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Abstract 
 

The quality of nuclear core modelling is linked to the quality of basic nuclear data 
such as probability of reaction (i.e. cross sections) between neutrons and the nucleus of the 
core materials. Perturbation Theory, whose applications in nuclear science has been largely 
developed in the 60’s (see ref. [4]), provides tools for estimating the sensitivity  of integral   
parameters such as k-eff, reaction rates, or breeding ratio to the cross sections. The 
computation with these tools requires approximations in the modelisation of space, angles and 
energy dependent neutron transport. To minimise the impact of the geometry modelling 
approximations in the calculation, use of 3D multigroup transport codes is recommended (see 
[1], [2]). For the realistic case studies and for testing the sensitivity of the model to the 
approximations, supercomputing is the method usually needed, to make the calculation time 
required for a fine-3D-mesh analysis reasonably short.  
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INTRODUCTION 
 
 
For a sustainable development of nuclear energy, the development of new reactor types has been 

envisaged. Six of the most promising have been selected in the Generation IV forum[12]. Most of 
these reactors, which should include characteristics such as self-breeding and actinides burning, would 
be built with new materials that are not often used in today’s nuclear applications and would have 
different neutron spectra, in case of fast reactors or Accelerator Driven System, for instance. Even if 
new data are measured with good precision in new facilities such as n-TOF (see ref.[5]), the impact of 
uncertainties in the nuclear data on the modelling has to be estimated to better establish operational 
and safety margins.  

 
After a description of theory and of the approximations made in the calculational procedure, we 

show with very preliminary results on a very interesting exercise that supercomputing is needed to 
verify the validity of the hypothesis made to describe the physical problem. 

 
 
DESCRIPTION OF THE METHODOLOGY 
 
 
The complete code system proposed for sensitivity and uncertainty analysis is shown in Annex 1. 

All the usual steps of a classical analysis are needed, such as a transport equation solver (like DOORS 
or DANTSYS, refs. [1] and [2]), a code system to prepare data in multigroup form (NJOY, TRANSX, 
see refs.[10] and [11]), a code to prepare the geometry entries (BOT3P, ref.[8]); the uncertainty 
information in covariance matrix form needed for the sensitivity and uncertainty code itself (SUSD3D, 
see ref.[9]) can also be prepared by NJOY. All these programs induce a lot of parameters. Their 
adjustment can lead to inaccurate results and requires experience from the user. Our purpose is to 
examine the effect of these parameters on the results of our analysis in order to gain confidence in the 
quality and reliability of the methodology.  

 
FLUX AND ADJOINT FLUX CALCULATION 
 
 
Deterministic codes like DOORS and DANTSYS use multigroup discrete ordinate method to 

perform the transport calculation. Here is the theoretical equation: 
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Thus, the numerical computation with discrete ordinate codes implies several approximations:  
 
• The mesh of space discretisation has to be small enough, i.e. comparable to the mean free path 

of the particle, to keep a physical meaning. In case of 2D geometry modelling, the third dimension has 
to be simulated with vertical buckling to reproduce the vertical losses. 

• Angles are discretised on a direction quadrature set. The number of directions in the 
quadrature set depends on the SN order and the number of dimensions. If anisotropy is important (e.g. 
in case of a fast reactor), a higher SN order and therefore larger number of directions are needed. 

• Preparing the nuclear data set is not an easy task. Complex effects such as self-shielding have 
to be taken into account. The reduction of the number of energy groups from a few hundreds to a few 
dozens is also difficult, as the cross sections have to be weighted with the actual shapes of flux and 
spectra. An example of this processing is shown on Fig.1 which compares point reconstructed and 
multigroup fission cross sections of Uranium 235.  

 
All these assumptions are intensively tested and well known by users. Our purpose is not to retest 

all the validated codes, data and procedures but to investigate the impact of each parameter on 
sensitivity and uncertainty analysis. 
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Figure 1 :  Uranium 235 fission cross sections  

 
 
 
 
SENSITIVITY AND UNCERTAINTY ANALYSIS 
 
 
Sensitivity analyses are often based on the First Order Perturbation Theory, which assumes that 

linear relationship between quantities is valid within the range of few standard deviations. Even if this 
hypothesis is often realistic for a classical well known reactor, straightforward calculations of 
perturbed systems should be made on several examples to check the validity of the results, in 
particular in the case of innovative reactors as large uncertainties exist on the basic nuclear data. The 
calculation made in the SUD3D code to compute the sensitivity of an integral response R (such as 
fluence or reaction rate) or of the multiplication factor to a cross section for reaction x in the energy 
group g is given as follows: 

 









⋅






 +∆Ω⋅⋅−∆= ∑∑∑∑∑ −=

=
→

nl
ig

l

ln
nl
ig

g

L

l

x
gglmmig

m

migx
igT

x
i

i

ix
g MMV

R
P ,*

,'
,
,

' 0
',* ,,,,,,

1 σφφσρ  

  
  



 5 

Where  
 

x
igT ,,σ is the total cross section for reaction x, in the mesh element i, in the energy group g, 

 
x

ggl ', →σ is the thl Legendre coefficient of the scattering microscopic cross section from energy 
group g to g’, 

 
iV  is the volume of space mesh interval i 

 
x
iρ is the density for the material of interest in space interval i,  

 
mig ,,φ and * ,, migφ are direct and adjoint angular fluxes, corresponding to energy g  averaged over 

space interval I and solid angle m, 
 

nl
igM ,

,  and nl
igM ,*

,'  are the Legendre moments of direct and adjoint fluxes. 
 

R is the reaction rate or the normalisation needed in case of multiplication factor sensitivity 
calculation. 
 
The first term is usually called the ‘loss term’ because it is linked to the loss of a neutron in the energy 
group g. The second term is the ‘gain term’. It corresponds to the in-scatter or creation of neutrons in 
the reactions like fission, scattering or ( n,xn ) reaction. The cross sections needed in this formula can 
be produced by NJOY. As for transport calculation, processing of the cross sections also introduces 
uncertainties. 

One advantage of using Perturbation Theory instead of direct perturbed calculation is that it 
provides the sensitivity of a given parameter  to all reactions,  isotopes and energy groups of interest. 
The sensitivity profiles are calculated from the direct and adjoint fluxes. 

 
Once the sensitivity analysis is carried out, one can proceed with the uncertainty analysis, by 

folding the sensitivities with the uncertainties on nuclear data with the following formulae: 
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x
gRCOV σσ  is the relative cross section covariance matrix of reaction x in energy 

group g with reaction y in energy group g’. This matrix shows the uncertainty of a cross section for a 
reaction on an isotope in an energy group but also the correlation between this reaction and another 
reaction with another isotope in another energy group. These data are induced by the experimental 
errors and by their experimental nature itself, as only ratio measurements are done for some isotopes it 
is clear that these isotopes would be correlated for instance.  

These analyses are of great interest for testing the accuracy of transport calculations. They are 
imperative in case of  innovative reactors, using a thorium cycle for instance. Cross-section data are 
re-evaluated in this case by making use of the largest amount of available information, in particular 
including data from new experiments such as n-TOF at CERN (see [6]) in Geneva and in other 
laboratories. The objective is  to improve the accuracy of some data for up to one order of magnitude.  

 
Major efforts in the evaluation of the uncertainties and of the correlation between energy groups or 

reactions or isotopes have to be done to improve the confidence that we have in our results. Even in 
the up to date largest libraries, very commonly used isotopes have no covariance matrices. As for basic 
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nuclear data, there are often discrepancies in the  covariance data between different evaluations. Fig.2 
shows an example of the uranium235 fission cross-section covariances coming from two different 
libraries. 

Moreover the covariance matrices have to be processed with caution as the energy grid used does 
not always match the energy grid of the experimental data. 

 

  
Figure 2 : Comparison of Covariance Matrices of U235 fission cross-section  

coming from JEF2.2 and IRDF90 libraries 

 
THE NEED FOR 3D PRECISE CALCULATION: PRELIMINARY RESULTS 
 
 
VENU2 MOX CORE BENCHMARK 
 
 
In order to compare results against measurements and with different approaches (with different 

deterministic or stochastic codes, different data libraries, in 2D or 3D geometries), work on the post-
analysis of the OECD VENUS2 benchmark[7] is carried out.  

VENUS is a thermal zero power experimental reactor, partially loaded with MOX fuel on which 
pin power distributions were measured, located at SCK-DEN MOL, Belgium. VENUS-2 benchmark 
experiment was used as blind international benchmark exercises in the framework of joint activities 
carried out by the OECD/NEA Working Party on the Physics of Plutonium Fuels and Innovative Fuel 
Cycles (WPPR) and the Task Force on Reactor-based Plutonium Disposition (TFRPD). The aim of the 
exercise was to intercompare the predictions of power distribution and the criticality obtained using 
different computer codes and data libraries, and to determine the relative merits of these calculational 
methods. The results show very good agreement between most of the participants’ solutions and 
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measurements, which means that most of the discrepancies are included inside the error due to 
experimental techniques.  

 
As VENUS2 benchmark is also an excellent exercise for sensitivity analysis applications. A full 

panel of results from other participants in both 2D and 3D geometries and from experience gives as a 
unique opportunity for testing the validity and the necessity of each assumption made.  

 
 
IMPACT OF VERTICAL BUCKLING IN 2D CALCULATION 
 
 
Because of their complexity in comparison of the computational tools available, 3D calculations 

had been avoided during most of nuclear energy history. But now, due to the continuous increase of 
computer’s powers and memories they are becoming eventually practicable. As they still cost a lot if 
you want very precise complex geometries, or for applications such as transient or burn-up 
calculations, 1D or 2D will be necessary and used for a long time. Also the first release of the 
VENUS2 benchmark was in a 2D geometry. We will discuss:  

- opportunity and the relevance of the 2D calculation and the impact this hypothesis 
has on the flux and sensitivities calculations.  

- needs in term of calculation resources for sensitivity analysis code system complete 
validation. 

 
If reactors were infinitely high, 3D analysis would never be needed. As the problem to be solved 

would be the same in each vertical plane of it, x-y 2D analysis would perfectly fit with the geometry. 
The simulations have to take this data into account. Within the diffusion approximation it is easy to 
show that the flux decrease from the centre to the border of the reactor with a cosine shape. And as the 
reflector cannot be perfect the flux completely disappears at a length called extrapolation length. In 2D 
transport calculations the finite height of the reactor can be taken into account by the buckling 
correction.  

 
As the buckling was measured on the experiment, the buckling was considered as an input and 

given in the benchmark definition. Table 1 shows a comparison of our results of two code packages 
DOORS and DANTSYS with the same geometry and nuclear data in each case. The two 2D solvers 
do not take the buckling effect in the same way. This can produce huge discrepancies: 3000 pcm for 
the keff.  

 
Code Buckling correction K-eff 
DOORS 2D(DORT) Yes 0.962549 
DANTSYS 2D(TWODANT) Yes 0.99791 
DOORS 2D(DORT) No 1.04260 
DANTSYS 2D(TWODANT) No 1.04434 
DOORS 3D(TORT) Not needed 0.96961 
DANTSYS 3D(THREEDANT) Not needed 0.97012 

Table 1 

One can see that the main part of the discrepancies is due to buckling, as the results are very 
similar as soon as the buckling correction is off. Furthermore none of the two packages gives a good 
answer in comparison with the full 3D results which are also very similar. Fig. 3 shows the DORT 
solution and Fig. 4 the comparison of DORT and DANTSYS scalar flux. Even if large discrepancies 
exist on the k-eff the flux repartitions agreed well, in particular in the fuel region where the flux 
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reaches a maximum. The discrepancies appear only outside the core where the mesh becomes coarser 
and the flux falls of more than an order of magnitude. Therefore, 2D analyses are very useful for 
applications with fixed sources like damage calculations as the flux repartition is well calculated. 

The conclusion of this part is that only 3D analysis can give accurate and reliable results even if 
2D analysis are a good tool for evaluation and testing as the calculation time is reasonable on current 
classic computers. 
 
 

2D SENSITIVITY AND UNCERTAINTY ANALYSIS: PRELIMINARY RESULTS 
 
 
If it is not very difficult for a specialist to imagine which are the most important reactions and 

isotopes in a classical power reactor, it is not so easy to compare their relevance and to have an order 
of magnitude of the sensitivity of the reactivity to these reactions’ cross sections. Sensitivity analysis 
provides such information : Table  2 shows the integrated sensitivity of k-eff due to some important 
reactions on some of the most important isotopes.  The meaning of the integrated sensitivity is that if 
the concerned cross section should increase by one percent, the k-eff will increase by the integrated 
sensitivity. It is even easier for the total cross section sensitivity because it is the sum of all the other 
sensitivities, so changing all cross sections would equivalent to changing the density of that isotope: 
this sensitivity is the sensitivity of the reactor to the isotope density.   

 
Material Reaction Integrated Sensitivities (%/%) 

Total -4.17E-2 
Elastic 1.39E-6 
(n,α) -4.17E-2 

B-10 

(n,γ) -5.44E-6 
Total 1.88E-1 
Elastic 3.05E-4 
Inelastic -6.31E-3 
Fission 3.13E-1 
(n,γ) -1.20E-2 

U-235 

ν 8,38E-1 
Total 4.01E-1 
Elastic 8.67E-5 
Inelastic -6.32E-4 
Fission 6.17E-2 
(n,γ) -2.11E-2 

Pu239 

ν 1.02E-1 

Table  2 : Integrated Sensitivities 
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Figure 3 : DORT result 

 
Figure 4 : comparison of TWODANT and DORT results 
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Changing the density of one cross section can give the same information than sensitivity analysis 
with perturbation theory, but you have to redo your complete core calculation for each perturbation 
which of course becomes impossible very soon. That is one of the main interest of doing sensitivity 
analysis. Therefore it is still a good tool to check the validity of your results and of some assumptions, 
such as the linearity of the impact of perturbation with perturbation, on which the First Order Theory 
is based. That is why we made a 1% increase of Boron10 density and another TWODANT calculation. 
We found a change of -40,73pcm for keff, which gives a sensitivity of -4.07E-2%/%. This is in good 
agreement with the Perturbation Theory results that give a sensitivity to total cross section of -4.43E-
2%/%. 

 
Uncertainties due to some cross sections are given in Table 3. The covariance matrices are coming 

from IRDF90 (see ref.(13)). The main information is the standard deviation, 4.83E-01 % can be 
interpreted as a sort of error bar on the benchmark participant results. Even if very few uncertainties 
are taken into account into this preliminary study, it gives a very good idea of the discrepancies 
expected from such results. Furthermore, one can see that even if the (n,gamma) reaction  sensitivity is 
smaller by more than one order of magnitude than the fission cross section sensitivity, the variance 
induced is five 5 bigger. This means that most of the uncertainty comes from the (n,gamma) reaction 
and not from the fission reaction even if this reaction is much more important for a fission reactor! So 
if new measurements or evaluations should be made to improve the quality of water moderated reactor 
modelling, the efforts should be focused on the capture cross section. Hopefully this could be much 
more easy as the fission cross section is already known better than 0.2% whereas the absorption is 
known with a precision of only 10%! Sensitivity can give the most important regions of spectrum as 
we have also access to the sensitivity by energy group as shown on fig.5. It is very interesting to see 
that the relative sensitivities by energy group have quite different shapes with energy. The resonance 
region is much more important for capture than for fission forUranium235 for instance. This kind of 
information could be interesting for designing a new experimental facility with improved capacity in 
the most relevant energy range. 

 
 

U235 fission U235 capture Pu239 Fission Total variance Standard deviation 
4.2622E-06 1.9128E-05 2.4052E-08 2.3415E-05 4.8389E-01 % 

Table 3 :  Uncertainties 

 
 
These preliminary results show that sensitivity and uncertainty analysis give unique information 

that no other tool is able to propose. Thus, the numerous approximations made, the poor quality of the 
covariance matrices should make the user very cautious in its interpretations. That’s why we want to 
reduce these assumptions to their minima to show the robustness and the efficiency of the available 
tools. We will see in the next part that these investigations cannot be done on a standard computer but 
that the job fits well with the capacity of modern supercomputers used with parallel programs. 
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Figure 5 

 
 
 
ADVANTAGES OF SUPERCOMPUTING 
 
 

 
 Figures 5 and 6 show the calculated direct and adjoint flux distributions, on a 2D model. This 

model is useful to test the evolution of the computational time.  
 

 Forward 
Calculation 

Adjoint 
Calculation 

Pitch 0,5cm 90 minutes 120 minutes 

Pitch 0,25cm 580 minutes 930 minutes 
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For instance figures 6 and 7 are obtained with a SUN ULTRA 60 with a SPARC processor with 
512 Mbytes of Memory within the computing times indicated above. One can see that the calculation 
time is not linear with the refinement of the mesh. When the complexity increases the number of 
iterations needed for obtaining convergence increases also. Therefore, the CPU time required is 
roughly proportional to the number of iterations, energy groups, spatial meshes, discrete angular 
directions. In addition, if the flux and cross section data cannot be kept in memory, additional time is 
required for swapping the data to temporary files. In case of outer iterations this can be very time 
consuming. 

 
 This means that if we want to make a calculation in 3D (to avoid the problem of the estimation of 

vertical leakage) with a thin mesh of 1mm (the mean free path in a water moderated reactor is 
typically of 2-3mm) in X-Y and at least 10 meshes in Z with a 8S method (48 discrete directions) the 

number of iterations required to obtain convergence can double, and the CPU time is multiplied by a 
factor of 750. On the SUN Ultra 60, the calculation time could easily reach 30 days!   

 
The PARTISN code system is an evolution of DANTSYS code system which has been fully 

parallelised with a very good efficiency by processor. With such an accelerated code for a multi-
processing recent computer the CPU time required can theoretically be reduced by a factor of ten at 
least, (see ref.6). So the calculation time of this very accurate problem with few approximations in the 
physics could be reduced to a few days. And the sensitivity of the model to each assumption made 
could be completely tested and the code system limits explored.  

 
 
 
 

 
Figures 6 and 7 : direct and adjoint flux distributions 

 

 

Another limitation on a classic scalar computer is the memory. In order to calculate the sensitivity 
of one parameter to a cross-section huge sums of the products of direct and adjoint flux moments in 
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every point of the mesh, for every group are required. This means that these matrices have to be kept 
in memory. The number of elements in these objects is the product of the number of points in the 
mesh, the number of groups and the number of moments and the size of one word in bytes. For this 2D 
model 67 Mbytes are needed. This is not a limitation; however, if we want to solve our fine-mesh 
problem in 3D, the memory requirement could reach 60 Gbybes, which is a limitation for a SUN Ultra 
60 but not for a super computer such as an IBM SP Power4 node and its 128 Gbybes. 

 
CONCLUSION 
 
Sensitivity and uncertainty analyses are the tools needed to estimate the accuracy that a code 

system with data libraries can achieve. They can guide users as to the specific need for improved data 
to carry out reliable simulations. However, as full-scale models in 3D with refined descriptions of the 
phase-space are used, high performance computers and codes designed to run on parallel architectures 
are needed to obtain results within acceptable time limits.  
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Annex 1 : Code system for sensitivity and uncertainty analysis 
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