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ABSTRACT 

In this work, computational methods of finding clusters of multivariate data 
points were explored using principal component analysis (PCA), discriminate 
analysis (DA) and rough set analysis (RSA) methods. The variables were the 
concentrations of four natural isotopes and the texture characteristics of 100 
sand samples from the coast of North Sinai, Egypt. Beach and dune sands-we 
the two types of samples included. These methods were used to reduce the 
dimensionality of multivariate data and as classification and clustering 
methods. The results showed that the classification of sands in the 
environment of North Sinai is dependent upon the radioactivity contents of 
the naturally occurring radioactive materials and not upon the characteristics 
of the sand. The application of DA enables the creation of a classification rule 
for sand type and it revealed that samples with high negatively values of the 
first score have the highest contamination of black sand. PCA revealed that 
radioactivity concentrations alone can be considered to predict the 
classification of other samples. The results of RSA showed that only one of 
the concentrations of 238U, 226Ra and 232Th with 40K content, can characterize 
the clusters together with characteristics of the sand. Both PCA and RSA 
result in the following conclusion: 23SU, 226Ra and 232Th behave similarly. 
RSA revealed that one/two of them may not be considered without affecting 
the body of knowledge. 
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1. INTRODUCTION 

Principal component analysis (PCA) is used for exploring data to reduce the 
dimension [1-3]. In such a technique, correlations and interactions among the variables 
ore summarized in terms of a small number of underlying factors. The two matrices 
known as scores and loadings give a concise and simplified description of the variance 
present in the data set. The PC loadings define the way in which the old variables are 
linearly combined to form the new variables. The loadings define the orientation of the 
computed PC plane with respect to the original variables and indicate which variables 
carry the greatest weight in transforming the position of the original samples from the 
data matrix into their new position in the scores matrix. Scores are the co-ordinates for 
the samples in the established model and may be regarded as the new variables. 

Discriminate Analysis (DA) can discriminate between various populations. Thus, it 
may simplify the description of observations by finding the structure patterns in the 
presence of chaotic or confusing data. It could be used to determine which variable(s) are 
the best predictors. In the two-group case, DA can also be thought of as (and is analogous 
to) multiple regression. 

Various real-life applications of rough sets, originated by Pawlak in 1982 [4], have 
shown its usefulness in many domains. This theory depends on a topological structure 
called a quasi discrete topology generated by the equivalence classes of the relation 
defined on the collection of data [5]. The partitioning (rough set approach) methods are 
clustering methods [6,7]. They identify a user specified number of non-overlapping 
clusters and assign each element to a cluster, so that objects of the same cluster are close 
to each other and objects of different clusters are dissimilar. The partitioning methods 
were applied for knowledge reduction and clustering. A computer program designed 
based on the mathematics of the rough set theory (partitioning method) [8] was applied in 
the reduction of attributes, clustering and obtaining the matrices of dissimilarities 
between cluster classes. 

The locations are W = {1, 2, 3 ... 99, 100} and attributes are A= {U, Ra, Th, K, pH, 
TOM, Gsl, Gs2, Gs3}, where Gsl, Gs2, Gs3 are grain sizes >0.3, 0.2-0.3 and <0.2 mm, 
respectively. The values of each attribute were normalized to a range 0-1. Then, the range 
of each attribute was divided into 5 intervals. The same approach was applied using 10 
intervals instead of 5 for each attribute. 

The notations W/IND(A) mid W/IND(A-a) are used for defining the relation resulting 
from all attributes and all attributes expect the a attribute, respectively and the degree of 
dependency ji is defined as 

H(A-{a},A) = |Low(A-{a},A)|/ |W| (1) 
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where Low(A-{a}, A) is the number of objects that constitutes the union of all classes in 
A that are contained in classes with respect to (A-{a}) [5]. The degree of dependency is 
measured as 1 (100% similar) in each case. 

The elimination of the superfluous attributes, with degree of dependency 1, therefore, 
leads to a minimal set of attributes which preserve the same significance as all attributes 
that satisfy the relation: 

W/IND(A-{a, b,...})-W/IND{A) (2) 

where a, b , . . . are the superfluous attributes. It is defined as 

RED(A)={c,d,.. .} (3) 

where c, d , . . . are the resultant reduct for attributes. If there are more than one reduct, a 
set of essential attributes (CORE(A)) can be defined as the intersection of all reducts. 

The approach of using PCA and DA in the present work is directed toward checking 
the hypothesis that there exist different groups of sand among the collected samples based 
on their natural radionuclide contents and sand characteristics. PCA was performed to 
describe the relationship between the different parameters and to identify any existing 
patterns in a data set derived from recording several y-ray emitting radionuclide contents 
and parameters for sand characteristics. Further, DA was performed to find and identify 
structures in the original data. RSA was performed in the reduction of attributes, 
clustering and obtaining the matrices of dissimilarities between cluster classes. 

2. MATERIALS AND METHODS 

The sand samples involved in the present investigation were collected from an area 
that covers more than 70% of the coast of Northern Sinai [9,10]. Sand samples were 
collected from 100 locations. Each sample represented a mixture of 5 cores collected 
from a flat area of >20 m2. All samples were taken from the upper 10 cm of exposed 
surface sand. 

The activity concentrations of a 8 U , 226Ra, 232Th, and ^ isotopes in the sand samples 
were determined by -/-spectrometry with a 50% HPGe detector. The sand characteristics 
pH, TOM content, and the percentage fraction of three grain sizes; Gsl, Gs2 and Gs3 
were also determined. The details of the sample collection and measurements are given in 
[10]. The PCA and DA were performed using NCSS software. This statistical software 
package offers extensive data-handling capabilities. RSA was performed using a 
computer program [8] which was applied in die reduction, clustering and measuring the 
dissimilarities. 
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3. RESULTS OF ANALYSIS 

3.1 Results of PCA 

The data matrix consisted of 100 observations (rows) on 9 variables (columns); 
namely the radionuclide concentrations of 232Th, ^ mXJ and 40K and the sand 
characteristic parameters pH, TOM, and grain sizes Gsl, Gs2 and Gs3. Table 1 gives 
eigenvalues of the correlation matrix, the percentage of the total variation in the variables 
accounted for by every factor, the cumulative total of the percentages and the scree. The 
eigenvalues determine how many factors to retain. The first factor retains the information 
contained in 3.297 of the original variables. The scree plot shows that the first five factors 
are indeed the largest. The cumulative percentages show that the first five factors account 
for over 97% of the variation. Only the first three eigenvalues are greater than one. Six 
factors seem to adequately approximate these data. 

Table 1. The eigenvalues of the correlation matrix, the percentage 
of the total variation in the variables accounted for by this factor, 
the cumulative total of the percentage and scree. 
No Eigenvalue Individual % Cumulative % Scree 
1 3.296641 36.63 36.63 IIIIIIH 
2 2.456115 27.29 63.92 Him 
3 1.559779 17.33 81.25 lid 
4 0.910052 10.11 91.36 HI 
5 0.532318 5.91 97.28 |j 
6 0.218944 2.43 99.71 | 
7 0.020886 0.23 99.94 | 
8 0.005267 0.06 100.00 | 
9 0.000000 0.00 100.00 | 

The relations between the fiftt four factor loadings are shown in Fig. 1. It is obvious 
that 232Th, ^ R a and a 8 U are behaving similarly in all plots. The individual factor scores 
are shown in Fig. 2. It shows factor 1 plotted against factors 2,3, and 4. The calculated T2 

and Q3 are given in Table 2. Based on T2, samples 4 ,5 ,6 , 8 ,9 ,20 and 52 are outliers. 

The same analysis was carried out twice more with different sets of parameters. In the 
first case, only the radionuclide concentrations of 232Th, 226fta, S3*U and ""K of each 
sample were used. The data matrix consisted of 100 observations on 4 variables. In the 
second case, only the sand characteristics were used; pH, TOM and grain size fractions. 
The data matrix consisted of 100 observations on 5 variables. The outliers in these two 
cases were samples 4 , 5 , 6 , 7 , 8 , 9 and 20 (radionuclide concentrations case) and 1,6,52, 
59,62 and 86 (sand characteristics case). 

3.2 Results of DA 

DA was applied based on the group obtained in the direct partition defined by the 
cluster analysis [10]. The data were classified into six groups; group I (5 and 6), group II 
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(7 and 8). group III (4. 9, 20 and 25), group IV (3, 10, 11 and 22), group V (12, 13, 16, 
21, 23, 26 and 29) and group VI (the rest of the samples). The number of each group is 
also used as an index. 

Table 2. The calculated T2 and Q3. Notice that significant (starred) values of T2 and 
Q3 indicate observations that are not duplicated well. 
row T2 

<?3 row T1 row T3 
Q? row i 1 P3 

1 14.20 2.22 26 9.64 0.26 51 11.32 1.44 76 1.75 0.55 
2 4.16 0.95 27 7.66 0.44 52 30.80* 16.02* 77 4.59 0.64 
3 10.49 1.86 28 5.01 0.05 53 7.15 1.05 78 6.30 1.31 
4 24.25* 0.79 29 9.31 1.16 54 13.08 7.79* 79 4.46 0.33 
5 37.10* 1.48 30 13.18 2.15 55 2.11 1.18 80 10.73 1.92 
6 72.82* 1.47 31 6.55 1.26 56 9.12 2.86 81 6.95 1.77 
7 17.10 0.73 32 10.44 1.64 57 3.39 0.85 82 3.77 0.34 
8 27.50* 0.28 33 7.57 1.71 58 8.46 4.13 83 6.13 0.89 
9 25.85* 4.70 34 13.69 3.47 59 14.08 7.69* 84 2.05 0.13 
10 2.58 0.16 35 5.57 1.44 60 7.51 0.58 85 1.66 0.13 
11 5.42 0.59 36 8.41 1.55 61 4.99 1.70 86 14.66 7.71* 
12 2.73 0.55 37 11.28 2.09 62 14.21 2.39 87 9.70 1.33 
13 5.47 0.60 38 16.70 6.53* 63 5.73 1.25 88 4.38 0.82 
14 3.86 0.90 39 10.28 3.96 64 6.11 1.13 89 3.30 0.47 
15 3.73 0.75 40 5.36 2.90 65 3.25 1.98 90 6.02 1.22 
16 3.52 1.92 41 5.54 0.85 66 2.79 1.02 91 4.19 0.32 
17 3.47 0.45 42 6.03 1.70 67 5.67 0.22 92 5.78 0.45 
18 8.86 0.48 43 8.12 1.19 68 4.90 1.81 93 6.38 0.78 
19 4.14 1.63 44 8.67 1.68 69 7.82 2.42 94 4.47 0.15 
20 23.85* 1.12 45 7.22 1.23 70 3.58 1.40 95 2.78 0.16 
21 3.67 1.95 46 11.64 0.99 71 5.18 0.28 96 6.57 0.75 
22 10.71 0.11 47 1.37 0.42 72 9.20 1.22 97 4.89 0.80 
23 5.59 0.60 48 7.42 2.76 73 5.40 1.37 98 3.73 0.47 
24 4.42 0.15 49 9.51 *2.13 74 11.95 0.64 99 6.14 0.62 
25 9.28 0.87 50 12.66 8.24* 75 2.78 0.57 100 4.42 0.90 

The results of the influence of each of the independent variables on the discriminate 
analysis showed that four variables (226Ra, Gsl, Gs2 and Gs3) had R2-values larger than 
0.99. Therefore, Gs3 was excluded from the analysis. Again Ra had a value larger than 
0.99 in the new analysis. The same was repeated after excluding both Gs3 and ^Tta. The 
variable influence of this case is given in Table 3. It is clear that removing the 23SU or the 
a 2Th concentration has the most effect. They have the smallest value for Xr with the 
highest significance (F-value and F-Prob). While, as it was pointed out, the removal of 
one of the three grain size and 226Ra have no effect since the same information is still 
retained in both cases. Thereafter, in the present analysis only the remaining parameters 
will be used. 
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Fig. 2. The relation between the factor PCA score 1 and scores 2, 3 and 4 for ail 
parameter analysis. Different symbols are used for the beach sand (closed circles) and 
dune sand (open triangles) to allow for differentiation. 
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Table 3. The influence of the remaining variable after excluding the grain size Gs3 and 
226Ra concentration from the analysis. 

F' 
* V K K F' * 9 f ; R1 

U-238 0.269 47.72 0.000 0.017 1112.68 0.000 0.959 
Th-232 0.205 68.33 0.000 0.012 1600.76 0.000 0.959 
K-40 0.786 4.79 0.001 0.649 10.15 0.000 0.656 
pH 0.987 0.23 0.950 0.962 0.74 0.598 0.244 
TOM 0.982 0.33 0.894 0.951 0.97 0.442 0.258 
Gsl 0.961 0.72 0.608 0.954 0.92 0.474 0.674 
Gs2 0.991 0.17 0.974 0.841 3.56 0.005 0.678 

Table 4 presents a matrix that indicates how accurately the current discriminate 
functions classify the observations. The rows of the table represent the actual groups, 
while the columns represent the predicted groups. Only samples 15 and 49 were 
misclassified. They were considered to be in group VI while the calculations suggest that 
they belong to group V. The same discriminate analysis was repeated using only 
radionuclide contents in order to investigate the possibility of getting the same results 
based only on the radioactivity contents of the samples. Samples IS and 49 were also 
misclassified in that case. 

Table 4. Classification count table for index using all parameters. Reduction in 
classification error due to X's = 97.6%. 

Actual Predicted 
1 2 3 4 5 6 total 

1 2 0 0 0 0 0 2 
2 0 2 0 0 0 0 2 
3 0 0 4 0 0 0 4 
4 0 0 0 4 0 0 4 
5 0 • 0 0 0 7 0 7 
6 0 0 0 0 2 79 81 
Total 2 2 4 4 9 79 100 

The scores of the canonical variates for each sample are shown in Fig. 3 for canonical 
scores 1 versus scores 2, 3 and 4. This figure gives a visual impression of how well the 
discriminate functions are classifying the data. It is obvious from this figure that only the 
first canonical function is necessary in discriminating among the varieties of index since 
the groups can easily be separated along the vertical axis. The sample differs more from 
dune sand (negative values for score 1) as the value of score 1 increase. 

3.3 Results of RSA 

The process of eliminating superfluous attributes is important for saving time and 
effort. The use of these attributes in the data analysis would not affect the final decision 
of pattern recognition in these data. In this study, the locations are W = {1,2, 3..., 100) 
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Fig. 3. The relation between score 1 and scores 2, 3 and 4 of the DA canonical variates 
for all parameter analysis. Different symbols are used for each group. 
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and attributes are A = {U, Ra, Th, K, pH, TOM, G s l , Gs2, Gs3}. The results of the 
elimination process are shown in Table 5. The degree of dependency, |x, is also shown. 

Table 5. Degrees of dependency between different types of partitioning and the total 
partition for 5 and 10 intervals. 

.. . . Eliminated eliminated ^ . .. „ attribute attributes 
Dependency 

Degree of dependency (p) 
5 10 

intervals intervals 
Activity contents 

1 i5iU W/IND(A-U) = W/IND{A) i 1 
226Ra W/IND(A-Ra) = W/IND(A) 1 1 
-"Th W/IMD(A-Th) = W/IND(A) ] 1 
4t,K W/IND(A-K) ?! W/IND(A) 0.72 0.96 

2 m U , ® R . W/IND(A-U,Ra) = W/IND(A) 1 1 
2X u2i2 J h W/iND(A-U,Th) = W/1MD(A) 1 1 
™Ra,"zTh W/lND(A-Ra,Th) = W/1ND(A) 1 1 

3 " !U,2 2 6Ra,"2Th W/IND(A-U,Ra,Th)* W/IND(A) 0.95 1 
Sand characteristics 

I PH W/IND(A-pH) * W/IND(A) 0.70 0.90 
TOM WZIND(A-TOM)* W/1ND(A) 0.82 0.96 
Gsl W/IND(A-Gsl) * W/IND(A) 0.93 1 
Gs2 W/IND(A-Gs2) * W/JND(A) 0.82 0.98 
Gs3 W/IND(A-Gs3) * W/IND(A) 0,82 0.98 

2 Gsl ,Gs2 W/IND(A-Gs 1 ,Gs2) * W/IND(A) 0.64 0.90 
Gsi ,Gs3 W/[ND(A-Gs 1 ,Gs3) * W/£ND(A) 0.63 0.98 
Gs2,Gs3 W/IND(A-Gs2,Gs3)* W/IND(A) 0.6 i 0.92 

The results for 5 and 10 intervals suggest that the superfluous attributes are 232U, 
32<!Ra and J 3 2Th with degree of dependency 1 (100% similar) in each case. In the case of 
10 intervals, the results for single elimination have larger values for degrees of 
dependency in the non-equality cases. This is because as the number of objects that 
constitutes the union increases, the degree of dependency tends to increase until all 
dependencies become unity for relatively large numbers of objects. 

Tin 
In addition, the elimination of two of the superfluous attributes U, Ra and Th, 

simultaneously, for 5 and 10 intervals has resulted in degree of dependency 1. The results 
of simultaneous elimination of these three superfluous attributes for 5 intervals showed 
that the minimal set of attributes which preserve the same significances of all attributes is 

RED(A) = {Ra, K, pH, TOM, Gs 1, Gs2, Gs3} (4) 

where RED(A) means the reduct of A. The Ra attribute was used because the 2 2 6Ra 
activity concentrations of the measured samples was determined with higher accuracy 
than the activities of 232Th and 23eU. Then, the set of essential attributes for 5 intervals is 
given by the core 

CORE(A) = {Ra, K, pH, TOM, Gs l , Gs2, Gs3} (5) 
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which is the intersection of all possible reducts. 

On the other hand, the simultaneous elimination of 23 2U, 226Ra and 232Th for 10 
intervals produces the same cluster classes; i.e. W/IND(A-{U, Ra, Th}) = W/IND(A), 
with degree of dependency 1 (100% similar). The minimal reduct in that case was 
RED(A) = {K, pH, TOM, Gsl, Gs2, Gs3} and the core was the same; CORE(A) = {K, 
pH, TOM. Gsl, Gs2, Gs3}. 

The Final decision concerning the superfluous attributes using the previous methods 
is, therefore, the elimination of both the activity concentrations of 238U and 232Th. These 
results seem to have an obvious physical meaning. The concentration of 226Ra and 232Th 
in these samples were found to be in strong correlation [9], This means that the activities 
of 226Ra and 232Th can replace each other. Since the activity concentrations of 238U and 
226Ra is in principle the same assuming a radioactive equilibrium. Hence the radioactivity 
concentrations of 226Ra can substitute 8U and consequently 232Th. 

4. DISCUSSION 

An assessment of the relationships between the parameters based on the visual 
examination of the PC A loading plots (Fig. 1) indicates that the concentrations of the 
three radionuclides 232Th, 226Ra, and 23 !U behave similarly. There is no existing patterns 
in the data set based on the sand characteristics. The method identifies key parameters 
that control the system under study namely the 238U and 232Th activity concentrations. 
The first four principal components of the variance describe 37, 27, 17, and 10%, 
respectively (91% in total). The score plot confirms that some beach sand samples differ 
from dune sand while some seem to be identical with dime sand. This is a good indication 
that all sand in the studied area has the same texture characteristics and that whenever a 
clear change happens it is due to the existence of black sand. Most of the beach sand 
samples have a PCA score 1 less than 0. Beach sand samples (e.g. 5, 6, 7 and 8) with 
higher contamination of black sand have large negative values of score 1 and they can 
easily be separated from the other samples. While PCA revealed that the properties which 
might be considered for the prediction of the classification of other samples are only 
radioactivity concentrations, RSA states that only two of them, 238U or Ra or Th 
with 40K, can be used together with characteristics of the sand. PCA and RSA both show 
that 23SU, 226Ra and J32Th behave similarly. RSA revealed that one/two of them can be 
canceled without affecting the body of the knowledge. 

Furthermore, the results demonstrate that different classes of sand show distinct and 
characteristic features, which can be used to categorize other samples. At least the first 4 
groups (I, II, III. and IV) are well separated using DA (Fig. 3) using only Score 1. The 
difference between the group means decreases as the group number increases. The 
difference between the means of groups I and II is the largest while that between groups 
V and VI is the lowest. 

-447 -



REFERENCES 

[T| Mardia K„ Kent, J,, and Bibby, J., Multivariate Analysis, London: Academic 
Press, 1979. 

[2] Chatfield, C., and Collins, A., Introduction to Multivariate Analysis, New York; 
Chapman and Hall, 1980. 

[3] Krzanowski, W„ Principles of Multivariate Analysis: A User's Perspective, UK: 
Clarendon Press, 2000, 

[4] Pawlak, Z., International J. Information and computer Sci. 11,341-356 (1982). 
[5] Pawlak, Z,, Rough sets, Theoretical aspects of reasoning about data, Boston: 

Kluwer Academic (1991). 
[6] Kaufman, L,, and Rousseeuw, P., Finding groups in data: An introduction to 

cluster analysis, New York: Wiley (1990), 
[7] Anderberg, M.R., Cluster analysis for applications, New York: Academic Press 

Inc., (1973). 
[8] Medhat, T., Topological applications on information analysis by Rough Sets. 

M.Sc. thesis, Physics and Engineering Mathematics Department, Faculty of 
Engineering, Tanta University, Tanta, Egypt, (2003). 

[9] Seddeek, M.K., Badran, H.M., Sharshar, T., and Elnimr, T„ J, Environ, Radioact. 
84,21-50 (2005). 

[10] Seddeek, M.K., Ph.D. thesis, in preparation (2006). 

-448 -


