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Abstract: Recently, the theory of renormalization in perturbative quantum
field theory underwent some exciting new developments. Kreimer discovered an organization of Feynman graphs into combinatorial Hopf algebras.
The process of renormalization is captured by a factorization theorem for
regularized Hopf algebra characters. Hereby the notion of Rota-Baxter
algebras enters the scene. In this work we develop in detail several mathematical aspects of Rota-Baxter algebras as they appear also in other sectors closely related to perturbative renormalization, to wit, for instance
multiple-zeta-values and matrix differential equations. The Rota-Baxter
picture enables us to present the algebraic underpinning for the ConnesKreimer Birkhoff decomposition in a concise way. This is achieved by establishing a general factorization theorem for filtered algebras. Which in
turn follows from a new recursion formula based on the Baker-CampbellHausdorff formula. This allows us to generalize a classical result due to
Spitzer to non-commutative Rota-Baxter algebras. The Baker-CampbellHausdorff based recursion turns out to be a generalization of Magnus' expansion in numerical analysis to generalized integration operators. We will
exemplify these general results by establishing a simple representation of
the combinatorics of renormalization in terms of triangular matrices. We
thereby recover in the presence of a Rota-Baxter operator the matrix representation of the Birkhoff decomposition of Connes and Kreimer.
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Abstract: Recently, the theory of renormalization in perturbative quantum field theory underwent exciting new developments initialized by Kreimer's discovery of Hopf algebras underlying
its combinatorial-algebraic structure. Connes and Kreimer established the Hopf algebra of Feynman graphs and explored its relation to noncommutative geometry. Thereby, in the context of
dimensional regularization together with the minimal subtraction scheme a hitherto hidden link
to the Riemann-Hilbert problem was discovered, which gave rise to a simple characterization of
the process of renormalization, to wit, the algebraic Birkhoff decomposition of regularized Feynman rules. In the course of the mathematical formulation of these findings Connes and Kreimer
introduced a particular algebraic relation, which they called multiplicativity constraint. As a
matter of fact, they rediscovered an operator identity known from mathematics. Today, it is
called Rota-Baxter relation. A K-algebra with a linear endomorphism R satisfying the relation
R(x)R(y) = R(R(x)y) + R(xR(y)) - 9R{xy), where 6 € K is a constant, is called a Rota-Baxter
algebra of weight 6. It first appeared in the work of the American mathematician Glen Baxter in the realm of probability theory, and was further explored and popularized by the work of
Gian-Carlo Rota, Pierre Cartier, and Frederic Atkinson among others. Already in the early 1980s
the Rota-Baxter relation was (re)discovered by Belavin and Drinfeld, and Semenov-Tian-Shansky
in the context of Lie algebras, classical Yang-Baxter equations and related factorization problems in the theory of classical integrable systems. Lately, associative Rota-Baxter algebras also
reappeared in pure mathematics in connection with Loday's dendriform operads and algebras, associative analogs of the (modified) classical Yang-Baxter equation, number theory -here especially
related to multiple-zeta-values-, Hopf algebras, and combinatorics. In this work we develop new
aspects and summarize known parts of the general mathematical structure that underlies a larger
class of algebras, called Rota-Baxter type algebras. In the course, some of those recently discovered connections just mentioned will be sketched with remarks for future work. More precisely,
we establish a non-commutative generalization of the classical Spitzer identity together with a new
Baker-Campbell-Hausdorff type relation. Using these results we establish a general factorization
theorem for complete filtered algebras of which we describe several applications. Moreover, it turns
out that these findings generalize the Magnus expansion, well-known from numerical analysis.
As a key application of those results we explore in detail the relation between Rota-Baxter algebras
and the work of Connes-Kreimer on the Hopf algebraic approach to perturbative renormalization in
quantum field theory. Connes-Kreimer's original findings carry a strong geometrical flavor due to
the particular choice of dimensional regularization. We provide a completely algebraic framework
for the Birkhoff decomposition of Feynman rules of which dimensional regularization together with
the minimal subtraction scheme may be seen as a special case. As a corollary following from general
Rota-Baxter algebra we established a new recursion for renormalization which does not contain
any counter terms explicitly. Moreover, using some elementary algebra we show how to organize
the combinatorics of renormalization in terms of pro-unipotent triangular matrix representations.
A simple decomposition of such matrices based on the Rota-Baxter algebra is used to characterize
the process of renormalization. We thereby recover a matrix (anti-)representation of the Birkhoff
decomposition of Connes and Kreimer.
Keywords: Algebra, Coalgebra, Bialgebra, Hopf algebra, Complete filtered Rota-Baxter type algebras, Atkinson's factorization
theorems, Non-commutative Spitzer identity, Baker-Campbell-Hausdorff recursion, Magnus expansion, Perturbative quantum
field theory, Renormalization theory, Feynman graphs, Rooted trees, Connes-Kreimer Hopf algebra of renormalization, Algebraic
Birkhoff decomposition, Feynman rules characters, Renormalization schemes, associative classical Yang-Baxter equations

Acknowledgements: First and foremost I would like to thank Prof. Dr. Dirk Kreimer (I.H.E.S. and
Boston University) for his enthusiasm and support of my research. Especially his guidance through
the jungle of quantum field theory as well as his patience and insights he shared with me, which
finally lead me to the results presented in this work are deeply acknowledged. As a matter of fact he
allowed me at a very early stage of this project to explore some of my vague ideas on Rota-Baxter
algebra and its connections with several topics in mathematics and theoretical physics, foremost
with respect to the Hopf algebra approach to perturbative renormalization in quantum field theory.
Of course, I should not forget to thank his wife Susanne Kreimer for the very interesting dinner
evenings at their place in Bures-sur-Yvette (France).
I also would like to thank Prof. Dr. Werner Nahm (now at I.A.S. Dublin, Ireland) and especially
Prof. Dr. Rainald Flume (Bonn University, Germany) for support and interest in my work.
A special vote of thanks goes to Prof. Dr. Li Guo (Rutgers University, Newark Campus, U.S.A.)
with whom I shared the great pleasure of exploring some aspects of the theory of Rota-Baxter type
algebras. The ongoing collaboration with Prof. Dr. J. M. Gracia-Bondfa (Universidad Complutense
de Madrid, Spain) is greatly acknowledged.
The Evangelisches Studienwerk e.V. made all this possible through a Ph.D.-stipend. Especially a
travel grant which allowed me to visit the BANFF 2004 conference on "Combinatorial Hopf Algebras" in Canada is greatly acknowledged. This thank goes, of course, hand in hand with the
pleasure to express my gratitude for the years of constant support on any level -especially at the
end of this project- provided by the staff, faculty and friends at my home institute, the Theory Department of the Physics Institute of Bonn University. Notably, Ms. D. Faßbender, Ms. P. Zündorf,
Mr. Dr. A. Wißkirchen, Mr. Dipl.-Phys. Mark Hillenbach, Mr. Dipl.-Phys. Christoph Luhn and all
the others.
This work was developed during some extended visits to several international places. Especially
the warm hospitality and generous support I found at the I.H.E.S. (Bures-sur-Yvette, France) as
well as the Center for Mathematical Physics at Boston University (Boston, Massachusetts, U.S.A.)
is greatly acknowledged. The one year visit to the latter place was only made possible due to a
grant from the German Academic Exchange Service (DAAD) for which I am very grateful. My stay
at the Mittag-Leffler-Institute (Djursholm, Sweden) in April 2004, together with Prof. Dr. JeanLouis Loday and some of his collaborators helped me a lot in understanding some of the interesting mathematical aspects of his work and its connections to my own research on Rota-Baxter
algebras. Towards the end of this Ph.D.-project I had the fortunate chance to meet several physicists and mathematicians, let me mention especially Prof. Dr. Olivier Babelon (L.P.T.H.E., Paris),
Prof. Dr. Joseph Värilly (University of Costa-Rica, Costa-Rica), and Prof. Dr. Jose Carinena whom
I both met at the Physics Institute of the University of Zaragoza (Spain), where I came upon warm
hospitality during three visits.
Many other people took important part in one way or the other in the course of this work. Foremost, I should mention Ms. Dr. Francesca Catani, Mr. Dr. David A. Ellwood, Prof. Dr. Ivan
Todorov, Mr. Dr. Igor Mencattini, Ms. Dr. Isabella Bierenbaum, Mr. Dr. habil. Hanno Gottschalk,
Prof. Dr. Gangel, Mr. Dr. habil. Dominique Manchon, Prof. Dr. William Schmitt, Prof. Dr. Marcelo
Aguiar, Ms. Susanne Wenzlaff, Mr. Dr. Bruno Vallette, Ms. Dr. Alessandra Frabetti, Mr. Dr. habil. Ralf Holtkamp, Prof. Dr. Giuseppe Marmo, Prof. Dr. Maria Ronco, Dipl.-Math. Christoph
Bergbauer, Prof. Dr. Patrick Brosnan, and my very friends Folker Franz, Dr. Lars Dobratz, Mirko
Becker, and Florian Heidecke plus family. Of course, I apologize to all those which I did not mention
due to the lack of space.
Let mefinishthis acknowledgement with a simple word of thanks to my parents Gabriele EbrahimiFard and David Ebrahimi-Fard, who are the fundamental scale independent constants in my life.

Basic references and publications
We would like to underline that this research project embraces both, physical as well as
mathematical aspects of the exploration of essentially one underlying theme, the mathematical structure of a particular class of algebras, called Rota-Baxter type algebras and its
applications in theoretical physics and pure and applied mathematics. We therefore feel that
it might be useful to guide the reader through the key references and main topics of these
studies as they appear in our papers. At this point we will only sketch the applications
in theoretical physics, more precisely, the Hopf algebra of renormalization in perturbative
quantum field theory and the theory of classical integrable systems, since the former happens
to be the central theme of the following presentation, whereas the latter is currently under
development, with an forthcoming paper. Instead, in the following we will say a few more
words about the topics treated in our mathematics papers.
Let us start with a -not so- brief tour through an exemplary selection of the main references
used in this work. Once we have traversed this somewhat wide garden we will try to sketch the
relation of these results to those presented in our publications and so hopefully complement
the picture.
The original research problem investigated in this work emanated from a careful study of
the work of Dirk Kreimer and collaborators, especially the papers [147, 148] and [69] on
the Hopf algebraic formulation of renormalization in perturbative quantum field theory. In
the aforementioned references and follow-up work the intricate process of renormalization
was characterized in terms of an elegant decomposition theorem for regularized Feynman
rules, called Birkhoff decomposition. It is shown how this factorization problem is solved by
Bogoliubov's formulae for the counter term and the renormalized Feynman graph, which in
turn both follow from the R-operation upon the application of the renormalization scheme
map. Or, roughly speaking, solving this mathematically well-defined factorization problem
provides Bogoliubov's formulae needed in the process of renormalization of perturbative
quantum field theory. In the course of the proof of this decomposition theorem a certain
projector -the renormalization scheme map- must satisfy a particular relation called multiplicativity constraint, see [148]. This identity is needed to assure that the two factors, i.e.,
the counter term and the renormalized Feynman rules, in the above Birkhoff decomposition
of Feynman rules are both algebra morphisms, viz, that they satisfy the particular mathematical property of multiplicativity. A natural property for those maps from the point of
view of physics. Indeed, it just reflects the fact that unconnected graphs describe independent scattering events, hence have independent amplitudes. This multiplicativity constraint
appeared to be of minor interest as it is naturally satisfied by the standard renormalization
scheme maps such as the pole part projector in dimensional regularization or the truncated
Taylor expansion operator.
The intricate nature of renormalization relies to some extent on its non-trivial combinatorial
structure, which as an outcome of Kreimer's work is best described in terms of so-called
combinatorial Hopf algebras. The well-known mathematician Gian-Carlo Rota (1932-1999),
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known as the founding father of modern combinatorics theory, was one of the first to realize
the usefulness of Hopf algebras in combinatorics [197]. Studying his collected works [160]
the above multiplicativity constraint crossed our ways in the form of an operator identity
in the seemingly unrelated context of studies of combinatorial aspects of fluctuation theory
in probability theory [200, 196, 198]. Rota's work on this identity is based on an original
paper [17] by the American mathematician Glen Baxter (1930-1983) published in 1960.
Baxter's derivation of this specific operator relation that later bore his name emanated from
some of the fundamental results of the famous probabilist Frank Spitzer (1926-1992) in
random walk theory [214, 215].
Acknowledging Rota's seminal contributions to the study of Baxter's operator identity, as
well as his efforts to promote its further development and use in connection with several
fields of mathematics [198, 199] we will follow the standard terminology in the more recent
literature and name it Rota-Baxter relation. More generally, we call algebras, which are not
necessarily associative nor unital nor commutative, with a map satisfying such an identity
Rota-Baxter algebras. This terminology for instance has the advantage to allow for an
accurate distinction between the general Rota-Baxter relation and its -more famous- Lie
algebraic versions, known as -the operator forms of- (modified) classical Yang-Baxter type
equations. Soon, we will see that the two Baxters appearing here are different.
The algebraic picture behind Baxter's operator identity as it appeared in the context of
Connes-Kreimer's work evolved from a careful study of the scattered literature on Baxter's
and Rota's work. During the early 1960s and 1970s, many algebraic, combinatorial and
analytic aspects of Baxter's identity were studied by several people [41, 58, 143, 180,
181, 218, 223]. Especially the results in F. V. Atkinson's comprehensive 1963 paper [13]
contributed significantly to the understanding of the role played by Rota-Baxter algebras in
the description of renormalization as a factorization problem. Let us emphasize, that most
of the older literature contain results on Baxter's identity which only apply in the context
of commutative algebras. Instead, in connection with the work of Connes and Kreimer one
must consider non-commutative Rota-Baxter algebras. This speciality demanded hence a
revision of the algebraic properties of Rota-Baxter algebras, eventually giving rise to new
insights and applications.
Some of the crucial pieces to progress in this project, both mathematically as well as with
respect to Connes-Kreimer's work, were found in some of the recent work by Aguiar [2, 3, 4].
He realized several connections of Baxter's and Rota's work to current research activities
in combinatorics, algebra and classical integrable systems. On the one hand Aguiar was
the first to show the intimate link of a particular subclass of Baxter's identity (weight-zero
case) to Jean-Louis Loday's work on dendriform operads and algebras [165]. Loday's work
describes a new class of non-associative algebras equipped with several bilinear compositions, that become algebras with a single associative upon forming linear combinations, i.e.,
symmetrizations, of those products, very much like associative algebras become Lie algebras
by anti-symmetrization of the algebra product. Actually, Loday was told by Rota himself to
look into shuffle algebras for examples of his dendriform algebras. Indeed, shuffle algebras
and some of their well-known generalizations play the paradigm for this weight-zero subclass
of Rota-Baxter algebras. This connection was considerably extended by several people, see
for instance [5, 8, 161, 162, 163] and [83].
On the other hand Aguiar introduced and developed to a great extent the theory of infinitesimal Hopf algebras and the associative analog of Lie bialgebras, called infinitesimal bialgebras,
closely following Drinfeld's work. In the course of this fruitful research he defined the notion
of associative classical Yang-Baxter equation and linked it to the well-known Lie algebraic
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classical Yang-Baxter equation, named after the two famous physicists Chen-ning Yang from
China and the Australian Rodney Baxter. Here again, Aguiar observed that the weight-zero
subclass of Baxter's operator identity plays a crucial role. This new type of equation also
appeared in a different(?) context in the work of A. Polishchuk [191]. Based on Aguiar's and
Polishchuk's results T. Schedler started to classify matrix solutions of this equation [202]
following closely the work of Belavin-Drinfeld [18]. In this context one should mention the
work of Xu [235], who denned and explored the classical Yang-Baxter equation on general
algebraic structures, thereby establishing the link to maps satisfying relations similar to the
Rota-Baxter identity (of weight-zero) with spectral parameter. He extended this approach
to vertex operator algebras [234].
Aguiar's series of papers pointed me to the work of Belavin and Drinfeld [18, 19], and
Semenov-Tian-Shansky [210] from the early 1980s on solutions of classical Yang-Baxter type
equations on Lie algebras. The latter moreover found a link between the modified classical
Yang-Baxter equation and the Riemann-Hilbert problem. His results are a generalization of
the Konstant-Adler scheme [14, 211]. Belavin-Drinfeld as well as Semenov-Tian-Shansky
rediscovered Baxter's operator identity in the particular context of Lie algebras and used
some its main algebraic properties in the course of their work. This unexpected connection triggered several natural questions. For instance, how much does Connes-Kreimer's
factorization of Feynman rules discovered in the context of an Hopf algebraic approach to
perturbative renormalization have in common with the factorization theorems used in the
theory of classical integrable systems to solve nonlinear differential equations? Do Aguiar's
and Schedler's results generalize to the full class of Baxter's operator identity? Has the
link of Rota-Baxter algebras to Loday's work any impact on physical problems? All this
naturally demands a thorough revision of the general theory of Rota-Baxter algebras in the
light of these new applications.
From a mathematical point of view, it is natural and favorable to know explicit constructions
of free Rota-Baxter algebras. Rota was the first who gave a satisfactory description of this
object in the commutative case. Guo's and Keigher's [124], and Guo's [119, 121, 123]
work on commutative free Rota-Baxter algebras uses a generalized shuffle product, which is
essentially based on Rota's original papers [196] as well as on Cartier's 1972 work [58] on
commutative free (Rota-)Baxter algebras.
The generalization of the well-known shuffle product in Guo-Keigher's paper is called mixableshuffle product and happens to be very similar to the one that appeared in a paper by Hoffman on the quasi-shume product [129]. Apparently, it already appeared in earlier works of
other people. Anyway, the link to Hoffman's important work naturally leads to the study
of Rota-Baxter algebras in the context of algebraic structures underlying so-called multiplezeta-values and generalizations of suchlike [59, 225, 226, 236, 240]. And indeed, the
so-called double shuffle relations for multiple-zeta-values [133] reflect an intricate interplay
of the two representations of such numbers in terms of iterated integrals and sums, i.e.,
Rota-Baxter maps of weight zero respectively weight minus one.
Baxter and later Rota were the first to underline at several occasions that the Riemann
integral, in the light of the integration-by-parts rule, can be seen as a Rota-Baxter map
of weight zero. Rota went even further and suggested an algebraic theory similar to the
one for differential algebras with the general Rota-Baxter relation as guiding rule. And
indeed, the g-analog of Riemann's integral, also called Jackson integral [144], is -almost- a
Rota-Baxter operator of weight different from zero. Hence ^-analogs of classical functions
represented in terms of g-integral expressions should have different algebraic properties.
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For instance, in the case of g-analogs of multiple-zeta-values as they appeared in recent
literature [40, 213, 238, 240], so far, only "half of the classical double shuffle relations [133]
could be described in a consistent manner, due to the fact that the two Rota-Baxter maps
involved in the representations of these g-analogs are both of weight different from zero.
The other "half seems to be lost due to the very nature of Jackson's g-integral, i.e., its
Rota-Baxter property (of non-zero weight). Understanding this problem demands further
study of the algebraic structure underlying the Rota-Baxter relation.
After this, admittedly, rough walk through the main parts of recent research activities on
Rota-Baxter algebras, we should complement this tour by the results of our own studies.
From the above it should be evident that the very origin of Rota-Baxter algebras, i.e., fluctuation phenomena in probability theory, is somewhat remote from the context in which it
appeared to us, to wit, Connes-Kreimer's Hopf algebraic Birkhoff decomposition of Feynman rules in renormalization theory. Moreover, its diverse connections to several topics in
mathematics as well as physics ranging from applications in renormalization theory, classical
integrable systems, integration methods for differential equations and probability theory to
recent developments in combinatorics, number theory, advanced algebra and the theory of
operads makes it a rich field calling for a careful analysis of its fundamental mathematical
properties. Surprisingly, as we will see, Rota-Baxter algebras in general can be characterized
by simple means. Still, the classification problem of such algebras with particular operators,
seen as a vast generalization of the concept of integration, and how they are related to the
better known differential and difference algebras is by no means solved.
The research done in the course of the preparation of this thesis can be seen as a first step
into a comprehensive exploration of the mathematical structure underlying Rota-Baxter algebras and its rich spectrum of applications. Nevertheless, to keep this work in bounds we
will concentrate foremost on aspects related to theoretical physics. To be more precise, solely
the appearance of Rota-Baxter algebras in the context of the Hopf algebraic formulation of
perturbative renormalization will be treated faithfully. Other applications and more mathematical aspects, such as the general construction of free associative Rota-Baxter algebras
and related important operadic questions will be at most only sketched either in terms of
examples or remarks, and by referring to the current literature.
The following references appear separately in the list below. The papers [87, 88, 89] dwell on
the particular meaning of the Rota-Baxter relation as it appears in the work of Kreimer and
collaborators on the Hopf algebraic Birkhoff factorization in perturbative renormalization.
The algebraic structure resembles to some extent the one found in the context of factorization
problems in classical integrable systems. The key observation we made here and which eventually provides a completely algebraic picture for the Birkhoff decomposition in perturbative
renormalization, is the generalization of Spitzer's classical identity [214] to non-commutative
associative Rota-Baxter algebras. As a spin-off we derive a new recursive formula for the
renormalization of Feynman graphs, which does not contain counter terms explicitly. This
result was achieved due to the introduction of a new formula (called .BCff-recursion) based
on the famous Baker-Campbell-Hausdorff series [193, 221]. In [100] we review these findings and related results. Our approach sheds light on several decomposition theorems which
appeared in the recent literature, such as for instance in [6, 15, 185]. In our latest work
[98] we clarify these connections and show in simple terms that the ßCff-recursion must be
seen as a generalization of Baxter's original work as well as of the important classical work
of Magnus [171] on exponential solutions to initial value problems [134] for matrix valued
14

functions. We are able to give closed forms for this non-trivial recursion under favorable
circumstances which are of interest, for instance, in the numerical analysis of differential
equations. The recent review [99] extensively summarizes the particular role played by the
Rota-Baxter relation in perturbative renormalization.
Eventually, the short article [95] followed an invitation by the Encyclopedia of Mathematics (M. Hazewinkel Ed.). It briefly summarizes recent developments related to Spitzer 's
identity and non-commutative Rota-Baxter algebras. We also mention similar results for
other operator identities of Rota-Baxter type, such as the associative Nijenhuis and modified
Rota-Baxter relation.
Lately, the Rota-Baxter picture of renormalization developed along these lines gave rise to
a representation of the process of renormalization in terms of an apparently simple matrix
factorization presented in [86, 92].
In a forthcoming paper [7] we develop in more detail a solution theory to several associative
analogs of classical Yang-Baxter type equations and the link to general associative RotaBaxter algebras, i.e., those of non-zero weight. Here we find that in particular Frobenius
algebras with such a type of operator identity are suitable for consideration. The notion of
Rota-Baxter relation is extended by the introduction of a spectral parameter. We will say
a few more words on its mathematical content further below.
In another forthcoming paper [85] we dwell on the Rota-Baxter property of the truncated
Taylor expansion operator in the context Epstein-Glaser and BPHZ renormalization.
[87] KEF, L. Guo, D. Kreimer, Integrable Renormalization I: the Ladder Case, J. Math. Phys., 45, no 10,
3758-3769, (2004). [arXiv:hep-th/0402095]
[88] KEF, L. Guo, D. Kreimer, Integrable Renormalization II: the General Case, Ann. H. Poincare, 6, no 2,
369-395, (2005). [arXiv:hep-th/0403118]
[89] KEF, L. Guo, D. Kreimer, Spitzer's Identity and the Algebraic Birkhoff Decomposition in pQFT,
J. Phys. A: Math. Gen., 37, 11037-11052, (2004). [arXiv:hep-th/0407082]
[95] KEF, L. Guo, The Spitzer Identity, preprint: June 2005, to appear in "Encyclopedia of Mathematics".
[86] KEF, J. M. Gracia-Bondfa, L. Guo, J. Varilly Combinatorics of renormalization as matrix calculus,
Phys. Lett. B., 632, no 4, 552-558, (2006). [arXiv:hep-th/0508l54]
[100] KEF, D. Kreimer, Hopf algebra approach to Feynman diagram calculations, J. Phys. A: Math. Gen.,
38, R385-R406, (2005). [arXiv:hep-th/0510202]
[92] KEF, L. Guo, Matrix Representation of Renormalization in Perturbative Quantum Field Theory, submitted to Annals of Physics (under revision), preprint: August 2005, arXiv:hep-th/0508i55.
[85] KEF, J. M. Gracia-Bondia, On Epstein-Glaser and BPHZ renormalization in the Connes-Kreimer
paradigm, preprint: August 2005.
[7] M. Aguiar, KEF, Generalized infinitesimal bialgebras, preprint: December 2005.
[98] KEF, L. Guo, D. Manchon Birkhoff type decompositions and the Baker-Campbell-Hausdorff
recursion,
Feb. 2006, accepted for publ. in Comm. in Math. Phys. [arXiv:math-ph/0602004].
[99] KEF and L. Guo, Rota-Baxter Algebras in Renormalization of Perturbative Quantum Field Theory to
appear in the proceedings of the workshop "Renormalization and universality in mathematical physics",
Fields Institute for Research in Mathematical Sciences, October 18-22, 2005.

The following list of references (see below) contains publications and preprints which are of
more mathematical nature. The main theme in those papers is the understanding of the algebraic and combinatorial structure underlying general associative Rota-Baxter algebras. For
this we describe in detail the construction of free non-commutative associative Rota-Baxter
algebras, using a generalized shuffle product defined on either bracketed words or angularly
decorated planar rooted trees as combinatorial objects. This setup is also used to explore and
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deepen the link between associative Rota-Baxter algebras and Loday's dendriform operads
and related algebras [165].
Basically, Loday's motivation for introducing these new and at first sight exotic objects into
mathematics was to find an analogous result to the well-known fact that any associative -as
well as pre-Lie, or more generally Lie admissible- algebra gives a (non-associative) Lie algebra,
for the former, i.e., associative algebra itself. In turn, dendriform algebras which are strictly
non-associative come with more than one composition in general, and were shown to be
just the right objects. They allow to define new binary compositions as linear combinations
of the original ones (remember the commutator bracket, \x,y\ = xy — yx, in the case of
the transition from associative to Lie algebra), giving rise to new associative -and pre-Liealgebras. Apparently, associative Rota-Baxter algebras due to their intimate link to shuffle
products not only provide the richest class of examples for such dendriform algebras, but
any such dendriform algebra can be imbedded into a Rota-Baxter algebra, see [93] for this
result. Let us remark that in this context the operadic language is the most suitable tool to
describe algebraic settings of this type.
In the paper [83], we generalize results of Aguiar [2] to non-zero weight Rota-Baxter algebras.
We show that any associative Rota-Baxter algebra gives dendriform dialgebras. Beyond that,
we extend the connection of Rota-Baxter algebras to Loday's dendriform trialgebras [169].
These results naturally derive from one of the properties characterizing arbitrary, i.e., associative as well as non-associative, Rota-Baxter algebras, that is, any Rota-Baxter algebra
allows for the construction of a double Rota-Baxter product. The latter means that starting
with a Rota-Baxter algebra of arbitrary type we can define a set of new binary compositions
in terms of the Rota-Baxter map, such that the linear combination of those gives a new
product of the original type, and hence a new algebra, which moreover is again of the same
Rota-Baxter type. In the associative case, these new binary compositions are exactly those
that give rise to Loday's dendriform algebras.
Furthermore, recently, a few more similar structures have been found, such as the quadri-,
ennea- and octo-algebras [8, 161, 162], with increasing complexity in their constructions and
properties. In the work [90] we consider these constructions as associative, binary, regular,
quadratic operads and their products and duals, in terms of generators and relations, with the
goal to clarify and simplify the process of obtaining new -dendriform like- algebra structures
from known -dendriform like- structures and from linear operators. It is shown in detail,
how the more complicated dendriform structures in [8, 161, 162] simply arise from such
an approach. Especially Leroux' ennea-algebras turn out to be isomorphic to the operadic
product of two dendriform trialgebras. The latter being naturally related to Rota-Baxter
algebras as we found in [83]. This work is currently under further progress, with the goal
to extend it to more general operads. We strive for the goal of classifying a type of linear
operators related to the Rota-Baxter relation that we tentatively call Rota-Baxter type
operators, by their close relation with operads and generalized shuffle products.
The paper [94] originated from an inspirative paper by Loday on Hopf algebras and operads [166] with dendriform structures. Its results go beyond the realm of Rota-Baxter
algebras, and generalize results of Loday.
Shuffle products and their generalizations appear in theoretical physics [151] and mathematics [212]. In our paper [84], the explicit construction of the free commutative Nijenhuis
algebra was given by introducing another generalization of the shuffle product, called modified mixable-shuffle product. The Nijenhuis relation is a well-known object in the context
of Lie algebras and the theory of integrable systems [117, 145]. It shares many algebraic
properties with the Rota-Baxter relation. Only recently, its associative version appeared to
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be of interest, see [56, 57, 112]. No surprise, its algebraic resemblance with the Rota-Baxter
relation relates it to Loday's algebras. Currently we explore a third shuffle product giving
the free object of another Rota-Baxter type algebra, to wit, Leroux's TD-relation, sharing
some properties with the Nijenhuis as well as the Rota-Baxter relation.
In [84] we also mentioned the similarity between Hoffman's quasi-shuffle product and GuoKeigher's mixable-shuffle. This remark was settled in full detail in [91]. Indeed, the quasishuffle product and mixable-shuffle product are both generalizations of the shuffle product.
We relate these two generalizations and realize quasi-shuffle product algebras as subalgebras
of free commutative Rota-Baxter algebras. Thereby we identified Hopf subalgebras in free
Rota-Baxter algebras.
Most of the studies of the Rota-Baxter relation have been for commutative algebras. Free
commutative Rota-Baxter algebras were constructed by Rota and Cartier in the 1970s. The
preprint [93] explores in depth the close relation between -free- associative Rota-Baxter
type algebras, not necessarily commutative, generalized -non- commutative shuffle products
and Loday's dendriform structures. We apply the construction of free non-commutative
Rota-Baxter algebras to obtain universal enveloping Rota-Baxter algebras of dendriform
di- and trialgebras. We prove that every dendriform di- and trialgebra is a subalgebra of a
Rota-Baxter algebra via an analog of the Poincare-Birkhoff-Witt theorem.
More details on the construction and internal structure of free non-commutative Rota-Baxter
algebras were given in [97]. This paper characterizes free Rota-Baxter algebras by introducing a non-commutative generalized shuffle product similar to the mixable-shuffle product on
rooted planar trees with angular decoration. We also explore the problem of unitarization
of Rota-Baxter algebras, which is non-trivial in this context.
The Rota-Baxter structure of partial sums on a suitable function algebra is of weight minus
one, whereas the one of iterated Riemann integrals (called Chen or Drinfeld integrals) is
of weight zero. Both give representations of multiple-zeta-values. In [96] we study those
multiple-zeta-values and their generalizations from the point of view of general Rota-Baxter
algebras. We obtain a general framework for this purpose and derive relations on multiplezeta-values, which can be found, for instance, in [133], from relations in Rota-Baxter algebras. In the same way, a variation of the classical Spitzer identity, the so-called BohnenblustSpitzer formula which appeared in the same paper of Spitzer [214] that motivated Baxter's
work, was rediscovered by Hoffman as the Partition Identity of such multiple-zeta-values.
Currently, we are trying to find a good definition of ^-analogs for multiple-zeta-values. The
definitions used at present lack a good algebraic structure with respect to their representation
via Jackson's g-integral. This is mainly due to the non-zero weight Rota-Baxter character
of Jackson's integral.
An interesting object carrying interesting mathematical as well as physical aspects, and which
is strongly related to Rota-Baxter type algebras is Aguiar's associative classical Yang-Baxter
equation and its r-matrix solutions defined for associative algebras. It naturally links Loday's
work on dendriform algebras and related Hopf algebras to the theory of Yang-Baxter type
equations. In our recent work we introduce the modified associative classical Yang-Baxter
equations, used to extend the notion of quasi-triangular infinitesimal bialgebras to unital
infinitesimal bialgebras and show a theorem analog to Aguiar's theorem which tells when
such a quasi-triangular unital infinitesimal bialgebra gives a quasi-triangular Lie bialgebra.
Motivated by our recent progress in generalizing Aguiar's results in terms of the modified
associative classical Yang-Baxter equation, including the analog of Drinfeld's double, we
would like to address some further r-matrix related questions. For instance, let A be a
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given associative algebra. Which Rota-Baxter operators on A come from a solution of the
(modified) associative Yang-Baxter equation? Further, how does the seminal classification
by Belavin and Drinfeld of solutions of the classical Yang-Baxter equation for finite dimensional simple Lie algebras possibly apply to the classification of Rota-Baxter operators on
finite dimensional associative algebras? Also, motivated by the close connection between
solutions of the classical Yang-Baxter equation and Rota-Baxter operators on Lie algebras,
we would like to explore how generalizations of the classical Yang-Baxter equation, such as
the quantum Yang-Baxter equation, the Yang-Baxter equation for vertex operator algebra,
and the dynamical Yang-Baxter equation, are related to Rota-Baxter algebras and their
generalizations. These problems are addressed partly in the upcoming work [7].
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Bill Chen: "In China, sometimes we say you are probably right
by which we mean you are absolutely wrong".
Gian-Carlo Rota: "I say, that's very interesting".
Rotaism
from "The Forbidden City of Gian-Carlo Rota"
www.rota.org

Summary

SUMMARY: Kurusch Ebrahimi-Fard, Bonn 2006

Under the spell of the Rota—Baxter relation
The theory of renormalization in perturbative quantum field theory recently experienced
new progress which was initialized by Kreimer's discovery of Hopf algebras underlying its
combinatorial-algebraic structure. In this setting renormalization can be described in almost
one line, that is to say, the algebraic Birkhoff decomposition of Hopf algebra characters giving
rise to an unexpected correspondence with the Riemann-Hilbert problem. This opened a
hitherto hidden geometric viewpoint on this important concept in theoretical physics. Those
results provide a sound bases for the mathematical structures underlying the fundamental
process of renormalization in perturbative quantum field theory. Basically, the combinatorics
of perturbative quantum field theory, described in terms of a particular disassembling of
Feynman diagrams, is encoded in the coproduct of the bialgebras appearing in this context.
The opposite operation of assembling Feynman graphs gives rise to a pre-Lie and hence
Lie algebra on those diagrams, and Milnor-Moore's theorem bridges the link to those Hopf
algebras of Feynman graphs, first described by Connes and Kreimer.
In the course of the mathematical formulation of these findings Connes and Kreimer introduced a particular algebraic relation, which they called multiplicativity constraint. As a
matter of fact, Connes and Kreimer rediscovered an operator identity known from mathematics. Today, it is called Rota-Baxter relation. Recall that a Rota-Baxter operator of
weight 0 on a K-algebra A is a K-linear operator R on A satisfying the identity

R{x)R{y) = R(xR(y)) + R(R(x)y) - 6R(xy)
for all elements in A. Here 0 is a constant in K, called the weight. A Rota-Baxter algebra
of weight 6 is a K-algebra with a Rota-Baxter operator. The operator R := 9id.A — R also
is a Rota-Baxter map of weight 6.
Rota-Baxter algebras of any type generally carry two main related properties. First, a socalled double Rota-Baxter product structure, saying that the underlying K-module of A
equipped with the product
x *R y = xR{y) + R(x)y - 6xy
is again a Rota-Baxter algebra of weight 6, with Rota-Baxter map R. We call this the
double Rota-Baxter algebra and denote it by AR. The map R simply becomes a K-algebra
homomorphism from An to A

R(x*Ry) = R(x)R(y).
Assuming K to be a field of characteristics zero, we can define the operator B := #id,R — 2R,
satisfying the modified Rota-Baxter relation of weight 6

B(x)B(y) = B(xB(y)) + B(B(x)y) - 62xy
for all x and y in A. Secondly, Atkinson characterized Rota-Baxter algebras by factorization
theorems, one of which in the associative case is related to solutions of certain recursive
equations. Assume a e A to be fixed and X and Y to be solutions of the recursive equations
X = l + R{X a)

Y = 1 + (0id - R)(a Y) —> X(1 - 6a)Y = 1.

Actually, this property just describes Connes' and Kreimer's Birkhoff decomposition in the
context of renormalization.
The Rota-Baxter relation first appeared in the work of the American mathematician Glen Baxter in the realm of probability theory, and was further explored and popularized by the work
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of Gian-Carlo Rota, Pierre Cartier, and Frederic Atkinson among others. While the algebraic
study of Rota-Baxter algebra remained dormant for most of the next two decades, related
concepts were developed completely independent and unaware of this work by the Russian
school in the early 1980s, which used the Lie algebraic version of Rota-Baxter relation in
the theory of integrable systems. In particular, a variation of the classical Yang-Baxter 1
equation, in its so called operator form, is just the Rota-Baxter equation of weight zero
for Lie algebras. Especially Semenov-Tian-Shansky made use of the double Rota-Baxter
construction, introducing the notion of double Lie algebra, i.e. a Lie algebra being equipped
with two Lie brackets, one of which comes from a classical r-matrix (Lie Rota-Baxter map).
Lately, associative Rota-Baxter algebras also reappeared in pure mathematics in connection
with Loday's dendriform operads and algebras, associative analogs of the (modified) classical
Yang-Baxter equation, number theory -here especially related to multiple-zeta-values-, Hopf
algebras, and combinatorics.
In this work we develop new aspects and summarize known parts of the general mathematical
structure that underlies a larger class of algebras, called Rota-Baxter type algebras. In the
course, some of those recently discovered connections just mentioned will be sketched with
remarks for future work.
More precisely, we establish a non-commutative generalization of the classical Spitzer identity
together with a new Baker-Campbell-Hausdorff type relation. Especially the latter gives rise
to a general factorization theorem for complete filtered algebras of which we describe several
applications. Moreover, it turns out that these findings generalize the Magnus expansion,
well-known from numerical analysis.
We provide a completely algebraic framework for the Birkhoff decomposition of Feynman
rules of which dimensional regularization together with the minimal subtraction scheme may
be seen as a special case. As a corollary following from general Rota-Baxter algebra we established a new recursion for renormalization which does not contain any counter terms
explicitly. Moreover, using some elementary algebra we show how to organize the combinatorics of renormalization in terms of pro-unipotent triangular matrix representations. A
simple decomposition of such matrices based on the Rota-Baxter algebra is used to characterize the process of renormalization. We thereby recover a matrix (anti-)representation of
the Birkhoff decomposition of Connes and Kreimer.
The thesis is structured into two parts. The first part essentially is of a more mathematical
nature and contains the development of the structure of Rota-Baxter algebras. Its main
result is a factorization theorem for complete associative Rota-Baxter algebras from which
we derive a generalization of Spitzer's identity to non-commutative Rota-Baxter algebras.
In the second part we introduce briefly the basics of perturbative quantum field theory for
the readers convenience. Perturbative renormalization theory will be explained mainly using
toy-model examples. Then we elaborate in some detail Kreimer's, and Connes' and Kreimer's
approach organizing the program of renormalization in terms of combinatorial Hopf algebras
of Feynman graphs. We unveil a complete Rota-Baxter structure underlying the dual of the
Hopf algebra of Feynman graphs, that allows us to apply the factorization theorem proven in
general for complete Rota-Baxter algebras. This approach enables us to derive the famous
Bogoliubov recursion for the counter term, respectively the renormalized Feynman rules.
Bogoliubov's R-map, the preparation map can be described in terms of an exponential map,
using the double Rota-Baxter convolution product.
1

Here, one should underline that the two Baxter are different. The later refers to the Australian physicist
Rodney Baxter!
23

Introduction

INTRODUCTION

Few physicists object nowadays to the idea that diagrams contain more truth than the underlying formalism, [... ]
G. 't Hooft and M. Veltman, "Diagrammar" [217]

The theoretical concept of quantum fields grew out of the attempt to merge the two major
revolutionary achievements of early 20th century physics, quantum mechanics and special
relativity. The founding fathers of the theory of quantized fields were setting out for a unified
description of elementary particles phenomena. In the struggle to overcome classical and inadequate concepts, far reaching new ideas and techniques were developed for understanding
the physics that happens at high energies, or, what is the same, phenomena that take place
at the smallest distances between incredibly tiny objects. These modern physical principles and structures of quantum field theory, together with the new mathematics invented
alongside found applications in different areas of theoretical physics, and pure and applied
mathematics.
Several approaches to quantum field theory (QFT) have been developed so far, differing
mainly in mathematical rigor, but also in their predictive power and response to applicability
demands from experimental physics. Wightman's early axiomatic [230] setting together with
Haag's and Kastler's mathematically elegant and rigorous algebraic formulation of QFT in
terms of von Neumann algebras [125], best describe the nowadays common belief of what
should be the general physical principles underlying any QFT. Still, despite the enormous
and mathematically rigorous progress which has been made using these formulations, both
approaches have several problems to make fruitful contact with experimental results, whilst
they give a crucial insight into the structure of free quantum fields.
The perturbative approach to QFT is the most successful and often used ansatz for theoretical predictions of experimental outcomes in elementary particle physics. Series expansions
of physical quantities in powers of a coupling constant that is supposed to be small match
experimental results -after renormalization- with a vertiginous high precision. Nevertheless,
this is only achieved by some "extra work", to wit, after renormalizing order by order the
perturbative series expansions in the QFT under investigation. The reason for the need of
renormalization is that in most, if not all, of the interesting and relevant four dimensional
quantum field theories, performing even simple perturbative calculations one cannot avoid
facing term by term ill-defined iterated integrals. These problems mainly result from divergent (sub)integrations in the limit of high momenta. The removal of these divergences in a
sound and self-consistent way is the aforementioned process of perturbative renormalization,
better known by the ilhistrative description of " sweeping them under the carpet".
The basic idea of perturbative renormalization in QFT goes back to the physicist Kramers
in the 1940s, and was successfully applied for the first time in a 1947 seminal paper by
Hans Bethe [25], that dealt with the concrete problem of the self energy contribution to the
Lamb shift in perturbative quantum electrodynamics (QED). We refer the reader interested
in more such historical details to the work of Brown [49], Schweber [207] and Kaiser [138].
QED can nowadays be regarded as one of the best tested physical theories. Its modern
extension to the standard model of elementary particles represents one of the cornerstones
of our present understanding of the physical world. Here again sophisticated perturbative
techniques together with elaborated renormalization algorithms are the practitioner's toolkit
on a day by day basis in high energy physics.
Renormalization theory may be summarized by the statement that, under the severe constraint of maintaining the physical principles of locality, unitarity, and Lorentz invariance,
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to all orders in perturbation theory the (ultraviolet) divergencies can be absorbed in a redefinition of the parameters defining the QFT. Here two distinct concepts enter, that of
renormalizability, and the process of renormalization. The former distinguishes those theories with only a finite number of parameters, lending them considerably more predictive
power. The process of renormalization instead works independent of the number of parameters.
Bethe's aforementioned paper on the Lamb shift in perturbative QED, was soon followed
by several attempts to establish the renormalizability of physically relevant quantum field
theories in general. Dyson [80, 81], who worked together with Bethe, was the first to address such questions, using integral equations and diagrammatical tools such as skeleton
expansions for Green's functions. His work was then continued by Salam and Weinberg.
Unfortunately, Dyson's approach failed due to a problem related to a particular high order QED graph, but could be cured later by the work of others. The second assault on
proving renormalizability of general perturbative QFT, based on earlier work by Stückelberg
and Green, was taken by the Russian physicists Bogoliubov and Parasiuk [31, 32], using a complicated recursive subtraction method, known as Bogoliubov's R-map. Also this
proof contained a loophole, but eventually found its final and satisfying form with the work
of Hepp [126, 127], and later Zimmermann [239]. Today this is a standard result, wellknown under the name Bogoliubov-Parasiuk-Hepp-Zimmermann (BPHZ) renormalization
prescription. Later, Epstein and Glaser [103] presented a proof of renormalizability using
the mathematically rigorous language of axiomatic QFT. Let us mention a fourth approach,
which applied the concept of renormalization group equations, and which was taken by
Blaer and Young [29] following a suggestion by Callan [55]. At this point we refer the interested reader to consult Brown [49], Caswell and Kennedy [60], Collins [66], Delamotte [76],
Kaiser [138] and Schweber [207] for more references and details. Vsil'ev's book [222] provides an illuminating account of the basic theory of renormalization, especially the BPHZ
prescription and dimensional regularization, with a focus on the renormalization group in
QFT and its application to the physics of critical phenomena.
Today, notwithstanding its somewhat notorious reputation, renormalization theory, together
with the gauge principle, forms the backbone of the perturbative approach to physically
relevant quantum field theories. The modern point of view, represented by the concept of
Wilson's renormalization group, elevates it even to a fundamental structure in the current
understanding of high energy physics.
Despite its enormous accomplishments the concept of renormalization was stigmatized, especially for its lack of a firm mathematical underpinning. A possible reason for this situation
might have been the fact that its building blocks, the (one-particle irreducible) Feynman
graphs in themselves appeared to be unrelated to a sound mathematical structure that may
underlie the renormalization prescription in perturbative QFT. Indeed, examining the current introductory and advanced literature on renormalization, one feels the need for a more
conceptual picture that unifies and simplifies mathematical and computational aspects.
Almost five decades after Bethe's 1947 work, this changed to a great extend with the original
paper by Kreimer [147] introducing the notion of Hopf algebra. The ensuing work by
Kreimer [148, 149] and collaborators, especially those of Broadhurst and Kreimer [43, 44,
45, 46, 47], and Connes and Kreimer [68, 69, 70] explored this new approach both in
terms of its mathematical and physical content, as well as its computational aspects. The
Hopf algebraic setting captures the combinatorial and algebraic aspects of the process of
renormalization by organizing Feynman graphs into a combinatorial Hopf algebra, denoted
by 3<F, which is a connected graded commutative bialgebra, essentially characterized by
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its non-cocommutative coproduct structure map. The formulation of renormalization using
Hopf algebras was completed in the work of Connes and Kreimer. It gives rise to an elegant
and useful disentanglement of analytic and algebraic aspects of perturbative renormalization
in general QFT.
Now that we have started to talk about Hopf algebras and Feynman graphs, let us continue
for a moment and provide some more details to sketch the general picture. The restricted dual
of the Hopf algebra of Feynman graphs, denoted by !K*F, contains the group S := char(!K/r, C)
of characters, that is, algebra homomorphisms from 'Kp to the underlying base field, say,
C. Feynman rules are understood as such linear and multiplicative maps, associating to
each Feynman graph, seen as a collection of vertices and edges, its corresponding Feynman
integral. This group of characters possesses a corresponding Lie algebra of derivations, or
infinitesimal characters, denoted by L := <9char(!K^, C), which derives from a fundamental
pre-Lie algebra structure on Feynman graphs. The last point, i.e., the existence of a pre-Lie
structure on graphical objects giving rise to a Lie algebra of graphs appears to be a persistent
phenomena in the combinatorics of such structures.
Feynman amplitudes, viz, those Feynman integrals associated with a Feynman graph via
Feynman rules, are given by in general ill-defined integrals plagued with ultraviolet divergences coming from high momentum integrations. These divergences demand a regularization prescription, where we introduce new parameters into the theory to render such
integrals formally finite. The particular choice of such a prescription is largely arbitrary, and
mainly guided by two desires. One is the more practical desire for calculational convenience
driven by the fact that multiloop calculations are in general very complicated problems. The
other desire, though of more fundamental nature, is to maintain as many -if not all- of the
physical properties of the original -non-regularized- theory as possible. But, the price to
pay is twofold. We are forced to replace the base field C as target space of the original nonregularized Feynman rules by an (commutative and unital) algebra A of Feynman amplitudes
determined by the new and nonphysical parameters. Alternatively, we might circumvent such
regularizations by considering Taylor expansions on the level of the integrands. Whichever
way, this leads us to consider the space of A-valued, or regularized, linear maps, denoted
by Hom(IKfr, A), which contains the group of regularized characters, S^ := cha.v(%f,A),
respectively its associated Lie algebra LA '•= dchax (!HF, A). As a principal example serves
dimensional regularization, where we introduce the complex parameter e and replace the
physical space-time dimension d £ N in the relevant integrals by the complex dimension
D := d — Is. Such integrations in complex dimensional spaces evaluate into the field of
Laurent series, A : = Cfe"1,^]]. The originally ill-defined expression is recovered in the limit
of e put to zero. After this nonphysical parameter has entered the calculations, rendering
them formally finite and therefore feasible, we are nevertheless forced to advice a sound prescription for eliminating it from our final expressions, returning eventually the sought after
physical result. By deep physical demands this process of renormalization involves a highly
non-trivial and involved combinatorics. As we mentioned above this was achieved some 45
years ago by the struggle of several people over decades.
Fortunately, in the Hopf algebra context perturbative renormalization finds a surprisingly
compact formulation as a classical factorization problem in the group QA of A-valued algebra
morphisms, to wit, the algebraic Birkhoff decomposition of Feynman rules first discovered
by Connes and Kreimer [69, 70].
The initial proof of the Connes-Kreimer factorization of regularized Feynman rules was
achieved using dimensional regularization, hereby opening a hitherto hidden geometric viewpoint on perturbative renormalization in terms of a correspondence to the Riemann-Hilbert
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problem. For the minimal subtraction scheme it amounts to the decomposition of the Laurent series associated to a Feynman graph using dimensionally regularized Feynman rules,
which has poles of finite order in the regulator parameter e, into a part which is holomorphic
at the origin and a part which is holomorphic at complex infinity. The latter moreover distinguishes itself from the former by the particular property of locality. This has far reaching
geometric implications, starting with the interpretation upon considering the Birkhoff decomposition of a loop around the origin, providing the clutching data for the two half-spheres
defined by that very loop. A scattering type formula was found for the part holomorphic at
complex infinity, giving rise to its description in terms a Dyson-series of iterated integrals.
The geometric point of view leads to motivic Galois theory upon studying the equisingularity
of the corresponding connection in the Riemann-Hilbert correspondence. This approach was
further extended in [72, 73, 74].
The above geometric picture has some underlying more general algebraic structure. Indeed,
it uses the property that Laurent series in A := Cff" 1 ,^], actually form a commutative
unital Rota-Baxter algebra [17, 196, 198] with the pole part projection, R := Rms, a s
Rota-Baxter operator (minimal subtraction scheme map) fulfilling the Rota-Baxter relation
(of weight one)
R(x)R(y) + R(xy) = R(R(x)y + xR{y)),

Wx, y 6 A.

This ensures that the factors in Connes-Kreimer's Birkhoff decomposition themselves give
^-valued characters, that is, multiplicative maps. This renders Connes' and Kreimer's decomposition of Feynman characters into a proper factorization of the group of regularized
characters into two particular subgroups. The linearity of the map R on A permits to define
a unital, but now non-commutative complete filtered Rota-Baxter algebra structure on the
space Hom(DCf, A), with convolution as associative product.
One of the fundamental results in the realm of commutative Rota-Baxter algebras is Spitzer's
classical identity [200, 214]. Its generalization to non-commutative Rota-Baxter algebras,
together with another important property of associative Rota-Baxter algebras, known as
Atkinson's factorization theorem [13], allows us to show that Connes-Kreimer's multiplicative factorization in SA follows from an additive decomposition on the level of the corresponding Lie algebra £>A through the exponential map [87, 88, 89]. Hereby Bogoliubov's
well-known formulae and his R-operation, respectively, which form the backbone of the standard BPHZ renormalization procedure, follow as a special case from the non-commutative
version of Spitzer's classical identity.
Two important remarks are in order. First, to remind the reader, we underline the fact that
in our approach the 'regularization' algebra A in SA a n d £->A, respectively, is supposed to
be a commutative Rota-Baxter algebra of (non-zero) weight one, but otherwise arbitrary.
Uniqueness of the above Birkhoff decomposition is implied by further assuming that the
Rota-Baxter map R is idempotent. The setting provided by the minimal subtraction scheme
in dimensional regularization is just a particular example, though convenient, for such a
Rota-Baxter algebra (A, R). Secondly, the recursive nature of the process of renormalization
encoded in Bogoliubov's R-operation transposes into the Lie algebra of Feynman graphs via
an inductively defined formula based on the Baker-Campbell-Hausdorff series.
We finish this somewhat long introduction by some remarks and comments for further reading. Let us start by mentioning two recent papers by Manchon [175], and Gracia-Bondia
and Figueroa [108], respectively, devoted in great detail to the general Hopf algebra structure in renormalization theory. A more mathematical, but shorter summary was given
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in [36]. The initial discovery of the Hopf algebra structure grew out of a study of the
number-theoretic properties of Feynman graphs with many subdivergences. Reference [156]
provides an overview of some of the results up to the year 1999, including the link between
knot theory, Feynman graphs and number theory [43].
The original work of Kreimer [147, 148], and Connes and Kreimer [68, 69, 70, 71] explores
and settles the Hopf algebraic formulation of renormalization for general perturbative QFT.
It also develops the connection with non-commutative geometry. The Birkhoff decomposition
for Feynman rules is established within the minimal subtraction scheme in dimensional regularization, giving rise to an unexpected correspondence with the Riemann-Hilbert problem
which provides a geometric picture of renormalization. This approach is further extended to
aspects of the renormalization group in QFT. In [65, 106, 107, 114, 142, 146, 151, 195]
further details in several different directions were given. Including the relation to other
renormalizations prescriptions such as the Dyson-Salam scheme and possible relations to
Kontsevich's deformation quantization. The work [173] by Malyshev shows how to apply
Connes' and Kreimer's combinatorial Hopf algebra in the context of ribbon Feynman graphs.
The link to Connes' non-commutative geometry becomes evident in terms of a particular
Hopf algebra of non-planar rooted trees [68], solving a universal problem in Hochschild cohomology and forming the role model for the Hopf algebraic structure of renormalization.
This work renewed considerably the interest in Hopf algebraic aspects of combinatorics such
as rooted trees Hopf algebras and their relations. In this context one must point out the
work of G.-C. Rota [197] and his school, especially Rota's and A. Joni's seminal work [137]
from the late 1970s, forming the starting point for the theory of incidence Hopf algebras,
further developed in [102, 205], see also [108, 186, 209]. Holtkamp [132]2 showed that the
non-commutative version of Connes-Kreimer's Hopf algebra of rooted trees is isomorphic
to Loday and Ronco's Hopf algebra of binary rooted trees [167]. Aguiar and collaborators
explored in more detail several rooted tree Hopf algebras [6, 9, 10] with a view towards
their combinatorial structures. Hoffman in [130] improved a result of Panaite [188], showing the isomorphism between the dual of Connes-Kreimer's Hopf algebra and GrossmannLarson's [118] rooted tree Hopf algebra (see also [109]). The work of Grossmann-Larson
appeared around 1990 in the context of combinatorics of differential operators. Along the
same line we have Brouder's paper [48] which explored the relation of Connes-Kreimer's findings to Butcher's celebrated work on Runge-Kutta integration methods [53, 54]. Turaev
in [219, 220] further extended some combinatorial aspects of the Connes-Kreimer results,
especially with respect to the notion of pre-Lie coalgebras, and thereby also gave an elegant
and concise description of Connes-Kreimer's rooted tree Hopf algebra.
Chapoton and Livernet [61] described free pre-Lie algebras in terms of rooted tree operads.
Mencattini and Kreimer [178, 179] further analyzed the so-called insertion and elimination
Lie and pre-Lie algebraic structures of Feynman graphs [71] using infinite matrix representations.
In [88, 89] some aspects of the Rota-Baxter relation in the context of Connes-Kreimer's
Birkhoff decomposition are investigated in detail, pointing out some parallels to the theory of classical integrable systems [14, 210]. It thereby provides the algebraic underpinning for Connes-Kreimer's factorization in terms of complete filtered Rota-Baxter algebras,

2

See also L. Foissy's PhD-thesis.

30

INTRODUCTION
Spitzer's identity and Atkinson's multiplicative decomposition theorem for Rota-Baxter algebras. This work was further extended in [86, 92] describing the combinatorics of renormalization in terms of pro-unipotent triangular matrix representations, and their factorization capturing the process of renormalization analogously to the Birkhoff decomposition of
Connes-Kreimer. In the same spirit, the recent work [?] provides a unified approach to several apparently unrelated factorizations arisen from quantum field theory, vertex operator
algebras, combinatorics and numerical methods in differential equations.
An interesting application of renormalization techniques and Rota-Baxter algebras as described in [88, 89] to the iteration of symbols of pseudodifferential operators can be found
in a recent paper by Manchon and Pyacha [176].
The work of Broadhurst and Kreimer [43, 44, 45, 46, 47] develops many computational
and physical aspects of the new approach to renormalization. It is shown how to use the
coproduct structure of the Hopf algebra for efficient computation of the forest formula. Also,
in a particular context those authors use the Hochschild cohomology of the Hopf algebra to
resum the perturbative series. The latter two of the aforementioned references hence form the
starting point for the latest work of Kreimer [154, 158], and Bergbauer and Kreimer [23],
putting emphasis on Hochschild cohomology of Hopf algebras as a source of locality, the
Dyson-Schwinger equations, and even the Slavnov-Taylor identities for the couplings in
generic gauge theories.
Finally, the authors in [115, 174, 201] started to analyze some aspects of renormalization
group calculations in the Hopf algebra context.
The work [26, 27] (see also [183]) is of more computational character, indicating the efficiency of the use of Hopf algebras in perturbative renormalization.
Several people [22, 190] investigated the link between the Hopf algebra of renormalization
of Connes and Kreimer and the most rigorous approach to renormalization in perturbative
QFT, provided by the Epstein-Glaser prescription [103].
Let us mention some recent progress, which has been made in the mathematical context
of number theory, and motivic structures of Feynman integrals. The notion of equisingular
connections was used to explore Tannakian categories and Galois symmetries in the spirit
of differential Galois theory in [72, 73, 74]. Underlying the notion of an equisingular
connection is the locality of counter terms, which itself results from Hochschild cohomology.
The resulting Dyson-Schwinger equation allows for gradings similar to the weight- and Hodge
nitrations for the polylogarithm [150, 155]. More concretely, the motivic nature of primitive
graphs has been established very recently by Bloch, Esnault and Kreimer [30].
We would like to encourage the reader to consult the following papers [60, 67, 76, 108,
150, 175, 192] and books [66, 105] for more introductory references, both with respect
to perturbative QFT and classical -in the 'pre-Hopfian' sense- renormalization theory, as
well as its recently discovered Hopf-algebraic structures. With an exception of first paper,
all of them are available online. Also, some readers may find it stimulating to leaf through
the books by Brown [49] and Schweber [207], and the more recent one by Kaiser [138]
for some scientific-historical perspectives on Feynman graphs in QFT and renormalization
theory. Also, Schwinger's collection of reprints [208] contains many of the original articles
marking the beginning of modern perturbative QFT and renormalization theory.

Let us briefly outline the organization of the following exposition. This thesis is organized
into two parts each containing two chapters.
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The first part is devoted to the theory of Rota-Baxter algebras and hence is of more
mathematical character. In Chapter 1 we provide some background on advanced algebra
such as the diagrammatic definition of co- and bialgebra. We introduce Hopf algebras and
the notions of character and infinitesimal character with a focus on graded connected Hopf
algebras. After a few words on the Milnor-Moore theorem we describe in some detail the
Hopf algebra of non-planar rooted trees as it appeared in the work of Connes and Kreimer.
Chapter 2 is entirely devoted to the algebraic theory underlying the Rota-Baxter relation.
Key-results with respect to later applications appear in Section 5, where we introduce the
BCH-recursion giving rise to a general factorization theorem for complete filtered algebras
and Section 6, which contains the generalization of Spitzer's identity to non-commutative
associative Rota-Baxter algebras of arbitrary weight. This section includes a little digression
into some recently discovered aspects of the SC/f-recursion and its link to Magnus' expansion
in the light of the particular case of weight zero Rota-Baxter algebras.
The second part starts with an introduction summarizing in parts the aforementioned keyresults from Rota-Baxter algebra needed in the context of the Birkhoff decomposition in
the Hopf algebraic formulation of renormalization due to Connes and Kreimer. Chapter 3
contains a few words on perturbative quantum field theory and regularization prescriptions
and renormalization schemes, respectively, borrowed from Kreimer's book. All-in-all we
follow standard references in this field. Chapter 4 establishes the pre-Lie respectively Lie
algebra of Feynman graphs as well as the corresponding Hopf algebra. Section 2 presents
the core of this part as it describes the non-commutative complete filtered associative unital
Rota-Baxter algebra structure on the restricted dual of the Hopf algebra of Feynman graphs
following from the Rota-Baxter algebra on the regularization target space. This culminates
into the application of the factorization result for such algebras from part one. Hence, due
to the presence of a Rota-Baxter map, we naturally arrive at the non-commutative Spitzer
identity in perturbative renormalization. We state the main application in Theorem 2.3
of part II giving the algebraic framework for Connes-Kreimer's Birkhoff decomposition of
renormalization. We finish with Section 3 where we present a suitable matrix calculus on the
group of pro-unipotent (upper or lower) triangular matrices with entries in a commutative
unital Rota-Baxter algebra capturing the Birkhoff decomposition of Connes and Kreimer
in renormalization via a Rota-Baxter (anti-)representation of the group of regularized Hopf
algebra characters.
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Rota-Baxter Algebra

CHAPTER 1

Mathematical preliminaries
Prom the preceding introduction we have learned that Rota-Baxter algebras appear in a
wide variety of mathematical and physical settings, ranging from renormalization theory,
integrable systems and probability theory to abstract algebra, number theory and numerical
analysis of differential equations.
Achieving a better understanding of the first mentioned context, i.e, perturbative renormalization theory, is our main concern in this work. It appears that the mathematical structure
underlying the Rota-Baxter relation, that is, the basic theory of Rota-Baxter algebra is
interesting and reasonably easy to grasp. We will provide it here. In the course of outlining
its basic ingredients we will provide several examples, thereby the reader will encounter some
of the other topics where such algebras play a role and which we mentioned in the preceding
introductory section.
The presentation of this section contains necessarily a more mathematical flavor. Most of
the tools used to describe our results are of purely algebraic nature. Eventually, our main
goal is to explore Rota-Baxter structures in the context of some algebraic-combinatorial aspects of perturbative renormalization theory related to its recently discovered Hopf algebraic
foundations.
Therefore we will start in a simple manner with the basic mathematical building blocks, the
notions of algebra, coalgebra, bialgebra and eventually Hopf algebra. It is neither our goal
to develop all mathematical details nor to be fully self-contained and rigorous but, just to
present the most useful definitions, structures and results for later reference. We hope that
this might ease further reading of the main parts of this work. The more mathematically
inclined reader should skip the first part of this chapter and immediately jump to Section 2
where we introduce Rota-Baxter algebras.
Throughout this work, whenever possible we will exemplify the abstract mathematical notions by simple examples. We will limit ourselves mainly to those carrying some more
combinatorial flavor. For more elaborated and certainly more sophisticated introductions,
especially with respect to Hopf algebraic structures we refer the reader to the standard
mathematical literature, for instance, the references [1, 105, 141, 144, 172, 212, 216].
Of immense use are several of the summaries and reviews written on Hopf algebraic aspects
in perturbative renormalization, such as [64, 142, 153, 152, 157]. The reader may also
consult our recent topical review paper [100]. Especially the two recent expository papers
[175, 108], which we follow in some detail, are very useful references. Both of them cover
many mathematical aspects of the original work of Kreimer, and Connes and Kreimer, and
moreover provide new details and results. Let us also mention the recent purely mathematical work of Aguiar, Loday and collaborators [6, 9, 10, 167].

In the following sections, we first introduce the notion of associative algebra, including particular non-associative ones, e.g. Lie and pre-Lie algebras. Then we repeat the definition of
associative algebra, this time using commutative diagrams to describe its axioms. Following
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the common-sense approach we introduce the definition of coalgebras by "reversing the arrows" in the diagrams corresponding to the definition of associative algebras. In both cases
we deliberately use examples of simple and intuitive nature.
Merging algebras with coalgebras in a mathematically compatible sense, provides us with the
notion of bialgebra and eventually, after adding an antipode map, with that of a Hopf algebra.
As a remark we may add the observation that especially in the realm of combinatorial
structures bialgebras appear to have either a simple algebraic structure accompanied by a
more elaborated coalgebra side, or the other way around.
At this point we should mention the seminal work of Joni and Rota [137] exploring those
bialgebraic structures in combinatorics long before they showed to be of immense use in
applied mathematics and theoretical physics. Later, especially Rota's students [203, 204,
205, 102] extended and unified the results form [137] about graded connected bialgebras
naturally into the notion of incidence Hopf algebras. Good sources for further reading may
be found in [172, 209], and especially in Nichols' and Sweedler's elegant paper [186].
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1. Algebra
We hope that it might be useful to the reader to start with some elementary notions and
related facts well-known form -advanced- algebra. Therefore we collect here for the reader's
convenience the basic mathematical definitions. For more details and proofs we refer to the
standard literature, especially to the recent publications, see for instance [105, 108, 175].
For the rest of this chapter we assume the field K to be of characteristic zero. We mainly
have either C, R or Q in mind. Many of the standard results presented here hold through
when replacing the field K by a commutative ring C. But we refrain from such mathematical
subtleties.
1.1. Associative algebra. Let K be a field of characteristic zero, assumed to be the
base field over which we work. The field unit is denoted by l^. If there is no danger of
confusion we just write 1 = IKWe call the set G a group if it consists of a composition rule, called product, assigning
to any two elements g,g' G G in a specific order a third element, denoted multiplicatively
gg' = g" G G, subject to the rules:
(1) The product is associative. For any three elements g, g', g" G G we have that (gg')g" =

g(g'f).
(2) An identity element exists. There is an element e G G, such that eg = ge — g for
all g G G.
(3) An inverse exists. For any element g G G there exists another element g~l G G, such
that gg'1 = g~lg = e.
Both the identity element e G G as well as each inverse are unique. The group G is called
abelian, or commutative, if for any two elements g, g' G G, we have gg' = g'g.
A K-vector space V, or vector space over the field K, is an abelian group V together with
a scalar multiplication K xV —> V such that
k(a + b) = ka + kb,

(k + l)a = ka + la,

(kl)a = k(la),

l^a = a, \fk, l e K , a, b G V.

All tensor products of K-vector spaces are over K and will be denoted by ® := ®^.
1.1. A ~K-linear map f : U —+ V between two ~K-vector spaces U and V, is a map
from U to V, such that for all u,u' G U and k, I G K, we have f(ku + lu') = kf(u) + lf{u') G
V.
DEFINITION

We denote the K-vector space of such linear maps from U to V by Homjc(J7, V) = Hom([7, V).
For U = V we denote the space of linear maps on U by End([/).
1.2. Let U and V be two K-vector spaces. The flip map rVy : U' ®V —> V®U
is defined by Tuy{u ®v) :— v ®u for all u G U, v G V.

DEFINITION

Let V be a K-vector space. We define V* := Hom^V, K) to be the linear dual of V. V and
V* determine a non-degenerate bilinear form (—, —) : V*®V —• K by defining {/, v) := f(v).
If 4> G Hornet/, V) for two K-vector spaces U, V, then the transpose of </> is (p* : V* —-> U*,
given by (p*(f)(v) :=
A ring R is understood to be an additively written commutative group, with two compositions. The first one is denoted as + and fulfils the group axioms. The second composition is denoted multiplicatively, rr' = r" G R, for all r, r' G R, and satisfies associativity
(rr')r" = r(r'r") for all r,r',r" G R, as well as the distributive law r(r' + r") = rr' + rr",
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(r + r')r" = rr" + r'r" for all r, r', r" £ R. The ring R is called unital if there exits a unique
element 1R, being the multiplicative unit for the product, i.e., IRT = TIR = r for all r £ R.
A ring homomorphism is assumed to preserve these identities.
Let R. be a ring without unit. A nonunitary (left) ß-module M is an abelian group M
together with a scalar multiplication R x M —> M such that

r(x + y) = rx + ry,

(r + r')x = rx + r'x,

(rr')x = r(r'x),

Vr, r' £ R, x, y £ M.

Let i? be a ring with identity 1R. A unital (left) Ä-module is a nonunitary i?-module M such
that IRX = x, for all x £ M. In particular, a vector space over a field K is just a K-module.
Let us now state the classical definition of an associative algebra over the field K, as being
a unital ring, which is a K-vector space.
1.3. An associative K-algebra with unit 1A is a K-vector space A together
with the associative K-linear multiplication map TUA : A ® A —> A

DEFINITION

(1)

mA(a <S> mA(a ® a")) = mA(mA(a

® a') <g> a"),

Va,a',a" £ A,

and m,A{a ® I A) = a = «^(1/4 ® a) for alia £ A.
In the following and if not stated otherwise, (K-)algebra stands for associative DC-algebra,
and often we will denote such a K-algebra as a triple (A, THA, 1A)- Distributivity of mA can
be summarized by saying that the product mA on A is a bilinear map.
By the center of a K-algebra A, we mean the sub vector space Z(A) C A, such that for
z £ Z(A), m,A{a <8> z) = m,A{z ® a) for all a £ A. There is also the following equivalent
definition of associative algebra.
DEFINITION 1.4. A unital K-algebra is a unital ring A with associative multiplication
A <g> A —* A, together with a ring homomorphism T\A : K —* A such that the image of K is
contained in the center Z(A) of A.

Sometimes we denote a K-algebra by the triple (A,m,A,r)A)- The mapping K 3 k -^> klA
imbeds K in A, provided A is non-trivial, i.e. 1A ^ 0 or equivalently |^4| 7^ 1. We therefore
may identify 1A = IK- Later this definition is used for the diagrammatic representation of
associative K-algebra.
EXAMPLE

1.5.

(1) The base field IK is a commutative unital K-algebra.
(2) The ring of n x n matrices with entries in a field K and ordinary matrix product is a
K-algebra.
(3) For any two K-algebras (A,rriA, 1A) and {B,m,B, 1B), we can define a K-algebra structure over the tensor product, (A <8> B,W,A & VTIB-, 1A®B), with unit 1A®B defined to be
1A <8> I ß and product m i 4 ( g ,B((o <g> b) <g> (a' <g> b')) := mA(a <g> a') <g) mB(b <8> b').
(4) Let V be a K-vector space. The K-vector space End(V) of K-linear maps between V
equipped with composition as multiplication forms a K-algebra.
A K-algebra is called commutative if mA o TA)A = TTIA- A K-subalgebra in the algebra
A is a K-vector subspace B C A, such that for all b,b' £ B we have m/i(6 £g> b') £ B. A
K-subalgebra / C A is called (right-) left-ideal if for all i £ I and a £ A, (rriA(i <8> a) £ I)
m^(a ®i) £ I- I C A is called bilateral ideal, or just an ideal if it is a left- and right-ideal.
If / is a bilateral ideal then the quotient space A = A/1 has a natural structure of algebra,

mA : A® A —> A, mA(x,y) = mA(x,y).
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1.6. Let (A, ITIAAA) and (B,m,B,lB) be two K-algebras. A unital K-algebra
homomorphism / : A —> B is aK-linear map, such that f(niA(o,®a')) = rriß(/(a)(8i/(a'))
for all a, a! £ A, and /(I4) = Iß.
DEFINITION

1.7. Let (A,mA, 1A) be a K-algebra. Let us denote the product mA(a®a') =: aa'.
As an example for a linear map which is not a K-algebra homomorphism take for fixed a £ A
the map Ma : A —* A defined by Ma(a') := m,A(a® a') = aa', a' £ A. Ma trivially fulfills the
relation
Ma(a')Ma(a") = Ma(a'Ma(a") + Ma(a')a") - Ma(Ma(a'a")).
REMARK

1.8. Let (A,rriA, 1A) be a K-algebra. An augmentation map e : A —> K is an
algebra morphism. An algebra A with such a map is called an augmented K-algebra.

DEFINITION

One readily verifies that the kernel, ker(e) C A, of the augmentation map e is an ideal in A.
Later, augmentation maps will be of importance in the context of Hopf algebras.
Let us conclude this reminder about associative algebras with the definition of the opposite
algebra A011.
1.9. Let (A, mA, 1A) be a K-algebra. Then the opposite K-algebra (Aop, m°Ap, 1A)
is defined by A09 = A as K-vector space, and the multiplication m0^ : A ® A —> A is given
by m°l := vaA ° TA.A- The unit is the same for both.

DEFINITION

It is easy to show that (Aop,mt^, 1A) defines an associative unital K-algebra.
1.1.1. Graded and filtered algebras. We introduce now the notion of graded K-algebra,
denoted as (A, TTIA, 1A, {An}), n £ N. In the following we sometimes write the product mA
of two elements by concatenation, i.e., m,A(a ® a') =: aa', for all a, a' £ A.
1.10. A K-algebra (A,mA, lA,{An}ne®) is called a graded K-algebra if there
are K-vector subspaces An C A, n > 0, such that

DEFINITION

U, and ApAq C Av+q.
Elements a £ An are given a degree deg(a) := n.
1.11. A filtered K-algebra is a K-algebra A together with a decreasing filtration of nonunitary subalgebras An, An D An+\, n > 0 such that

DEFINITION

U

A

—

A
rl

•fin — - 5

A

A

"»"m

(

A

i= •rln+m.-

n>0

It immediately follows that Ao — A and each An is an ideal of A. Any graded algebra is also
a filtered one. In a filtered K-algebra A, we can use the subsets {An} to define a metric on
A in the standard way. Define, for a £ A,
., , __ f max{A: | a £ Ak}, a £ C\nAn,
^'
[00,
otherwise
and, for a,b £ A, d(a, b) =

2^b~a\

A filtered algebra is called complete if A is a complete metric space with d(a,b), that is,
every Cauchy sequence in A converges. Equivalently, we also record that a filtered K-algebra
A with {An} is complete if C\nAn = 0 and if the resulting embedding
A —> Ä:— lim A/An
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is an isomorphism.
1.12. Let A be a complete filtered algebra. The subset G := l^ + ^ i is a group under
multiplication in A.

LEMMA

An element of 1A + Ax is of the form \A — a with a G A\. Thus Y^=oan
well-defined element in lA + A\ and
PROOF.

CO

n=0

ls

a

CO

n=0

D

When A is a complete filtered Q-algebra, the functions
(2)

exp : A\ —> \A + Ax,

exp(a) := 2 J —p
n=o n '

(3)

log : 1A + Ai —> Ai.

log(1,4 + a) := *—'

n

71=1

are well-defined.

1.1.2. L?e and Pre-Lie Algebra. We extend the notion of IK-algebra by briefly introducing
algebraic structures of non-associative type. Two such non-associative IC-algebras will play
a decisive role in the following exposition. We start with the notion of Lie algebra.
Let (A, mA, lA) be a US-algebra. Defining the commutator bracket [o, a'] := mA(a <S> 0!) —
mA(a' <g> a) for all a, a' G A we obtain a Lie algebra, which is by
1.13. Let L be a K-vector space. £ is called Lie algebra if it is endowed with
a bilinear map B : fl <g>£ —> & such that B is antisymmetric, B or = —B, and B fulfills the
following identity
DEFINITION

(4)

B{x, B(y, z)) + B{z, B(x, y)) + B(y, B(z, x)) = 0

for each x,y, z G £-, called Jacobi's identity.
Often we will follow standard usage and denote the bilinear form B on L by the bracket
[—,—]. Jacobi's identity (4) then takes the more familiar form

[x, [y, z\] + [z, [x, y]] + [y, [z, x]] = 0
In the light of Eq. (4) Lie algebras are evidently non-associative EC-algebras. Instead, the
Jacobi identity replaces the associativity relation (1).
1.14. We have just seen that any associative ES-algebra (A, mA, 1A) can be equipped
with a Lie algebra structure, defining the bracket between two elements x, y G A by ahtisymmetrization of the product, [x,y] := xy — yx. Again, we denoted the product in A,
mA, by juxtaposition. The antisymmetry follows from the very definition, while the Jacobi
identity (4) is an easy consequence of the associativity of the product mA. We will indicate
by £>(A) the Lie algebra defined on A by this bracket. In particular given a vector space V,
the vector space End(V) is an associative algebra with product m defined by the composition
of maps, 0, ip G End(V), m((f>, ip) = ip o ip e End(F). The Lie algebra £(End(V)) is defined
by the bracket [cf),ip} = <j> o tp — iß 0 <p for each 0, tp in End(V).
EXAMPLE

40

1. ALGEBRA
1.15. In the spirit of the last example we have that the set of nxn matrices over the
field K, denoted by M n (K), forms a Lie algebra with commutator bracket [^4, B] := AB — BA
for all A,Be M„(1K), called gln(K), the general linear Lie algebra of degree n over the field
K.
EXAMPLE

EXAMPLE 1.16. Let us consider a 3-dimensional K-vector space V generated by the elements
x,y,h. Let us define a Lie algebra structure on V, via the following identities: [x,y] := h,
[h,x] := 2x, [h,y] := -2y and hence [y,x] :— -h, [x,h] := -2x, [y,h] := 2y. Such a bracket
fulfills the Jacobi identity (4), so that it defines a Lie algebra structure on the vector space
V generated by x, y, h. This Lie algebra is usually called s( 2 .

Let £ i and £2 be two Lie algebras over the field IK, and (j> : £1 —* £2 a morphism of
K-modules.
DEFINITION

1.17. We say that 0 is a Lie algebra morphism if

A Lie algebra £ is called commutative or abelian if [x, y] = 0 for all x, y € £. Lie subalgebras
and Lie ideals are defined as follows.
DEFINITION

1.18. A K-vector subs-pace 3 C L is a Lie subalgebra if for each x,y £ 3,

[x,y]e3.
DEFINITION

1.19. A given K-vector subspace 3 C £ is called an ideal of L, if [9,£] C 3.

PROPOSITION

1.20. If 3 C L is an ideal, the quotient L/3 has the structure of a Lie algebra.

The previous proposition gives us a way to define a new Lie algebra starting from a given
Lie algebra £ and a given ideal 3 in £. However, this is not the only way to define new Lie
algebras from old ones. In fact, one can use the cartesian product to do so.
1.21. IfX and % are two Lie algebras. Then the cartesian product Jsf := £ x %
has a natural structure of Lie algebra given by
PROPOSITION

uVi), (x2,
Antisymmetry and Jacobi identity follow immediately from the definition of the
bracket [— ,—}ys and from antisymmetry and Jacobi identity of the brackets [— ,—]z and
PROOF.

[- , -h-

n

1.22. A Lie algebra £ is called simple if it has no nontrivial ideal. It is said
to be semi-simple if it has no nontrivial abelian ideals.

DEFINITION

The center, Z(£), of a Lie algebra £ is defined as the set of elements x G £ such that
[x, y) = 0 for all y £ £ . In particular Z(L) is an abelian ideal.
EXAMPLE

1.23. The Lie algebra 5I2 is simple. In particular its center is trivial.

We come now to the notion of pre-Lie algebra and we will recall its definition more explicitly. Later, in the context of renormalization we will recover it as a fundamental structure
on such combinatorial objects.
1.24. A (left) pre-Lie K-algebra CP is a K-vector space, together with a bilinear
pre-Lie product o : !P x CP —*• 7, satisfying the (left) pre-Lie relation
DEFINITION

(a o b) o c — a o (b o c) — (b o a) o c — b o (a o c),
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L E M M A 1.25. Let T be a (left) pre-Lie K-algebra.
The commutator [a,b] := a o b — b o a
fulfills the Jacobi identity (4) for all a,b G CP, making CP into a Lie algebra.
PROOF.

The proof follows by a simple but cumbersome explicit check.

1.26. (1) Defining the notion of an associator (—, —,
A, where we denote the product on A by concatenation

REMARK

(a, b, C)A '•— (ab)c — a(bc),

—)A

D

G A on a K-algebra

Va, 6, c G A,

we first see that for an associative algebra A we have (a, b:c)A = 0, and that for a left
pre-Lie algebra 7 we readily find (a,b,c)y — (b,a,c)y. There is an obvious analogous
notion of a right pre-Lie algebra, (a, b, c)j> = (a, c, b)y.
(2) Of course, every associative algebra is also pre-Lie.
1.1.3. Universal enveloping algebra. A universal enveloping algebra U is an associative algebra which is constructed starting from any given Lie algebra £. In what follows we
will sketch its construction and its main properties.
Let us consider a Lie algebra L, and let us forget about its Lie bracket, i.e., we think of it
as a K-vector space without further structure.
1.27. The tensor algebra T(L) is the following graded associative algebra generated by the vector space L
DEFINITION

= K © L © ( £ <g> £ ) 0 ( £ <g> £ <8> £ ) © • • • 0

Here £® n denotes the tensor product of n copies of L, whose elements are (finite) linear
combinations of terms of the form a := X\ <g> • • • ® xn, with x^ G £ for k = 1, • • • , n. By
convention we define £®° = ljj
The algebra structure is given by concatenation, that is, for (01,02) —> ai <S> OL<I for all
strings of tensor products «i, «2 G T ( £ ) . ^4 given element a is (homogeneous) of degree n if
and only if a G
Let us write _/:£—> T ( £ ) for the inclusion map. Then T(L)
) . Now we must recall the notion of freeness.

is generated as K-algebra by

1.28. A free K-algebra over a K-vector space V is a K-algebra F(V) with
a ~K-vector space map jy : V —» F(V) such that, for any K-algebra A and any K-vector
space map f : V —> A, there is a unique K-algebra homomorphism f : F(V) —> A such that
f ° jv = /• That is, such that the following diagram commutes.

DEFINITION

F(V)

Remember that we forget the Lie bracket in £, i.e., think of it as a K-vector space. T{L) is
a free K-algebra with generators j(x), x G £, which are subject to the (K-module) relations
(5)

aj(a:) = j{ax) and j(^i)

for any a G K, x, X\, X2 G £.
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DEFINITION

1.29. The universal enveloping algebra K is the quotient of T(L) by the

ideal generated by the following relations

(6)

j{[xi,x2]) =j(x1)®j{x2)~j(x2)®j(xi),

xux2eL.

Equivalently, IX is the free algebra generated by j(x), x £ £, subjected to the relations (5) as
well as the relation (6).
Since the ideal generated by the relation (6) is not homogeneous, the grading in T(£) does
not induce a grading in U. Nevertheless, such an ideal preserves the natural increasing
filtration in T(£), K = To C 7i C • • • C Tn C • • •, where Tn := ® " = 0 ^ ^ , so that It is
naturally an K-algebra with increasing filtration.
C = lt 0 C Iti C • • • C Un C • • • .
Such a filtration induces a grading
)U®k

^ Uk

=

Uk/Uk-i and

U_i = 0,

k>0

and with respect to this grading we will think of IX as a graded algebra. Moreover, a natural
inclusion ££,:£—>• IX is defined. The universal enveloping algebra is characterized by the
following universal property
1.30. (Universal property) Let L be a Lie algebra and A an algebra. For any
morphism of Lie algebras: / : £ — » • £J(A), there exists a unique morphism of associative
algebras: 0 : IX(-C) —»• A, such that

THEOREM

i.e., <fi is the only morphism of associative algebras which makes the following diagram commutative

/-

''

L(A)
Theorem 1.30 can be rephrased by saying that, for every Lie algebra L and any associative
algebra A, we have a natural bijection
HomLie(,C,£(,4)) = HomAsso(tl,A).
The universal property described above and the explicit construction of XL described before
are equivalent to saying that the universal enveloping algebra is unique.
1.2. Associative algebra by diagrams. Another way to see a K-algebra A is the
definition as a K-vector space A together with a K-vector space homomorphism m^ : A® A —>
A such that the diagram
(7)

A® A® A

mA&dA

> A® A
mA

A® A

>• A
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is commutative. A is a unital K-algebra if there is furthermore a EC-vector space map
r\A'•K —»• A such that the diagram
(8)

is commutative. Here on (resp. ar) is the isomorphism sending k ® a (resp. a® k) to ka,
for fc G K, a e A Recall that the mapping K 3 k - ^ fcl^ imbeds K into A, provided ^4 is
non-trivial, i.e. 1A ^ 0 or equivalently \A\ ^ 1 and that we can therefore identify \A = IKLet r := TA,/I : A® A —> A(g>^4 be the flip map defined above in Definition 1.2 by TA,/i(:r®y) : =
y ® x. A is a commutative K-algebra if the diagram
(9)

commutes.

2. Bialgebra
Further details on co- and bialgebras, and eventually Hopf algebras can be found in [108,
175], as well as in the books [1, 105, 141, 172, 212, 216]. The notion of a Hopf algebra is
very familiar in the realm of quantum groups and related fields of more mathematical nature,
see especially [62, 141, 172]. Therefore we should underline that the Hopf algebras we have
in mind are of different nature. They appeared originally in the context of combinatorics,
where they were introduced essentially by Gian-Carlo Rota. The seminal references in this
field are the works by Rota [197], and Joni and Rota [137], as well as the later work by
Rota's student W. Schmitt [203, 204, 205, 206], see also [102, 186, 209]. We profited
from the clear and well-written introductory parts of the Ph.D.-thesis of Dr. I. Mancattini.
2.1. Coalgebra. The dual notion of a K-algebra is that of a K-coalgebra. In this
section we will introduce and discuss some of the most elementary properties of this algebraic
structure. From a diagrammatic point of view a coassociative counital K-coalgebra is 'simply'
obtained by reversing the arrows in the above diagrams (7) and (8), defining an associative
unital K-algebra.
2.1. A K-coalgebra is a triple (C, Ac,ec) where C is a K-vector space, and
the coproduct Ac : C —> C ® C and counit tc '• C —> K are ¥L-linear maps that make the
following diagrams commutative.
DEFINITION

(10)

C

-C®C

n f^ r1

> c iV) r <& c

O vy ^

O ^v O ^y O

Here ßi (resp. ßr) is the isomorphism sending a € C to IK ® a (resp. a ® IK)For a e C, we use the notation Ap(a) = J^i a i t ® «2i- Sometimes we will further simplify
by writing only X!(a) a (i) ® a(2)> o r e v e n simpler just Ac(a) = ai ® a2- Then the left diagram
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in (10) encodes the coassociativity of the coproduct map Ac which means

E
(a)

and for which we use another short hand notation A^\a)
idc)Ac(ö)

=

— (idc ® Ac)Ac(a) = (Ac ®

-

Z-^(a) ^(1) ® ^(2) ® ^(3)

A K-coalgebra (C, Ac, ec) is called cocommutative if and only if rc,c ° Ac = Ac, i.e., if the
following diagram
C®C^C®C

commutes.
EXAMPLE

2.2.

(1) The K-algebra K has a natural structure of a K-coalgebra with
A K :K-»K<8>K,

CI-»C<8>1,

ceK

and £K := idic : K —*• K. We also denote the multiplication in K. by m,K(2) [216] The so-called group-like coalgebra (5, A, e) of the set 5 is simply defined as
follows. Let KS denote the K-vector space containing the set S, and S is the basis.
The coproduct is defined by A(s) := s <g> s , and the counit e(s) := IK for all s 6 S.
(3) We will see more examples of coalgebras when we come to bialgebras, which are Kalgebras and K-coalgebras at the same time.
2.3. For any two K-coalgebras (C, Ac,ec) and (D,AD,€£)),
we can define a K€
coalgebra structure over the tensor product, (C <g) D, AC,D-, CD)I with coproduct Ac,/? :=
idc ® TC,D ® idö ° Ac ® AD and counit
EXAMPLE

2.4. Let(C,Ac,£c)
and(D,AD,eD)
be two K-coalgebras. A coumfaZ K-coalgebra
homomorphism h : C —> D is a K-linear map, such that h <g> h o Ac = AD ° h, and
eDoh = ec.
DEFINITION

2.5. Let (C, Ac, ec) be K-coalgebras. A subspace I C C is a subcoalgebra if
AC(I) C / ® / . A subspace I C C is called (left-, right-j coideal t/ (^Ac(/) C / <g> C,
Ac(/j QC® I) AC(I) C I&C+C&I and ec(I) = 0.
DEFINITION

2.6. Let (C, Ac, e c ) be a K-coalgebra. The co-opposite coalgebra C00? is
written as (C, A ^ , ec), where A ^ := r o AcDEFINITION

In any given coalgebra (C, Ac, e c ), the particular subset of elements, which are called primitive elements, is defined as follows.
2.7. We say that the element x G C is primitive iff A(x) = x <S> lc + l c ® xWe will denote the set of primitive elements in C as P{C).

DEFINITION

Let us conclude this section on coalgebras with the following remark on the duality relation
between algebra and coalgebra.
2.8. (1) The dual vector space C* of a coalgebra (C, Ac, ec) is endowed with a
natural algebra structure. In fact, define the product

REMARK

45

CHAPTER 1. MATHEMATICAL PRELIMINARIES
and
(Ac*(0 <8> w), x) = {^)® ij), A c ( i ) ) ,

x e C, 0, i> e C*.

The associativity of m* follows from the coassociativity of Ac. The unit is defined by
taking the transpose of the counit map u* = ec* : K* ~ IK —> C*.
(2) Nevertheless, on the algebra side we must imply some restriction. The dual vector space
A* of a finite dimensional algebra (.4, m^, TJA) has a natural coalgebra structure. In fact,
we can define comultiplication and counit by taking the transpose of the multiplication
map and the transpose of the unit map, i.e, A* = rriA : A* —> (A ® A)* ~ A* <g> A*,
and e, = VA1 • A* -> E* ~ K.
2.2. Bialgebra by diagrams. Bialgebras appear most naturally in combinatorics. Actually, the work of Joni and Rota [137] essentially presents a long list of intriguing examples
of bialgebras. The Hopf algebraic extra structure, i.e., the antipode map was ignored largely
though. A student of Rota, W. Schmitt 'corrected' this in [203] and further developed the
subject.
In a K-bialgebra both the structure of a K-algebra as well as that of a IC-coalgebra live
together in a compatible way. It is denoted by a quintuple (B,rriB, T}B-, Aß, es), where
(ß,mß,?7ß) is a K-algebra, and (B, Aß, eg) is a K-coalgebra, such that m# and TJB are
morphisms of K-coalgebras. In other words, remembering that B®B carries both an algebra
and coalgebra structure, we have the commutativity of the following diagrams.
(11)

B®B

—

*B
Aß

®£B > K (8> K

rri

mB

®mB - B®B

B®B®B®B

£B

B®B

B

saying that mB is a coalgebra morphism. The flip map r := TB,B : B®B —> B®B is defined
as before in Definition 1.2, r ß ; ß ( x <g> y) := y ® x; similarly
(12)

K

~

-B

K

» B®B

"B

>B.

K

Or equivalently, such that A s and e^ are morphisms of K-algebras. Later we will often
slightly abuse the notation, when we write the compatibility condition as
AB(bb')

= AB(b)AB(b'),

b,b'eB,

saying that the co-product of the product is the product of the coproduct. In the following we
will suppress the indices when there is no danger of confusion.
EXAMPLE 2.9. Group (bi)algebra: Let G be a group and let ~K[G] be the group algebra
over K. So K[G] is (BgeG^9 as vector space with multiplication given by that of the group
G. We define a coproduct simply by

and counit
e : K[G] -> K,

g ^ 1K.

Together with the multiplication from G, we then have a bialgebra.
46

2. BIALGEBRA
2.10. Let (B,mB,riB,AB,eB)
and (D1mD,VD^D^D)
be two K-bialgebras. A
K-bialgebra homomorphism / : C —*• D is a K-linear map, such that f is an algebra and
coalgebra morphism.
DEFINITION

The set of primitive elements of a bialgebra (B, mB, vB, A B , eB) has the following property.
2.11. If B is a bialgebra, then the set of primitive elements, P{B), is a Lie
subalgebra of the Lie algebra £J(B).
PROPOSITION

PROOF.

Let x, y e P(B) be two primitive elements of B. Then

AB{[x,y])= [AB(x),AB{y)} = [x® 1B + 1B ®x,y® 1B + lB ®y] = {x,y\®\B + lB®[x,y]
D

2.12. A bialgebra H is called a graded bialgebra if there are K-vector subspaces Hn, n > 0 of H such that
DEFINITION

(2) HpHq C Hp+q;
(3) AH(Hn
Elements of x G Hn are given a degree deg(x) =: #(x) = |x| = n. H is called connected if
2.13. A bialgebra H is called a filtered bialgebra if there are K-vector subspaces H , n > 0 of H such that
(1) Hn C Hn+l;
(2) U n > 0 F" = H;
(3) E-PHq C
(4) A Ä ( J T ) ^
The filtered bialgebra H is called connected, if H° = K.

DEFINITION
n

Observe that we assume here an increasing filtration on H. Obviously, a graded bialgebra
is a filtered bialgebra with filtration defined by Hn :=
PROPOSITION

2.14. Let H be a connected graded bialgebra. For any given element x G H,
AH(x) = x ® 1H + 1H ® x + E ® E',

where E <8> E' G ker(e//) ® ker(e^).
PROOF.

Suppose that x G H^. Since H is graded, we have AH{x) G 0 p + 9 = i Hp ® Hq.

Since H is connected, we have that AH(X) = a(y®lH) + ß(lH®z) + ^2k>lZk®zi,. From the
counit property (eH®idH)oAH(x) = x = (id®e//)oA^(x), it follows that X®1H = ^(y^ln)
and lH ®x = ß(ln ® z), so that a — ß = 1 and z = y — x.

•

2.15. Le£ H be a connected graded K-bialgebra. For any x G ifn, f/ie element
AH{X) := AH(x)~X®\H
— 1J/®X «5 m ©p+(?=n, p>o, g>oHp®>Hq. The map AH is coassociative
on the kernel of the counit, ker(e#).
THEOREM

P R O O F . Suppose that x G Hi. Since i7 is graded, we have AH(x) e (&p+q=iHp ® Hq.
Connectedness of H implies that AH(x) = a(y ® \H) + ß(ln ®z) + J2k,i xk ® xu (remember
that the fact that H is connected just means that Ho = K). Prom the counit property
(en ® id//) ° AH(x) = x = (id// ® e//) o AH(x), it follows that x ® In = Q>(y ® 1//) and

1// ® x = ß(ln ®z), so that a = ß = 1 and z = y = x.
47

•

CHAPTER 1. MATHEMATICAL PRELIMINARIES
Hence, elements in the kernel of A are just the primitive elements from definition (2.7).
EXAMPLE 2.16. Divided power bialgebra: The divided power bialgebra is defined by the
quintuple (D, AD, er>, mD,r]D) where D is the free DC-module ® ^ l 0 Kd n with basis dn, n > 0.
The multiplication is given by mu '• D®D^>D, dm®dn >-^ ( m ^ n )<i m+n , and the unital map
i]D : K —> D, 1K i-> d0. For the coproduct we have AD : D —> D ® D, dn —
i > Xlfc=o ^ ® dn-k,
and CD : -D —> DC, dn ^ 50,nlK where 50,n is the Kronecker delta.

2.17. Binomial bialgebra: The binomial bialgebra is simply defined by the
following quintuple (B, AB, eB, mB, TJB) where B is the free EC-module ®^L 0 K6n with basis
bn, n > 0, and multiplication mB : B ® B —*• B, bm ® bn H^ bm+n. The unit map is
again given by r/ß : K —* ß , IK h~» &o- F° r the coproduct A B : B —>• i? ® S, we have
frn ^ Z^fc=o (fc)^ ® bn-k, and the counit e ß : B —> K, 6n i-> 50,nlKEXAMPLE

Proving that these examples are in fact bialgebras is a well-known textbook exercise. Also,
the following proposition for the shuffle product algebra appears to be well-known and will
be stated without proof.
EXAMPLE 2.18. Shuffle bialgebra: More general than the divided power bialgebra is the
shuffle product bialgebra. We give a brief discussion here. Let V be a K-vector space. With
the convention that V®° = K, let

Sh(V) :=T{V) =
n>0

Usually the shuffle product on T(V) starts with the shuffles of permutations [193, 216].
For m,n G N + , define the set of (m, n)-shuffles by
1/

J

i

\ Tit ~|
\

1 \

1 /

\ lib
\

i J * \ CT
/

\ f

iO\

r~ £ I ^^s. • » . *^. Ö
/

\

I //6 ~T~ 't" /
\
/

Here Sm+n is the symmetric group of m + n letters.
For a = ÖJ <g>... ® a m £ V®m, b = b\® ... ®bn £ V®n and a £ S(m, n), the element
a ( a ® 6) = ua{l)

® ua{2)

®...®

ua{m+n)

£

V®{m+n],

where
_ / CLk,
I < k < m,
~ \ bk-m,
m+l<k<m
+ n,
is called a shuffle of the tensor strings a and b. Hence, a shuffle of a\ ® . . . £g> am and
by ® ... ® bn is a tensor list of a^ and bj without changing the order of the a^s and bjS.
The shuffle product (a\®... ® am) III (b\ ®.. -®bn) is the sum of all shuffles of a\®..
.®am
and bi ® ... ® bn
Uk

(13)

a III b:=

^

cr(a ® b)

aeS(m,n)

EXAMPLE 2.19.

a\ III (bi ® b2) = ai ® &i ® b2 + b\ ® a± ® b2 + b\ ® b2 ® ai.

Also, by convention, a III 6 is the scalar product if either m = 0 or n = 0.
2.20. T/ie bilinear composition III ts an associative and commutative product
making Sh(V) into a unitary K-algebra with r\ : K —> ^ ( V ) piuen 6y 7y(A;) =

PROPOSITION

on Sh(V),
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The shuffle product ori T ( V ) can also be recursively defined as follows. As above we choose
two elements a,\ 0
8> a m G F ® m and b i 0 • • • 0 bn G V®71, and define
•

•

•

(

ao III (b\ 0i b2 0...0bn)
{a\ 0 a2 (8

<8> am) UI 6o

= a()b\ 0 b2 0 .. .<8>6n,
= bo,a\ 0 a2 0 ..

do,

&0 ( EV

and
{a\ 0. • -(2) am) UI (bi 0 ... 0 bn)
ii<8> ((a2 0 ... 0 am) II[ (^i 0 . . . 0 bn))
(14)

+&i <8> ((a! 0 ... 0 am) in (b2 (g) - - . ® & n ) ) ,

bj

ev.

Define a coprodudt A : Sh(V) -> Sh{V) 8(> Sh(V) by
A ( a i < g > - - - < 8> a n )

— IK ® (ai <S>' • • 0 an) + cll (81 (ß2 ^ • • •0an) +
+ (ai <8> • • • 0 On) 0 1
+(ai 0 • • • an-i)0an

•
n >1

and A(k) = klK0 IK- Define a counit e : Sh(V) -» K by
e(ai ® • • • ® an) = 0,

n > 1, and e(l K ) = IK-

One easily verifies the compatibility between the coproduct and shuffle product, making it
a graded connected bialgebra.
2.21. (Hoffman, ) Quasi-shuffle bialgebra: We now recall the construction
of quasi-shuffle algebras [91, 129]. The name is justified by its similarity to the recursive
definition of shuffle product algebras in (14). In fact it generalizes those in a highly non-trivial
way.
Let X be a locally finite set, that is, X is the disjoint union of finite sets Xn, n > 1. The
elements of Xn are defined to have degree n. We will use the letter respectively word notation
known from combinatorics. Elements in X are called letters and monomials in the letters are
called words. For a subfield k of C, consider the fc-module underlying the noncommutative
polynomial algebra A = k(X), that is, the free K-algebra generated by X. The identity 1 of
A is called the empty word. Then A is the A;-vector space with a basis given by the words,
including the empty word. Define X = X U {0}. Suppose that there is a binary pairing
EXAMPLE

(15)

[v]:lxl^i

with the following properties
50. [a,0] = 0for all a G X;
51. [a, b] = [b, a] for all a,beX;
52. [[a, b], c] = [a, [b, c]} for all a, b,_c G X;
53. either [a, b] = 0 for all a, b e X, or deg([a, b}) = deg(a) + deg(6) for all a, b G X.
2.22. Given X, k and the composition [-, •] as above, the quasi-shuffle product
* on A is defined recursively by
(1) l*w = w*l=w
for any word w;
(2) (awi) * (bw2) := a(w\ * (bw2)) + b((awi) * w2) + [a, b](w\ * w2), for any words wi, w2
and letters a,b.
DEFINITION

When the binary composition [-, •] is identically zero, we see that the product * reduces to
the usual shuffle product III (14) defined in the previous example.
THEOREM

2.23. (Hoffman, [129])

(1) (A,*, 1) is a commutative graded k-algebra.
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(2) When [•, •] = 0, (.A, *, 1) is the shuffle product algebra on A, (A, III).
(3) There is an isomorphism, exp : (A, III, 1) —> (A, *, 1).
(4) Together with the comultiplication
A:A-*A®A,

w i-> ^

u®v

uv=w

and counit
e : A —> k, w i—> 5 ^ 1 ,
(.A, *, 1) becomes a graded connected bialgebra.

For a detailed proof and more facts about Hoffman's quasi-shuffle product especially with
respect to its Hopf algebra structure (see further below) and multiple-zeta-values we refer
the reader to Hoffman's original article [129] and [91, 96].
2.2.1. Convolution product. For a K-algebra A and a K-coalgebra C, we define the convolution of two linear maps / , g in Hom(C, A) to be the linear map f*g£ Hom(C, A) given
by the composition
In other words,
(/*$)(*) =
(a)
REMARK

2.24. For fa e A : = Hom(C, A), i = 1, • • • , n, n > 1, we define the convolution

product
(16)

ft*---*fn(h)

:=mAo(ft ® f2®---®fn)
(0)

(n)

where we define inductively A c := idc and for n > 0, Ac

oA{c~1](h),
(n—1)

:= (Ac

® idc) ° Ac-

Proofs of the following theorem can also be found in [175].
2.25. Let (A,mA,riA) be a K-algebra.
(1) Let (C, Ac^c) be a K-coalgebra. Then the triple (Hom(C, A), *,r]A o e c ) is a unital
K-algebra, with e := r/A o ec as unit.
(2) Let H — Un>oHn be a connected filtered bialgebra. Let A := Eom(H,A), and define
An = {/ e Hom(#, A) f(Hn~l) = 0}

THEOREM

for n > 0 with the convention that H~l = 0. Then (A,{An}), n > 0, is a complete
filtered K-algebra.
(3) Under the same hypotheses as in item (2), the set G := {/ € Hom(if, A) /{IH) = 1A}
endowed with the convolution product forms a group.
Of course, we can replace the target space algebra A in Hom(C, A) by the base field K. And
in case that C is a bialgebra we have the convolution algebra structure on Hom(C, C).
PROOF.

{f *g)*h

(1) By the associativity of mA and coassociativity of Ac we have
= mA{(f *g) ® h)Ac = mA(mA ®idA)(f
= mA(idA®mA)(f®g®h)(idc®Ac)Ac
50

® g® h)(Ac ® idc) Ac
= mA(f ® (g*h))Ac =

f*(g*h).
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Also,
c = mA(idA

<8> TjA)(f <8> i d K ) ( i d c <E> ec)

/ = rnA{r}Aec <g> /)A C = m ^ ^ <g> idA)(idK <g> f){ec ® id c )A c
= OrCidK <8» /)/3r = /(2) Let f <E Ap and p e Aq. Then for x G Hk, k < p + q - 1, we have (/
S(a;) /(x(i))5(a:(2)) with #(x(1)) + #(z(2)) = &. So in each term of the sum, either #(x(1)) <
p - 1 or #(x(2)) < <?- 1. So either /(x ( i)) = 0 or #(x(2)) = 0. Thus (f*g)(x) = 0. Therefore
Ap •*• >A(j, C.

Jip^q.

To prove that the nitration is complete, we first note that fln>o^lTi = {/ G A f{Hn) —
0, Vn} = 0 since i^ = L)n>oHn. Next, let / n be a Cauchy sequence in A. Define / G .A as
follows. Let x e Hk, k > 0. Then there is iV such that \fn - fN\ < ^, Vn > N. This means
that fn(x) = /JV(^C), Vx e Hh. Define /(x) = /jv(x) for such an N. It is easy to check that
limn^oo fn = f.
(3) We start with the observation that the set G is obviously closed under convolution
multiplication with e as the identity. For h e G, let / = e — h. Then / ( 1 H ) = 0. So
that for x e # n , we have /*(n+1)(:c) = 0. Thus Efc>o Z * ^ ) = ELo/* fc (z) is well-defined

and (Ä* (£Lo/**))(*) = ((e - /) * (EL)/**))^) = (e " /*(n+1))(*) = e(x). Thus
fc = e a n

d ^ i s invertible.
3. Antipode and Hopf algebra

•

Hopf algebras are familiar objects in the theory of quantum groups [1, 62, 105, 141, 144,
172, 212]. Therefore we should underline that the Hopf algebras we have in mind are of
somewhat different kind as they are of combinatorial type. The seminal references in this
field are the work by Rota [197], and Joni and Rota [137]. Later the William Schmitt,
[203, 204, 205, 206] extended the field considerably. Other useful references for such combinatorial Hopf algebras are [108, 172, 186, 209].
Let (H,mH,V,AH,6H) be a K-bialgebra. From now on, we will omit the subscripts at the
structure maps for notational clarity. A K-linear endomorphism S of H is called an antipode
for H if it is the inverse of id// under the convolution product
(17)
S * id// = m o (S <g> id//) o A = r)oe = mo (id// <g) S) o A = id// * S.
DEFINITION

3.1. A Hopf algebra is a K-bialgebra H with an antipode S.

One readily verifies the following
PROPOSITION 3.2. If Si and S2 solve equations (17), then Si = S2, i.e., the antipode is
unique.
PROOF. Recall that the unit in Hom(ff, H) is rj o e.
Si = Si * r) o e = Si * (id// * S2) = (Si * id//) * S2) = V o e * S2 = S2.
D
3.3. In Example 2.9 we mentioned the bialgebra structure on a group G. One
readily shows that the map S on G, S(g) := g~l is the antipode, hence K[G] is a Hopf
algebra.
51
EXAMPLE

CHAPTER 1. MATHEMATICAL PRELIMINARIES
For a connected graded bialgebra, we have the well-known
3.4. [106] Any connected graded K-bialgebra H is a Hopf algebra. The antipode
is defined by the geometric series id^"1 = (7706— (77 oe — id//))

THEOREM

k>0

The proof of this theorem is straightforward. The antipode preserves the grading, S(Hn) C
Hn. This way of describing the antipode S in the above theorem appeared in [106] following
a suggestion by E. Taft.
EXAMPLE

3.5. Let V be a K-vector space. With the convention that V®° = K, let

T(V) = 0 V®n.
n>0

be the tensor algebra, generated by V. In fact, it has the structure of a cocommutative
Hopf algebra. Namely, the coproduct is denned by A(x) := x ® IK + IK ® %, x £ V and
for the counit we demand that e(l%) = IK and zero otherwise. Together with the natural
algebra structure, this makes T(V) a cocommutative bialgebra. The anti-automorphism
S(xi <g> • • • <8> xn) := ( — l)nxn <g) • • • <g) X\ verifies the axioms of an antipode, so that T(V) is
indeed a Hopf algebra.
3.6. The shuffle product bialgebra in Example 2.18 as well as Hoffman's quasishuffle product bialgebra in Theorem 2.23 of Example 2.21 are in fact graded connected Hopf
algebras. These are well-known facts.
EXAMPLE

3.7. (1) The projector P := id// — r/oe maps H to its augmentation ideal, ker(e).
(2) The antipode S for connected graded Hopf algebras may also be defined recursively
by any of the two following formulae

REMARK

S(x) = -X - y ^
(x)

S(x) =

-x-^T
(x)

for x e ker(e), following readily from (17), and S(1H) '•= 1//.
We demand the reader to commit especially the first antipode formula to memory. It will
cross our way in disguised form in later sections.
Let us go back to the universal enveloping algebra U of a Lie algebra £ introduced in the
previous section 1.1.3. We will present the following theorem, showing that it has a Hopf
algebra structure.
THEOREM

3.8. The universal enveloping algebra U(£) has the structure of a graded Hopf

algebra.
P R O O F . Let us outline the proof here. U is an algebra by its definition. Let us now
define on IX a compatible coalgebra structure. As a consequence of the universal property,
we first observe, that the universal enveloping algebra of the cartesian product of £ with
itself, U(L x Ü) is isomorphic as a K-algebra to !!(£) <g>U(£). Then, since IX is generated by
the Lie algebra L, the diagonal morphism £ —> & x £, x 1—» (x, x), x £ & induces an algebra
morphism
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whose restriction to H ~ j(£>) C U(£j) is A (a;) = x(g)l + l<S)x. Such a map defines a coproduct
on U(X). The counit is defined by extending the linear map e : VL(Z>) —> K, e(a') = 0 for
all x e £, to an algebra morphism. Finally, the antipode S is defined on the generators by
S(x) := — 2; and it is extended to an algebra morphism on U(L). One readily checks the
compatibility of the maps just defined, so that we can summarize the above construction by
saying that (U(L),m, A, 77, e, S) is a Hopf algebra.
•
We have already made the Remark 2.8 that, at least in the finite dimensional case, the
notion of algebra and the one of coalgebra are dual to each other. Let us briefly discuss
the case of a finite dimensional Hopf algebra (H,m,A,r),e,S).
In this case we have an
isomorphism of K-vector spaces H* <g> H* ~ (H <g> H)*. We define the transposed maps
m , - A* : H* ® H* -> H*, A, = m1 : H* -> H* ® H*, rj* = el : K -> H*, e* = 77s : H* -> K

and S* = 5* : H* -»• //*.

3.9. (H*,m*, A*,r)*, e*, S*) is a Hopf algebra.
PROOF. Since i? is a finite dimensional vector space, (H&H)* ~ H*®H*. To prove the
theorem one needs to show that the maps m«, A* etc, define a product, coproduct, etc, for
H*. For example, the associativity of m* = A1 is a simple consequence of the coassociativity
of A and similarly, the coassociativity of A* = m* follows from the associativity of the
product m. Moreover, one must show that (m*,77*) is a morphism of coalgebra, i.e., that
they are compatible with (A*,e*).
D
THEOREM

3.1. Characters and derivations. Let H be a Hopf algebra, (H, m^,ijA, A, e, 5), and
(A, rriA, VA) a K-algebra. Then the space of linear A-valued maps, Eom(H, A), is a K-algebra
with the convolution as associative product. The map e := 77,4 o en'•H —» A is the identity
for this product.
PROPOSITION 3.10. Let H be a connected graded K-bialgebra and let A be a K-algebra as
above. Let f £ Hom(#, A) be such that /(1H) = 0. Then for x £ Hn, n > 0, we have
/*("+D(x) = 0.
We prove by induction on n > 0. When n = 0 the proposition follows from
f{\H) = 0 and the connectedness of H. Assume the statement holds for n > k > 0. Then
for x £ Hk+l, we have
PROOF.

= mA o (/ ® /* (n+1) )(l i/ OX + X ^ I H + J ^ X ' ® X")
(x)

(x)

The first term is zero by hypothesis. The other terms are zero by induction since 1// and x"
are in Hn with n < k.
O
PROPOSITION

3.11. Let (A, m ^ , ^ ) be a commutative K-algebra and H a connected graded

Hopf algebra.
(1) The set
g:={f£Eom(H,A)

| f(lH) = 0}

endowed with the convolution product is a Lie algebra.
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(2) Recall that G := {/ G Hom(H,A)
/ ( I n ) = IA} endowed with the convolution product
forms a group. We have G = e + g.
P R O O F . Item (1) is easy to show using Proposition (3.10).
Item (2) is readily verified.

D

The reader may find more details in the well written work of Manchon [175].
Going back to Theorem 2.25, we see immediately that g = A\. We recall that id// G
Hom(//, H) is the identity element with respect to the composition product, but, this is not
so with respect to the convolution product. In fact, we saw that by definition the antipode
S is the inverse of id# under the convolution product.
3.12. An element 4> £ Hom(/f, A) is called a character if <>/ is an algebra
homomorphism, that is, if it respects multiplication, (p[mu{x <g> y)) = m^(</)(a;) <8>0(y)). An
element Z G Hom(H, A) is called a derivation (or infinitesimal character,) if
DEFINITION

Z{mH{x®y))

=mA{e(x)®Z{y))

+ mA(Z(x)

<g> e(y)),

Vx,y G H.

The set of characters (respectively derivations) is denoted by S := char (if, A) (respectively
£
:=dchai{H,A)).
We note that 0(1//) = 1A if 0 is a character and Z(1H) — 0 if Z is a derivation. Very often
for the sake of notational clarity, we will denote the product in H and A by juxtaposition.
Recall the definition of the Lie algebra g C Hom(i7, ^4) and Lie group G C Kom(H, A) in
Proposition 3.11. Now, let us assume the algebra A to be commutative.
3.13. Let A be a commutative K-algebra and H a connected gradedK-bialgebra.
The space A := H.om(H,A) is the complete filtered algebra of A-valued functionals on H.
(1) S := char(/f, A) forms a subgroup of G = e + g (see Proposition 3.11) under convolution. The inverse of 4> G char(#, A) is given in terms of the antipode S, <p~l := <po S.
(2) Ü := dchax(H, A) forms a Lie subalgebra of g (see Proposition 3.11) under convolution.
(3) The bijection exp* : A\ —* e + Ai defined by its power series with respect to convolution
restricts to a bijection exp* : £ —> S-

PROPOSITION

We will only show that exp*(Z) e char(i7, A) for Z G dch&r(H,A). The rest
is an exercise and will be omitted, see [175] for more details. Let Z G dch.ai(H,A). Using
Leibniz' rule for Z, Z{xy) = e(x)Z(y) + Z(x)e(y), x,y G H, and induction, we have
PROOF.

Z*n(xy) = JT Cf\z*k(x)Z^n-kHy),

n > 0.

fc=0 ^ " '

The product on the righthand side lies in A. Thus
n>0

r,->n
n>0

• i—n
k-0

\

/

n>0 fc=0

Therefore we have that exp*(Z) is in char(i/, A).
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3.2. The Milnor-Moore theorem. In this section, we briefly discuss a structure theorem for cocommutative Hopf algebras. We mainly work with infinite dimensional graded
connected Hopf algebras as needed later in the context of the Connes-Kreimer Hopf algebra
of renormalization. The material presented in this part was taken with permission from
Dr. I. Mencattini's thesis (Boston University, 2005). We would like to thank him kindly.
Let us start by introducing the main definitions and properties, some of which appeared
already earlier. We will work with Hopf algebras over a field, which will be always C or R.
3.14. A graded Hopf algebra H = 0 i > o Hi is said to be of finite type if each
of its homogeneous components Hi is a vector space of finite dimension.

DEFINITION

We now want to discuss some of the properties of graded Hopf algebras of finite type.
3.15. Let H be a graded Hopf algebra of finite type. Then H* = 0 j > o # * is
called the restricted dual of H.

DEFINITION

REMARK 3.16. If H is an infinite dimensional vector space, then the restricted dual H* is
strictly contained in the space of linear functional H* = Hom(i7, K). In particular, a given
linear map / € H* belongs to H*, if and only if f\ Hi = 0 for all I 6 Z + but a finite number.
If H is a finite dimensional vector space, then H* ~ Hom&(f/, k).

Let H — 0 ^ > o Hi be a graded Hopf algebra of finite type. Let us indicate with e* := ul :
H* -» K, m~ := A* : H* <g> H* -> H*, 77, := e* : K -> H\ A* := mt : H* -> H* ® H*
and 5* = 5* : H* —> H* the adjoint maps (with respect to the pairing between H and H*,
denoted by the (f,x) € K , for / e H*, x € H) of the unit, coproduct, counit, multiplication
and antipode maps.
3.17. Under the previous assumptions, we have that (H*,™*, A*, 77*, e*,5*) is a
Hopf algebra with multiplication given by m*, and unit given by 77*. The coproduct is given
by A*, the counit by e* and the antipode by S*.
THEOREM

PROOF.

Let us first note the following isomorphism. (H <g> H)* ~ ® n > 0 0 i + j = n [H* <g>

H*) ~ H* <g) H*, which is a direct consequence of the property of the restricted dual. The
proof of the statement consists in proving that the maps A*, m* etc, define a coproduct, a
product etc, for H* and will be skipped here. All of this follows from the definitions of the
maps with the lower stars and from the properties of product, coproduct, unit counit and
antipode. The discussion follows verbatim the finite dimensional case.
D
The previous theorem can be regarded as the infinite dimensional generalization of the earlier
Theorem 3.9. In what follows, we consider the particular class of graded Hopf algebras of
finite type, which are connected, i.e., Ho = K.
3.18. If H is a graded Hopf algebra of finite type, then ker(e) = {x e H \ x ^
G K}. In particular, if H is connected, graded, and of finite type then ker(e) ~

PROPOSITION

alma.

Since H is graded and of finite type, also H* is graded and of finite type as
Hopf algebra. In particular 1H* = 77*(1) is the only element in H* such that 0 = (l//*,x) =
(T7*(1),X) = (l,e(x)) = e(x), for each x 7^ 1#. The second statement it is now clear.
D
PROOF.

Given a Hopf algebra H, let us restrict the multiplication map, m : H ® H —» H, to the
kernel of the counit map. m : ker(e) ® ker(e) —> ker(e). In particular, we can consider the
cokernel of such a map, which will be denoted by i(H) = ker(e)/m(ker(e) <g>ker(e)).
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We can now define the following set of elements in H, called indecomposable.
3.19. An element x e ker(e) c H is called indecomposable if and only if it
has nontrivial class in the cokernel i(H), i.e., if and only if it cannot be written as a linear
combination of products of elements in ker(e).
DEFINITION

The set of indecomposable elements in H will be denoted by I{H). The following result will
be important for what follows.
3.20. Let H be a connected, graded Hopf algebra of finite type and H* its restricted
dual. Then, the space of primitive elements, P{H), is in one to one correspondence with the
space of indecomposable elements in the dual Hopf algebra, I(H*).

THEOREM

P R O O F . Let x be an homogeneous element in P(H) (say #(x) = i). Suppose that Zx is
the dual form of x, that is, {Zx, x) = 1^ and zero otherwise (in particular Zx e H*). Let us
now suppose that Zx = m*(^2k l ai^Zi <g) Zk), where Zk, Z\ ^ \*H, for each k, I and Zk € H^
and Zi <G H* for all pairs fc, I with k + I = i. Then we can write

k,i{Zk <8> Zi, A(x))

=

The last equality is a contradiction, as the right-hand side is identically zero. So we get
a (linear) map F : P(H) —» I(H*), defined as follows, x —
i > Zx, where {Zx,x) = 1. Such
a map is injective. The fact that the map just defined is also surjective follows by similar
arguments.
D
From the above results the following corollaries are almost self evident.
3.21. The set of indecomposable element, I(H) C H, is in one to one correspondence with the set of primitive elements P(H*) C H*.

COROLLARY

3.22. If H is a connected, graded Hopf algebra of finite type, which is generated
by the set of its indecomposable elements, then H* is generated by the set of its primitive
elements.

COROLLARY

We stated the previous results assuming that the Hopf algebra H is graded and of finite type.
Actually such hypothesis are overstated, as it is enough to demand that the dual of the Hopf
algebra H is a Hopf algebra itself. It has already been stressed, that this is always true for
finite dimensional Hopf algebras but in general it fails to be the case for infinite dimensional
Hopf algebras, with the exception of Hopf algebras which are graded and of finite type.
Moreover, we need to observe that the form of the coproduct is fundamental to prove that
the map F defined in Theorem 3.20 is surjective. Such a coproduct is a consequence of the
hypothesis that H is connected.
Let us make one more observation.
3.23. // (H,m,u, A,e, S) is a graded cocommutative (commutative) Hopf algebra of finite type, then (H*, A*, e*, m„,?7*, S1*) ^s a graded commutative (cocommutative)
Hopf algebra of finite type.
PROPOSITION
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PROOF.

The statement is a consequence of the definition of product and coproduct.

D

The following important theorem has been proved by John Milnor and John Moore in
1965 [182], and it represents one of the main theoretical tools -in the mathematical sensein the work of Connes and Kreimer.
3.24. (Milnor-Moore [182]) If H is a connected, graded, of finite type cocommutative Hopf algebra, then we have H ~ U(P(H)) as Hopf algebras.

THEOREM

Instead of proving Theorem 3.24 in its full generality, we will state and prove a slightly
weaker form of it, presented in the following
3.25. If H is a cocommutative Hopf algebra generated by the space of primitive
elements P{H), then we have that H ~ U(P(H)).

THEOREM

Before giving the proof of this theorem, let us clarify its statement and make some observations.
1) A Hopf algebra H is primitively generated if and only if there exist a surjective map
p : U(P(H)) —> H, i.e., if H is primitively generated, then any element x G H can be
written as a linear combination of products of elements in P(H).
2) If H is primitively generated, then H is connected. This follows from the fact that
P(H) C ker(e).
It follows the proof of Theorem 3.25.
P R O O F . Let P{H) be the set of primitive elements in H. We already know that P(H)
is a Lie subalgebra of &(H). By the hypothesis we have that there exists a surjective Hopf
algebra map 7r : li(P(H)) —* H. The statement will follow if we can show that such a map is
also injective. Let / = ker(7r) C U(P(H)) be a Hopf ideal and let us consider the nitration in
/ induced by the standard one in U(P(H)), to wit, / = Un>o/n> w h e r e / n = I
f]u(p(H))nClearly we have that 7° = 0 = I1. Now suppose that / ^ {0} and let x G U(P(H))m be an
element of minimal degree in /. Then: A(x) - x ® 1 + 1 <g> x G U(P( J ff)) m - 1 <g> U(P(H))m-1.
Since m is of minimal degree, and n is a Hopf algebra morphism we conclude that x is
primitive A(x) = x®l + l®x. But this contradicts the fact that m > 1. So that / = {0}
and hence the map n : 1i(P(H)) —»• H is a bijection.
D

Now we will state two corollaries of the Theorems 3.24, and 3.25.
3.26. If H is a connected graded, commutative Hopf algebra of finite type, then
it is isomorphic, as a Hopf algebra, to the dual of the enveloping algebra of some Lie algebra.

COROLLARY

As remarked above H* is also connected and it is cocommutative. Then by the Theorem 3.24,
H* ~ U(P(H*))
3.27. If H is a connected graded commutative Hopf algebra, of finite type,
generated by its indecomposable elements, then it is isomorphic, as a Hopf algebra, to the
universal enveloping algebra of some Lie algebra.
COROLLARY

From Theorem 3.20 it follows that H* is generated by the set of its primitive elements. From
Theorem 3.25 it follows that H* ~ U(P(H*)) so that the statement follows.
Let x G H be an indecomposable (and homogeneous) element, and let Zx = T(x) G P(H*),
where T is the linear map defined in the Theorem 3.20. The set of elements Zx with x G I(H)
(each of those is a primitive element in H*), is a linear form on H. We extend their action
to the full algebra H via the following theorem.
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THEOREM

3.28. For each Zx = F(x) e P{H*), x e I(H), we have
(Zx,xix2)

= (Zx,x1)e(x2)

+ e(xi)(Zx,x2),

xux2

G H.

In particular, assuming that the Hopf algebra H is graded and of finite type, as a consequence
of Proposition 3.18, each Zx extends by zero to the full algebra H.
PROOF.

The proof is simple and goes as follows.

=

(Zx ® 1*H + 1^ ® ZX1 xx ® x2) = (Zx, xx)e{x2) + (Zx

by definition of \*H. The last part of the statement follows now from the fact that H is
connected.
D
The reader should remember that every function Z of H, which fulfills the condition expressed in Theorem 3.28, is called infinitesimal character, and the set of such derivations
was denoted by dchax(H,K). We can rephrase Theorem 3.28 by the following proposition
PROPOSITION

3.29. Each primitive element of the Hopf algebra H*, is an infinitesimal char-

acter for H.
The reader interested in more details in this direction should consult the standard literature
mentioned at the beginning. Let us emphasize that we profited a lot from the well-written
Ph.D.-thesis of Dr. I. Mencattini (Boston University, 2005) from which the results just presented were taken with permission. In the following, we restrict ourselves to present only
one, though illustrative, example in the next subsection 3.2.1, viz, the Hopf algebra of nonplanar rooted trees as it appeared in the work of Connes and Kreimer [68] in the context of
renormalization and noncommutative geometry.
3.2.1. Non-planar rooted trees Hopf algebra. We introduce the Hopf algebra of rooted
trees as it appeared in the work of Connes and Kreimer [68]. It may hopefully provide an
enlightening example of the notion of connected graded bialgebra, hence Hopf algebra of finite
type introduced above. We will soon see, that rooted trees naturally provide a convenient
way to denote the hierarchical structure of subdivergences, appearing in Feynman diagrams
as ultraviolet (UV) divergent subgraphs. Indeed, for any renormalizable theory, the hierarchy
of divergent Feynman subgraphs inside another Feynman graph can always be represented
by decorated rooted trees (the parenthesized words of [147]) upon resolving overlapping
divergences by using maximal forests [149] corresponding to Hepp sectors.
The following figures shall help to understand this statement.
Remember that a Feynman graph is a collection of internal and external lines, or edges, and
vertices of several types. A proper subgraph of a graph is determined by proper subsets
of the set of internal edges and vertices. Of vital importance are so-called one particle
irreducible (1PI) Feynman graphs, connected graphs that cannot be rendered disconnected
by removing any of its internal edges. In general, a Feynman graph F beyond one-loop
order, that is, a Feynman graph which has more than one independent closed cycles, is
characterized essentially by the appearance of its UV Feynman subgraphs 7$ C F. For
instance, two proper Feynman subgraphs 7i, 72 C F might be nested, 71 C 72 C F, or
disjoint, 71 fl 72 = 0. This hierarchy in which subgraphs appear inside another subgraph is
best represented by a decorated rooted tree. The example below is borrowed from 04-theory,
say, in 4 space-time dimensions.
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FIGURE I. Example of a 3-loop graph with two nested disjoint UV subgraphs from
4>4-theory (in 4 dimensions).
We should remark at this point that the number of space-time dimensions enters here in
a non-trivial manner. In four dimensions the 04-theory is renormalizable, and the two 1PI
subgraphs Q (little boxes inside) in the above UV divergent 4-point graph are characterized
by also being ultraviolet divergent. One observes that these two UV divergent subgraphs
Q are disjoint, but nested inside another Feynman graph of the same type, O . The
-decorated- rooted tree on the righthand side represents this hierarchy.
There is a more involved third possibility of graph inclusions, i.e., UV subgraphs might be
overlapping. Feynman graphs containing such an overlapping structure are represented by
linear combinations of decorated rooted trees. Let us illustrate this with an example from
03-theory (say, in 6 space-time dimensions).

FIGURE 2. 2-loop example with overlapping UV subgraphs from 0gdim-theory.
The same remark as above applies here. In six space-time dimensions the 03-theory is
renormalizable, and the 1PI subgraphs in the above example are characterized by being UV
divergent. For a detailed account on the special and fairly important case of overlapping
structures we refer the reader to Kreimer's paper [150].
The essential combinatorial operation on the set F of (equivalence classes of) Feynman graphs
in the process of renormalization is a particular decomposition of such a Feynman graph into
union of its UV divergent 1PI subgraphs, well-known to the practitioners under the name
of Bogoliubov's recursively defined R-operation, or its solution by Zimmermann's forrest
formula [239]. The concept of combinatorial Hopf algebra of Feynman graphs, "KF, enters
via its coproduct map, denoted A : !KF —»• Oip <8> "KF-, which organizes such a decomposition
in a mathematically sound way, e.g., for the last examples from tpldirn-theory we find

A (-<!>-) = - < t > - ® IF + IF
which must be compared with Bogoliubov's formula for the counter term C(T) of a Feynman
graph F. Only here we apply this notation for the counter term used in [69], and we use a
symbolic graph notation. Here R denotes the renormalization scheme map

C (-O-)

= -R (-O-)

+ R (R (<)

O

) + R (R (>)

O

)

From a conceptual point of view if might be useful to work with decorated rooted trees
as they provide the role model for such combinatorial Hopf algebras in renormalization.
Also, this underlines the generality of this approach, since by choosing the particular set
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of decorations dictated by the QFT itself, it essentially captures the combinatorial part of
renormalization of any theory in perturbative QFT. Nevertheless, in terms of applications of
Connes-Kreimer's Hopf algebra of renormalization to physics it is most natural to formulate
the Hopf algebra directly on Feynman graphs, once a theory has been specified, as was done
in [69, 70].
Hence, from a mathematical point of view, it suffices to study this universal object. The
coproduct map of the Hopf algebra, of rooted trees described further below captures the
combinatorics of renormalization of local interactions, encoded in Bogoliubov's subtraction
procedure. The details of a specific Hopf algebra of renormalization in the context of a chosen
renormalizable quantum field theory provide additional information, albeit cumbersome, see
[44, 45, 46, 47] for applications.
Hopf algebra of non-planar rooted trees: Let us introduce the Hopf algebra of undecorated non-planar rooted trees, which we will denote by Dij. The base field K is assumed
once and for all to be of characteristic zero. By definition a non-planar rooted tree T is a
graph made out of vertices and nonintersecting oriented edges. The set of vertices and edges
of a rooted tree T is denoted by V(T) and E(T), respectively. The orientation of a rooted
tree is induced by that of its edges and points always away from the root. All vertex but one
have exactly one incoming line. The distinguished vertex with no incoming line is identified
as the root and drawn on top of the tree. Leaf vertices have no outgoing lines. The empty
tree is denoted by 1?.

I I A U

i I H

i ...

Each rooted tree is effectively a representant of an isomorphism class. Rooted trees naturally
carry a grading by the number of vertices of a rooted tree, #(T) := |V(T)|, and #(1T) = 0.
We denote the Z>0 graded K-vector space, freely generated by the set of all isomorphism
classes, by T := 0 n > o T( n ). T is a vector space of finite type, since for each n e Z>0,
dim(T(n)) < oo.
3.30. The commutative, unital, associative K-algebra of rooted trees,"K-j:=
(7,m^7,rj^(T). is the free polynomial algebra, generated by the symbols T, each representing
an isomorphism class in T. The unit is the empty tree, denoted by IQ-, and the product of
rooted trees is denoted by juxtaposition, that is, m^i7(T,T') =: TT', and called a forest. The
unit map is denoted by rj^ : K. —> !Kj.

DEFINITION

A grading on the rooted tree algebra %j is naturally induced by the grading on rooted trees,
#(T) = m, T G T(m) and extended to monomials, i.e., forests of rooted trees by summation,
#(Ti •••Tn) := YA=I #(?"*)• So that %j = 0 n > o ^ ( n ) becomes a graded, connected, unital,
commutative, associative K-algebra.
We call two vertices, i>i,f2 € V(T), of a rooted tree T path connected if it is possible to go
from V\ to v<i along an edge path that is compatible with the orientation. The root vertex
of T therefore is the only vertex which is path connected to any vertex in V(T) by a unique
path.
Hence, we shall introduce now the notion of admissible cuts on a rooted tree. By a cut
CT of a rooted tree T we mean a subset of the set of edges of T, CT C E(T). It becomes
an admissible cut, if and only if along the unique path from the root to any of the leaves
of the tree T, one encounters at most one element of CT- By removing the set CT from the
set of edges of the tree T, E{T) — cr, each admissible cut CT produces a forest of pruned
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trees, denoted by PCT. The rest, which is a single rooted tree with the original root on top,
is denoted by RCT. We exclude the cases, where CT — 0, such that RCT = T, PCT = 0 and
the full cut, such that RCT = 0, PCT = T. The set of all admissible cuts of a rooted tree T is
denoted by CT-

A

A

1.

A!
FIGURE 3. Examples of admissible cuts on some rooted trees. The cuts are indicated by vertical bars on edges.
We extend the rooted tree algebra "K-j to a connected graded bialgebra of finite type, denoted
likewise by IK7, upon first defining a counit map e :"K-j—> IK

The main ingredient of the (Hopf) bialgebra algebra of rooted trees is given by a well-suited
coproduct A : Ji? —> <K-y®'K'j defined on a rooted tree T £ T in terms of its set of admissible
cuts CT
(19)

A(r)=T®l7+l7®T+

We see easily, that #(T) = #(PCT) + #(-RcT), for all admissible cuts c?- € CT, and therefore
fc+

Furthermore, this map is extended by definition to an algebra morphism on

We see here a very concrete realization of a coproduct map of a Hopf algebra. The best way
to get used to this particular map is to present some examples,

(20)
(21)
(22)

(23)

A(.)

=

. ® lo-+ lo-<8> •

A (I)

=

I <8> lo-H- lo-<g) I +.<g>.

=

..® 1 T + IT® •• + 2 . ® .

=

[®lT+lT®i + . ®I. + I ®»

A

(l)

A(A) = A ® IT + I T ® A 4-- 2 . ®I + . . ®
A(.I) = A(I.)=A(.)A(I)
=

(24)

=

/

i

i

\

.® IT- + I T ® •)

/

u

HT+1T®

»I

+ «® •

. I ® 1 T + 1 T ® « I + .. c§) • + • ® •• + I® .+
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(25)
A

(26)

A

(27)

(^0

=

A ® 1 T + l a ® A + 3.® A +3..® I + ..,<

(A)

=

^<8>1T+1T®A

+2»®i + "®I + A

It is obvious, that this coproduct in general is non-cocommutative, TM7,K7 o A ^ A. The
subset, of ladder trees, i.e., those rooted trees where all vertices have at most one incoming
and one outgoing edge, play an exception, see for instance the coproducts (20,22,25) above.
The)' form a cocommutative Hopf subalgebra, denoted by Jig C ^K-j. We denote such ladder
trees by Tgn, where #(Tgn) = n, with the much simpler coproduct
n-\

(28)

A(Ten) = Ten ® la + IT <8> Ttn +

Eventually, we have arrived at the following
3.31. % j := (T, m ^ . r / ^ , A,e) tuii/i coproduct A : % j —> !KT ® "KT defined
by (19), and counit e : Oi? —> K fl#j ?s a Z>0 graded connected commutative, but noncocommutative bialgebra of finite type.

THEOREM

Proofs of this theorem appeared in several of the standard references on Hopf algebras in perturbative renormalization mentioned earlier. The non-trivial part is the coassociativity of the coproduct. The reader is recommended to check the identity ( i d ^ <S> A) o A =
(A ® id^ T ) o A for A in (19) on a couple of trees, and then to show it in full generality. D
PROOF.

3.32. (1) The coproduct (19) can be written in a recursive way, using the S :=
B+ operator, which is a closed but not exact Hochschild 1-cocycle [148, 105, 22],
hence

REMARK

(29)

23 : Oij —> "K-j, in fact 23 : 'K? —> T, is a linear operator, mapping a (forest of)
rooted tree(s) to a rooted tree, by putting a new root on top of the (forrest) tree
and connecting the old root(s) to this new adjoined root. A couple of examples tell
everything
13(1) = . ,

23(.) = I 23(..) = A ,

23(...) = A ,

23(.I.) = T ,

23(.A)=VV--

It therefore raises the degree by 1, #(23(Tix • • • Tjn)) = # ( 2 ^ • • • Tin) + 1. The inductive
proof of coassociativity of the coproduct (19) is formulated easily in terms of this map.
Every rooted tree lies in the image of the 23 operator. The notion of subtrees becomes
evident from this fact. The conceptual importance of the B+ map with respect to
fundamental notions of physics was further elaborated in recent work [23, 150, 158].
(2) It is important to notice that the right hand side of A(T) € 'K-y ® "Kj is linear for
T G X Therefore we may write
(30)

T ^ -K-y ® 7.
This is of course not true for the coproduct of proper forests of rooted trees, T =
Ti-.-Tn, n> 1.
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The bialgebra 'Kj actually is a graded connected Hopf algebra, since due to its grading and
connectedness, it comes naturally equipped with an antipode, S € Hom(3-Cj, CK3-), inductively
defined by S(lj) := 1-j together with either of the two recursive equations

(31)

S(T):=-T-

J2 S(PCT)RCT

or S(T) := -T - £

PCTS(RCT)

on the augmentation ideal, ker(e) = © n > 0 W(n) C %rHere, the product * is the convolution product defined on the space of linear functional,
Hom(!Ko-, IK0-), in terms of the coproduct (19)
(32)

/ ^
f*g(T)

:=

T

£

f(PCT)g(RcT)

making Hom(lH>r, Ji7) a non-commutative K-algebra with unit given by e := rj^7 o e of CK-j-REMARK

3.33. Higher powers of the convolution product are defined as follows
/1 * /

2

* • • • * / « : = TO*b- ° ( / 1 ® /

2

® ••• ® / « ) oA ^

1

)

0

for /j e Hom(IHT, IKT), where inductively we define A^ ^ := id.-KT and A^ := ( i d ^ ®
A^" 1 ') o A, for k > 0. The reader should have no problems to recognize these notions from
an earlier section on general Hopf algebras.
Using the augmentation ideal projector P := idjfT — r]xr ° e, where 77^ was the unit map,
and the convolution product on Hom(CH>r, !HT), we can write two recursions for S in a more
suitable form
S = e - S*P = mx7 o(S®P)oA = e-P*S = m^7 o(P®5)oA.
Then these recursions naturally lead to the representation of the antipode map S as a
geometric series [106]
n>0

which just says that S is the convolution inverse of the identity map on !>Cj.
Again, a couple of examples might be helpful here.
S(.) = - .

S{1) = - I - 5 ( .).= - ! + . .
S(A) = - A - 2 S ( . ) I - £ ( . . ) . = - A + 2 . 1 - . . .
(33) s(A^j = -&-3S(.)A-3S(..)l-S(~.).=

-&+3. A - 3 . . 1+

So far we have touched only Jiy and its algebra of linear maps, Hom^^-, %j). We will now
replace the target space in Hom(CKg-, Di?) by the base field K, A := Hom(JCo-, K). A useful
reference is Manchon's paper [175]. We do not use the language of group schemes here.
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The space A := Homfti-j, K) equipped with the convolution product
(34)

f * g := mKo (f ® g) o A : M7 ^* Di7®M7 -^>K®K

^ K

is a K-algebra with unit e.
With the rooted trees in 7 as generating set of % j , the space of infinitesimal characters,
<9char(CKo-, K) C A, is generated by the linear maps defined dually
(35)

ZT(T'):=(ZT,T'):=STtT,,

for T, T" 6 T, where 5T,T' is the Kronecker delta. Let us repeat some of the well-known basic
results on connected graded Hopf algebra we encountered earlier. Infinitesimal characters
are also called derivations, because for Z G dchax^K-j, K) we have the generalized Leibniz'
rule
Z{TXT2) = ZlT^Tz) + t{Tx)Z{T2).
Therefore, Z{17) = 0. For any Z G dchar(3i7,K) and T G %? of finite degree # ( T ) = n <
00, we have Z*m(T) — 0 for m > n. Remember that

Each tensor monomial in A (m) (T) = (id^T ® A ^ " 1 ) ) o A(T) G
contains at least once the unit 1 T , since # ( T ) = n < m.
3.34. The set of infinitesimal characters, dchavCKy,K), forms a Lie algebra,
denoted by L, with the commutator bracket defined in terms of the convolution product

PROPOSITION

(36)
(37)

[ZTl, ZT2] := ZTl * ZT2 - ZT2 * ZTl
=

where the n(Ti,T2:,T) G N denote the so called section coefficients, which count the number
of single simple cuts, \CT\ = 1, such that the tree T decomposes into PCT = T\ and RCT = TiP R O O F . The proof follows directly from the earlier sections, but can also be found in
some of the references mentioned earlier.
G

One can put the last part of the proposition in another way. We determine a particular
tree T in the sum (37) by connecting the tree 7\ (T2) via an edge from its root to any
of the vertices of T2 (T\), and multiplying by a certain symmetry factor, i.e., n(Ti,T 2 ;T)
(n(T2, T[\T)). We will not further specify the notion of symmetries of rooted trees. Details
on the second interpretation of the coefficients n(T\,T2]T) can be found for instance in [130].
Generated by the infinitesimal characters Zf (35), the Lie algebra L carries a natural grading
in terms of the grading on rooted trees in T, deg(ZT) := #(T). Such that £ =
The commutator (36) implies then
(38)

[Xjn,A^mJ C

Let us calculate a few commutators to get a better feeling for the structure of this Lie algebra
L of rooted trees:
(39)

[Z., Z:] = Z^ + 2ZA - Zj = 2 Z A
[Z., Zj] = Zt + Z^ + 2 Z ^ - Z, =
64

3. HOPF ALGEBRA

.} = l-\[Z„Z:lZ.\ =
From the former preparation in the mathematical sections, we know that infinitesimal characters, the derivations, have something to do with multiplicative maps. We call a linear map
4>: !Kj - ^ K a character if (p is an algebra homomorphism, and denote the set of characters
by gK := char(M T ,K) C
3.35. The set of characters S := SK forms a group with respect to the convolution product (34)- The inverse of (ft G S is given in terms of the composition with the
antipode, (b~l := 0 o S.

PROPOSITION

The grading of CK-j implies a decreasing filtration on A = Hom(!Ko-, DC)
A = A{0) DA{1) D • • •DA{n)

A ™ = {f e A \ f { x ) = 0 , x € I K ( n ) }

D...

which allows us to introduce a metric, and therefore a distance map. The space A =
Hom(%j, K) is complete with respect to the induced topology. The Lie algebra of derivations,
£ C yi (1) , and S is a subgroup of G := e + A^\ such that
(40)

exp*:

(41)

log- e

are well-defined with respect to convolution and inverse to each other. Furthermore, exp*
restricts to a bijection between £ and 9- The Lie algebra £ is pro-nilpotent, as it is the
projective limit of the nilpotent Lie algebras L/A^n\ see [175] for more details.
Later, we will generalize the above setting by another replacement. This time, we shall consider linear maps, Hom(CH>r, A) from "Kj into a commutative unital K-algebra, (A, THA^A)Again, we will call those ^4-valued maps that respect the multiplications in both algebras,
characters. A := Hom(CH>r, A) forms again an associative algebra with respect to convolution
(42)
and unit e := T\A O e. We conclude this section with the following proposition. Its proof
follows from the general theorem given in the mathematical introduction.
3.36. [175] The set of A-valued characters, 3A £ H.om(Ji<j,A), forms a group.
The space of A-valued derivations, LA, defines the corresponding Lie algebra. The exponential map, defined in terms of the convolution product (4-2), maps LA bijectively onto 3 A-

PROPOSITION

Pre-Lie algebra of rooted trees: In the rooted tree setting the process of insertion of
1PI Feynman graphs into another 1PI Feynman graph becomes a grafting operation. The
derivations (35) ZT form a pre-Lie algebra [68, 70, 71], which by anti-symmetrization defines
the commutator of the Lie algebra £ of derivations (36).
For the sake of convenience, let us remember the definition of pre-Lie algebra. A left pre-Lie
K-algebra (P, o) is a K-vector space P, together with a bilinear pre-Lie product o : P x P —>
P, fulfilling the left pre-Lie relation
(43)

ao (boc) — (aob) oc = bo (aob) — (boa) oc,

Va,b,c e P.

The above Lie algebra £ of rooted trees follows from a pre-Lie algebra structure on T. In
the rooted tree setting the process of graph insertions becomes a grafting operation.
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(44)

3.37. The derivations (35) ZT together with the product on rooted trees

ZTl o Zr2 := J ] n(7\, T2; T)ZT

form a pre-Lie algebra
(45)
ZTl o {ZT2 o ZTi) - (ZTl o ZT2) o ZT3 = ZT2 o {ZTi o ZTs) - (ZT2 o ZTl) o ZTi,
forallTuT2,T3e7.
Anti-symmetrization of the pre-product
\Z~Ti , ZT2] = ZTl o ZT2 — ZTX O ZTX

defines the commutator of the Lie algebra £ of derivations (36). The rule for calculating
the pre-Lie product of two generators, ZT] o ZT2, is to graft the tree T\ in all possible ways
to the tree T2, and to multiply each tree, respectively the generator, in the resulting linear
combination by its symmetry factor. As an example we calculate
Z. o Z. = Zj, Z: o Z. = Z», Z. o Z:= Z, + 2ZA.
and by definition 17 o ZT := Z r , for all T G 7. Therefore we find
Z, o (Z. o Z.) = Z, + 2Z A , which differs from (Z, o Z.) o Z. = Zj o Z. = Zt,
which shows the non-associativity of the pre-Lie composition. The pre-Lie relation (43)
respectively (45) instead has the following simple interpretation. As an example we calculate
Z. o (Zj o Z.) = Z. o Zt, and (Z. o Zj) o Z. = Zj + 2Zt.
So that for the left hand side of Equation (45) we find
Z. o (Zj o Z.) - (Z. o Z:) o Z. = Z A .
More generally, ZTx o (ZT2 o ZTz) — (ZTl o ZTa) o ZTa means that only disjoint graftings of
the trees 7\ and T2 to the tree T3 are non-zero in this difference, and those are of course
commutative. However, graftings of 7\ first to T2, and the resulting tree to Tj, cancels
with those graftings where T\ goes to T2, the latter being already grafted to T3. In this
combinatorial composition, the (left) commutativity of the associator relation (45) reflects
the commutativity of the disjoint graftings, or insertions, of the first two objects into the
third.
The link between this (pre-)Lie algebra and Hopf algebra of rooted trees is provided by
Milnor-Moore's theorem [182], telling us that H ~ U(P(H*))*.
We hope the reader has seen, that single -vertex decorated (or labelled)- rooted trees describe in an elegant manner strictly nested structures, such as 1PI Feynman graphs and
their 1PI UV divergent subgraphs. The case of so-called overlapping divergencies needs a.
slightly more involved treatment and resolves into linear combination of decorated rooted
trees [108, 149]. Therefore the Hopf algebra of rooted trees introduced above serves as a
compelling role model for describing the combinatorial structure involved in perturbative
renormalization. What makes it even more interesting are its various links to other branches
in mathematics [68], such as noncommutative geometry and numerical integrations of differential equation. Recently, the Hopf algebra of rooted trees found a very nice and useful
presentation in the work of Turaev [219].
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Rota—Baxter type algebras
This chapter is entirely devoted to the theory of Rota-Baxter type algebras. We focus mainly
on algebraic and combinatorial aspects, as they appear to be of main use in the context of
renormalization in perturbative quantum field theory and classical integrable systems. Many
by now classical results of more analytical nature can be found in the older mathematical
literature, especially in those references that investigate aspects of fluctuation theory in
probability, where Baxter's work originally appeared. We add a hopefully complete list of
articles on the (Rota-)Baxter identity at the end of the short historical introduction in the
first section. Nevertheless, we would like to point the reader especially to the following
articles [13, 58, 143, 196, 200] which contain many important results of commutative
Rota-Baxter algebras.
As the title of this chapter indicates, we included a brief treatment of other algebras which
we regard to be of Rota-Baxter type. These are the associative Nijenhuis algebra [56, 84]
and Leroux's TD-algebra [162]. Especially in the case of the former we feel that this is
a justified classification in the light of the work by Fuchssteiner [112], Carinena et al.,
and Kosmann-Schwarzbach-Magri [145]. These authors establish many of the algebraic
properties of such Rota-Baxter type structures in the associative as well as in the Lie algebra
case with applications to classical integrable systems. Leroux's TD-relation is a relatively
new example with strong tights to Loday's work on dendriform algebras.
Eventually, one would like to classify such operator identities and the algebras equipped with
linear maps satisfying those identities. These operator relations imply non-trivial algebraic
properties beyond those found in the classical case of algebra homomorphisms.
In this context we should mention the basic construction of the free commutative associative
Nijenhuis algebra [84] and Leroux's TD-algebra. These constructions parallel Guo's and
Keigher's construction of the free commutative Rota-Baxter algebra [124] and give rise
to new generalized shuffle products. These more mathematical aspects should be seen in
connection with our recent work [97] on the construction of free non-commutative associative
Rota-Baxter (type) algebras. The results presented there generalize the original work of
Baxter, Rota, Cartier, as well as Guo and Keigher. Let us mention as a motivation for such
more mathematically oriented work that from an algebraic point of view it is well-known
that free objects provide the most useful description of algebraic structures allowing for a
detailed exploration of mathematical details which eventually might be of use in the context
of applications.
In the next section we start with a short historical review of the origin of the Rota-Baxter
relation. From the title it should be clear that we would like to emphasize the intimate link
between the Rota-Baxter and the classical Yang-Baxter relation as well as their modifications. Also, for the reader's convenience we shall mention at this point that the material
presented in the next part will not be used in the following sections, and therefore can be
skipped. Rather, we would like to point the reader's attention to interesting connections
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which evolved during our research work related to some material presented in the introduction and at the end of this work. Finally, the historical list of those papers which are directly
related to Rota-Baxter algebras is hopefully complete. We used MathSciNet 1 and references
in other papers as a source for its compilation.
For the rest of this work we should underline that we do not strive for a complete and
mathematically rigorous presentation as this would definitely just obscure the applications
of such Rota-Baxter algebras we have in mind, especially those in theoretical physics.
In Section 2 we develop the basic algebraic background on Rota-Baxter type algebras. We
provide a list of examples which we partly present in some detail. This serves two purposes,
it may help those readers which are unfamiliar with this algebraic notions to develop a
better feeling for them. On the other hand, some of these examples and their full RotaBaxter content are currently under investigation, hence they give a good picture of the broad
spectrum of applications of Rota-Baxter algebra. The heart of this section consists of the
presentation of the double Rota-Baxter product hierarchy, Atkinson's factorization theorems
and the generalization of the classical Spitzer identity to non-commutative associative RotaBaxter algebras. The latter topic goes together with the introduction of a new, inductively
defined map based on the Baker-Campbell-Hausdorff series, which we call BCff-recursion.
The understanding of the properties of this recursion in the presence of a general, that is,
non-zero weight Rota-Baxter map helped us to establish a new picture of associative RotaBaxter algebras including a non-trivial link to the classics work of Magnus on solutions of
matrix valued initial-value-problems.
These topics will be used in the second part of this thesis to give a fully algebraic description
of the Birkhoff type factorization theorem, discovered by Connes and Kreimer in their Hopf
algebraic description of renormalization in perturbative renormalization.

1. Some history of the Rota—Baxter relation
1.1. From Baxter to Baxter. In the 1950s and early 1960s, several interesting results
were obtained in the fluctuation theory of probability. One of the most well-known is Spitzer's
classical identity [214] in the theory of sums of independent random variables, see [95] for
a short review.
In an important 1960 work [17] the American mathematician Glen Baxter (1930-1983) deduced Spitzer's identity from the following operator identity that later bore his name

R(x)R(y) = R(R(x)y + xR(y) - 6xy),
for all x,y G A: where R is a K-linear endomorphism on a K-algebra A, which he assumed
to be associative and commutative. Here 6 is a fixed element in the base field K called the
weight of the algebra A.
Gian-Carlo Rota (1932-1999) started a careful in-depth elaboration of Baxter's article in his
1969 papers [196], where he solved the crucial "word problem". Together with one of his
students, David Smith, he remarked -in the context of the Hilbert transform of a functionin a 1972 paper [200] that Baxter's identity is equivalent -in characteristic zero- to the
modified Rota-Baxter relation

B{x)B(y) = B(B{x)y + xB{y)) - 62xy,

Vx,y e A,

where B := öid^ — 2R. Today, Baxter's identity is called Rota-Baxter relation, thereby
acknowledging Rota's far reaching work on Baxter's finding.
://www.ams.org/mathscinet
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Recently the notion of Rota-Baxter operators respectively algebras reappeared in the mathematics and physics literature. As a matter of fact the theory of Rota-Baxter type algebras
has a very interesting and long history. As we mentioned above it appeared in a seminal
1960s paper by Baxter. During the early 1960s and 1970s Rota-Baxter algebras were an
active field of mathematical research. Many algebraic, combinatorial and analytic aspects
of Baxter's work were studied by several people, among others especially by the mathematicians F. A. Atkinson, J. F. C. Kingman [13, 143], and later P. Cartier [58]. In the center
of these works stood the category of commutative associative Rota-Baxter algebras and its
free objects. Rota's work [196, 200] is of particular importance in this field. As was pointed
out by Cartier thirty years ago [58], "The existence of free (Rota-)Baxter algebras follows
from well-known arguments in universal algebra but remains quite immaterial as long as the
corresponding word problem is not solved in an explicit way as Rota was the first to do".
Much of the recent renewed interest into these works owes to Rota's talks during the 1990s,
and his late articles [198, 199] which he wrote more than 23 years after his first papers on
Baxter's work. This time of expository nature, he underlined in particular its importance
in various fields of mathematics, especially within combinatorics [199]. He outlined in a
beautiful manner in the last reference an ambitious program related to the classification of
linear operators on an algebra and the generalization of Chen's fundamental work.
But it was only very recently that after a period of dormancy Rota-Baxter algebras showed
to be of considerable interest in several, so far somewhat disconnected areas, including Loday
type operads and algebras [2, 3, 4, 5, 8, 83, 93, 161], ^-shuffle relations and g-analogs
of special functions, here especially through Jackson's g-integral [199], differential algebras
[121], number theory [96, 121], combinatorics [91, 97], new algebraic structures in integrable systems [79], and last but not least the Hopf algebraic approach to renormalization
theory in perturbative quantum field theory [87, 88, 89, 92, 86, 148, 69, 70].
The last application, in particular, revealed an intimate connection between Rota-Baxter
algebras and Birkhoff type decompositions in the field of classical integrable systems, numerical analysis and conformal field theory. The generalization of Spitzer's identity to
non-commutative Rota-Baxter algebras based on the introduction of a new map using the
Baker-Campbell-Hausdorff series, together with Atkinson's decomposition theorem plays a
fundamental role. In the recent work [98] we started a more general elaboration of several
of such decomposition results in applied and pure mathematics and mathematical physics.
It is an astonishing fact that G. Baxter's relation was rediscovered 20 years later independently and in an apparently remote context. Indeed, in its Lie algebraic version the RotaBaxter relation found one of its most important applications within the theory of classical
integrable systems [14], where it was rediscovered by Russian physicists and mathematicians
in the 1980s [18, 19, 210, 211] under the name of-operator form of the- classical and modified classical Yang-Baxter 2 equation. In general let g be a Lie algebra with a perfect pairing
g®g* —» K such that g®2 = g<8>g* = End(g). We denote the corresponding Casimir element
by t e g <g> g. An anti-symmetric tensor r € g®2 (—r = T9ig o r), called r-matrix, is a solution
of the classical Yang-Baxter equation CYB(r) = 0, where
CYB(r) := [r13,r12]
if and only if the corresponding R 6 EndQ?) is a Rota-Baxter operator of weight 0 on g

[R(x),R(y)} = R{[R(x),y] + [x,R(y)])t
2

Vx,y e g.

Referring to the two physicists C. N. Yang from China and the Australian Rodney Baxter.
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Here Xy denotes the imbedding of the tensor tuple g®2 into the tensor triple g®3 (in the
sense of the universal enveloping algebra of g). Similarly, if r G g®2 instead of being antisymmetric holds the relation r + rg>g or = 92t we find that the corresponding R G End(g)
satisfies the modified Rota-Baxter relation on g
[R(x),R(y)\ = R{[R(x),y] + [x,R(y)]) - 62[x,y},

Vx,y e g,

and hence defines a Rota-Baxter map R' := \{9\dg — R) on g of non-zero weight.
In the aforementioned references Belavin and Drinfeld, and Semenov-Tian-Shansky make use
of these Lie algebra versions of the Rota-Baxter relation to classify the r-matrix solutions
of the (modified) classical Yang-Baxter equation. In this context some of its main algebraic
features, already mentioned in [13], as well as Atkinson's ('additive') factorization theorem
itself, were analyzed in greater detail. Semenov-Tian-Shansky also found a link between
the modified classical Yang-Baxter equation and the Riemann-Hilbert problem. Especially
the construction of the double Rota-Baxter product -hierarchy- introduced in the work
of Semenov-Tian-Shansky plays a crucial role in almost all applications of Rota-Baxter
algebras. X. Xu introduced in [235] a Rota-Baxter type operator relation (of weight zero)
containing a spectral parameter related to the classical Yang-Baxter equation with spectral
parameter. He assumed a general algebraic structure, though, Xu mainly worked with nonassociative algebras equipped with a symmetric non-degenerate bilinear product. Eventually,
one may conclude that this curious coincidence of Baxter and Baxter is not accidental,
but, just happens to reveal the connections of Rota-Baxter operators with many areas of
mathematics and physics.
The above two historical disjoint paths of the Rota-Baxter relation found a unexpected
connection in the beautiful work of Marcelo Aguiar [2, 3, 4] which was motivated by Rota's
and Joni's work on Newtonian, or infinitesimal, co- and bialgebras [137]. He established a
link between associative Rota-Baxter algebras (of weight zero), Loday type algebras and the
classical Yang-Baxter equation in terms of an associative analog of the latter
AYB(r)

:= r13rl2 - rl2r23

where the associative r-matrix r lies in the tensor product of an associative algebra A with
itself
r = y^Ui ®Vj 6 A® A.
As above, Xij denotes the imbedding of the tensor tuple A®2 into the tensor triple A®3.
Aguiar observed that for such an r-matrix solution to AYB(r) = 0 the map ßr : A —> A,
defined by
ßr(x)

: = y j w j x Vi,

x E A

satisfies the Rota-Baxter relation of zero weight, i.e.
(46)

ßr(x)ßr(y)=ßr(ßr(x)y

+ xßr{y)),

Vx,?/G A

Moreover, he could show that under suitable assumptions such associative r-matrices give
rise to quasi-triangular infinitesimal bialgebras and eventually to quasi-triangular Lie bialgebras in the classical sense. These findings mark one of the up-to-date research directions
in the field of Rota-Baxter algebras and its main applications.
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Budjanu and Gohberg (1967, 1968) [51, 52]
G.-C. Rota (1969) [196]
(2) 1971-1980:
J. Dhombres, Nguyen-Huu-Bong (1971) [77, 33]
P. Cartier; J. Dhombres, G.-C. Rota and D. Smith; J. M. Freeman (1972) [58, 78,

200, 110, 111]
J. Dzerko, Nguyen-Huu-Bong (1973) [82, 34]
S. L. de Braganca (1975) [41]
Nguyen-Huu-Bong (1976) [35]
G. R Thomas (1977) [218]
(3) 1981-1990:
I. Fenyö (1982) [104]
A. Belavin and V. Drinfeld (1982) [18]
M. A. Semenov-Tian-Shansky (1983) [210]
R Volkmann and H. Weigel (1984) [224]
W. Benz (1986) [20]
W. Benz (1987) [21]
(4) 1991-2000:
G.-C. Rota (1995) [198]
J. Brzdcek (1996) [50]
R. Winkel; G.-C. Rota (1998) [233, 199]
M. Aguiar; L. Guo and Keigher; L. Guo (2000) [2, 3, 119, 124]
G. E. Andrew, L. Guo, W. Keigher and K. Ono; L. Guo; M. Aguiar (2001) [4, 12]
(5) 2001-2006:
K. Ebrahimi-Fard; L. Guo (2002) [83, 121, 122]
R Leroux (2003) [163]
K. Ebrahimi-Fard, L. Guo and D. Kreimer; K. Ebrahimi-Fard and L. Guo; P. Leroux;
M. Aguiar and J.-L. Loday(2004) [8, 87, 89, 161, 162]
K. Ebrahimi-Fard, L. Guo and D. Kreimer; K. Ebrahimi-Fard and L. Guo; K. EbrahimiFard, J. M. Gracia-Bondia, J. C. Värilly and L. Guo; K. Ebrahimi-Fard and L. Guo;
M. Aguiar and W. Moreier, Müller-Hoissen and Dimakis (2005) [11, 88, 90, 91, 92,

93, 94, 96, 97, 99, 100]
D. Manchon and S. Paycha; K. Ebrahimi-Fard, L. Guo and D. Manchon (2006)
[98, 176]
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2. Rota-Baxter algebra
In recent years, Rota-Baxter algebras have found many applications, ranging from quantum
field theory [69, 87, 88, 89, 148], classical integrable systems [79], Loday's dendriform operads and algebras [8, 83, 90, 93, 161], number theory [96, 123] to Hopf algebras [12, 91]
and combinatorics [11, 97, 120].
Let us start with the definition of a Rota-Baxter algebra [89, 198]. Suppose K is a field of
characteristic zero over which all algebraic structures are defined. We would like to underline that in the following a K-algebra, sometimes denoted by the triple (A^THA, 1A), neither
needs to be associative, nor commutative, nor unital unless stated otherwise. Indeed, it is
important to realize, that many of the properties of Rota-Baxter K-algebras, respectively
the Rota-Baxter relation are independent of notions such as associativity or commutativity.
Often we omit the subscripts at the structure maps for notational clarity. Also, when there
is no danger of confusion we omit the product and unit in the triple notation. Often the
algebra, product is denoted by concatenation.
DEFINITION

2.1. Let A be a K-algebra with a K-linear map R : A —> A. We call A a R o t a -

B a x t e r K-algebra and R a R o t a - B a x t e r o p e r a t o r of weight 6 e K if the operator R
fulfills the following R o t a - B a x t e r relation of w e i g h t Ö G K 3

(47)

R{x)R(y) + 9R(xy) = R(R(x)y + xR{y)),

Vz,y e A.

This operator identity occurred first in a 1960 paper [17] in the particular case of commutative associative algebras, see also Baxter's earlier work [16]. Gian-Carlo Rota contributed
significantly [196, 200] to its understanding. F. V. Atkinson [13], P. Cartier [58], and
others [143, 180, 181] further explored Baxter's relation in the context of commutative
algebra.
2.2. Let (A, R) be a Rota-Baxter K-algebra. The dual operator R := 9\<1A — R also
satisfies the Rota-Baxter relation of weight 9 (4VLEMMA

PROOF.

We verify this simple fact for the reader's convenience.

R{x)R{y) + 9R(xy) = 92xy - 6xR(y) - 9R{x)y + R(x)R(y) + 82xy - 8R{xy)
= 282xy - 26R{xy) - 9xR{y) - 9R{x)y + R(R(x)y + xR{y))
= R(R{x)y + xR(y)),

Vx,y G A.

D
2.3. (1) Let {A,R) be a Rota-Baxter algebra of weight 9 = —1. The map
R := id A + R is a Rota-Baxter map of weight + 1 .
(2) When 8 = 0, we see that R = —R and hence R and R almost coincide, i.e., up to a
minus-sign. This "degeneracy" is of crucial importance as we will see later.
(3) For Ö ^ O a simple scale transformation R —> 9~lR gives the so called standard form
of the Rota-Baxter relation referring to the weight 9 = 1

REMARK

(48)

R{x)R(y) + R{xy) = R{R(x)y + xR{y)).
For most parts of this work we will assume the Rota-Baxter map to be of weight
9 = 1, i.e., to be in standard form. The weight enters in a particular important form

3

Some authors denote this relation in the form R(x)R(y) = R(R(x)y + xR(y) + \xy), so that A = —6.
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when we come to Spitzer's classical identity and its generalization to non-commutative
Rota-Baxter algebras (see later).
(4) As a trivial observation we may remark here that every algebra A actually is of RotaBaxter type as the id A map naturally satisfies relation (48).
2.4. Let (A, R) be a Rota-Baxter ¥L-algebra of weight one. R and R = id^ — R fulfil
the following mixed Rota-Baxter relations

LEMMA

(49)

R(x)R{y) = R(xR(y)) + R(R(x)y)

(50)

R{x)R(y) = R(R{x)y)+R(xR(y)),

PROOF.

x,y e A.

Let us verify the first identity (49) for the reader's convenience
R(x)R(y) = R(x)y - R(x)R(y)
= R(x)y - ( - R(xy) + R{R(x)y) + R(xR{y)))
= R(xR{y)) + R{R{x)y).

D
2.5. Assuming the operator R to be an idempotent algebra morphism, i.e., let A
be an K-algebra and R : A —> A has the properties that R2 = R and R(x)R(y) = R(xy),
for all x, y e A, then this is sufficient to imply that R is a Rota-Baxter map of weight one.
As an example of an idempotent Rota-Baxter map which is moreover an algebra morphism,
truncate the Taylor expansion operator of a real function at a point a, denoted by Ta, at
zeroth order, i.e., To(0)(/)(z) = f(a)
EXAMPLE

2.6. Let A be a Rota-Baxter algebra of weight 6 € IK, R its Rota-Baxter
map. Define the operator B : A —> A, B := öid^ — 2R. Then B satisfies the modified
Rota-Baxter relation of weight 9 £ K
PROPOSITION

B(x)B(y) = B(B(x)y + xB{y)) - ö2xy,

(51)

for all x,y e A. We call B a modified Rota—Baxter map (of weight 9 € Kj.
PROOF. We do the calculation in detail, and the reader should remember that the field
IK is of characteristic zero, char(IK) = 0. Let x,y G A

B(x)B(y)

=
( }

92xy-29(R(x)y

+ xR(y)) + AR(x)R{y)

=

{9\dA - 2Ä) (29xy - 2R{x)y - 2xR(y)) - 92xy

=

B(B(x)y +

xB(y))-92xy
D

As we already mentioned before, when one normalizes the Rota-Baxter operator of weight
9 7^ 0 to 9~lR it satisfies the standard form of the Rota-Baxter relation (48). The corresponding modified Rota-Baxter operator B := id^ — 2R then fulfils the modified RotaBaxter relation of weight one
(52)

B{x)B(y) = B(B(x)y + xB(y)) - xy.

Let (A, R) be a Rota-Baxter algebra of weight one. Observe that the Rota-Baxter relation
(48) can be written using the modified Rota-Baxter map B
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The operator B :— id A + 2/? fulfils relation (52), if the Rota-Baxter operator R is of weight
9=-1.
Let (A, R) be a Rota-Baxter algebra, of weight one. The maps B' := icU — B = 2R. and
B" :— id A + B = 2R, therefore are just Rota-Baxter operators of weight two. This is
evident since we can write the modified Rota-Baxter map B using R and R, B = R — R.
If the Rota-Baxter map is idempotent, i.e., R o R = R, then we easily find that B2 = id^,
B o R = -R, and B o R = R.
The above way of writing the related Rota-Baxter maps as linear combinations might be
summarized by writing the operator D = D(T;9)

D := R +

TR,

where r G K and 9 is the fixed weight of the underlying Rota-Baxter algebra. For r = 1 we
obtain did A- For r = — 1 we get the modified Rota-Baxter map Bg. If R is idempotent then
any other r G K gives an associative Nijenhuis operator (see further below, Subsection 2.2.1,
Remark 2.27).
We would like to present a collection of examples of Rota-Baxter operators and corresponding
algebras, respectively.
2.7. The first example we would like to present actually consists of two, and
somehow lies at the heart of the theory of Rota-Baxter algebras, both from a historical and
from a current research perspective.
Going back to the Rota-Baxter relation (47) of weight 6 we see that the case of a RotaBaxter map of weight zero, 9 — 0, i.e., R(x)R(y) = R[R(x)y + xR(y)), naturally translates
into the ordinary shuffle relation in Example 2.18.
Shuffle product: Let V be a K-vector space. With the convention that V®° = K, let
Sh(V) := T(V) = 0 n > o V ® n . Recall Proposition 2.20 in Example 2.18, stating that
(T(V),Ul) is a commutative (bi)algebra. We then see immediately the following
EXAMPLE

2.8. For every vector u e V, the K-hnear map P{u) : (T(V),UI)
P(u){a) :— u® a, a E T(V), is a Rota-Baxter operator of weight zero.
LEMMA

->

(T{V),Ul),

Let v := V\ ® • • • <g> vn, w := w\ <g> • • • <8> wm be two tensors in T(V).
recursive definition of the shuffle product in (14) we easily see that
PROOF.

P{u)(v)UlP(u)(w)

Using the

=
{u®v)Ul(u®w)
= u® (vUIu ® w) + u® (vUlu ® w)
= P(u){P(u)(v)Ulw + vUlP{u)(w)).
D

Mixable shuffle product: Let us generalize the last result to Rota-Baxter maps of nonzero weight. We now recall the construction of mixable shuffle algebras and some of their
properties. The name is justified by its similarity to the shuffle product algebras. The
adjective mixable suggests that certain elements in the shuffles can be mixed or merged.
Essentially we will work with a tensor algebra equipped with a well-chosen shuffle-like product. We first give an explicit formula of this product before stating its recursive definition
which, under proper restrictions, will be seen to be equivalent to Hoffman's quasi-shuffle
product in Example 2.21.
Intuitively, to form the shuffle product, one starts with two decks of cards and puts together
all possible shuffles of the two decks. Suppose a shuffle of the two decks is taken and further
suppose a card from the first deck is followed immediately by a card from the second deck.
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If the two cards are given the option of being merged or mixed leaving us with one card, we
obtain a mixable shuffle. To get the mixable shuffle product of the two decks of cards, one
puts together all shuffles including the possible mixable shuffles.
More formally, given an (m, n)-shuffle a G 5(m, n) G Sm+n. Here Sm+n is the symmetric
group o n m + n letters. A pair of indices (k,k+l),
1 < k < m + n, is called an admissible
pair for a if o~(k) < m < a(k + 1). Denote 7a for the set of admissible pairs for the (m, reshuffle a. For a subset T of TCT, call the pair (cr,T) a mixable (ra,n)-shuffle. Let \T\ be
the cardinality of T. By convention, (a, T) = a if T = 0. Denote

S{m,n) = {{a,T) | a G S{m,n),7 C T7}
for the set of mixable (m, n)-shuffles.
Let (A,rriA, 1A) be a commutative unital K-algebra. For n > 0 let A®n be the ra-th tensor
power of A over K with the convention that A®0 = K.
For two tensors a = a2 ® . . . <g> a m G ^i®m, 6 = 62 <8>... ® 6n G ^®re and (a, T) G S(m, n). The
element
a(a ®b) = ua{l) ® ua{2) ®...® ua{m+n) G
where

{

1 < k < m,

was called a shuffle of a and b. Now we extend this notion. The element
a(a ® 6; T) := nCT(1)®-u(j(2)(g)... ®ua{m+n) G
where for each pair (k, k + 1), 1 < k < m + n,
\-9mA(ua{k)
:= <
is called a mixable shuffle of the tensors a and b of weight 8 G K.
Define, for a and b as above,

(53)

a»+6 =

J2
(cr,T)eS(m,n)

o{a®b;T)e

0

4®fc.

k<m+n

As in the case of the shuffle product, the operation •+ extends to a commutative and associative binary operation on

W+{A) :=
making (UI+(^4), •+) a commutative algebra with identity.
2.9. Let i G A be an idempotent element. The K-linear map P^) : IU.+ (A) —»
in + (A), P(j) (xo ® xi ® • • • ® xn) '•= i ® %o ® Xi ® • • • ® %n defines a Rota-Baxter operator of
weight 9 on 1H+(A, •+).
PROPOSITION

P R O O F . This is most easily shown using the recursive definition of the mixable shuffle
product given below.
D

As a special case of the above proposition we have now the following. Recall that (A, rriA, l/i)
was a commutative K-algebra with identity. Define IIl(A) = III (A •) := A® III+(^4) to be
the tensor product algebra, i.e., the mixable shuffle product • is defined by
(x0 ® ... ® xn) • (y0 ® ... ® ym) := mA{x0 ® yo) ® ((xi ® . . . <E> xn) *+(yi ® ... ® ym)).
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Define the natural K-linear endomorphism PA on 111(^4) by assigning
PA(XQ

<S> XI ® • • • <S> ^ n ) :— 1A <S> £ O <8> £ i 0

. •. ® £n,

1

for all x0 ® Xi ®... ®xn G J4®("+ ) and extending by linearity. Pay attention to the fact that
now the idempotent for PA on 111(^4) is the identity in A, making it a Rota-Baxter map.
2.10. [124] Let (A,niA, 1A) be a commutative algebra with unit 1A- The mixable
shuffle K-algebm (111(^4), •), together with the linear map PA, is a (free) commutative unital
Rota-Baxter K-algebra on A of weight 9.

THEOREM

We call (UI(A), PA) the mixable shuffle Rota-Baxter K-algebra on A of weight 9. The
authors in [124] prove in detail, besides other important results on Rota-Baxter algebras,
the last theorem which provides a convenient and transparent construction of the free object
in the category of commutative unital Rota-Baxter algebras. Further properties and results
such as comparison with earlier results by Rota [196] and Cartier [58] are given in [119, 121,
122]. In [97] we give a generalization of this construction to non-commutative Rota-Baxter
algebras. This extension demands quite a few innovations and non-trivial mathematical
steps to be proven. We refrain from giving more details as this would lead us into topics
which are not of immediate need to continue at this point.
LEMMA

2.11. The mixable shuffle product • on Ul(A) satisfies the recursive relation
«o • (bo ® bi ® . . . <g> bn)

— mA(a0

(a 0 <8> a i <g>... <g> aTO) • &o =

® b0) ® 6i <g> . . . <g> bn,

mA{dQ ® b0) ® a1 ®...

<g> am,

a ^ f y G A,

and in the general case of two tensors a$ ® a,\ ® • • • ® am, bo ® b\ ® ... ® bn, a^, bj G A,
m, n > 0 we have
(a 0 ® «i ® • • • ® dm) • {bo ® b\ ® . . . ® bn)
=

mA(a0 ® b0) ® ({ai ® ... ® am) • (1A ® 6i ® ... <g> bn))
+mA(a0

(54)

® b0) ® {{1A ® o-i ® • • • ® am) • (bi ® ... ® bn))

-9mA(a0®bo)

® ((ai ® ... ® am) • (bi ® ...

®bn)).

The first two equations in the lemma follow from the definition and commutativity of the product •. Using the definition of • and the Rota-Baxter operators P4, the
third relation in the lemma can be written as
PROOF.

a

0

• PA{O.\

®---

=
ao»bo»(PA(a1®---® am)»PA(bi®---bn))
= mA{a0® bo) • PA {(d\ ®••• ® a m ) • P A ( b \ <g> ••• ®bn))
+rriA(a0 ® 60) •

PA(PA( a i <8) • • • ® dm) • {h <8> • • •<8>

&n))

-9mA(a0

® b0) • PA{(a:! <8) • • • ® am) • {bi ® ...®fen))This follows from the Rota-Baxter identity for PA.

D

We now establish the relation between Hoffman's quasi-shuffie algebra in Example 2.21 and
the mixable shuffle algebra. The key is the above recursive definition of the mixable shuffle
product.
Now let. K = k be a subfield of C. Let X = Un>iXn be a locally finite set and let [•, •] :
X x X —» X be as above in Example 2.21 of Chapter 1 with properties S0-S3. Then [•, •]
extends to a binary operation on the free /c-module A = k{X}, making A into a commutative
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A:-algebra, without identity, and with grading An = k{Xn}.
Let X = {1} U X. Then
A = k{X} = k (B A is the unitary A;-algebra spanned by A. Then for any weight 8, we have
the imbedding
W+(A) -»• m + ( i ) -> Ill(i), a H-> a H-> 1 A (8) a,
of fc-algebras.
2.12. VFif/i £/ie assumptions as above, the quasi-shuffle algebra A = k{X} of
Hoffman is isomorphic to the subalgebra Iil+(A) ofHl(A) when the weight 8 = —1.

THEOREM

PROOF.

Details of the construction and proof are given in the paper [91].

D

EXAMPLE 2.13. Riemann and Jackson integral: The Rota-Baxter relation finds its most
prominent example in the integration by parts rule for the Riemann integral on a suitable
function space, denoted by U, say continuous functions on M with the standard pointwise
multiplication

[
o
Then we find for the product of two such integrals

(55)

/ f(t)dt ! g{s)ds= ( g(t) [ f{s)dsdt+ [ f(t) f g(s)ds dt.
Jo

Jo

Jo

Jo

Jo

Jo

This follows from the integration-by-parts formula. For / , j e J, let F(x) := f* f(t)dt =
R[f](x) and G{x) := J*g(t)dt = R[g](x). Then £F(x) =: F'(x) = f{x) and G'{x) = g(x).
Integration by parts gives

fXf(t)G(t)dt
Jo

= R[fR[g}](x)
= F{t)G{t)X0 - fX F(t)g(t)dt
Jo
= F(x)G{x)- f F(t)g(t)dt
Jo
= R[f](x)R[g}(x)-R[R[f]g}(x).

Rearranging the terms, we get Equation (55), which is just the Rota-Baxter relation (47)
for weight 9 = 0.
On the other hand, Rota made an interesting proposition in [198, 199] as well as in [200],
suggesting the use of Jackson's g-integral, which is a natural example for the Rota-Baxter
operator of non-zero weight, as a suitable generalization of the integration-by-parts rule for
the Riemann integral. Let us recall his argument as another example for a Rota-Baxter map
with interesting applications.
Indeed, Jackson's ^-integral [144, 198] gives a generalization of the Riemann integral to an
(almost) Rota-Baxter map of weight 9 = (1 — q).
By the g-analog of the Riemann integral, known as Jackson's integral, we mean the following.
On a well chosen function algebra ? we define for 0 < q < 1

J\M*)

•= f f(v)dgy
Jo

(56)

:= (l-q)^2
n>0
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This may be written in a more algebraic way, using the operator

Pg[f]:=J2E^

(57)

n>0

where the algebra endomorphism Eg[f](x) := f{qx) (g-dilatation), / £ 9".
2.14. The map Pq is a Rota-Baxter
Pq =: Pq is of weight + 1 .
PROPOSITION

PROOF.

operator of weight — 1 and hence idg-

Let / , g e 2F, for the map Pq we find
n>0

m>0

n>m>0

7n>n>0

n,m>0

m=n>0

m,n>0

n>0

}[
n>0

=

n>0

P[P[f}g]+P[fP{g]]+P[fg],

showing the first assertion. The second follows by a simple algebraic calculation.
D
r
Now let us define the (left) multiplication operator Mf : 3 —> 3 , f e J , Mj[g](x) :=
(/ g)(x) = f(x)g(x) which fulfills the associative Nijenhuis relation

Mf[g}Mf[h] + M2f[gh] = Mf [Mf[g]h + gMf[h}},
to be formally introduced in Equation (89). The Jackson integral is given in terms of the
above operators Pq and M as follows

(58)

J{f}(x) =

(l-q)PqMid7[f](x),

r

where idg- is the identity map on 3 . The map J fulfills the following generalized Rota-Baxter
relation of weight (1 — q)

(59)

J[f] J[g\ + (1 - q)J M w , [ / g] = j[j[f] g + f J[g}].

Obviously, the integration by parts rule for the Riemann integral, i.e., the Rota-Baxter
relation of weight 9 = 0, follows naturally from q —> 1. In this limit Jackson's ^-integral
operator J reduces to the ordinary Riemann integral.
Two side remarks, first, relation (59) becomes the Rota-Baxter identity of weight 6 = (l — q)
when using the following definition for Jackson's integral [144]

J\f](x):=

y

Secondly, the integration-by-parts rule derives from the Leibniz rule for derivations. Relation
(59) finds its counterpart in the g-analog of the Leibniz rule for ^-differences, defined as
Dx,qf(x)
DxJg

(x) = (DxJ(x))g(x)

:=

{q_l)x

+ f(x)(Dx>qg(x))
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=

(DxJ(x))g(x) + f(qx) {Dx,qg(x))

=

{DxJ(x))g(qx) + f(x){Dx,qg(x)).

Similar equations hold for DXA-if{x)

=

qDXtQf(q~lx).

2.15. The Jackson integral in (58) satisfies the following q-analog of the
integration-by-parts relation for the Riemann integral.

PROPOSITION

(60)

J[f](x) J[g](x) = J[f J[g]] + qj[g J[Eg[f}}] (x).

Furthermore, we have the following set of relations for q-differences
(61)
(62)
(63)
(64)

JoEq = EqoJ
Dx>qMi^ - qMid^Dx,g
= id^
D^g-iM^-q^Mi^D^g-i = idy
DXiq-iDX4-qDXtqDXt<ri
= 0.

P R O O F . Relation (61) is trivial to see, due to the fact, t h a t Eq is an algebra endomorphism on functions in 3 \ Relations (62-64) are standard in g-calculus [63]. Let / , J G J

(65)
(66)

J[f](x)J[g}(x) =

(l-q)2PqMid[f](x)PqMid[g](x)

(

=9) J [j[f] g + f J[g]\ - (1 - q)JMid[f g]
f(qnx)g(qn+mx)q2n+mx2

+

n,rn>0

n,m>0

n>0

n,m>0

n>0,m>0

n,m>0

n,m>0

(67)

=

J[fJ[g]\+qJ[gJ[Eq[f]}](x).
D

We leave this interesting object for a moment. Let us give further examples of Rota-Baxter
operators of non-zero weight on particular function algebras.
EXAMPLE 2.16. Summation operators: Indeed, we find two other examples of non-zero
weight Rota-Baxter operators provided by the following summation operators.
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(1) The summation operator S on a suitable space of functions is defined as
(68)
n>l
2
2
„„A g(x)
„<„\ =
— O(x
nf^.-2\
Under certain convergency conditions, such as f(x) = O(xr.-2^
) and
),
S[f](x) and S[g](x) are defined by absolutely convergent series and we have

S[f](x)S[g}(x) =
(69) =

y . f(x + m)g(x + n)+ y.
n>m>l

f(x + m)g(x + m)+ y , / ( ; r + m )5( 2:

m>n>l

m=n>l

= S[fS\g]](x) + S[gS[f]]{x)since

m=l
oo
m=l

k=\

n>m>l

This shows that the operator 5 is a Rota-Baxter operator of weight minus one on a
suitable class of functions.
This summation operator corresponds to a finite difference operator. Let the map D
be defined on a well-chosen function space 3" := {/ : R —> R | f(x) ~ 0(x~ 2 ), z —> oo}
which then satisfies the generalized Leibniz relation (skewderivation)
In fact we see that S[D[f]] = f = D[S[f]].
(2) Let A be a unitary algebra and let N > 0 . Define A := map(N, A) = AN to be the
algebra of maps / : N —-> A with point-wise operations. Define a linear operator
1

nr

0, k = 1.
We have the following simple and nice
LEMMA

2.17. The map Z is a Rota-Baxter operator on A of weight — 1.

Furthermore, we have, for / i , • • • , fn € A, the iteration

and thus in the limit

lim z[/!
if the nested infinite sum on the right hand side exists.
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The above examples of integration and summation operators and the algebraic structures
just outlined in terms of the underlying Rota-Baxter picture play a crucial role in the study
of certain numbers, more specific: in the study of multiple-zeta-values.
2.0.2. Multiple-zeta-values and Rota-Baxter maps. Let us make a little detour and mention some of the recent work related to Rota-Baxter algebras. Much of what follows is
currently under investigation and more details can be found in [96].
Double shuffle algebra of multiple-zeta-values: Multiple-zeta-values (MZVs) and their
generalizations, i.e., multiple polylogarithms (MPLs) have recently attracted much attention,
both in pure mathematics [59, 183, 133] and theoretical physics [43, 156]. Investigations
of their possible g-analogs, especially with respect to algebraic aspects were started in [37,
40, 213, 238, 240]. In [96] we set out for a careful study of the role played by RotaBaxter operators in the study of MZVs and their g-analogs. The first hint of such a role
is the fact that the shuffle product carries a natural Rota-Baxter structure. Moreover the
similarity between the quasi-shuffle product of Hoffman [129] and the mixable shuffle product
indicates that Rota-Baxter operators may give a new way to understand algebraic structures
underlying MZVs.
In the following we briefly summarize our ongoing research, see [96]. We will limit ourself
and exclusively mention only MZVs. Their generalizations and related topics are out of
scope.
Multiple-zeta-values are simply denned by iterated sums of the following form

(71)

a*u-,*k):=

£

ni>n2>->nk>l

<TT^'
1

K

where the s, are positive integers with s\ > 1. The latter demand is needed to assure
convergence of the sum in (71). We call -^(C(si, • • • , Sfc)) := k the length of £(si, • • • ,Sk)
and |C(si,--- )5fe)| := J2i=isi ^s weight (or depth). Such MZVs may be regarded as a
generalization of the Riemann-zeta function £(fc). Of course, the reader sees immediately
that for a suitable choice of functions fi(x) <E T := {fs{x) := \/xs \ s € N} C 3", we obtain
such MZVs from the Rota-Baxter summation map Z in (70)

\—Z\-

Z[—]---

The Rota-Baxter relation for such iterated Z-sums implies the so-called stuffle relations for
products of MZVs. As a simple example we present

C(2)C(2) =

fc_

y

n>0

=

n

Z—/
m>0

2
n>m>0

m>0

This follows from the Rota-Baxter relation of weight minus one satisfied by the Z-sum
operator. It is here where Hoffman's quasi-shuffle relation (see 2.21) and hence the mixable
shuffle enters. The term £(4) reflects the merging in the shuffle. Therefore, simply speaking,
the product of two MZVs of length l\ and 1%, respectively, and depth d\ and d<i, respectively,
equals a linear combination of MZVs each being of length I < ^ + Z2 and depth d = dx + d^.
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For completeness we mention that the S-sum operator instead implies for functions in "J'
oo

(72)
where ((s;x) is the Hurwitz zeta function [59, 96]. Evaluated at x = 0, we obtain the
Riemann-zeta function ((k). We may define multiple Hurwitz zeta functions to be an
iteration of such 5-sums
y

ni>ri2>-->nk>l

'

v

'

with s-[ > 1. Of course, evaluated at x — 0 we just get the corresponding MZV.
What makes this structure so non-trivial is the fact that MZVs have a nice representation
in terms of Chen's iterated integrals as well. Indeed, define the 1-form ui{b] := ^ . Using
the particular 1-forms ^{1} := jzrv and OJ{0} := y , and following the standard notation,
see for instance [37, 39, 42], we find in terms of iterated Riemann integrals
„1 m

«su..-tsm)=

,,sskk--\\

1

s

/ I ] IIHO})'*- ^!}

• / o fc=i V r = 1
r=1

/

Here, for the 1-forms a = a(t)dt, b = b(s)ds the notation J^ ab := JJ a(t) Jo b(s)dsdt is used.
This way, the link to the shuffle product (see Example 2.18) is evident, since for example
the integration-by-parts rule implies
ry

ry

rv

ry

rv

ry

/ a
b=
ab+
ba=
(ab + ba) =
aUIb.
Jo Jo
Jo
Jo
Jo
Jx
Thus, the integral representation links MZVs to the integration-by-parts rule for the Riemann
integral, i.e., the shuffle product. Hence, a Rota-Baxter relation of weight 0.
As a simple example we may again regard the product of

with itself. This implies the following relation, where on the left hand side we denote the
product of the integrals and on the right hand side the product of the sums
(73)

2C(2,2) + 4C(3,1) = 2C(2,2) + C(4).

and hence £(4) = 4£(3,1). These so-called double shuffle relations are one of the main
topics in the studies of MZVs and their generalizations [59, 133, 225, 226].
All known algebraic relations among MZVs are given by such double shuffle relations, implied
by the combination of the shuffle product with respect to the integral representation of
MZVs and the stuffle (i.e., quasi-shuffle) product with respect to the sum representation of
the same MZVs. This interplay between the representation in terms of a Rota-Baxter map
of weight zero and one in terms of a Rota-Baxter map of weight minus one is crucial here.
Conjecturally, all algebraic relations among MZVs can be obtained this way. These products
are also the shuffle product and mixable shuffle product in the free commutative Rota-Baxter
algebras [91]. It is therefore reasonable to expect that much of the recent work on algebraic
relations for MZVs can be viewed and expanded in the framework of Rota-Baxter algebras.
The q-analog of MZVs and g-shuffle products: Different ^-analogs of MZVs have been
proposed in the recent literature. The following definition seems to be the most successful
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one. It appeared first in [238] and was considered independently by Bradley [40], and
Okuda and Takeyama [187], all motivated by the special case of Kaneko, Kurokawa and
Wakayama [140].
Let 0 < q < 1 and for any positive integer k define the ^-number [k] := [k]q := (l—qk)/(l—q).
Let us define the q- multiple-zeta-value (qMZV) by
qk1(s1-l)+-+kd(sd-l)

(74)

C«K-",*«]:=

£

[ f c l ]..... M * •

When d = 1, this is the g-zeta function defined in [187]. In [40], the following Jackson
integral representation of qMZVs was given, coming from a qMPL, also defined in the aforementioned reference

fe=l

^ r=l

*r '

^llj=l<71

°3

^fc-l

where the Jackson multiple integral is defined as usual over the simplex

Using the l9-form u{b) := ^ , equation (75) has an abbreviated form

[

m

k

-i

T\{^})Bk~l^{T[ql~ai} (1),

which has a simple form in terms of the Rota-Baxter operator Pg of weight plus one, when
using the function Cl := jz$, coming from the l9-form £j{b) := - ^ , where the extra t
reflects the multiplication map M^ in (58). We suppress the (1 - q) factors in the following
exposition
Pq[...Pq
(I)y

3=1

J=l

Using this Jackson integral representation, we encounter several problems when studying
possible algebraic relations for products of qMZVs via the (almost) Rota-Baxter relation in
Equation (59), or the g-shuffle in Equation 60.
One of the problems can be exemplified most easily by using the most simple model for a
g-analog of MZVs. We denote it by (qS\ due to K.-G. Schlesinger who first introduced them
in [213]. He used the most simple Inform, o){l} := ^f, such that the representation in
(77) reduces to

(77)

Cf)[su---,sm]=P
Si

We ignore questions of convergence for the rest of this exposition. Hence, one finds for the
simple product of Q [2] with itself
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(78)

-4Cf[l,2]- 2 y:

\
M
([ _ nk+m\3
V

k,m>0

y

7

+ ZE
_^
fc,rr:
fc,m>0

(\ _

V

y

nk+m\2'
;

On the other hand we see that the g-stuffle relation for Q [2] Q [2] is simply given by
The reader may compare this with the classical double shuffle relation for £(2) in Equation
(73). We first observe that these two products imply that

Cf'[4| = 4 C f [l,3]-4 C f [1,2]-2

^
K

k,m>0

^
H

'

k,m>0

So far. we have not been able to find a suitable way to express the g-analog of this double shuffle relation entirely in terms of qMZVs of Schlesinger's form, that is, in terms of
C^[si, • • • i si]. Another exercise would be to show this relation directly, but we refrain from
such pleasureful work.
The problematic terms in line (78) come form the weight (1 — qr)-term in the -almostRotcV-Baxter relation (59), i.e., from the merging of Informs CJ{1}
(79)

)
m,n>0 ^

"

'

Obviously, a first ansatz would be to write the problematic terms in line (78) as follows

k,m>0

K

k,m>0

y

and
H

'

but. qAiZVs expression of such a form are not defined a priori, especially when one takes
their classical, i.e., q —* 1-limit.
Of course, on the other hand, in the classical limit q —> 1 the above expression for the
product, i.e., relation (59), reduces to the classical ones, since the extra terms in line (78)
are of lower weight.
But, we must admit that we lack a full understanding of the correct approach to this problem
and therefore refrain at this point from giving further details. Instead, the interested reader
should consult the current literature cited, for instance, in our paper [96].
EXAMPLE 2.18. Finite dimensional Rota—Baxter algebras: The next example we would
like to present here was introduced by B. Miller in [181] and is related to Rota's original
(free) Rota-Baxter algebra in [196]. Let Abe a finite dimensional K-vector space with basis
e i , . . . , en. We make it into a commutative K-algebra by defining the product componentwise
on the column vectors of n = s + t components

(80)

a,be A , a,i, bj e K,

a•b=
1=1

j=l

2=1

Then the following matrix R e M n (K) defines a Rota-Baxter operator of weight 9 = 1 on A
'S9

(81)

R:

~

0'

\ 0 T,
-t,
r
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where the matrices S, T of size s and t, respectively, are given by
/ I 1 . . . 1\
/0
0 . . . 0\
0
- 1 0 ... 0
(82)

Tt : =

Vo ... o 1/

txt

Finally, let us mention an example due to P. Leroux [161] which we will use again later when
we briefly introduce Rota-Baxter coalgebras.
2.19. Leroux's Rota-Baxter map: Another nice example of a Rota-Baxter
map of weight 9 e K is due to Leroux. The operator ß : M„(K) —> MJJ(K) is defined on the
(sub)algebra o f n x n upper triangular matrices M^(K) ( c M n (K), the K-algebra of n x n
matrices). It is defined to map an upper triangular matrix x G M£(K) to a diagonal matrix,
EXAMPLE

x -» ß{x) e M£(K) C M
(83)

One can also use lower triangular matrices.
Further below we will present another class of examples of Rota-Baxter algebras coming
from a new type of bialgebras, so called generalized infinitesimal bialgebras [2, 3, 5], see
also our recent research work [7]. These Rota-Baxter algebras are intimately related to
Yang-Baxter type equations and their recently found associative analogs.
2.1. Atkinson's decomposition theorems for Rota-Baxter algebras. We first
present Atkinson's useful characterization of general Rota-Baxter K-algebras in terms of a
so-called subdirect Birkhoff decomposition, which appeared in the 1963 paper [13]. This
characterization is independent of notions like commutativity or associativity, hence applies
universally to all Rota-Baxter algebras. Then we mention briefly his factorization theorem
for associative Rota-Baxter algebras. We will come back to this point when we introduce
Spitzer's identity.
2.1.1. Atkinson's first theorem: additive decomposition. Let A be a K-algebra with linear
endomorphism R, and B :— ICLA — 2R. We define the following spaces

A+ := Im{R) = Imfy-B
PROPOSITION

+ icU))

A^ := Im{R) =

2.20. Let (A, R) be a Rota-Baxter algebra of weight one. A± C A are subal-

gebras.
This follows immediately from the fact that R, R are linear and from the RotaBaxter relation, i.e., R{x)R(y) = R(xR.(y) + R(x)y - xy) and R{x)R(y) = -R(xR{y) +
R{x)y-xy).
U
PROOF.

We now give the additive decomposition theorem of Atkinson, published in 1963. It provides a characterization of general Rota-Baxter K-algebras in terms of a so called subdirect
Birkhoff decomposition
2.21. (Atkinson, 1963) Let A be a K-algebra. A linear operator R : A —> A is a
Rota-Baxter operator if and only if the following is true

THEOREM
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(1) A+ and A- are both closed under multiplication.
(2) Let x,y e A. If R(x)R(y) = R(z) for a z e A, then R{x)R(y) =

-R(z).

P R O O F . One direction of the statement is just a repetition of the aforementioned proposition. Now we consider the converse. Let x,y E A. By item (1), we have R(x)R(y) — R(z)
for some z £ A. Then by item (2),

z = R(z) + R(z)
= R{x)R(y) - R(x)R{y)
= R(x)R{y) - (xy - xR{y) - R{x)y + R{x)R{y))
R(x)y-xy).
Therefore, we have z = xR(y)+R(x)y+xy and so R(x)R(y) = R(z) = R(xR(y)+R(x)y—xy)
as needed.
D
Atkinson's original formulation of his theorem is in terms of the notion of subdirect Birkhoff
decomposition.
2.22. Atkinson's first theorem: For a K-algebra A with a linear map R : A —»• A
to be a Rota-Baxter K-algebra, it is necessary and sufficient, that A has a subdirect Birkhoff
decomposition.
x = R{x) + R{x),
Vx e A.

THEOREM

The simple proof of this theorem may be found in [13] and will not be given here. Essentially, the subdirect Birkhoff decomposition means that the cartesian product D :=
(R(A), —R(A)) C A x A is a subalgebra in A x A and that every element x £ A has
a unique decomposition x = R(x) + R(x). It is a generalization of the case when A decomposes directly into two subalgebras given by the image of R and R = id^ — R. This leads us
to another class of examples of Rota-Baxter maps.
EXAMPLE 2.23. Projector Rota—Baxter maps: Indeed, a rich class of Rota-Baxter maps
is provided by particular projectors. Let A be a K-algebra, and let us assume that the
elements of A split into two parallel subalgebras, A+ and ^4_, such that A — A+ © A_. The
projection to, say, A+ denoted by R : A —> A+, R(a+ + a_) := a + is a Rota-Baxter operator
of weight one. Let us verify this. Chose a,b E A, then we have

R{a)b + aR(b) - ab = R(a)(R{b) + (id^ - R){b)) - (R{a) + (idA - R)(a))(idA - R)(b)
= R{a)R(b) - (icU - R){a){idA - R)(b).
Applying R to this equality eliminates (idA — R)(a)(idA — R)(b), but leaves R(a) R(b) unchanged.
An important example of such Rota-Baxter maps is provided by the field of Laurent polynomials, A := Cfe" 1 ,^]. We have (up to automorphisms,) only the following two RotaBaxter maps i?' r '. r = 0,1. Both are of weight 8=1 and are denned as follows. For
TZ-mckekeC[e-\e]]
they give

(84)

J2
^

k=-m

'

r

Both R( \ r = 0,1 are idempotent maps, i.e., R^ o R^ = R^r\ Within renormalization
theory, so-called dimensional regularization together with the minimal subtraction scheme,
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i.e., Rms := i? ( 1 \ plays an important role [148].
oo

x :=

E a i £ % > y-=
i=—m

j=—n

PROOF.

(85)

Rms(RmS(x)y

+ xRms(y)
—1

- xy)
CO

b £J

O

O

—

l

00

i=~m

j=—n
oo

a

OO

£ *£* Y. i + E * E ^ - E ^ ' E b ^ )
i——m
j=—n
—1 — 1

a £i

i=—m

j=—n

oo

b £J
ai£i
£J
E
^
E
J
)
-Rms(J2
E^
)
i=—m
j=—n
i=0
j=0

E a>£i E ^£J)
i=—m

=

j=—n

Rms(x)Rms{y).

Replacing here r = 1 by r = 0 also gives a Rota-Baxter operator. The dual operator
Rms := idA - Rms, Rms(T,Z-mci£i)
= J2Zo ci£^ [s a Rota-Baxter map.
For a general r G Z\{-1,O}, denoted by R{r)(T,Z-mci£i)
'•= T^U-m0^ t h e Rota-Baxter
relation (48) does not hold, as one can see by the following simple argument. For r > 0 one
gets for Rms{x)Rms(y)
a polynomial of order 2r whereas for Rrns{Rms{x)y + xRms(y) - xy)
one only gets a polynomial of order r. For r < — 1 the same argument applies.
D
It should be mentioned that in the presented examples we restricted ourselves to associative
Rota-Baxter algebras. As we already mentioned in the brief summary on the background of
Rota-Baxter algebras, one can find a rich class of Rota-Baxter Lie algebras in the literature
on classical integrable systems [14, 19, 211]. The reader should consult those references for
more details on Rota-Baxter Lie algebras.
2.1.2. Atkinson's second theorem: multiplicative decomposition. The following theorem
contains Atkinson's multiplicative decomposition and was also observed in [13]. It applies
only to associative Rota-Baxter algebras of weight 6. We will leave questions of convergence
and such aside for the moment and come back to this result further below in the context of
Spitzer's identity.
2.24. Let [A, R) be an associative unital but not necessarily commutative RotaBaxter algebra of weight 6. Assume b and b' in A to be solutions of the recursive equations
THEOREM

b=l-R(ba)

and b' = 1 - R(a b'),

for a & A. Then we have the following factorization
(86)

b{l + 8a)b' = l.

P R O O F . We simply calculate the product bb' and use the mixed Rota-Baxter relation in
Equation (49).

bb' =
=

(1 - R(b a)) (1 - R(a &'))
1 - R{b a) - R(a b') + R(b a)R(a b')
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=

1 - R(ba (1 - R(a 6'))) - £ ( ( l - R(b a)) a 6'

=

1 - R(bab') -

=

1 - Obab'.

R{bab')

Hence, we obtain the factorization in (86).

D

2.25. Let b,b' be as in Theorem 2.24- Assume the inverses 6"1 and b'~x exist
in A. Then we have the following so-called canonical factorization of 1 + da G A

COROLLARY

As a side remark we mention at this point that for a commutative Rota-Baxter algebra
(A, R), moreover we find a generalized exponential law [13] in A, taking the product
b(x)b(y) = b(x + y + 6 xy),

Vx,y e A.

Here, we used the following notation for the recursion b{x) = 1 — R(b(x) x), x <G A, in
Theorem 2.24.
Atkinson went further in [13] and extended the previous result by looking at related equations
of the form
U = R(a) + R{U b),

a,beA,

which he used to describe the solution of the more general equation
(87)
for a,b,c£
(88)

T = a + R(Tb) + R{T c),
A. Vogel [223] investigated another equation in A, similar to (87)
S = a + bR(S) + cR{S),

for a,b,c £ A. Actually, both Vogel as well as Atkinson explored such relations in A :=
the algebra of formal powers series in the commuting parameter t with coefficients in A. We
omitted this subtlety at this level, but a more accurate point of view will be presented further
below in a second.
Solutions to the Equation (87) and Equation (88) for b = — c imply solutions for the equations
T = a + B(T c) resp. S = a + cB{S).
Recall that the modified Rota-Baxter map B := Old A — 2R.
2.2. Rota-Baxter type algebras. For the sake of completeness we would like to introduce two further relations. The associative Nijenhuis relation and Leroux's TD-relation,
which are both of similar type as the Rota-Baxter relation. We refer the reader to the paper
[162] for more details on TD-algebras.
In [84] the reader will find the detailed construction of the free associative commutative unital
Nijenhuis algebra in terms of a generalized shuffle product. An similar shuffle product provides the free associative commutative TD-algebra. In the non-commutative case, both the
free associative Nijenhuis and Leroux's TD-algebra are given in terms of non-commutative
generalized shuffle-like products introduced and fully described in [97] as well as [11].
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2.2.1. Associative Nijenhuis algebra. In general, for associative or Lie algebras the Nijenhuis relation [117, 145] may be regarded as a homogeneous version of the Rota-Baxter
relation. In the associative case some of its algebraic aspects were investigated by Carinena
et al. in [57]. Fuchssteiner [112] explored the underlying double product structure and
linked it to other algebraic structures in the context of integrable systems. The Lie algebraic
version of the Nijenhuis relation is investigated in [117] in the context of the operator form of
classical Yang-Baxter type equations, which are closely related to the Lie algebraic version
of the Rota-Baxter relation. Likewise in [145] the deformations of Lie brackets denned by
Nijenhuis operators and its connections to the (modified) classical Yang-Baxter relation are
studied. We constructed in [84] the free object in the category of commutative Nijenhuis
algebras, and introduced a new type of shuffle product.
DEFINITION 2.26. A Nijenhuis K-algebra is a pair (A,N), where A is a K-algebra and
N : A—> A is a linear operator satisfying the associative Nijenhuis relation

N{x)N(y) + N2(xy) = N(N{x)y + xN{y)),

(89)

x,y G A.

The map N may be called associative Nijenhuis operator or just Nijenhuis map for short.
First, let us remark here that due to the homogeneity of relation (89), in which we refer to
the number of operators appearing on each side of the relation, we have no parameter 6 G K.
Therefore we cannot change the sign in front of the second term on the left hand side.
With N being an associative Nijenhuis map on A also the dual map N := id^ — N is an
associative Nijenhuis map
N(x)N(y) + N2(xy)

= xy - xN(y) - N(x)y + N(x)N{y) + N{xy - N(xy))
= xy - xN(y) - N(x)y + N(x)N(y) + xy - 2N(xy) + N2(xy)
= 2xy - 2N(xy) - xN(y) - N(x)y + N(x)N(y) + N2(xy)
= N(2xy - N{x)y - xN(y))
= 2xy - N(x)y - xN{y) - 2N(xy) + N(N(x)y + xN(y))
= N{x)N{y) + N2{xy).

2.27. (1) In this setting "associative" refers to relation (89) to distinguish it
clearly from its very well-known Lie algebraic version [117, 145].
(2) Equation (89) may be interpreted as the homogeneous version of the standard form of
the Rota-Baxter relation, i.e. for weight 0=1.
(3) It should be clear that every idempotent Rota-Baxter map naturally is a Nijenhuis
map.

REMARK

Fuchssteiner [112], and Carinena, Grabowski and Marmo [57] investigated the basic algebraic properties of such Nijenhuis operators for associative algebras. The latter authors
found beautiful results, some of which we will mention here and in the following section.
But before that, let us give two examples of operators fulfilling the associative Nijenhuis
relation.
2.28. (1) Left and right multiplication, Lab := ab, Rab := ba, by a fixed element
a e A both satisfy relation (89).

EXAMPLE
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(2) Another class of associative Nijenhuis operators comes from idempotent Rota-Baxter
operators. Let R be such an idempotent (R2 = R) Rota-Baxter operator satisfying
relation (48) for 9 = 1. Remember that the operator R := id^ — R being idempotent,
too, also satisfies equation (48). Define the following operator
NT := R-TR

=

id4 - (r + 1)R,

r e t

The map TV,- is an associative Nijenhuis operator. The case r = 1 gives the map
B = idyj — 2R solving the modified Rota-Baxter relation (52)
since for R2 = R we find B2 = N2 = icU.
LEMMA 2.29. [57] Let (A,N) be a Nijenhuis algebra. Linear combinations of powers of the
Nijenhuis map, Nk, k > 0 are again Nijenhuis operators, hence satisfy
Nk(x)Nk{y) + N2k{xy) = Nk(Nk{x)y + xNk(y)).
The proof of this most beautiful simple lemma and many more results on the Nijenhuis
relation on associative algebras can be found in [57].
REMARK 2.30. The free commutative Nijenhuis algebra [84] follows from a similar construction as the one for the free commutative Rota-Baxter algebra in Example 2.7. Let us
briefly outline this construction. For a commutative algebra A with unit 1A we define on
T(A) := A®T(A) the modified mixable shuffle product directly via its recursive form. Here,
as before, we define T{A) :=
DEFINITION

2.31. The modified mixable shuffle product •+ on T(A) — A ® T(A) is

defined by the recursive

relation

aoi+(bo(g)bi®
.. .(g>bn)
(ao<g)<2i <g>... ® a m ) i + 6 0

: = mA(a0 <8> b0) <8> b\ <g>... ® bn,
: = rnA(a0 <g> b0) <£> ax ® ... ® am,

di,bj e A ,

and in the general case of two tensors ÜQ ® Oi ® . . . ® am, bo ® b[ <S> • • • <8> bn, aj, bj G A ,
777,, n > 0 we define
:=

mA{a0
+mA(a0

(90)

® b0) ® ((aj ® ... ® am)»+{lA

®b1®...®

&„))

+

® b0) ® ( ( U ® a i ® . . . <g> a m ) * ( 6 i ® ... ® bn))

-mA(a0®b0)®

lA® ((a : ® ... ® a m ) i + ( 6 i <g»...

®bn)).

Let us now define as before the linear map NA on T{A) by
NA(a) :=lA®a,

\/aef{A).

First we observe that we can write (90) using the map NA.
am)i+(b0

(ao®al®...®
=

mA(a0
+mA(a0

® bx ® .. . ® bn)

® bQ) ® ((ai ® ... ® am)i+NA(bi

® ...® bn))
+

® b0) ® ( ^ ( a i ® ... ® a m ) * ( 6 i <g>... ® bn))

-mA(a0®b0)

®NA((ai

®... ®aTn)i+(b1
90

®...®bn)).
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The related generalized shuffle product »+ defined on T(A) follows readily. Let a$ ® a,\ ®
• • • <&> am, bo <8> b[ (g> . . . <g> bn, a^bj G A, m, n > 0 be two general tensor words. We define the
left-shift shuffle product as follows. First, we have
ao»+{bi <8>... ®bn) := ao(&i <8>... <8> bn),
(oi <g> . . . <g> a m )« + 6 0 := 6o(ai ® • • • ® a m),

a0, &o e K,

and in general we find
(a 0 ® a i ® • • • ® a m ) » + ( & 0 <8> &i <S> • • • ® &n)

=

a 0 ® (ai <g>... ® a m ) « + ( 6 0 ® ...<8>bn)
+b0 <8> ( a 0 ® . . . ® a m ) » + ( & i ( 8 ) . . . <g> bn)
— 1A

Thus, we arrive at the following lemma.
2.32. [84] Both (T(A),»+, 1K) and (T(A),»+,
with units 1% and 1A, respectively.

LEMMA

We call (T(A),i+)

1A)

are commutative

unitalK-algebras

the modified mixable shuffle K-algebra. Then we have the following

T H E O R E M 2.33. [84] Let (A,m,A,lA) be a commutative algebra. The modified mixable shuffle K-algebra (T(A),i+),
together with the linear map NA, is the free commutative unital
Nijenhuis K-algebra on A.

2.2.2. Leroux's TD-relation. In between Rota-Baxter and Nijenhuis maps we find Leroux's recently introduced TD-relation [162]. We should underline that this relation has not
been explored in detail so far. Neither has it been of any use in physics either, but its
mathematical properties make it an interesting object to study in connection with the more
classical objects. In the following we denote the algebra unit by 1 := 1A2.34. A T D K-algebra is a pair (A,P), where A is a unital K-algebra and
P : A —> A is a linear operator satisfying Leroux's TD-relation
DEFINITION

(91)
LEMMA

P(x)P(y) + P(xP{l)y)

= P(P(x)y + xP(y)),

Vx,y e A.

2.35. We naturally find the following special property for the particular element

(92)
PROOF.

P(l)P{z)

= P2{%) = P(x)P(l),

Vx e A.

The proof uses simply relation (91).
P(l)P{x)

= P(P{l)x + P{x)

D
2.36. Let (A, P) be a commutative TD-algebra. The map P := P(l)idyi — P is
an associative Nijenhuis operator with respect to the algebra structure on A. Otherwise stated,
there is a functor from the category of TD-algebras to the category of Nijenhuis algebras.

PROPOSITION
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PROOF.

The proof follows from some simple algebra.

P(x)P(y) + P2(xy) = P(l)xP(l)y
(93)

= P(P(x)y +

- P{\)xP{y) - P{x)P(l)y
+P{x)P(y) + P(P(l)xy - P{xy))

xP(y)-xP(l)y)+P(l)(xP(l)y-xP(y)-P(x)y)
+P(l)P(l)xy - P(l)P(xy) - P{P{\)xy) + P2(xy)

(94)

= P(xP(l)y-xP(y)-P(x)y + P(l)xy)

(95)

= P(P(x)y

+ xP(y)).
D

In lines (93, 94) we used relation (92) from Lemma (2.35) for P(l)P(x)

= P2(x) =

P(x)P(l).

REMARK 2.37. The construction of the free commutative TD-algebra is similar to the construction in the Nijenhuis case, see Remark 2.30. The main point is the construction of the
right-shift shuffle product "*• on T(A), defined readily as follows. Let a 0 <8> ai <g> • • • <g> a m ,
bo ® b[ <S> • • • <8> bn, a,i, bj G A, m, n > 0 be two general tensor words. We define the left-shift
shuffle product as follows. First, we have as before

ao +» (&i <8> •• • <8>bn) := ao{bi <g>... <8> &„),
(ai ® . . . <g> a m ) ^ 60 := &o(«i ® • • • ® a m ) ,
for scalars a 0 . 60 G K, and in general we find

( a 0 <8> a i <g)... <g> am)+»(b0
=

<g) h ® ... <g> bn)

a0 (g> (ai ® . . . <g> a m ) + »(6 0 (g)... (2) 6 n ))

)öo) <g> 1A
It follows readily that (T(A), +«) is a commutative unital TD-algebra with TD-map P(a) :=
1A®Ö, for a G T(^4). This gives the correct generalized shuffle product +i for the construction
of the free commutative TD-algebra on T(A) := A (g) T( J 4).
We refrain from giving further details, but only mention that such structures have very
interesting combinatorial properties to be explored in future work.
We leave this subject now and come to the Lie algebraic versions of Rota-Baxter type
relations.

2.3.

Lie algebras and Rota-Baxter type maps. In the following, we will mention

the notion of pre-Lie algebras, which we introduced in an earlier section on mathematical
preliminaries. Though, let us repeat its definition and main property.
D E F I N I T I O N 2.38. A (left) pre-Lie K-algebra A is a K-vector space, together with a bilinear
pre-Lie product o : A x A —> A, fulfilling the (left) pre-Lie relation

(a o b) o c - a o (b o c) = (bo a) o c— bo (ao c),

Va, 6, c G A.

L E M M A 2.39. Let (A, o) be a (left) pre-Lie algebra. The commutator bracket [a, b] : = aob—boa
fulfills the Jacobi identity for all a,b G A.
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2.40. (1) Defining the notion of an associator (—, —, —)A € A on a K-algebra A,
where we denote the product on A by concatenation

REMARK

(a,b,c)ji := (ab)c — a(bc),

\/a,b,c£A,

we first see that for associative algebras we have (a, b, c)j\_ = 0, and that for left pre-Lie
algebras we find (a, 6, C)A = {b, a, c)^.. So, there is an obvious analog notion of right
pre-Lie algebra, i.e., (a,b,c)A = (a,c,b)A.
(2) Of course, every associative algebra is also pre-Lie. Pre-Lie structures crossed our ways
already in the context of the Hopf algebra on rooted trees in Section 3.2.1, where they
appeared naturally in the context of a grafting composition on rooted trees. Later,
when we dive into the Hopf algebra of Feynman graphs, introduced by Connes and
Kreimer, we will have another encounter with this type of algebras. Also there they
appear very naturally from a graph theoretic point of view. Chapoton and Livernet
in [61], and Turaev in [219, 220] explored in great depth such combinatorial preLie algebras from several points of view. The latter especially investigated pre-Lie
coalgebras (see also Section 3).
2.41. In the case of a Rota-Baxter or Nijenhuis algebra A, assumed to be
either associative or pre-Lie, the (modified) Rota-Baxter or the Nijenhuis relation naturally
extend to the Lie algebra £>A with commutator bracket [x,y] := xy — yx, for all x,y E A

PROPOSITION

(96)

[R(x), R(y)] + R([x, y)) = R([R{x), y] + [x,

(97)

[B(x),B{y)] = B([B{x),y] + [x,B{y)]) - [x,y]

(98)

[N(x),N(y)}

+ N2([x,y}) = N([N(x),y]

+ [x,N{y)]),

Vx,y e A.

The proof of this follows from some simple algebra and Rota-Baxter type gymnastics. All
three relations, (96), (97) and (98), are well-known as (operator forms of the) classical
Yang-Baxter and modified classical Yang-Baxter type equations, and Nijenhuis relations,
respectively. The last one was investigated from a (Lie) algebraic point of view in [117, 145].
As a side remark we should add that we could, of course, have used the notion of Lie
admissible K—algebras here.
REMARK 2.42. Leroux's TD-relation does not have a straightforward extension to Lie algebras such as the Rota-Baxter and Nijenhuis relation have.

Rota—Baxter t y p e maps: Let us finish this section with a list of Rota-Baxter type maps,
of which only the first three were introduced here.
Let (A, X) be a K-algebra with a K-linear map X on A. We may characterize Rota-Baxter
type maps by the following general property. The product in the image of a Rota-Baxter
type map X lies in the image of X. In the following px(x,y) for x,y € A denotes a certain
specific polynomial in A, and we look for those maps X : A —> A, which satisfy the general
relation

X(x)X(y) = X{px(x,y)),

Vx,y e A.

We will see in the following section that for the first three operator relations these polynomials allow for the definition of a new binary operation giving rise to a new algebra structure
on the vector space underlying the original algebra A with interesting properties.
A Rota-Baxter operator X := R of weight 6 satisfies the Rota-Baxter relation
R(x)R{y) = R{R(x)y + xR(y) - Oxy),
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and pR(x, y) := R{x)y + xR{y) - 9xy, x, y € A.
An associative Nijenhuis operator X := N satisfies
N(x)N{y)

= N(N(x)y

+ xN(y) -

N(xy))

and hence p^(x,y) := N(x)y + xN(y) — N(xy), x,y € A.
Assuming the algebra A to be unital and equipped with Leroux's TD-operator P, then the
map X := P satisfies

P(x)P(y) = P(P{x)y + xP(y) -

xP{\)y).

and pP(x, y) := P{x)y + xP(y) - xP(l)y.
Left and right average operators are defined by

A(x)A(y) = A(xA(y)),

and

A(x)A(y) = A(A(x)y),

respectively. Hence, pA(x,y) := xA(y) and pA(x,y) := A(x)y, respectively. An average
operator satisfies

A(A{x)y) = A(x)A(y) = A(xA{y)).
Of course, we have also multiplicative operators A(x)A(y) = A(xy).
At this point we should mention the work of F. M. Freeman who started to classify such
algebras with extra identities [110]. The classification of Rota-Baxter type algebras and
operators, respectively, on finite dimensional associative algebras appeared also in de Braganca's work [41]. We refrain from such an attempt and hence will not discuss further details
of classification problems related to such algebras and operator identities.
2.4. Rota-Baxter type double product hierarchies. We come now to one of the
main topics in the study of Rota-Baxter type algebras. In the following we assume every
Rota-Baxter type algebra A to be either an associative K-algebra, or a Lie or pre-Lie Kalgebra (or more generally, Lie-admissible K-algebra). The Rota-Baxter and -associativeNijenhuis relation then imply furthermore a possibly infinite hierarchy of the same RotaBaxter and Nijenhuis structure, respectively. We call this construction the double RotaBaxter type algebra, eventually giving rise to a whole hierarchy of such double Rota-Baxter
type algebras on the Rota-Baxter type algebra A.
Leroux's TD K-algebra forms somehow an exception in this setting. One could expect this
from its more involved properties. We will mention it therefore only briefly at the end. Let
us now start with a proper Rota-Baxter algebra.
2.43. Let A be a Rota-Baxter algebra of weight 8 eK with (modified) RotaBaxter map R (B := Qi&A — 2R). Equipped with the new product

PROPOSITION

(99)

a*Rb

:= R(a)b + aR(b) - 6ab

for a, 6 G A the K-vector space underlying A is again a Rota-Baxter
Baxter map R of the same type and weight, denoted by (AR, R).

algebra with Rota-

The proof of this proposition reduces to a simple check of associativity in case A is an
associative algebra or the Jacobi identity in case A is a Lie algebra. Additionally one must
verify the Rota-Baxter relation for the map R on the K-algebra AR with product (99). We
will do this explicitly assuming A to be an associative Rota-Baxter algebra of weight 0=1.
Suppose (A, R) is an associative Rota-Baxter algebra of weight one. Let x,y,z G
A. We first show associativity for the *#-product
PROOF.
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-x(yR(z) + R(y)z - yz)
= xR(y)R{z) + R(x)(yR{z)) - x(yR(z)) +
R(x)(R(y)z) - x{R(y)z) - R(x){yz) + x{yz)

(100)

=

(X*RV)*RZ.

Now we show that the original Rota-Baxter map R : A —» A also fulfills the Rota-Baxter
relation with respect to the * Ä -product, i.e, that (AR, R) with R : AR —+ AR is a Rota-Baxter
algebra of weight one.
R(x)*RR(y) + 6R(x*Ry)
(101)

= R2(x)R(y) + R(x)R2(y) - R(x)R(y) + R{x)R{y)
= R(x*RR{y) + R{x)*Ry).

Assuming the case 9 = 1 is just a convenient choice that makes the notation easy to
digest.
D
In line (101) we used the -obvious- homomorphism property of the Rota-Baxter map between the algebras AR and A, i.e., R(x *R y) = R(x)R(y), following directly from the
Rota-Baxter relation of weight 6, see (47). However, this point deserves some attention, and
we will come back to it in Lemma 2.51.
2.44. Let us remark here that this construction appeared explicitly first in a Lie
algebraic context in the work of Semenov-Tian-Shansky [210], where the name double -Liealgebra was coined. Therefore following the terminology in [210, 211], we call the new
-Rota-Baxter- algebra (AR, R) the double Rota—Baxter algebra corresponding to A. It
is also already in [210] where the notion of the double Rota-Baxter structure for associative
algebras, equipped with a -modified- Rota-Baxter operator was suggested.
REMARK

As a matter of fact, in case A is a unital Rota-Baxter algebra, the double Rota-Baxter
algebra AR is not necessarily unital anymore. But we observe that for a Rota-Baxter algebra
(A, R) with idempotent Rota-Baxter map, R2 = R, we have the following proposition
2.45. Let (A, R) be a Rota-Baxter algebra with idempotent Rota-Baxter map.
The unitarization A := K l © A together with the extension of the map R to R : A —> A,

PROPOSITION

R(m, a) := (m, R{a)) <E A,

Vm G K, a G A,

in general forms a unitary Rota-Baxter K.-algebra, denoted by (A, R), with idempotent RotaBaxter map R.
We remark here that, as R is supposed to be idempotent, (A, R) must be a Rota-Baxter
algebra of weight 6 = 1.
Idempotence of R follows readily. Hence, we must only show that R : A —> A
satisfies the Rota-Baxter relation of weight 6 = 1. Let (m, a), (n, b) G R
PROOF.

(102)

R{m,a)R(n,b) = (m, R{a)) (n, R(b))
= (mn,mR(b) + nR(a) +R(a)R{b))
=

(mn, mR(b) + nR(a) + R{aR{b)) + R(R(a)b) - R(ab)).

One also readily sees that
(103)

R((m,a)R(n,b))

=

R((m,a)(n,R(b)))

= R((mn,mR(b) + na +
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= (mn,mR2(b)+nR(a) + R(aR(b)))
= (mn,mR(b)+nR(a) +R(aR(b))),

(104)

where we used idempotence of R in the third equality. For the other terms we find
(105)

R(R(m,a){n,b))

(106)

R((m,a)(n,b))

= R({m, R(a))(n,b))
= (mn, mR(b) + nR(a) + R(R(a)b))
= R(mn, na + mb + ab)
=

(mn, mR(b) + nR{a) + R(ab)).

Therefore, we immediately see that
R({m, a)R{n, &)) + R(R(m, a)(n, b)) - R((m, o)(n, &)) = R(m, a)R(n, b).

D
2.46. (1) We present several ways to denote the double Rota-Baxter product.
Let A be a Rota-Baxter algebra. The product *R can be written using R and its dual
operator R = #id^ — R

REMARK

(107)

a*Rb = R{a)b-aR{b),

a,beA.

Furthermore, the product in (99) can be written using the modified Rota-Baxter map
B
a*Rb = — (B(a)b + aB(b)).
Both ways to write *R can be interpreted in terms of dendriform di- and trialgebra
structures introduced by Loday [83, 165].
(2) Let (A, R) be a Rota-Baxter algebra, either associative or Lie, with idempotent RotaBaxter map. We can define another product similar to the one in (99)
(108)

a»Rb:=R(a)b + aR(b)-6R(ab),

a,beA,

which is again either an associative or a Lie product, respectively. The reader is invited
to consult the work by Carifiena et al. [56].
We can use the above double Rota-Baxter algebra structure to give a more refined description
of a Rota-Baxter algebra. It should be emphasized that the following is independent of the
particular structure of the Rota-Baxter algebra, such as associativity or commutativity. We
refer the reader to [14, 18] for details in the particular context of Rota-Baxter Lie algebras.
Let (A, R) be a Rota-Baxter algebra, which is for simplicity assumed to be of weight one.
Recall our definition of the subalgebras A+ := Im(R) and A_ := Im(R). Also, remember
the definition of the modified Rota-Baxter map, B := idA — 2i?. Now we add the following
definitions
K+ := ker(R) = ker ( i ( - B + id^)),

K_ := kev(R) = ker (±(B + id A )).

2.47. Let (A, R) be a Rota-Baxter algebra of weight one. (AR, R) is the double
Rota-Baxter algebra in Proposition 2.43. Then K± C AR are ideals in AR, and therefore
A± = AR/K±.
PROPOSITION

PROOF. Let x e AR, y G K+, we want to show that x*Ry G K+. R(x*Ry) = R(x)R(y) =
0, since y G K+. The rest is clear.
D
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2.48. Let (A, R) be a Rota-Baxter algebra of weight one.
(1) KT C A± are ideals in A±.
(2) The map £ : A+/K+ -> A-/K-,
defined by ^{\{B + id A )(x)) := |(id A - B)(x) is an
algebra isomorphism.

PROPOSITION

PROOF.

(1) KT C A± follows from the fact, that for x G K+ we have by definition

(B-\dA)(x) = 0. Hence B{x) = x. Therefore we have 2x = B(x)+x = (B+idA)(x) = 2R{x),
so x G A_. Analogously for x E K_. Let x±,y± G AT±. From £± *ßj/± = T%±H± it follows,
that they are subalgebras in Aj.. Let x G A"± and ?/ E AT. For y there exists an element
z £ A, such that y = (B ± id^)^, therefore we have xy = x(B ± id^)^ = xB{z) ± a;^. Since
x G K±, we have 5(x) = ±x, so that xB(z)±xz = xB(z) + B(x)z = — 2x*Rz. As if± C AR
are ideals in ^4^, we have x *R Z G K±.
(2) Let us denote by
x± — (B ± id^)x modi^ ±
the equivalence class. Take two representatives in x+, a := (B + id.A)x and b :=
k+ = (B+idA){x+^k+), where we used, that k+ = B(k+), and therefore k+ =
£{B + idA){x + -k+)

= (B - idA){x +-k+)
=

(B

modK_

-idA)(x)modK_,

which is therefore well-defined. The map £ is surjective, since (B — id^)(x — \kJ) G Ahas (B + id^)(a:) modK_ G A+/K+ as its pre-image. Injectivity follows from the fact that
£(x+) = 0 is equivalent to <^(x+) = (ß — id^)fe_, and thus x+ = (B + idA)k- m o d ^ =
0 modK+. The algebra homomorphism property follows from from the fact that K± C A^
are ideals.
•
As An is again a Rota-Baxter algebra, it becomes obvious that Proposition 2.43 implies a
whole, possibly infinite, hierarchy of double Rota-Baxter K-algebras, which we will denote
by A{$, i = 0,1, 2, 3 , . . . , (here, * =: ^ 0 ) and *R =: *^)

We observe the simple generating formula for the products given in terms of the modified
Rota-Baxter map B := 9idA — 2R now
(109)

{

a*

Sb:=^-

exp(-^£)(a)exp(-i*5)(&),
at \t-o

Z

a, b G A.

L

Or, by using directly the Rota-Baxter map R we find
(110)

a*$b:=—

exp(-Ot)exp(tR){a)exp(tR)(b),
1

a,b G A.

at | t=0
Let us call A$ the i-th double Rota-Baxter K-algebra of A, or equivalently the double RotaBaxter K-algebra of AR~1 . The following diagram serves to visualize the so-called double
Rota-Baxter hierarchy

A $ L A{1) ^L A{2) ^L Ai3) -. • • •
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The double Rota-Baxter hierarchy becomes cyclic of period 2 at level i = 3, for R being an
idempotent Rota-Baxter map, i.e., the k-th double Rota-Baxter product *R = *R .

a *JJ} b := R{a)b + aR(b) - ab
a^b
:= R{a) *{R] b + a *$ R{b) - a *$ b
= 2R(a)R(b) - R(a)b - aR(b) + ab
a*^b

:= R(a) *$ b + a *$

^

For a Rota-Baxter map for which Rn = R, n > 2 is true we get a cyclic double Rota-Baxter
hierarchy of period n.
We have seen that Rota-Baxter algebras are naturally equipped with a hierarchy of nontrivial Rota-Baxter algebras in the sense of new products on the same underlying vector
space.
The following two lemmas are a particular specialization, in the sense that they apply to associative Rota-Baxter algebras only. We show that every such Rota-Baxter algebra contains
a pre-Lie algebra, which is moreover of Rota-Baxter type.
2.49. Let (A, R) be an associative Rota-Baxter K-algebra of weight 6 £ K. The
binary composition

LEMMA

(111)

aoRb:=

R(a)b-bR(a)-6ab,

a,beA

defines a (left-) pre-Lie structure on the associative Rota-Baxter algebra A of weight 0.
PROOF.

For the sake of simplicity, we will do the calculation only in the weight one case.

Let a,b,c € A.

(112)

(aoRb)oRc-aoR(boRc)
= (R(a)b - bR(a) -ab)oRc-a
=

oR (R(b)c - cR{b) - be)

(R(a)b)oRc-(bR(a))oRc-(ab)oRc
-a oR (R(b)c) +aoR (cR{b)) +aoR (be)

=

R(R{a)b)c- cR(R(a)b) - R{a)bc - R(bR(a))c + cR(bR(a))
+bR(a)c - R(ab)c + cR(ab) + (ab)c
-R(a)R(b)c + R(b)cR(a) + aR(b)c + R{a)cR{b)
-cR(b)R(a) - acR(b) + R(a)bc - bcR(a) - a(bc)

{

(113)

=] -R(aR{b))c - cR(a)R{b) + cR(aR{b)) - cR(R{b)a) + cR(ba)
+bR(a)c + (ba)c - b(ac) - acR(b) - bcR(a) + aR{b)c
-R{b)R{a)c - R(ba)c + R(R(b)a)c +
+R(b)ac - acR{b) + R(b)cR{a)
=
(bvRa)oRc-boR{aoRc).
D

As before we could have also written the pre-Lie product (111) using R and R, a oR b =
-(bR{a) + R(a)b).
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Recall that anti-symmetrization of a the pre-Lie product gives a Lie bracket. In the case of
the pre-Lie composition (111), we find
(114)
(115)

[a,b] :=
aoRb-boRa
= [R(a),b] + [a,R{b)]-6[a,b].

One should compare this with the product in (99). The Lie bracket (115) is just the -firstdouble Rota-Baxter Lie product on the Rota-Baxter Lie algebra £>(A) associated with the
Rota-Baxter algebra (A, R).
LEMMA 2.50. Let (A, R) be an associative Rota-Baxter K-algebra of weight fl 6 K. The
pre-Lie algebra (A,oR) with the product (111) defined above is a pre-Lie Rota-Baxter algebra
of weight 9 with Rota-Baxter map R.
PROOF. Let x,y e A.

R(x)oRR(y)

=
R(R(x))R(y)-R(y)R(R(x))-9R(x)R(y)
= R(R(R{x))y + R(x)R{y) - ÖR(x)y) R(R(y)R{x) + yR(R(x)) - 9yR(x)) - 9R{R(x)y + xR(y) - 9yx)
= R(R(x)oRy +

xoRR{y)-9xoRy).
D

This pre-Lie aspect of associative Rota-Baxter algebras becomes much more transparent in
the context of Loday's dendriform K-algebra structures, for which associative Rota-Baxter
algebras in general provide a rich class of interesting examples, see [2, 83, 165, 161, 162]
and references therein. Especially in the following three references [90, 9 1 , 93] we explore
in detail more advanced aspects of dendriform algebra structures in the context of associative binary quadratic regular operads and free Rota-Baxter algebras represented by planar
decorated rooted trees [97].
In the last proof we used the following important lemma, which is a simple consequence of
the Rota-Baxter relation (47) and the definition of the double Rota-Baxter product *R in
(99), respectively.
2.51. Let (A,R) be a Rota-Baxter algebra of weight 9. The Rota-Baxter map R becomes a (not necessarily united) algebra homomorphism from the double Rota-Baxter algebra
AR to A
LEMMA

(116)

R(a*Rb)

= R(a)R(b),

Va,b e AR.

For R := 9idA — R we find
(117)

R(a*Rb)

=

-R{a)R(b).

We therefore have the following diagram ofK-algebra
(118)

A

homomorphisms

^

2.52. Let (A, R) be a Rota-Baxter algebra of weight 9 e K. Then we have
(1) another useful way to write the double Rota-Baxter product (99)

PROPOSITION

a*Rb = ^(R{a)R(b) and therefore 9R(a)R(b) = R(R(a)R(b) 99

R(a)R(b))

R{a)R(b));
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(2) For n > 2 we find

(3) (Kingman, 1962) [143] The last expression specializes to the following simple formula
for powers of

R(a)n = l(R{R(a)n - (-R(a))n)),

(119)

a e A.

Another more explicit way to write powers of images of the Rota-Baxter map R (resp. R)
is given as follows. We introduce the following composition, using the shuffle product notion
in a formal sense. For an associative K-algebra A and a,b & A, we define a LLUö := ab + ba.
For fixed a;, bj £ A, 1 < i < m, 1 < j < n, define recursively
( a i a 2 • • • a m ) \-L\A{b\b2
•••bn)
= a i { { a 2 - - - a m ) U U A ( 6 i • • • bn)) + 6 i ( ( a i • • • a m ) l U A ( b 2 ••• b n ) ) .
2.53. Let A be an associative Rota-Baxter algebra of weight one for simplicity.
For n € N, x G A we have the recursive equations
• Integer powers of R(x) and R(x) can be written explicitly as

PROPOSITION

(-R(x))n

(-l)nR(x*Rn)

=

n-\

(120)

=
R{x)n

-.

=
n-l
n

(121)

= R(x + Y^
fe=l

• For A also being commutative the above formulae simplify considerably
(122)

(-R(x)T =

(123)

R(x)n

PROOF.

=

The proof of this proposition follows by induction on n.

D

2.4.1. Double structure for Nijenhuis algebras. Following the work of Carinena et al. [56]
we mention briefly the double product hierarchy for Nijenhuis algebras. It has the particular
property of compatibility, i.e., the underlying vector space equipped with a linear combination of the original algebra product and the double Nijenhuis product as composition is
again a Nijenhuis algebra.
2.54. Let (A, N) be a Nijenhuis algebra. The underlying vector space equipped
with the product
PROPOSITION

(124)

a*Nb

:= N(a)b + aN{b) - N(ab),
100

a,b £ A

2. ROTA-BAXTER ALGEBRA
is again a Nijenhuis algebra of the same type. The tuple (AN, *N) is called double Nijenhuis

algebra.
PROOF.

The proof works analogously to the Rota-Baxter case.

D

REMARK 2.55. Let (A,N) be a unital Nijenhuis algebra. We denote the algebra unit by 1.
If N(l) = 1, the unit 1 is also the unit of the double Nijenhuis algebra (A^, N).

We may define a double Nijenhuis hierarchy as follows

a 4 + 1 ) b := N(a) *$ b + a *# N(b) - N(a *$ b).
for 2 = 0 , 1 , 2 , . . . . Again, we define a *N b := ab, a,b G N.
The generating formula for this double Nijenhuis hierarchy is
(125)

a * $ b := —
exp ( - tN) exp (tN) (a) exp (tN) (6),
l
dt \t=0

a, b e A.

The reader should compare this equation with the one for the Rota-Baxter algebra (110).
Again, the definition of the double Nijenhuis product is such that one naturally arrives at
the following lemma.
2.56. The Nijenhuis relation implies that N is an algebra homomorphism from the
i-th double Nijenhuis algebra Ajj to the (i — l)-th double Nijenhuis algebra A%
LEMMA

N(a4)b)=N(a)*(£T1)
For N := id/i — N we have N(a *$ 6) = —N(a) *%
diagram
(126)

A

N(b).
N(&). We may again use the following

*=»-A$^

In the paper [56] appeared, among others, the following nice observation.
P R O P O S I T I O N 2.57. Let (A, N)

double Nijenhuis

be a Nijenhuis algebra. For a,b G A we have that the k-th
product can be written as
a*}/ b = a *Nk b.

Powers of the Nijenhuis map satisfy the following relation
Nl{a) *P Nl(b) = N\a * S + 0 b) = Nl{a *N*+i b).
The following lemma is a crucial observation which is only true in the Nijenhuis case. For
Rota-Baxter algebras one does not have such a result.
2.58. Double Nijenhuis products are compatible, i.e., linear combinations of double
Nijenhuis products give "good" products in the sense that the algebra structure is preserved.
LEMMA

We may conclude this part with the remark that the algebraic picture in the Nijenhuis case is
similar to the Rota-Baxter case. Moreover, Nijenhuis algebras are found to have particular
nice properties which are well-known in the case of Lie algebras equipped with a Nijenhuis
map [117, 145]. However, we will see that in the Rota-Baxter case, on the other hand, the
inhomogeneity of the Rota-Baxter relation with respect to the number of maps on each side
of the identity gives rise to algebraic structures which are not available in the Nijenhuis case.
New products on TD-algebras: For Leroux's TD-relation we find a somewhat different
picture.
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2.59. Let A be a unital, associative TD-algebra, with TD-map P. Let 1 denote
the unit in A. Then the product

PROPOSITION

a*Pb:=

P(a)b + aP(b) -

aP(l)b

for a,b € A defines an associative product on the vector space underlying the TD-algebra A.
PROOF.

We check directly the associativity for the product *p.

(a*pb)*Pc

a*p(b*Pc)

= (P(a)b +
aP{b)-aP(l)b)*Pc
= P(a)P(b)c + P(a)bP{c) + aP{b)P{c) - aP(l)bP{c)
-P{a)bP{l)c - aP(b)P(l)c + aP(l)bP{l)c
= a*p(P(b)c + bP{c)-bP{l)c)
= aP(b)P(c) + P(a)P{b)c + P(a)bP(c) - P(a)bP(l)c
-aP(l)P(b)c - aP(l)bP(c) + aP(l)bP(l)c.

Here we used the fact that P ( l ) lies in the center of the image of the TD-map, [-P(l), P{A)] =
0 which follows from P(l)P(a) = P2(a) = P(a)P(l) for a e A. We denote the new algebra
by AP.
D
2.60. Let (A, P) be a unital, associative TD-algebra. Leroux's TD-operator P is an
algebra homomorphism from Ap to A.

LEMMA

PROOF.

The proof is obvious form the TD-relation.

D

2.61. But we make the following observation. The vector space underlying the
TD-algebra A, equipped with the product, (A, * P ) is of TD type only if P ( l ) = P(P(1)).
Hence, we do not find in general a double TD-algebra.
REMARK

Instead, what we find is the following somewhat surprising result which indicates the -slightdifference of TD-algebras from proper Rota-Baxter type algebras.
2.62. Let (A, P) be a unital, associative TD-algebra. The tuple (Ap,P)
associative Nijenhuis algebra.

PROPOSITION

is an

We just need to verify the associative Nijenhuis relation for the map P on the
associative algebra AP with product * P , see Proposition 2.59. Let a,b e AP.
PROOF.

=

P(a)P2(b) + P{P(a)P(b))

=

P(P(a)P{b) + aP2{b) - aP{l)P(b)) + P(P(a)P{b))

=

2P(P(o)P(6))

which is what we were looking for.

D

3. R o t a - B a x t e r t y p e coalgebras
In this section we would like to collect some results for the coalgebraic versions of the above
introduced Rota-Baxter type relations. This branch of Rota-Baxter algebra theory has not
been fully developed so far. The only reference which mentioned briefly such coalgebraic
notions was Leroux's paper [161]. In this context we will also introduce the notion of
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generalized infinitesimal bialgebras together with the recently discovered associative analog
of classical Yang-Baxter type equations [2, 3, 4, 5, 191] and the link of the latter equations
to the classical equations, i.e., Lie algebraic versions.
One motivation for this section is the hope that Rota-Baxter coalgebras might be of use
in the context of renormalization with respect to the Epstein-Glaser formulation. Another
motivation for such a little detour from the standard Rota-Baxter algebra is the unexpected
fact that generalized infinitesimal bialgebras give rise to a rich class of non-trivial examples
of Rota-Baxter type algebras. This and several other results in this direction point to an
interesting mathematical terrain to be further explored, see [7]. We start here to establish the
most basic results using explicit coalgebraic terms to render the presentation straightforward.
The results presented here are part of an ongoing research project [7], which eventually
strives for a deeper understanding of the relation between classical as well as quantum
Yang-Baxter type equations and possible associative analogs of those relations in the light
of Rota-Baxter (co-)algebras. Needless to say that due to lack of space (and time) we will
only give a brief exposition. We should mention that first steps in such a direction especially
with respect to classifications of solutions of Aguiar's associative analog of the classical YangBaxter equation have been taken in the cited papers by Aguiar and Polishchuk as well as
in Schedler's work [202]. The latter follows explicitly the landmark paper by Belavin and
Drinfeld [18]. Another approach containing similar results but -very- different motivations
can be found in Xu's papers [234, 235]. We should mention that for the lack of space we
do not include the coalgebraic version of Leroux's TD-relation.
We must warn the reader that the results presented in this section are not related -so farto later parts of our work. The reader who is not interested in co- and bialgebraic aspects
of Rota-Baxter type relations at this point is encouraged to skip the following pages and
to move immediately to Section 4 for a continuation of the study of algebraic structures
underlying the Rota-Baxter identity.
We denote associative K-algebras by the triple (A, rriA, TJA) and K-coalgebras by (6, Ae, ee).
Algebras and coalgebras are assumed to be associative and coassociative, respectively.
One may summarize the following subsections by saying that Rota-Baxter type coalgebras
work analogously to the algebra case. But we would like to make these structures explicit.
3.1. Rota—Baxter coalgebra. Remember from the mathematical introduction, Sections 1 and 2.1, that one can go from algebras (A, UIA-, VA) to coalgebras (C, Ae, ee) by reversing arrows in the structure diagrams, see Definition 2.1, i.e., associativity TUA ° {VHA ®'^A) =
rriA ° (id.^4. <8> TTIA) transposes to coassociativity, (Ae <8> ide) ° Ae = (ide <8> Ae) ° Ae, the unit
map T\A '• K —> A to the counit map ee : 6 —* K, and the property of (non- )commutativity
rriA — rnA°T to (non-)cocommutativity Ae = TO Ae- In the following we skip the subscripts
as long as there is no danger of confusion.
DEFINITION

3.1. Let (C, A,e) be a K-coalgebra with coproduct and counit

A:e-+e®e,

e : C-^K.

A K-linear map p : Q —>• 6 is called a Rota—Baxter co-operator of weight 6 on S if
(127)
(p <g> p) A(c) = (id e ® p + p ® id e - #id e <8> id e ) Ap(c)
for all c e C. A K-coalgebra C of weight 9(= 1) with a Rota-Baxter co-operator is called a
Rota—Baxter coalgebra of weight 9 (in standard form).
PROPOSITION

3.2. The operator p := #ide — p also satisfies relation (127).
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PROOF.

nastics.

This follows immediately from some unspectacular Rota-Baxter coalgebra gymD

3.3. [161] Take the set X := {xij}i<i<j<n to be the basis for the K-vector space
C := K(X). Define the coproduct A(xij) := Yli<i<j xu®xij which is coassociative, and define
the counit e(xij) := 5^1. Define the linear map p(xij) := 9Sij Yli<ixu- Then p : Q —> Q is a
Rota-Baxter co-operator of weight 0. Of course, this is essentially the dual of the example
of Rota-Baxter algebra in Example 2.19.
EXAMPLE

3.4. A K-linear map b : Q —» C is called a modified Rota—Baxter cooperator of weight 9 on C if
DEFINITION

{b <g> 6)A(c) = (id e <S> b + b ® id e )Ab(c) - 0 2 (id e <g> id e )A(c)

(128)

for all c£ Q.
The standard modified Rota-Baxter relation refers to the weight 8 = 1. Analogously to the
algebra case we have
3.5. Any Rota-Baxter co-map gives a modified Rota-Baxter co-map, defined
by b := 0ide - 2p.

PROPOSITION

Let (Q,p) be Rota-Baxter coalgebra with Rota-Baxter co-map p : C —» C. We can define a
new coassociative product on the vector space underlying C.
PROPOSITION

3.6. Let (C,p) be a Rota-Baxter coalgebra of weight 9. Then
A p := {id e ®.p + p<S>ide--6lide<g>ide}A

(129)

defines a coassociative coproduct on C. The linear map p satisfies the Rota-Baxter relation (127) with respect to the new product. We call the tuple (Qp,Ap,p), where (Cp, A p ) is
the coalgebra equipped with the coproduct in (129) the double Rota—Baxter coalgebra
associated to (Q,p).
PROOF.

This is again a result which is simple to verify.

D

For the modified Rota-Baxter relation (128), i.e., a modified Rota-Baxter K-coalgebra (C, b),
we have the equivalent double Rota-Baxter coproduct
Ab := {id e <8> b + b <g> id e } A.
Such that Aft = —2AP if p is the Rota-Baxter co-operator coming from b and vice versa.
As in the algebra setting we can continue such a construction of new coproducts and so arrive
at the coalgebraic analog of the hierarchy of Rota-Baxter algebras, (Q^\p), i = 1, 2, • • • such
that p becomes a coalgebra morphism from ( S ^ " 1 ^ ) to (&l\p), Ap(p(x)) =
p®pAp\x),
for all x in {Q^~l\p). Hence, we observe another instance of the arrow-reversion rule.

(130)

C^

CU ^ > Cf v-^> Cf -> • • •

compare with diagram (118).
Let us remark here, that dually to the algebra case, where every associative Rota-Baxter
algebra A gives a (left-) pre-Lie structure on A, we find in the coalgebra case the following
PROPOSITION

3.7. Let (C,p) be a standard, i.e., weight one Rota-B'axter K-coalgebra (127).

Then
(131)

Ap :=

{T

o id e <g) p - p <g> i d e + id e ® ide} A
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defines a pre-Lie coproduct on C, i.e.,
(idf3 -T®

(132)

id e ) ((id e ® Ä P )Ä P - (Ä p ® id e ) Ä p ) = 0.

Here, r := Te,e : G<S>G —*• C<g>C denotes the flip map which was defined by TQfi{x®y) :— y®x
for all x,y £ G, and r o ide <8> P = P <8> ide ° r P R O O F . Using Sweedler's notation for the coproduct on C, A(a) = a' <g> a", a € C, we
prove now the proposition. Let x G C

(133)

(id e ® Ä p - Ä p ® id e ) Ä p (x)
=

(ide <g> Ä p — Ä p <g> ide) {r o ide <S> p — p <S> ide + ide ® ide} A(x)

=

(id e <8> Äp - Ä p <g> id e ) {p(z") ®x' - p{x) <g> z" + x' ® x"}

= p(a;") ® Ä p x' - p(x') ® Äpx" + x' ® Kpx"
(134)

-App(x")

<S>x' + App{x') ® x" - Äpx' <g> x".

D
3.2. Nijenhuis coalgebra. In the Nijenhuis case, we also have Nijenhuis co-maps n :
6 —> C, implying a new coassociative product, and hence a double Nijenhuis coalgebra
structure, which is moreover compatible in the coalgebra sense.
3.8. Let Q be a K-coalgebra with the structure maps A : Q —> C <g> G and
e : G —> K. A K-linear map n : C —> C ?s called a Nijenhuis co-operator on S «/
DEFINITION

(135)

(n (g) n)A(c) = (id e <S> n + n ® id e )An(c) - (id e <E> id e )An 2 (c)

for all c € G. A K-coalgebra Q with a Nijenhuis co-operator is called a Nijenhuis coalgebra.
Also the map n := ide — n satisfies relation (135) if n does.
3.9. Let the K-linear map n : G —> G be a Nijenhuis co-operator on the
coalgebra G. The new coproduct

PROPOSITION

(136)

A n := {id e <3n + n® id e } A - {id e <8> id e }An

gives a new coassociative product on Q. The map n satisfies relation (135) with respect to
the new coproduct.
We call the tuple (S n ,n) double Nijenhuis co-algebra.
Ann = n <g> nA.

By construction we see that

(Proposition 3.9) The last statement is easy to verify. Using equation (136) we
readily find (n (g> n) A — Ann. Let us start with the easy case and prove the coassociativity
on the image of the Nijenhuis co-map n.
PROOF.

(A„ <g> id e )A n n(C)

=

=
=
=

(A n ®id e )n(e) ® n(G)A

(Ann(G)®n(G))A
(n(G)®n{G)®n(G))(A®ide)A
(idA <g> A n )A n n(C).
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Now follows the general case. We give more details to make the calculation in this particular
case transparent.
(A n ®id e )A n
(137)
(138)
(139)

=
=
=
=

(140)

=

(141)

=

(142)

=

(143)

=

(144)

=

(145)

=

An ® id e {id e ®n + n® id e }A - An ® id e {id e ® id e }An
{An®n +Ann®ide}A-{A„®ide}An
{An ® n + ( n ® n ) A ® i d e } A - {A n ®id e }An
{(id e ®n + n® id e )A®n - (ide ® ide)An ® n + (n® n)A®id e }A
— {(ide ® n + n ® ide}A ® ide — (ide ® idg)An ® ide} An
(n® n ® id e )(A® ide)A - (n® id e ®id e + id e ® n®id e )(A® id e )An
- ( i d e ® ide ® ide) (A ® ide)(n ® n)A
+(n <8> ide ® ide + ide ® ^ ® ide) (A ® ide) (ide ® n ) ^
+ (ide <8> ide <E> ide)(A ® ide)(n ® ide)A
(n®n<g>ide)(A<g)ide)A - (n ® id e ® ide + id e ® n ® ide)(A ® id e )An
— (ide ® ide ® ide)(A ® ide)(ide ® n) An
— (ide ® ide <S> ide) (A ® ide)(^ ® ide)An
+(id e <8> id e ® ide)(A <8> id e )An 2
+ (n ® id e ® n + id e <8> n ® n)(A ® ide)A
+(id e ® ide <S> ide)(A ® ide)(n ® ide)A
(n® n ® id e )(A® ide)A - (n® id e ® ide + ide® n®id e )(A® id e )An
- ( i d e ® ide ® n)(A ® id e )An
+(id e ® id e ® ide)(A ® id e )An 2
+{n ® ide ® n + id e ® n ® n)(A ® ide)A
(n® n ® id e )(id e ® A)A - (n® id e ® ide + ide® n® id e )(id e ® A)An
- ( i d e ® ide ® n)(A ® ide)An
— (ide ® ide ® ide) (ide ® A) (ide ® ^)An
— (ide ® ide ® ide) (ide ® A)(n ® ide) An
+(id e ® id e ® id e )(id e ® A)(ide ® n)An
+(id e ® id e ® ide)(ide ® A)(n ® ide)An
+(id e ® ide ® ide)(ide ® A) An2
+(n ® ide ® n + id e ® n ® n)(ide ® A) A
(n® n ® id e )(id e ® A)A - (n®id e ®id e + id e ® n® id e )(id e ® A)An
- ( i d e ® ide ® n)(A ® id e )An
-(id e ® ide ® id e )(id e ® A)(n ® n)A
+(id e ® id e ® ide)(ide ® A)(ide ® n) An
+(id e ® id e ® ide)(ide ® A)(n ® ide)An
+(n ® ide ® n + id e ® n ® ^)(ide ® A) A
(n® id e ® n + n ® n ® ide + ide ®n®n)(id e ® A)A
- ( n ® id e ® ide)(ide ® A)(ide ® n)A
— (ide ® ide ® n — ide ® n ® ide)(ide ® A)An
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-(id e <S> ide <S> id e )(id e <8> A)(ide ® n)An
(146)
= (id e ®A n )A n
This proves coassociativity for the coproduct A n .

D

The coalgebra version of the co-compatibility statement for Nijenhuis coalgebras is formulated in
COROLLARY 3.10. Let (6, A,n) be a Nijenhuis coalgebra. For arbitrary X E K, the linear

map An^x := A + AAn is a coassociative coproduct on C.

The reader should see that we could continue this way transposing the algebraic side of
Rota-Baxter type algebras to the coalgebra side. We refrain from such a path and mention
as a weakness of this structure the lack of sufficiently interesting examples of Rota-Baxter
type coalgebras. Finding such examples is one of the current topics we are working on.
So, finally we have that the following coalgebraic maps
Ap := {ide ®p + p® i d e - i d e ® ide}A
Ab := {ide®ö + fe(g>ide}A
An := {ide <8> n + n (g) ide}A — {ide <8> ide}An
all give coassociative coproducts, for p, b, n being Rota-Baxter, modified Rota-Baxter and
Nijenhuis co-operators, respectively. This extends to hierarchies of double Rota-Baxter type
coalgebras with reversed arrows compared to the diagrams in (118) and (126).
Also, the co-operators give again together with the new structure maps coalgebras of the
same type. For instance for the double Rota-Baxter coalgebra (Qp,p) we find
= {ide ® p + p ® id e - ide ® id
We therefore have in the three above cases a double Rota-Baxter coalgebra hierarchy, similar
to the algebra setting.
3.3. Generalized infinitesimal bialgebras. Motivated by Rota's and Joni's work on
Newtonian, or infinitesimal, co- and bialgebras [137], Marcelo Aguiar, and independently
and in a different(?) context A. Polishchuk [191], introduced in [2, 3, 4, 5] the so-called
associative classical Yang-Baxter equation. In this and subsequent work he compared it
to the classical Yang-Baxter equation and related Lie bialgebras, introduced the associative
analog of Drinfeld's double, and, most astonishingly, related its associative r-matrix solutions
to Rota-Baxter algebras of weight zero. In the following we outline how to generalize these
findings to non-zero weight Rota-Baxter algebras. Details may be found in [7]. Thereby, we
will be led to the recent seminal work of Loday and Ronco [168, 170], introducing unital
infinitesimal bialgebras.
We feel that these developments should be mentioned here as they must be seen in the
broader context of studies of Rota-Baxter Lie and associative algebras in the theory of classical (and hopefully quantum) integrable systems.
Earlier we encountered the notions of coalgebras and bialgebra. Recall that bialgebras
(B,m,A.,r),e) carry both, an associative algebra, (B,m,r)), and a coassociative coalgebra
structure, (B, A, e), in a compatible way, i.e., to say it in simple terms, the coproduct of a
product is the product of the coproducts and vice-versa.
DEFINITION

3.11. A bialgebra is a quintuple (S,m, A, 77, e) where
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• (23, m, rf) is an associative algebra, ra(id £§> m) = m(m <S> id) w^/i unit map n.
• ( 3 , A, s) is a coassociative coalgebra, (A <8> id)A = (id <8> A ) A OT£/I counit map e.
• For each a,b G 23, we have the following compatibility
(147)

A(ab) = A(o) A(6) = ai&i <g> a2b2

Infinitesimal bialgebras and their generalizations also consist of algebras and coalgebras at
the same time, but the compatibility between these two structures is modified in a crucial
way. We refer the reader to the already cited references for many more details, examples
and links to other structures.
3.12. A ^-infinitesimal bialgebra is a triple (A,m,A) which might be unital
and counital, i.e., contain also the maps (r/,e), such that
• (A, m) is an associative algebra, possibly (not) containing a unit map r\.
• (A, A) is a coassociative coalgebra, possibly (not) containing a counit map e.
• For each a,b E A, we now have the generalized infinitesimal compatibility

DEFINITION

(148)
(149)

A(ab)A{a)b + aA(b)

-6a®b

= aby <g) b2 + a i ® a2b - 6a <g> b

Equations (148) can be written in full detail as follows
Am = (m ® id)(id <g> A) + (id <g> m)(A <g> id) - 8(m <g> m)(id ® id)
Special cases of this definition have been previously considered in the literature. First, the
infinitesimal, or Newtonian, bialgebras of Joni and Rota [137], see also [128], denoted
by the triple (33, A, m) consisting of an algebra (23, m) and a coalgebra (23, A), together with
the particular compatibility relation
(150)

A(ab) = aA(b) + A(a)b,

Va,&€CB.

are precisely the infinitesimal bialgebras with 8 = 0. Here, one sees the origin of the naming
of those co- and bialgebraic structures, respectively. Infinitesimal bialgebras can either have
a counit or a unit but not both at the same time, otherwise 23 is trivial.
Second, every unital infinitesimal bialgebra in the sense of Loday and Ronco [168, 170]
gives rise to a 8 = 1 generalized infinitesimal bialgebra in the above sense (148), with unit
map 77 and counit e.
As an example for such a unital infinitesimal bialgebra we mention the algebra of noncommutative polynomials K(ai,--- ,an) in n variables a^ with the coproduct defined by
A(ai) := ai <g> 1 + 1 <g> Oj, and A(l) := 1 ® 1. Then
:=

ah ... aim <g> 1 + 1 ® ah ... ai

^2

j

j+1... aim.

This defines a unital infinitesimal bialgebra.
Let us continue with a beautiful observation due to Loday and Aguiar [5, 8]. First, let
us remember the convolution product for a coalgebras. Let (C, Ag, ee) be a coalgebra and
(A, VIA) an algebra. The space Hom(C, A) becomes an associative unital algebra with respect
to the convolution product

f * g : = mA(f
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Assuming C to be a bialgebra and replacing A by C, we may equip Hom(C, C) with another associative product, that is, the simple composition of linear maps, denoted by (Hom(C, 6), o).
We denote the o-product by concatenation for simplicity.
For infinitesimal bialgebra, i.e., 9 = 0 in (148), Aguiar and Loday observed that in general
one has
3.13. [5, 8] Let (C, Ae, me) be an infinitesimal bialgebra (150). The associative algebra (Hom(C, C), o) is a Rota-Baxter algebra of weight zero with the two Rota-Baxter
maps 7H : Hom(S, C) -> Hom(e,C), 7 fi (/) := / • id e and 7L : Hom(C, 6) -» Hom(C, 6),
:=ide*/PROOF. We prove the Rota-Baxter property only for *yL.
PROPOSITION

7 L ( / ) O7t(s)(c) = / * i d e o # * i d e ( c )
= me(f ® ide)Ae(me(g® ide)A(c))
me(f <g> ide) {^W))c"
me(f ® i

+ g(cf)Ae(cf'))

In the last step we used coassociativity of A e .

•

Of course, one may guess immediately that the last proposition is also true for weight 6
generalized infinitesimal bialgebras.
3.14. Let (C, A e , me) be a Q-infinitesimal bialgebra (150). The associative
algebra (Hom(C, C),o) is a Rota-Baxter algebra of weight 0 with the two commuting RotaBaxter maps 7fi : Hom(C, C) -» Hom(C, 6), 7 Ä (/) := / * ide and 7 L : Hom(C, Q) -»
Hom(e,e), 7 i ( / ) : = i d e * / PROPOSITION

PROOF.

Let us show one case. f,g£

Hom(C,S)

{a) = id e */((ide*p)(a))
= me(ide ® /) (a'Ae(g{a")) + A(a')g(a") - da' ® g{a"))
= a'g(a"yf(g(a")") + a'f{a"g{a"')) - 9a'f{g{a"))
= lL{lL{f)g){a)+lL{flL{g)){a)
- OlL{fg){a)
D
Define now the following double Rota-Baxter products on (Hom(C, C), o),
f°jL9

•= hM

f °7H 9

==

+ 1LU)9 ~ 0 f9

/7Ä(^)

and a third one which is new

(g) - e lL{f)g - elR{f)g + e2f9
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PROPOSITION

3.15. The product olLlR is associative.

We refrain from showing this proposition, though it involves only simple algebra.
3.16. Due to the Rota-Baxter relation for ^L,R we find
IL9)
= ide*(/° 7 L5) = 7 L ( / ) 7 L O ) = i d e * / o i d e * £

COROLLARY

(1)

O

ILU
(2) 7 Ä ( / °7H 9) = (/ °7R 9) * ide = 1RU)7R{.9) = / * id e o # * ide
(3) and 7 L ( 7 Ä ( / ) ) ° 1L{IR{9)) = 1L{IR(I o7L7fl g))

The proofs of these simple observations are skipped. But the reader is invited to compare
these results with the following products defined for an ordinary bialgebra Ü3, i.e. one
for which we have the classical compatibility between product and coproduct, A%(xy) =
An(x)Av(y),x,ye'B.
DEFINITION

3.17. Define on (Hom(33,!B),o) the following products for a e ¥>, f,g e

Hom(£,!B)
f*L9(a)

:=

/( 5 (a')ifl>(fl') 2

f.Rg{a)
f^g(a)

:= 5 (a")i f(a' g(a")2)
:= g(a3)'a4 f(a1g(a3)"

a5)a2g(a3)'".

The coproduct notation should be clear. These products were introduced by E. Beggs and
E. Taft (private communication).
3.18. Furthermore, Beggs and Taft showed that the products
are associative. And the maps

PROPOSITION

r L :(Hom(:B,S).« L )

-> (Hom(S,®),o),

r Ä :(Hom(S,®),« Ä )

-* (

,S),<!k) ^

(Hom(3,!B),o)
h—
i > TL^II)

»L, »R,

and 4*

:— ids *h*ids

are algebra homomorphisms.
Philippe Leroux made the following observation. He introduced another notion of a generalized infinitesimal bialgebra, the so-called dendriform Nijenhuis bialgebra, which comes
with an algebra (K, m^) and coalgebra (3\T, Ax) structure together with the following compatibility
A^(xy) = A?j(x)y + xA^y) - m x (A x (x)) ® y.
He then showed for such a bialgebra structure that
3.19. [161] Let (N, A>f, mj^) be a dendriform Nijenhuis bialgebra. The associative algebra (Hom(N, X), o) is a Nijenhuis algebra with the Nijenhuis map 7# : Hom(3\T, 3sf) Hom(X, 3\T), 7 L ( / ) : = ide * /• ^4w<i ii «s ai the same time a TD-algebra with TD-map
lR : Hom(X,K) -» Hom(K,X); 7 Ä ( / ) := / * i d e .
PROPOSITION

Leroux also proposed a general construction of such dendriform Nijenhuis bialgebras using
the tensor algebra T(C) with respect to an arbitrary coalgebra 6.
Actually, at this point we have already seen that these generalized bialgebras provide a
rich source for Rota-Baxter type algebras. The reason for this is a non-trivial structure
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underlying those algebras. We refrain from going further into these structures as they have
so far not been of any use in physics. The reader might find more details in Aguiar's paper
and the upcoming work [7].
We will now go another way using these new bialgebras. Again, it was Aguiar who made the
first steps. We will add some slightly more general results. Again, details and more complete
steps can be found in either Aguiar's work (for the weight zero case) or in [7].
3.3.1. Generalized associative classical Yang-Baxter equation of weight 0. From now on,
we let A be an arbitrary (unital) associative K-algebra, and char{K) = 0. We denote the
algebra unit in A by 1AIn the following, when appropriate, we will use Einstein's summation convention, i.e., whenever an index appears twice, a summation over it is implied, e.g., such that ^ Ui®Vi = Ui®Vi.
We regard the tensor product A ® A as an A-bimodule, i.e., for a ® b G A ® A, and x, y G A
we have x(a ® b)y = (xa ® b)y = xa®by £ A® A.
Let now the following tensor
(151)

r := y ^ ( g > ^ G A® A
i

be a so-called r-matrix solution to the associative classical Yang—Baxter equation
(ACYBE) AYB{r) = 0, where
(152)
AYB{r) := ri 3 r 12 - r12r23 + r 23 ri 3
(153)

=

UiUj ® Vj ®Vi — Ui® ViUj ® Vj + Ui® Uj ® VjVi.

Recall, that the notation here means
r i 2 := Y ^ Uj ® v-j ® IA, ri3 := ^
3

Uj ® I A ® Vj and r 2 3 := ^

3

I A ® Uj ® Vj £ A® A®

A,

3

2

i.e., Tij denotes the imbedding of the tensor tuple A® into the tensor triple A®3.
Aguiar showed in the cited papers that AYB(r) = 0, r e A ® A implies coassociativity of
the so-called principal derivation
A r : A -> A ® A,
denned in terms of the associative classical r-matrix in (151)
(154)
Ar(a) := ar — ra — 2_,(aui ®vi ~ u%® via)i

It is easy to show that the map A r has the following compatibility with the algebra structure
on A, for all a, b € A
(155)
Ar(ab) := abr - rab = aAr(b) + Ar(a)b.
Compare this with the 9 = 0 case in Eq. (148). Aguiar calls such a triple (A,AT,m) a
quasi-triangular infinitesimal bialgebra.
As a trivial example we mention that of an associative algebra A with a G A, such that
a2 = 0, then r := a ® a is a solution to the equation AYB{r) = 0.
An example in the 2 x 2 matrices M2(1K) is given by
. ( a
A

b\
/ 0 a \ / 0 l \
/ 0 l \ / c d
c d
=
0 c
®
0 0 - 0 0 ) ®
0 0
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Which relates to the associative classical r-matrix
r=

) 1\ „ / 0 :

(o o)®(o

solving the ACYBE equation.
In fact Aguiar gave all solutions to AYB{r) = 0 for M2(K) up to conjugation

i

i

and transposition
r =

^2>
i

1

°\<*(° M

o ly^l^o oy

w

X ®

Ui <x) vi

i

= (° M^/^°
r 2 :

M

~ \ o o J ^o o y

r3:

=^00^^01
~ \^ o l j ^ o

o

and the antisymmetric associative r-matrix
1 0\ „ / 0 1
We remark that the last example corresponds to the 2-dimensional algebra with basis {x, y},
x2 = 0, xy = 0, yx = x, y2 = y.
Aguiar furthermore noticed that the map ßr : A —> A, denned in terms of the associative
classical r-matrix (151), i.e., AYB(r) = 0, by
iXVi,

x e A

satisfies the Rota-Baxter relation of weight zero
ßr(x)ßr{y)

= ßr{ßr(x)y

+ xßr(y)),

Vx, ye

A.

One readily derives this result from the relation (152).
For examples and further details we refer the reader to Aguiar's very readable papers. Among
others he essentially described all constant matrix solutions in M2QK) <8>M2(K) as we have
seen above.
Later, Schedler [202] followed closely the work of Polishchuck [191] and Belavin and Drinfeld [18] and started to classify matrix solutions of equation (152) equipped with a spectral
parameter
(156)

rl3(zu)r12(zi2)

- ^12(^12)^23(^23) + ^23(^23)^13(^13) = 0

where Zij := Zi — Zj for i, j = 1,2, 3. This way the r-matrix r(z) E A £g> A becomes a map
from a certain domain D C C into A <g> A, and the same is true for the associated RotaBaxter operator ßr{z)- A very simple example of such an r-matrix in A ® A with spectral
parameter solving (156) is given by r(z) = ld'4®'d/t which is antisymmetric in the following
sense r(z) 12 = — r(—z)2i- It is well-known as trigonometric solution of the Lie algebraic, i.e.,
classical Yang-Baxter equation. The Rota-Baxter relation simply translates into
xy
xy
xy
= 0.
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for x,y e A. Also, remember that the identity map icU is a -trivial- Rota-Baxter map of
weight one.
Non-zero weight case: This connection naturally motivated the question of how the above
equation has to be modified to give a Rota-Baxter map of arbitrary weight 6 G K. The
answer is easy and can be given in terms of a generalized associative classical Yang-Baxter
equation.
Again, for an associative algebra A we call the following tensor
(157)

r := ^Ui

® Vj <E A ® A

an associative r-matrix in case it solves the associative classical Yang-Baxter equation of weight 9 e K AYBe(r) = 0, where
(158) AYBe(r)

= rl3rl2 - rl2r23 + r23rlz - 9r13

(159)

=

UiUj ® Vj ®Vi — Ui® ViUj ® Vj + Ui ® Uj ® VjVi + dui ® I A ® V{.

Before going into the connection to Rota-Baxter maps (of non-zero weight), let us show how
the last equation links to ^-infinitesimal bialgebras in (148).
T H E O R E M 3.20.

(160)

Let 9 e K,

the map

Ae,r

• A -> A <g> A

A9yr(a) := ar -ra + 9a®lA,

Va G A

defined in terms of a solution r := Y^iui®vi e A® A of the equation (158) satisfies the
compatibility Eq. (148) with the algebra structure on A, that is,
(161)

A0,r(aö) = aAe,r(b) + A ö , r (a)ö

-0a®b,

and is naturally coassodative.
It is obvious by the definition of Agir, that A ö i r (l^) = 61A <8> 1A- The compatibility (161) is straightforward to verify. For the coassociativity, we will give the details
PROOF.

(id ® Aff>r) A ö , r (a) = (id ® Ae,r) (or -ra
=

+ Oa® 1A)

(id ® Ae}T) (aui ®Vi — Ui<S> Via + 6a® 1A)
+ Ovi ® 1A)

— Ui®

(y^ar — rv^a + Bv^a ® 1A) + d2a

®1A®1A

— Ui ® Uj ® VjVi + Oui ®Vi® 1A)
—Ui ® ViüUj ® Vj +Ui® Uj ® VjV{a — 9ui ® Via ® 1A + 02a

=

a(r12r23 - r23rn + 6r12) - rl2(lA

®1A®1A

®a® lA)r23 + r23r13a drl2(lA

®a®lA)

+ 02a ®1A® U-

Using the associative classical Yang-Baxter equation (158), we find
(id® Aotr)Ae,r{a)

= a(ri3r12 +9ri3 +0r12) - r12(lA®

a®lA)r23

- 9ri3)a - 9ri2(lA ®a®lA)+
and therefore the coassociativity for A ^ , if r solves (158).

92a

®1A<£>1A

D

REMARK 3.21. In the case 9=1, the triple (A, Ai>r =: Ar,m) defines a quasi-triangular
unital infinitesimal bialgebra in the sense of Loday and Ronco [168, 170].
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EXAMPLE

3.22.

(1) Let A be an associative unital K-algebra. Denote
0 := {x G A | xx — x] C A

the set of idempotent elements in A. Then for 9 G K. Each rx := 91 A <S> x, x G 3 gives
a solution of (158), AYB^r*-*) = 0.
(2) On the algebra of upper triangular n x n matrices MJJ(K) we define Leroux's RotaBaxter map of weight 9 eK, De: M£(K) -» M*(K), see Example 2.19,
X GM

ik,

which maps elements X G MJJ(K) to diagonal matrices, i.e., De(X) G M^(1K) C
M"(K). For simplicity we restrict to the case n = 2. Using the standard notation for
the basis elements Eij E Mra(K), we define the left invariant element
t := E\2 ® E22 G JVI

for which we have t(l ® x) = t(x ® 1), x G JVO^K). Then for # G K we find that
re'x := {D ® id)t
solves (158) of weight 9. The same is true for lower triangular matrices, with a modified,
i.e. "transposed" map D.
We now can state the following proposition which is a simple generalization of Aguiar's
result in the light of the generalized associative classical Yang-Baxter equation AYBQ = 0
for 9eK.
3.23. Let r = V^ ui ® vj G A ® A be a solution to AYBe = 0. Then the linear
map ar : A —>• A, defined by

PROPOSITION

• 1* ? ) •

T*

C

/I

fulfills the Rota-Baxter relation of weight 9 G K.
PROOF.

The proof is a simple algebra exercise and we skip it here.

D

Motivated by the relation between the Rota-Baxter operators of arbitrary weight 9 (47) and
the modified Rota-Baxter operators B := 9idA — 2R of weight 9 (51), we introduce the
DEFINITION 3.24. Let r — Yiui®vi
modified associative r-matrix

(162)

e A® A be a solution of AYBe(r) = 0. Define the
f:=-lA<S>U

+ r.

3.25. The modified associative r-matrix f := üi®Vi defined above (162), solves
the modified associative classical Yang-Baxter map of weight | , that is, mAYBg(f) =
0, where
PROPOSITION

(163)

mAYBe(r) := fi 3 fi 2 - fi2f23 + r 2 3 ri 3 - ( - ) I/U2U23
92

(164)

=

ÜiÜj ® Vj ®Vi — Ui® ViUj <g) Vj +Ui®
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P R O O F . Let us do the

mAYBe(f)

= f13rl2

-

calculation explicitly

92
f 12^23 + ^23^13 — -J-1^12lA23
02

°\
4

1

J

\

^19 -j- " T T ? -+- —7*10 —

9

1

r23

~2

T

12

±A*io±Aor> —

92

9
=

e

J

1 1 <8> l/i ®l/i

9

9
3

+ r23T>13 +

2

r23 1

^1

" - 2ri3 ~ 4

^13^12 - ^12^23 + ^23^13 + ^ 1 3 = 0.
Ü

Here we used that U13U12 = I/U2U23 = I/123I/I13 = U <8> i/i £

3.26. Replacing r by f (162) in the coproduct A^;r : A -> A ® A defined in (160),
we get the coproduct
LEMMA

n

Aef(o) = af — r a + - ( a (8> lyi + •1/ i ® a)

(165)
for a G A.
PROOF.

The proof is again a simple algebra exercise and we skip it here.

D

3.27. Let 9 <= K. The map Ae'f : A —> A <g) A defined in terms of a solution
f := '^2i üi ® Vi G A <S) A of the equation mAYBe(f) = 0 with rnAYBe(f) defined in (163) is
coassociative and satisfies the relation
COROLLARY

&eAab) = a&eAb) + &oAa)b

(166)

~^a^b,

hence A together with this coproduct becomes a generalized infinitesimal bialgebra.
REMARK

3.28. In the case of weight 6=1,

the coproduct in Equation (165) implies that

the triple (A,Ait? =: Af,m) defines a quasi-triangular unital infinitesimal bialgebra
in the sense of Loday and Ronco.
3.29. Let r = J2iUi ® v^ € A ® A be a solution of mAYBe
linear map 7 r : A —> A

LEMMA

(167)

-Jr(x) -.^^UiXVi,

= 0 (163). Then the

XEA,

fulfils the modified Rota-Baxter relation of weight | (52).
3.3.2. From associative to the classical Yang-Baxter equations. Let us now compare the
modified associative classical Yang-Baxter equation and the classical Yang—Baxter
equation. The latter is defined in terms of a Lie algebra L (or the universal enveloping
algebra of L, tl(-C)) and an r-matrix, r 6 £ ® £ . , such that CYB{r) = 0, where
(168)
DEFINITION

CYB{r) := [r 13 ,r 12 ] + [r 23 ,r 12 ] + [r 23 ,r 13 ].
3.30. Let A be an arbitrary associative algebra. We define the following permu-

tation maps
a : A® 3 - » A® 3 ,
2

<T(X
2

T :A® -» A® ,
DEFINITION

<g> y ® z) := z <g> y ® x,

T(X
71

3.31. We call an element X e A®
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®y):=y®x.

A-invariant, if\/a e A: aX = Xa.
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PROPOSITION

3.32. Let r G A ® A with its symmetric part r+ :— \{r + r(r)) being A-

invariant, then
CYB(r)

:= [r12, ri3] + [^23, ^12] + [^23, ^13]

=
PROOF.

mAYBe(r) - a{mAYBe{r)).

In general we can write r — r+ -\-r' = \{r + r(r)) + \{r — r(r)). Recall that

mAYB0{r)

:= rnr12

- . ^ . M . . M. LO

v

)

IU
VV--1

1 ®1

Due to the symmetry of r+ and anti-symmetry of r~, respectively, we can write
mAYBe(r)

= r^2

- r ^ + r^3r+3 + rl3r12 - r12r23 + r23r13 - ( -

This implies for
\

" \

/ y

LO

ZiO

ZO

1Z

J.ZIO

lO

ZO

ZO

±Z

JLZlO

\

such that
mAyßö(r) - d ( m ^ ( r ) )
—

r

13'l2
r

=

' 12'23 "+" ' 2 3 ' 13 "•" ' 13' 12
r

r

r

13 23 " " 2 3 ' l 2 + 1 2 ' l 3 + ' 1 3 ' 23

' 12' 23 ' ' 23' 13
f

2 3 ' 12 + ' 12' 13J

[n2, ^13] + [r 23 , r12] + [r 23 , r i 3 ] .

D
The following theorem is a generalization of a result of Aguiar. Its proof is simple in the
light of the last proposition.
THEOREM 3.33. Let A be a quasi-triangular unital infinitesimal bialgebra with associative
r-matrix r = Yli Ui®Vi G A ® A. The symmetric part r+ := \(r + r(r)) is assumed to be
A-invariant. Then mAYB0(r) = 0 implies CYB(r) = 0 and for all a G A

:= Ar(a)-r(Ar)(a)

Hence, the corresponding Lie algebra LA is a quasi-triangular Lie-bialgebra in the sense of
Drinfeld.
3.34. Compare the two sides. We have for the associative algebra (A,rriA) —>
(LA, [—, —]), [a, b] :— m,A(a <g> b) — UIA ° i~(a ® b). For the quasi-triangular ö-infinitesimal
bialgebra we have {A, A r ) —> (&A, A^ ie ), A^ e (a) = Ar(a) - r o A r (a).
REMARK

3.4. The associative Yang-Baxter equation and Rota-Baxter maps. We have
seen that solutions to the generalized associative Yang-Baxter equation give Rota-Baxter
operators of weight 6. We will now show that Rota-Baxter maps also give r-matrix solutions
if they have certain symmetry properties. At this point it is important to underline that
these results are part of a current research project with more details to be developed and
presented elsewhere [7].
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Let us assume that we work with a finite dimensional not necessarily associative K-algebra
A, equipped with a basis {eß | \x G N}. The algebra product is denoted by concatenation.
We also assume that an ^4-invariant element t := J2j t'j ® t" £ A ® A exists, i.e.,
(169)

(x ® idA - idA <g> x)t = 0,

x € A.

A standard example for such a structure would be a matrix algebra. Furthermore we assume
the existence of a linear map R : A —» A, which has the following symmetry
(170)

R+R* = 0,

where R* denotes the transposed conjugated with respect to the bilinear form associated
with the element t. We now show that r := J^\ R(t'j) ® t" solves the associative classical
Yang-Baxter equation AYB(r) = 0 (152) if R is a Rota-Baxter map of weight zero
(171)

R(x)R(y) = R{R{x)y + xR{y)).

Condition (170) is equivalent to the antisymmetry of the corresponding r-matrix
(172)

ru + r 21 = 0.

We will do the calculations explicitly for one bracket.
=

{R® idA ® v&A) [t]

1

(R ® id^ ® idA) (id^ ® R

=)

=
1

R®idA

= } R ® i&A

For the other two terms in (152) we find
=
=

{R ® idA ® idA^'j ®
(R <g> idA ® idA)R(t'i)t'j ® t"

and simply
ri 3 r 1 2

=

This together implies
AYB(r)

= ri3rl2 - r12r23

t; <g> t;; - RiRWt'j) ® t1; ® ?i - RW^
(173)

=

;

5

,

® t1;

;

Hence, if R satisfies (171), i.e., the Rota-Baxter relation of weight zero, then the r-matrix
r = J2j Wj) ® t" s o l v e s ^ e equation AYB(r) = 0.
Working instead with the associative classical Yang-Baxter equation with spectral parameter
(174)

r13{z13)ru(zl2)

- rl2(zn)r23(z23)
+ r23(z23)r13(zi3)
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we make the ansatz r := ]T\ #[2] (2^-) <g> t" and hence find that this solves Equation (174) if
the operator R with domain D C C and image in End(A) satisfies the following Rota-Baxter
relation of weight zero with spectral parameter
(175)

R[z' + z")(x)R[z'}(y) = R[z'](R[z"](x)y) + R[z'

Here, we denoted z' := 212 = Z\ — z2 and z" := z2j, — z<i — Z3. Obviously, r(z) :=

ldA

®ldA is

again a solution.
Another simple solution of this interesting equation is given by the following map with
domain D := C \ {n2iir \ n G N} and range in End (A)
or 1
R[z]

^

•= T

I n d e e d , t h i s is t r u e a s t h e well-known i d e n t i t y for f(z) = 1_Ji ,-. is given b y

(176)

j-

1

l

-—^7-

1
(1 - exp(z' + z")) (l - exp(-z'))

+

1
(l - exp(z' + z")) (l - exp(z"))

The corresponding r-matrix r := ^2j R[z](t'j) ® t" = 1_e^ ,. instead satisfies the relation
r
i2 + f2\ = 6t, since we easily verify that
1
1 — exp(^)

1
11 — exp(—z)
( )

3.4.1. Modified Associative Classical Yang-Baxter-Equation. Let A be as above a not
necessarily associative algebra. Replacing the condition (170) by
R + R* = tfidyi
we find for the r-matrix
ri2 + r-21 = 6t.
The above calculations differ in this setting for the term
) ® R(t[) (8)

=

^

R ® idA ® idA( - t13r12 + 9t13t12)

This implies together with the other terms that
AYB(r)

(177)

=

= (5

j

}

ty)

J

We see that in this case the generalized, or weight 6, associative classical Yang-Baxter
equation corresponds to the Rota-Baxter relation of weight 8 (47).
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As before the associative classical Yang-Baxter equation with spectral parameter (174), and
the r-matrix r :— V . R\z\{t'A <8>i" imply that the operator R with domain D c C and image
J

J

J

End(^4) satisfies the Rota-Baxter relation of weight 9 with spectral parameter
(178) R[z' + z"](x)R[z'}(y) + 9R[z' + z"]{xy) = R[z']{R[z"]{x)y) + R[z' + z"]{xR[-z"]{y)).
for x,y e A. With the same notation as before z' := z12 = zx — z2 and z" :— z2z = z2 — z3.
A full scale study of these new equations is work in progress. We follow hereby the work of
Belavin and Drinfeld. At this point we leave this subject and continue with Rota-Baxter
algebras in general, and associative ones in particular.
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4. Spitzer's identity for commutative Rota-Baxter algebras
In the following, we assume that an algebra in general is associative and unital. The algebra
unit will be denoted simply by 1. However, we do not assume that the algebra is commutative if not stated otherwise.
The Spitzer identity appeared in [214] and is named after the American mathematician Frank
Spitzer (1926-1992). It is regarded as a remarkable stepping stone in the theory of sums of
independent random variables in fluctuation theory of probability. However, Spitzer identity
is better understood in terms of Rota-Baxter operators. In fact, the very motivation for Glen
Baxter [16, 17] to introduce this class of operators respectively the operator identity they
satisfy was to give a more conceptual proof of Spitzer's identity. Later, Kingman [143] as
well as Atkinson [13] and Vogel [223] extended and generalized Baxter's original work. GianCarlo Rota [196, 200] explored the underlying mathematical structure of Baxter's operator
relation, and used free Rota-Baxter algebras to relate Spitzer's identity to Waring's identity.
All of the earlier articles treated Spitzer's identity in the context of commutative Rota-Baxter
algebras. With the only exception of Freeman's papers [110, 111].
In our recent work [88, 89] we discovered a generalization of the Spitzer identity to noncommutative Rota-Baxter algebras. It was motivated by the work of Kreimer, and Connes
and Kreimer on the Hopf algebraic approach to renormalization in perturbative quantum
field theory as we will outline now. In fact, our results split into two findings. They rely on
one hand, as we will see, in part on general properties of Rota-Baxter operators on associative
algebras, but also on a particular recursive equation based on the famous Baker-CampbellHausdorff formula and which we called £?C77-recursion. The latter finding in fact gives rise
to a general factorization theorem on suitable, i.e., complete filtered, algebras. However, the
presence of the Rota-Baxter operator allows one to calculate each of the factors in the this
decomposition in terms of recursive equations. Both findings together form the content of
Spitzer's identity on non-commutative Rota-Baxter algebras.
4.1. Spitzer's classical identity. The algebraic formulation [58, 200] of the classical
Spitzer identity was first given for commutative Rota-Baxter algebras. We will repeat it
here briefly using formal power series with coefficients in a commutative Rota-Baxter algebra
of weight 9. Later, we will introduce the more suitable setting of complete filtered algebras.
Let K be a field of characteristic zero. Let (A, R) be a commutative Rota-Baxter K-algebra
of weight 6^0. Then for fixed b G A, we have
(179)
n-0

in the ring of formal power series A[[t\] in the commuting variable t. Recall that we denote
the algebra unit by 1 := 1^ and we define inductively

with the convention that (Rb)^ = R(b) and (Rb)^ — 1. Also, we mention the obvious fact
that we extended the Rota-Baxter map to A[[t]] by applying it to the coefficients of elements
in A[[t]], that is, R{T,n>oantn) := E n > o f i K ) ^ 120
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Let x := log(l - 9tb) G tA[[t\] and hence R(x) is in iA[[i]], too. Following
Kingman [143], and using Equation (119), we have
PROOF.

n=0

n\On
n=l

n=l

Substituting x back to log(l — 6tb), we find 1 — exp(x) = +Otb, so that finally
ex

P

\ ~

Tj1

The rest is readily done.

•

Commutativity of A is essential here as we factorize exponentials in the equality before the
last one. We would like to point the reader to an interesting observation. Since, one may
wonder how the ~ factorials in the exponential on the left hand side of (179) disappear on
the right hand side. This will become clear in a second.
Before continuing observe that taking 9 to be one, and replacing the map R by the identity
map -which is a Rota-Baxter map of weight one-, the above identity reduces to the geometric
series for the element b e A.
More telling though is the case 9 — 0, together with the integration-by-parts property of
the Riemann integral map, which we now for convenience denote by / : J —» 3", I[f](x) :=
Jo fit) dt, making the algebra 3 of continuous functions over R a Rota-Baxter algebra of
weight zero, to wit,
(180)
for fi, fi e 3". As everybody knows, the initial value problem
^f(x)

= a(z)f(x),

/(0) = 1

corresponds to the integral equation
(181)

f(x) = l + I[af](x)
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and has the unique solution
f(x) = exp(l[a](x)),
such that
OO

exp (/[a] (a;)) = Vj/[/[/[• • • I[a]a]... a]a\ (x).
n=0V

?

'

n—times

This can be seen as an example for Spitzer's classical identity in the case of a Rota-Baxter
algebra of weight zero. The result follows in general from the identity (182) mentioned further below, for / := ft = • • • = /„, / [ / ] " = nil [/[/[- • • / [ / ] / ] . . . / ] / ] .
In view of the last remark we would like to mention a useful variation of Spitzer's classical
identity which is known as the Bohnenblust—Spitzer formula [113, 200] of weight 9. Let
(A, R) be a commutative Rota-Baxter algebra and fix s i , . . . , sn € A, n > 0. Let Sn be the
set of permutations of {1, • • • , n}. Then
(182)

)

(
o-esn

T

Here T runs through all unordered set partitions of {1, • • • , n}. The weight 6 = 0 case reduces
the sum over 7 to |T| = n, implying for Si = • • • = sn = x the identity R(x)n = n!(Är)'nl.
Another example of an application of Spitzer's classical identity can be given in the context
of multiple-zeta-values, see Section 2.0.2. This time it is in the context of the Rota-Baxter
algebra of weight 0 = —1 defined in terms of the summation operator in item (2) of Example
2.16.
EXAMPLE 4.1. We apply Spitzer's classical identity for weight 9 = — 1 now to multiple-zetavalues C(si) • •• i sn), see Section 2.0.2 for details on these numbers. Let fk(x) := l/xk. With
the summation operator Z[f](k) = ^2n>1 f{n), fceNwe found that

C K • • • , s n ) = l i m z\fa,Z[f82

• • • [ f j • • • } } (k).

Then Spitzer's classical identity (179) for 9 = — 1 tells us the following. We first calculate
i

Z[\og(l + fkt)](m)

= Z

rk

* • •

Hence we find that the limit
lim Z[log(l+ fkt)](m) =

m—>oo

i=\

Similarly, the right hand side of Eq. (179) becomes in this setting

(

m

)
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So, that at the end we get the well-known identity

(

A
i=l

'

oo
i=l

i-times

Similar relations of greater complexity were explored in the nice works [38, 42]. It is obvious,
that we could have used the summation operator S of item (1) in Example 2.16 which would
have resulted in a relation of similar form as the last one but for multiple Hurwitz-zetafunctions (72).
4.2. We should also mention at this point that relation (182) was rediscovered
as Hoffman's Partition Identity of multiple-zeta-values when specialized to the RotaBaxter algebra arising from the sum-representation of such multiple-zeta-values [96], see
Section 2.0.2 and Example 2.16.
REMARK

We may now take another look on Spitzer's result in the context of commutative RotaBaxter algebras of weight 9. The series X := X{b) := £~ =o t n (iB>) [nl € A[[i\] for b e A
uniquely solves the equation
(183)

Y(b) = l + tR(Y(b)b)

in -4[[i]]. And Spitzer's classical identity gives a solution in closed form to this recursion.
This way we see that Spitzer's identity may be interpreted as a generalization of the classical
integral equation in (181) to Rota-Baxter maps of weight # ^ 0. We will come back to this
point after we have introduced the non-commutative version of Spitzer's identity further
below.
Recall that Equation (183) implies in the presence of a Rota-Baxter operator on a commutative algebra a kind of generalized exponential law [13] in A[[t]]. Since, by taking the
product
X{a)X{b) = X{a + b-9tab),
Va,beA.
We will not go into this direction in this work, but mention its importance in connection
with multiple-zeta-values.
Several other identities of Spitzer type were found after Baxter's work. Recall Section 2.1.2
where we mentioned already a few of them. The reader is also invited to take a look into the
references cited in [95] for more details. Let us add for completeness the following one. If R
is an idempotent Rota-Baxter map, R2 = R, the results of Atkinson and Vogel in Eqs. (87)
and (88), for 0 = 1 and c = 9b with 9 G K, imply solutions to the equations

T = a + tNe(Tb)

and S = a + tbNe{S),

V a,beA,

where Ng := R + 9R satisfies the associative Nijenhuis relation, see Section 2.2.1.
We will now derive a non-commutative version of Spitzer's formula. Quite remarkably, its
proof presented here is similar to the one given in the commutative case following Kingman [143]. The key observation is how to decompose the exponential for non-commuting
elements.
We first extend the notion of Rota-Baxter algebras by assuming a complete filtration. This
formalizes the general case of Rota-Baxter algebras A and the related formal power series
ring A[[t\] in the commuting parameter t. Such a setup provides the general background for
the following results, and eventually will allow us to apply our results to the Rota-Baxter
algebra of renormalization. The most transparent representation of such a Rota-Baxter
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algebra with complete filtration is given in terms of lower or upper triangular matrices with
entries in a commutative Rota-Baxter algebra. Eventually, we will establish a representation
of the combinatorics of renormalization using a simple matrix calculus.
4.2. Complete Rota—Baxter algebras. Recall that a complete filtered associative
algebra means that the K-algebra A has a decreasing filtration {An}ne^ of sub-algebras such
that AmAn C Am+n and A = lim.A/.A„ (i.e., A is complete with respect to the topology
induced by {^ln}). For instance, consider for A being an arbitrary associative algebra, the
power series ring A :— A[[t\] on one (commuting) variable t. Another example is given by
the subalgebra M£(A) C Mn(^4) of strictly (upper) lower triangular matrices in the algebra
o f n x j j matrices with entries in A, and with n finite or infinite.
By the completeness of A, the functions
oo

„

^-^ an
exp : Ai —» 1 +Ai, exp(a) := z> —,
—' n\
n=0

log : 1 + A, -> Au

log(l + a):=-

^
n=l

are well-defined and are the inverse of each other.
We now introduce the category of complete filtered Rota-Baxter algebras.
4.3. A filtered Rota-Baxter algebra of weight 9 £ K is a Rota-Baxter
algebra (A,R) of weight 9 e IK together with a decreasing filtration An, n > 0 of RotaBaxter subalgebras (actually Rota-Baxter ideals). Thus we have

DEFINITION

Ai D A2 D A3 D • • • D An D . . . ,

and AnAm

C

An+m

as well as
R(An) C An.
We call a filtered Rota-Baxter algebra complete if C\An = 0 and if the resulting embedding
A->Ä:= limA/An
is an isomorphism.
4.4. For Lie groups and Lie algebras, this has the (classical) interpretation. We
find that 1A + Ai has a Lie group structure by the multiplication in A. Thus Ai carries a
Rota-Baxter Lie algebra structure by the commutator bracket [a,b] := ab — ba, a,b 6 Ai.
Then the maps exp and log are the bijections from the Lie algebra to the Lie group and its
inverse.
REMARK

EXAMPLE 4.5. Let (A,R) be a Rota-Baxter algebra of weight 9 with Rota-Baxter map R.
We have the following complete Rota-Baxter algebras.
(1) The power series algebra A := A[[t\] where the filtration is given by the degree in t
and where the Rota-Baxter operator 31: A —>• A acts on a power series via R through
the coefficients

n=0

n=0

L E M M A 4.6. (^4[[i]],3i) is a complete filtered Rota-Baxter
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n

P R O O F . This is a straightforward verification. For / = ^2nant ,

g =

J2mbmtm,

we have

(R(R(an)bm) + R(anR{bm)) n,m

Now it is easy to verify that, with the filtration An := fM[[i]], n > 0, A[[t]] is a
complete filtered Rota-Baxter algebra of weight 6.
(2) Let 3-Cgr be the connected graded Hopf algebra of Feynman graphs. The regularized
functional Hom(3-C^, A) define a complete filtered associative Rota-Baxter algebra,
where the filtration is induced by the grading of Oi? and the Rota-Baxter operator
acts on a linear map / : Oi? —>• A by acting on the target space image of / . See further
below for more details.
The following example of a complete filtered non-commutative Rota-Baxter algebra will
be important later on when we describe a matrix representation of the combinatorics of
renormalization.
EXAMPLE

4.7. Triangular matrices with entries in a Rota-Baxter algebra:

Recall the example of matrices with entries in a commutative K-algebra A we briefly mentioned above. In the following one might replace "upper" by "lower" without restriction.
The algebra of n x n, n < oo matrices with entries in A is denoted by Mn(A). We have the
subalgebras M.^(A) C Mn(^4), 1 < n < oo, of upper triangular matrices. We also let M ^ A )
denote the algebra of oo x oo upper triangular matrices.
The subset 9Jln(A), 1 < n < oo, of upper triangular matrices with unit diagonal, i.e. those
a € M™(A) such that aü = 1, i = l , . . . , n , form a group under matrix multiplication.
The inverse of a = (a^) G VRn{A) is given by the well-known, recursively defined inversion
formula for upper triangular n x n matrices
(184)

(a-%

= -an

k=i+l

Here the extra property of commutativity of the algebra A is needed.
For each n < oo, the algebra M%(A) carries a natural decreasing nitration in terms of the
number of zero upper subdiagonals. We denote by M^(A)i the upper triangular matrices
with the main diagonal being zero, that is, the strict upper triangular matrices. Let
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k > 1, denote the ideal of strictly upper triangular matrices with zero on the main diagonal
and on the first k — 1 subdiagonals. We then have the decreasing filtration
M^C-4) D M£(i4)i D • • • D M^(A)fc_! D M^(^) fc D • • • , k < n,
with
Mun(A)k Mun(A)m c M*(A)* +m .
We also have %Jtn(A) = 1 + M"(A) l5 here 1 denotes the n x n unit matrix. It is easy to see
that for any n < oo, the filtration is complete, that is, M,^(A) is complete with respect to
the topology defined by the ideals MJJ(j4)fe, k > 0.
Thus the maps
(185)

exp : Ml(A)1 -> 9JI n (^), exp(Z) = ^

(186)

log : Mn{A) -> M^(^)i, log(a) = - ^

—p

l

~
n

a)

k=l

as we already said are well-defined and are the inverse of each other. We denote Za = log(ci)

for a £ mn(A).
Now let A be a Rota-Baxter algebra with Rota-Baxter operator R of weight 9. We define
a Rota-Baxter map R on M"(A) by extending the Rota-Baxter map R entrywise, i.e., for
the matrix a = (QJJ) £ M^(A), define
(187)
R(a) =
4.8. Let (A,R) be a Rota-Baxter algebra of weight 9. Let M^(^4) be the algebra of n x n, n < oo, upper triangular matrices with entries in A. Then the triple
(MJJ(-A), R, {M"(v4)fc}) forms a complete filtered Rota-Baxter algebra of weight 9 with RotaBaxter map R defined entrywise in (187).
THEOREM

We only need to show the Rota-Baxter relation for R. For clear distinction, we
use the brackets [ and ] for matrix delimiters. Let a = [a^] and ß = [ßij] be in M£(A). By
the entrywise definition of R in (187) and the Rota-Baxter relation in A, we have
PROOF.

R(a) R(ß) = [R(aij)] [R(ßi3)]

= [Y/R(aik)R(ßkj)]
k

= [Y,{R(R(aik)ßkj)

+ R(aikR(ßkj)) - 9R(aikßkj))]

= R(R(a)ß\ + R(aR(ß)) - 9R(aß)
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as needed.

D

Recall the definition of (fia)'"+1' made above in the context of Spitzer's classical identity.
In fact, non-commutativity demands for a further similar definition. For a € A, we define
inductively
(Ra)^

:= R({Ra)ln] a)

and

(Ra)^n+1} := R(a (i?a)*n})

with the convention that (Ra)^ = R(a) = (Ra)W and {Rap = 1 =

5. Baker—Campbell—Hausdorff recursion
Our ultimate goal is to generalize Spitzer's classical identity (179) to non-commutative associative Rota-Baxter algebras of weight 9 e K. As one may guess, the fact that the
exponential function over a non-commutative algebra gets involved rings the bell for the
famous Baker-Campbell-Hausdorff (BCH) formula.
In fact, we will go beyond a simple generalization of Spitzer's identity. We will prove a
general factorization theorem for complete filtered algebras, based on a recursion defined in
terms of the BCH formula. In case the complete filtered algebra is a Rota-Baxter algebra this
finding readily gives the sought after Spitzer identity on non-commutative Rota-Baxter algebras. This approach was recently further deepened in [98] where it is shown to be of direct
use in different fields of mathematics and physics, see further below in Examples 5.9 and 5.12.
Recall that the Baker-Campbell-Hausdorff formula is the power series BCH (a;, y) in the
non-commutative power series algebra A := Q{(x,y)) (which is the free noncommutative
complete Q-algebra with generators x, y) such that [193, 221]
exp(:r) exp(y) = exp (x + y + BCH(a;, y)).
Let us recall the first few terms of BCH(x, y) which are
B C H ( z , y ) = - [ x , y ] + — [x, [x,y]]

- — [ y , [x,y]]

- — [ x , [y, [x,y]]]

+ •••

where [x, y] := xy — yx is the commutator of x and y in A. Also denote C(x, y) := x + y +
BCH(x,y). So we have
C(x, y) = log ( exp(:r) exp(y)),
which is a special case of the Hausdorff series [164]
Z(xu...

,xn) := log(exp(xi)---exp(x n )).

Then for any complete Q-algebra A and u,v £ Ai, C(u,v) € A\ is well-defined. So we get
a map
C-.AIY.A-L ->.Ai.
Let A be a complete filtered algebra. Now let P : A —> A be any linear map preserving the
filtration of A. We define P to be id^ — P. For a E A±, define x(a) = hmn^oo X(n)(a) where
X(n)(a) 1S given by the BCH-recursion
X(o)(a)

(188)

X(n+i)(a)

•=

a,

=

a-BCH(P(x N (a)),(id^
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and where the limit is taken with respect to the topology given by the nitration. Then the
map x '• -^-I —* .Ai satisfies
(189)
X(a) = a- BCH(P( X (a)), P(X(a))).
This map appeared in our approach to the algebraic Birkhoff factorization of Connes and
Kreimer, see [88, 89, 92], where also more details can be found. The following proposition
recalls the convergence of the sequence X(n)- An earlier proof appeared in our work [89].
Here we present a more transparent version as well as its proof improving a result in [175],
which appeared in our most recent work [98]. We must emphasize that we do not assume
the algebra A to be a Rota-Baxter algebra at this point.
5.1. For any linear map P : A —»• A preserving the filtration of A there exists
a (usually non-linear) unique map x '• A\ —> A\ such that (x — idji)(Ai) C A-n for any i > 1,
and such that, with P :— idyi — P we have

PROPOSITION

(190)

VaeAu

a=

This map is bijective, and its inverse is given by
(191)

1

X~~

{a) = C(P(a), P(o)) = a + BCH(P(a), P(a)).
PROOF. Define the map Fa : Ai —> A\ by
F0(&) = o-BCH(P(6),P(ft)).
Then Equation (190) can be rewritten as
X(a) = Fa(x(a)).
The map Fa is a contraction with respect to the metric associated with the nitration on A.
Indeed if b, e G A with £ € An, then we have
Fa(b + e)-Fa(b) = BCE(P(b),P(b))-BCE(P(b + e),P(b + s)).
The right-hand side is a sum of iterated commutators in each of which e does appear at
least once. So it belongs to An+\. This implies that the sequence F™(b) converges in Ai to
a unique fixed point x(a) f°r faLet us remark that for any a £ Ai, then, by a straightforward induction argument, X(n)(a) e
Ai for any n, so xia) £ ^U by taking the limit. Then x{a) ~ a = BCH( P(x(a)), P(x(a)))
belongs to A21. Now consider the map ip : A\ -^ A\ defined by ip(a) = C[P{a), P(a))- It
is clear from the definition of the map x that ip o x = id^. Then x 1S injective and ip is
surjective. The injectivity of ip will be a consequence of the following lemma.
LEMMA 5.2. The map ip increases the ultrametric distance given by the filtration.
P R O O F . For any x,y e A\ the distance d(x, y) is given by the expression exp(—n) where
n = sup{/c e N, x — y G ^Ifc}. We have to prove that ip(x) — ip(y) £ An+\.

= x-y + BCE(P(x), P(x))-BGK(P(y),

P(y))

= x - y + (BCH(P(z), P(X)) - BCH(P(x) - P(x - y), P{x) - P(x The rightmost term inside the large brackets belongs toAn+i. As x—y fi An+i by hypothesis,
this proves the claim.
•
The map if) is then a bijection, so x is a l s o bijective, which proves Proposition 5.1 above. G
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5.0.1. CompletefilteredLie algebras. Now let g be a complete filtered Lie algebra. Let
A := U(g) be the universal enveloping associative algebra of g. Then with the induced
filtration from g, A is a complete filtered associative algebra. A is also a complete Lie
algebra under the bracket [x, y] := xy — yx and contains g as a complete filtered sub-Lie
algebra. Let P : g —> g be a linear map preserving the filtration in g. We can extend P to
a linear map P : A -* A that preserves the filtration in A. A simple way to build such an
extension (though, which is by no means unique) is to choose any supplementary subspace
V of g inside A and to extend P by the identity map on the complement. If P is idempotent,
so is P. As is well-known [193, 221], the power series C(x,y) and BC¥L(x,y) G Q({x,y))
are Lie series. Therefore, the map \ '• A\ —> A± in Eq. (189) and Proposition 5.1 restricts to
a bijective map
X • 8 i -»• 0 i

with its inverse given by Eq. (191). Further, for u, v G gi, C(u,v) is a well-defined element
in gi. We thus have
C : 0 i X QX - > 0J

as in the associative case.
5.1. Factorization theorem for complete filtered algebras. The following theorem
states a general decomposition on A implied by the map x5.3. [98] Let A be a complete filtered associative algebra or Lie algebra with a
linear, filtration preserving map P : A —> A.
(1) For any a G A\, we have

THEOREM

(192)

exp(a) = exp (P(*(a))) exp (P(*(a))).

(2) C : A\ x A\ —> A\ has a right inverse Dp given by
DP = {PoX,

PoX):A1^A1xA1.

(3) C restricts to a bijection
(4) Furthermore, for any subset "B of A\, C restricts to a bijection
C : Dp(S) -> 3 .
PROOF.

(1) follows since
C(P(X(a)),

P(X(a))) = a.

(2) follows since
CoDp(a) = C{P(X(a)), P(x(o))) = a.
(3) is a general property of maps:
{DPoC)

{a1,a2) = {DpoC)oDP(a)

= DPo(CoDp){a)

= DP(a),

a G Ax.

D(A)

where a\ := P(x(a)) and a2 := P(x(a))- Item (4) is equally clear.

D

The particular case when the map P is idempotent deserves special attention. The following
theorem is a shortened version of a theorem which appeared in our work [98].
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T H E O R E M 5.4. [98] Let P : A —> A be an idempotent linear map preserving the filtration of
A. Let A = A- © A+ be the corresponding vector space decomposition, with A- := P(A)
and A+ := P(A). Let Ah- := P{AX) and Ah+ := P(AX). Let x • Ai -» Ai be the BCHrecursion map associated to the map P, and let x '• A\ —* A\ be the BCH-recursion map
associated to P. C restricts to a bisection

C- :Ait- xAli+

—>Ai.

P R O O F . We already know from item (3) of Theorem 5.3 that Dp is a right inverse for
C_. But it is also a left inverse, as for any (x, y) G A\t- x A±t+ there is a unique v € A\ such
that x = P(v) and y = P(v), and we have

DPoC(x,y)

=
=

DPoC(P(v),P{v))
DPoX~\v)

a
We may use the foregoing result to show the uniqueness of the factorization in the first item
of Theorem 5.3.
COROLLARY 5.5. Under the hypotheses of Theorem 5.4, for any rj G 1+Ai there are unique
?7_ G exp (.Ai,-) and rj+ G exp (^i,+) such that 77 = V- rj+.

This follows directly from the first item of Theorem 5.3 and the first item of
Theorem 5.4, as the exponential map is a bijection from A\ onto 1 + Ai.
D
PROOF.

Let us finish this section with two observations simplifying the BCH -recursion considerably.
The first one is of more general character. To begin with it might be helpful to work out the
first few terms of the recursion for the map x m (188). For this let us introduce a dummy
parameter t and write x(ai) = f^2k>ox^((i)tk.
For k = 0,1, 2 we readily find x ^ ( a ) = a
and

~([P(a),[P(a),a}} - [P(aUP(a),a]})
a),a]),P(a)] +±[P(a),P([P(a),a})]
-±([P(aUP(a),a}}-[P(a),[P(a),a}])
12

(194)

= ±[P([P(a),a]),a]+±([P(a),[P(a),a}] - [[P(a),a], a]).

In the last both cases P = idyi — P has completely disappeared. Therefore, we might expect
to find a simpler recursion for the map Xi without the appearance of P. Indeed, such a
simplification follows using the factorization property, implied by the x m a P o n A in item
(1) of Theorem 5.3.
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5.6. [89] Let A be a completefilteredalgebra and P : A —> A a linear map preserving
the filtration. The map x ^n (189) solves the following recursion
(195)
x{u) :=u + BCE(-P(X{u)),u),
u G Ay.

LEMMA

PROOF. For any element u G A we can write u = P (u) +(idA—P)(u) using linearity of P.
The definition of the map x then implies for u € Ai that exp(w) = exp (P(x(u))) exp (P(x(u))) i
see Eq. (192). Furthermore,

exp(P(x(u)))

= exp ( - P(x(u))) exp(u)
= exp ( - P(X(u)) +u + B C H ( - P ( X ( M ) ) , w)).
Bijectivity of the exp map then implies that
= -P(X(u))+u + BCE(- P(x(u)),u),
X(u)-P(x(u))
from which Equation (195) follows.
D
Our second observation is of more particular type. Again, it concerns the linear map P in
the definition of the PCff-recursion x- We will treat a special case, providing a solution, i.e.,
closed form, for the BCH-recursion. Further below in Example 5.9 we will observe another
instance where a closed form for the P>C£T-recursion can be derived, see Eq. (200).
Let us now assume that the linear map P : A —» A in the P*Ci7-recursion in Eq. (195) of
Lemma 5.6 is an idempotent map, and moreover that it respects multiplication in A. As we
know this makes P and P = id^. — P a Rota-Baxter map, respectively, although the map P
is not an algebra morphism. We then have
5.7. Let A be a completefilteredassociative algebra with filtration preserving linear
map P : A —» A, which moreover is an idempotent algebra homomorphism. Then the map
X in Eq. (195) of Lemma 5.6 has the simple form
(196)
u+BCE(-P(u),u),
X(u) =
for any element u G A\.
LEMMA

PROOF. The proof follows from Lemma 5.6, since P(x{u)) = P{u). The latter results
from the multiplicativity of P, i.e., applying P to Eq. (189) we obtain

P(x(u)) = P(u) + BCH(P 2 ( X (n)), (P o p)(u))).
Since P is idempotent, we have P o P = P - P 2 = 0. Thus P(x(u)) = P(u).

D

5.8. With the foregoing assumptions on P the factorization in item (1) of Theorem
5.3 simplifies considerably. For any a G A\, we have
(197)
exp(a) = exp (P(a)) exp (P{a) + BCH( - P(a),a)).

REMARK

5.9. [98] Even-Odd decomposition of Hopf algebra characters: In this
example we apply the factorization property of the BCH -recursion x to graded connected
Hopf algebras. We analyze explicitly the even-odd decomposition of Aguiar, Bergeron, and
Sottile [6]4.
For a connected graded Hopf algebra (% = ©n>o^n, A, m, e, S), we define the grading operator Y(h) := \h\h := deg(h)h = nh, for a homogeneous element h G 0in, and we extend it
linearly.
EXAMPLE

4

We thank W. Schmitt for bringing the paper of Aguiar, Bergeron and Sottile [6] to our attention.
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The grading on IK defines a canonical involutive automorphism on IK, denoted by
: IK —»
IK, h :— ( —l)|/ll/z = (—l)nh, for /i G IKn. It induces by duality an involution on Hom(CK,IK),
~4>{h) = (f>(h) for 0 G Hom(J{,K), h £ IK.
IK naturally decomposes into IK_ := © n > 0 ^ 2 n - i and IK+ := (B n > 0 ^2n on the level of
vector spaces
with projectors TT± : % —» CK±. Such that for 7r+(/i) = h+ = h+ and 7r_(/i) = h- = —h-,
h = h- + h+ £ Di. As a remark we mention that !K+ is a subalgebra of IK, whereas !K_ is
just a subspace, hence neither ?r_ nor n+ := id^ — ?r_ are Rota-Baxter maps. Instead, we
have <K±'K± C 0<+ and tK±'KT C IK_.

The set of characters G := char(!K, K), i.e., of multiplicative maps <fi G Hom(IK, K), forms a
group under convolution, defined by
f*g:=mKo(f®g)oA,
for f,g£ Hom(CK, K). A character <f> G G is called even if it is a fixed point of the involution,
4> = 0, and is called odd if it is an anti-fixed point, (j) = <j)~1 = 4> o S. The set of odd and
even characters is denoted by G_, G+, respectively. Even characters form a subgroup in
G. Whereas the set of odd characters forms a symmetric space. The following theorem is
proved in [6].
THEOREM 5.10. [6] Any <j> G char(!K, K) has a unique decomposition <j> = 0_ * cj>+ with
4>- £ G- being an odd character, and (/>+ G G+ being an even character.

Both projectors ?r_ : Di —> !K_ and TT+ : % —» "K+ lift to Hom(IK, K). Implying for the
complete filtered Lie algebra Q := <9char(IK, K), with filtration from 'K, the direct decomposition g = g_ © g + into the Lie subalgebra g+ and the Lie triple system g_. Such that
for any Z G g, we have Z = Z_ + Z+, Z± £ Q± unique. Then by Theorem 5.3, there is a
SCiJ-recursion, x '• 0i —* 9i s u c n that, for any 4> = exp(Z) G char(3C,K), Z Gfli,we have
(198)

(j) = exp(Z) = exp (Z_ + Z+) = exp ( x ( ^ ) - ) *exp (x(Z)+).

Here the exponential is defined with respect to the convolution product, exp(Z) := Yln>o ^ F '
but we will skip the * in the following to ease the notation.
5.11. The even-odd factorization of a character in Theorem 5.10 coincides with
the factorization in item (1) of Theorem 5.3.

THEOREM

The following proof differs slightly from the one given in [98]. We do the calculations
explicitly.
(Theorem 5.11) Both <pZl and </>+ in item (1) of Theorem 5.3 are characters by
construction. All we need to show is that i])- = 0 I 1 := exp (x(Z)-), i.e., that 0 I 1 is an odd
character, resp. that ip+ = 4>+ := exp (x(Z)+), i.e., that <p+ is even. First we decompose the
exponential into even and odd powers
PROOF.

(
= exp

( 7 r )
n>0

(2n
even
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Remember, that in general for n > 1
4>n{h) := mK o (0 ® • • • <g> 0) o A ^ ^ / i ) .
n times
(o)

where we define inductively A := idM and for n > 0, A (n) := (A (n ~ 1} <g> id M ) o A.
Obviously, ip+ is a linear combination of even maps, i.e., convolution monomials of an even
map, n+(x(Z)), and the space of even linear maps is closed under convolution. Hence I/J+ is
an even character. So that for 0+ and h G "K

y
n>o

Hence 4>+{h) — <i>+(h) for all h G IK implying </>+ G
For the character <f>Zl we have

n>0

(2n)!
even

odd

As even powers of odd maps give an even map,
£Lj—(h), h G 'K, only gives a non-zero
contribution, if the element h strictly decomposes into an even monomial of odd elements
with respect to powers of the coproduct A, i.e., only for even elements h G TT+(3-C) this sum
is non-zero. Moreover, then
/

(2n)!v

VAV

n

>

VJ

/

i n\

\ \

2n

(2ra)!

The term
/%|?IM"—(^)
only contributes, if the element /i decomposes into an odd monomial
"
of odd elements, i.e., only if h G TT_(CK), SO that

We therefore arrive at
^ ^

n>0

O S - 0_
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By the uniqueness of the decomposition in Theorem 5.10 we arrive at V>- = 0 - 1

V>+ = 4>+.

•

In the above proof we used the general fact that, in Sweedler's notation, A(/i) = h <g> 1 + 1 ®
h + Yli h-n ® ^i2) f° r /iSlK. Also, we relied on ker(e) ~ (B n> o^-n together with

Z{hti) = Z{h)e{ti) + e(h)Z(ti)
for Z G g and h,h' eW, which is true for connected graded Hopf algebras.
Neither the projector n+ nor TT_ is of Rota-Baxter type. Nevertheless, the particular setting
allows for a significant simplification of the BCH-recursion. In fact, using that <f>± G G±,
hence 0_ = c/C1 and </>+ = 0+ and some algebra [184], we find the following simple formula
(199)

n_(X(Z))

= TT_(Z) + ^ B C H ( T T _ ( Z ) + 7r+(Z), - T T _ ( Z ) + TT + (Z)).

This follows from the following properties of the involution ~ : 'K —> %. Recall the general
definition of an involution on an algebra A, which is an algebra homomorphism j : A —> A
such that j2 = id A- Dually, define now a coalgebra involution to be a linear map j on a
coalgebra C such that j2 = idc and (j <g> j) o A = A o j . Then one readily verifies that for an
Oi being a connected filtered Hopf K-algebra and j : 3i -* "K being a coalgebra involution
preserving the filtration, j defines an algebra involution, still denoted by j , on the filtered
algebra A := Hom(^C, K) that preserves the filtration [98]. In this case we have that on a
complete filtered algebra A with j preserving the filtration, if j{a) = ±o for a € Ax, then
j(exp(a)) = exp(±a).
This implies that 0 = j(exp(Z)) = exp ( — ft-(Z) + n+(Z)), but also
j(exp(Z)) = exp ( -

X (Z)_)

* exp

Therefore, we have <fi * (fi = 4>- * 4>- which gives Eq. (199). Prom the factorization in
Theorem 5.11 we derive a closed form for the BCH -recursion
(200)
EXAMPLE

x(Z) = Z + BCH ( - TT_(Z) - ^BCH(Z, Z - 2TT_ (Z)),

5.12. [98] Generalized polar decomposition on Lie groups

In this example we apply the factorization property of the BCif-recursion x to Lie groups
with an involutive automorphism. The factorization of Aguiar et al. in the context of
connected graded Hopf algebras is related to a general result elaborated in more detail in
[184, 185] and [237]. There it is shown that any connected Lie group G, together with an
involutive automorphism a on G allows locally for a decomposition similar to the above one.
We will briefly outline the setting of [184, 185, 237] and show that our £?C£f-recursion
provides efficient means for calculations. We should stress that the .BCTf-recursion approach
gives only formal series. Let G be a connected Lie group, and g its corresponding Lie algebra.
We assume the existence of an involutive automorphism a on G. Let G_ := {I/J G G | a{ip) =
i)~1} denote the symmetric space of anti-fixed points of a, and by G+ := {ip G G \cr(ip) = ip}
we denote the subgroup of fixed points of a. Also we denote by n± the lifted projections on
g corresponding to a. Hence for the Lie algebra g we have the direct decomposition in terms
of the images of these projectors, g = g_ © g + , where ?r+(g) =: g + is a Lie subalgebra and
7r_(g) =: g_ a Lie triple system.
In this setting Munthe-Kaas et al. derive a differentiable factorization of iß = exp(iZ) €
G, Z G Q for sufficiently small parameter t. Using the additive decomposition of g in
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terms of the projectors n± corresponding to a, the factors, ip±(t) := exp [X±{Z\ t)) in
il)(t) = ip_(t)ip+(t) are calculated by solving differential equations in t. In this way explicit
complicated recursions are derived for the terms in X±(Z;t) = ^2i>0X±(Z) t1, by using the
relations between the spaces g±, i.e.,
(201)

[0±,g T ]cg_,

[fl±,fl±]cg + .

The results coincide with those following from the simpler .BCff-recursion map x (189),
which we state here again
X(Z) = Z- BCH(TT_( X (Z)), 7r+(x(Z))),
or Eq. (195) or its simple closed form in Eq. (200). The TX± projections of the first three
terms of x{Zt) = tJ2k>oX^(Z)tk are n±(x^{Z)) = Z± and for the next two non-trivial
parts (193,194) we find in order t2

K+(XW(Z)) = X? = 0

n_(xW(Z)) = X™ = -i[Z_, Z+]

and the even and odd projections in order t3

12
1

I
The reader is invited to compare these findings with the results in Munthe-Kaas et al. [184,
185] and especially with Zanna's work [237]5. In our approach we work with one relatively
simple BCH type recursion, x(Z), respectively its closed form (200). Then we take the
projections via TT± to obtain X±(Z; t) up to third order in the parameter t. The parameter t
may be interpreted as providing us with the filtration (in the sense of formal power series).
Hereby we use heavily the relations in (201). This seems to offer a simpler way for calculating
the Lie algebra elements X±(Z;t) € 0±. We only need higher expansion terms for x a n d
then project into g±. Relations (201) simplify the last step considerably.
6. Spitzer's identity for non-commutative Rota-Baxter algebras
The factorization in the complete filtered algebra A follows from the map X- Replacing
the linear map P by a Rota-Baxter operator R, we arrive at Spitzer's identity for noncommutative associative Rota-Baxter algebras of weight 6. But for simplicity at
this point we will assume in the following that any Rota-Baxter map is of weight one, 9 = 1,
if not stated otherwise. Later, we include the more general case of arbitrary weight.
6.1. [89] Let (A,R,An) be a completefilteredRota-Baxter algebra of weight one.
Let a E A\ and recall that R := idji — R.
THEOREM

5

We would like to point to the recursive equation (1.1) on page 2 for the X_
on page 7 for xf =: Yt in [237]
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(1) The equation
(202)

b=l-

R(ba)

has a unique solution b = exp ( — #(x(log(l + a)))).
(2) The equation
(203)

b' = \-R{a b')

has a unique solution b' = exp ( — i?(x(log(l + a)))).
First observe that when (A, R) is commutative, the map x reduces to the identity map,
giving back Spitzer's classical identity (179) for 6=1, see also Eq. (207) further below.
PROOF.

We only need to verify Equation (202). The proof for the second equation is

similar.
Since a is in Ax and R preserves the filtration, the series
6 = 1 + R(a) + R ( R ( a ) a ) + ••• + (Ra)[n]

+ •••

defines a unique element in A and is easily seen to be a solution of (202). Conversely, if
c G A is a solution of (202), then by iterated substitution, we have
c = 1 + R{a) + R{R{a)a)

+ ••• + ( f l a ) M + ••• .

Therefore, the equation (202) has a unique solution.
To verify that the exponential exp (—i?(x(log(l+a)))) gives the solution, take u :— log(l+a),
a G A\. Using again Kingman's simple idea for proving Spitzer's (classical) identity (179),
we have for our chosen b G A\
exp ( - Ä(x(log(l + a)))) = exp ( -

71=0

R(X(u)))

(-R(X(u)))n
n\

n=1

- AM«)»*
n=0

=

1 + # ( e x p ( - R(X(u))) - exp (£(*(«)))) .

By the definition of the 5Cff-recursion x m equation (189) and in Theorem 5.3, we have

= exp (R(X(u))

=

+ R(x(u)) + BCE{R(X(u)),

exp{x(u)+BCE(R(X(u)),R(x(u)))

= exp(n).
Thus
exp(- J R(x(log(l + a))))
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=

1 + RI exp ( - R(X{u))) - exp ( - R(X{u))) exp(n)

=

l+R(exp(-R(X(u)))(l-exp(u))}

= 1+R(exp(=

1 -R(exp

R(X(log(l + a)))) (1 - exp(log(l + a)))

( - i?( X (log(l + a))) a \

This verifies the first equation.

D

The next corollary is just a more formal statement of the Spitzer identity for non-commutative
complete filtered associative Rota-Baxter algebras of weight 9 = 1.
6.2. Let (A,R,An)
For a E A \ , we have

COROLLARY

be a complete

filtered

Rota-Baxter

algebra of weight

9=1.

oo

J2 (Ra)W = ex P ( - A(x0og(l - «))))

(204)

n=0

and for R we find
oo

Y (Ra){n} = exp ( - R(x(log(l - a)))).

(205)

n=0
P R O O F . By Theorem 6.1 and its proof, both sides of (204) are solutions of (202). This
proves (204). The proof of (205) is the same, by considering solutions of the recursive
equation (203)
D

6.3. Let (A, R) be an associative unital Rota-Baxter algebra of weight one, and
(A := -<4[[£]], ÜI) the associated complete filtered Rota-Baxter algebra from item 1 in Example 4.5. For a £ Ax:= tA, we therefore have
EXAMPLE

oo

(206)

^2(-t)n(üla)W

= exp

f _ ft(x(lOg(l + ta)))\

n=0

By comparing coefficients of equal powers of t on the two sides of the equation (206), we
obtain -infinitely many- identities in the Rota-Baxter algebras A.
The more general case of weight 9 ^ 0 needs a closer look with respect to the definition of
the map x ( s e e further below).
When (A, R) is a commutative complete filtered Rota-Baxter algebra, the map x reduces
to the identity map, x(a) = a> g i y m g back Spitzer's classical identity for fixed a £ Ai [214]
oo

(207)

exp(-fl(log(l+a)))

= J ^ ( - l ) n R{R(> • • R{R(a)a)... a)a),
n=0

r
n—times

which corresponds to the first recursion, b = 1 — R(ba), in (202). Replacing the Rota-Baxter
map R by the identity map, id^., the above relation reduces to the geometric series for the
element —a G A\. Proofs of Spitzer's identity in the commutative case have been given by
quite a few authors, including the aforementioned Atkinson [13], Cartier [58], Kingman and
Wendel [143, 232] as well as by Rota and Smith [200]. In fact, Rota [196] showed that
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this identity is equivalent to the classical Waring identity relating elementary symmetric
functions and power symmetric functions.
6.4. Coming back to Lemma 5.7 respectively Eq. (197) we see immediately that in
the case of a non-commutative Rota-Baxter algebra (A, R) with idempotent and multiplicative Rota-Baxter map R and thence necessarily being of weight one, implying R(x{a)) =
R(a), for all a G ^li, we have the surprising result that the exponential solution to the
recursion b = 1 — R(b a) in (202) can be written as a geometric series
REMARK

(208)

exp ( - Ä(X(log(l + a)))) = exp ( - i?(log(l + a))) =

1+

^(fl)-

Observe that the BCif-recursion x disappeared after the first equality, since R(x{a)) = R(a).
Recall the special Atkinson theorem 2.24, which gives a multiplicative decomposition for
associative Rota-Baxter algebras. We will repeat it here in the light of Spitzer's Theorem 6.1.
6.5. [13, 89] Let (A, R) be a completefilteredRota-Baxter algebra. For solutions
b and b' in items (1) and (2) of Theorem 6.1, we have
(209)
b{\ + a)b' = 1, that is, (1 + a) = ft"1*/"1.
Furthermore, if the map R is idempotent, i.e., R2 = R, then this is the unique decomposition
of 1 + a G A into a product of an element in 1 + R(A{) with an element in 1 + R(Ai).
The uniqueness follows either by a direct calculation (see below) or by Theorem 5.4. We just
need to show uniqueness, because the rest of the theorem is standard and has been given
further above.
THEOREM

PROOF. First, recall that since R + R = id^, we have A\ = R(Ai) + R(A\). So we just
need to show that R(Ai)nR{A].) = 0. This is true if and only if (l + R(Ai))n(l +R(A1)) =

Now, to prove uniqueness it is to be shown that for each a G A\, there is a unique c G R{Ai)
and a unique c e R{A{) such that
l + a= (l + c)(l + c).
Let a G Ax be given, and let b and b' be the solutions of (202) and (203), respectively. Then
we have 6(1 + a)b' = 1. By their constructions and Eqs. (116,117), we have b — 1 — 6X and
b' = 1- b\ for bi E R(Ai) and b\ e R^).
Thus
1
&- = 1 + &i + b\ + • • • e 1 + R(Ai),
b'-1 = 1 + b\ + b'l + • • • G 1 + R(Ai).
This proves the existence.
For the uniqueness, suppose we have 1 +a = (1 + c)(l + c) = (1 + d)(l + d) with c,de R(A\)
and c, de Ä(.Ai). Then
which is in (1 + R(Ai)) D (1 + R(Ai)). But this intersection is just {1} because
1 + R{d) = 1 + R(d') => R(d) = R(d') => R{d) = 0.
D
We find the following simple but important corollary saying that the group 21 := 1A + Ai
decomposes into subgroups.
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6.6. Let (A,R,An) be a complete filtered Rota-Baxter algebra of weight 9=1.
The above theorem may be summarized by the fact that the group 21 := 1^ + A\ decomposes
into the subgroups 21+ := 1^ + R(Ai) and$l_ := 1^ + R(A\), 21 = 2l_2t + . The factorization
is unique for an idempotent Rota-Baxter map.
COROLLARY

The factorization derives solely from the properties of the I?Cff-recursion, i.e.,
Theorem 5.3. The Rota-Baxter map allows for Spitzer's identity, or, equivalently, that the
subsets 2L and 21+ form subgroups which is easy to show. The uniqueness follows from
Theorem 5.4.
D
PROOF.

Recall that R := id^ — R is a Rota-Baxter operator if and only if R is a Rota-Baxter map.
Further R := id^ — R = R. Thus by exchanging R and R in the definition (189) of x and in
Theorem 5.3, we have the following variation which will be useful later.
6.7. Let (A,R,An)
be a complete filtered Rota-Baxter algebra of weight one.
Define x '• A\ —> A\ by the recursion
THEOREM

(210)

x{u) :=u-BCn(R(X(u)),R(x(u))),

Vu e A,.

Let a E Ai.
(1) The equation 6 = 1 — R(ab) has a unique solution b = exp ( — i?(x(log(l + a)))).
(2) The equation 6' = 1 — R(b'a) has a unique solution b' = exp ( — _R(x(log(l + a)))).
(3) For solutions b and b' in item (1) and (2), we have
(211)

6'(1 + a)b = 1, that is, (1 + a) =

b'^b'1.

When R is idempotent, this gives the unique decomposition of 1 + a into a product of
an element in 1 + R{A\) with an element in 1 + R(A{).
The two decompositions in Theorem 5.3 and Theorem 6.7 are simply related as follows.
6.8. LetAop be the opposite algebra of A, with product its defined by a.b := 6a.
Let O : A —> .Aop, O(a) = a, be the canonical anti-homomorphism of Rota-Baxter algebras.
For a G Ai, let 1 + a = b~lb'~l be the decomposition in Theorem (6.5), with b (resp. b')
being solution of item (1) (resp. (2)) of Theorem 6.1. Then in
PROPOSITION

1 + a = Oil + a) = 0{b'-1) . O(b-') = 0{b')~l . 0{b)~\
the factor 0(6) (resp. O(b')) is the solution, in the opposite Rota-Baxter algebra
from item (2) (resp. item (1)) of the above Theorem.

(Aop,R),

We just need to note that, under the anti-isomorphism O : A —> Aop, the
defining equations of x> b and 6' in Theorem 6.1, with multiplication in A, are sent to the
defining equations of x\ 6 and 6' in Theorem 6.7, with multiplication in */lop.
D
PROOF.

We give another variation of Theorem 6.1.
6.9. Let 6 and b' be solutions of the equations in item (1) and (2) of Theorem
6.1, respectively. Let ä = (1 + a)" 1 — 1. Then
(1) 6"1 = exp (i?(x(log(l + a)))) is the unique solution of the equation c = 1 — R[äc).
(2) 6'"1 = exp (i?(x(log(l + a)))) is the unique solution of the equation d = 1 — R(da).
(3) Furthermore
b~l = 1 + R(a 6'),
6'~1 = l

PROPOSITION
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P R O O F . (1) Since a is in A\, the equation c = 1 — R(ac) has a unique solution. We just
need to check that the solution c is the inverse of b. Since b satisfies 6 = 1 — R(ba), we have

be =
=
=
=
=
=

{1 - R(ba)){l - R{ac))
1 - R(ba) - R{äc) + R{ba)R{äc)
1 - R(ba) - R(ac) + R(baR{ac)) + R(R(ba)ac) - R{baac)
1 - R(ba(l - R{ac)) - R({1 - R(ba))ac) - R{baac)
1 - Ribac) - R(bac) - R(baac)
1 — R(b(a + ä + aä)c),

since a + ä + aä = a+(l + a)ä = a — a = 0, we get be = 1, as needed.
(2) The proof of the second statement is the same.
(3) Note that
ab'1 = (b'b - l)b~l = b'- b'1 = b1 - (1 + a)b' = -ab'.
So by item (1), we have
b'1 = l-R(äb-l)
= l + R(ab').

D
By Theorem 6.7 item (1), the equation c = 1 — R(äc) in Proposition 6.9 has a unique solution
c = exp ( - Ä(x(log(l + ä)))) = exp ( - Ä(x(log(l + a)" 1 ))) = exp ( - R(x(- log(l + a)))).
By the bijectivity of log and exp, we have
Thus we obtain
COROLLARY

6.10.

R(x(u) + x(-u)) = 0,
6.11. Factorization of triangular matrices: As a useful and instructive example we apply Theorems 6.1, 6.5 and 6.7 to obtain decompositions of upper triangular
matrices with entries in a commutative Rota-Baxter algebra, see Example 4.7. For later
applications to the matrix Birkhoff decomposition in renormalization, we will stress the
variation in Theorem 6.7.
Let (A, R) be a commutative Rota-Baxter algebra of weight one. Recall Theorem 4.8.
EXAMPLE

6.12. The triple (M^(A),R,{M^(A)k})
algebra of weight one.

forms a complete filtered Rota-Baxter

THEOREM

6.13. Let a be in the group 9Jln{A) :=1 +
(1) There is a factorization

COROLLARY

\

(212)

of a into a product of an element in l + R(M^(A)i) and an element in
which is unique if R2 = R.
(2) The factors ä+ and ö_ have the explicit expression
(213)

ä+
Here Za = log(a) and x is defined in Equation (210) in analogy to
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(3) Furthermore, a+l is the unique solution to the equation
(214)

^' = 1 - R ( ^ ( a
and Q_ is the unique solution to the equation

(215)

ß=l

Equations (214) and (215) are similar to the well-known recursions in renormalization theory
where they are called Bogoliubov recursions [66, 69]. We will explore their connection
in a later section through a matrix representation of regularized Feynman characters in
renormalization in perturbative QFT.
Corollary 6.13 suggests that ä_ and ä+ in (212) can be calculated either by their exponential
formulae (213) or directly from their recursive equations (214) and (215). We will first
describe the recursive method to find the factor matrices <5_ and a+. Further below we will
calculate the factor matrices using the 5Ci7-recursion x m (210).
As an example we first consider a straightforward 2x2 factorization of the matrix a e 9J12(A),

0 1 J ~ \0

1 J \Q

1

which simply follows from R + R = id^.
The case of 3 x 3 matrices is already more telling. For a given Q = | 0 1 c J in 0Jt3 (A),
(i a b\
the equation that ct_ := I 0 1 c should fulfill is (215), that is,
0 a b \ /1 a b
1 c
0 0 c
0
0 0 0 / \ 0 0 1

Equating the two sides entrywise, we simply obtain,
ä = -R(a),

c=-R(c),

b = -R(ac+b) = R(aR(c))-R(b).

So
R{aR(c))
-R(c)
1
and by using Equation (184), we obtain
/ 1 R{a) R(b) + R(aR(c)) - R{a)R(c) \
Q: ^
0 1
R{c)
=
1

V0

0

1

/

/ 1 R(a) R(b) + R{R(a)c) - R(ac)
0 1
R(c)

V0

0

We similarly use (214) to find

a'

1

-R(a)

-R{b) + R{R(a)c)

= [ 0

1

-R(c)

0

0

1
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and then use (184) to find
R{a)
0
1
0
0

ä+ =

R{b) + R(aR(c)) - R(ac)
R{c)
1

We thus obtain the unique factorization in (212):
(216)
/
R(a) R(b) + R(aR(c)) - R(ac)
a = ö+äl^
0
1
R(c)
0
0
1

1 R(a) R{b) + R(R{a)c) - R(ac)
0
1
R(c)
0
0
1

To compute ä± effectively in general, we have
6.14. Let a e 3Jln(A) be given.
(1) The equation (3 = 1 — R((a — 1) ß) has a unique solution ß = (ßij) where

THEOREM

3-i

(217) fly = -Ä(oy) - E

E

{-l)k+lR{aihR{ahhR(al2l3 • ••R(alk_d) •••))).

k-2 i

(2) The equation ß' = 1 — R(/?' (a — 1)) has a unique solution ß' = ($•) where
(218)
ß'i3 = -Riaij) - E
i3

(-l)k+1R{R(-

E

k=2

• • R(R(aih)ahl2)

••• ^_2^_J

i

P R O O F . We will prove Equation (217). The proof for the second equation is the same.
Comparing the two sides of ß = 1 — R((a — 1)/?), we have

o,

i > 3,
i =3,
i <j

X

ßu = < '
-R(C

So we just need to prove Equation (217) for i < j . For this we use induction on j — i > 1.
There is nothing to prove when j — i = 1. Assuming the equation holds for j — i < m, then
for j — i — m + 1, we have

+

a

iuß

uj

u—i

-E

(-l)k+1R{auhR(ahl2

• • • R(alk_d)

• • •)))).

k=2

D

This is what we need.

The same formulae hold when R and R are exchanged. These formulae will be useful in
the section when we consider anti-homomorphisms of Rota-Baxter algebras in the context
of renormalization.
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6.1. Exponential approach of matrix factorizations. The following dwells on the
exponential approach to the calculation of the factor matrices ä± in the factorization of a
in Corollary 6.13. Other than its theoretical significance, it also relates to the exponential
approach of the Birkhoff decomposition of Connes and Kreimer.
The reader should remember Theorem 4.8 asserting that with (A, R) being a commutative
Rota-Baxter algebra, the triple (M^(A),R,{M^(A)k}k>\) forms a complete filtered RotaBaxter algebra, containing the group 9Jln(A).
Let us start with some properties of the exponential and logarithm functions for complete
filtered algebras of upper triangular matrices defined in (185) respectively (186). For any
1 < n < oo, a natural basis of M^(A) is given by the matrices^ G M^(A), 0 < i < j < n,
where the entry at position (i,j) is 1, and zero otherwise. These matrices multiply according
to EijEki = SjkEu. We can express the logarithm and exponential in terms of this basis
{Eij}. For a G Tln(A), we have log(a) G M£(A)i. So we have
Za := log(a) = (ay) =
These ä^ G A coefficients are called matrix normal coordinates (of the second kind). The
concept of normal coordinates in the context of Connes-Kreimer renormalization theory
appeared in [65].
For example, let the 3 x 3 matrix a in 9J13(A) be given in terms of the basis
3

a = Y^ Ea + aE^ + bE™ + cE^
with a,b,c G A. Note that a — 1 is strictly upper triangular and so (a — l)k = 0 for k > 3.
Therefore, we have
(219)

Za := a - 1 - i ( a - I) 2 = aE12 + (b - ^acj E13 + cE23 <E M^

which gives normal coordinates
a

i2

=

o-i a i 3 — o — —etc, a23 — c.

Thus
(220)

a = exp (aEi2 + Ib - -acj E13 + cE23 ) .

In general, for given a = (cty) G VJXn(A) these matrix normal coordinates can be calculated
by the simple formula
(l)

(221)

äij = Oij + Y^

Yl

I + T 0 " 1 0 ' 1 ' 2 ' ' ' aikj' ° <

l < j

~ n'

k=l i<h<h<--<lk<3

These new coordinates allow us to write any n x n-matrix a G 9Jln(A) as
a = exp [Za) = exp
\0<i<j<n

1

In order to obtain the factorization a = ä+äZ , we need the i?Cff-recursion (210)
a)

:= Za - BCH (R(x(Za)), R{x(Za))) ,
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which allows us to calculate R(x{Za)) and R(x(Za)) in M^(A)i. This is valid for any n < oo.
We continue with our example of M%(A). Note that M2(A)J = 0 for k > 3 and that
commutators of higher order in x are identically zero in M^{A)i, due to the decreasing
filtration. Thus by (213), we find

We would like to underline, that up to this point we have not used the condition that R is
a Rota-Baxter map. Actually, for the factorization, we only needed that R + R = i d ^ / i ) ,
which is true for any linear map, and the SCff-recursion x (ox x) in a suitable topology,
such as a complete filtered algebra. The Rota-Baxter structure only enters in the next step,
when we replace the last term R(Za)R(Za) via the Rota-Baxter relation. Keeping in mind
that, for the Lie bracket —
[ , —], we have
[R(Za), R(Za)} = [Za - R(Z a ), R(ZQ)] = [Za, R(Za)},
thus

ä_ = l-R(Za)

+ l(R{ZaR(Za))-R(R(Za)Za))

+

-\-—\R[R[Za)Za) + R{ZaRyZa)) — RyZaZa)J
= 1 - R(Za) + R(ZaR{Za)) -

^R{ZaZa).

In matrix form we therefore get
. -R(a)
ö_ =( 0
1

( - R(b) + \R{ac)) \
( 0 0 R{aR(c)) \
/ 0 0 \R{ac)
-R(c)
+ 0 0
0
- 0 0
0

o o
=

0
0

-R(a)
1
0

i

/

V o o

o / l o o o

( - R{b) + R{aR{c)))
-R(c)
1

The inverse of ö_ can be calculated, using the recursive formula (184) or directly from (213)
ÖI1 = exp(R(x(ZQ))

1 + R{Za) + R(R{Za)Za) - ^
1 R(a) R{b) - \R{ac) \
/ 0 0 R{R{a)c) \
/ 0 0 \R{ac)
0
1
R{c)
+ 0 0
0
- 0 0
0

0 0

1

/

\o 0
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R{a) R(b) + R(R(a)c) - R(ac))
= | 0 1
R(c)
0 0
1
1 R{a) R(b) - R{R(a)c))
= | 0 1
R(c)
0 0
1
We similarly calculate ä+ = exp ( R ( X ( Z Q ) ) j and reach the following factorization for example of a 3 x 3 matrix a €
)
(222)

a = ä+äZ1 =

0

\ o

R(a) R(b) - R(aR{c)) \ ( 1 R(a) R(b) - R(R(a)c)
1
R(c)
0 1
#(c)

o

l

/ Vo o

i

We recover the factorization in (216).
6.15. It must be underlined that in general for R being a Rota-Baxter map we
have that ä+ = exp (R(x(Za)) j and ä_ = exp (R(x(ZQ)) J, solving the factorization
fflln(A) 3 a = ä+öl 1 , are elements in the subgroups Wl^(A) and 9Jl~(A), respectively,
see Corollary 6.6.
REMARK

We hope that these examples provided some insight into the underlying structure and calculational simplicity of the matrix factorization in the context of complete filtered Rota-Baxter
algebras.
Let us briefly summarize what we have found in this example. Upper (or lower) triangular n x
n matrices, M£(A), for any 1 < n < oo, with entries in a commutative Rota-Baxter algebra
(A,R) of weight one, form a complete filtered Rota-Baxter algebra (M^(A),R,{M^(A)}).
This Rota-Baxter algebra contains the group VJln(A) = 1 + M%(A)i of upper (or lower)
triangular matrices with unit diagonal. The complete filtration allows us to define a BakerCampbell-Hausdorff based recursion relation, denoted by x '• ^n(^-)i "* -M-riC^Oii which
in turn gives rise to a decomposition of the group dJln(A). The linear map R appearing
in the definition of the recursion for x c a n be any linear map in End(M^(A)). Choosing
it to be a Rota-Baxter map gives rise to solutions of the matrix group factorization into
two subgroups 3DT+(A) and %R~(A), in terms of recursion equations, see Corollary 6.6 and
Theorem 3.6, respectively.
6.2. Spitzer's identity for general weight 6. The normalization of the weight one
Rota-Baxter map R to 9R gives a Rota-Baxter map of weight 9. This implies the following
modification of the definition of the map x a s w e u a s Spitzer's identity.
6.16. Let (A, R,An) be a completefilteredRota-Baxter algebra of weight 9 ^
0. Then the map x generalizes to
PROPOSITION

(223)

xeia) = a- ^

Similarly the recursion in Eq. (195) of Lemma 5.6 transposes into
(224)
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such that for all a G A\ we have the decomposition
(225)

exp(0a) = exp (R(xe(a))) exp

(R(Xe(a))).

The factors on the right hand side of Equation (225) are inverses of the unique solutions of
the equations
(226)

x = l-R{xb)

resp. x' = 1 -

R(bx'),

where 1 + 9b :— exp((?a) in A.
The proof is simple and proceeds analogously to the weight one case. One only
has to keep track of the 6s appearing now.
D
PROOF.

From this proposition we arrive at
6.17. Spitzer's identity for a complete filtered non-commutative
algebra (A, R) of weight 9 ^ 0 is

COROLLARY

(227)

ap-fiW

V

=

Rota-Baxter

2Z(-l)nR{bR(bR(b--R(b))...))t
n=0

^
n—times

forbeAi.
We call Xe the .BCiJ-recursion of weight Ö G I , or simply 9-BCH-recursion. As we will see
in the next part, the particular appearance of the weight 9 in Eqs. (223,224) reflects the fact
that in the case of weight 9 = 0, hence R = —R, Atkinson's factorization formula (86) in
Theorem 6.5 and Corollary 2.25 collapses to
(228)

xx' = (l - R(x b)) (l + R(b x')) = 1

for any b G Ai, which is in accordance with (225) for 9 —> 0. .
REMARK 6.18. It should be clear that the decomposition in Eq. (225) in the above proposition is true for any complete filtered algebra A with general filtration preserving linear map
P and Pe := 6>id.A - P. Hence, Eqs. (223-224) generalize Theorem 5.3. The Rota-Baxter
property only enters in the last part with respect to the equations in (226) and Corollary
6.17.

6.2.1. The case of vanishing weight and the Magnus recursion. Regarding Eq. (228) in
connection with the factorization in Eq. (225) for a weight 9^0 Rota-Baxter algebra, it is
interesting to observe the limit of 9 going to zero in formula (224) for the 6>-I?Cü/-recursion.
The terms in the BCH series on the right hand side of (224) vanish except for those which are
linear with respect to the second variable. In general we may write C(a, b) = a+6+BCH(a, b)
as a sum [193]
7Z>0

where Hn(a,b) is the part of C(a,b) which is homogenous of degree n with respect to b.
Especially, H0(a,b) = a. For n = 1 we have
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(see e.g. [116]). Hence we get a non-linear map Xo inductively defined on the pro-nilpotent
Lie algebra Ai by the formula

(230)

where R is now a general weight zero Rota-Baxter operator. We call this the weight
zero .BCH-recursion. The coefficients bn := ^ where Bn are the Bernoulli numbers. For
n = 1, 2, 3,4 we find the numbers bx = - 1 / 2 , b2 = 1/12, b3 = 0 and 64 = -1/720. The first
three terms in (230) are

(231)

xo(a) = a- ^[R(a), a] + Q [R([R(a), a}), a] + -^ [R(a), [R(a), a]]) + • • •

As a particular example we assume R to be the Riemann integral operator defined by I :=
i?{a}(a:) := f* a(y)dy, which is a Rota-Baxter map of weight zero, i.e., it satisfies the
integration-by-parts rule

R{ai}(x)P{a2}{x)

= R{a1R{a2}}{x) + i?{#{ai}a2}(a;).

The functions a; = a^x), i = 1,2 are defined over R and supposed to take values in a
non-commutative algebra, say, matrices of size n x n. Then we find

R{Xo(a)}(x) =

R{a}(x)-

(232)

+ l Ä { [ Ä { a } ) [R{a], a}} }(x) + --

Let us write the terms in (232) explicitly

(233)

R{a}(x) = f a{y)dy,

(234)

1
~R{[R{a},a\}(x)
*

(235)

-R[[R{[R{a},

(236)

-R{ [R{a}, [R{a], a]] j(x) = — J J

Jo

1 fx fVl
= -l
/ [a(y2), a{yi)]dy2 dyu
Jo Jo

a]}, a]j(x) = -j^ j

J

[[a(y3), a(y2)}, a(yi)]dy3 dy2 dyu
J

[a(y3), [a(y2), a(yi)}]dy3 dy2 dVl.

We already mentioned that Baxter's original motivation for his operator identity was to
generalize the integral equation
(237)

f{x) = l + I{fa}{x)

corresponding to the first order initial value problem
(238)

-^f(x) = a(x)f(x),

/(0) = 1

with unique solution
(239)

/(aO = exp(J{a}(aO)
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by replacing the Riemann integral by another Rota-Baxter map R of non-zero weight 9 (48)
on a commutative algebra. The result is the classical Spitzer identity (207), which in the
more general non-zero weight 9 case takes the form
(240)

exp(-fl(1°6(1g"go)))

=

Y,R(R{R{---R{a)a)...a)a)
n—times

This follows from (227) with b = —a, since xe = id/i in t h e commutative case. One readily
verifies t h a t the left-hand side of this identity reduces t o the exponential exp (R(a)), compare
with (239), in the limit 9 -» 0.
To summarize, Proposition 6.16 generalizes Theorem 6.7 t o non-commutative weight 9^0
Rota-Baxter algebras. Corollary 6.17 describes an extension of Baxter's result on Spitzer's
identity t o general associative Rota-Baxter algebras of weight 9^0,
i.e., not necessarily
commutative. The particular case of vanishing weight 9 —• 0 is captured by t h e following
LEMMA 6.19. Let (A,R) be a complete filtered Rota-Baxter algebra of weight zero. For
a G Ai the weight zero BCH-recursion xo '• A\ —> Ai is given by the recursion in Eq. (229)

adR(xo(a))
(1) The equation x = 1 — R(x a) has a unique solution x = exp ( — R(xo(a)))(2) The equation y = 1 + R(a y) has a unique solution y = exp (i?(xo(a)))Atkinson's factorization for the weight zero case, Eq. (228), follows immediately from the
preceding lemma.
In view of Equation (238) the last lemma leads to the following corollary. Recall the work by
Magnus [171] on initial value problems of the above type but in a non- commutative setting,
e.g., for matrix-valued functions. He proposed an exponential solution
F{x) = exp(fi[a](z))
with O[a](0) = 0, for the first order initial value problem ^F(x) = a(x)F(x), F(0) = 1,
respectively the corresponding integral equation F(x) = 1 + R{aF}(x), where R := / is
again, of course, the Riemann integral operator. He found an expansion for f2[a](x) =
Sn>o ^ ^ [ ^ K ^ ) m terms of multiple integrals of nested commutators, and provided a recursive equation for the terms £l^{a](x):
d
dx

r

,

L J

adfi[a]
e adf7[a]

_ i^

. . .
^ >

Comparison with (229) (and also (230) and (231)) settles the link between Magnus recursion
and ßCff-recursion in the context of a vanishing Rota-Baxter weight, namely
6.20. Let A be a function algebra over M. with values in an operator algebra.
R := I denotes the indefinite Riemann integral operator. Magnus' Q, expansion is given by
the formula
COROLLARY

(241)

Q[a](x) = R(xo(a))(x).

Hence, t h e #-BCif-recursion (223) generalizes Magnus' expansion t o general weight 9^0
Rota-Baxter operators R by replacing the weight zero Riemann integral in F = 1 + R{aF}.
The following commutative diagram (244) summarizes t h e foregoing relations. In fact we
observed a twofold generalization of t h e simple initial value problem in (238). First we
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go to the integral equation in (237). Then we replace the Riemann integral by a general
Rota-Baxter map and assume a non-commutative setting.
Hence, we start with a complete filtered non-commutative associative Rota-Baxter algebra
(A, R) of non-zero weight 9 e K. The top of (244) contains the solution to the recursive
equation
y = 1 + R(y b)

(242)

for b € Ai which is given in terms of Spitzer's identity generalized to associative but otherwise
arbitrary Rota-Baxter algebras (227),
(243)

y = exp

- R( xe

log(l - 9b)

The 9-BCH-recursion xe is given in (224). The left wing of (244) describes the case when
first, the weight 9 goes to zero, hence reducing xe —> Xo- This is the algebraic structure
underlying Magnus' fl-expansion. Then the algebra A becomes commutative which implies
Xo = idyi- The right wing of diagram (244) just describes the opposite reduction, i.e., we fist
make the algebra commutative, which gives the classical Spitzer identity for non-zero weight
commutative Rota-Baxter algebras (240). Then we take the limit 0 —» 0.
exp (-«(>

(244)

non-com.
e-*o

non-com.

exp(Ä(Xo(6)))
Magnus

exp(R(b))
6=0, com.

Both paths eventually arrive at the simple fact that equation (242) is solved by a simple
exponential in a commutative weight zero Rota-Baxter setting. This is the general algebraic
structure underlying the the initial value problem in (238) and its corresponding integral
equation (237), respectively.
6.3. Spitzer's identity and the double Rota-Baxter product. Let (A,R,An) be
a complete filtered Rota-Baxter algebra of weight 9 = 1. As a proposition we mention the
fact that, using the double Rota-Baxter product *R in (110) for 9 = 1, we may write the
recursion x = 1 — R(x b) for b 6 A\ as follows

where exp*R denotes the exponential defined in terms of the product in (110). This then
implies — x b = exp*Ä ( — x(log(l + £>))) — 1 for 1 + b := exp(a). This follows immediately
from the definition of the product *R in (110) and the fact that R(x)R(y) = R(x *R y).
Let us take a closer look at this structure. For a = 1 + b G 1+Ai, b e Ai, let a_ := (1 + b)_
be the unique solution of x = 1 — R(x b) from Theorem 6.1 and let
7(1 + b) = a_ a.
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Similarly, let a be the unique solution of x' = 1 — R(b x') and let
7(1 + b) = a a.
One readily sees that A\ with the product *R is still a complete filtered algebra since R
is assumed to preserve the filtration. Define the exponential map in terms of the double
Rota-Baxter product *#
i*Rn

exp*« n=0

Rn

where u*

is the n-th power of u under the product

THEOREM

6.21. The following diagram commutes.

(245)

Rx(-R)

R{AX) x
Here a{x) := x — 1 and ß is defined to be the composite
ß = a"1 o (—7) o a,
such that ß(c) = 1 — j(c — 1) for c G 1 +Ai. Similarly define R' x (—R'), so that
R':

l+-4i-» l+^li,

R':

1+A1-+1+AU

a->l + Ä(a-l),

a-*l-R(a-l).

We will later see that the map ß gives an algebraic form of Bogoliubov's R-map in renormalization theory.
We only need to prove the commutativity of the upper half and the lower half
of the diagram. The way the two maps in the middle column are defined and by bijectivity
of the horizontal maps in the right half of the diagram, it follows that the other squares are
also commutative.
Verifying the commutativity of the top half means just to verify
—7 o a o exp(w) = a o exp*H o(—x(u))i
that is,
—7(exp(/u) — l) = exp*H ( — x(u)) ~ 1By Theorem 6.1, and reversing the derivations in its proof, we have
-7(exp(u)-l) = -exp(-ß(x(«)))(exp(u)-l)
= - exp ( - R{x(u))) exp(w) + exp ( - R(x(u)))
= exp ( - R(x(u))) - exp (R(x{u))) •
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By (116) and (117) we obtain
(246)

R(exp*R(u))

= exp (R(u)) + R{1) - 1,

(247)

R(exp*R(u))

= - exp ( - R(u)) + R(l) + 1.

Thus the last term of the former equation is
R(expR(-X(u))) - 1 as was desired.
Verifying the commutativity of the lower half of the diagram means just to verify the two
equations
exp (R(u)) - 1 = R(exp*R(u)

- l),

exp ( - R(u)) - 1 = -R(exp*R{u)

which follows immediately from (246) and (247).

- l)
D

Let us finish this section with a remark concerning the use of the aforementioned algebraic
structures. In the following second part of this thesis where we will explore the use of the
Rota-Baxter algebra and the i?C77-recursion in the Hopf algebraic description of renormalization along the work of Kreimer and collaborators, we will see that the exponential exp*H
denned in terms of the double Rota-Baxter product *#, of the BCH-recursion, exp*R ( — x)i
has a very concrete meaning. It turns out to be an algebraic expression for Bogoliubov's
R-map. This map prepares, or modifies, a Feynman graph, more precisely, its corresponding
amplitude, by subtracting off a particular polynomial. As a matter of fact one may say that
Bogoliubov's R-operation replaces all proper UV divergent 1PI subgraphs in a Feynman
graph by their renormalized expression, such that a simple naive subtraction renders the
image of Bogoliubov's R-map finite. This final step results in the renormalized amplitude
for a Feynman graph.
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Part 2

Connes—Kreimer's Hopf Algebra of
Renormalization

CHAPTER 3

Basics on renormalization theory in pQFT
In the first part of this thesis we introduced the basic notions of co-, bi- and Hopf algebra with
a strong emphasis on the graded connected version of the latter. As the main example we
presented in detail the commutative, non-cocommutative Hopf algebra of non-planar rooted
trees without decorations and its underlying pre-Lie and Lie algebra structure. In this case
the Hopf and Lie algebras are related by the Milnor-Moore theorem. We also mentioned
briefly the importance with respect to the work of Connes and Kreimer on the Hopf algebra
of renormalization.
After this somewhat dry but necessary mathematical preparation we developed a detailed
picture of the main algebraic structures underlying the Rota-Baxter relation and the RotaBaxter operator. As one of the main results it was realized that in general such Rota-Baxter
type algebras, including Nijenhuis and Leroux's TD-algebras, allow for the definition of new
algebras defined in terms of new products using the Rota-Baxter type map. We called
this the double Rota-Baxter hierarchy. For the Rota-Baxter algebra as paradigm of such
algebras with an extra identity we went further and saw that the particular notion of the
weight of such an algebra is important as it subdivides this class of algebras essentially
into two distinguished subclasses with quite different properties. One class is related to
weight zero with the indefinite Riemann integral operator as principal example. The class of
non-zero weight Rota-Baxter algebras is broader and allows for several perspectives in the
context of many applications. It is essentially characterized by Atkinson's first decomposition
theorem in terms of an additive so-called subdirect decomposition of the algebra into two
subalgebras given by the images of the Rota-Baxter map and its associated dual map.
Moreover, in the case of a (unital) associative Rota-Baxter algebra, the Rota-Baxter identity gives rise to a canonical multiplicative factorization of certain elements in the algebra,
which becomes unique for an idempotent Rota-Baxter operator. The uniqueness of the multiplicative factorization hence relates in the light of Atkinson's first theorem to the fact that
the Rota-Baxter algebra decomposes additively into a direct sum of two subalgebras. The
two factors in the multiplicative factorization are given by simple recursive equations defined
in terms of the Rota-Baxter map and its associated dual map. In the weight zero case these
two equations somehow collapse into one. This relates to the fact that Atkinson's additive
decomposition of Rota-Baxter algebras degenerates in the weight zero case.
In the context of formal power series, and more generally, complete filtered associative RotaBaxter algebras one observes that the second, i.e., multiplicative, decomposition derives from
Atkinson's additive one via the exponential map. For a commutative -complete filteredRota-Baxter algebra this is just Spitzer's well-known classical identity describing the solutions to the two particular recursive equations of the multiplicative decomposition as exponentials.
The proof of Spitzer's classical identity heavily relies on the commutativity of the underlying
Rota-Baxter algebra. One of our main results is the generalization of this proof so as to
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include non-commutative -connected filtered unital- associative Rota-Baxter algebras of arbitrary weight. We achieved this by introducing a new non-linear map called 5Cff-recursion,
which is unique and inductively defined on connected filtered algebras in terms of the famous Baker-Campbell-Hausdorff series. It induces a general factorization theorem for the
exponential of the sum of two non-commuting elements into a product of two exponentials.
As an example of such a factorization we formulated the unique even-odd decomposition of
characters on a connected graded Hopf algebra, first given by Aguiar, Bergeron and Sottile,
in our exponential BCH-pictuve. Here the needed filtration derives from the grading of the
Hopf algebra which implies a filtration on its restricted dual.
The factorization of the exponential induced by the BCH-recursion gives rise to Spitzer's
identity upon the presence of a Rota-Baxter operator of non-zero weight as additional algebraic structure. The overall picture lurking in the background includes another much older
recursively defined equation known as Magnus' recursion as a particular special case following from the zero limit of the Rota-Baxter weight parameter. As an example of application
of this finding we will now formulate an important result due to Alain Connes and Dirk
Kreimer within the above setting, and thereby refine the algebraic picture of renormalization in perturbative quantum field theory developed in the work of these two authors.
Let us briefly recall what Connes-Kreimer uncovered in their work. They established a particularly nice mathematical structure underlying renormalization in perturbative quantum
field theory in terms of connected graded commutative Hopf algebras of Feynman graphs.
Feynman rules hence associate with each Feynman graph, seen as a Hopf algebra element, a
corresponding regularized amplitude.
In this picture the intricate process of renormalization -in short, subtraction of divergencies
appearing in Feynman amplitudes in a physically sound way- is captured by an algebraic
Birkhoff decomposition of regularized Feynman rules, which are identified with a particular subclass of -generalized- characters on the Hopf algebra of Feynman graphs. ConnesKreimer used dimensional regularization in their proof of the decomposition, to render the
otherwise divergent mathematical expressions for the Feynman amplitudes well-defined. Regularization in general introduces new and non-physical parameters rendering the ill-defined
expressions of Feynman amplitudes formally finite. But, that changes the nature of the
target space of Feynman rules drastically, i.e., from the base field, e.g., complex numbers, to
a commutative unital algebra, e.g., Laurent series in dimensional regularization.
For any perturbatively renormalizable quantum field theory, the process of renormalization
removes such ultraviolet, or short-distance singularities order by order in the regularized
perturbation series, which is a formal power series expansion in terms of a coupling constant
-and the regularization parameters-, such that eventually one can remove the regularization
parameters without encountering the original divergencies.
For this intricate subtraction procedure to work in a physically sound manner one has to
choose a renormalization scheme, which determines the remaining finite part after the iterated subtraction of infinite parts. This choice is of more analytic nature, but also contains
an important algebraic combinatorial aspect, which lies at the heart of Connes-Kreimer's
Birkhoff factorization. We will extract such an algebraic combinatorial aspect in terms of a
Rota-Baxter algebraic picture.
We achieve this by lifting the assumed Rota-Baxter operator, i.e., the renormalization
scheme map, on the commutative target space of the regularized linear functionals defined
on the Hopf algebra of Feynman graphs to the space of these functionals. This will make the
space of regularized linear functionals into a filtered complete, unital but non-commutative
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associative Rota-Baxter algebra. This allows us to derive the corresponding Birkhoff decomposition theorem for -regularized- characters on the graded connected Hopf algebra of Feynman graphs as a proposition of the non-commutative Spitzer identity and the Rota-Baxter
structure. This way we derive Bogoliubov's formulae for renormalization which are just the
recursions in Atkinson's multiplicative decomposition theorem for associative Rota-Baxter
algebras. Bogoliubov's R-map obtains a very concrete algebraic meaning as an exponential
defined in terms of the Rota-Baxter double product and the £?C#-recursion.
Eventually, we show how to organize the combinatorics of renormalization in terms of pro-niland unipotent triangular matrix (anti-) representations with entries in a Rota-Baxter algebra. A simple factorization of such matrices is derived using explicit non-recursive equations
containing the renormalization scheme operator. For the renormalization matrix we derive
an equation which explicitly does not involve any counter term expressions. We thereby recover a matrix (anti-) representation of the Birkhoff decomposition of Connes and Kreimer.
This simple matrix decomposition provides a transparent way to understand the characterization of the process of renormalization in terms of the factorization of Feynman rules. Our
matrix calculus approach is outlined by a simple example in which we exemplify the graph
combinatorial structure for dimensionally regularized ^4-theory -in four dimensions- up to
3 loop order.
The following section is meant as a brief reminder of the basics of renormalization in perturbative quantum field theory. Our modest goal is just to introduce the basic terminology, but
it is not our concern to provide a self-contained introduction. We will use a toy model DysonSchwinger equation to motivate Bogoliubov's recursion formula for the counter term from a
classical, i.e., pre-Hopf algebraic perspective on renormalization. Then we introduce the Lie
and pre-Lie algebra structure on Feynman graphs followed by the related Hopf algebra structure discovered by Kreimer. Once this is achieved we identify the space of regularized linear
functionals on the Hopf algebra of Feynman graphs as a complete filtered non-commutative
unital associative Rota-Baxter algebra resulting form lifting the Rota-Baxter map from the
target space of such linear functionals. The assumption that the target space is equipped
with a Rota-Baxter map is motivated by the fact that several regularization prescriptions,
e.g. dimensional regularization, naturally carry such a structure. Spitzer's identity and
Atkinson's decomposition theorems lead to the Birkhoff factorization discovered by Connes
and Kreimer, which captures the process of perturbative renormalization in quantum field
theory.
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1. Renormalization in perturbative quantum field theory
The perturbative approach to quantum field theory (QFT) has been spectacularly successful
in the past. It is based on formal power series expansions of -renormalized- Green functions
in terms of a coupling constant which measures the strength of the corresponding interaction. Coefficients of these series expansions are indexed by Feynman diagrams, a graphical
shorthand for the corresponding Feynman integrals or amplitudes.
Nevertheless, QFT has a problematic mathematical structure, especially with respect to its
perturbative approach. Some of these difficulties emanate from the need for application of
renormalization theory [66] to render perturbative calculations of physical relevant quantities
feasible, which otherwise would produce meaningless infinities.
Renormalization theory has been well-known to the physics community for over 50 years. The
basic idea of the concept of renormalization was proposed by Bethe in [25]. It reached its final
and 'satisfying' form through the work of Bogoliubov, Parasiuk, Hepp, and Zimmermann
[31, 126, 239] giving an exact formulation of the renormalization procedure in perturbative
QFT. However, its intricate combinatorial, algebraic and analytic structure manifests itself
especially in Zimmermann's famous forest formula.
Perturbative renormalization theory in the Lagrange formulation of QFT may be summarized
by the statement that to all orders in perturbation theory the (ultraviolet) divergencies can
be absorbed in a redefinition of the parameters appearing in the Lagrangian which defines the
QFT, while maintaining the physical principles of locality, unitarity, and Lorentz invariance.
Here two distinct concepts enter, that of renormalizability, and the process of renormalization. The former distinguishes those theories with only a finite number of parameters,
lending them considerably more predictive power. Instead the process of renormalization
eliminates short-distance singularities order by order and works indifferently of the number
of parameters.
Divergencies in the formal perturbation series are caused by expressions without a welldefined -or, one may say, with an ambiguous- mathematical meaning. The elimination of
such ill-defined quantities in the process of renormalization is achieved by adding so-called
counter terms to the Lagrangian. Each of these counter terms is a local operator with a
numerical coefficient which, in general, is an infinite series. These coefficients are finite only
in the presence of regularization parameters, otherwise they diverge when one eliminates
those regularizations.
1.1. Perturbative quantum field theory. Freeman Dyson once noted that "[Feynman's] graphs are just diagrams drawn on paper" [138]. Meant to serve as an efficient
bookkeeping device to keep track of the overwhelming number of terms in complicated perturbative calculations, but void of any deeper physical meaning. They are not supposed to
picture any actual physical process taking place in space and time, as this would contradict
Heisenberg's uncertainty principle, one of the holy nuggets in quantum physics.
The first time Richard Feynman himself presented his fancy drawings in public he had to
face a standoffish audience plastering him with harsh critics. Nevertheless, keeping such limitations always in mind, Feynman's more intuitive approach emerged as being very helpful
in applying and thinking about such pictorial tools in theoretical physics on a more abstract
level. Eventually, nowadays the abstract notion of Hopf algebra of Feynman graphs organizes such drawings and their combinatorics, and thereby completely imbeds them into a
mathematically sound structure underlying the concepts of renormalization theory.
Dyson's pragmatic point of view will soon become more transparent, once we have seen where
these Feynman graphs actually come from and how they are used, both classically and within
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FIGURE 1. Examples of 1- and 3-loop (one particle irreducible) graphs from QED
and quantum chromodynamics.
the new Hopf algebraic picture. First, as we are forced to retreat to perturbative means
for conquering quantitative (as well as qualitative) problems within QFT, we face messy
complicated integrals to cope with. These integrals appear to have a baffling systematic
structure which eventually goes back to quantum mechanics and Wigner's classification of
the irreducible unitary representations of the Poincare group [229]. Simple drawings of dots
and lines connecting them on paper serve very well as an efficient mnemonic. The next and by
far more mature step is to start with just the drawings, thereby keeping some principal rules
of application in mind. The striking simplicity by which such pictures translate into the
corresponding intricate integral expressions manifests itself in the famous Feynman rules,
a set of instructions linking such dots and lines with analytic expressions, derivable from
fundamental principles.
In this section we repeat briefly the main steps towards a derivation of such Feynman rules,
following the well-known path of canonical quantization. This is standard material, but the
presentation is not meant to provide a self-contained introduction. Rather, readers who are
not acquainted with such topics are referred to [28, 32, 136, 139, 189, 227].
We nevertheless hope that the short summary given here, which was taken with permission
from Kreimer's book [156], is helpful as a reminder.
Let us start head-on with graphs made out of lines and vertices, using Feynman's intuitive
interpretation. Free propagating particles are specified by various types of directed and
undirected lines (called propagators), e.g., straight, curly or dashed lines. They interact at
vertices, dots on a paper representing points in space-time where three or more lines, not
necessarily of same type, merge together. These vertices describe the coupling of particles,
and are specified by a coupling constant which determines the strength of the interaction
at the vertex. In this way, each graph built out of propagators and vertices describes a
process in perturbative QFT (pQFT). In Fig. 1 for instance, a unoriented wavy line ^AAAA,
represents the bosonic QED photon propagator, a solid oriented line,
' , a fermionic
particle propagator. The curly lines TRTOOTT in the 1-loop quantum chromodynamics (QCD)
vertex graph on the very right of Fig. 1 represent gluons. The vertices,
describe the coupling of two fermionic particles (electron and positron) with a photon and
the interaction of three gluons, respectively. We suppressed any labelling of the edges and
vertices in the graphs by quantum numbers.
For a specified set of initial and final particles in pQFT represented by those lines ending
only in one vertex and having one end unattached, one considers all possible graphs which
allow for these initial and final states. If there are no closed loops in the graphs, we speak
of tree-level graphs. One should not confuse the two different sets of trees we encountered
so far. The trees we mentioned now are not the rooted trees constituting the Hopf algebra
of rooted non-planar trees.
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Perturbative series expansions in QFT are made in powers of coupling constants which are
supposed to be small. Vertices represent such couplings, i.e., the interaction of several, possibly different particles at a point. Hence, higher order contributions in the series expansions
mean higher powers of this coupling constant and hence demand for more interaction vertices
rendering the graphs more complicated. The specified and fixed set of external particles, i.e.,
those that enter a process of interaction and those that exit that process as a result of interaction characterize a certain process. Thus the expansion of a specific process in terms
of the coupling constant is represented by an increasing number of vertices to be added to
the graph with fixed external particle structure. This expansion thus becomes a loop expansion, since all legs of a newly added vertex must be connected to another vertex such that
no disconnected legs are left. Violating the latter condition would change the external leg
configuration and hence the nature of the process the graph is supposed to represent.
Now, as a matter of fact we face the problem that the presence of closed loops in the graph
forces us to take into account all possible momenta for internal particles, as such graphical
loops imply unrestricted so-called loop integrations. For the most interesting quantum field
theories, such loop integrations are ill-defined as they diverge for large internal momenta.
Renormalization is the medicine to cure these difficulties arising form the presence of UVdivergences.
The reader may have noticed that we mixed terminology here as we used the notion of
Feynman graph and Feynman amplitude interchangeable. We see in each graph the analytic
expression appearing in the perturbation series associated to a particular process.
Our goal is now to separate these two notions. Therefore let us now introduce Feynman
rules, associating to any graph a particular integral. Feynman rules, so to say, map graphs
to corresponding numbers. However, after the earlier remarks on UV-divergencies we know
that this mapping is ill-defined and needs a refined treatment.
To make the presentation easy and transparent we consider only a scalar field theory. Hence,
there is only one self-interacting scalar particle present which transforms trivially under
the Lorentz group. More realistic examples involve more complicated representations of
the Lorentz group, but we omit these complications here for the sake of simplicity of the
exposition. Let us again underline that we now follow closely the concise exposition in
Kreimer's book [156].
The usual free Lagrangian for a scalar field, denoted by 4>{x) is given by

The classical calculus of variations provides the equation of motion

With the field <f>(x) acting as the coordinate, parametrized by the space-time point x = (x, t).
Its canonically conjugate momentum (0 = J^0(x, £)) is given by TT(X, t) = | | = 0(x, t). We
therefore have a Hamiltonian density of the form

Recall that quantum theory emerges from imposing non-vanishing commutators between
coordinates and momenta. In one-particle non-relativistic quantum mechanics, one has the
commutator [p, q] = —i (we employ units in which h = 1).
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In field theory, where we consider <>/ as an operator-valued distribution this generalizes to
the equal time commutators
(248)
[0(x,£),7r(y,£)]=^ 3 (x-y),
saying that commutators between expressions separated by spacelike distances vanish. Or
to put it differently, fields with spacelike separation do commute, i.e., they do not influence
each other.
We are now looking for fields <f>(x) fulfilling the Klein-Gordon equation of motion, denoted
by ( • + m2)(f>(x) = 0, and the commutation relations (248). One readily verifies that the
ansatz
4

(249)

2

4>(x) = -~JJ-2 Jd kö(k

-

ikx
m )G(k )[A(k)e2

i

0

has the required properties. Here, we use
ojk := Vk2 + m2,

(250)

fd4kS(k2 - m2)G{k0) = fP^-,
J

elkx = exp (iukt - k • x),

and a{k) :=

J ^ k

4

Upon Fourier transformation, we obtain expressions for (j) a n d TT in which the operator-valued
Fourier coefficients a,a) have to obey the commutation relations [a(k),a){k')\ = S3(k — k').
For the Hamiltonian we obtain the following expression
H = fd3kujk

\a*{k)a(k) + ^

= - / d3fc Lük
By comparison with quantum mechanics we see that the above Hamiltonian can be written
as a sum (integral) over harmonic oscillators, one for each mode k. We are led to assume the
existence of a ground-state, denoted as a bra-ket JO) annihilated by a(k) for all k, a(k)\0) = 0.
Next we want to define normalized states a*(A;)|0) = |fc), via creation operators a?(k) which
create one-particle states of momentum k from the ground-state.
As the harmonic oscillator has a ground-state with non-vanishing energy we see that imposing
such a ground-state at every space-time point and integrating over the whole of space-time
must results in an infinite energy for thefieldtheoretic ground-state. The solution to this first
-but trivial- renormalization problem is to discard the unobservable ground-state energy by
introducing a normal ordering of creation operators al(k) and annihilators a(k). We write
all creation operators to the left and all annihilators to the right
(251)

:a{k)a\k'): = :a\k)a(k'): =a\k)a(k'),

which implies for the Hamiltonian
(252)

H=

dzkuk

:af(A;)a(fc): .

Now we can introduce multi-mode states \k\,..., kn) as
\h,...,kn)
(ku...,kn\

= a t (fc 1 )...
=
(0\a(ki)...a(kn),
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FIGURE 2. Free-particle states like (fci, &2|<?i, 92} can be represented as above. Normalization demands either ki = gi, &2 = 92 or &i = 92, &2 = 5iwith normalization
t

= (0|[a(fcV(ifc) -

^

States with more than one momentum are interpreted as multiparticle states. However, there
are no interactions present, cf. Fig. 2. In general, free multiparticle states (ki,..., kn\qi,..., qm)
vanish for n ^ m. For n = m normalization gives rise to all pairings of the ki with the qj.
Here a straight line represents an incoming particle with momentum ki propagating without
disturbance to become an outgoing particle with the same momentum qj — ki.
This finishes the quantization of the free Klein-Gordon field. Now, we will add local interaction terms of the form g(j)n, n > 3, to the above free field Lagrangian.
1.2. Perturbation theory. To proceed, we introduce a source term, J(x), in the KleinGordon equation (n+m2)4> = J(x). Green's function (the propagator) Ap(x—y) is a solution
to the equation
given by
d k

_.-j./.

/

We used the same symbol Ap for the propagator in coordinate and momentum space. The
presence of the small imaginary part irj specifies the boundary conditions. Using our ansatz
for the fields 0, one finds that the propagator can be written with the help of a time-ordered
product T operator defined by

AF(x - y) . <0|TW*)^)]|0>, T j ^ j ^ j j :- J g ^ J , ifa0 > y0.
One of the Feynman rules will be to assign this Feynman propagator Ap(fc) to the edges in
the Feynman graphs corresponding to our theory.
But we need more than just the propagator(s). What remains is to determine the term
which goes with the vertex, and the rules how to evaluate the resulting expressions into a
number. At this point we have to introduce perturbation theory.
The S'-matrix describes transitions between incoming and outgoing particles. The generic
picture in particle physics is that of a set of well-defined incoming particles | / ) ; n which do
not interact before they reach a certain interaction regime. After interaction one detects a
set of outgoing particles | / ) o u t , which again are supposed to be non-interacting.
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We define the ^-matrix to describe the probability of a transition from an initial state |/) i n
to a final state |/) o u t . % := out (/|i)i„.
The asymptotic -non-interacting- states | / } o u t and |i)in are related by a basis transformation
|/)in = W\f)out,^SLi

= [n(f\W\i)-m =

out (/|W|i)out.

Asymptotic states are assumed to fulfil the free Klein-Gordon equation, and thus allow for
a spectral decomposition similar to a free field \q)-w = at(q)\0), where at(q) is the usual
generator of a free one-particle state with momentum q.
Using the LSZ formalism [136] we replace the fully interacting field <j) everywhere by asymptotic fields. One can express the abstract S-matrix element between n outgoing particles
specified by n momenta pi and m incoming particles specified by m momenta <£,• as a vacuum
expectation value of fully interacting fields
out(Pl>- •• ,Pn\Ql,--

•,Qm}in

=
n
4

4

/

m

dV • • • dVnd ^! • • • d xm H 1Q e^(yi)eq.(Xj)

n

m

x JJ(D + m% H(n + m2)Xj{0\T[^yi) • • • <f>(xm)]\0),
i=i

where eq(x) :=

j=\

eil}X^

As an example we consider an interaction Hamiltonian of the scalar </>4-theory in four spacetime dimensions

= fd3z3ii=

f d3x ^(

Assuming the existence of a unitary operator U(t) such that </>(x.,i) = U(t)4>[n{x,t)U 1(t),
one can show that U(t) = U(t, —oo) fulfils the requirements of a time evolution operator
h) = 1,

u-\tut2)
U(tut2)U(t2,t3)

= u(t2,h),
=

U(tut3),

with boundary condition lim^oo U(—t)\0) — |0) [125]. As U(t) is a time evolution operator,
it satisfies the differential equation dtU(t) = —iH\{i)U{t). Solving this equation one obtains
the perturbative expansion in terms of a Dyson series for the time evolution operator U(i)
(_j\n

U(t) =

ft

n=1

^"

ft
d

^ J—oo

pt

d4x2---/

^
J— oo

J— o

which serves to give the perturbation expansion for the n-point Green's function
G(xu...,xn):={0\T{cf>(x1)---(j)(xn)}\0)
m=l

From these vacuum correlators one can obtain all S-matrix elements with the help of
Eq. (254). Hence, Green's functions appear as time-ordered products of free fields, with
interactions H\ inserted at various points.
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— ig

FIGURE 3. A graphical illustration of the first term in Eq.(255). In scalar <j)Atheory, the coefficient of four propagators merging at one vertex is —ig.
Wick's theorem [28, 136, 228] allows us to express the time-ordered product of fields as a
normal-ordered product with vanishing vacuum expectation value, Eq. (251), and products
of free propagators. Using the spectral properties of free fields, Eq. (249), one easily finds
and one derives the vacuum expectation value of free fields as a sum over all pairings of two
fields in propagators

Using Eq. (253) the Klein-Gordon factors in Eq. (254), become delta functions.
We obtain to first order in the interaction Hamiltonian H\ ~ 04

r
(255)

=

(-ig)

4

/ d4y Y[(-AF(Xi

- y)) + • - • ,

which is described in Fig. 3. The ellipsis represents higher order terms in the interaction.
Interaction terms in the Hamiltonian (or Lagrangian) are represented by points where several
propagators, possibly of different type, merge. The strength of interaction is measured by
the coupling constant g.
Momentum conservation at such a vertex follows from delta functions. At each vertex located
at y, say, we have a factor
f n d D P i [dDyep><Xi-y)AF(pi)=
I" J J d ^ e * - * f dDyeipi+P2+P3+p^yAF(Pi).
Integrating out y, we obtain, in a field theory in D dimensions,

f n dDPi6M(pi + pa + P3 + PA) f I ]
J

-*

i

d^i^Affa),

i

a 5-function which guarantees that the sum of all incoming momenta vanishes.
1.3. Feynman rules. We are now prepared to introduce the celebrated Feynman rules.
The general idea is to draw all Feynman graphs with a fixed number of vertices, corresponding
to a certain power in the coupling constant, ig, in the power series, Eq. (255). Then, each
of these multivertex diagrams with a fixed number of external vertices (or legs) must be
translated into the related integral appearing in Eq. (255). This last step is achieved by a
particular set of fixed rules, i.e., Feynman's rules.
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We give them in momentum space for Fourier-transformed Green's functions and Fouriertransformed propagators Ap(?i).
In momentum space, the remaining integrations amount to integrations over internal loop
momenta, which appear when we have closed cycles in the graph, due to the fact that
the momentum conservation at each vertex is not sufficient to fix all momenta in such
circumstances. We start with the Feynman rules for scalar 04-theory in four dimensions.
1.3.1. (f>\-theory in four dimensions. The Lagrangian in ^-theory in four dimensions
comes with a quartic coupling g<p4/4:\

As there is only one type of field we only find one type of propagator represented by a
straight line.
• For each internal scalar field line, associate a propagator given by iAp(p) = p2_r
• At each vertex put a delta function for momentum conservation and place a ffactor of
-ig.
• For each closed loop in the graph, integrate over f 75S4, where q is the momentum
associated with the loop.
• For any Feynman graph F built from these propagators and vertices divide by the
symmetry factor of the graph F, which is assumed to contain r vertices. The symmetry
factor is then given by the number of possibilities to connect r vertices to give F, divided
by (4!)r.
1.1. A few examples are presented now, see [108] for a nice an brief account. Let
us write down the integral expression corresponding to the graph called fish, O , made out
of two vertices and two propagators. The external momenta of the in- and outgoing particles
are denoted by k\, k2, &3,fei,and related by a delta function ensuring the overall momentum
conservation.
EXAMPLE

-i

•jA -1

/

(2TT)4 (q + h + k2)2 -m2

+ ir] q2 - m2 + iV

For the bikini graph <X> with three vertices and four propagators we find a product of two
"fishy" integrals

•=
"

ya 3

A
fJ (2TT)

1

1
4

2

{ q - h -

f
J (2?r)

k2)
4

2

-m

2

+ ir] q - m2 + ir]

1
(p — ki — k2)2 — m2 + ir\ p2 — m2 + it)

Let us go one step further and write down the integral for the winecup graph ^
three in the coupling constant ig, and also made out of four propagators .
d4q

1
4

2

(2?r) (q — k\ — k2)

1
2

— m +ir/

2

q — m2 + ir\

of order

x

l

(258)

2

2

(q — m + irj) {{p — q + k3)2 — m2 + irj)'

Next, we turn to the Feynman rules for some other theories.
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FIGURE 4. Increasing the number of interaction terms amounts to a loop expansion
of the theory (here, 4>3 in six dimensions).
1.3.2. <fil-theory in six dimensions. For a scalar field theory with a cubic interaction in
six dimensions, 0|, there is a modification in the symmetry factor.

The vertex — ig connects three propagators represented again by a straight line. The loop
integration is with respect to
d6k

1

and the symmetry factor demands a final division by 3!. Loop graphs have to be integrated
over internal loop momenta. This corresponds to a sum over all possibilities for the momenta of the internal particles. Momentum conservation at each vertex, and the resulting
overall momentum conservation for external particles, are not able to fix these internal loop
momenta. They have to be integrated over the full six-dimensional momentum space. We
can now use these Feynman rules to construct the perturbative expansion of the Green's
functions. Fig. 4 gives examples for this theory with cubic self-interaction.
1.3.3. Quantum electrodynamics. We already mentioned quantum electrodynamics (QED)
in the introduction. It represents to a great extent the very origin of Feynman's and Dyson's
as well as Tomonaga's and Schwinger's restless struggle for understanding perturbative QFT
and its renormalization program. Especially in the case of the former two scientist diagrammatic tools played a crucial rule in their landmark discoveries. QED describes the
interaction of matter (fermions: electron and its anti-partner, the positron) with light (boson: photon). Today, higher loop calculations match experimental data with a vertiginous
unexpected precision, making QED one of the best tested quantum field theories.
We will digress for a moment and say a few more words on QED and its Feynman rules.
The QED Lagrange density for an electron coupled to the electromagnetic field in coordinate
space, from which everything can be derived, reads (we skip the 1/2(5 • A)2 term)
(259)

, m) = iipjfrp

+ mipip + -F2,

with the electromagnetic field tensor FßU := dpAv — dvAß and F2 := FßUFßU. The EulerLagrange equations for this term give Maxwell's equations. For the first and third term
they give the Dirac equation. As usual, we use units defined by c = h = 1, for which the
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FIGURE

5. QED 1- and 2-loop photon and electron self-energy graphs.

elementary charge e2 squared equals Anaqe(i- It is a dimensionless quantity depending on the
fine-structure constant a := aqed ~ ^ . The first term in (259) describes the kinetic energy
of the electron, and together with the mass term, m$ip, it constitutes the free Lagrangian
density for an electron. The second member in (259) describes the minimal coupling of
the electron with the electromagnetic field. The first two terms are dictated by local gauge
invariance of the QED Lagrangian, i.e., invariance with respect to multiplying the electron
field i\) by a position dependent phase factor. Such a local gauge invariance in general is the
key to the construction of a Lagrangian for all physically relevant quantum field theories.
Let us introduce for every term in the Lagrangian LQED a one-particle irreducible Green's
function Gr(p2, a, m, ß), with

(260)

r e < i$!fiip, ^eJ/up-, rmpip, -F2 L

which all transform as scalars under the Lorentz group. We already included for completeness
an auxiliary parameter ß, which is 't Hooft's mass-parameter, as needed in the context of
(dimensional) regularization. The definition of one-particle irreducible Green's functions is
most easily given in graphical terms as follows. By definition, a one-particle irreducible
(1PI) Feynman graph F is still connected upon removing any of its edges which connect two
vertices, i.e., those which are internal propagators. Fig. 5 shows several 1PI 1- and 2-loop
self-energy graphs for the photon (vacuum polarization) and electron.
In Fig. 5, the external structure, i.e., the external set of edges, of the first two graphs are
the same, which is also the case for the third and the fourth graph. Further below when we
formally introduce Feynman graphs we will come back to this issue.
Usually, 1PI Green's functions of QED are given in standard notation by the expressions
(1) rv(pi,p2,m, a, ß) for the vertex function;
(2) Sp1(p, m, a, ß) for the inverse fermion propagator;
(3) D~^(p,m,a, ß) for the inverse photon propagator,
all depending on the bare parameters mass m and coupling constant a. From symmetry
considerations we find the following form factor decompositions, where we assume the vertex
at zero momentum transfer)
(1) F (pi Vo m a u) = eG^^fp2 rn a a]^ + eH^^ip2
(2) S~l{p, m, a, ß) = G^^(p2, m, a, ß)jj + Gm^(p2, m, a,
(3) D~^(p,m,a,ß) = G*p {pz,m,a,ß) \gVTp — PuPr\ + H4 {T> ,rn,a,ß)p„pT,
reintroducing a longitudinal term for completeness. Let us introduce a graphical notation
for the monomials of the QED Lagrangian (259), which would form the building blocks of
our graphical Hopf algebra of Feynman graphs.

167

CHAPTER 3. BASICS ON RENORMALIZATION THEORY IN PQFT
The first two graphs on the left represent the electron propagator parts, corresponding to
the derivation and mass contribution in (259), respectively. The third graph is the QED
vertex, representing the interaction of the electromagnetic field with fermions in (259). To
ease notation we suppressed spinorial indices.

^

^

l/2{d-A)2

y

In the following, we will work with a transversal photon propagator for concreteness and
ignore in our simplified presentation the longitudinal photon propagator. Once we have the
graphical notation we define the -coordinate space- QED Feynman rules 4>QED such that for
any r G W
(261)

V\QED :=

we get back the coordinate space QED Lagrange monomial r in (260)
<t>QED(r) = r.

We write the QED Lagrangian (259) pictorially
(262)

LQED(a,m)=

For QED we are left with essentially two types of edges,
' and -ww^ and a single
vvw
interaction vertex,
\^) in 9\QED- With those free propagators and the vertex at hand,
forming the QED building-bricks we have available the following set of rules.
• For each internal electron line, associate a propagator given by
» F W

•— j

r

r

y — m + irj

— i • >
z

, • •

p —m

l

+ irj

• For each internal photon line (in the Landau gauge), associate a propagator
• At each vertex place a factor of —i
• For each internal loop, integrate over J
• Incoming electrons have momenta entering the diagram, while incoming positrons have
momenta leaving the diagram. Internal fermion lines appear with arrows in both
clockwise and counterclockwise directions. However, topologically equivalent diagrams
are counted only once.
Ordering these 1PI graphs F in terms of the number of independent cycles, or loops, |F|, and
applying the momentum space Feynman rules mapping such pictures to analytic expressions,
the Feynman amplitudes, we find ourselves in the realm of perturbative QED. The main idea
is to approximate physical quantities by power series expansions, where the terms in such
a particular series are labelled by Feynman graphs with the same number of external lines
of the same type, r G SRQED- These expansions are organized in terms of the order of a
dimensionless coupling constant, denoted for QED by OLQED — ^j, measuring the strength
of the interaction between electrons and photons. The objects we would like to approximate
using perturbation theory, are the self-energy and vertex Green's functions in momentum
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space, G-{p2, m, a, //), r G 9\QED, which follow as the image of the momentum space Feynman
rules map which we denote as 4>QED applied to a series of graphs

(263)

r-:=l+ y
^
res(r)=r

-^7=rr.
sym(r)
J

v

'

The sum is over all 1PI Feynman graphs, F, with the same external leg structure, denoted
by res(F), and determined by res(F) = r. Later, we will give a more precise description
of this notion. The reader should think in terms of a sum over all graphs with either two
external photon lines, corresponding to r = ww,, two external fermion lines, corresponding
to r =
' , or one photon and two fermion lines, corresponding to r = vw"\^. At this
particular point one might raise immediately the question of convergence of such power
series, but for such issues we refer the interested reader to more sophisticated presentations
of perturbative QFT.
Having derived Feynman rules for perturbative QFT, we next introduce Dyson-Schwinger
equations as a motivation for the introduction of -renormalization- Z-factors.
1.4. Dyson—Schwinger equation. We follow partly the exposition in Kreimer's book
[156]. So far we have introduced Feynman rules and Feynman graphs in a rather ad hoc
manner. The perturbative expansion of a particular process demands the summation over
all graphs with a fixed external leg structure and increasing loop number. Such loop expansions (263) are controlled by certain equations called Dyson-Schwinger equations. They
are defined in terms of an iteration of Green's functions. We will only consider the DysonSchwinger equation for the vertex function of a <jf>3-theory in six dimensions.
We moreover discard loop corrections to the propagator and two of the internal vertices. Such
a Dyson-Schwinger (DS) equation is then an equation which gives the (renormalized) vertex
function in terms of itself and some kernel function K. Let us for the moment resurrect h as
a formal parameter. The DS equation for the vertex function F under the above mentioned
restrictions is given by
(264)

T(p,p + q) = ZF 0 + fd6kT{k + q,k) P{k)P(k + q) K{k,k + q,p +q,p),

where we define the formal series expansions for Z, F and K in terms of h [156]

z = i
oo

(265)

K{k,k + q,p + q,p)

= J^ KK®(k, k + q,p + q,p)
2= 1

Here we denote the propagator function by P . The lowest order term in the vertex function
is the tree-level vertex F o . Note that the kernel K is at least of order h. Figures 6 and 7
explain these notions. The kernel A" is a four-point function given by the big grey oval blob.
It allows for a skeleton expansion, seen in Fig. 7.
For a complete picture, in general, all bare internal propagators and internal vertices have
to be replaced by full Green's functions.
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+ Z

FIGURE 6. We can generate the three-point Green's function F iteratively.
If we switch off the Z-factor, Z'^ = 0, V^ > 1, we find the following perturbation expansion
for the bare (unrenormalized) function F (where we now simply write K(k,p, q) for K(k, k +

= Fo+ f

T(p,p

P{k)P(k + q) K(k,p,q),
,p + q) and K (265)

and the power series ansatz in h for T(p,p + q) = Fo +
leads to
F = Fo + h I d6k Fo P{k)P{k + q) K[1] (k, p, q)
+k2jd6k

[To P(k)P(k + q)

, k + q) P(k)P(k + q)

, q)

,p, qj\

which we can write in a more compact form as follows
r

_

2

r

,fep[i]
+n
j-m
Kll]-\-n

(r[i[2] Kl2]-\+r[2]

}+n3(r[3]

+r [31

[3]

The above integrals are ill-defined in general. A first step to render them well-defined is to
introduce a regularization. Let us assume that there is a parameter e such that the limit
e —> 0 reproduces the above integrals, but as long as e ^ 0 all integrals at least formally
exist. The evaluation of the above integrals will then result in Laurent series in this auxiliary
parameter. We have achieved in this way a more explicit control over the divergencies of the
Feynman integrals.
Now let us actually repeat the above series expansion, this time with a non-vanishing Zfactor. For the vertex function Fe = Fo + KTi' + h2T[' + hsT[ + • • • we thus obtain upon the
regularization parameter, which we will suppress for notational clarity, a well-defined power
series in ft.
F =

0+

fd6kT0P(k)P(k

^T0+

fd6k

+ q) K

[To P{k)P(k +
+ q) P(k)P{k + q

(267)

f d6k Fo P(k)P(k + q) K® (k, p,q)\+
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Indeed, all coefficients are formally finite polynomials in the regularization parameter e ^ 0,
F = T£ € C^fo]]^" 1 ,^]. At this point we are somewhat careless with our notation, as we
ignore -functions of- the external parameters p, q, and m in the coefficients of the Laurent
series. We remarked before, that at the end of the day we have to eliminate the regularization
parameter e. But, without further treatment of Eq. (267), taking the limit e —> 0 in the
above power series would bring us back to the originally ill-defined expression for P, and
therefore this step must be avoided. However, we see that at each order in h we have some
freedom left in defining the so far unspecified Z'*'s inductively, starting at first order with
^ Assume now that we determine order by order the Z^s by the following condition.
(268)

where R := RmS refers to the projection onto the proper pole part of its argument. Ignoring
the second order terms for the moment and reinserting the so-defined Z'1' term into the
above expression, it simply eliminates the pole part for the Laurent series associated to the
argument of the R map

J

=

To P(k)P(k

(id- R) (/d 6 /c r 0 P(k)P(k

Hence, up to first order in h the resulting subtracted expression does not contain any pole
terms and so is finite in the limit e —» 0. Therefore, at this level a naive subtraction of
the pole part renders the series expansion for F finite. To second order in h the simple
subtraction would fail. Instead, inspecting the second order coefficient, it is evident that
the procedure becomes considerably more complicated. For Z'2' we find the following two
defining pieces
k P(k)P{k + q
J
X

(269)

P(k)P(k + q)

+ZlXjd6k P(k)P(k

such that
(270)

ZM = Z% + Z®l]Kll] e

l]Kll]

and therefore the second order renormalized coefficient is given by
q) P{k)P(k

J

"

J

f d6k \r0P(k)P(k + q
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+ (Jd6l

(271)

r 0 P(l)P(l + k) K^ (Z, p, q)\ P(k)P(k + q) K® (k, p, g)

+ Z ^ , J d6k To P(k)P(k + q)
6

r

k

d6k { / d6/ F o

P(k)P(k

J

-R ( / d6fc P(k)P{k

d6l To

Writing this lengthy expression in the same way as in the Eqs. (266) and (269) we may start
to see some systematics

rJi

= (id - R)(r%)

+ (id - R)(r%Klll

- R(T[1JU])T%)

e c[[e]].

Especially the second term on the right-hand side reveals the intricate structure of the
subtraction procedure involved in the renormalization of the regularized T = Ts. The K^
contribution, T^WKW, to F' 2 ' consists of an iterated integral (271). The subtraction term
(id — R) f r^iij^-iii — i?(rlftj[1))rjf<.[1| J describes its renormalization. Graphically this becomes
more transparent
(272)
(273)

(id-R)(T^K[1]-R(T%)T%)

=

(id - Ä)

(274)

In this symbolic notation each graph represents a regularized integral (associated by Feynman
rules), respectively the corresponding Laurent series in Cfe" 1 ,^]]. The crossed box in the
graph, -EU , on the right hand side of Eq. (274) marks the place where the argument of
the i?-map beside, -<J , has been 'excised' from the 2-loop ladder graph ^ J .
Eventually, one readily checks that, to each order with the so-determined Z^ coefficients of
the Laurent series, the corresponding !>]„ are free of poles in e, and thus correspond to finite
quantities in the limit e —> 0.
Here, we see for the first time the process of renormalization at work. First, by the help of a
regularization we replaced the ill-defined integrals by a Laurent series. We then introduced
yet another series Z which compensates -renormalizes- the pole parts and was determined
order by order, such that the remaining series

Tren = T0 + firü + ft2r[I +
is finite in the sense that the limit e —>• 0 now exists.
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Later, we will see that Z obtains an algebraic meaning in the context of a Hopf algebra
which we will introduce further below. It is a generalized inverse of the series for the vertex
function insofar as it removes all the UV-infinite divergences from its perturbative expansion.
It thus removes almost all of it, apart from the 'small' finite part. The introduction of a
regularization is convenient but not necessary. One could use a Taylor expansion of the
integrand and proceed in the pure BPHZ spirit [32], still realizing the underlying Hopf
algebra structure.
However, the reader may wonder why we did not simply drop the pole part to all orders in
the same manner as we did up to first order, for instance by defining Z := id — R. And indeed
in the limit e —•» 0 this gives back a finite expression. But such a naive choice unfortunately
would violate the fundamental physical principle of locality. We will come back to that
subtle point.
In Fig. 6 we explain the Dyson-Schwinger equations graphically. They nicely organize the
perturbative expansion. Each Feynman diagram consists of propagators and vertices which
are Green's functions allowing for a perturbative expansion and a corresponding DysonSchwinger equation in their own right. Knowing the full solution of the Dyson-Schwinger
equations, incorporating full propagators and internal vertex corrections, would correspond
to knowing the full non-perturbative Green's functions.

r

K=

K-K =
FIGURE 7. The skeleton expansion given for bare internal propagators and vertices.
In its dressed form (reinserting blobs for every internal vertex or propagator) it
generates the kernel K of the full Dyson-Schwinger equations. Note that the lowest
order skeleton is the one-particle exchange graph of order g2. Iteration of skeletons
delivers products of kernel functions. Iterated graphs separate into various pieces
when we cut two propagators, and thus are two-line reducible.
Of special interest are the four-point functions which serve as the kernel K in the DysonSchwinger equation for the vertex. Their skeleton diagrams are Feynman diagrams which
are the basic blocks of iteration in the equations. Any proper skeleton contribution is not
two-line reducible, which means that upon removing any two inner propagators the graph
stays connected. When we close two of its external lines we again get a vertex function.
These notions are explained in Fig. 7.
1.4.1. Toy model business. We have seen how the Dyson-Schwinger equations organizes
the perturbative expansion of Green's functions. By further simplifying this equation we easily derive a somehow symmetric form of Bogoliubov's subtraction formula, used to calculate
the terms in the Z-factor expansion. Specifying furthermore a particular simple toy-model
173

CHAPTER 3. BASICS ON RENORMALIZATION THEORY IN PQFT
integrand in the Dyson-Schwinger equation we will show how Bogoliubov's prescription not
only cancels problematic pole terms, but systematically eliminates unwanted logarithmic
coefficients in the Z-factors, which otherwise would destroy the principle of multiplicative
renormalization.
1.4.2. Bogoliubov's subtraction formula. Let us go back to the toy model Lagrangian with
cubic interaction in six dimensions

and use again the vertex Dyson-Schwinger equation (264) to explore the subtraction process
for higher loop Feynman graphs. This time we will simplify the h expansion and make
contact with rooted trees as a convenient tool to encode the hierarchy of subdivergences
appearing in Feynman graphs.
First, we ignore all higher order contributions to the kernel function K, which therefore
reduces to K = HK^. Graphically K^ = _L the first graph in the first line in Fig. 7. From
the simplified Dyson-Schwinger equation
(275)
follows the dimensionally regularized perturbative series expansion of F, which for Z = 1
indeed reduces simply to
(276)

F = r0

We suppressed as before the regularization parameter e. The n-th order coefficient, F ^ m R[1],
consists of a purely n-fold iterated integral. We abbreviate the integrand function by

I$lp(lkJk-i,P,q)

:=P(k)P(lk-i

+ q) K^(lk,p,q),

suchthat
n,

ln-UP, q))lpp (L-l Jn-2, P, q) ' ' '
•••Ipp]{h,h,p,q),

which corresponds to the ladder vertex graph, ~~cQi_ , with n rungs.
Such an n-fold iterated integral, respectively the nth order vertex ladder graph, may be
naturally represented as a rooted tree with n vertices, without side branchings. For instance
r [2]

J

r [3]

I

p[4]

In general we will denote such a rooted ladder tree with m > 0 vertices by Tgm. Hence, the
n-fold integral r^{i]...K|i| ~ Ten. If we allow for higher order terms, K^%>1\ in the expansion
of the kernel K, see Fig. 7, we must introduce for each such term a particular decoration of
the tree vertices. This complicates the combinatorics, since at each order m we then have
trees T^, k < m, with k decorations, K^, j = 1 , . . . , fe, such that i\ H
h z*. = m.
The third order tree expression for the coefficient in Eq. (266)
_ p[3]

, r [3]

, r [3]

, r [3]

would start with the simple vertex, •A'131, decorated with the third order term K^ in the
expansion of the kernel K, but we continue without giving more details.
The reason why we only find ladder trees lies in the structure of the Dyson-Schwinger
equation (275) and the fact that we have only one insertion point. If we used a vertex
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dressed form of the kernel function K, i.e., reinserting blobs for every internal vertex in K,
we would generate rooted trees with vertices having at most three branchings.
Including the full series expansion of the Z-factor, we may use those higher order terms, Z^,
to find the renormalized series expansion for the regularized T

rren = ro

(

%)

(

WK{]

%)

Inductively we find, starting as before with Z'1' := —i?(r|ftr|1,) £ £~1C[£~1], up to second
order
--R(T[2]
Hence, the general formula for Z'n' can be given in a very compact form
/

z

[nl

- -R\ r1"1

Using the ladder tree correspondence, T^'{1]
sive structure

KW

~ Ten, we see immediately the simple recur-

Again, starting with the first order term Z* = —i?(.), we find inductively order by order the
following Z^-terms

Z1 =-R(l

-R(.).

Z1

-

7}

=-R(\

=-R

-R{\

-

Equation (278) is the most simple form of Bogoliubov's celebrated recursive subtraction
formula. Simple, because the summation on the right-hand side is easy to handle and reflects
the strictly nested structure of the integrals. Actually, each ZTtn is a linear combination of
monomials. Except for the first term, those monomials consist of shorter rooted ladder trees,
but the total number of vertices of each monomial is n. By the length of a ladder tree we
simply mean its number of vertices. Later, we will use this number as a grading on general
rooted trees. One may interpret those 'tree-monomials' as coming from cutting the tree T^n
into strictly smaller subtrees by eliminating edges, again, with the exception of the first term.
The iterated shaded boxes on the left indicate the iterated i?-terms. Later, the systematics of
this decomposition of graphs or trees and the iterated structure of the i?-terms will become
fully transparent after we have introduced the Hopf algebra of either the Feynman graphs
or rooted trees, that forms the basis for this combinatorics.
The above combinatorics is a special case of the general formula of Bogoliubov's recursive
formula for arbitrary Feynman graphs, see Fig. 1. Let us introduce it by giving an example
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as follows
(279)

and
This time the rooted tree is not of ladder type, or equivalently, the Feynraan subgraphs
do not appear strictly nested. It might be useful to go back to Eqs. (26) and (33) for the
coproduct and antipode, respectively, of this tree with 4 vertices. Again, the reader should
keep in mind that each graph, respectively tree represents the associated Feynman amplitude
coming from Feynman rules. Moreover, we made a further simplification, as we work with
only one type of subdivergence, -<J , with no further subgraphs and located in place of each
of the three vertices of the same graph, -<J . This implies the use of only one decoration
for the vertices of the non-ladder rooted tree A , which we omitted.
Let us conclude by giving another example. The following electron self-energy 3-loop Feynman graph from QED,
, appears in the multiplicative renormalization of the free
part of the QED Lagrangian. We have two identical divergent subgraphs, .f~\ , having
no further subgraphs and sitting at disjoint places inside an overall divergent graph. This
graph corresponds to the only non-ladder rooted tree with 3 vertices, fr\{~s\ ~ A . Again,
decorations of the tree vertices can be omitted, as they are identical, i.e., f™% . The counter
term Z-factor for this graph is

=

-R

This time we used the Feynman graph notation. Each graph represents the regularized analytic expression for the amplitude, i.e., a Laurent series with poles of order three or less.
1.4.3. Toy model integrand for Dyson-Schwing er equation. The above simplification of
the Dyson—Schwinger equation by reducing the kernel expansion to the first order term,
K = K^l\ can be extended further. We switch now to a honest toy model, leaving the
field theoretic setting with a cubic interaction term by replacing the integrand function,

Ipp (lkJk-i,P,q) '•= P(lk)P(lk-i + g) K^(lk,p,q),

in the vertex Dyson-Schwinger equation

(264) by the simple function F(x) := | , such that the recursion (264) reduces to a one
dimensional recursive integral equation

r(x)F{x)dx = zro + h
— ZF0 + KL \

Jc

x

{ ]

h ftZ /

— /

— dx + •• •

Jc

x Jx

y

We introduced the external -mass- parameter c > 0 to avoid problems at the lower limit of
the integral. It is immediate that for each order the coefficient integrals are logarithmically
divergent at the upper limit. Here, the trivial one dimensional iterated integrals are best
represented graphically in terms of ladder rooted trees, see (277).
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First we have to invoke a regularization to make the terms in the series formally well-defined,
F(c) —» F e (c), but we will suppress the regularization parameters in the notation. A simple
way to achieve this, which resembles dimensional regularization, is to make the denominator
in the integrand a tiny bit 'heavier'
Jc

X

iog(c) +

Jc

X

£

+

o(£)e

I

For the regularized second order coefficient we find the following Laurent series
V

—

f

V Jy

—dz dy
Z

The reader should worry about the logarithmic coefficient of the first order pole. Obviously,
to take the limit e —> 0 is prohibited by the pole terms. As before we expand the Z-factor
in powers of h, Z := 1 + Ylk>o ^k^k\ giving us order by order an extra freedom, Z^' to be
determined such as to cancel the pole part. This will perturbatively renormalize the series
expansion of our toy model function F(c).
J- ren\pj

•'•Or

r

Z

—dzdy)

Jc

y

-Jy

Inductively, we can now determine the Z^s, so as to absorb the pole terms, starting with
Zl1! := — R( j*e°° x £xdx) = :j-. Let us make a little detour, and try to extend this naive
subtraction to the second order term. This would lead us to
Zl2l

:=

-R(
-1

log(c)
e

The ^-coefficient, log(c), forbids the insertion of the so defined Z-factor into our fictive
toy model Lagrangian. It violates locality, one of the principal demands from physics and
would destroy properties of the Lagrangian, such as the derivation of equations of motions.
Instead, following the prescription implied by the Dyson-Schwinger equation, the correct
counter term at second order is

a

oo

-e

9

_. , — 1 / 1

O(e 2 )))

1
We have seen by this toy model example that the the non-trivial subtraction procedure for
the Z-factor, implied by the Dyson-Schwinger equation is just the correct way to ensure
the program of multiplicative renormalization. It renders the coefficients of the power series
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order by order finite and preserves demands from physics such as locality.

2. Basic facts about regularization and renormalization
Beyond the tree-level, Feynman rules map Feynman graphs to Feynman amplitudes, i.e.,
integrals which contain integrations over so-called loop momenta with unrestricted limits.
Those Feynman integrals will usually suffer from the fact that they are ill-defined at large
internal momenta. We have noted already that the first step to resolve such problematic
integrals is to introduce a -set of- regulator (s), to gain control over these divergences in a
well-defined way. In a second step, after this unphysical parameter has rendered the expressions formally finite, we must apply a physically sensible and mathematically consistent
prescription for eliminating those parameters from our calculations, eventually returning the
sought after physical result. In this section we outline some simple facts about regularization
and renormalization. Both notions are very different in nature, the choice of the former is
highly arbitrary and renders the amplitudes -formally- finite, but, the price to pay is a nonphysical parameter which enters the calculation; something we do not like at all. The process
of renormalization manipulates the regularized amplitudes, while maintaining their physical
properties, in such a way, that we can discard the nonphysical regularization parameter,
leaving us with a finite result.
2.1. Regularization. A very simple idea to gain some control over an ill-defined integral which is divergent at the upper boundary of the integral is to introduce a cut-off
parameter A. In the following scalar two-point function in four space-time dimensions we do
this by introducing a step-function 0
d k-, 2
[k — m 2 + irj\[(k 4- q)2 — m2 + irj\'
Evaluating such an integral results in terms containing log(A). Naively removing the cutoff parameter by taking the limit A —> oo gives back the original divergence. The cut-off
approach is usually not very useful in particle physics as it interferes with gauge symmetry.
Another regularization scheme is dimensional regularization (DR) [66, 217], which respects all symmetries of the theory under consideration. Dimensionally regularized Feynman
rules map graphs into the field of Laurent series C[e - 1 , s]]. In general, one obtains a proper
Laurent series in e of degree at most n in an n-loop calculation, which means that we have
at most poles of order l/en in the regularized Feynman integrals from an n-loop calculation.
The pole terms reflect the UV-divergences and parametrize the ill-defmedness of the integrals
corresponding to the Feynman graphs. Hence, also in this case, the naive limit of e —> 0
results in the original divergences of the integral. Thorough treatments of DR can be found
in [66].
All this indicates the need of some more sophisticated set of rules on how to handle the
terms which diverge with A —> oo in the cut-off setting and e —> 0 for DR, respectively. As
we have seen further above, one way is to introduce a Z-factor which then would have to
absorb the terms which diverge with the vanishing regularization parameter. This leaves us
with some ambiguously defined finite part which is ultimately fixed by some renormalization
conditions. Renormalization theory dictates how to handle these divergences together with
the physically relevant finite part.
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FIGURE 8. Such a one-loop graph demands a unrestricted integration of internal
momenta. As already noted, it turns out to be ill-defined.
Let us remark here that Connes-Kreimer's insight which gave rise to an identification of
perturbative renormalization in terms of a certain factorization problem is imbedded naturally in to the more general algebraic structure of the Rota-Baxter algebra. As a matter of
fact we have seen that the field of Laurent series together with the pole part projector Rms
(minimal subtraction scheme) in particular is a special example of a subclass of the latter.
2.2. Multiplicative renormalization. [156] By now, we have Feynman rules and the
concept of the regularization procedure which in the case of dimensional regularization turns
Feynman integrals into some Laurent series in the -complex- regularization parameter e.
Such an arbitrary and highly nonphysical parameter has to be cancelled from any physically
relevant result. But we still do not know what to do with the pole terms. To handle them
in an intelligent manner we need renormalization theory. We have introduced a Z-factor
previously, in a rather ad hoc manner. It gave us some extra freedom which we used to
eliminate the divergent contributions of the multiloop integrals. We want to discuss how
this comes about naturally in field theory, and what sort of limitations exist to such an
approach.
Consider a one-loop graph as in Fig. 8 for </>3-theory in six dimensions.
According to our Feynman rules we have to integrate the internal momentum. The analytic
expression contains the so-called logarithmic divergence for large internal momentum

d 6 f c l ~ oo.

/
It is apparent that the integration is ill-defined for large momenta. Such UV divergences
appear in all pQFT which are of interest in particle physics. A theory plagued by such
infinities can still be well-defined and moreover provide sensible predictions, i.e., it can
be renormalized. A key-role is played by the introduction of certain Z-factors. It is the
fact that those multiplicative factors can render the theory finite which justifies the name
multiplicative renormalization.
2.2.1. Renormalization Z-factors. Recall the Lagrangian of the 03-theory in six dimensions

(280)

L=l-{d^f~\m24>2

+ ^ .

Let us rewrite the Lagrangian introducing the dimensionless quantities Z2, Z m , and Zi.

(281)

L = Z2l-{d^f

- ZmimV + Z ^ 3 ,

It is crucial for our Z-factors to be independent of external momenta, as otherwise such a
dependence would obstruct the equations of motion derived from the Lagrangian.
We now want to derive conditions for these Z-factors so that they can render the theory
finite. First we note that they correspond to a change in the Feynman rules
• vertex: ig —> iZig;
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• field: (j> -> Z 2 /2 0;
• mass: m 2 —> m 2 + <frn2, (m2 + (?m2)Z2 = m?Zm.
Now, for simplification, we restrict our attention to the divergence in the vertex correction.
Accordingly, we set Zm = Z2 = 1 and check if we can determine Z\ so as to render the theory
finite. At first loop order, this means that we mainly have to render one Feynman graph
finite. The new Feynman rules change the result for this one-loop graph, Fig. 8, which is
P2,m2) + 0(e)
Now, obviously, the one-loop vertex function F ^ (pi,pz, m 2 ) is of order g3, while the tree-level
vertex is ~ ig.
With our modified Feynman rules, to order g3 we thus have
(282)

r ( p i ) P 2 , m 2 ) = Zig + Z3g3 L p ^ / ^ + finite terms J .

Thus we readily see that Zi must have the following form as to eliminate the divergence

z1 = i -

g2

This simply eliminates all pole terms up to order g3 for the vertex function F by a single
subtraction and hence delivers a finite result.
Let us now include the other Z-factors. Those Zs relate to the free part of the Lagrangian
(281). Eventually, all multiplicative Z-factors are of the following general form

(283)

Z, = 1 - £ ]T (g2y4ek.
i=i

k=-j

Thus, a Z-factor which renormalizes the monomial specified by the subscript i E {1, 2, m) in
the Lagrangian can have at most a pole in e of degree j if we calculate radiative corrections
to the order (g2)-* •
Theories which can be rendered finite by introducing one Z-factor for each monomial in the
original Lagrangian are called renormalizable. Higher order loop corrections are obtained by
considering the Green's functions for each of these monomials, with
generating divergences to be absorbed by the Z2 factor, the wave function renormalization,
and Z m , the mass renormalization, while the divergences in the three-point function
are compensated by a Z-factor called Zi, the vertex renormalization.
Let us come back to our example. Assume that we also have determined Zm,Z2 so that
the two- and three-point Green's functions are finite at the one-loop level. But these finite
values are not determined yet. They depend on our choice for the finite parts of the Z-factors,
according to Eq.(283).
Usually, one determines the Z-factors so that the values for masses and coupling constants
inferred from the Green's functions G(x\, x2) and G(x\, £ 2 , £3) coincide with the experimental
values for masses and coupling constants. Specifying such a set of renormalization conditions
determines the finite part in the Z-factors. Renormalization conditions as just described are
known as on-shell conditions. Though they are useful in practice, we do not apply them here.
We are solely interested in the divergences of the theory and their perturbative cancellation.
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This suggests that we use minimal subtraction (MS) conditions, for which all cfk = 0, k > 0,
by definition. With these conditions, one only removes the pole parts in e, so that MS
Z-factors provide a bookkeeping of the UV singular structure of the theory.
We can make such a choice only for the Green's functions which suffer from divergences, as
they are the only ones accompanied by Z-factors. Their finite values cannot be predicted by
a renormalizable theory. They have to be taken from experiment, if one wants to test the
theory. Fortunately, all other Green's functions can then be calculated in a unique manner.
If we now calculate some n-point Green's function in </>g for n > 4, its value is determined.
Success or failure of the theory then depends on the answer to the following question: do
the S'-matrix elements for processes involving n-point Green's functions correctly describe
experimentally observed cross-sections for these processes? Will a pQFT be predictive for
general S'-matrix elements, once a finite set of parameters is taken from experiment? The
answer is affirmative; any observed particle scattering process is successfully described by a
renormalizable pQFT. This is the motivation for pQFT, and the motivation for the enormous
effort put into loop calculations these days.
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Birkhoff decomposition of Feynman rules
1. A fresh look: Lie and Hopf algebra of Feynman graphs
We introduced Feynman graphs following the classical approach and outlined the program
of multiplicative renormalization. Feynman diagrams are just drawings made out of vertices
and lines, representing interactions and propagation of particles, respectively. They follow
from the interaction and the free part of the Lagrangian defining the theory, respectively. We
used those diagrams to encode pictorially the complicated systematics by which Feynman
amplitudes are constructed in terms of iterated integrals. We may now step back for a
moment and look at these graphs from a purely algebraic-combinatorial point of view.
The reader may have noticed the striking self similarity of Feynman graphs, i.e., beyond
one-loop order they are essentially made out of Feynman graphs, by replacing propagators
and vertices in a suitable manner with other Feynman graphs. Looking at these pictures as
little puzzles, and going back to the recursive subtraction procedure, i.e. Bogoliubov's formula (279), which followed from the Dyson-Schwinger equation in the process of inductively
defining the Z^-terms so as to cancel the divergent contribution to an i-th order Feynman amplitude, it becomes apparent that from a combinatorial point of view the process
of renormalization, or equivalently the calculation of the Z^-terms for a particular Feynman graph demands an identification of a particular subclass of Feynman graphs, the so
called ultraviolet divergent (UV) -primitive- subgraphs, forming the pieces of the puzzle.
We highlight those pieces by boxes drawn around such UV divergent subgraphs, see Fig. 1.
Bogoliubov's subtraction prescription then amounts to disassemble the puzzle into its pieces
in a systematic way.
In the following part we first formalize the idea to assemble the puzzle pieces in terms of a
gluing operation on graphs. This leads us to a pre-Lie algebra structure on Feynman graphs,
which naturally gives rise to a Lie algebra of Feynman graphs. We will then see how this Lie
algebra automatically paves the way to the Hopf algebra of Feynman graphs, organizing the
process of renormalization. Automatically here means by the use of the celebrated MilnorMoore theorem [105, 182], see Section 3.2.

FIGURE 1. [156] There are various ways now in which subdivergences can appear.
They can be nested as in (a), disjoint as in (b) or overlapping as in (c). We put
every subdivergence in a box. These boxes are called forests.
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1.1. Pre-Lie and Lie algebra of Feynman graphs. In this subsection we describe
the elementary Lie and Hopf algebra structures underlying perturbation theory.
In general a Feynman graph F is a collection of two sets. One contains the vertices, which
we denote by F' 0 ', the other one the edges, denoted by F' 1 '. The latter may be further
subdivided into the set of external edges, FJJj, and the set of internal edges, FJJt, such that
F^l = Fgjj U FJn£. An edge e € F'1' of a graph F is called external (internal) if the set
ve :— enF' 0 ' consists of one (two) element(s). Hence, external edges are edges which have an
open end that is not connected to a vertex, and they indicate the particles participating in
the scattering amplitude under consideration. Each such edge carries the quantum numbers
of the corresponding free field. For an internal edge, both ends of the edge are connected to
a vertex.
Edges are called propagators and they can be of different type, mainly symbolized by the
way they are drawn, for instance: (un-)oriented straight, curly or dashed lines. Different
edges imply the notion of a type of a vertex v € F'°l, which is denned by the set ev := {e £
pW | e Pi v 7^ 0 } . As edges and vertices may be of different types, it might be of interest to
compare them. We call two sets of edges, F^' and F^ compatible, i.e. T\' ~ Pl> , if and only
if they contain the same number of edges, \V\ '\ = IF^ | of the same type. This equivalence
relation also allows us to compare vertices, v\ € F^ , t>2 € PJj by their types, i.e. they are of
the same type if eVl ~ eV2. For instance, for QED we found essentially two types of edges,
" and -vwvv, together with one vertex type, """^
A subgraph of a graph is determined by subsets of the set of vertices and edges. Here and
for the rest of the work we exclude self-loops, so that no edge starts and ends at the same
vertex. Neither do we want to consider vacuum graphs for which FeJt = 0 .
We can subdivide graphs into two classes corresponding to the free and interaction part of
the Lagrangian, respectively, L = L o + Lj. As an example look at the QED Lagrangian,
Eq. (259), with the interaction part given by LQEDJ '•= TpeJjLip. Those graphs for which FeJ4
consists of exactly two elements are called self-energy graphs, related to the free Lagrangian.
If there are more than two external edges we call them interaction graphs. These notions
are mainly motivated by applications in elementary particle physics. Here we suppose the
type of a vertex to be of cardinality bigger than one. Vertices of cardinality two may be
associated with edges, vice versa, for instance, the QED fermion and boson propagators can
be seen as vertices with two external edges. This becomes important for massive theories,
since the free Lagrangian, LQ, then consists of two parts, one of which comes from the mass
parameters.
Our interest in understanding how to assemble a graph from other graphs, and how to
disassemble the former into the latter points us to the important notion of shrinking a graph
to its residue graph. We denote this operation by P —> res(F). The residue res(F) of a graph
P is defined to be the result of identifying P'0' U P|Jt with a point in F, keeping F ^ . The
graph P thereby is reduced to a vertex v of type ev = F e ^.
As we compare vertices by their types, this notion of shrinking allows us to compare the
residue of two graphs. The following example shows two interaction graphs in QED shrinked
to the corresponding residue, the QED vertex in (261).
Obviously, res(F)M
()
~ Pgjj, and in general graphs Fi and F2 with a compatible external edge
structure, T\ 'ext ~ FJ> j,,,, t , all map to the same residue graph.

J
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FIGURE 2. Shrinking of a 4-loop QED interaction graph to its residue.
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FIGURE 3. Shrinking of a 3- and 2-loop QED interaction graph to its residue.
We learned that for each quantum field theory, we have a underlying free theory which
provides propagators and hence Feynman rules for edges in Feynman graphs. The request for
local interactions and a renormalizable theory then gives us Feynman rules for interactions.
With those graphs come the sets of one-particle irreducible (1PI) graphs contributing to a
chosen amplitude. More generally, let us introduce the notion of an n—particle irreducible
(nPI) graph P. Such a graph is made out of vertices v € P'°J and edges / G rW, in such
way that when one removes N 3 k < n of its internal edges it is still connected. In the
following we are interested especially in the class of 1PI interaction and self-energy graphs.
The above two graphs in Fig. 3 are examples of QED interaction graphs. The set of 1PI
graphs are naturally graded by their number of independent loops, the rank of their first
homology group H]^iT, Z). We write |P| for this degree of a graph F. Note that |res(F)| = 0.
We denote the graded IK-vector space freely generated by the set of 1PI Feynman graphs by
Lp. The empty graph, denoted by \p, |l/r| = 0, is the unit.
The graphs, and their associated amplitudes are distinguished by the external edges representing external -incoming or outgoing- asymptotically free fields. We call this an external
leg structure r, and denote the set of all external leg structures by 9^. For a renormalizable
theory, there is a finite number of such external leg structures, one for each monomial in the
Lagrangian.
A Feynman graph F comes with a fixed number of vertices and edges, implying the number of
loops, denoted by |F|. To each graph P the -regularized- Feynman rules in four dimensions,
denoted as a map ip associate an analytic expressions, called Feynman amplitude, which in
momentum space has the following general form

(284) ¥>(r)({p,m},a,/i)= f J[ <5(4) ( £
werl°]

kf+ J ] pA [ J Prop(A:e, {p,m})

^ ftev,ext

f'eev,int

'-

-

e e r [i]

47r2

Here we denote the set of external parameters by {p, m}. More precisely, as a function of
the external parameters such Feynman integrals suffer in general from UV divergences in the
limit of large momenta. Therefore, we introduce new, but non-physical parameters, such as
the dimensionless complex parameter 2e = d — D in dimensional regularization. Then for
internal momentum integration one replaces the measure as
^U

>
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The auxiliary parameter //, t'Hooft's mass, is 'only' needed for dimensional reasons, but, it
achieves importance as we will see later. Hence, after such a regularization we work with
formally well-defined, i.e., regularized Feynman rules, giving for instance Feynman amplitudes <p(F) G C^" 1 ,^]] as Laurent series with coefficient functions depending on physical
parameters such as external momenta and masses, and auxiliary parameters /J,.
Starting with a graph drawn on paper, Feynman rules assign to each internal edge a propagator Prop(A;e, {p, m}), which is a function of the integration variables and external parameters.
Remember that each vertex v G F'0' is of specific type, where ev denotes the set of edges
incident to this vertex. We can separate this set ev = ev<ext + eVtint. Here kj denotes the
momentum assigned to the edge / . For an external edge / G ev>ext incident to the vertex v,
we write the corresponding external momentum, pf>, into the 5-function. A 4-dimensional
5-function ensures momentum conservation at each vertex. Eliminating such (5^4^-function
against integrations we are eventually left with a single (^-function which guarantees the
overall momentum conservation for each graph. The number of remaining integrals corresponds to the number of loops, |F|, i.e., closed independent cycles of the graph F. We
suppressed for the moment the ß dependence.
The main idea of perturbative QFT is to approximate physical quantities by power series
expansions in terms of a particular physical parameter a. The Green's function for the
corresponding amplitude is then obtained as the evaluation under the Feynman rules of the
formal sum
(285)

U-:=r+ V
res(r)=r

^
sym(F)
J

V

'

The terms in such a series are labelled by 1PI Feynman graphs with the same external edge
structure. In general the left-hand side, F-, of such a series is graphically represented by a
blob with a certain external edge structure, r. The sum is over all 1PI Feynman graphs, F,
with the same residue res(F) = r and ordered in terms of the number of independent cycles,
the loop number |F|. The objects we would like to approximate using perturbation theory,
are the 1PI self-energy and vertex Green's functions in momentum space, GL({p,m},a,/J,).
They follow as the image of the momentum space Feynman rules map (p applied to the above
series of graphs.
For a renormalizable theory, one defines a superficial degree of divergence u(T) for a graph
F, which in the above more formal setting writes

u/L denotes the number of space-time derivatives appearing in the corresponding monomial
in the Lagrangian. For each such external leg structure, u;(F) = u}(T') if res(F) = res(F'), all
graphs with the same external leg structure have the same superficial degree of divergence.
Only for a finite number of distinct external leg structures r G ÜH will this degree indeed
signify a divergence.
Our next and most important observation is that there is a natural pre-Lie algebra structure
on 1PI graphs. We introduce the insertion or gluing operation for graphs. It is the opposite
of the shrinking of graphs to its residue. Essentially, for a graph F this means replacing a
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FIGURE 4. Insertion possibilities for gluing operation.
certain vertex v € F'0' of type ev by a graph 7 for which %%t ~ ev- This composition of
graphs, denoted by F * 7 gives a new graph F'.
In general there are several ways to link the two sets of edges and one has to sum over all
bijections. Also we sum over all places where the graph 7 can be glued into F. It is important
to note that in the case where there is no vertex v £ F ^ compatible with %%t the result is
defined to vanish, F * 7 = 0. We use the gluing composition to define a bilinear operation
on the K-vector space Lp generated by Feynman graphs

where the sum is over all 1PI graphs F. Here, n ( F 1 , F 2 ; r ) is a section coefficient which
counts the number of ways a subgraph F 2 in F can be reduced to a point such that Fi is
obtained. The above sum is evidently finite as long as Fi and F2 are finite graphs, and the
graphs which contribute necessarily fulfil |F| = IF^ + |F 2 | and res(F) = res(F 1 ). Besides
the fact that the insertion composition can be zero for non-zero elements, it is important to
realize that it is not associative, but of (right) pre-Lie type.
1.1. [68, 69, 70, 178] Up equipped with the insertion composition of graphs
fulfils the following (right) pre-Lie relation
PROPOSITION

(286)

(Fx * r 2 ) * F 3 - Fj * (F 2 * F 3 ) = (Tl * F 3 ) * F 2 - r x * (F 3 * F 2 ).

and hence defines a pre-Lie algebra, (Lp, *).
P R O O F . The proof follows from the fact that we sum over all ways to insert a graph into
another. Both sides of the pre-Lie relation just describe the insertion in all ways of F 2 and
F 3 in different places of Fi.
D

Note that the equation therefore claims that the lack of associativity in the bilinear operation
* is invariant under permutation of the elements indexed by 2, 3.
By means of this symbolic notation we see that this particular pre-Lie structure is of very
general type. The fact that we use here a quantum field theoretical language mainly comes
from the applications of this structure we have in mind. But it applies in a fairly general
manner to graph theoretical objects. It assembles graphs in a nontrivial way.
Antisymmetrizing this pre-Lie product on tip results in a bilinear bracket operation on
Feynman graphs

[r 1 ,r 2 ]:=r 1 *F 2 -r 2 *r 1 .
and the following theorem is a consequence of the pre-Lie relation
1.2. The bracket operation on &F defined in terms of the pre-Lie product * is a
Lie-bracket, such that (£/?,[—,—]) is a Lie algebra.

THEOREM

P R O O F . This is a general result about pre-Lie and Lie algebras. See [101, 153, 157, 152]
for more details.
D
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We use the same symbol for the pre-Lie and Lie algebra as there is no danger of confusion.
This Lie algebra is graded and of finite dimension in each degree. Let us look at an example
for such a pre-Lie product. We take graphs from QED as a rather self-evident example. For
the graphs ™Q» and •*£?• with residues res( «Q» ) = vvwv respectively res( -^7-) = — ,
we find
O

(287)

* T±r

=

2

1.2. Bogoliubov's subtraction formula in the Hopf algebra of renormalization.
The above pre-Lie and Lie algebra structures are available once one has decided on the set
of 1PI graphs of interest. The Milnor-Moore theorem [182], see Section 3.2 of part I, then
implies the structure of a corresponding Hopf algebra of Feynman graphs. Indeed, those
one-particle irreducible graphs T provide the generators 5p of the graded connected Hopf
algebra "KF = ©~0JC(j), where "KFM '•— span((5r), with their disjoint union providing the
commutative product, which we denote by juxtaposition.
Recall that a bialgebra, denoted by a quintuple i^K = (J)°^0!K(j),ra, 77, A, e) consists of an
algebra and a coalgebra structure in a compatible way. Here, A : !K —» !K <S> "K is the
coproduct, m : % ® !K —> "K the product. These maps together with the counit e : 'K —> K.
fulfil the standard bialgebra axioms, see Section 2.2 ofpart I. A bialgebra is called connected
graded if 0<{i)D<u) C X{i+j) and A(5C(i)) C ®j+k=i M w) <8>M{k), and if A ( l ^ ) = 1K® l K and
3"C(0) = K l ^ . The counit simply is defined to be e(ljf) = l £ l and e = 0 on © ^ CK(j).
Remember that we called ker(e) the augmentation ideal of % and that we denoted by P the
projection "K —> ker(e) onto the augmentation ideal, P := id — r] o e. Furthermore, we use
Sweedler's notation A(h) = ^2,h! <8> h" for the coproduct on "K. Let us define
^1,

H - . {ker(e)}®fc,

k times

as a map into the A;-fold tensor product of the augmentation ideal. Here, Ak~l is defined
inductively by A 0 := id, and A n := ( A n - 1 <8> id) o A for n > 0. We let
IK(fc) =ker(Aug (fe+1) )/ker(Aug (fe) ),
Vk > 1. All bialgebras considered here are bigraded in the sense that

i=Q
k

{j)

k=0
(0)

where H{k) C ® j=1W for allfc> 1. ^ ( 0 ) ^ ^
^ K.
Let F be a 1PI Feynman graph. The Hopf algebra 'Kp resulting from the Lie algebra of
Feynman graphs LF described above turns out to have a coproduct A : Dip —> 3iF <g> 3iF of
the form
(288)
7er

where the sum is over all unions of 1PI superficially divergent proper subgraphs, and we
extend this definition to products of graphs, A(rir 2 ) = A(ri)A(r 2 ), so that we get a
bialgebra. Here r / 7 denotes the cograph, that is, the graph that results from reducing the
(union of 1PI) subgraph(s) 7 to a point in F.
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While the pre-Lie product respectively the Lie bracket inserts graphs into each other, the
coproduct disentangles them. This is precisely what we make use of in renormalization
theory: we have to render each subgraph finite before we can construct a local counter term.
Having a coproduct, two further structure maps of "Kp are immediate, the counit and the
antipode. The counit e vanishes on any non-trivial Hopf algebra element, e(X) = 0, X ^ I F ,
but C(1F) = IK- The antipode S : "Kp —> ^ip is given by
(289)
7 cr

for F 6 ker(e), and S(lp) = IF- One recognizes immediately the coproduct, Eq. (288).
We can work out examples for the coproduct of a graph:

As a remark we mention here that the above diagram -w(T)*v is another example of a
Feynman graph with an overlapping structure. An example for an antipode is given by

We note in passing that the gluing operation underlying the pre-Lie insertion of graphs relies
on gluing data which can be reconstructed from the subgraphs 7 and cographs r / 7 in the
above coproduct. This is crucial in the proof of locality of counter terms upon studying the
Hochschild cohomology of this Hopf algebra [157].
We have by now obtained a Hopf algebra generated by combinatorial elements given by 1PI
Feynman graphs. Its existence is indeed automatic once one has chosen interactions and free
fields of the QFT.
Recall that the space HomCHp, K) of linear maps from ^KF to K equipped with the convolution product / * g :=TOKO (/ <g> g) o A is an associative algebra with the counit e as
unit. Hom(CKF,H£) contains the group S := char(!KF,IK) of Hopf algebra characters, i.e.,
algebra homomorphisms 4>: %p —> K such that <fiom = m^ o (<^<g></>), and its corresponding
Lie algebra g := dchaiCHp, K) of derivations (infinitesimal characters). In fact, as we have
seen, Feynman rules for a pQFT provide such linear functionals from Dip to IK. Moreover,
as disjoint scattering processes give rise to independent (divergent) amplitudes one is led
to extend such Feynman rules map to characters, i.e., multiplicative maps from the Hopf
algebra of Feynman graphs to K.
Motivated by the need for regularization of pQFT, due to ultraviolet divergencies showing up
in higher loop calculations, we take here a slightly more general point of view, replacing the
base field, say C, as target space by a suitable commutative and unital algebra A, of -then
regularized- Feynman amplitudes. In general, a regularization prescription introduces extra
parameters. As an example we saw that A = C[e~l,e]], the field of Laurent series enters in
the dimensional regularization scheme. Let us denote by SA : = char(IKF, A) C Hom(!KF, ^4)
the group of A-valued, or regularized, algebra homomorphisms. The group operation is given
by the convolution product
(290)

4>Y * 4>2 := mA o (fa ® 02) o A : 3iF^MF®MF

^ ^

A ®A ^> A

so that the coproduct, counit and coinverse (the antipode) give the product, unit and inverse
of this group. Hence, now the set of Feynman rules together with a regularization prescription
amounts to a linear map from the set of 1PI Feynman graphs to the algebra A or to an algebra
homomorphism denoted by 0 6 SA from "KF to A.
189

CHAPTER 4. BIRKHOFF DECOMPOSITION OF FEYNMAN RULES
With the regularized Feynman rules providing a canonical character <p into the algebra A,
we will have to make one further choice: a renormalization scheme. The need for such a
choice is no surprise. After all we are eliminating short-distance singularities in the graphs
which renders their remaining finite part ambiguous, albeit in a most interesting manner.
We choose a K-linear map R : A —»• A, from which we obviously demand that it does not
modify the UV-singular structure, i.e., R2 = R, and furthermore that it obeys

(291)

R(x)R(y) + R(xy) = R(R{x)y) + R{xR{y)),

x,y € A,

an equation which turns out to guarantee the multiplicativity of renormalization and
which lies at the heart of the Birkhoff decomposition to be explored below. It appeared in
[69, 70, 148] under the name multiplicativity constraint and tells us that elements in the
algebra A split into two parallel subalgebras given by the image and kernel of R. Of course,
the reader immediately recognizes the Rota-Baxter relation and the last statement about the
direct splitting of the algebra A into two subalgebras is just Atkinson's first decomposition
theorem for general Rota-Baxter algebras. In the next section we make full use of the results
established in the earlier parts of this work.
But, let us take a shortcut for the moment and see how all the above structure comes together
in renormalization theory [69]. Following the Hopf algebraic approach to renormalization
in perturbative QFT, we started by introducing the notion of a regularized Feynman rules
character <fr. We define inductively a further linear map 5 ^ defined in terms of <fi and the
renormalization scheme map R, which 'deforms' 4> o S, the inverse of 4>, slightly and delivers
the counter term for the Feynman graph F in the renormalization scheme R
(292)

S+(T) := -R[mA(S%

<g> </> o P ) A ( F ) ] = -R[<f>(T)] - R

for F in ker(e), otherwise S^R{lF) := 1 K . Comparing with the 'undeformed' inverse of
<j) o S{T) = mA{<f> oS®<j>o P ) A ( F ) = -<f>{T) - J ^ <t> o S ( 7 ) 0 ( F / 7 )
7 cr
allows us to easily understand the finiteness of renormalized quantities, thanks to the independence of counter terms on kinematical variables. In the following section we will fully
derive Equation (292) and the results below from a mathematical point of view taking the
fact that R is a Rota-Baxter operator into account.
We conclude that 5^ is an element of the group of regularized characters, SA, of the Hopf
algebra, S^ G Spec(S^). This actually is the point where the multiplicativity constraint,
i.e., the Rota-Baxter relation appeared in the work of Kreimer, and Connes and Kreimer.
We now have determined the renormalized Lagrangian as we know now the Z—factors following from the counter terms.
The standard results of renormalization theory follow immediately using the group of regularized characters. The renormalization of a graph F is obtained by the application of a
renormalized character, 5^ * 4>
for F e ker(e), and Bogoliubov's R-operation is obtained as
(293)

R(r) = mA{Si ® 0)(id ® P)A(F) =
7cr
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In the following we write R(F) =: <f>(T), so that we have

Sft * 4> is an element in the group of regularized characters, SA, of the Hopf algebra. This
Lie group has indeed the previous Lie algebra LA of graph insertions as its Lie algebra: LA
exponentiates to SALet us summarize these results in a theorem which is due to Connes and Kreimer [69, 148].
They used explicitly dimensional regularization, (A := C[e~ 1 ,e]],i? ms ) with
-1

Rms '• A

> A,

1.3. The renormalization of the dimensionally regularized Feynman rules character 4> ——* <fi+ follows from the convolution product of the counter term 4>- '•— S^ (292) with
the character 4>, <f>+ := </>_ * 0, implying the inductive formula for <p+ on ker(e)

THEOREM

= 0(F) + 0
7cr

Furthermore, the maps (p- and 4>+ are the unique characters such that <j> = (pZl * <p+ gives
the algebraic Birkhoff decomposition of the regularized Feynman rules character cf> G SA-

What we have achieved at this moment is a local renormalization of quantum field theory.
Let mr be a monomial in the Lagrangian L of our QFT of degree UJL,
(294)

m , = DL{<p},

for some suitable derivation DL on the fields ip. Then one can prove using the Hochschild
cohomology and induction over the augmentation degree in "Kp
THEOREM

1.4. (locality) [148, 153, 157]

P-Driv} = Dr_Zr-{<p},
renormalization commutes with infinitesimal space-time variations of the fields.
For more on this exciting approach to locality in terms of Hochschild cohomology we refer
the reader to the references [23, 150, 158]
Let us finally give the renormalization of a Feynman graph, say F =

O

(295)

= [id -R]o[i
Let us summarize and see what we learned so far. Feynman amplitudes in general are illdefined objects, and need to be regularized and then renormalized. Bogoliubov's R-map
was invented to extract finite parts of Feynman integrals corresponding to Feynman graphs
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via regularized Feynman rules, while maintaining fundamental physical principles, such as
locality, unitarity, and Lorentz invariance. The simple strategy used in this process consists
of preparing a superficially divergent Feynman graph and its proper UV divergent 1PI subgraphs in such a way that a final naive subtraction renders the whole amplitude associated
with that particular graph finite. Today this is is summarized as the BPHZ renormalization prescription referring to Bogoliubov, Parasiuk, Hepp and Zimmermann [31, 126, 239],
see [31, 32, 60, 66] for more details.
In the light of the combinatorics involved in the calculation of Bogoliubov's R-map we see
the notion of connected graded commutative Hopf algebra entering naturally in the context
of perturbative renormalization of 1PI Feynman graphs.
In fact, two complementary operations on Feynman graphs seen as either forming a (pre-)Lie
or a Hopf algebra are appearing in the course. In the former case we have a composition of
Feynman graphs in terms of a pre-Lie insertion product, where we replace vertices by Feynman graphs with compatible external leg structure. On the other hand, via the Milnor-Moore
theorem we have their decomposition in terms of a Hopf algebra coproduct by eliminating
subgraphs, i.e., replacing non-trivial 1PI UV divergent subgraphs by their residues. We refer
the reader to [71, 101, 178, 179] for more details on the combination of insertion and
elimination operations on Feynman graphs in the light of renormalization theory.
The standard examples of regularization prescriptions, i.e., dimensional regularization and
momentum cut-off, and renormalization schemes, naturally carry a Rota-Baxter algebra
structure with an idempotent Rota-Baxter map. In fact, the projector property of the
Rota-Baxter operator, or equivalently, the direct decomposition of the underlying RotaBaxter algebra, implies the uniqueness of the renormalization of Feynman graphs. This
observation is the starting point for our next step. We will cast the above approach into the
purely algebraic Rota-Baxter picture.

2. Rota—Baxter algebra in renormalization
In general we have IK = C in mind. So far we have seen that the graded connected commutative Hopf algebra of Feynman graphs, denoted by "KF, a n d its graded dual, 3i.*F =
Hom(3f/r,K) are intimately related by the Milnor-Moore theorem. The space !KF together with the convolution product and the counit map e : %F -> K as unit forms a
unital, associative and non-commutative K-algebra, which contains the group of characters,
S := char(3-Cir,K), i.e., linear functionals <fi £ ^ip from !KF to K respecting multiplication in
CKp, 0(I\r2) = 0(Fi)0(r2), Fi, F2 G "KF- This group of multiplicative maps possesses a corresponding Lie algebra, £ = <9char([Kf ,K) C "KF, of derivations, or infinitesimal characters,
i.e., linear maps Z G tK*F, satisfying Leibniz' rule
for all Ti, F 2 6 "KF- The grading of "KF implies a decreasing filtration on DiF, which allows
us to introduce a metric, and therefore a distance map. !KF is complete with respect to the
induced topology. The exponential map exp* gives a bijection between the Lie algebra £
and its corresponding group £5, see [92, 175], as well as Section 2 for details.
As a matter of fact, general Feynman rules for any interesting perturbative QFT form a
subclass of characters. However, we had to face the severe problem that the associated
Feynman integrals for graphs beyond the tree level suffer from ultraviolet divergencies in the
limit of large momenta, or equivalently small distances. Therefore, one is forced to invoke a
regularization of such integrals, or more generally of the Feynman rules themselves.
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Actually, there is no specific selection rule for such a regularization, indeed one must make
sure that the final physical result is independent of such a nonphysical intermediate step. At
the same time it is of vital importance that the regularization prescription used in calculations
respects as many physical properties of the underlying theory as possible, such as gauge
symmetries.
We will ignore such subtleties and take the following stance. In the above Hopf algebraic
setting, the regularization of a QFT is achieved by replacing the base field K as target space
of maps in %*F by a unital algebra A, of which we demand commutativity, and the existence
of a linear map R satisfying the Rota-Baxter relation of weight one
(296)

R{x)R{y) + R{xy) = R{R{x)y) + (xR{y))

for all x,y E A. For R being such a Rota-Baxter map, R := id^ — R also satisfies relation (296).
The choice of the Rota-Baxter map is determined by the choice of the renormalization
scheme respectively the corresponding regularization prescription.
As a paradigm we mention here again dimensional regularization, where the image of Feynman rules lives in the field of Laurent series, A = Cfe" 1 ,^]], with the pole part projection
R := Rjng as Rota-Baxter map. In the case of the original BPHZ scheme, we have a simple cut-off regularization of the momentum integrals and the map R is given in terms of
a truncated Taylor expansion. For QFT with only logarithmic divergences the truncated
Taylor operator reduces to an evaluation of functions at a specific fixed momentum (on-shell
scheme), Rq(f)(p) := f(q), i.e., Taylor expansion up to zeroth order of a map / at point
q. Such a map trivially satisfies relation (296), as it is an idempotent algebra homomorphism. We encountered this example in our exploration of general Rota-Baxter theory as
an example of a Rota-Baxter map.
At this point we must postpone further comments on a complete census of renormalization
schemes used in physics in the light of Rota-Baxter algebras, which is part of an ongoing
research project. Instead, we simply assume regularized Feynman rules and a Rota-Baxter
map on the regularization space as being given.
We assume from now on that {A, R) is a commutative unital Rota-Baxter algebra of weight
one. The space A := HomCHf, {A,R)) of A-valued linear functional, together with the
convolution product and unit e := r\A oe, e{\<x) = 1A, forms an associative non-commutative
algebra, containing the group of regularized, or A-valued characters, SA : = char(J{Jp, A), and
its corresponding Lie algebra, LA '•= dcha,T(JiF,A), of regularized derivations.
The linearity of the Rota-Baxter map R on the regularization target space A, gives rise to
a Rota-Baxter algebra structure on Hom(!K.F, (A, R)).
2.1. Define the linear map 01 : A —> A by f —
i > Oi(f) := R o / : Di —»
R(A). Then Hom(CKf, {A, R)) becomes an associative, unital non-commutative Rota-Baxter
algebra. The Lie algebra of A-valued infinitesimal characters LA C A becomes a Rota-Baxter
Lie algebra, i.e., for Z',Z" E LA we have
PROPOSITION

(297)
PROOF.

f,gEAwe

[R(Z'),ül(Z")] = %([Z',%(Z")]) +$.([R(Z'),Z"])

-%{[Z',Z"}).

The proof follows from the fact that R is K-linear and for two linear functional
readily verify that
= mA (Ä(/) ®ft(<?))o A(F)
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= -RomA(/(r')

® g(T")) +RomA(/(F')

<g> i?0(

= -R o mA (/ <g> g) o A(F) + Ä o m x (/ <g> :%)) o A(F) +RomA
= a ( / * a(s))(r) + Ä(Ä(/) * g)(r) - R(f * <?)(r),

(öl(f) ® g) o A(F)

where we used Sweedler's notation A(F) = ^ F' <g> T" for the coproduct in öi.p, omitting
the summation sign above. Non-commutativity follows from the non-commutativity of A.
For the second assertion, we only have to show that öl : LA —* LA, but this again follows
from the K-linearity of the Rota-Baxter map R on A and e(F) = e(F)l^.
D
We immediately have the following simple
2.2. The Rota-Baxter algebra (A, öl) in Proposition 2.1 equipped with the convolution product
COROLLARY

(298)
f*xg:=f*%(9)
+
X(f)*9-f*g
for f, g G A gives a double Rota-Baxter algebra structure on the vector space of linear
functionals with image into the double Rota-Baxter algebra AR corresponding to (A, R). We
denote it by (AR, öl). An analog for LA exists and is denoted by -CAX- The Rota-Baxter
operator öl becomes a (Lie) algebra morphism AR —> A (resp. LA:R —> &A)As before, we can equip A with a decreasing filtration of Rota-Baxter ideals
A =

A0DA1D---Z)AnD...

making it into a complete filtered non-commutative Rota-Baxter algebra with convolution
product as composition, (A, öl, {An}), since öl(An) C An for all n.
Here we have LA as a Lie subalgebra of A\, and QA is a subgroup of 9 := e + Ai, such that
(299)

exp*:

(300)

log*:

A, ^ e + Au
e

+ A1^A1,

exp*(Z) :=

log*(e + Z) :=

are well-defined with respect to convolution and the inverse of each other. Furthermore exp*
restricts to a bijection between LA and SA [175].
An immediate result derives from Atkinson's factorization theorem implying in the above
setting, that for a fixed v4-valued character written as <fi = exp(Z) 6 %A the solutions
0- e SA •= e + öl(Ai) and 0+1 e 3 ^ : = e + öl(Ai) of the equations
(301)

X = e-%(X*(4>-e))

resp. Y = e - öl(((ß - e) * Y)

solve the factorization problem
(302)

<f> = (ßZ1

*(/>+,

which can be easily checked. If the Rota-Baxter map R is idempotent, the decomposition
in (302) is unique. In fact, the group SA decomposes uniquely into the subgroups S^ =
e + ö\(Ai) and TA = e + ft(.Ai).
Now recall the Theorem 5.3 and Corollary 5.5 of part one in the context of complete filtered
Rota-Baxter algebras and Theorem 5.4 (part one) if the Rota-Baxter map is idempotent.
Also, for the reader's convenience we recall here the definition of the unique map x'•Ai —> A\
which called BCff-recursion and which was the key-result for the generalization of Spitzer's
identity to non-commutative Rota-Baxter algebras. It satisfies the equation

(303)

x(Z) = Z - BCH (*(x(Z)), ö\(x{Z))),
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Then we may reformulate Theorem 1.3 in the light of the underlying Rota-Baxter structure
of renormalization. However, we do not assume any particular Rota-Baxter algebra, but
just demand that it is commutative with an idempotent Rota-Baxter map.
2.3. Let "K? be the connected graded Hopf algebra of Feynman graphs associated
with a perturbatively treated renormalizable QFT. Let A be a commutative unital Rota-Baxter
algebra with an idempotent Rota-Baxter operator R. Let A be the complete filtered RotaBaxter algebra (Eom.CKF, A), JV) with Rota-Baxter operator $.(<fi) := Rocfr and filtration from
"Kp. Then <p — e is in Ai and
(1) For 4> = exp*(Z) G SA, there are unique </>_ G S^ := e + R(Ai) and cp+ G S^ :=
e + $l(Ai) such that

THEOREM

(304)

<f> = &Z1 * <f>+.

( 2 ) The elements </>_ = e-ft(0_*(<£-e)) and(j>+ = e-%((j)+^(<j)~l-e))
take the following form for V G ker(e):
(305)

0_(r) = -R{4>{T) +

solving Eg. (311)

Y,

her)

(306)

0 + (r) = Ä(0(r) + Y, 4>
(7cr)

(3) Spitzer's identity for non-commutative complete filtered Rota-Baxter algebras implies
that the linear maps 0_ and (p+ can be written as
(307)

<£_ = exp* ( - R(x{Z)))

resp.

cj>+ = exp*

{$.(x{Z)j)

and naturally give algebra homomorphisms, i.e., A-valued characters.
(4) Bogoliubov's R-map, R[4>] : "K —> A, is given by R[<ß] = exp*K ( - x(l°g(0)))> for
4> ^ 5A, such that R(R[4>]) = 2e — <p+ and %(R[4>]) = </>_— e. Here 0 i * ^ 2 is the double
Rota-Baxter product defined in (298).
We have an immediate corollary giving us a recursion for the renormalization of
<f, IÜL» 0 + = e + ^ ( 0 _ * (0 - e ))
which does not contain explicitly the counter term character 0_.
2.4. With the assumption of Theorem 2.3, the second equation in (306) gives
a recursion for 4>+

COROLLARY

Recall that the inverse of <p G S.4 is given by the composition with the antipode, <p~l — 4>o S.
Let us point the reader's attention to item (4) in the above theorem, where we see that
Bogoliubov's R-operation (293) can be written as an exponential using the double RotaBaxter convolution product, *#, on (A, CR, {./ln})
R = 0_ * (<j> - e) = - exp*^ ( -

X(Z))

for elements in ker(e). Finally, let us mention that the above notion of complete Rota-Baxter
algebra and Theorem 2.3 become very transparent for uni- and nilpotent upper (or lower)
triangular matrices -of possibly infinite size- with entries in a commutative Rota-Baxter
algebra [92, 86]. This will be our last point in this work.
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The above theorem presents a purely algebraic setting for the formulation of renormalization
as a factorization problem in the group of regularized Hopf algebra characters, situated in
the theory of non-commutative Rota-Baxter algebras with idempotent Rota-Baxter map.
The formulae for the counter term (305) and renormalized character (306) are completely
dictated by a general decomposition structure, which characterizes Rota-Baxter algebras.
The additional property of R being a projector implies a direct decomposition of the algebra,
hence the uniqueness of the factorization in (311). We would like to emphasize the necessary
freedom in the choice of the regularization prescription, encoded in the particular structure
of the commutative Rota-Baxter algebra A as target space of linear Hopf algebra functionals
inHom(:K F ,,4).

Geometric picture for dimensional regularization: Specializing the target space RotaBaxter algebra A to the field of Laurent series, i.e., using dimensional regularization together
with the minimal subtraction scheme, the above theorem amounts to the decomposition of
the Laurent series <p(T)(e), which has poles of finite order in the regulator parameter e, into
a part holomorphic at the origin and a part holomorphic at complex infinity. This has a
geometric interpretation upon considering the Birkhoff decomposition of a loop around the
origin, providing the clutching data for the two half-spheres defined by that very loop, which
is central in the work of Connes and Kreimer [69, 70].
Hence in this special case the theorem opens a hitherto hidden geometric viewpoint on
perturbative renormalization, first discovered by Connes and Kreimer [69, 70] and puts the
mathematics in the theory of renormalization in a broader context of the Riemann-Hilbert
correspondence which has its origin in Hubert's 21st problem and has been extended into
several areas of analysis, geometry, mathematical physics [135].
The geometric interpretation leads to motivic Galois theory upon studying the equisingularity of the corresponding connection in the Riemann-Hilbert correspondence [72, 73, 74],
itself a result of the Hochschild cohomology of these Hopf algebras [22, 23].

3. Combinatorics of renormalization as a simple matrix calculus
In the formalism Kreimer developed jointly with Connes [68, 69, 70], and which we presented in the foregoing sections, Feynman diagrams are organized in a Hopf algebra, which
we denoted by "Kp; Feynman rules are understood as linear and multiplicative maps (f> from
'Kp into an algebra A of quantum amplitudes assumed to be commutative, and with unit;
the process of renormalization is formulated as a factorization problem (algebraic Birkhoff
decomposition for A-valued characters). The original formulation of Connes and Kreimer,
mainly using dimensional regularization, i.e., specifying A := C[e,e"1]], had a strong geometrical flavor but, its supporting algebraic frame in terms of Rota-Baxter algebra was given
just above in Theorem 2.3.
Here, we would like to show how the above combinatorics of disentangling and assembling
of Feynman graphs, especially the Birkhoff factorization, may be formulated in terms of a
simple calculus using -infinite size- uni- and nilpotent upper triangular matrices [92, 86].
Let us summarize briefly the Hopf algebra of renormalization. The set (of equivalence classes)
of one-particle irreducible (1PI) Feynman graphs denoted by F in the following and dictated
by the perturbation theory of the QFT was organized into either a (pre-)Lie algebra £>F of
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1PI graphs or into the corresponding Hopf algebra Dip. The latter was done via the MilnorMoore theorem and came out to be the free commutative polynomial algebra generated
by 1PI Feynman graphs with the empty graph as unit, denoted by 1 F and the coproduct
A : Dip -> Dip ® Dip.

(308)

A(r) = r®i F + i F + ^ 7 ® r/7,
(7er)

where the sum is over all superficially divergent subgraphs 7 of F and r / 7 is the corresponding
cograph in Dip.
In fact, we have seen that with respect to the number of loops in a graph, Dip is a connected
graded commutative and non-cocommutative Hopf algebra in the sense that there are Kvector subspaces Din, n > 0 in Dip such that
5^n Q ^n+l>

K^jy^n = ^-Fi

DipDiq C Dip+q,

A(Din) C (-j^ Dip £g) Dig,

n>0

Dio = Cl

p+q=n

Then for any 7 G Din, we have
(309)

A( 7 ) - 7 ® 1 F - 1 F ® 7 G ®P+q=n,P>o,q>oKp <g> Diq.

REMARK 3.1. It is important to notice that the right hand side of the coproduct A(F) G
Dip <g) Dip is linear. Therefore we can write, for the K-vector space IK F spanned by the set
of 1PI Feynman graphs F,

(310)

KF^DiF®KF

Let A be a commutative unital Rota-Baxter algebra with Rota-Baxter operator R. Let
A := EomCXF,A). Define a decreasing filtration {An} on A in duality to the filtration on
DiF. Define the map 3? : A -> A by £ ( / ) := R o <fi, <f> <G A. Then (A, % {An}) is a complete
filtered non-commutative associative unital Rota-Baxter algebra, in the sense that,
C An, AmAn

C Am+n,

ji{An) C An,

and A is complete under the topology defined by the Rota-Baxter ideals An.
Let 0 : F —> A be the linear map giving the unrenormalized amplitudes of single Feynman
graphs. Then 4> extends uniquely to an algebra homomorphism (f> : Dip —> A, called a regularized, or yl-valued, Feynman character. Similarly the counter term 0_ and renormalized
amplitude 4>+ extend to the counter term and renormalized Feynman characters denoted by
the same symbols. The algebraic Birkhoff decomposition of Connes-Kreimer is the decomposition of the group SA of .A-valued characters into the the subgroups S^ and 9Ä> SA = S^ S j[,
such that for <fi G 9 A
<I> = <I>Z1

(311)

*<!>+,

with uniquely defined <fi± G S^ in the context of idempotent Rota-Baxter algebras. Solutions to this decomposition are dictated by Atkinson's factorization Theorem 2.24 (part
one) respectively Spitzer's identity for non-commutative Rota-Baxter algebras, Eqs. (307)
in Theorem 2.3 above
(312)
(313)

</>_ = e
<P~l =

e

(
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Here e := TJA ° e : 3^F —>• A is the unit, serving as the identity for the convolution product in

Recall that we denoted the algebra of n x n matrices, n < oo, with entries in a commutative
unital (Rota-Baxter) K-algebra A by Mn(A). Moreover, we had the complete filtered noncommutative subalgebras M^(A) C Mn(A), 1 < n < oo, of upper (or lower) triangular
matrices. The subset 9Jln(A), 1 < n < oo, of upper (lower) triangular matrices with unit
diagonal, i.e., those a G M%(A) such that an = 1, i = 1 , . . . , n, form a group under matrix
multiplication.
3.1. Matrix representation of linear functionals. We take a more general point of
view and formulate the results for general filtered Hopf algebras. Recall that a Hopf algebra
"K is called filtered if there are K-vector subspaces J{^n\ n > 0 of 3i such that
(1) KW C ^ ( n + 1 ) ;
(3) CK^CK^ C } { W ;

(4) Api™) C 0 p + g = n
"K is called connected, if in addition !K^ = K. Then for any x G<K<Jl\we have
(314)

A(x) := A{x) - x ® 1 - 1 <g) x G
DEFINITION 3.2. A subset X ofKis called a (left) subcoset if X is K-linearly independent
and ifKX is a left subcomodule of ^K. A subcoset X is called filtration ordered if X is
given an order that is compatible with the order from the filtration of "K. In other words, if
i < j and Xi is in 3i^n\ then Xj is in "K^. A subcoset X is called a 1-subcoset if 1^ is
in X.
It is clear that X is a left subcoset of Di means that the coproduct A on M restricts to
Ax : X —> 'K <S> X. In other words, for any x G X, with Sweedler's notation Ax(x) =
we have x/v\ G KX.
This definition reflects the combinatorial character of certain filtered Hopf algebras. Objects,
mostly of graphical type, with specific substructures are disentangled.
3.1.1. The representation anti-homomorphism map. Let A be a commutative K-algebra.
Denote AX := A&KX which is a free A-module with basis X. For the filtered Hopf algebra
!H with a left 1-subcoset X, we will define a linear map ^X,A '• Hom(!KF, A) —> End(AX),
eventually giving rise to a natural representation of Hom(3i, ^4) in terms of upper triangular
matrices with entries in A. In the following the subscript X will be suppressed when possible.
3.3. Let 'K be a Hopf algebra with a filtration ordered left 1-subcoset X. A is
a commutative K-algebra. The linear map ^A,X '• Hom(!K, A) —> End(AX) is defined by
taking the composition

DEFINITION

(315) *A,x[f\:A®KXi±^A<8>K®KX

itU

®*»idK*, A (g> A ® KX

In particular, for x G KX with A(x) = X!(x) XW ® x(2)> w e have
(316)
(x)
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This justifies the short-hand notation / * id^x for the composition (315) defining */i[/].
As an example, consider the Hopf algebra IK-j, see subsection 3.2.1 (part one), of rooted trees
with X := 7. Using the notation in (19), we have, for / € Hom^-j, A) and i e T ,
(317)

*A[f\(t) = f(l7)t + f{t)l7+

J2 f(pct)Rct

which is in A 7.
3.1.2. Coproduct matrix for filtered Hopf algebras. With the natural basis X of AX, the
map ^A gives a matrix representation of Hom(3i, A). Explicitly, fix a linear order {XJ};>I
of the left 1-subcoset X that is compatible with the filtration of the Hopf algebra !H. Then
the coproduct A of 3i restricted to X reads
oo

(318)

A(xj) =

for uniquely determined X^ in !K. Note the order of i and j . For all % < j , we find that the
order of Xij, #{Xij), is strictly less than #(XJ). This leads to the
3.4. Let Di be afilteredHopf algebra. Fix a linear order {xi}i>i of the filtration
ordered left 1-subcoset X. We define the \X\ x \X\ matrix

DEFINITION

:= Mx,x ••= (Xij)

in M\x\(9t), called the coproduct matrix of "K (with respect to X).
Then M-K is upper triangular since % is filtered. For a different choice of basis, we get
conjugate matrices. Under afixedordering (x\, • • • , xn, • • •) of X, we obtain an isomorphism

sending xn to the unit column vector \xn) with 1 in the n-th entry and zero elsewhere.
Here we use the familiar bra-ket notation to denote abstract vectors as column vectors. We
likewise obtain the isomorphism

sending \£/i[/] to the upper triangular matrix
(319)

/ = (/y) :=

We further have an isomorphism

sending the dual basis a£, defined by x^(xm) = <5n,m, to the row vector (xn\ with 1 in the
n-th entry and zero elsewhere. The image of / € Hom(^4 X, A) under this isomorphism is
denoted by {/|. So we have

We will often use these isomorphisms as identifications when there is no danger of confusion.
In particular, / is often identified with \&[/].
As an illustrating example we consider again the Hopf algebra "K-j to rooted trees with a
truncated X given by
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(320)

T(6) := <^ ej := 17, e2 := ., e3 := I, e4 := {, e5 := A , e6 := ',' >

with the displayed linear order. Then we have the corresponding column vectors

In particular,

and

From the coproducts on rooted trees, we obtain the truncated unipotent coproduct matrix
from Definition 3.4
/
(321)

e4

IT

0

IT

e2

ß3

e2e2

0

0

IT

e2

2e 2

e4
e3

0
0

0

0

IT

0

e2

0
0

0

0
0

IT

0

0

IT

Vo

0

For an / £ Hom(IKT, A) we then obtain its representation /(6) in terms of an upper triangular
matrix by applying / to M M entry by entry. In each column we just see the image of the
left hand side of A(e*) under / .
For an infinitesimal character Z we find particularly simple nilpotent matrices
(322)

M=i
Here, due to the Leibniz rule for such infinitesimal characters, that is,
Z{T{T2) =

T\,T2 E

we only need to consider single admissible cuts, \ct\ = 1. The sum on the right hand side
of (322) therefore goes over all decompositions of the tree t, resulting from the removal of
exactly one edge. The tree t' denotes the pruned subtree of tree t, and t" the denotes the
tree, which is still connected to the root of t. For the generators Zt we find

2 2

As an example, let us calculate

\ct2\=l

nz.]{e4) = Z.(.)I= I,
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For the generators Zt
following matrices.
(323)
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

of the Lie algebra of derivations we find in this particular example the

0
0
0
0
0

1 \
0
0
0
0

/ 0
0
0
0
0

\ 0 0 0 0 0 0

0
0
0
0
0

0
0
0
0
0

1
0
0
0
0

0 \
0
0
0
0

r

\ 0 0 0 0 0 0/

( 0
0
0
0
0
\0

(324)

0
0
0
0
0

0
0
0
0
0
0

1
0
0
0
0
0

0
1
0
0
0
0

0
0
0
0
0
0

0 \
0
1
0
0
0/

( 0
0
0
0
0
0

1
0
0
0
0
0

0
1
0
0
0
0

0
0
1
0
0
0

/ 0
0
0
0
0
^ 0
0
0
2
0
0
0

0
0
0
0
0
0

0
0
0
0
0
0

1 0 0 \
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0 /

0 \
0
0
1
0
0/

For a character 4> G Hom(CKo-, A), i.e. an algebra homomorphism from % j to A, 0(la) =
we find the upper triangular matrix with unit diagonal <f> £ %RQ{A) C MQ(A)

U
0
0
0
0

(325)

Vo

(p{e5)
\
(f>(e2)2 <f>(eA)

<f>(e3)
1A
0
0
0

4>(e4)
cf>(e3)

0
0

1A
0

0
lA

o

o

o

o

<f>(e2)
0
iA

/

The unit T]A O e, which is a character by definition, is represented by the unit matrix e'= 1AThe structure of the representation matrices shows that the row vector

<1 T |?= (1,0,0,0,0,0)?
is
Returning to the general case, where 3i contains a (filtration ordered left) 1-subcoset X, and
(A, R) is a Rota-Baxter algebra, we have the following key property of ^A,X that establishes
the connection between the Rota-Baxter algebras Hom(CK, A) and M^(^4). Remember that
we suppressed the subindex X if there is no danger of confusion.
3.5. Let "X be a connected filtered Hopf algebra with a filtration ordered (left)
1-subcoset I c ! H . Let A be a Rota-Baxter algebra (of weight 1).
(1) The linear map

THEOREM

$>A := y A i X : H o m ( ^ , A) -> Mf x ,(A)
is an anti-homomorphism of Rota-Baxter algebras that is continuous with respect to the
topologies defined by the filtrations on the filtered Rota-Baxter algebras. More precisely,
for any m > 1, there is N > 1, such that for all k > N and f £ Hom(CK, A) with
f{<Xk) = 0, we have *A[f] G Mfxl(A)m.
(2) The first row of f : = *AtX\f\ G M^(A)
is < / | : = ( l x | / =
{f{x))xGX.
(3) If X is a generating set of the algebra !H, then the map ^Atx restricts to an injective
map from the multiplicative group %A = char(!K, A) of algebra homomorphism Oi —> A
toEnd{AX).
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P R O O F . (1) We denote the composition in End(^4) by concatenation. Let / , g G Hom(J{, A),
and x G X. We will use Sweedler's notation of A(x) = X(i) ®X(2) and the short hand notation
m
^ A [ / ] = / * ICUA"
(316). By the definition of VP^, the coassociativity of the coproduct A
and the definition of the convolution product *, we have

) =

(f*idAX)((g*idAX)(x))

(326)

This proves the anti-homomorphism property.
Furthermore, 31 is the Rota-Baxter map on Hom(Ji, A), and we let R denote the RotaBaxter operator on M j ^ A ) by acting entry-wise. Let x € X with A(x) = X(i) ® X(2). We
have, for / e Hom(IK, A),

This proves that ^A,X is compatible with the Rota-Baxter operators.
The continuity is verified using the fact that the linear order on X is compatible with the
filtration of !K.
(2) Since X is assumed to contain 1 = lx and any linear order of X is assumed to be
compatible with the filtration of 'K, we have
X = (xi :=

l,x2,--)

for any choice of such linear ordering. So by Equation (314), we have
A(Xj)

=

Xj^l

T h e r e f o r e t h e first r o w v e c t o r o f t h e c o p r o d u c t m a t r i x M

w

i s ( x i , x 2 , - - • ) . S o t h e first r o w

oif\s(f(x1)J(x2),---).

(3) Suppose VA[f] = 0. Then / = 0. By item (2), f{x) = 0 for all xeX.
Since / : 3i -> A
is an algebra homomorphism and X is an algebra generating set of 3i, we have / — 0. This
proves the injectivity.
•
3.2. Renormalization of Feynman rules matrices. We now consider the Hopf algebra "Kp of Feynman graphs. F was the set of (equivalence classes of) Feynman graphs.
We assume a fixed linear ordering r \ := l F , r 2 , ••• compatible with the filtration "K^1 of
"Kp. Then with X being either F or the subset Fn of the first n elements in F, the results
of foregoing section apply.
With the representation of a regularized Feynman character <fi : 0iF —> A by an upper
triangular matrix obtained in Theorem 3.5, we can apply the complete filtered Rota-Baxter
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algebra structure on the matrices to decompose the representation 0, via Corollary 6.13
(part one), into the inverse of the counter term matrix </>_ and the renormalized matrix </>+,
giving rise to an analog of Connes-Kreimer's algebraic Birkhoff decomposition for regularized
Feynman characters. Then by item (3) of Theorem 3.5, these later matrices recover the
counter term and renormalization of the regularized Feynman character 4>.
In light of the anti-homomorphism tyA in Theorem 3.5, we expect that tyA exchanges the
order of the Birkhoff decomposition of <fi hi (311). The precise relation between these two
decompositions is provided by the following theorem by applying Theorem 3.5 and Proposition 6.8. We will use 31 to denote the Rota-Baxter map of Hom(!KF, A) and R for the
Rota-Baxter map on M
3.6. Let 4> be a regularized character from %F to (A,R) and Z^ = log*(0) G gAFor a fixed 1 < n < oo, let X = Fn be the first n Feynman graphs and let 4> G 9JIn(A) C
be the upper triangular matrix representation of 4> given by (319). Let

THEOREM

= 01 *
be the Birkhoff decomposition of 4> G SA in (311). Let (0_) and (4>+) be the matrix representations of <p- G S.4 and <j)+ G 9A, respectively.
(1) Then (<fi-) is the unique solution of the equation
(327)

/? = l
explicitly given by

(£7) = exp
and (4>+) is the unique solution of the equation
(328)

(? = 1
explicitly given by

(^f1

= exp (-

Here x is the BCH-recursion defined in equation (210).
(2) 4> factorizes as

^ÖB" 1 .

(329)

(3) The first row vector of {4>±) is (0±(F)) r „ . This can be summarized by the linear
renormalization matrix-vector equation for (4>+\ := (lp\ (<p+) and (<f>\ := {lp\ 4>:

(330)

{4>+\ = (4>\ (fT),
following from the matrix Birkhoff decomposition in (329).

REMARK

3.7. The renormalized matrix (</>+) uniquely solves the equation

(331)

c=l
-i

Instead of inverting (<f>+) —> (4>+) a ^ the end of calculation, here we first invert the
Feynman rules character matrix <j>, which we can do simply and efficiently using the inverse
coproduct matrix, see below.
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3.2.1. Calculation of the coproduct matrix and its inverse. Let X := F be the set Feynman graphs and fix an ordering of F that is compatible with the grading of F, Fi : =
I F , r 2 , • • • , F n , • • •. Then the coproduct A on Dip is given by

A(F) = r<g)iF + iF<g>r+ ^ 7 ®

r/7,

(7er)

or in our ordering,
(332)
2=1

where r y is in 'Kp, I\ is in F, and #(Iy) < #(Tj). Define
MocF = ( r y )
to be the coproduct matrix of Dip. M<ya is an oo x oo upper triangular matrix with entries
in "Kp and unit on the diagonal. One can also consider the truncated coproduct matrix
by restriction to the subspace of the first n graphs Fi,--- , F n and obtain a finite upper
triangular matrix in M^^Kp).
The direct calculation of the renormalization matrix 0 + in Theorem 3.6 respectively Remark
3.7 demands an inversion of character matrices. In Proposition 3.35 we stated the fact that
the inverse of a Hopf algebra character <>
/ e S is given by composition with the antipode antihomomorphism, 4>~l = 0 o S. The representation matrix of 0 loosely speaking follows from
(319), <f> :— 4> o M$Q. As we want to calculate the inverse coproduct matrix, M^-1 = (F^ 1 ),
such that (f)~l \= 4>o M^F, we may take another look at the coproduct matrix M<xF.
For this purpose we go back to Definition 3.3, where we define the commutative K-algebra
A := 3i. For a filtered Hopf algebra !K with a filtration ordered (left) 1-subcoset X this
provides us with an upper triangular matrix representation of Hom(CK, Di). The coproduct
matrix thereby represents the identity homomorphism id;n : Oi —>
'K
(333)

^ [ i d ^ ] = id^ = M M .

We suppressed the 1-subcoset X C Di in the notation.
As an upper triangular matrix, the inverse of MJI follows immediately in a recursive manner
from Equation (184). But we want to make a little detour, using the aforementioned representation point of view in (333). This will provide us with a non-recursive simple formula
for calculating M^-1.
The antipode S in a Hopf algebra Oi is an anti-homomorphism, defined as the solution of the
equation S * id^ = e = id^ * S. From a convolution product point of view the antipode is
the inverse of the identity map, S = id^ 1 . For connected filtered Hopf algebras the identity
can simply be written as idj-c = exp*(log*(idj<;)), using the bijectivity of exp* and log*, and
therefore we have S = exp*(— log* (id;><;))• We already mentioned the trivial fact that every
algebra is a Rota-Baxter algebra, with Rota-Baxter operator pair id and id = 0. The
space End(9{) is equipped with two products, composition and convolution, both forming
an associative algebra. Spitzer's identity for the non-commutative algebra (End(!K),*) with
Rota-Baxter map idjf: End(CK) —> End(Df) then implies for the antipode
S = exp* (-id M (log*(e + (idM - e))))
to be a solution of the equation b = e — id^(6^ (id^ — e)). Explicitly
(334)

S = e - (idM - e) + (id;K - e) * (idM - e) - (idM - e) * (idM - e) * (idjc - e) + • • •
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The BCH-recursion x (189) obviously does not enter in this particular case as idj< =
0. See [106] for the geometric series ansatz. Applying the matrix representation antihomomorphism ^ ^ , we find the inverse coproduct matrix

(335)

=

ln>0

The inverse character matrix of </> € G therefore is given by
(336)

^ - 1 = 0oM^- 1 = l -

For a truncated coproduct matrix M<x G M£(CK), n < oo, the series on the right hand side
terminates at order n, (<j> — l)n = 0, as (f> — 1 G M.^(A)i is nilpotent. In components, the
formula for 0" 1 is

(337)

( ? " % = -Jy +
A;=l

3.2.2. Matrix renormalization by factorization. Now let </>: IK^ —> ^4 denote a regularized
Feynman rules character with image in a Rota-Baxter algebra (A, R). Applying 4> to MjiF

gives the Feynman rules matrix
Let ß be the unique solution of the recursion

as in Theorem 3.6. The matrix ß can be effectively computed by Theorem 6.14.1. The
first row vector of ß is the counter term vector («/»-(Fi), • • • , </>_(Fn), • • •). Then the first
row vector of the matrix product <j> ß is the renormalization vector, i.e., we have the linear
renormalization matrix-vector equation (330) of item (3) in Theorem 3.6

(4>\ß= fa+cro, • • •, </> + (r n ), • • • )•
Alternatively, let ß' be the unique solution of the recursion
as in Theorem 3.6, again effectively computable by Theorem 6.14.2. Then find ß'~l which
can be computed by Equation (336) (or recursively by (184)). Then the first row of ß'"1 is
the renormalization vector
Equivalently, using the inverse coproduct matrix to calculate the inverse Feynman rules
character
we find directly the renormalized character matrix as solution of the equation c = 1
1
- l ) c) of Remark 3.7.
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3.2.3. Examples in <p\dim-theory. This section serves to show how the above Hopf algebra consideration nicely applies to standard Feynman graph calculations of perturbative
renormalization. Let us emphasize that the following calculation serves to make the combinatorial functioning of the matrix calculus explicit. The Feynman graphs we consider here are
of purely combinatorial type in the sense that the external legs are not decorated by external
structure, such as external momenta, spin indices, etc. This frees us from symmetry considerations, which otherwise would demand a more detailed picture. Our calculations are not
meant to show an actual renormalization as this would demand a more refined presentation
of the underlying QFT.
In [69] Connes and Kreimer showed in full generality that the set of Feynman graphs F for
any perturbatively treated QFT can be made into a combinatorial Hopf algebra Dip of the
above type.
We will use a simplified version of c^4-theory in four dimensions as our Feynman graph toy
model physics theory. A more detailed and refined treatment can be found in the companion
paper [86].
The Feynman graph Hopf algebra is denoted by 'Kp. As regularization scheme we choose
dimensional regularization. Then the space of linear functionals Hom(D"CF, A) contains maps
into the commutative Rota-Baxter algebra A := C[e~l, e]} with Rota-Baxter map RmS, that
is, the projection to the pole part of Laurent series.
We work up to 3-loop order, by taking X to be the set of graphs
(338)

F(4) := lei '•=

|1F)

, e2 := | O ) , e3 := | Y)> e4

:=

identified with the corresponding column vectors. The graph \Tx is obtained by substituting
a wine-cup V ' into the divergent 1-loop graph
The Feynman diagram O has a primitive divergence and would correspond to the one
vertex tree • decorated by this graph, the wine-cup diagram ^ contains exactly one
nested subdivergence of type O and corresponds to the ladder graph of length 2, I, where
the root and leaf both are decorated by the graph O . The coproducts of these two graphs
therefore are given in analogous forms to the first two coproduct expressions for rooted trees,
presented in subsection 3.2.1 (part one). The graph \JX contains three nested subdivergences
and correspondence to the ladder graph of length 3, where each vertex is decorated by
its coproduct is given by
A
Let <f> £ 3A denote the Feynman rules for four dimensional </?4-theory in dimensional regularization, together with minimal subtraction scheme, i.e. Rota-Baxter map R := RmS. The
corresponding coproduct matrix Mpw, respectively character matrix \&A[</>] = <P a r e given by
\

1
:=4>o

=

0
0
0

(BO

0

1
0
0

Y

1

o

0

1

This matrix has the special property that along any subdiagonal we find the same entry.
This situation always appears if (and only if) we deal with strictly nested diagrams only. In
the picture of decorated rooted trees this corresponds to the Hopf subalgebra of ladder trees.
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Using the counter term recursion (327) of Theorem 3.6 for 4>,

and applying formula (217) for its solution, we find
/ 1 —
i?(0(Ojj
l
0
0
0

0

A4
A4

As
)
l
0

-Ä(^(O))
l

where
As = - J

and

ßu

= ~R[

So in the end we have the following counter term matrix
1

-1

0
0

\°
giving the counter terms for the graphs O , Y an<^ V ^ m ^ s ^ r s ^ r o w " ^ ^ e r e n o r m a l i z e d
character matrix <f>+ follows from the matrix Birkhoff factorization (329) in Theorem 3.6,
4>+ = 4>4>~- According to the matrix-vector equation (330) of Theorem 3.6 we find

yielding the renormalized amplitudes for the graphs O , Y ' an<^ V ^
we write in transposed form
4>{O) -

Y)) +

^(Y)-
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Another example up to 3-loop order, including a graph with two disjoint 1-loop subdivergences is provided by taking X to be the set of graphs

(339)

e 4 : = | ))}}

^ 4 ) : = { e i : = | l F , ) , e 2 := | O > , e 3 : = | Y ) ,

The new graph y_$ is made of the two disjoint fish graphs O as subdivergences sitting inside
such a >O graph. Remember that our graphs carry no external structure. The coproduct
of this graph is given by
2O

0>0<

Let (f> € 9A be the Feynman rules character. The coproduct matrix, respectively the character
matrix are given by

1
0
0
V0

Y

o
1
0
0

U \

l
0

0
0

20
1

l
0
0

0

1

In this example the only new counter term matrix entry we need to calculate is position
(1,4) in <fi_. Applying formula (217) for its solution, we find
A4 =

-R

+

The identity R(a)2 = 2R(aR(a)) — R(a2) follows from (??), and is true only for commutative
Rota-Baxter algebras. It immediately implies

Likewise for the renormalized expression we find in entry (1,4) of the renormalized matrix
,T
0+, respectively the 4th component of the vector
(340)

+
Let us step back and see, from a more physicist's point of view what the logic behind the
matrix approach is. In fact, the coproduct matrix contains all information we need. In the
first entry of the j'-th column of M^cF = (Tki) we store the 1PI Feynman graph, (F^) := Tj e
F, corresponding to the empty cograph vector \lF). The next column entries, (Fjj)i>i, store
all families of 1PI UV divergent Feynman subgraphs, including the empty one, (F^-) = \lF),
corresponding to the cograph vector, \Tj) G F. Physicists call such families of 1PI UV
subgraphs a forests, and the j'-th column of M^F contains 3{Tj), the collection of all forests
of Tj including the graph Tj itself and the empty graph, |1^). Assuming a regularization
scheme, making Feynman integrals -formally- finite, with values in a commutative unital
Rota-Baxter algebra (A,R), and applying the A-valued multiplicative Feynman rules map
to MjiF entrywise, we arrive at an upper triangular matrix in MU(A), with unit diagonal. As
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such matrices possess a natural decreasing filtration and together with a non-commutative
Rota-Baxter structure coming from (A, R), we can apply Atkinson's and the generalization of
Spitzer's result, valid in non-commutative Rota-Baxter algebras, to achieve a factorization,
giving rise to the counter term matrix as well as the renormalized matrix.
3.3. More examples and comments on matrix factorization. As another illustration, let us consider the case of the truncated space T(6) in (320) of undecorated rooted
trees. For a given regularized character 0: "K-j —» A, we have the corresponding matrix 0 in
Equation (325) which we record below for easy reference.
(341)

0 =

0C
/

V

[

1 4
0
1
0
0
0
0
0
0
0
0

0(ea) 0(e 4 )

0(e5)
0(e
)
0(e2)
0(e 2 ) 2
3
1
0(e2) 20(e2)
1
0
0
1
0
0
0
0
0

0(e 6 )
0(e 4 )
0(e 3 )
0(e 2 )
0
1 /

where M<x is the coproduct matrix in (321). Recall that the unit diagonal upper triangular
matrix
(342)

ß := $1 = exp ( - R ( x ( ^ ) ) ) = 1 + öl (exp **

- l)

is the solution to the equation (327)

Remember that the second equality in (342) follows from Proposition 110 respectively its
matrix representation, with x i n place of Xi s e e Theorem 3.6. .
Equation (327) is solved by the formula (217), and we find

ß:=

/ 1
0
0
0
0

Vo
where, by abbreviating
As =

Ae

A4

1
0
0
0
0

1
0
0
0

1

0

/?46

0
0

1
0

ßm
1 /

by e*, 1 < i < 6,

-

R(e3R(e2)) - R(e2R{e2R(e2))),
ßi5 = -ß(e 5 ) + Ä(e2i?(e2e2)) + Ä(e3Ä(2e2)) - ß(e2jR(
ß16 = -R(e6) + R(e2R(e4)) + R(e3R(e3)) + R{eAR{e2))
-R(e2R(e2R(e3))) - R(e2R(e3R(e2))) - R(e3R(e2R(e2))) +
ß25
ß26

= -R(e22) + R(e2R{2e2)) = R(e2)R{e2),
= -R(e4) + R(e2R(e3)) + R(e3R(e2)) - R(e2R(e2R(e2))),
= ~2R{e2),
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/?46 =

-Ä(e 2 ), and /?56 = 0.

The counter term expressions for the graphs e;, i = 2 , . . . , 6 are given in the first row of ß,
<0_| = (I7\ß=

(1, -Ä(e 2 ), -R(e3) +

R(e2R(e2)),ßu,ß15,ßw).

These calculations for the ßij match the results of Bogoliubov's counter term recursion
applied to the coproduct matrix. For the renormalized matrix character 00_ = 0 + we find
(343)

+

=

= 1 - R (exp** ( ~

exp

- l)

Then the renormalized expressions 4>+{ei) for i = 2 , . . . , 6 are obtained as components of
the vector
As a remark for the practitioner we mentioned that from Proposition 6.9 we derive the more
familiar equation for the renormalized character

which is just Bogoliubov's classical R-operation giving the renormalized Feynman rules
(matrix).
We finally make a remark on the normal coordinates for the example in (341). For the
matrix representation of the character 0, ^A[4>] = 0 = exp [Z^j, with ZQ = log(0), the
strictly upper triangular matrix Z^ G Mg(>l)i follows by using the formula for the matrix
normal coordinates (221)
(344)

%

:=

023 ^23 + 024-E24 + 025 ^25 +
034^34 + 035^35 + 036-^36 + 045-^45 + 046^46 + 056-^56

0 0(e2) 0(e3) 0(e4)
0
0
0
0

(345)

Vo

0
0
0
0
0

0(e6) \
0(e 2 ) 0(e3)
0
0(e4)
0
0(e2) 20(e2) 0(e3)
0
0
0
0(e2)
0
0

0
0

0(e5)

0
0

0
0

/

We used the fact that 0 G GA is a character, i.e. an algebra homomorphism. We have the
following simple polynomial expressions for e*, i = 1 , . . . , 6, following from (221)
1
e2

62,

1

e4
66

e5 = e5 - e2e3 + - e 2 e 2 e 2 ,

Ö e 2e 2 e2,
=

— e2e4

-e 3 e 3

1
e2e 2 e 3 - - e 2 e 2 e 2 e 2 .
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These are exactly the rooted tree normal coordinates as they appear in [65], and [108, 105].
They can be calculated as well using the convolution product and the logarithmic map,
li = log* ( i d ^ ) (et), i = 1 , . . . , 6.

4. Conclusion and Outlook
The algebraic-combinatorial structure of renormalization in perturbative quantum field theory has found a concise formulation in terms of Hopf algebras of Feynman graphs. The
process of renormalization is captured by an intriguing simple algebraic Birkhoff decomposition of regularized Feynman characters in the Lie group of Hopf algebra characters, discovered
originally by Connes and Kreimer. Or, to say it differently, solving such a classical factorization problem for Lie groups provides Bogoliubov's recursions for renormalization. In the
course of the proof Connes and Kreimer use a simple algebraic relation which they called
multiplicativity constraint which must be satisfied by the minimal subtraction scheme, which
is indeed the case. It turns out that this relation is well-known from mathematics where
it is called Baxter's identity in older literature. Named after the American mathematician
Glen Baxter who discovered it in the context of Spitzer's work in probability. Today, it is
commonly called Rota-Baxter relation thereby acknowledging Rota'a seminal contributions
to the subject.
Moreover, after a careful elaboration of the mathematical properties we have seen that associative Rota-Baxter algebras naturally provide a suitable general algebraic underpinning for
such factorizations in terms of Atkinson's theorem and a generalization of Spitzer's identity
to non-commutative Rota-Baxter algebras. This approach frees the original result due to
Connes and Kreimer from the special context of dimensional regularization where it was first
achieved.
In fact, the purely algebraic Rota-Baxter picture enables us to establish a simple matrix
calculus for renormalization, that is, we found a matrix (anti-)representation of the Birkhoff decomposition in renormalization. However, a general characterization of the algebraic
structure underlying the notion of renormalization schemes needs to be explored in future
work.
We should underline that our results presented here go beyond the particular application in
the context of perturbative renormalization as we presented a general factorization theorem
for filtered algebras in terms of a recursion defined using the Baker-Campbell-Hausdorff formula for which we found a closed formula under suitable circumstances. Future work should
clarify whether one can achieve a general closed formula for this recursion. Its importance
in other fields such as numerical analysis and vertex operator algebras make it a challenging
object to study.
Moreover, we showed its natural link to a classical result of Magnus. This strongly underlines the research program originally launched by Rota asking for an algebraic theory
of integration in the same spirit as the theory for differential algebras. This is one of the
most promising direction of current research in the field of Rota-Baxter algebras. It goes
along with the operadic point of view on such algebras and the more fundamental question
for a classification of such algebras equipped with a linear operator satisfying a particular
identity. We mentioned several other examples of Rota-Baxter type algebras, i.e., Nijenhuis
and TD-algebras, and indicated their close resemblance.
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Lat but not least, the fact that Rota-Baxter algebras nat appeared in factorization problems
in classical integrable systems as well as its importance with respect to associative analogs
of Yang-Baxter type equations clearly makes it a rich field to be further explored.
Let us finish this work at this point and point the reader to the extensive list of references
given in this thesis for future questions.
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