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ABSTRACT 
 

Two decades ago spectral element methods were developed in order to unite the the 
geometrical flexibility of finite element methods and the spectral convergence properity of 
spectral methods. A code based on spectral element methods is a promising candidate to 
simulate turbulent incompressible fluid flow in arbitrary geometry. 

The aim of this work is to develop an accurate Navier-Stokes solver which is capable of 
simulate turbulent incompressible fluid flow in an arbitrary complex geometry.  

We present the concept of the spectral element methods and the algorithm used to solve 
Navier-Stokes equations. The design and implementation issues of a parallel spectral element 
code able to simulate fluid flows in arbitrary geometry are also discussed. Some preliminary 
results of flow simulations of in a subchannel of fuel rod bundle are presented.  

 
 
 

INTRODUCTION 
 
 

There are many highly turbulent flow processes in nuclear technology, where 
computational simulations are needed to understand these processes.  Although RANS 
(Reynolds averaging of the Navier-Stokes equations) turbulence models provide adequately 
accurate solutions for many engineering problems, there are problems, where RANS 
predicitons can be significantly off. This fact raise a claim to direct numerical simulation, 
where no turbulence models are used. The project of developing a spectral element code aims 
to fulfill this need. 

The history of spectral element methods traces back two decades and it can be considered 
as a multidomain spectral method or a high-order finite element method. It unites the 
geometrical flexibility of finite element methods with the exponential convergence properties 
of spectral methods.  Spectral element method is a promising candidate to accurately simulate 
turbulent incompressible fluid flow in complex geometries.  
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1. NAVIER-STOKES DISCRETIZATION 

 
The basic equations that describe the motion of an incompressible fluid are the the Navier-

Stokes equations:  
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with prescribed boundary and initial conditions for the velocity u. p is the pressure divided by 
the density. 

Spatial discretization of the Navier-Stokes equation is based on the spectral element 
method (SEM) [1]. Spectral element method is a discretization method for the approximate 
solution of partial differential equations expressed in a weak form. The spectral element 
method aims at combinig the high-order precision of spectral method with the geometric 
flexibility of the finite element methods. From the spectral standpoint it can be viewed as a 
domain decomposition method; from finite-element standpoint it can be viewed as a p-type 
finite element method. As in finite element methods, in SEM we partition the computational 
domain , into subdomains or elements such that . The difference between the 

SEM and the classical finite element method is that SEM uses high-order (N=4 to N=16) 
polinomials to approximate solutions. The relatively high polinomial degree is enabled by the 
use of tensor-product bases of the form (in 2D): 
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which implies the use of  curvilinear quadrilateral (2D) and hexahedral (3D) elements. Here 
 is the nodal basis coefficient on element e

iju eΩ ;  is the Lagrange polinomial based 

on the Gauss-Lobatto quadrature points { , the zeros of , where 
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the Legendre polinomial of order N. Lagrangian interpolation is performed on the Gauss-
Lobatto quadrature in order to ensure  continuity of the solution.  is the 

isoparametric coordinate mapping from the reference element , (d=2,3) to 
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curved element.  
Tensor-product bases are central to the computatinal efficiency of the spectral element 

method, since matrix-vector products using tensor-product matrices can be cast as matrix-
matrix products. For example  the derivative of  with respect of computational 

coordinate r is can be performed as , where and U is the u 
vector arranged into a matrix form using appropriate ordering. Tensor-product operators 
reduce significantly the computational demands. The required number of operations to 
perform the above derivative operation is for traditional FEM and for SEM, 
where E is the number of elements, N is the polinomial order.  
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For spatial discretization of Navier-Stokes equations the 2NN PP −−  spectral element 
method [1] is used to avoid spurious pressure modes. The velocity is defined on the N-order 
Gauss-Lobatto-Legendre grid and the pressure is defined on (N-2)-order Gauss-Legendre 
grid. 
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Figure 1.: PN-PN-2 staggered mesh of velocity and pressure quadrature points in a reference 
eéelement. [1]  

The temporal discretization of the Navier-Stokes equation is based on the high-order 
operator-splitting methods developed in [2].  The convective term is expressed as material 
derivative, which is discretized by an m-order (typically 2- or 3-order) backward-differencing 
scheme. For m=2 the problem is in the form of 
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where )~( nS u  is the Stokes-operator, which is to be solved implicitly, and qn−u~ is a velocity 

field that is computed explicitly as a pure convection problem in the time-interval [ . 
4

], nqn tt −

th-order Runge-Kutta method is used for explicit timestepping. The discretized Stokes-
operator is of the form 
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where BAH tΔ+= 2
3ν  is the Helmholtz-operator, A is the dicrete Laplacian, B is the mass-

matrix. D is the dicrete divergence operator, while  is the discrete gradient.  contains the 
forcing term and the explicit nonlinear term. The Stokes-problem (3) is solved by a 2nd-order 
operator-splitting technique introduced in [1]. In summary, the solution  algorithm for the d-
dimensional Navier-Stokes equations is the following. Each timestep do: 

TD nf

1. We explicitly update the convective term (4th-order Runge-Kutta), 
2. Solve , which includes solution of  d Helmholtz-system, 1ˆ −+= npTn DBfuH
3. Solve the pressure correction step:  uD ˆ−=pEδ , where T1DDB−Δ= tE 3

2  is the Stokes 
Schur complement, 



4. Compute the correct velocity and the pressure: , . pt δT1n DBuu −Δ+= ˆ ppp nn δ+= −1

The d Helmholtz-system and the pressure Schur-complement system are solved by 
Preconditioned Conjugate Gradient (PCG) method.  

 
 
 

2. IMPLEMENTATION 
 
 

The aim of the project is to implement a simulation program based on spectral element 
method. The code must satisfy several requirements, namely: 

1. The code must be applicable to arbitrary 2D and 3D geometry generated by a 
commercial mesh-generator program.  

2. Arbitrary Dirichlet and Neumann boundary conditions must be applicable, 
3. The formalism of the code must allow seamless future extension, e.g. new boundary 

conditions, new set of equations, like termal convection, etc. 
4. In mathematical modules standard mathematical libraries must be used for performance 

considerations. 
5. Code must be applicable to large-scale problems. 

The C++ language was chosen as the implementation language of the program with the 
high-level object-oriented programming concept. Object-oriented helps to achieve 
programming flexibility by the consistent use of data abstraction (data encapsulation, class 
inheritence and polimorphism). Data abstraction allow us to use high-level data types that 
have properties, which are very similar  to the properties of the original mathematical and 
geometrical objects of the problem. Besides the use of high-level data types C++ is easy to 
interface to standard mathematical library routines, FORTRAN routines, and standard 
communication routines, that are  necessary for parallel implementation. 

 
 

2.1. Classes 
Implementation of a spectral element code in order to solve Navier-Stokes problem is a 

rather challenging task;  method uses straggered grids, meshing routines must treat 
general geometries, parallelization needs careful data distribution, and inter-process 
communication. Careful object-oriented design, defining classes that are similar to their 
mathematical counterparts, can simplify the code structure and properly implemeted classes 
reduce the occurance of errors. 

2NN PP −−

 
2.1.1. Example of mathematical classes 
 
Tensor-product matrices are central to the efficiency of spectral element methods. 

Typically it is not necessary to explicitly assemble matrices of tensor-product form; one only 
needs the action of a tensor-product matrix on a vector. The TensorMatrix class contains 
only two functions, void Mult(double* lhs, int lhs_size, double* rhs, 
int rhs_size) and void Assemble().Mult implements the action of a tensor-



product matrix on a vector. The role of Assemble function is to construct the matrix 
explicitly if it is necessary (e.g. for preconditioning). Each tensor-product matrix (mass-
matrix, laplacian-matrix, derivative-matrix etc.) is implemented as classes derived form 
TensorMatrix and contains the functions Mult and Assemble. 
 
2.1.2. Examples of geometrical classes 
  
The Mesh class contains all the information about the discretized geometrical problem. 

Element class represents elements ( eΩ ) of the mesh, which are the basic building blocks 
of the discretized geometry. Depending on the dimensions of the problem, derived classes of 
Element class, Element2D or Element3D classes are used. Numerical integration is 
performed in the reference element ( Ω̂ ). The isoparametric mapping between and eΩ Ω̂  is 
represented by the class Mapping and its derived classes, that describe the appropriate 
mapping for 4- and 9-node quadrilateral and 8- and 27-node hexahedral elements. 
Quadrature class contains the information (quadrature points, quadrature weights, 

matrix etc.) about quadrature rules. Since numerical approach for solution of Navier-
Stokes equation uses staggered grid of  N-order Gauss-Legendre-Lobatto grid for velocity and 
N-2-order Gauss-Legendre gird for pressure, classes representing these quadratures, 
QuadratureGLL and QuadratureGL classes were derived from the Quadrature 
class. 
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Through the above examples we tried to demonstrate that object-oriented design leads to 

problem definition that is very close to the mathematical formulation. Other mathematical and 
geometrical objects are formulated in the same manner, which lead to a very efficient 
computational definition of the problem. 

 
 

2.2. Mesh generation 
 

The applicability of the code to arbitrary 2D and 3D problems necessitate the use of 
efficient and user-friendly mesh-generation procedure. We chose GAMBIT mesh generation 
program to generate geometry. GAMBIT writes mesh information into a simple file in a 
predefined format, called Neutral File Format (with extension .neu). Our mesh-generation 
routines read .neu files and generate spectral element mesh over the coarse finite element 
mesh described by these files. Boundary condition types are also set in the stage of GAMBIT 
mesh generation. 

There are two requirements that the mesh generation routines must suit. One is that the 
spectral element method intrinsically uses quadrilateral and hexahedral elements for 
approximations. The second is that for the accurate description of geometry, mesh generation 
routines must handle curvilinear elements. For this reasons our mesh-generation routines are 
capable of handling GAMBIT meshes that consist 4- and 9-node quadrilateral and 8- and 27-
node hexahedral elements.  

 
 
 
 

 
 
 

Figure 2.: GAMBIT element types handled by mesh generation routines.  



 
 
 

Spectral element mesh is generated on GAMBIT elements by defining quadrature points on 
reference elements and mapping them to the deformed geometry using isoparametric 
mapping.  
 
 
2.3. Parallel processing 
 

Simulation of large-scale flows is a computationally very expensive task. Therefore code 
must be capable of perform computations in a parallel, multiprocess mode. Spectral element 
methods rely on domain decomposition techniques for the parallelization. Domain 
decomposition means that the computational domain is decomposed into subdomains 
consisting of a branch of elements. During domain decomposition one particular subdomain is 
asigned to each processor. Most of the computations are local and solutions of subdomain 
problems are only coupled in collocated points of subdomain surfaces. Inter-process 
communication is needed in the stage of generation of global continuous solution. The 
code parallelization is based on the Single Program Multiply Data  (SPMD) approach. All 
processes use the same program, but each has its own data. This approach is suitable for 
distributed memory architectures, like computer clusters. For parallel implementation we use 
Message Passing Interface (MPI) and Portable Extensible Toolkit for Scientific Computing 
(PETSc) libraries.  
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2.4. Mathematical modules 
 

Vector and matrix operations are implemented with BLAS (Basic Linear Algebra 
Subroutines) library. Different kinds of timestepping methods (4th-order Runge-Kutta, 3rd-
order Adams-Bashworth) and linear system solvers (PCG, GMRES, static condensation) are 
implemented. By integrating PETSc into the code one is able to use PETSc own solvers. 

 
 
 

3. SOME TEST CASES 
 
 

3.1. Kovasznay flow 
 
Kovasznay flow is an analytical solution of 2D steady-state Navier-Stokes equations that is 

similar to the laminar flow over a periodic array of cylinders. Since this flow incorporates 
nonlinear effects (unlike Poiseuille flow), it is a good test for the full Navier-Stokes solution 
algorithm. With this test we can check the spectral convergence of the spectral element code. 
The analytical solution has the form: 
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 Figure 3.: Streamlines of Kovasznay flow for Re=40 [1] 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure 4.: Spectral element convergence of velocity for Kovasznay flow.  
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N - polinomial order

 
 

3.2. 2D Cavity flow Re=1000 
 

Two-dimensional cavity flow is a simple problem setup, also used to test Navier-Stokes 
solvers. At the top of the cavity velocity, v=1 boundary condition is set, while no-slip 
conditions are applied on the remaining three boundaries of the cavity. 

 
 
 
 
 
 
 
 
 
 
 
 
 Figure 5.: 2D cavity flow, 10x10, N=10 order elements, vorticity contours (left), pressure contours (center), 

velocity contours (right) at t=12. Re=1000.



 
 
 

3.3. Channel flow with circular cylinder 
 

Figu

A 2D-channel flow simulation is run to test unstructured mesh generation and no-slip 
boundary condition. No-slip boundary conditions are enforced on the walls of the channel and 
of the cylinder. Flow is maintained by a body-force.  
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 6.: Channel flow with circular cylinder. Velocity contours  and the GAMBIT mesh. 



4. DIRECT NUMERICAL SIMULATION OF INCOMPRESSIBLE FLOW IN A 
SUBCHANNEL OF A FUEL ROD BUNDLE 

 
 

Flow direction 

Subchannel

Figure 5.: Subchannel of triangular array of fuel rods (left), and the computational domain showing periodic 
coupling. 

The first real engineering application is simulation of flows in a subchannel of the periodic 
triangular array of fuel rod bundle of a VVER-440 type nuclear reactor.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The diameter of the rod is 9.1mm, the distance between them is 12.2mm and the length of 

a rod is 2.5m. The direct numerical simulation of a 2.5m long subchannel is impossible from 
the computational point of view. Therefore we chose a reasonable computational domain 
which is 10mm long and periodically coupled on lower and upper boundaries. The remaining 
boundaries of the hexagon are coupled following the periodic properties of the physical 
problem.  

 
 

Figure 7.: Coarse mesh generated by GAMBIT. Mesh contains 720, 27-node hexahedral elements, arranged 
in 10 layers.  
 
The coarse GAMBIT mesh consists of 27-node hexahedral elements, in order to accurately 
follow curved boundaries of the fuel rod. Elements are compressed near the wall to resolve 
boundary layers. The spectral element mesh contains elements of order N=12 resulting ~ 
1.3x106 grid points for velocity and ~ 1.0 x106 grid points for pressure.  
 
 



4.1. Laminar flow in a subchannel 
 

As a benchmark we validate our numerical approach comparing the computational results 
for laminar flow with the approximate analytical ones [10]. The maximum relative difference 
between the approximate analytical and computational solutions is less than 2%. The cause of 
the difference is definitely the approximate nature of analytical solution, since the maximum 
of the difference is independent of the N  order of approximation. 
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Figure 8.: Laminar flow in a subchannel (left), and relative difference between computational result and the 
approximate analytical solution. 

 
 

4.2. Towards turbulent flow modeling 
 

Simulation of turbulent flows helps us to understand mixing processes in a fuel rod bundle. 
Two phenomena were found that possibly could affect mixing processes. One of them is flow 
pulsation [8], and the other one is secondary flow [9]. There are some recent attempts to 
simulate turbulent flows in a subchannel of rod bundles. [4] uses spectral element method for 
direct numerical simulation turbulent flow at Re~30.000, in a rectangular array of rod bundle. 
In [6] lattice Boltzmann method (LBM) is used to simulate turbulent flows in a subchannel of 
a triangular array. In [6] LES simulations produced results where secondary flow patterns can 
be observed.  

Figure 9.: Projection of mean lateral velocity to a cross-section 
in LES simulation using lattice Boltzmann method [6]. 



Although results in [6] are promising, lattice Boltzmann method, as a relatively new 
method, suffers from some difficulties. LBM uses regular computational grid and the 
application of the method to curved geometries is not a well-solved problem yet. There are 
some difficulties in imposing correct boundary conditions also. Partly because of these open 
questions, our first attempt to use our spectral element code to simulate turbulent flows is the 
case turbulent flow in a subchannel of VVER-440. 

 
 

4.3. Numerical approach 
 

The computational domain and the boundary conditions are the identical to the ones 
described above. The common practice in the case of simulation of periodic channel flow is to 
use a constant body force term to accelerate flow in the flow direction. We use a different 
approach suggested by [5]. The reason for this is the following: from measurements the mean 
axial velocity is well known, so our aim is to simulate a flow with a prescribed mean axial 
velocity. The following algorithm is used in the code: 

 
 Preprocessing step: 

1. Compute the volumetric flow-rate from the prescribed mean axial velocity: 

∫ ⋅=
A

dQ Anu 00 , 

2. Solve the linear Stokes-problem (3) without the nonlinear convection term and with 
the axial body force ffzz==11,,  ∫ ⋅=⇒⇒
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 At each time step: 
1. Solve Navier-Stokes equations with ffzz==00,,    )~,~( nn pu⇒ ,, 

2. Compute flow-rate: ∫ ⋅=
A

nn dQ Anu~~ , 

3. Adjust forcing term to obtain the desired flow rate: 
)~,~(~ ***

00 pppQQQ nnnnn ααα +=+=⇒+= uuu , 
4. Filter [3] the solution to stabilize flow: . nnF uu →)(

The above algorithm is justified by the fact that the Stokes-problem (3) is linear and therefore 
one can use the method of superposition to arrive to the desired flow-rate. 
 
4.3.1. Preliminary results 
 

Numerical experiments with the newly developed spectral element code to simulate 
turbulent flows are in process. At present stage, we are focusing on the numerical stability 
properties of the method. Some tests were run with different expansion order, and different 
meshes. There some snapshots of flow of Re~5000, the mean axial velocity is set to vz=2m/s. 
The test, where the snapshots taken from, is still running, therefore statistical quantities are 
not available yet.  
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Figure 10.: Contours of velocity component in flow direction in a segment of a cross-section of the 
subchannel 

Figure 11.: Projection of mean lateral velocity in a segment of a cross-section of the subchannel 
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Figure 12.: Contours of velocity component in flow direction in a vertical cross-section. 

Flow direction 
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Figure 13.: Snapshot of the velocity field in the subchannel 



CONCLUSIONS 
 

A parallel code for simulation of incompressible fluid flows was based on spectral element 
method was developed. The code was implemented in c++ language using object-oriented 
approach, and contains ~50.000 lines of code. The program capable of handling arbitrary 
geometry generated by GAMBIT mesh generator. Code was tested against several test 
problems and now is being used to simulate turbulent flows in a subchannel of a triangular 
array of fuel rods. Result from turbulent simulations will be published in the near future. 
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