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Abstract

To reveal the nature of space-time singularities of removable type we
examine classical and quantum dynamics of a free particle in de Sitter type
spacetimes. Considered space-times have different topologies otherwise are
isometric. Our systems are integrable and we present analytic solutions of
the classical dynamics. We quantize the systems by making use of the group
theoretical method: we find an essentially self-adjoint representation of the
algebra of observables integrable to the irreducible unitary representation of
the symmetry group of each considered gravitational system. The massless
particle dynamics is obtain in the zero-mass limit of the massive case. Global
properties of considered gravitational systems are of primary importance
for the quantization procedure. Systems of a particle in space-times with
removable sngularities appear to be quantizable. We give specific proposal
for extension of our analysis to space-times with essential type singularities.
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MOTIVATION
Cosmological data zndzcate that the Universe expands, so n the past t could be i a
special state characterized by physical fields wth extremally hgh densities. There are also
theoretical indications that our uiverse emerged from a very special tate: the well known
class of solutions to the Enstein equations called the FLRW universes suggest that n the
past our universe could be in a tate with blowing up Riemann tensor components o scalar
curvature and wth blowing up energy density. his special state s called the big-bang. There
is a common believe that to analyse this state properly one should include quantum effects.
The struggle for quantum gravity lasts about 70 years. There is a real progress, but some
sceptical physicists Zncludtng the author of this report) ae till not convinced that we are
ready to analyse the g-bang. They believe that the core of the problem Z's understanding of
the nature of pace-time singularthes n a quantum context. This understanding may mean
changing some of the prznc' les underlying quantum mechanics or general rativity. The
insight into the problem may be achieved by studying some suitable toy models which include
both space-time szngularities and quantum ules. This report presents results concerning
one of such models which Z's quantization of dynamics of a test particle n a gven sngular
space-time.
1.

INTRODUCTION

Recently we have found [-8] that classical and quantum dynamics of a particle in a
curved space-time seems to be very sensitive to the topology of space-time. The existence
of such dependence is interesting not only in itself, but it is important for classical and
quantum cosmology. Our aim is examination of this dependence in more details.
The main results of thzs report are: (1) Obtaining that global properties of gravitational
system are of primary mportance for quantization procedure. 2 Understanding of the
nature of removable type sngulartties of space-time n quantum context.
We use our group theoretical quantization (GTQ) method, which we have already applied
to simple gravitational systems [1-5]. Our method is similar to the GTQ method initiated
by Isham 9 and Kirillov [10, 11].
In what follows we examine classical and quantum dynamics of a particle in twodimensional space-times with different topologies. We carry out all calculations rigorously
which enables complete discussion of considered problems. In the last section we make the
argument that our results can be extended to higher dimensions.
In Sec. II we present the dynamics of a particle in regular space-time. Application of the
standard GTQ ethod leads to well defined results.
Analyses of particle dynamics in singular space-time is carried out in Sec. III. The GTQ
method needs some modification to be applicable in this case, since the relation between
local and global properties of considered system cannot be directly modeled by mathematics
connecting Lie group and its Lie algebra (consequently also at the level of representations)However, redefinition (for the purpose of quantization) of the notion of local symmetries of
a gravitational system enables the quantization. The problem of quantization in this case is
directly connected with the problem of space-time sngularities. We present the solution in
case space-time has singularities of removable type.
Sections II and III deal with a particle with a non-zero mass.

3

In Sec. IV we present the dynamics of a massless particle. It is obtained in the zero-mass
limit from the massive particle dynamics.
We conclude in Section V. The last section comprises the list of references.
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11.

PARTICLE ON HYPERBOLOID

The considered space-times, VP and Vh, are of de Sitter's type. They are defined to be [5]
Vp = R x R,
In both cases the metric g,

and

(),,
ds2

Vh

= R x S, ).

(2.1)

(y, v = , 1) is defined by the line-element
dt _ eXP(2tlr) dX2,

(2.2)

where r is a positive real constant.
It is clear that 21) includes all possible topologies of de Sitter's type space-times in two
dimensions which makes our examination complete. Vp is a plane with global (t, x) G R 2
coordinates. Vh is defined to be a one-sheet hyperboloid embedded in 3d Minkowski space.
There exists an isometric immersion map 12, 13] of Vp into h
V
(t X ___+ (Y1,
1, 2 E Vh
(2.3)
where
2

2

Y0

:= r inh(t/r) + -x exp(t/r),
2r
and where

y' = -rcosh(t/r) +
(Y2)2 + (Y1)2 _

YI)2

=

-

2r

exp(t/r),

Y2

-x exp(t/r),
(2.4)

2.

Eq. 23) defines a map of Vp onto a simply connected non-compact half of Vh. Thus, Vp is
just a part of Vh. One can check that the induced metric on Vh coincides with the metric
defined by 2.2).
It is known 13] that Vp is geodesically incomplete. However, all incomplete geodesics in
VP can be extended to complete ones in Vh, i.e. Vp has removable type singularities. VP and
Vh are the simplest examples of space-times with constant curvatures and with noncompact
and compact spaces, respectively.
An action integral, A describing a free relativistic particle of mass
in gravitational
field g, is proportional to the length of a particle world-line and is given by
A

=

T2

L 7-)

dT,

L

7)

= -rn Vg"

(X'(7), X(-F)) i

(7) i-(T),

(2.5)

where is an evolution parameter, x are space-time coordinates and ,' = dxIdT. It is
assumed that
> 0, i.e., x has interpretation of time monotonically increasing with .
The Lagrangian 25) is invariant under the reparametrization -r - f(T). This gauge
symmetry leads to the constraint
G : g'PI'p,
2 = 0,
(2.6)
where ' is the inverse of g, and p. = OL1,9il" are canonical momenta.
Since we assume that a free particle does not modify the geometry of space-time, the local
symmetry of the system is defined by the set of all Killing vector fields of space-time (which
is also the local symmetry of the Lagrangian L). The corresponding dynamical integrals
have the form 14, 15]
D = pX",
la = 111
(2.7)
where X is a Killing vector field.
The physical phase-space r is defined to be the space of all particle trajectories 16] consistent
ith the dynamics of a particle and wth the constraint 2.6).
5

A.

Classical dynamics

Since we consider the dynamics of a material particle (i.e. moving along timelike
geodesics) on the hyperbolold 24), the symmetry group of
system is the proper orthochronous Lorentz group 50o (1 2.
If we parametrize 2.4) as follows 3]
0
Y
where

< p <

r cos p1r

r cos 0/r
Y

sin p/r

r, 0 <

sin p1r

r sin 0/r

(d P2 -

d02)

(2.8)

sin p1r

< 27r, the line-element on the hyperboloid
ds 2

and the Lagrangian

2

Y

2.4) reads

sin -2(p/r),

(2.9)

2.5) is given by
2

L

2

sin 2

(2.10)

/

Since we consider only timelike trajectories (11 > 101), the Lagrangian 2.10) is well dfined.
The infinitesimal transformations of
o(l 2 group (rotation and two boosts) have the
form 3]

(p,

)

(p,

+ aor),

(p,

)

(p - air sin p1r sin 0/r, 0 + air cos p1r cos 0/r),

(p,

)

(p + a2r sin p/r cos 0/r,

+

a2r

cos p1r sin 0/r),

(2.11)

where ao, a,, a2) G R' are small parameters.
The corresponding dynamical itegrals 2.7) are
Jo = p o r,
J

J =

pp r sin p1r sin 0/r + po r cos p1r cos 0/r,

= p, r sin p1r cos 0/r + p r cos p1r sin 0/r,

(2.12)

where po = Hl,), pp = H/&
are canonical momenta.
One can check that the dynamical integrals 2.12) satisfy the commutation relations of
s 1(2, R) algebra
I JO,
The constraint

J1

J2,

JJ0,

(P2 _

2)

Making use of (2.12)we find that
j2

24).

=

J,

fJlJ2}

=

JO-

(2.13)

2.6) reads
P

Eqs.

J2

'

2

0 sn (p1r) = M

(2.14)

2.

214) relates the dynamical integrals

+ j2 _

j2

2

r

Mr.

(2.15)

J
(2.8) and 2.12) lead to equations for particle trajectories 3]
J' Y

=

i2Y

6

-

j1Y2 =

2pp.,

(2.16)

where pp < 0, since we consider timelike trajectories.
Each point (JO, J, J2) of 215) defines uniquely a particle trajectory 216) on 24)
admissible by the dynamics and consistent with the constraint 214). Thus, the one-sheet
hyperboloid 2.15) defines the physical phase-space I'h and it is clear that
o(1 2 is the
symmetry group Of Fh. The space-time and phase-space have the same topologies and
consequently the same symmetry groups, Since sl (2, R) is the Lie algebra isomorphic to the
Lie algebra of SOo(l 2 group, we have a well defined relationship between local and global
symmetries of the classical Vh system.
B.

Observables

We define classical observables to be smooth functions on phase-space satisfying the
following conditions:
(i) algebra of observables corresponds to the local symmetry of a gravitational system, i.e.
to the algebra of all Killing vector fields;
(ii) observables specify particle trajectories admissible by the dynamics (Vp and
integrable systems);

Vh

are

(iii) observables are gauge invariant, i.e. have vanishing Poisson's brackets with the constraint G, Eq. 26).
In what follows we do not carry out the Hamiltonian reduction explicitly. We make use
of our Hamiltonian reduction scheme to gauge invariant variables presented in Sec. 2 of
Ref 2 A more general formalism may be found in Refs. [17-191The canonical coordinates on phase-space are chosen in such a way that the classical
observables are first order polynomials in one of the canonical coordinates. Such a choice
enables, in the qantization procedure, solution of the operator-ordering problem by symmetrization. It also simplifies discussion of self-adjointness of quantum operators which in
the linear case reduces to the solution of the first order linear differential equation (see,
Apps A and C.
C.

Quantum dynamics

In case the global symmetry of a classical system is defined by a Lie group with its Lie
algebra being isomorphic to the Lie algebra of a local symmetry of the system, application
of the GTQ method is straightforward. It consists in finding an irreducible unitary representation of the symmetry group on a Hilbert space. The representation space provides the
quantum states space. The application of Stone's theorem 20, 21] to the representation of
one-parameter subgroups of the symmetry group leads to self-adjoint operators representing
quantum observables. Alternatively, by quantization we mean finding an essentially selfadjoint representation of the algebra of observables (corresponding to the local symmetry
of the system) on a dense subspace of a Hilbert space, integrable to the irreducible unitary
representation of the symmetry group of the gravitational system.
Since our
system satisfies the above symmetry relationship, it can be quantized by
making use of our GTQ method.
7

We choose Jo, J and J2 as the classical observables. One can easily verify that the criteria
(1), (ii) and (iii) of Sec. IIB are satisfied. We parametrize the hyperboloid 2.15) as follows
151
Jo
J
J = J cos
K sin
J2= J sin + , cos
(2.17)
where J R and
< < 27r.
In this new parametrization the observables are linear in the coordinate J.
One can check that the canonical commutation relation J,
= leads to Eq. 213).
Making use of the Schr6dinger representation for the canonical coordinates J and (we
set = through the paper)
'60(o),

J --

o(o)

d
-Z-OP),
do

and applying the symmetrization prescription to the products in 2.17)
J Cos

1
- (i cos
2

+ cos

J sin

leads to

1
_(j sin
2

sin

d
do
coso JO -

(2.18)

K

sin P]co)'
(2.19)
2
i
j2 (P)
in o o +
-) Cos
(2.20)
IS
2
where G Qo C PS)' 0 E R and where
S i the space of square-integrable complex
functions on a unit circle with the scalar product
27r
<

01102

I

=

(2.21)

d00i(0)02(0)-

The subspace 00 is defined to be [5]
Q6,

=1

c L2(S I

C C[O, 2r],

0 (n) 0)

= e0,0 () (27), n = , 1 2

(2.22)

The representation 2.18 - 222) is parametrized by c R.
The unbounded operatorsia (a = O 1 2 are well defined because f2o is a dense subspace
of the Hilbert space P(S).
It is clear that
is a common invariant domain for all a and their products.
One can verify that
[J.,

&

=

-ZfJ.,

410,

C QO,

(2.23)

and that the representation 2.18 - 222) is symmetric on Do. We prove in App. A that this
representation is essentially self-adjoint.
The problem of finding representations of the group SOo(l 2 was considered by
Bargmann 23] in the context of representation of S(1, 1) group. There exists two-toone homomorphism of S(1, 1) group onto
o(l 2 with the kernel Z2
C, -el, where
e is the identity element of S(1, 1). Thus, the factor group SU(I, 1/Z2 is isomorphic to
S Oo (1 2.
8

Bargmann has constructed and classified all irreducible unitary representations of
SU(1, 1) group by making use of the multiplier representation method 23-25]. These representations fall basically into three classes 23, 26]: principal series, complementary series
and discrete series. Bargmann's classification is based on: () his special decomposition of
SU(1, 1) group, (see, Eq. 412) of 23]), into a product of one-parameter subgroups one of
which is a compact Abelian group with unitary representation having complete system of
vectors and integral (corresponding to SOO (1 2 group) or half-integral proper values, and
(11) his classification of irreducible representations of su(1, 1) algebra.
To compare our representation within Bargmann's, we first choose his basis as a basis in
L 2(5)
(27r)
Any function

-112

exp imp),

<

<

m Cz Z

0, ± 1, 4- 2,

(2.24)

< 27r,

(2.25)

c Q6 can be expanded in the form
a,,, E C

C*a,, exp(zmo),

<

M=_00

if we choose 0, in 2.22), satisfying the equation exp(ZO = .
Therefore, the domain of the representation reads
9 =

E L(S I

E C- [0, 27r),

V)(n)(0

=

0(n)

(27r), n = , 1 2

(2.26)

and it is no longer 0-dependent.
Since the algebras so(l 2, su(1, 1) and sl(2, R) are isomorphic 24, 27], we make te
comparison with Bargmann's representation at the level of algebra. Correspondingly, we
examine the action of the oprators j. and
on the subspace
spanned by the set of
vectors 2-24). The operator C corresponds to the Casimir operator C of sl(2,R) algebra.
C is defined to be 27, 28]
C =
2
2 _ j2.
+
2
(2.27)
In our representation the operator
reads
CV = J12 +

J22

2
Jo'1
= , 2 + 1/4)b,

E

,

(2.28)

where the third term in 2.28) was obtained by making use of explicit formulas for J, Egs.
(2.18 - 220).
It is easy to verify that the action of the operators ja on
reads
J00.. = MOM,
jO,,

K

2 =
-

q - 14. Jo

+

(2.29)

1
(m - 12 2

(2.30)
2
z
j2O
(m 12 - r)0,,,+ + ' (m - 12 (2.31)
2
2
At this stage we are ready to discuss the connection of our representation with
Bargmann's. Direct comparison of Eqs. 228 - 231) with Bargmann's 6.14), 621) and
(6.22) of Ref. 23] shows that the following identification is possible:
_Q

12 -

M EZ

Ho = Ao, J = -Hi = -2Ai,
9

J2-

-

2= -zA2,

(2.32)

where Q. q, H, A,, (a = , 1 2 are Bargman's quantities used to define his representation
of su(1, 1) algebra.
The range of our parameter
= mr is
< <
so it corresponds to Bargmann's
1/4 < q < oo. Therefore, our representation is almost everywhere identical with Barginann's
continuous class integral case (corresponding to
O(1 2 group) called Co with 14 < q <
oc, which is also called the principal series of irreducible unitary representation of SU(1, 1)
group 26]. The only difference is that for massive particle m >
thus r = m >
so
q > 14. The precise identity may occur, if taking the limit n - 0 can be given physical
and mathematical sense in our formalism. We discuss this case in Sec. IVA.
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111.
A.

PARTICLE ON PLANE
Restrictions for classical dynamics

The Lagrangian

2.5) with the metric tensor defined by 2.2) reads
L=-mJtT

j2exp2/r),

(3.1)

where t = x 0 X := Xi,
dtld7 and
dxld7.
The local symmetries of L (and the infinitesimal transformations of Vp space-time) are
defined by translations
(t, x) -4 (t, x + bo),
(3.2)
space dilatations with time translations
(t, x) ---

(t - rbi, x + xbl),

(3.3)

and by the transformations
(t, x) ---

(t - 2rxb2,

r 2 -2t/r )b2),

X + (X 2+

(3.4)

where (bo, bl, b2) E R' are small parameters.
The Killing vector fields corresponding to the transformations 3.2 - 34) define, respectively,
the dynamical integrals 2.7)
P = px,

K =

rpt + xpx,

M =

2rxpt + (x 2+ r 2e-2t/r)px,

(3.5)

where P. = c9L/,9', t 0I(9i.
One can verify that the dynamical integrals 3.5) satisfy the commutation relations of sl(2, R)
algebra in the form
JP,K

= P,

JK, MI = M,

JP,MI = 2K.

(3-6)

The mass-shell condition 2.6) takes the form
Pt2 _ e -2t/r PX2 = M 2,

(3.7)

which, due to 3.5), relates the dynamical integrals
K 2 _ pM

=

2,

= mr.

(3.8)

By analogy to Vh case one may expect that each triple (P, K, M) satisfying 38) determines a trajectory of a particle. However, not all such trajectories are consistent with
particle dynamics 3:
For P = there are two lines K = ±n on the hyperboloid 3.8). Since by assumption > ,
we have that t = HI
= mi(i-i exp(2t1,r))-'1 < 0. According to 3.5) K-xP = -rpt,
thus K - xP > , i.e. K >
for P = . Terefore, the line (P = , K = -r) is not
available for the dynamics. The hyperboloid 38) without this line defines the physical
phase-spacerp,
Excluding the momenta t and p from 3.5) we find explicit formulae for particle trajectories [11
x(t) = M12K,
for
P =
(3-9)
and
X(t) = 1K -

,/K2

rp)2 eXp (-2t/r]

IP,

for

P : 0,

(3.10)

where 3.10) takes into account that K - xP > .
The space of trajectories defined by 3.9) and 3.10) represents the phase-space rp.

B.

Choice of observables

To satisfy all required criteria for observables, we parametrize
(q, p) R as follows
P = p, K = pq - , M = pq 2- 2q.

p by the coordinates
(3-11)

The integrals 3. 1 1) satisfy the algebra 3-6), if f p,
=
To compare quantum dynamics of Vp and Vh systems, let us bring their observables to
the same functional form. It can be achieved in two steps:
First, we change parametrization of the phase-space r'P as follows
=: cot

cot O'

Cos O (I

P

(3.12)

where < <
and I R.
Second, we rewrite the observables 311) in terms of new canonical variables (I, a) and
redefine them. The final result is 151
10 := _(M
2
1
2

I,:=-(M-P)

P =

= 1 CSU-,

= K = Isin a

12

(3.13)
(3.14)

Sin 7

K cos a.

(3.15)

Since u, 1 = , the commutation relations for 1,, resulting from 36) are identical to
the commutation relations 2.13) for J (a = , 1 2.
Comparing 3.13 - 315) with 2.17) we can see that 1,, and Ja (a = 0, 1 2 have the same
functional forms, but they are different because the range of parameter
is
<
< 2,
whereas the range of a

reads

<

a

< 27r.

This difference results from the difference

between the topologies of phase-spaces of Vh and Vp systems: fh is the hyperboloid
whereas r'P is the hyperboloid

3.8) without one line. Therefore, the phase-space

be invariant under the action of
of space-times.

o(l 2

2.15),

p cannot

group. This may be already seen in the context

Since Vp is only a subspace of Vh, due to the isometric immersion map

(2.3), the group So(l

2

cannot be the symmetry group of Vp system. In fact, the Killing

vector field generated by the transformation

3.4) is not complete on Vp, whereas the vector

fields generated by 3.2) and 3.3) are well defined globally (see, App. B). Therefore, the
dynamical integral M is not well defined globally. Let us make the asumption that each
classical observable should be a globally well defined function on a physical phase-space.
Then, the set of observables of Vp system consists of only the integrals P and K satisfying
the algebra (see,

3.6))
f P, KI =: P.

Eq.

(3.16)

316) defines a solvable subalgebra of sl(2, R) algebra.

The algebra

3.16) is isomorphic to the algebra

af f (1, R)

of the affine group

Uf f (1, R).

This group is sometimes called the ax + b group, since it is the group of the linear transformations of a straight line preserving the orientation

24].

algebra 3.16) by < P, K > and the span of af f (1, R) by < A,
is defined by A:=

-K

and B

= -P.

The algebra aff(l, R)

If we denote the span of the
>

the algebra isomorphism

is defined by the commutation

relation
f A, B
12

= B.

(3-17)

One can easily show that the center of 2tff (1, R) is an identity element of this group, thus
21f f(1, R) is the only Lie group with af f(1, R) as its Lie algebra 29].
In case of Vp system the algebra ciff(lR) corresponding to the global symmetry
21ff (1, R) is quite different from sl(2, R) algebra 36) of all available Killing vector fields
defining the local symmetry of the system. This breaks the relationship between local and
global symmetries which occurs in Vh case.
C.

Quantum dynamics on plane

In gravitational systems the global and local symmetries may easily happen to be incompatible. An example is our Vp system of a free particle in space-time with removable
type singularities. In such cases our GTQ method needs modification to be applicable. We
propose to redefine the first criterion for observables of Sec. IIB. The new version reads:
(i) algebra of observables Z's defined by the algebra of generators of the symmetry group of
the system.
To quantize the algebra 3.17) we change coordinates as follows
R x R D (p, q)

(7r, x)

where
7r

= q+

r.)

2

Ro) x R,

1
p

(3.18)

X := _p)

and where
R+ = fx C R I x > 1,

Ro:= R U f of.

One can easily verify that 17r, x = .
In terms of (7r, x) the observables A and
A

7

read

+ z/2,

B = x.

(3.19)

Application of the Schr6dinger representation to the canonical coordinates (, x)
= Zd (P(X)
dx
and making use of the symmetrization prescription for the product x7r in 3.19)
X + (p(x)

:= xW(x),

7

-+ r(p(x)

( + r.)
2
gives simple expressions for the quantum observables A and
X7r -

d
A(P(X = Zx_P(x),
_13P(x = xW(x),
r_ G A.
(3.20)
dx
The common invariant dense domain A for A and b, and their products is defined to be
A = Coc*(R+ C HA,
wi

(3.21)

the scalar product given by
< 011(,)2

>=

0

-

(X)(P2 (X) -,

dx

3

01,

02

C A.

(3.22)

is the Hilbert space obtained by completion of A with respect to the scalar product
(3.22).
One can verify that
[A,
A,
(3.23)
HA

and that both A and
are symmetric. In fact A and
are essentially self-adjoint on A
(see, App. C).
The representation of the algebra af f (1, R) defined by 3.20 - 322) can be integrated to
the unitary representation of the QAff (1, R) group. The group representation was discovered
by GeFfand and Najmark 30]. In what follows we use the Vilenkin version 24]:
We define the operator U(g) : HA 4 HA, by
U[g(a, b]0(_-) = exp(zbx) 0(ax),

0 EEHA,

(3.24)

where g(a, b) C 2(ff (1, R) and (a, b) E R + x R, parametrize the group elements.
It is easy to check that 3.24) is a representation of 21f f(1, R) group.
Since the measure x-'dx in 3.22) is invariant with respect to x - ax, we obtain
01 (a x)'02 (ax) d = f

< Ug(a, b]01 IU[g(a, b)102 >=

-01 (X)02

(X)

dx

< 01 102 >

co

(3.25)

for all 1, 02 E HA, which shows that 3.24) defines a unitary representation.
The application of Stone's theorem (strong form) to 3.24) leads to
-d
U [g (a (t), 0)
dt t0
and

d
(x = x da() dW x) = x-W(x
dt
dx
dx

d
dt t=0 U[g(l, b(t))]p(x) ::--

, _O(x)
d
= (_ Zx
dx

d1(0) zb(O)x
dt ,
cp(x) =: zx(p(x)

= A(P(x)

Zf3W(x)

(3.26)

(3.27)

where t --- a(t) and t
b(t) with the boundary conditions a)
1, da(O)Idt = and
b(O) == 0, dO)Idt = 1, respectively, are two integral curves on (ffilR).
Making use of the reasoning of Ref. 24] one can prove that the unitary representation
(3.24) is irreducible. It is known 24, 30] that the group Qtf f(1, R) can have only two nontrivial) irreducible unitary representations (up to unitary equivalence). Our representation
corresponds to the one called R_ (see, Sec. 34.1), in 24]).
The representation of of both the group and the algebra appear to be independent on the
parameter = mr. In fact they do depend on through the transformation (3-18).
The quantization of the Vp system is now complete.
To appreciate the quantization requirement that representation of the algebra of observables should be integrable to the unitary representation of the symmetry group of the system,
let us consider the representation of sl(2, R) algebra satisfied by I,, (a = , 1 2 observables
(3.13 - 315). Since la and Ja (a = , 1 2 have the same functional forms and have almost
everywhere the same ranges, the representation of observables is defined by 2.18 - 222)
with Ja replaced by 1,, and replaced by o-. However, now there is no justification for the
choice exp(0 = in 222). In case of a observables the choice of the basis 224 in
V(S) was
by the fact tat in Bargmann's decomposition of S(1, 1) group there
occurs a compact Abelian subgroup of which unitary representation may be decomposed,
by Wigner's theorem 31], into one-dimensional irreducible parts of the form 2.24). The
14

parameter labels infinitely many unitarily nonequivalent quantum systems corresponding
to a single classical V, system. Such a quantum theory has no predictability. Only an appeal
to the global symmetry of the gravitational system can cure the nonuniqueness. But the
algebra sl(2,R) is not the algebra of %fj(1,R) group. The best solution is the choice of
QIff (1, R) as the symmetry group with the algebra aff (1, R) to represent the local symmetry
of Vp system.
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IV.
A.

DYNAMICS OF MASSLESS PARTICLE
Massless particle on hyperboloid

To obtain the description of dynamics of a massless particle on hyperboloid we examine
taking the limit
- 0, i.e. m - 0, in Sec. II. The inspection of classical and quantum
dynamics of Vh system reveals that apart from Eq. 25) for the Lagranglan, all equations
can be given sense in the limit m - 0:
The phase-space rh defined by 2.15) turns into two cones with a common vertex
j2 + j
2

_ j2
0

(4.1)

0

with
o(l 2 as the symmetry group.
Each point of 4.1) labels uniquelly a trajectory of a particle on hyperboloid 2.4). The
set of trajectories (stright lines) is the set of generatrices of the hyperboloid 2.4).
Parametrizing 4.1) by J in the form 2.17) with = leads to 2.18 - 220) with r =
as well.
The quantum Casimir operator 2.28) now reads
0

=

I
0,
4

E Q

(4.2)

There is no problem with going with to zero in 2.29 - 231) too. The only problem is
the form of the Lagrangian 2.5) because m occurs as a factor. We can avoid this difficulty
by choosing the Lagrangian which does not depend explicitly on the mass of a particle 4, 32]
T2

L ()

dT,

L(T)

2 A 7-)

(-T'(T), X 1 (T)) _i' (7) _" (7),

(4.3)

where
is an evolution parameter,
= dxPId-r and A plays the role of Lagrangian multiplier. The action 4.3) is invariant under reparametrization T - f (T), A(,r) -* A(,r)1j(T).
This gauge symmetry leads to dynamics constrained by 2.14) with m
0 and consequently
to 2.15) with =
i.e. to Eq. 41). Thus the dynamics of a massless particle defined by
(2.5) and 4.3) are equivalent. Therefore, massless particle dynamics of quantum Vp system
may be described by the continuous (integral case) Bargmann's Co class with q = 14 (see,
the last paragraph of Sec. IIC).
We can see that the principal series (integral case) irreducible unitary representation of
SU(l, 1) group is able to describe quantum dynamics of both massive and massless particle
on hyperboloid.
B.

Massless particle on plane

In case of dynamics on plane taking m --- 0, in Sec. III, can be done as follows:
An action integral is defined by 4.3). The one-sheet hyperboloid 3.8) turns into 'one-sheet
cone7
K - PM = .
(4.4)
Since the dynamics requires K > for P = O., we have to remove the line (P = = K)
from 44) to get the physical phase-space Fp. The observables P and K are well defined
16

globally, and the corresponding A and B observables satisfy the aff (1, R) algebra 3.17) so
Qtf f(1, R) is the symmetry group of Vp system.
Since at the quantum level there is no explicit dependence on the parameter r, taking
m 4 is trivial. (We recall that the dependence on is built into 3.18).)
Therefore, the quantum dynamics on plane of both massless and massive particle may be
described by the irreducible unitary representation R- of the !2[ff(1, R) group 24].
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V.

CONCLUSIONS

After the Cartan we know that for every Lie algebra
there exists a unique simply
connected Lie group
(the universal covering group) such that
is its Lie algebra. In
case the center of
includes a discrete normal subgroup A(, the factor group !9 : 9/A(
has _qas its Lie algebra as well 29]. Therefore, local properties of a given space-time like
metric tensor and Lie algebra of the Killing vector fields do not specify the system uniquely
because svstems with different transformation groups may have isometric Lie algebras. Also
space-times with the same local properties may have different topologies and such that
algebras corresponding to the transformation groups may dffer from the algebras of all
the Killing vector fields. Presented results show that the topology of space-time is a basic
characteristic of a gravitational system. The topology carries the information not only on
the symmetry group. It also indicates which local properties of the system should be used in
the quantization procedure. Our results are consistent with the fact that quantum theory is
a gobal theory in its nature, so its consolidation with gravitational field should include both
local and global properties of spacetime. The Einstein equations being partial differential
equations cannot specify the space-time topology, but only its local properties. Fortunately,
the mathematics of low dimensional manifolds offers a full variety of topologies for space-time
models consistent with local properties of a given space-time 35, 36].
Generalization of our results to the four-dimensional de Sitter space-times is straightforward. The space-time with topology R' x R', the four dimensional analog of Vp, is geodesically incomplete and it can be embedded isometrically 12, 13] into the space-time with
topology R x S', corresponding to Vh, by generalization of the mapping 2.3). The quantum dynamics of a particle on four dimensional hyperboloid in five dimensional Mnkowski
space is presented in 37]. Quantization of dynamics of a particle on de Sitter space-time
with topology R' x R' may be carried out by analogy to the quantization of Vp system:
First, one should find the set of all Killing vector fields which are well defined globally. They
would help to identify both the algebra and the symmetry group of the system. Second, one
should find an irreducible unitary representation of the symmetry group of the gravitational
system. We expect that direct application of our method would lead, after tedious calculations, to the result similar in its essence to the one presented in this report. We believe that
one can generalize our results further to any space-time with topology admitting removable
type singularities. Quantization of dynamics of a particle in such singular space-times should
be feasible, unless the system has no globally well defined observables.
Our report concerns removable type sngularities of space-time. Great challenge is an
extension of our analysis to space-times with essential type singularities, i.e. including not
only incomplete geodesics, but also blowing up Remann tensor components or curvature
invariants 38]. The FLRW type universes appear to be good candidates to begin with, since
their local properties are well known 39]. One of the main problems would be the choice
of specific topology out of infinitely many possibilities 40-42]. Our method of analysing
particle dynamics by making use of embeddings of two-dimensional Vp and Vh space-times
into three-dimensional Minkowski space extends to higher dimensions. There exists a theorem of differential geometry, 43-46], that every curved four-dimensional space-time can be
embedded isometrically into a flat pseudo-Euclidean space EN with < N < 0.
Mathematics offers magnificent structures to be used to fit our physical world. Recently,
Heller and Sasin put forward the idea of modeling space-time by the Connes noncommutative
geometry. With this new idea one can try to coup with space-time singularities and try to
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establish the relationship with quantum description 47, 48].
Completely different approach has been developed by Abhay Ashtekar and his collaborators (see, 49] and references therein). This non-perturbative and background-independent
quantization of general relativity seems to be free of problems connected with space-time
singularities [50]. Preliminary results are very promissing. For example, the idea of cosmological inflation appears to have solid foundation in quantum theory [51]. Calculations
concerning other cosmological problems would be of great interest.
Enormous number of new possibilities arises in case we model the universe by spaces with
dimension higher than four. An example is recent development in brane cosmology 52-551.
The theory of extended objects 56] is supposed to unify all known interactions including
gravity, but it is still plagued by numerous ambiguities and singularity problems (see, 57]
andreferences therein).
There are too many possibilities to model an early universe. Fortunately, apart from
mathematics we have more and more cosmological data to explain, which will make natural
selection of models. The list of problems in cosmology is far from being exhausted:
What occured at the initial singularity? What is the role of dark energy and the current
cosmic acceleration? Why is the cosmological constant so sall? How were density inhomogeneities generated that lead to the fluctuations in the cosmic microwave background?
What determines the arrow of time? How old is the Universe? What is the ultimate fate of
the Universe? ...
Each of these problems, like the inflation, may be rooted in quantum gravity. We witness
a very interesting period of development in cosmology.
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APPENDIX A: REPRESENTATION ALGEBRA ON HYPERBOLOID
Let L(S) denotes the Hilbert space of square integrable complex functions on a unit
circle with the inner product
< q 10

=

27

do

(p,

E L2 (S),

(Al)

In what follows we outline the prove that representation of sl(2, R) algebra defined by
I d
do

J00)

J, 0

0 E S,

[Cos

E Qo

E R,

(A2)

sin 0] V(0),
2
Z
s1noj0+(K-- Cos plo (0),
2

j2O(O):=

(K

(M)
(A4)

where
Qo

c- L 2

C- [0 27],

O(n)(0

=

,00(n)

(2r), n

0, 1, 2 ...

(A5)

is essentially self-adjoint.
It is clear that
is a dense invariant common domain for Ja (a = , 1 2. Since the
functional form of a does not depend on and since exp(-ZO) - exp(0 = 1, the operators
are symmetric on PO:
An elementary proof includes integration by parts of one side of
<

402

>=<

40110

>

01, 02 C

(M)

QO

followed by making use of the property
0(0 = exp(O)O(27r),

0 C Qo.

(A7)

The domains Dj,*) of the adjoint Ja' of ja consists of functions
condition 33]
0,,(O = exp(O)Oa(27r),
Oa
D,*) c L2(S)

Oa

which satisfy the
(M)

for a = 0, 1 2.
The main idea of the proof 21, 22] is to show that the only solutions to the equations
Ja*fa± = +zfa±,

f.± C- D(J.*),

a = 0, 1 2

are fa±(P = 0, i.e. the deficiency indices of ja on Q0 satisfy n
The equation M) for a = reads

=

(A9)

=

na-

(for a

1 d
-- fo±(o = +tfo±(P)
do

0, 1 2.

(A10)

and its general normalized solution is
fo±(

= Co± exp (Fo),

C+

V/2 / (1

exp - 47r)),
20

Co

V/"2/ (exp 4,
)-

(A I )

The solutions (All) does not satisfy (A8). Thus the only solution to A10) is fo+(P = .
For a 1 the equation (A9) can be -written as
d
(Cos P- _ 'r sin + \±)fi ±W = 0,
do
where r 1/2 nz, n E R, ± = I or -1 for fi+ or f-,
One can verify that the general solution of A12) reads
fjgp

= C±jCoSoj-rjtan( 0

2

(A 12)

respectively.

+ 7r)I-A±,
4

(A13)

where Cj± are complex constants.
The immediate calculations show that for Ci± 7 0
limRfl+(P)

o = imQfi+(P)

as

limRfi-(O)

oo = limQVfj-(o)

as

P -+

3
7r±
2

(A 14)

and
(A15)

2

Therefore f± are not square integrable and the only solutions of A12) are
The equation M) for a = 2 has the form
d
(sin 0- + r cos
do
where r = 12
ru and A±
The general solution to A16

or -1,

for

f2+

+ A±)f2±(# = 0,

0.

(A 16)

or f2-, respectively.

is
f2± (p

= C2±1 Sin 0 1-r I tan 0
2

(A17)

i-A±,

where C2± are complex constants.
The standard calculations yield
lim Rf2 (

= oo = lim Qf2

()

as

--- 0 +

or

4

27-

(A 18)

and
limRf2-(o)=c,o=limQf2-(o)

as

0-7r±.

(A19)

Thus, f2± are not square integrable unless C2 = .
This finishes the proof, the detailed verification of consecutive steps being left to the
reader.
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APPENDIX B: GLOBAL TRANSFORMATIONS ON PLANE
The transformations (3.2),
infinitesimal generators 34]

3.3) and 3.4) of Sec. IIA lead, respectively, to the following
XI = C9/9x,
X

= -ral&

(Bl)

+ Xal'9X,

X, = -2rxalat + (x 2 + r 2 exp(-2t/r))a/ax.

(B2)
(133)

The one-parameter group generated by X3 is defined by the solution of the Lie equations
dt = -2rx,
db3

(B4)

dx
2
2
= x + r exp(-2t/r),
db3

(135)

-

tjbj=0=b2=b

=

(

(136)

Xjbj=0=b2=b

=

XO.

(137)

(In what follows we use 5 = b3 to simplify notation.)
Acting of 9/,9,E on (135) and making use of (B4) gives
d2

x dx + 4x 3
dc

_

&E2

=

.

(138)

To reduce the order of (138) we introduce p = dxldE, which leads to the equation
Pdp
dx

6xp + 4x 3

Eq. (139) becomes homogeneous for z'

=

.

(139)

p, since we get

dz
dx

3xz z3

(1310)

2X3

Substitution z = ux into (I310) gives
U3 du
_U4

3U2

dx
2

x

(B11)

One more substitution v = u 2 turns (1311) into
1 2
dv = 2 dx.
(v - I
v - 2
x

(13 12)

Solution to 1312) reads
V
V

where R'

C>

Cx
1)2

is a constant.
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2

(B 13)

Making use of of p = dx1de, p
z 2 z = ux and v = u 2 turns B13) into an algebraic
equation
d 2 (4x 2+ D) dx + 4x 4 + Dx 2 =
(B 14)
de
de
where D:= 11C.
Eq. B14) splits into two first-order real equations. One of them has the form (Analysis of
the other one can be done by analogy.)
dx
2
2- = 4x + D de

D(4x2+D).

(B 15)

The solution to B15) reads
6(x = 2
f 4x 2
where A = v/-D-/2 and
Eq. 1316) leads to

D-

dx
FD
(4x2+D)

1
A- x -

+ B,
lx2

(B 16)

AF

are real constants.
A(E - B) [A( - B - 1] + 1
x (,E = 2( - B) [A( - B - ]

Eq. B7) represents one of the solutions of (B5). It is not defined for
lim X(e
C 4B-

=

0,

lim
C-+B+

X(E

=

-00.

(B17)
=

because
(1318)

Since (1317) is not defined for all E R we conclude that the vector field X3 is not complete
on the plane.
One can easily solve te Lie equations corresponding to (I31) and (132). The solutions,
respectively, read
(t, x) -4 (t, x + bo)
(B 19)
and
(t, x) -

(t - rbi, x exp b).

(1320)

Both 1319) and (B20) describe one-parameter global transformations on Vp well defined for
any bo, b
R. Therefore, the vector fields Xi andX2 are complete on the plane.
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APPENDIX C REPRESENTATION ALGEBRA ON PLANE

We give the proof that representation of the algebra
f A, B =

(C )

defined by
BO(x) = xo(x),

d
Ao(x) = -tx-o(x)
dx

x E R+,

E A = C(R+) c
0

HA

(C2)

with
01(X)02(X) dx
01, 02 E A
(Q)
I 0
is essentially self-adjoint on A (the space HA denotes the completion of A with respect to
the inner product (C3)):
It is easy to see that the representation (C2) and (C3) is symmetric on a common invariant
dense domain A.
To examine the self-adjointness of A we solve the equation
< 01102 >=

A*f±(x)

±Zf±(x),

f

C DA* c

HA

(C4)

to find the deficiency indices n (A) and n (A). The solution to (C4) reads
f±(x) = a±x±1
where a± C.
It is clear that f± are not in HA unless a± = . Thus n(A =
that A is essentially self-adjoint on A.
The case of operator is trivial since
B'g±(x = ±zg--(x),

g

C D(B*) c

(C5)
= n-(A), which means 211

HA

(C6)

reads (x ::F z)g±(x = 0. Its only solutions are g±(O = 0, which proves that n(b =
n-(B). Therefore, Eqs. (C2) and (0) define an essentially self-adjoint representation of
(Cl) algebra.
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