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Abstract
A generalized Peaceman-Rachford (P-R) ADI form based on the regularized finite difference
scheme is employed in order to study the interactions of two co-propagating laser beams in underdense plasmas. A numerical algorithm using the P-R ADI form is constructed for solution of
coupled 2D time-dependent non-linear Shrödinger equations for quasineutral plasmas in paraxial
approximation.
The ability of the form to solve the equations is discussed, and its performance in simulating
phenomena associated with the interactions in the presence of pondermotive nonlinearity and
relativistic nonlinearity is examined.
It is shown that the generalized P-R ADI form can accurately solve the coupled NLS equations. With simulation results, the form is shown to be suitable to simulate the interactions of
two co-propagating laser beams with underdense plasma, and it can successively simulate the
associated phenomena at varying conditions.

MIRAMARE – TRIESTE
December 2005

1

Introduction

The Ultra-Short Laser Plasma Interactions is a crucial and a rapidly growing field of research
in plasmas physics[1]. Many research topics, such as Laser-Based Accelerator[2], High-order
Harmonic Generation[3], X-ray lasers[4], and Inertial Confinement Laser Fusion (ICF)[5] are
explored due to the interactions. As a result of intensive investigations carried out in the
mentioned topics, new physical phenomena with wide applications in industry[6] and medicine[7]
are presented, and more are expected to be explored by developing of the laser parameters, i.e.,
laser intensities, pulse length and reputation rate.
As a result of Chipred Pulse Amplification (CPA) technology[8], number of laser systems with
muliterra watt power, more than 1021 W/cm2 intensities and subpicosecond duration rate are
now available. Such developed lasers can propagate longer than the diffraction length ZR , with
little attenuation or significant energy losses. It can also deliver laser energy P more than the
critical power Pcr required for the relativistic self-focusing, i.e., P ≫ Pcr = 17(ω0 /ωpe )2 , where
ω0 is the laser frequency and ωpe is the plasma frequency. In addition, such lasers have strength
field exceeding 1011 V/m, which is the value required to oscillate the electrons at relativistic
velocity.
In such new laser configuration more physics relevant to the nonlinear interactions are discovered and new research topics such as Fast Ignition Concept [9] and Pair Production[10] are
opened.
One of the research topic that has received growing interest as a direct result for laser
developing is the propagation of multi laser beams in plasmas[11, 12]. In the topic, two/more
co-propagating/counter-propagating laser beams nonlinearly interact with underdense plasmas
to produce much of complex phenomena. Our main research is devoted to study the nonlinear
interactions of two co-propagating laser beams with underdense plasmas.
The topic is of a crucial interest in ICF Physics[13], where the energy transfer between
the co-propagating beams via Stimulated Brillouin Scattering is a very important topic to be
studied, also in Optical Spatial Solitons[14], in which the interaction between the two beams
solitons is considered to be the most fascinating feature of all solitons phenomena.
In order to study nonlinear interactions of two co-propagating laser beams with underdense
plasmas, an envelope equation describing the propagation of each beam is required. Number
of envelope equations describing the complex propagation of the laser beams in plasmas are
derived[15, 16], but in our study, an envelope equation in two dimensional co-ordinates with
slowly varying approximation and including the nonlinear effects should be considered. So, a 2D
time-dependent nonlinear Shrödinger equation (NLSE) derived in paraxial approximation with
the pondermotive and the relativistic nonlinearity is used.
The analytical solution of the envelope equation (NLSE) is not sufficient to describe the
evolution of the physical processes, so the numerical simulation is very demanding for a detailed
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analysis for the propagation. Number of numerical algorithms were employed to solve the NLSE,
beginning with the implicit difference scheme[17, 18], a conservative spectral method for 2D nonlinear wave type [19], Hopscotch method[20] and a new six point scheme[21] for coupled NLSE.
But, the Alternating-Direction Implicit(ADI)[22] was shown to be accurate and stable to solve
the NLSE and simulate the propagation in comoving frame and paraxial approximation[23],
particularly, the Peaceman-Rachford ADI scheme, which showed to be suitable to solve the
NLSE in solitons solution[24].
In the present research, the nonlinear interactions of two co-propagating laser beams with
underdense plasmas using a generalized Peaceman-Rachford ADI form based on the regularized
finite different scheme is studied. The article is organized as follows: In section 2, basic equations;
coupled envelope equations and the main physical assumptions and considerations are described.
In section 3, the model and numerical algorithm constructed in order to solve the equations
are explained, in addition the validity and the accuracy of the form to simulate associated
phenomena is discussed. Finally, in section 4, simulation results, i.e., time-evolution for the
absolute amplitude and snapshots for the propagation trajectory of the interacting beams at
different intensities and separation distances between the initial beam centroids are presented.
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Basics Equations

To study the nonlinear interactions of two co-propagating laser beams with underdense plasmas,
some circumstances have to be considered: the two interacting beams can merge into a single
beam, split into three or more beams or remain trapped in the density channel. This can be
accurately described using the following coupled envelope equations[25]:
∂a1
∂τ
∂a2
2i
∂τ
2i

+ ∇2⊥ a1 + (1 − n/γ)a1 = 0

(1)

+ ∇2⊥ a2 + (1 − n/γ)a2 = 0

(2)

Each equation is a 2D time-dependent nonlinear Shrödinger-type equation (NLSE). τ is
the time normalized by ωpe t/ω0 , a1 and a2 are slowly varying vector potentials, and both are
normalized by mc2 /e. ∇2⊥ −→ ∇2yy + ∇2zz , y, z are the transverse co-ordinates and x is the
propagation direction and all are normalized by c/ωpe . n is the electron density normalized by
unperturbed density, which is time varying and γ is the relativistic factor.
Both equations are derived for slowly varying envelope, i.e., |∂a/∂t| ≪ |ω0 a| and in paraxial
approximation, i.e., ∂/∂x = 0, and the following co-ordinate transformation is applied
(τ, x, y, z) → (τ, η, y, z)
where,
η =x−(
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k0 c
)τ
ωpe

With the previous transformation, each equation becomes describing the propagation in comoving frame η, where k0 is laser wave number.
In our physical considerations, the study is carrying out for tenuous plasma, i.e., plasma
far from critical density nc , with n/nc ≪ 0.01, and in the equations, the nonlinear effects
of the relativistic nonlinearity and the density modification by the transverse pondermotive
nonlinearity are included. Certain kinetic effects such as electron acceleration, attraction of
electron filamentation and corresponding qusistatic magnetic field have been neglected.
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The Algorithm

In a previous study performed to solve a 2D heat equation[27], the author showed that the
Peaceman-Rachford ADI (P-R ADI) scheme has a disadvantage to solve the equation at large
heat coefficient values, and the scheme is not suitable to simulate phenomena occurred at this
condition. In order to overcome the disadvantage, the author introduced a generalized P-R ADI
form based on the regularized finite difference scheme, he proofed that with certain values for
a control parameter, the form can successively simulate the phenomena, regardless of the heat
coefficient values.
In this section, the P-R ADI scheme will be applied to solve the coupled envelope equations.
The stability of the scheme and its ability to solve the equations and simulate the associated
phenomena will be examined. Following that, the generalized P-R ADI form will be employed,
the ability of the form to simulate the problem at varying conditions will be shown, in addition,
the control parameter values required for an accurate solution will be evaluated.

3.1

Peaceman-Rachford ADI Scheme

In a P-R ADI scheme, each envelope equation (Eqs.(1) or (2)) is splitted up as
n+1/2

aI,J

− anI,J

△t/2

=

i 2 n+1/2 i 2 n
i
n+1/2
∇ a
+ ∇z aI,J + N (a)aI,J
2 y I,J
2
2

(3)

=

i 2 n+1/2 i 2 n+1 i
∇ a
+ ∇z aI,J + N (a)an+1
I,J
2 y I,J
2
2

(4)

n+1/2

an+1
I,J − aI,J
△t/2

where N (a) = (1 − n/γ), △t is the time step,
∇2y aI,J =

aI−1,J − 2aI,J + aI+1,J
1
= 2 δy2
h2
h

and

aI,J−1 − 2aI,J + aI,J+1
1
= 2 δz2
2
h
h
2
where h is the grid size, δy = a(I − 1, J) − 2a(I, J) + a(I + 1, J) and δz2 = a(I, J − 1) − 2a(I, J) +
∇2z aI,J =

a(I, J + 1).
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Let r = (i△t/4h2 ), then Eqs.(3) and (4) will be
n+1/2

(1 − rδy2 − h2 rN (a))aI,J

= (1 + rδz2 )anI,J
n+1/2

2
(1 − rδz2 − h2 rN (a))an+1
I,J = (1 + rδy )aI,J
n+1/2

Eliminating aI,J

(5)

(6)

from Eqs.(5) and (6) gives

2
2 n
(1 − rδy2 − h2 rN (a))(1 − rδz2 − h2 rN (a))an+1
I,J = (1 + rδy )(1 + rδz )aI,J

(7)

To examine the stability of the P-R ADI scheme and its ability to solve the equation, let’s
substitute aI,J in Eq.(7) with the following form
a = a(I, J)ei(I+J)hπ = a(I, J)ei(σ1 +σ2 )h
where σ1 = Iπ, σ2 = Jπ and I, J = (−N, −N + 1, .... − 3, −2, −1, , 0, 1, 2, 3, ....N − 1, N ), then,
the amplification factor for Eq.(7) will be equal to
G=

(1 − 4r sin2 ( σ12h ))(1 − 4r sin2 ( σ22h ))
(1 + 4r sin2 ( σ12h ) − h2 rN (a))(1 + 4r sin2 ( σ22h ) − h2 rN (a))

(8)

As shown in Eq.(8), the amplification factor directly depends on σ1 , σ2 , r and N (a), i.e.,
I, J, △t, h and N (a) values.
N (a) depends on electron density n, which is time-varying and given by
n = MAX(0, 1 + (∇2y + ∇2z )γ)
and the relativistic factor γ, it is time-varying and defined as
γ=

p
1 + |a1 |2 + |a2 |2

From the previous definitions for n and γ, it is clear that N (a) is time-varying, but in the
case of n; which is addressing the pondermotice expulsion of the electron density from the highintensity region, becomes equal to γ; which represents the electron mass correction due to the
relativistic effect, then N (a) = 0, and in this case, the amplification factor will be modified to
be
G=

(1 − 4r sin2 ( σ12h ))(1 − 4r sin2 ( σ22h ))
(1 + 4r sin2 ( σ12h ))(1 + 4r sin2 ( σ22h ))
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(9)

In Eq.(9), for any r > 0, the amplification factor |G| < 0. In such condition, the P-R ADI
scheme will be unconditionally stable, i.e., a stable solution for the envelope equation can be
achieved, consequently, an accurate simulation for the problem can be performed.
But in case of large r; depending on the simulation parameters, and at large I ans J, as an
example I = Imax = N − 1 or −N + 1 and J = Jmax = N − 1 or −N + 1, the amplification
factor will be
|G(r, Imax, Jmax)| ≈

Imax πh
πh
)(r sin2 Jmax
)
2
2
2 Imax πh
2 Jmax πh
(r sin
)(r sin
)
2
2

(r sin2

≈1

(10)

The result obtained in Eq.(10) shows that the scheme solution slowly converges towards the
exact solution, which means, physical processes which occurred at this condition can not be
accurately simulated.
This is considered as a disadvantage for the P-R ADI scheme for the case of N (a) = 0, and
at large r, I and J, and in order to overcome this disadvantage, another form, in particular the
generalized P-R ADI form is recommended to be applied.

3.2

Generalized Peaceman-Rachford ADI Form

In the generalized P-R ADI form based on the regularized finite difference scheme, each envelope
equation is splitted up as
n+1/2

ǫi△tδy2 aI,J − anI,J
i
i
i
n+1/2
n+1/2
) = 2 δy2 aI,J + 2 δz2 anI,J + N (a)aI,J
(1 −
)(
2
4h
△t/2
2h
2h
2
n+1/2

n+1
ǫi△tδz2 aI,J − aI,J
(1 −
)(
4h2
△t/2

)=

i 2 n+1/2
i
i
n+1
δy aI,J + 2 δz2 an+1
I,J + N (a)aI,J
2
2h
2h
2

(11)

(12)

ǫ is small and positive parameter; control parameter, when ǫ = 0 the generalized form will
be in the P-R ADI scheme.
Let r = (i△t/4h2 ), then Eqs.(11) and (12) are re-written as
n+1/2

(1 − ǫrδy2 − rδy2 − h2 rN (a))aI,J

= (1 − ǫrδy2 + rδz2 )anI,J
n+1/2

2
2
(1 − ǫrδz2 − rδz2 − h2 rN (a))an+1
I,J = (1 − ǫrδz + rδy )aI,J
n+1/2

Eliminating aI,J

(13)

(14)

from Eqs.(13) and (14) gives

2
2
2
2 n
(1−ǫrδy2 −rδy2 −h2 rN (a))(1−ǫrδz2 −rδz2 −h2 rN (a))an+1
I,J = (1−ǫrδy +rδz )(1−ǫrδz +rδy )aI,J (15)
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Substituting aI,J in the previous equation with aI,J = a(I, J)ei(σ1 +σ2 )h , the amplification factor
becomes
G=

(1 + 4ǫr sin2 ( σ12h ) − 4r sin2 ( σ22h ))(1 + 4ǫr sin2 ( σ22h ) − 4r sin2 ( σ21 h ))
(1 + 4ǫr sin2 ( σ12h ) + 4r sin2 ( σ21 h ) − h2 ǫrN (a))(1 + 4rǫ sin2 ( σ22h ) + 4r sin2 ( σ22h ) − h2 rN (a))
(16)

The previous relation shows that the amplification factor depends on I, J, △t, h , N (a) in addition to a new parameter; the control parameter ǫ.
In the case of N (a) = 0, the amplification factor is modified to
G=

(1 + 4ǫr sin2 ( σ12h ) − 4r sin2 ( σ22h ))(1 + 4ǫr sin2 ( σ22h ) − 4r sin2 ( σ21 h ))
(1 + 4ǫr sin2 ( σ12h ) + 4r sin2 ( σ22h ))(1 + 4rǫ sin2 ( σ22h ) + 4r sin2 ( σ21 h ))

(17)

It is clear in Eq.(17), the control parameter has a major impact in controlling the amplification
factor value, so by a suitable selection for its values, a fast converging towards the exact solution
can be achieved.
In order to determine the suitable control parameter for a stable and accurate simulations,
let’s put α = 4r = i△t/h2 , β1 = sin2 ( σ21 h ) and β2 = sin2 ( σ22h ) in Eq.(17), then the amplification
factor will be in the form
|G| =

(1 − α(β2 − ǫβ1 ) (1 − α(β1 − ǫβ2 )
(1 + αβ1 (1 + ǫ)) (1 + αβ2 (1 + ǫ))

(18)

Let’s select ǫ to be
ǫ = min{β1 /β2 , β2 /β1 }

(19)

With the above selection, (β1 − ǫβ2 ) > 0 and (β2 − ǫβ1 ) > 0, and the amplification factor will be
|G| =

(1 − α(β2 − ǫβ1 )) (1 − α(β1 − ǫβ2 ))
<1
(1 + αβ1 (1 + ǫ)) (1 + αβ1 (1 + ǫ))

(20)

As shown in Eq.(20), the form is unconditionally stable, but for large α, the amplification factor
is given by
|G| =

(β1 − ǫβ2 ) (β2 − ǫβ1 )
<1
β1 (1 + ǫ) β2 (1 + ǫ)

(21)

It is clearly noted in Eq.(21) that the amplification factor is un-effected by changing the α
value, in addition, at varying iterations, including the large cases (large β1 and β2 in this case),
the amplification factor is always < 1, as ǫ satisfies Eq.(19).
The above calculations and results show that depending on the control parameter value, the
P-R ADI form overcomes the disadvantage of the P-R ADI scheme and it can solve the equation
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and simulate the associated phenomena accurately.
As shown in Eq.(19), in order to evaluate the suitable control parameter value, it is required
to calculate the ratio between β1 and β2 , in particular at large I and J, where the form is
recommended to be applied.
At large I and J or at Imax and Jmax, this ratio has the following values:
Case 1: I = Imax, J = ±1, ±2, ±3, ..., ..., ..., ...Jmax,
πh
)
sin2 ( Imax
β1
2
≈ O(h2 ),
=
Jπh
2
β2
sin ( 2 )

sin2 ( Jπh
β2
2 )
≈ O(1/h2 )
=
Imax
2
β1
sin ( 2 πh )

Case 2: I = Imax, J = Jmax,
πh
)
sin2 ( Imax
β1
2
≅ 1,
=
Jmax
πh
2
β2
sin ( 2 )

πh
)
sin2 ( Jmax
β2
2
≅1
=
Imax
πh
2
β1
sin ( 2 )

Case 3: I = ±1, ±2, ±3, ..., .., ...Imax, J = Jmax,
sin2 ( Iπh
β1
2 )
=
≈ O(1/h2 ),
Jmax
2
β2
sin ( 2 πh )

πh
sin2 ( Jmax
)
β2
2
=
≈ O(h2 )
Iπh
2
β1
sin ( 2 )

It is clear from the results obtained above that β1 and β2 ratio is in order of three possible
values, which are O(h2 ), 1, O(1/h2 ), so the suitable control parameter for an accurate simulation
be given by
ǫ = min{h2 , 1, 1/h2 }.

4

Simulations Results

In our simulations, the two co-propagating laser beams are selected to have the same frequency
and the polarization direction, and their initial transverse beam profiles are chosen to be Gaussian, which are govern by by following equations:

2 +z 2 ]/2ρ )
01
1

a1 = a01 e([−(y1 −y01 )

2 +z 2 ]/2ρ )
02
2

a2 = a02 e([−(y2 −y02 )

a01 and a02 are the initial complex amplitudes of the two beams, y01 and y02 are the initial beam centroids. ρ01 and ρ02 are parameters related to the normalized threshold power for
the relativistic self-focusing, their values must fulfill the relativistic self-focusing condition, i.e.,
8

a201 ρ201 ≥ 16 and a202 ρ202 ≥ 16, so they are given an equal and fixed value during the simulations,
which is ρ01 = ρ02 =8.
Figure 1 shows time-evolution for the absolute amplitudes Σ =

p

|a21 | + |a22 |, for two inter-

acting beams at a01 = a02 = 0.4, y01 = 10 and y02 = −10, as shown at τ = 0.
At τ = 55, two individually self-focused beams are observed, each is self-focused at high
intensity around its initial centroid.
The self-focusing is a basic phenomena in the nonlinear laser propagation in plasmas, which
is obtained due to two effects, namely, the pondermotive and relativistic self-focusing effect.
In the pondermotive effect, a pondermotive force is formed due to nonlinear coupling between
spatially varying light beam and plasmas, the resulted force expels the electrons along the
transverse direction and reduces the electrons density. In the relativistic effect, the ultra high
power laser accelerates the electrons to the relativistic speed and increases their masses by the
relativistic factor. Both effects reduce the plasma frequency and produce a large refractive index,
as a result, the wave front of the beam rapidly converge causing the self-focusing.
At τ = 90, the individual self-focusing behavior is continuing, but for focused beams with
growing intensity.
At τ = 115, the two beams merge into a highly focused single beam. The merging process is
a result for the nonlinear mutual interactions between the co-propagating beams. The processes
is obtained when the mutual attraction force between the co-propagating beams is stronger than
the mutual repulsive force. The merged beam keeps its feature as a single high intense beam
without changing, as shown at τ = 200 and τ = 250.
Figure 2 shows time-evolution for the absolute amplitudes Σ, of two beams at a01 = a02 =
0.6, y01 = 10, and y02 = −10, as shown at τ = 0.
At τ = 30, two individually self-focused beams are observed, each beam is self-focused around
its initial centroid.
It may be noted that, at τ = 30 the interacting beams are self-focused earlier comparing
with the case in figure 1. The reason for the earlier self-focusing is attributed to the difference
between the applied complex amplitudes in both cases. Here a higher amplitude is applied, and
a higher amplitude leads to stronger evacuation for the electrons by the pondermotive force and
increasing to the electron masses due to the relativistic effect. As a result, fast converging for
the beam wave front is performed, consequently, quick self-focusing is obtained.
At τ = 75, in addition to the two individually highly intense self-focused beams, a third beam
with lower intensity located between the two main beams is observed. The formation of the third
beam is a direct impact for a nonlinear mutual interactions between the co-propagating beams,
and the continuity of this beam depends on the balance between the mutual attractive and
repulsive forces between the main beams. In case of a stronger attractive force than repulsive
9

one, the formed beam can sustain and grow, but in case of a stronger repulsive force than
attractive one, the formed beam can be channeled by the main beams and disappear.
At τ = 135, the channeling of the third beam by the main beams is observed, which indicates
that the repulsive force is stronger than the attractive force in this stage.
At τ = 180, the main beams remain individually self-focusing, but each is self-focused far
from its initial centroid, in opposite directions, this indicates that the repulsive force is still
stronger than the attractive one.
The growing of the repulsive force is continuing, where the two beams are propagating away
from each other, and the separation distance between their centroids is increasing, as it is clearly
shown at τ = 215.
Figure 3 shows a snapshot of the propagation trajectory of the absolute amplitudes Σ, of
two interacting beams at a01 = a02 = 0.6, y01 = 10 and y02 = −10.
At τ ≈ 25, the two beams start to self-focus at high intensity and small spot size, afterward,
they start to attract each other and propagate in a slightly shifted trajectory.
At τ ≈ 50, the two beams split into three beams, a center one at low intensity and two selffocused at high intensity. The center one propagates along its main trajectory to be completely
defocused at τ ≈ 100, while the two self-focused at constant intensity start to repel each other,
where the separation distances between their centroids is gradually increasing.
The self-focused beams produce strong electron-density cavitation, which prevent the beams
to merge into a single beam, so they propagate in repulsive propagation trajectory with constant
intensity and spot size as shown from τ ≈ 100 to the final stage.
Figure 4 shows time-evolution for the absolute amplitude Σ, of two interacting beams at
a01 = a02 = 0.8, y01 =10 and y02 = −10, as shown at τ = 0.
At τ = 45, it is shown that two individually self-focused beams, each is self-focused at high
intensity around its initial centroid, in addition, a lower intensity beam in the middle of the
main beams is formed.
This configuration is previously observed in figure 2, but here, the configuration is formed
more quickly and at higher intensity than the previous one.
The mechanism of the formation of such configuration has been explained before, and the
reason for the faster formation and the higher intensity is due to the higher amplitude applied
in this case.
At τ = 110, a new configuration is shown, multi-beams or multiple filaments structure for
more than three beams is observed.
The Multiple filaments structure was previously observed in the nonlinear single laser beam
propagation in plasmas[28]. The structure is resulted when the beam is self-focused above the
critical power for collapse, and as a result, the single beam breaks up into multi narrow single
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filaments. The structure depends on the initial power and intensity configuration of the single
beam.
At τ = 155, the multiple filaments structure is observed, but here the separation distances
between the beam centroids are longer and the intensity of the middle beams is higher.
At τ = 205, the multiple filaments structure is continuing, but the separation distances between their centroids are growing longer, and the middle beam is channeled by the main beams.
This indicates that the mutual repulsive force is growing stronger than the mutual attractive
force, and it is more dominate force at this stage as shown at τ = 225.
Figure 5 shows the propagation trajectory of the absolute amplitude Σ, of two interacting
beams at a01 = a02 = 0.8, y01 = 12, and y02 = −12.
It is noted in the presented snapshot that the mutual interactions between the main copropagating beams, either the mutual attractive force in the early stage or the mutual repulsive
force in the advanced stage, are relatively weak.
The reason for the weak forces is due to the increasing of the separation distance between
the initial beam centroids here, and this increasing mainly reduce the effects of the mutual
interactions between the beams.
It is also noted in the present snapshot, the absence of the multiple filaments structure,
although it is observed in the figure, where the separation distance between the initial beam
centroids is shorter.
The disappearance of the multiple filaments structure here is also attributed to increasing
the separation distance between the initial beam centroids, consequently reducing the mutual
interactions forces between the beams.
Figure 6 shows the propagation trajectory of the absolute amplitude Σ, of two interacting
beams at a01 = a02 = 1, y01 = 10, and y02 = −10.
Number of complex processes are observed here. At τ ≈ 20, two beams are self-focused and
attract each other, while at τ ≈ 40, the two beams change their propagation trajectory and
start to repel each other, and at τ ≈ 100, they re-attract each other again.
At this stage, the unstable propagation trajectory is clearly observed, this unstable trajectory
is resulted due to the hosing instability, which is caused due to the mutual attraction and density
cavitation.
At τ ≈ 120, the two beams merge into a single beam, but before the merging processes, it
is noted that the two beams are completely defocused and during the merging processes, strong
radiation is emitted. Finally, a single beam at high intensity and constant spot size is formed
which propagates in stable trajectory without changing or defocusing.
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5

Conclusion

The generalized P-R ADI form based on the regularized finite difference scheme is shown to be
efficient to simulate the interactions of two laser beams co-propagating in underdense plasmas.
The governing equations; the coupled 2D time-dependent NLSE for tenuous plasma in paraxial
approximation are accurately solved using the form. The form is shown to be unconditionally
stable to solve the equations, and at large iterations when pondermotive expulsion term becomes
closer to the relativistic factor, the form is shown to overcome the slowly converging towards
the exact solution.
With time-evolution for the absolute amplitude of the two interacting beams at different
laser parameters, the basic phenomena associated with the interactions, such as: beam selffocusing, mutual beam attraction, mutual beam repulsion, beams merging into a single beam,
beam splitting into more than two beams are clearly observed. In the snapshots for the absolute
amplitude of the propagation trajectory of the beams, strong emission of radiation during the
merging, beam trapping due to electron-density cavitation, stable and unstable propagation
trajectory (hosing propagation) are detected.
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Figure 1: Time-evolution for the absolute amplitude of two co-propagating beams (|a1 |2 +
|a2 |2 )1/2 , at a01 = a02 =0.4, y01 =10, y02 =-10.
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Figure 2: Time-evolution for the absolute amplitude of two co-propagating beams (|a1 |2 +
|a2 |2 )1/2 , at a01 = a02 =0.6, y01 =10, y02 =-10.
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Figure 3: The propagation trajectory of the absolute amplitude of two interacting beams (|a1 |2 +
|a2 |2 )1/2 , at a01 = a02 = 0.6, y01 = 10, and y02 = −10.
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Figure 4: Time-evolution for the absolute amplitude of two co-propagating beams (|a1 |2 +
|a2 |2 )1/2 , at a01 = a02 =0.8, y01 =10, y02 =-10.
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Figure 5: The propagation trajectory of the absolute amplitude of two interacting beams (|a1 |2 +
|a2 |2 )1/2 , at a01 = a02 = 0.8, y01 = 12, and y02 = −12.
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Figure 6: The propagation trajectory of the absolute amplitude of the interacting beams (|a1 |2 +
|a2 |2 )1/2 , at a01 = a02 = 1, y01 = 10, and y02 = −10.
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