulses

The time-dependent neutron source is represented by a sequence of square functions:

= S0^[H(t-nT0)-H(t-nT0-W)]
o

(11)

where H is Heaviside's step function, TQ the pulse period, and W the pulse width. In Fig. 1 the
function is plotted.

The Laplace transform of the source is given by:

w

S(s) = je~stS(t)dt = .; Re{s}>0. (12)
o o o s d e )

Eqn (12) shows that the singularities of S(s) are determined by the zeros of the denominator,
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S(t)

0.8

0.6

0.4

0.2

0

0 0.002 0.004 0.006 0.008 0.01 0.012
t, [sec]

Fig. 1. The source function S(t), numerical values are found in Table 1 on page 18.

which arise from the periodicity of the pulse train.

3.2. Calculation of the source induced neutron number (square pulses)

We know from earlier calculations that the Bartlett-formula, i.e the relationship between
the generating functions of the source induced and single-particle induced distributions, for the
case of a time-dependent source read as

G(x,z,t) = expUS(f)G[(x,z,t-f)-l]dt'\. (13)

From eq. (13) we obtain that the source induced neutron number, N(t) is given by

= z=\

= j$(f)N(t-?)df (14)

o

and the source induced detector count, Z(t, T) reads as

t

~Z{t, T) =
= z= 1

= jS(f)Z(t-f,T)df. (15)

Further, the source induced modified variance, defined in (2), derives from the above as

t

\xz(t,T) =\S{f)Mz{t-t\T)d? (16)

Here

Mz(t,T) = \Qz{t\T)N{t-t)dt< (17)
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with

Qz(t,T) = ̂ ( v - l ^ J ) . (18)

and where Z(t, T) is the single-particle induced detector count, given in eq. (8). Hence, using
eq. (14) and eq. (15) we can write eq. (16) as

t

lz(t,T) = \Qz{t\T)N{t-t)df. (19)

o

The Laplace transform of eq. (14) is

N(s) = S(s)N(s) (20)

where

N(s) = — (21)
s + a

since

N(t) = e~at (22)

where oc = —£ and p = —r- as usual.
A k

Hence

N(s) = U > (23)
( l - ^ r o ) ( s + a)

From eq. (23) we can obtain N(t) with inverse Laplace transform. Let

N(s) = {\-e-sW)f(s) (24)

where

/O) = 1 (25)

s(l-e-sT°)(s + a)

then

i f(t) t < W

J K } (26)
f(t)-f(t-W) t>W.

For the inversion of eq. (23), we note that its singularities are defined by three different types of
poles, each corresponding to a different type of behaviour in the time domain after inversion.
1. A pole at s = 0; the corresponding residue gives the asymptotic mean value of the

oscillating function N(t);
2. a pole at s = -a, which describes the transient after switching on the source at t = 0;
3. an infinite number of complex conjugate roots on the imaginary axis, yielding harmonic

functions in the time domain, representing a Fourier series expansion of the oscillating part
of N(t).
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As mentioned earlier, the positions of these poles are independent of the form of the pulse
shape, because they are given by the zeros of the function (1 - e~sT°), which latter was given
rise by the summation of the geometric series in (12) expressing the periodicity of the pulse. It is
only the value of the residues which is affected by the pulse shape. In other words, the result for
the asymptotic value of Na(t) can always be written in the form of eq. (35) below, only the
values of the an and bn will be different.

Let us write now the inverse Laplace transform of eq. (23) in terms of the inverse of the
function f{s), introduced in (25), in a sum corresponding to the three types of poles above.
That is, let us write f(t) = c(t) + e{t) + g(t) and calculate each term separately. Then the
theorem of residues gives:

est 2(ta-\)

= o s(l-e-sT°)(s + a)

e{t)=Res -e ,st , - c c f

a(l-e-aT°)

(27)

(28)

and

~ 7 2,

. flnnt
sin — -

V i o
OLT0- COS

n= 1

(29)
V 5 = J» s(\-e-sT°)(s + a)

Hence, also in view of eq. (26), one has

N(t) = c(t) + e(t) + g(t) - (c(t - W) + e(t- W) + g{t ~ W))H{t- W). (30)

A plot of N{t) is shown in Fig. 2. It is obvious that after a number of pulses the initial transient
decays and the system converges to an asymptotic state.

0.0004

0.0003

N(t)

0 0.002 0.004 0.006 0.008 0.01 0.012
t, [sec]

Fig. 2. N( t) with its asymptotic behaviour indicated as a dotted line. Numerical values are found in
Table 1 on page 18.
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When t-><*>, N(t) is simplified to:

Na(t) = W

2%n
Using trigonometric identities and introducing (än = -=—, we get:

i oo

(31)

ggw(t) = g(t) - g{t - W) = -2>«sin(oy) + Vos(cV)
n= 1

where

an =

(32)

(33)

and

n(coz + ocz)

Thus, the asymptotic source induced neutron number, Na(t), is:

(34)

(35)

This function is shown in Fig. 3.

Nad)

Na(t)-ggw(t)

0.002 0.004 0.006 0.008 0.01
t, [sec]

0.012

Fig. 3. Na(t) and the constant term in Na(t) i.e. Na(t) — ggw(t). Numerical values are found in
Table 1 on page 18.

As will be seen in the next two_ subsections, in all subsequent calculations of the source-
induced asymptotic detector count Za(t) and the Feynman Y(t) -function, the solution given
for Na(t) above is used in various nested integrals in combination with functions that do not

-9-



CTH-RF-179

depend on source properties. The functional dependence of Na(t) is given by the trigonometric
functions that do not depend on the pulse shape. Hence in the resulting expressions using a
different pulse shape means just changing the parameters an and bn and the first term on the
r.h.s. of (35).

3.3. Calculation of the source induced detector count for arbitrary pulses

The single-particle induced detector count, Z(t, T) is given, as usual (c.f. eqn (8)):

•e-at); 0<t<T
a
X,
—e-at(e-aT-l); t>T.a

Z(t, T) = XdJA(f, T)N{t-f)df = i ; ' (36)

where A(t, T) was defined in (7)

From eq. (15) the source induced detector count, Z(t, T), is given by:

Z(t, T) = XdJA(f, T)N{t - t')df. (37)
o

The easiest way to calculate the integral is not with the same method as was used for N(t) , i.e.
writing the Laplace transform of Z(t, T) as:

e ~ s T ) (I - e ) 1

^ h (38)

The reason is, that for eq. (38) it is rather complicated to use the same trick as for eq. (24) due to
the factor (1 - e~sT)(l -e'sW). Further, it is easier to let t -» °° in eq. (37) than in eq. (38).
But, since we have a simple expression for Na(t), i.e. eq. (35), we are able to obtain the
asymptotic source induced detector count by calculating the integral in eq. (37) when t —> °°.
Thus,

t

a(T) = \im~k,\A(f,T)Na(t-?)dt\ (39)

As a result of deterministic pulsing we have t = KT0 + T and it is obvious that letting t —»
equals to letting K —> °o. With that, we have:

KT0 + T KT0 + T

Za{T) = Xd J A(f, T)Na{t-t)df= ld J Na(t)dt = XdJNa(t)dt. (40)

0 KT0 0

The last step above results from the periodic character of Na(t). The above gives, with eq. (35):
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~Za(T) = —— + - Y — { a J l - cos((dT)) + bnsin((Of,T)}
n= 1

(41)

Josc

Fig. 4 shows both the asymptotic source induced detector count, Za(t) and only the linear term,
Z/, of Za{t). The oscillating part, Zosc, is plotted in Fig. 5. All curves are normalized with a
factor

Z(t)

2.5 x10"6

1.5x10"6

— 2(t)
- - - z,(t)

0.002 0.004 0.006 0.008 0.01 0.012
t, [sec]

Fig. 4. Za(t) and the linear term Z\. The solid line denotes Za{f) and the dashed line Z ; . Numerical
values are found in Table 1 on page 18.

Zosc(t)

6x10"8

4x10~8

2x10"8

0 I! If I! I! IIv v y u v y
0 0.002 0.004 0.006 0.008 0.01 0.012

t, [sec]

Fig. 5. The oscillating part Zosc, other numerical values are found in Table 1 on page 18.
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3.4. Calculation of the modified variance for arbitrary sources

The asymptotic modified variance is obtained from eq. (19) using the asymptotic source
induced neutron number, Na(t):

t

\iz{t, T) = JQz(f, T)Na{t - f)df (42)
0

where Qz(t, T) is defined in eq. (18) with Z(t, T) given by eq. (36).

Let C = Xd(v(v-l)) , and for t < T we define with eq. (36):

fil (O = C ^ J (l-ér«O2 (43)

and for t > T:

Ö2(O = c("£| e-2"T(e~«T-l)2. (44)

Correspondingly, the expression for the modified variance, eq. (42) will be broken up into two
parts, i.e. \Lz(t, T) = [ix(T) + \i2(T), with \ix(T) and \12(T) corresponding to the integrals
over Qx{t) and 0 2 ( 0 . respectively. If we also let t = KT0 + T,we obtain:

T KT0 + T

\iz(KT0 + T,T) = \Qx{t)Na{T-t)dt+ f Q2{t,T)Na{T-t)dt. (45)

o r

When ? -> oo:

r
+ \Q2(T + t,T)Na(-t)dt . (46)

Using eq. (31) and eq. (32) the \xx(t) -integral becomes:

T r . T T

- Jfii(OJ^— + ggw{T-t)\dt = •=—[Qx(t)dt + \QX(T-t)ggw(t)dt. (47)
o ^ ° ) ° o o

Using eq. (43), the result of the first integral is:

T
W i- fXj\2 W 9 77Y 4- Ap-aT _ p-2aT _ %

^ j f i W * C ( ^ ) ̂  " • (48)
2 ^ 2 a •

The second integral in eq. (47) is trickier to evaluate. We notice that, according to eq. (43), we
have:

Qi(T-t) = c(-A (l-e-«(r-0)2 = \-2e-aTeat + e~2«Te2at. (49)

-12-
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ggw{t) is given by eq. (32). It is suitable to evaluate the integral in two parts. First, the one with
the sine and second, the one with the cosine functions. Now, let

T
. asm((onT) + a>Je~aT- cos(coM

Pn^' Å > — e J e

0

Then,

2a *

Using eq. (31) and eq. (32) the |X2(O -integral in eq. (46) becomes:

o

The first term in the integral above results in:

W 7 _,„, ,. W
r o u ; ^^ o

The first part of the ggw(t) -integral gives:

(Pn(0, T)~2pn{% T)+pn(2a, T)). (51)
0

Analogously, let

sin(conr) + (on(e-aT - sin(cow
(52)

o "

Then,

= C\J-\ (qn(0, T) - 2qn(a, T) + qn(2a, T)) (53)
o

and

T » 2

JQi(T-t)ggw(t)dt = c(-A i 2 ianA.»(T) + bHBn(T)}. (54)

o »= i

Finally, we have from eq. (48) and eq. (54):

^ + ggw{-t)\dt. (56)

-[e~2atdt = —:—-. (57)

-13-
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r —G)

\e-2atsm(-(Ot)dt = — 2
i + (2a);

And the second:

(58)

(59)

Then the result to eq. (56) is:

(60)

The sum of eq. (55) and eq. (60) is the result to eq. (46):

aJ[Toa{ a r ) %= C - | | ̂ - | 1 - (61)

f i
Finally, the Feynman 7-function is given by eq. (41) and eq. (61), as usual as:

Za(T)
(62)

Fig. 6 shows the resulting Feynman 7-function for the case with square pulsed. The function is
multiplied with a factor a2/{XdXf(v{v -I))). The source pulses and the case with no pulsing
are included in the figure as well.

pulsed

steady

source

0.4

0.2

0 0.002 0.004 0.006 0.008 0.01 0.012
t, [sec]

Fig. 6. Feynman Y-curve for square pulses. The numerical values used are found in Table 1 on page 18.
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3.5. The case with Gaussian pulses

It is possible to use Gaussian pulses instead of the square pulses in eq. (11). Then the time-
dependent neutron source is represented by:

S(t) = (63)

where o = W/4 and s = *J2%<5. The parameter 5 here plays the role of the source intensity,
i.e. the same as So for the square pulses in (11). The parameter s here plays the role of the
source intensity, i.e. the same as So for the square pulses in eq. (11). Its numerical value does
not play a role in the derivation of the formulae, since it drops out from the Feynman-alpha
function, which is one of the advantages of the variance-to-mean method. Hence its value was
chosen such that the maximum value of the pulse function is unity. This choice has no other
motivation than easy comparison of the source forms in the plots. Likewise, the choice of
o = W/4 is also arbitrary, and again was made in order that the square and Gaussian pulses be
comparable. One representation of such a Gaussian train, with its square pulse companion with
the same repetition frequency and corresponding width W, is shown in Fig. 7.

0.8 -;

0.6

0.4 :

0 .2 •

ii
ii
i i

! i

"i i

i i

t i

•! 1

1 '
, |

i !
i i
"i i

i i

1 1 1 1 —t

p

i

\ i

ii
(S

i i
i '•

i i

i i

i i
; 1

i 1
i i
j t

i i
j 1

1

square
• — • gaussian

0.002 0.004 0.006
t, [sec]

0.008 0.012

Fig. 7. The Gaussian pulse and the square pulse, W = 0.0005, T^ - 0.005, c = W/4,s - o*/2n

The Laplace transform of Sn{t) is then

CO OO

Sn(s) = je~stSn(t)dt = e-nsT°jS0(t)e-stdt; Re{s}>0.
0 0

The task is hence to calculate the integral for the term n = 0. This can be simplified as follows:

(64)
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L
J2%

f f

0

2-,

(65)
{os)2

dt = se

As is seen, the lower limit of the integral was extended to minus infinity. The error committed
by this step is rather small, given the fast decay of the Gauss function. This may not be so
obvious when it is expressed in terms of the very first pulse, which starts close to the origin.
However, for the later pulses it becomes a better and better approximation. Since the Feynman-
alpha measurement relates to the stationary case, i.e. times long after the switching on the
source, the error committed by this approximation is indeed negligible. In return, it leads to a
compact analytic form.

Thus, the Laplace transform of the sum in (65) is equal to

- e
(66)

According to eq. (20) and eq. (21) we have:

N(s) = se 1
I _ e

sTo s + a'
(67)

For the inversion of eq. (67) we note that the singularities are of the same three types as in
eq. (23). We write the inverse Laplace transform, in a similar manner as for the square pulse, as
f(t) = c{t) +e(t) + g(t) and calculate each term separately. Then the theorem of residues
gives:

c{t)=Res se,st

Toa
(68)

St

=-a

and

se st

where

se
at

(69)

1

= i T (ansin(coKO + Z»Bcos(G)B0) • (70)
7t

n= 1

an =
litse W\ ( W^ (71)
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It is obvious that when

K O 2

(72)

, e(t) —> 0 and the asymptotic source induced neutron number is:

(73)

where an and bn are as in eq. (71) and eq. (72), respectively.

Above, Na(t) is written in a similar way as in the case with the square pulse, i.e.

Na(t) =cs + : (74)

« = l

where Cs is a constant that depends on the pulse form. Thus, we are able to use the same
formulas for the source induced detector count, eq. (41), and modified variance, eq. (61) as for
the square pulse with minor modifications. So, we have:

Za(T) =
sT_

B = l

(75)

and

.-aT\ I

aT
(76)

where An and Bn are as in eq. (51) and eq. (53), respectively. The resulting Feynman 7-
function is given by eq. (62), as usual.

Fig. 8 shows the resulting curve for both the Gaussian and the square pulse. In the Figure,
the function is multiplied with a factor a2/(XdXf(v(v - 1)>). The source pulses and the case
with no pulsing are included in the Figure as well. The Figure shows that the 7-curve due to the
Gaussian source shape is smoother than the one due to the square counterpart. This is because a
Gaussian pulse it does not contain sharp edges (discontinuous derivatives) as the square
function.
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— gaussian
- square

- • steady

0.008 0.01 0.012

Fig. 8. Feynman Y-curve for Gaussian and square pulse. The numerical values included are
W = 0.0005, TQ = 0.004, o = W/4, s = ojliz

4. Convergence of the Feynman r-function

In the numerical work that follows, in this and the following Section, the following
numerical values will be used:

Table 1: Numerical parameters

Parameter

To

W

s0
k

A

Value

2 • 10-3 s

5 • lO"4 s

ln/s

0.95

5 • 10-5 s

With the above data, one obtains a = - p / A = 1052, 6 s

It is important to know how many terms in the sums in eq. (61) are necessary for adequate
results. One part of the asymptotic source induced detector count, Za[t), given in eq. (41) is
oscillating. However, the sum Zosc converges relatively fast, see Fig. 9. In this figure, Zosc is
plotted for increasing number, n, of terms in the sum, for some arbitrary values of time t. For
n=5 we get a relatively good approximation of Zosc.
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x 1 0

- t=0.001
- t=0.0012
• t=0.0015
• t=0.0018
- t=0.002

15

Fig. 9. Convergence of the oscillating part, Zosc, the inset magnifies the behaviour near zero.

For the two sums in \xz(T), in eq. (61) it is suitable to normalize the resulting sums with
the asymptotic value i.e. the value which includes n = 30 terms in the sum. This makes it
easier to evaluate for which n the approximation is good enough. Examples of the non-
normalized sums are shown in Fig. 10. In this figure the first sum in \iz(T) is plotted.

x 10"
2 (a n A p(t) + b n B n(t»; n=30

3.5 -

3 -

2.5 -

2 -

1.5 -

0 . 5

t=0.001
t=0.0012
t=0.0015

• • • • t = 0 . 0 0 1 8

1 0 15
n

2 0 2 5 3 0

Fig. 10. Convergence of the first sum in jft, (7"), non-normalized values
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The first sum in \iz{T), seeeq. (61) is plotted in Fig. 11 for increasing number of terms, n,
in the sum, for a few values of time t. The sum is normalized with the asymptotic value.

1.07

1.06 -

1.05 -

1.04 -

1.03 -

1.02 -

1.01 -

0.99 -

0.98

£ (a n A n(t) + b n B n(t»; n=30

" • \v
//.•AH
'7 V

• • • ; ' / \

»7 \ 1

t=0.001
t=0.0012
t=0.0015
t=0.0018
t=0.002

10 15 2 0 2 5 3 0

Fig. 11. Convergence of the first sum in (iz( 7"), normalized with the asymptotic value.

The second sum in eq. (61) is plotted in Fig. 12 for increasing number of terms, n, in the
sum, for some arbitrary values of time t. The sum is normalized with the asymptotic value.

(-a ncon + 2a b n )/ (o ̂  +(2a)2); n=30
1.8

1.7 -

1.6 -

1.5 -

1.4 -

1.3 -

1.2

1.1 -

1 -

0 .9

- • •

\

1
- • I

\
\
V

) _. L i

t=0.001
t=0.0012
t=0.0015

• t=0.0018
t=0.002

1 0 15
n

2 0 2 5 3 0

Fig. 12. Convergence of the second sum in | i z( T) normalized with the asymptotic value.

The figures above indicate that it is the second sum in \iz(T) that determines the value of n
so the error is small enough. Therefore it is convenient to use n = 15.
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5. Analysis of the Behaviour

In this section a number of plots of Feynman y-function for a number of W- and
values are presented. All curves are normalized with a factor a?/{\d\Av(v - 1))).

0.8

0.6
Y(t)

0.4

0.2

n

W=0.0O1 T0=0.002

/ /

-

-

— pulsed
••• • s t e a d y

-

0.6
Y(t)

0.4 •

0.2 -

0.002 0.004 0.006
t, [sec]

0.008 0.01 0.012

Fig. 13. Feynman Y-curvefor W =0.001 and T0=0.002

W=1e-06,T.=0.002

-

1/

/I

• I

i

i

!

1

}

it

- . i
''y :

— pulsed
• • •- s t e a d y

0.002 0.004 0.006
t, [sec]

0.008

-6 .

0.01 0.012

Fig. 14. Feynman Y-curvefor W=le and TQ=0.002

The effect of the pulse width is illustrated in Figs 13 and 14 for square pulses. It is seen that
the wider the pulse is, the smoother the curves become. This is not surprising, since the
continuous source corresponds to the case when the pulse is as wide as the pulsing period,
which gives a completely smooth curve. Fig. 14. corresponds to the pulsing with a very narrow
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pulse. Such results were obtained by other groups in Japan, and are in agreement with our
results (Refs [6]-[8]).

For sake of comparison, a Feynman F-curve with Gaussian pulses, with the same
repetition frequency as with the square pulses above, is shown in Fig. 15. Despite that it

0.01 0.012

Fig. 15. The resulting Feynman Y -curve for gaussian and square pulse, included numerical values are
W = 0.0005, TQ = 0.002, a = W/A, s = o Jin

corresponds to much narrower pulses than the case in Fig. 13. for the square pulses, the Y-
curve is just as smooth as for a wider square pulse. This is because of the smoother character of
the Gaussian pulse shape.

The effect of the repetition frequency, with a given prompt neutron time constant, is shown
in Figs 16-19. The figures show that for a sufficiently high repetition frequency (Figs 16 and
17), the pulsed curve remains smooth and close to the continuous curve even for narrow pulses.
The same conclusion has been drawn earlier in calculations based on delta-function pulses [7].
However, for a repetition frequency which is low compared to the reactor prompt time constant,
the deviations between the pulsed and the continuous case are rather large (Figs 18 and 19).
This is the case with the majority of the MUSE experiments. The only way of compensating for
this would be to use pulses as wide as possible.
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W=0.0002,T.=0.001

0.01 0.012

Fig. 16. Feynman Y-curvefor W=0.0002 and T0=0.001

0.8

0.6
Y(t)

0.4

0.2

— pulsed
- steady

0.002 0.004 0.006 0.008
t, [sec]

0.01 0.012

Fig. 17. Feynman Y-curvefor W=0.0005 and T0=0.001
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W=0.001,T =0.005
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0.6 -
Y(t)
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0 .2 -
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1

I

1
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/ I

/ I
/ I

f I
1 I
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/

1
/

! 1

\

— pulsed
steady

0 0.002 0.004 0.006 0.008
t, [sec]

0.01 0.012

Fig. 18. Feynman Y-curvefor W=0.001 and T0=0.005

W=0.0005,T>0.005
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0.6
Y(t)

0.4
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-
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1

t I

<-

0.002 0.004 0.006
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Fig. 19. Feynman Y-curvefor W=0.0005 and T0=0.005
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A similar figure, showing the Y-curve for both Gaussian and square pulses is shown in
Fig. 20 below. It illustrates the already mentioned fact that the Y-curve corresponding to Gauss
pulse shapes is smoother than its counterpart which is due to square pulses.

0.002 0.004 0.006 0.008
t, [secj

0.01 0.012

Fig. 20. The resulting Feynman Y-curve for Gaussian and square pulse, included numerical values are
W = 0.0005, TQ = 0.005,o = W/4,s = a*j2n
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_„, 6. Determination of the Parameter a from a Simulated Measurement

It is possible to simulate a measurement using the formulas in Section 3. and adding a
random noise to it, to simulate the imperfect character of an experiment. Using a MATLAB
routine, Isqcurvefit, which solves curve-fitting problems in the least-squares sense, it is possible
to estimate the value of a . Figs 21 and 22 show Feynman y-curves with simulated
measurements for two different noise levels. In this study only square pulses are assumed, and
the pulse repetition frequency and the pulse width are assumed to be known exactly. In reality
this is not true, and a sensitivity analysis of the unfolding method to inaccuracies in those
parameters should be also performed, which will be made at a later stage.

The resulting curve for the estimated a is included in the Figures below as well. The true
7-curve and the one obtained by the parameter a from the fitting procedure cannot be
distinguished in the figures. In all figures, a 0 denotes the original value and an denotes the
estimated value. In Fig. 21 and Fig. 22 the noise level is 4 and 8 percent of the asymptotic value
of the original Feynman- Y curve, respectively.

0.002 0.004 0.006
t, [sec]

0.008 0.01 0.012

Fig. 21. Feynman-Y curve for a simulated measurement, the noise level is 4%

In both cases, the true value oc0 was 1053. In the case with lower noise level, the an

determined from the curve fitting was 1052, while in the second case an was 1051. However,
the precision of the method depends on the level of the added noise and even for the same noise
strength, the particular realisation of the random noise. This is illustrated with the case shown in
Fig. 23. The noise level is the same as in Fig. 22, i.e. 8 percent, but the estimated a is 1062.

The few cases shown here support the statement that with the formula for the
determmistically pulsed Feynman-alpha measurements, the prompt neutron time constant can
be estimated with curve fitting similarly to the traditional case of constant source. Test of the
method with real measurement data will be reported in a forthcoming publication.
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Y(t)

-0.2
0.002 0.004 0.006

t, [sec]
0.008 0.01 0.012

Fig. 22. Feynman-Y curve with simulated noise, the noise level is 8%

0.6

0.4

-0.4

• am'"''
, IP '

a o + noise
a =1053
a =1062

— - n

I

-

0.002 0.004 0.006
t, [sec]

0.008 0.01 0.012

Fig. 23. Feynman-Y curve with simulated noise, the noise level is 8%
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7. Conclusions

Calculation of the deterministically pulsed Feynman-alpha formula with the method
introduced in this report leads to a compact solution which is easy to use in numerical work.
One particular advantage, demonstrated in this report, is the ease with which various forms of
the pulse shape can be handled. All that is needed is a Fourier-series expansion of the
asymptotic form of the source induced neutron number. Once the coefficients of this quantity
are obtained, they can be substituted into a general formula for the relative variance, which was
derived in the report.

The Feynman formula obtained was investigated quantitatively for various pulse
parameters and even shapes. The possibility of using the formula for determining the prompt
neutron time constant, and through that the reactivity, was investigated in simulations. It was
found that despite the much more complicated structure of the Feynman 7-curve as compared
to that with constant (time-independent) sources, the prompt alpha parameter can be extracted
from a simulated experiment with methods of parameter fitting.
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