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ABSTRACT

Nodal methods are tested for use in the neutro-
nics analysis of research reactors. The results are
compared to finite difference methods in both cost
and accuracy. Transport effects and nodal transport
are also considered. The IAEA benchmark reactor has
been used as a base for this assessment.

The n5al method was found to be very effective
in reducini)computation costs, and the accuracy of
the solution is often higher than that attained with
finite difference. In fact in order to have a finite
difference solution of comparable accuracy the costs
can be prohibitive. The usual choice of mesh struc-
ture may produce significant inaccuracies in the
solution, and transport effects in many cases may be
quite large. The use of transport nodal methods for
some applications may be justified and far less
expensive than Monte Carlo or Sn transport methods.

INTRODUCTION

Nodal methods have proven to be very useful in WR and LBR
applications for reducing the computing costs by allowing a rather
coarse node structure while still maintaining an accurate solu-
tion. The IAEA benchmark reactorl has been used in this assess-
ment of nodal methods for research reactor applications. The
accuracy of finite difference methods and the influence of trans-
port effects are also addressed.
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MODELS AND METHODS

The neutronics codes used at ANL are capable of providing not
only finite difference solutions but also approximate nodal diffu-
sion theory solutions in both hexagonal and Cartesian geometries
and nodal transport theory solutions in Cartesian geometry.2 The
nodal method available provides and assortment of levels of
.approximation for the flux and the leakage in addition to a choice
of node structure for the problem. In Cartesian geometry the flux
approximation may be either quadratic, cubic, or quartic, and
either constant or quadratic approximations may be chosen for the
leakage.

The benchmark reactor is modelled both with side plates
represented explicitly and with the side plates homogenized into
the fuel element. Figure I provides a description of the reactor
model with the side plates shown as separate zones. A three-
dimensional version has also been used in some of the compari-
sons. An extrapolated finite difference solution is taken as the
standard for comparison.
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Fig. 1. 1AEA Benchmark Reactor Model, XY Plane.
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RESULTS

A three-dimensional model without the side plates represented
was used for some of the initial testing. Some of these results
are shown in Table I. The higher level flux approximations give
improvements up to cubic. The quadratic flux approximation shows
a -1.05% difference in reactivity when compared to an extrapolated
finite difference estimate. The cubic flux approximation shows a
-0.15% difference, which is better than the coarser mesh finite
difference approximation at 0.3% and the quartic flux approxima-
tion for nodal at 0.3%. It was expected that the quartic flux
approximation with a coarser node structure would give a better
estimate than the cubic, however, the opposite is observed. The
quartic approximation overestimates the eigenvalue and, with
refinement of the node structure, slowly converges toward the
finite difference estimate; while the cubic converges more quickly
from a slight underestimation of the eigenvalue. The cubic flux
approximation cases show more sensitivity to the axial distribu-
tion of nodes tan the quartic cases. The quartic approximation
requires more storage and ore CPU time than the cubic yet gives
poorer agreement with a coarse nodal structure.

The nodal approximation provides two polynomial approxima-
tions for the transverse leakage of either constant (zero order)
or quadratic (second order). For reasons as yet unclear, the
quadratic leakage approximation gives convergence problems when
applied to the leakages transverse to the X and Y directions. The
quadratic approximation for leakages transverse to the axial
direction gives an improved estimate for the eigenvalue.

The average total flux is also shown for a representative
fuel element in Table 1. When the node structure is coarse, the
higher order flux approximation cases gives better estimates for
the flux. The lower order approximation (cubic), however, with a
modest refinement in the node structure gives an excellent esti-
mate for the eigenvalue. The running time and the cost are also
lower for he lower order flux approximation. The CPU time and
the cost for the highest order approximation with 17 x 16 x 12
nodes approaches that of the coarsest mesh finite difference
case. The accuracy of the nodal case is better than the finite
difference case in both flux and eigenvalue. The finite differ-
ence solution must be run with a much finer mesh for comparable
accuracy at considerable expense. The costs are somewhat deceiv-
ing since some cases are not computer core contained nor
optimized.

The running time for the nodal option depends on the number
of sweeps over the nodes (inner iterations) per outer iteration,
and where upscatter is present, the number of upscatter iterations
selected. The optimum number of planar sweeps appears to be about
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Table 1. Nodal and Finite Difference Method Comparison for IAEA Benchmark Reactor Without Side Plates

Ave. Total
x Y x Z Flux In S370/195

Approximation Mes. h/Nodes Comments keff/Ap, %+ FUEL31 x 114 CPU /st, S

Finite Difference 28x3lxl7 1.03894/-0.30 2.3420 142/21

28y3lx24 Refined Z mash 1.03899/-0.29 2.3349 232/37

56x62K24 XY Doubled 1.04137/-0.073 2.3197 973/258

Extrapolated Reference 1.04216

Nodal 20/22 9x7x6 Minimum XY, 4 In Core Z 1.03095/-1.04 2.4277 17/2

30/32 11 Cubic Flux 1.04048/-0.15 2.3363 16/2

30/30 9,x 7x 8 Refined Nodes In Reflector 1.04275/-0.054 2.3343 18/3

30/32 Refined Leakage 1.04172/-0.041 2.3327 19/3

40/40 Quartic Flux 1.04623/+0.37 2.3183 22/3

40/42 Refined Leakage 1.04520/+0.28 2.3167 22/3

30/32 91x7X12 8 Axial Nodes In Core 1.04169/-0.043 2.3317 25/4

40/42 to Quartlc Flux 1.04509/+0.27 2.3163 31/4

30/32 I4xl2xl2 4 Nodes/Element 1.04215/0.0 2.3156 52/8

40/42 1. Quartle Flux 1.04267/+0.055 2.3132 78/13

30/32 17xl6xl2 9 Nodes/Element 1.04217/0.0 2.3123 80/12

40/42 Quartic Flux 1.04250/+0.031 2.3110 106/18

KL/MN: K planar flux polynomial order, L = planar polynomial order for transverse leakage, M axial flux

-. polynomial order, N = axial polynomial order for transverse leakage.

Extrapolate reference keff using (4k 2-k0/3, where k 2 has doubled mesh of k.

+Reactivity difference relative to the reference keff value.



four with the default number of axial sweeps of two. The case
with four planar sweeps and one upscatter iteration uses the least
amount of CPU time but does 16 outer iterations. The case with
two upscatter iterations and four sweeps is equivalent to the
three upscatter and two sweeps case. Each requires only 13 outer
iterations but uses more CPU time for the upscatter iterations.
All of the cases converge and give virtually the same eigenvalue
estimate.

Convergence is sometimes a problem. All of the cases using
the quadratic approximation for the transverse leakage to the
planar dimensions failed to converge. There was concern that
small thin regions (zones), such as the thin side plate regions
shown in Fig. 1, might cause difficulties for the nodal approxi-
mation. The next sequence of computations, however, show that
this is not the case.

A series of nodal computations were made on the IAEA bench-
mark with the side plates represented explicitly as in Fig. 
The results are summarized in Table II. Again an extrapolated
finite difference eigenvalue is taken as the "exact" value for
comparison, and the power density and average total flux in zone
FUEL31 are compared. The results are similar to those from the
earlier model with homogenized side plates. This heterogeneous
1. exact" eigenvalue is 046% lower in reactivity compared to the
homogeneous case. The coarse finite difference case gives an
eigenvalue estimate with 0.37% difference in reactivity, while
the nodal model with a minimum number of planar nodes 9 x 12)
gives a difference of only .18% for the cubic flux approxi-
mation. Again the quartic flux approximation does more poorly
with a difference of 0.26%. With refinement of the nodal struc-
ture the agreement improves as expected. The 14 x 17 x 18 node
case is comparable in cost and storage to te coarse finite
difference case but with improved accuracy. The nodal transport
theory option runs at about twice the cost of nodal diffusion
theory. With the transport option the reactivity increases by
more than 1%. Nodal and finite difference cases were also run
with boron placed in the side plates. The nodal case converges
and agrees favorably with the finite difference case, and the
estimated boron worth is nearly the same for each case.

The storage requirements for the nodal approximation increase
dramatically as the number of nodes increases. In an attempt to
further refine the node structure a 22 x 25 x 18 pode case was set
up for execution, but the case could not be run on the IBM
370/195. This node structure required a minimum of 408,000 words
(-3200k bytes) for execution, and the limit on the 195 is 376,000
words. The data management scheme for the nodal option could be
refined to allow larger problems. Although this study would
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Table it. Comparison Using IAEA Benchmark With Side Plates Represented

FUEL 31

Power
X Y X Z Density Ave. Total S370/195

Approximation Mesh/Nodes keff/Ap, %+ W/cn� Flux x 114 CPU, S/Cost'

Finite Difference 28x3lxl7 1.03322/-0.37 130.76 2.3633 142/21

to 28x3lx24 1.03323/-0.37 130.80 2.3561 211/33

56x62x24 1.03620/-0.093 130.29 2.3378 925/250

Extrapolated 1.03720

Nodal 30/32 9xl2x6 1.03524/-0.18 130.69 2.3529 24/3

40/42 11 1.04004/+0.26 130.44 2.3318 29/4

30/32 13xl6x9 1.03748/0.026 130.42 2.3316 59/8

30/32 14xl7x9 1.03732/0.011 130.44 2.3320 68/10

30/32 14xI7xI8 1.03750/0.028 130.45 2.3312 138/24

30/32 17x2lx9 1.03733/0.011 130.33 2.3291 97/15

30/32 (Transport) 17x2lx9 1.04903/1.09 130.04 2.1524 199/33

Boron In Side Plates

Finite Difference 28)<3lxl7 0.92610 131.15 2.5683 142/21

Nodal 30/32 9xlb<6 0.92731/+0.14 131.06 2.5567 25/3

KL/MN: K = planar flux polynomial order, L = planar polynomial order for transverse leakage,

M = axial flux polynomial order, N = axial polynomial order for transverse leakage.

Extrapolate reference k.ff using (4k 2-k 1V3, where k 2 has doubled mesh of ki.

+ Reactivity difference relative to the reference keff value.



suggest that the minimum of one node per region would be suffi-
ciently accurate for most purposes, the amount of detail and
number of region may be sufficiently large to limit the use of
nodal methods.

The power density and flux characterized by zone FUEL31 in
Table II agree well. The power density for all of the fueled
zones and some of the approximations are provided in Table III.
Table IV provides a comparison of the peak to average power den-
sities in the core, and the region averaged fluxes by group for
selected regions are compared in Table V. The agreement in
general is reasonably good.

There is some evidence to suggest that the finite difference
solution may need further refinement for a fair comparison with
nodal. More detailed two dimensional computations are provided in
Table VI. The two dimensional computations assume an 8. cm
extrapolation length for the axial buckling.

The finite difference solution with the original mesh struc-
ture (that used in the benchmark solutions) shows an error in the
eigenvalue of nearly 0.4% in reactivity. Doubling the mesh
everywhere reduces this error to about -0.1%, and again doubling
the mesh further reduces te error to 0.026%. A doubling of the
mesh was used in order to extrapolate an "exact" finite difference
solution for comparison. The mesh in the outer water reflector
regions can probably be reduced. A further refining of the mesh
in the active fuel and inner reflector region canged the
eigenvalue only slightly. The largest mesh interval is 03 cm in
the most refined case.

The nodal method seems to give a better estimate for the
eigenvalue with less refinement in the node structure. The coars-
est 9 x 12 node structure (one node per region) gives an error of
only .22% in reactivity. With three additional nodes in the
fuel in each dimension to 12 x 15, the error is reduced to
-0.1%. This is comparable to the "fine" esh 56 x 62 finite
difference case. The 15 x 19 node case gives comparable accuracy
to the 112 x 124 mesh finite difference case with an error of
-0.025%. The cost and CPU savings are very substantial.

The comparisons for nodal have all been measured against an
extrapolated finite difference estimate of the "exact" eigen-
value. The nodal estimates do not necessarily extrapolate to the
same value. However, the extrapolated nodal eigenvalue in this
case is identical to the finite difference estimate.

The nodal and finite difference methods must also be compared
in terms of regionwise estimates for such data as power density,
fluxes, and peaking factors. Here again the fuel element FUEL31
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Table Ill. Power Densities by Region

Power Density, W/c,.3

Region Finite Difference Nodal Diffusion

(Zone) 28x31x17 56x6Z(24 9xlZ<6 13X 16X9 14x 17x9 17x2lx-9.

FUEL11 156.93 156.09 156.93 155.55 155.60 155.44

FUEL12 126.67 125.59 127.07 125.40 125.42 125.26

FUEL13 113.37 113.61 113.78 113.97 113.90 113.86

FUEL21 142.22 141.38 142.22 141.15 141.18 141.02

FUEL23 127.74 129.25 127.34 129.46 129.39 129.68

FUEL31 130.76 130.29 130.69 130.42 130.44 130.33

FUEL32 136.73 137.48 136.33 137.38 137.38 137.60

FLC 149.92 149.47 150.67 149.62 149.64 149.49

Table IV. Peak/Ave. Power Density Estimates

FUEL11 FUEL12 FUEL13 FUEL21 FUEL23 FUEL31 FUEL32 FLC

Case 45%* 45% 25% 45% 5% 25% 5% Control

28K31x17 FD 1.4796 1.5080 1.6306 1.5908 1.9088 1.5789 1.8817 1.6922

56x62K24

Homo. I'D 1.4563 1.5265 1.6206 1.6135 1.8892 1.5168 1.7903 1.6509

56x6Z(24 FD 1.4627 1.5092 1.6052 1.5762 1.8338 1.5574 1.8340 1.6602

9x11<6 1.4628 1.4874 1.6861 1.5764 1.8550 1.5923 1.7358 1.6212

13xl6,x9 1.4443 1.4819 1.6280 1.5528 1.7864 1.5458 1.7730 1.6482

14x17X9 1.4443 1.4820 1.6260 1.5529 1.7871 1.5461 1.7730 1.6483

17x21x9 1.4434 1.4850 1.6167 1.5517 1.7976 1.5438 1.7960 1.6492

Atom percent burnup.
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Table V. Selected Region (Zone) Fluxes by Group

Finite Difference Nodal Diffusion

q 28x3lxI7 56x62x24 9x 2X6 IN 6x9 I 4K 17X9 17x2lx9

GRAPHA

1 2.3038+13 2.2966+13 2.3008+13 2.2918+13 2.2928+13 2.2921+13

2 3.3459+13 3.3062+13 3.3321+13 3.2951+13 3.2950+13 3.2909+13

3 2.9628+13 2.9216+13 2.9441+13 2.9103+13 2.9101+13 2.9064+13

4 4.0960+12 4.0432+12 4.0678+12 4.0279+12 4.0275+12 4.0233+12

5 6.9263+13 6.8616+13 6.8728+13 6.8626+13 6.8577+13 6.8590+13

WATERB

1 6.1298+12 6.1796+12 6.0712+12 6.1721+12 6.1707+12 6.1830+12

2 7.3184+12 7.3545+12 7.1985+12 7.3189+12 7.3172+12 7.3399+12

3 7.7594+12 7.7732+12 7.6243+12 7.7222+12 7.7204+12 7.7450+12

4 1.1910+12 1.1922+12 1.1705+12 1.1841+12 1.1838+12 1.1875+12

5 5.7860+13 5.7365+13 5.7144+13 5.6810+13 5.6785+13 5.6938+13

FUEL31

1 5.6657+13 5.5858+13 5.6261+13 5.5614+13 5.5627+13 5.5550+13

2 6.4211+13 6.3369+13 6.3856+13 6.3114+13 6.3128+13 6.3038+13

3 5.1076+13 5.0427+13 5.0835+13 5.0243+13 5.0254+13 5.0181+13

4 6.9036+12 6.8169+12 6.8733+12 6.7935+12 6.7949+12 6.7850+12

5 5.7479+13 5.7315+13 5.7467+13 5.7394+13 5.7398+13 5.7356+13
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Table VI. Detailed Comparison With Two-Dimensional Model

FUEL31

x Y Power Ave. Total 3033
Approximation Mesh/Nodes Comments ke"/ap' Density Flux x 114 CPU, Sost,

Finite Dfference 28x3l Coarsest 1.03070/-0.38 130.57 2.4006 17.9/1.21

11 56x62 Doubled 1.03368/-0.10 130.02 2.3817 67/4.4

1j2x124 it 1.03452/-0.026 129.87 2.3766 393/47.5

123xl34 Refined 1.03458/-0.021 129.86 2.3762 487/60.8

Extrapolated Reference 1.03480

Nodal 30 9x`12 Minimum 1.03241/-0.22 130.54 2.3987 9.0/0.66

30 12x15 4/Element 1.03371/-0.10 130.22 2.3853 9.7/0.71

30 1509 Inner Water 1.03453/-0.025 130.04 2.3790 11.4/0.80

30 J4x17 Base 1.03417/-0.059 130.12 2.3815 10.3/0.74

30 28x34 Doubled 1.03464/-0.015 129.92 2.3767 34.0/2.41

Extrapolated Identical 1.03480/0.0
Value

KL: K = flux polynomial order and L = polynomial order for transverse leakage.

Extrapolate reference kf sing (4k 2-k 1)/3, where k2 has doubled mesh of k.

+Reactivity difference rative to the reference keff value.



was chosen as representative. The nodal estimates for data in
this region show excellent agreement with the finite difference
estimates.

The nodal model is also capable of providing transport theory
estimates of these data. However, it is believed that with a
buckling the current version of the code does not properly treat
the transverse leakage for nodal transport. The finite differ-
ence, nodal, and SN results are compared in Table VII using the
extrapolated S4 results as the reference. This table also shows
the reaction rates. The cost and storage for nodal transport
essentially doubled over the nodal diffusion theory case. The
nodal ransport estimate for the eigenvalue is substantially
higher, suggesting that there are significant transport effects in
the reactor. This difference of 071% Ap is larger than expected
but is confirmed by an S4 at 128%. The guidebook Monte Carlo
results for the benchmark reactor without lumped fission products
also suggest this trend with a nominal difference of 1.05% and a
maximum of 138% with the statistical uncertainty. However,
refining the mesh structure in the original finite difference
solution ay reduce this error. This estimate also agrees well
with the three�dimensional nodal transport difference of 109 in
Table II. Diffusion theory overpredicts the leakage from the
core, and the eigenvalue is low.

CONCLUSIONS

The nodal method with even a minimum number of nodes gives a
very good estimate for the eigenvalue, an adequate estimate for
the power peaking and the flux, and a considerable savings in cost
and running time over the finite difference method. The storage
requirements for the nodal method, however, can limit the useful-
ness of the method. The benchmark problem used in these compari-
sons assumed quarter core symmetry in the planar (KY) dimensions
and symmetry about the midplane axially. Extending this reactor
model to a full core problem would lead to a minimum requirement
of 18 x 23 x 14 nodes. The user may have to limit the amount of
detail included in the reactor model or revert to using the finite
difference method which may ultimately result in a less accurate
estimate of the eigenvalue. The usual choice of mesh structure
may produce significant inaccuracies in the solution, and trans-
port effects in many cases may be quite large. The use of trans-
port nodal methods for some applications may be justified and far
less expensive than Monte Carlo or Sn transport methods.
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Table Vil. Comparison of Finite Difference, Nodal, and Transport Results

FUEL31
X Y Power Ave. Total 3033 Storage

Approximation Mash/Nodes ke % Density Flux x 114 CPU, SCost' S k bytes
I ff/6P

Finite Difference 123034 1.03458/-1.28 129.86 2.3762 487/60.8 3700

11 Extrapolated 1.03480/-1.26

Nodal Diffusion 28x 34 1.03464/-1.28 129.92 2.3767 34/2.41 1200

ti Extrapolated 1.03480/-1.26

Nodal Transport 21x24 1.04226/-0.57 130.61 2.4128 31/2.20 1200

S 4Transport 28x3l 1.04871/+0.021 131.08 2.4262 192/13.6 1250

56x62 1.04854/+0.005 131.20 2.4284 685/49.4 1350

Extrapolated 1.04848 Ref.

Reaction Rates x 10-17

Reactor Core Water Reflector
Approximation Net Leakage Absorption Scattering Fiss. Production--- Not Leakage X Leakage Y Leakage

Finite Difference 0.63768 1.2092 3.4338 1.8469 -2.9333 -1.8597 -1.2187

Nodal Diffusion 0.63758 1.2093 3.4340 1.8468 -2.9320 -1.8590 -1.2182

Nodal Transport 0.62416 1.2096 3.4884 1.8337 -2.8498 -1.7914 -1.1964

S4 Transport 0.61300 1.2100 3.5029 1.8230 -2.7580 - -

Reactivity difference relative to the 4extrapolated ke ff,

Extrapolated reference keff using (4k 2-k1)/3, where k2 has double mash of k.
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