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Methods to form ulate analyti c expre ssions for aton-tic coll ision cross secti ons as a

func ion of projecti le e nergy are described on the basi s of the expe riences of the data

compilation work for more than 20 years. Topics considered are the choice of appro-

priate functional forms for the expressions and optin-dzation of adjustable parameters.

To make extrapolation possible, functions to be used should have the form with rea-

sonable asymptotic behavior. In this respect, modified Green-McNeal fort-nulas have

been found useful for various atomic collision cross sections. For ionization processes,

a modified Lotz fon-nula has often given a good fit. The ALESQ code for least-

squares fits has been convenient to optimize adjustable parameters in analytic expres-

sions.
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1. Introduction

Experimental data becomes more useful when they are expressed by

an analytic function fitted to them. In general, there are different pur-

poses of fitting functions to data. Here are some examples:

(1) To determine an unknown value in a theoretical relation.

(2) To analyze experimental data for identifying material included in

a sample.

(3) To establish a semiempirical or an empirical relation, or to give

recommended values of data, for quantities obtainable only by

elaborate study.

One of the present authors (T. T.) has been cooperating in the compilation

of data on atomic collision cross sections (the list of the titles of related

publications [ 1- 141 are given in Appendix), and has been applying function

fitting to formulate analytic expressions for those cross sections as a func-

tion of projectile energy. Such an application of function fitting corre-

sponds to 3) above. The analytic expressions obtained represent sets of

most probable values of the dependent variable (the cross section in our

application) as a function of the independent variable (projectile energy in

our case), and allows one to get interpolated and extrapolated values.

The storage of data in the computer memory combined with polynomial

fits to the data (see for example Ref. [15]) is useful for interpolation pur-

poses, but does not serve to extrapolation of the data this is shown by an

example in Sec. 2. On the other hand, formulation of an analytic expres-

sion for data makes extrapolation possible when an appropriate functional

form is used. In applying function fitting to the compiled set of data,

therefore, the choice of the functional form is important. The method of

optimizing the adjustable parameters of the function is also an important

problem. Though there are general textbooks for the technique of fitting

functions to data (see for example Refs. 16-18]), no specific and detailed

treatment useful for the application to atomic collision data is found.

I 
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In the present report, the two important problems for the formulation

of analytic expressions, i.e., the choice of ftmctional form and the optimi-

zation of parameters, are discussed on the basis of the experiences of more

than 20 years. The application to atomic collision cross sections as aftmc-

tion of projectile energy is assumed.

- 2 -



JAERI-Research 2003-015

2. Functional Forms for Itting

2.1. Finding Functional Forms

When a misbehaving function is used for fitting, extrapolation even to

the smallest extent fails. An example is given in Fig. 1. In this figure, the
result of fit 19] by the use of Chebyshev polynomial is seen to behave

badly just beyond the highest-energy data point, indicating that the poly-

nomial fit is quite useless for extrapolation. On the other hand, the result
of fit 9] by the use of Green-McNeal type function 20], which has physi-

cally reasonable asymptotic trends as described in the next subsection, al-

lows one to extrapolate the data to higher and lower energies rather reha-
bly. Therefore, we have to make good choice of the function in formulating

analytic expression for a set of data.

10-15:

H + H H(2p)

10-16

10-17

0

U)
CO 10-18

P

lo-19

Data
Chebyshev fit (Ba90)
Green-McNeal type fit lt94)-

10-20 . . I I 1 ' ' ' "
103 104 105 106

Energy (eWarnu)

Fig. 1. Comparison of curves fitted to a set of atomic collision
data (circle) by the use of Chebyshev polynomial (dashed line)
and Green-McNeal type function (solid line). The Chebyshev fit
uses 7 parameters 19]; The Green-McNeal type fit, 6 parame-
ters 9].

3
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Methods to find fimctional forms of analytic expressions can be classi-

fied as follows 21]:

(1) Theoretical approach

• derive from a simple model

• use the prediction of an asymptotic theory

• use a scaling law

• replace some constants in a theoretical equation (based on a

simple model) by adjustable parameters

• replace a theoretical equation by a simple equation with similar

behavior

(2) Empirical approach

- find a possible functional form by plotting data

(3) Combined approach

In the actual situation of getting an analytic expression for complicated

phenomenon, it is not always possible to find a good theoretical approach.

However, it is desirable at least to know the asymptotic trend from theory

or experimental data (examples are given in Subsecs 22 and 24).

2.2. Charge Transfer Cross Sections

Earlier work to express atomic collision cross sections by analytic ex-

pressions was done by Green and McNeal 201 for the total cross section

for electron capture by H'. They used the following ftmetion:

C = CO (Zaf (E - E&
J12 +V + E` + (Za)" Ev (EIC) A I

where ,, is the convenient cross section unit of 1 X 1-16 CM1, Z is the

number of electrons in the target atom or molecule, E is projectile energy,

Et is threshold energy, and a, Q, v, J, C and A are adjustable parame-

ters. The following nature of Green-McNeal formula provides its justifica-

tion:

(1) Low and intermediate energy region: The formula is similar to the

theoretical formulas of Rapp and Francis 22).

- 4 -
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(2) High energy region: The formula has the asymptotic form similar

to Bohr's semiclassical argument and Born's approximation.

The similarities described in (1) and 2) are discussed in Ref. 20] as fol-

lows: Rapp-Francis formula for the low-energy region behaves as Eq. (1)

for small E with v = 2 The result of Rapp and Francis in the intermedi-

ate-energy region is proportional to [hi(EJE)"'J' (E,, is a constant), and

this can be replaced by (Ecl# to a good approximation. At high energies,

Bohr's semiclassical argument gives the dependence proportional to v- (v

is the velocity of the projectile and r is a constant) with r = 6 On the other

hand, Born's approximation gives r 12 or 11. Experiment gives different

values for various substances from r 3 to 7.

We have used modifications of Green-McNeal formula for various

charge transfer cross sections (for earlier works, see Refs. 3 4. The

modified formula is given by

C = (To if (El) a7f(El/a8)1, (2)

where the function f and the argument El are given by

f (E) a, (E/ER)a, (3)
(E/a,)'2 +'I Ela,

I+ )a, +a, 

El = E - E, (4)

ER is a convenient energy to make the energy variable dimensionless [we

use Rydberg energy multiplied by the ratio of the projectile mass to the

electron mass 25.0 keV for atomic hydrogen)], and a, a, . . . and a rep-

resent adjustable parameters. Examples of fits by Eq. 2) are show in

Figs. 25, which have been adapted from Ref. [8].

Figure 2 represent a fit to a narrow peak with four adjustable parame-

ters. The fnction used is Eq. 2) without the second term and with Eq. 3)

without the last term in the denominator, i.e.

a = ro al(EI/ER)a, (2a)
)a2+a4

1 (El A
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Figure 3 represents a fit to a broad peak with six adjustable parameters.

The function used is Eq. 2) without the second term and with full terms

of Eq. 3), i.e.

= TC, al(EI/ER)"' (2b)
1 + (El/a3 )a2 +a, EJ/a5)a2+a6

Figure 4 represents a fit to a broad peak with a shoulder; and Fig. 5 a fit

to a double peak. For these two fits, all the eight adjustable parameters in

Eqs. 2) and 3) are used.

It is to be noted that the modified Green-McNeal formulas can also be

applied to various atomic collision cross sections other than charge trans-

fer processes. Namely, we can use Eqs. 2), (2a) and (2b) as follows:

(1) When the cross section simply rises and decays linearly in loga-

rithmic scales (such behavior is rather common in many atomic

collision cross sections showing a narrow peak), Eq. (2a) is useful.

(2) When the rise or the decay near the broad peak of the cross section

shows an appreciable deviation from linearity (i.e. bending) in

logarithmic scales, Eq. (2b) is useful, the middle term in the de-

nominator serving as a correction for the deviation.

(3) When the cross section shows a double peak or a shoulder beside a

peak, Eq. 2) is useful, the second term serving to express the sec-

ond peak or the shoulder.

6
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:Het + He+ He He2l

10-17-

E

.2
i5

0 10-18

10-191
103 104 105 106 107

Energy (eV/amu)

Fig. 2 A fit by Eq. (2a) to the dependence on energy of the
cross section showing a narrow peak. The number of adjustable
parameters used is 4 (Adapted from Ref. [8].)

H + He H(HO) + He+
10-17_

10-18=
E

0
10-19-

z
U)

0
1 o-20

10-21

10-221
102 103 104 105 106

Energy (eV/amu)

Fig. 3 A fit by Eq. (2b) to the dependence on energy of the
cross section showing a broad peak. The number of adjustable
parameters used is 6. (Adapted from Ref. [8].)

- 7 -
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H + He H(2s) + He+

lo-17-

E
8 lo-18=

0

10-19-Cn -
2

10-20

10,21
103 104 109 106

Energy (eWamu)

Fig. 4 A fit by Eq. 2) to the dependence on energy of the cross
section showing a peak with a shoulder. The number of adjust-
able parameters used is 8. (Adapted from [8].)

-He(23S) + He(11S)
He(31P) He

10-17

E

0

0 10-18

lo-19

lo' 2 103 4

Energy (eV/amu)

Fig. 5. A fit by Eq. 2) to the dependence on energy of the cross
section showing a double peak. The number of adjustable pa-
rameters used is 8. (Adapted from [81.)

8 



JAERI-Research 2003-015

2.3. Cross Section Curves with More Structures

When dependence on energy of a cross section shows a number of

peaks, it is useful to add more terms of the form of Eq. 3) to Eq. 2):

a= k +f2 +A +fl +--.]' (2c)

where A ( i = 3 4 . .) denotes the functions of the type of Eq. 3), with

or without the last term in the denominator, and with or without coeffi-

cients like a, and a,, in Eq. 2). Earlier use of Eq. (20 was made in the

formulation of analytic expressions reported by Ito et al. [8-11] for colli-

sion cross sections of H, H2. He and Li atoms and molecules.

�He + He He+ He(31 P)

10-17

al
E

C
0

;;,-- 10-18Q
(1)

U)
2
U

10-19

lo-201 -- d -- d -- d
102 103 104 105 106 107

Energy (eWamu)

Fig. 6 A fit of Eq. (2c) (with three terms) to the dependence on
energy of the cross section showing a triple peak. The number
of adjustable parameters used is 1 1. (Adapted from Ref. 9].)

Examples of fits of Eq. (2c) to a triple and a quadruple peak are given

in Figs. 6 and 7 The curve in Fig. 6 uses Eq. (2c) with three terms having

a total of 11 parameters, i.e. the following functional form:

C = a[fJE�,a,.) + a7fJEda8,a9) + aiA (EllaJ], (2d)

where the functions f, and f2 are given by

9



JAERI-Research 2003-015

JEIEfl(Ea) a R)"2 (3a)

I + (E/aX" +" + (E/a5)'2'

a, (E/ER)a,

f2(E) (3b)+ (E/a.,)a,,a6

10-17

:He+ + He He+ He(33D)

6- 10-18
E

0

W
coCD
0 10-19

C)

10-201 -. I
102 103 104 105

Energy (eWarnu)

Fig. 7 A fit of Eq. (2c) (with four terms) to the dependence on
energy of the cross section showing a quadruple peak. The
number of adjustable parameters used is 1 0. (Adapted from [9J.)

The third term on the right-hand side of Eq. (2d) is used for the narrowest

central peak in Fig. 6 The curve in Fig. 7 uses Eq. (26 with four terms

having a total of 10 parameters this number is less than that of Eq. (2d)

for Fig. 6 because all the sub-peaks, when decomposed, simply have a

form similar to Eq. (2a)]; the total ftmetional form is given by
or = [f (2e)

, (El + arf (El a6)+a7f3(El/a8) + af3(El1alO)1'

where the function f is given by

f3(E) = a, (E/k)a, (30

1+ (E/a. )a,

10 
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Rudd et al. 231 also used functional forms similar to Eq. (2c). They ex-

pressed cross sections of electron capture by H' colliding with gaseous at-

oms and molecules by the summation of terms like Eq. 3) over outermost

subshells.

2.4. Ionization Cross Sections

For ionization cross sections, the function with the asymptotic behavior

proportional to (In E,,)IEO as proposed by Lotz 241 is useful. For the single

ionization, Lotz formula is given by

a = all - b exp[-c(U - 1]Iq lnU (5)
EEO

where a, b and c are constants, U is given by

U = EIE, (6)

q is the number of electrons in the outermost shell. The asymptotic behav-

ior of the Lotz formula is based on the results of the theoretical calcula-

tions by Bethe 25] and Rudge and Schwartz 26].

10-15

-Total Ionization N2

10-16

E

0
10- 7

CD

2

10-18

10-191

lo' 102 103 104

Energy (eWarnu)

Fig. 8. A fit of Eq. 7) to the dependence on energy of the cross
section of electron impact ionization of N2'

- 1 
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We have expressed the behavior near the threshold in a form different

from the one in Eq. (5) and gotten a modified Lotz formula 131:

a = al [InU + a2)/EEo V11 + (a3/E, )a, I (7)

where El is given by Eq. 4) on page 5. An example of fit of Eq. 7) to an

ionization cross section is shown in Fig. 8. The use of the Green-McNeal

type equation with the same number of parameters, i.e. Eq. (2a), gives an

almost similar curve, but its root-mean square deviation from the data is a

little worse than the use of Eq. 7). This indicates the excellence of the

modified Lotz formula for ionization cross sections.

2.5. Other Specific Cross Sections

Olson et al. 271 used the following formula in fitting the cross section

of electron removal from hydrogen atoms in collisions with positive ions:

al = a(bqlEo)[1 - exp(- E. Ibq)]a(,, (8)

where q is the charge on the incident ion, and a and b denote adjustable

parameters.

Phaneuf et al. 28] developed a formula to express general scaling rela-

tions for the charge exchange processes involving iron ions:

Feq, + M -+ Fe(q-l)+ + M+' (9)

where M represents neutral H, H2or He. Their formula is given by

c(q, E.) = - Aqln(BF/Eo) (10)
1+CE02 Iq + D(EO/NF) 4.5 9

where A, B, C and D denote adjustable parameters.

At first glance it seems to be possible to use Eqs. (8) and (10) also for

the other atomic collision cross sections that have the trend of being al-

most constant at low energies. To check this possibility, representative

cases of these equations as given below are plotted in Fig. 9.

y = (11x)[1 - exp(-x)] (8a)

- 12 -
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y = 11x)[ - exp(- x1i 0)] (8b)

= n(102/X)/[l + X2 +X/10) (10a)

101:

100

10-1 ---------

> 12

10-3

10-4

q a
lq� �28b�
-Eq. (10a)

lo-5 -- d
10-1 100 101 102 103

X

Fig. 9 Plot of representative cases of Eqs. (8) and (10), show-
ing limitations of these equations.

Figure 9 shows that Eqs. (8) and (10) have severe limitations at high en-

ergies. Namely, Eq. (8) has the fixed asymptotic behavior proportional to

11E0, and Eq. (10) has the upper bound, given by BNF, to the applicable

energy region. Therefore, it is difficult to apply these equations to cross

sections with various high-energy trends.

13 -
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3. Optimization ofAdjustable Parameters

3.1. Algorithm for Optimization

In fitting an analytic function to a set of data, it is necessary to opti-

mize the values of adjustable parameters in the function. There are vari-

ous algorithms for optimization (see for example 17]), and many program

packages are commercially available. However, it is convenient to adopt

such a program that can be modified easily by users according to their

demand. We have been using the computer code ALESQ, which was de-

veloped by Tabata and Ito 21] for the method of least-squares fit and is

written in FORTRAN. The algorithm used in ALESQ is called Leven-

berg-Marquardt algorithm or maximum-neighborhood algorithm (see

[16]). In ALESQ a strategy developed by Tabata and Ito 29] for faster

convergence is incorporated.

3.2. Weighting Data Points

Ideally data points should be weighted by.

N181 2
W = N

(11S12

where w, is the weight for the ith data point, N is the number of data

points, and st is the standard deviation of the ith data point. In most cases

of data compilation, however, values of s, are not available.

For the set of data that range over an order of magnitude or more, it is

a good practice to assume uncertainties of approximately equal relative

magnitude (s = const y,). Then we have

W = Nlyi' (12)
N

I Olyi')

14 -
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For the set of data with large fluctuations, however, Eq.-(12) favors

data points with values lower than average. To avoid this, Tabata and Ito

[21] developed the method of two-step fitting, which can be described as
follows:

First step: Function In y is fitted to data ln y I with

W = . (13)

Second step: Function y, is fitted to data y I with

W = Nly,'(x,) (14)
N

Y['/YAXA
i=]

where y, denotes the function y with the values of the adjustable parame-

ters obtained in the first step.

3.3. Finding Initial Values

Let us consider the example of fitting Eq. (2a) to a sample data set.

The data set we use here is the cross section for C' production by electron

collision with CO plotted in Fig. 10 (adapted from Ref. 131).

e + CO C+ Production

4

Ci

0
10-17

P

o Data -
-Fit

10-18 I . . . .

lo, ER+Et 102 103

Energy (eV)

Fig. 10. Example of determining initial values of adjustable pa-
rameters for optimization. (Adapted from 13].)

- 1 -
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We have E = 224 x 10-2 keV and ER = 1361 x 10-' keV to be put in

Eq. (2a). The initial values for a,, a2, a, and a, can be estimated as follows

(arrows and lines referred to are those of Fig. 10):

a, = 13 x 10-1

(from the vertical scale of arrow 1, divided by lo") (15)

a = .5 (from the gradient of line 2 (16)

a = .0 x 10-1 (keV) (from the horizontal scale of arrow 3) (17)

a = .0 (from the absolute gradient of line 4 (18)

PLOITING SVMEDL 0 Y[ATIk

X-1. 964E+00 1 209E-01

-I 602EM UF 0-1.574E+00 +
-1.547E+00 +
-1 519E+00 40
-1:492E+00 +
_J. 4649+00

436E400 +
_1. 409E+00 0 +

-1.354E+00 0 +
-1.326E+00 +
-1.298E+00 0 +
-1.271E+00 +

-1.243E+00 +-1.2I69+00 0 + I

-1.1 8,E+00 + I
_1.1 33E+00 +I
_1.1 05E+00 0 +I
-1.078E+00 +1
_1.050E+00 0 I+

-1.022E+00 I+
_9. 9480-01 0 1+
_9. 672E_01 +
_9. 396E-01 +
-9.120", 0 +
1.844E-01 +
_8. 567E_( +
-8.29IF-01 0 I +

-8.015"1 I +
-7.739E-01 I +

7.46 -01 0 I +
:7.187M-01 I+
-6.91 12-01 0 I 
-6.635E-01 I 
-6.359"I 0 +
-6.08-V-01 0 I+
5 X

:5:'.E-Oll 0 +I
-5 255E-'Ol 0 +T
-4:979E-ol +I
-4.703E-01 + I
-4.427E-01 0 + I
-4.15 -01 +

-3.875E-01 0 +
3 599E-O 0 +

:3:323E-011 +

-3 GVE-01 0 +
-2:771E-01 +
-2.495E-ol 0 +
-2.216EI, 0 +

Fig. 1 1. Rough plot of the analytic expression with initial val-
ues of adjustable parameters to compare with data (o). The
symbol x is used for plotting when the symbols and overlap.
The vertical axis represents projectile energy; and the horizontal
axis, cross section. Scales are logarithmic.

- 16 -
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With these initial values we can make a rough plot to compare the ana-

lytic expression with the data. Such a plot generated by the ALESQ code

in the "check" mode is shown in Fig. 11. This figure has been produced by

a simple FORTRAN subprogram included in ALESQ. The ALESQ code

also gives the rms deviation of the analytic expression from the data, and

it is 24 240%) for the present initial values. This deviation is large. We

can see from Fig. 10 that the analytic expression is larger than the data

except for the lowest energies and that the maximum cross section ap-

pears at higher energy for the analytic expression than the data. There-

fore, the increase of the value of al and the decrease of the value of 3

would reduce the deviation. For the simple function of Eq. (2a), however,

we can start optimization from these initial values.

Optimization by ALESQ sometimes comes to a dead end for certain

combinations of data and function even for considerably good initial val-

ues. In such a case, fitting a partial function to partial set of data or tem-

porarily fixing some parameters would make progress toward the final so-

lution. It is a good idea to use kJ instead of a, in the fnction subprogram

for calculating the fitting function when a, should be a positive definite.

3.4. Checking Results

After the computation of optimization, we should first look at the er-

rors of the fit and the plot. These are shown in Table and Fig. 12 for the

example problem we are considering. If the results are not satisfying, we

should change the functional form and try again.

Table 1. Part of the output list of ALESQ showing the rms rela-
tive residual, the maximum in magnitude of residual, the relative
rms deviation of data from the equation and the final values and
errors of adjustable parameters.

RMS RELATIVE RESIDUAL = 5.90643E-02

MAXIMUM IN MAGNITUDE OF RESIDUAL = 2.214E-01 AT DATA NO. 2

RELATIVE RMS DEVIATION OF DATA FROM EQUATION = 5.81E-02

A( 1 = 1.216085675E-01 3.5E-03
A( 2 = 9.357022265E-01 3.6E-02
A( 3 = 8.532963359E-02 7.3E-03
A( 4 = 8.724773152E-01 5.5E-02

- 17 -
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Fig. 12. Rough plot of the analytic expression ) with the final
values of adjustable parameters to compare with data (o). The
symbol x is used for plotting when the symbols and overlap.
The vertical axis represents projectile energy; and the horizontal
axis, cross section. Scales are logarithmic.

3.5. Rounding Parameters

It is nonsensical to retain all the digits of the fal values of the ad-

justable parameters given by ALESQ as shown in Table 1. We should

round the parameters at the minimum necessary number of digits so as to

reproduce one or two digits of the relative rms deviation of data from

the equation (the value of is given in the third row of Table 1). For this
purpose, it generally suffices to round each parameter at the place of the

second digit of its error. In the example above, this gives: a, = 1216 x 10-1,

a = 936 x 10-1, a3= 853 X 1-2 and a4 =8.72 x 10'. Running ALESQ in the

"check" mode with these rounded parameters, we find the corresponding

value of to be 59%, satisfying our requirement.

- 1 -
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4. Conduchng Remarks

Modified Green-McNeal formulas have been useful to make analytic

expressions of various atomic collision cross sections as a unction of pro-

jectile energy. For ionization cross sections, a modified Lotz formula has

often rendered a good fit. The ALESQ code for least-squares fit has helped

us to optimize adjustable parameters in analytic expressions, though some

techniques as mentioned in the last paragraph of Subsec 33 are neces-

sary for masterly use of it.
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Appendix

In this appendix the list of publications made by the JAERI group for

the compilation of atomic collision cross sections are given, including one

for which Shirai worked together with a group at MEA Among these pub-

lications, those not cited in Secs 2 and 3 would also be useful as refer-

ences for the formulation of analytic expressions.

(1) Cross sections for charge transfer of helium atoms and ions collid-

ing with gaseous atoms and molecules 1].

(2) Single-electron-capture cross sections of multiply-charged ions col-

liding with H, H, and He 2].

(3) Cross sections for charge transfer of hydrogen atoms and ions col-

liding with gaseous atoms and molecules 3].

(4) Analytic cross sections for charge transfer of hydrogen atoms and

ions colliding with metal vapors 4].

(5) A semiempirical formula for single-electron-capture cross sections

of multiply charged ions [5].

(6) Partial cross-sections for single-electron capture of hydrogen ions

[6].

(7) Extended scaling of cross-sections for the ionization of H, H2 and

He by multiply charged ions 7].

(8) Analytic cross sections for collisions of H, He and Li atoms and

ions with atoms and molecules. I [8].

(9) Analytic cross sections for collisions of H, He and Li atoms and

ions with atoms and molecules. II 9.

(10) Analytic cross sections for collisions of H, I, He and I atoms and

ions with atoms and molecules. III [101.

(11) Analytic cross sections for collisions of H, H2, He and Li atoms and

ions with atoms and molecules. IV [11].

(12) Analytic cross sections for collisions of H', If', H", H, H 29 and H-

with hydrogen molecules 121.

(13) Analytic cross sections for electron collisions with CO, CO 29 and

H20 relevant to edge plasma impurities 13]

- 22 -
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(14) Analytic cross sections for electron collisions with hydrocarbons:

CH 4IC2116 CA CA CH8I and CA 141.

(15) Recommended cross sections for state-selective electron capture in

collisions of C and 0" ions with atomic hydrogen 301.
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