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Summary:

A heterogeneous method of calculating the fast fission factor
given by Naudet has been applied to the Carlvik - Pershagen de-
finition of €. An exact calculation of the collision probabilities is
included in the programme developed for the Ferranti ~ Mercury

computer by L., Persson.
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Heterogeneous calculation of ¢,

1. Introduction.

R. Naudet (ref. 1) has given a method for the calculation of € in
fuel elements of cluster-type which explicitly takes into account the
heterogeneous distribution of the fuel, This method leads to very
comprehensive calculations and has therefore with slight modifications
been adapted to machine calculation., The formulae given in section 4

have been programmed for the Ferranti-Mercury by Lennart Persson.

The programme assumes that the fuel is uranium or uranium
oxide and that the coolant is heavy water. The number of individual
rods is arbitrary. Their location must be such that an approximate
value of € can be obtained by the usual procedure of homogenizing
within the rubber band surface. All the rods in the cluster must be

equal with respect to composition and dimensions.

2. Naudet”’s method.

For a complete description of the method the reader is referred
to Naudet’s report (ref. 1). Here the main features only and the modi-

fications introduced will be given.
The calculation of € is done largely in the following way.

Neutrons which are born in the fuel or which have made their
last collision against a fuel nucleus are distinguished from those who
made their last collision against any other nucleus. The collision
probabilities of the latter group is calculated homogeneously. The
calculation of the probability that a neutron born {(uniformly) in a
certain rod shall make its first collision in a given rod is related to

the corresponding probability in a geometry of concentric cylinders.

Confer the figure on page 15, Naudet calculates this probability approxi-

mately. The exact calculation inserted in the programme results in



somewhat higher collision probabilities and thus a larger heterogenity
correction. The magnitude of this increase is illustrated by the results
for the element G5 of ref. 2. Naudet gives for this element

Shet ~ “hom ~ 200 pcm. Using the exactly calculated collision proba-
bilities this difference becomes 245 pcm. The formulae of Naudet are
based on the definition of ¢ given by Spinrad. This definition of € was
used when testing the programme but in the final formulation the de-
finition of Carlvik - Pershagen (ref, 3) was adopted. The generalisation

of the formulae resulting from the introduction of this definition has been

made as follows. The symbols used agree with those of Naudet,

w = fraction of primary neutrons above the threshold for fast

fission (group 2)
w ; = fraction of primary neutrons below the threshold (group 1)

f, ¢, e, i21, iZO: cross-sections for fission, capture, elastic
scatlering and inelastic scattering averaged
above the threshold and normalized so that
their total = 1

Cyy i

P i the same definition below the threshold

v ’= number of neutrons from fast fission

P = collision probability of neutrons above the threshold

El = collision probability of neutrons below the threshold,

In the two-group formulation of Spinrad w, = l -wandi,, +i,, =1

21 20
and il = 0.

For a single rod we have:

where U = total number of fission neutrons in the fuel per thermal

fission neutron
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V2 = probability of escape into the moderator (Spinrad’s
definition)

V3 = probability of escape into the moderator + probability
of slowing down to a lowest energy group
w (1 - P) ) ) ! wiP I

V, = = 4 (1 - 5 R

2" T-epP -y | 1-¢P |

It is assumed that no inelastic collisions take place below the
threshold, so that 1 - Yoo which is the escape probability of neutrons

below the threshold can be written:

i1,

(1 - el) P, c
Yo =

1 ~1
l—(l—cl)E

L-e By 1

It is also assumed that 1 - Yo is the escape probability of neutrons
whkich have been brought below the threshold as a result of inelastic
scattering. This means that the spectrum of these neutrons is identical
with the fission spectrum below the threshold. Using the Carlvik -

Pershagen definition we have:

+ 20 =~ 10 -1 21 =
I - eP - - -~
e P 1 el-l-jl 1 e_]f 1 el—:E-)l
(l - el)f}_
Y3:m—-—-.__——-.
Lo By

Here the first term gives the number of neutrons entering the

moderator from group 2. The second term gives the corresponding

number of group 1.



6.

The last four terms represent the number of neutrons that
directly or via groups 2 or 1 are slowed down to the lowest energy

group. V3 can be rewritten in the following way:

w (1 - P) wi,, P wi, P
V= + (1 - y) <.)1+___._2i:__ +(l -, —w)+ 20 ~
1‘-‘6__1? l—e_f_> l—e__
where
_ 151

1 - €1 .El

and this formula has been generalized to heterogeneous calculation in
a manner analogous to the procedure in the two-group case (compare

ref. 1 page 20).

As miay be seen from the formulae above no difference is made

bhetween collision probabilities of different generations,

3. Corﬁpar.ison with homogeneous calculation,

The differences (apart from the calculation of collision probabilities)
between this way of calculating € and the homogeneous method as given
for example in RFR-47 (ref. 4) will be given below together with some

results,

Allowance for the non-uniform distribution of the sources in the
cluster is made only when calculating the heterogeneous collision
probability p, see formula 79 page 22. p, the probability that a neutron
originating in the rods shall make its first collision against a uranium
nucleus, is taken to be the same in all generations and is calculated

for a source distributed as the thermal flux:

cb:lJr—--.----—-----‘z<F“1)- £ :

2-F | a - f



The source streagth in the ith rod is ¢)(ri), where T is the distaacce
from the center of the cluster of that rod and a is the radivs of the clus-
ter defined by the rubber band contour. F is the ratio betwcen thermal
snfface flux and average flvi, The mapnitnde »f the correction from an
assumption of a flatl sounrce distribution is very small. Ia the casc of a
19 rod cluster consisting of UOZ rods with a diamocter of 17 mm and a

center to center distarce of 22 mm ¢ (F=1) ~e¢ (F=1,22) = 30 pcm.

The programme calcnlates the quantities p“ which give the probability
that a nentron boxrr raiformly in the ith rod will make its first collision
againrst the vrarivm of the th rod. By using these quantities it is possible
to obtain a picture of the sorrce distribution of the sccond generation,
This distribuvtion is proportional to
Q. =¢(r)p..+Z &(r.) p..
Jd J o i 1oy

For the 19-rod element mentioned above the result is as shown

on graph 1.

In the homogeneous calculation the source distribution is assumed

to be flat,

The table below shows the diffcrence in absolute values of ¢ and
size of the heterogeneity corrcction between this method and that given
in ref, 4 where an inluitive heterogencity correction is applied. Values

according to the formrila in ref, £ arc given within brackets.

TABLE 1.

Element
..r € & F -€ pcm
hom , hom
1 1, 63024 1,03317 1,33 293
(1,02c64) (1, 03489) (1, 33) (605)
2 1, 02574 1,02685 1,22 111

(1, 02529) (1,02774) (1, 22) (245)



Element no 1 is the French 7-rod element G5 in ref. 2. It consist
of uranium rods with a diameter of 16,55 mm contained in 1 mm aluminium
and with a center to center distance of 24 mm. The coolant is DZO at
20 °C between the rods. Element no 2 is a 19-rod cluster the fuel being
uranium oxide contained in 0.7 mm zircalloy II and a mean center to

center distance of 21.8 mm. The coolant is DZO of density 0, 9375 g/cm3.

The heterogenity correction decreases when the mean free path in
the cluster is increased with respect to the rod dimensions. The depen-
dence on rod material, distance between rods and void formation is

illustrated in Table 2 below,

TABLE 2.
Element
nr “hom € ¢ “tiom P (Ae )void pem
1 1, 03024 1, 03317 293
57 L 06
2 1, 02574 1, 02685 111 + 390
3 1, 03008 1, 03075 67
4 1, 02412 1, 02543 131
o + 441
5 1, 02910 1, 02984 T4
Element 3 = clement 2 buvt pD?O =0

Element 4 = element 2 but with a mean distance betweem rods of 23.1 mm,.
Element 5 = element 4 but pDZO = 0
Table 3 at last gives a comparison between € as calculated with

Spinrad’s definition fe 2) and as calculated with the definition of Carlvik -

Pershagen (¢ 3) .



TABLE 3,

Element
nr 2 3
1- 1, 03039 1, 03317
2 1, 02460 1, 02685
3 1, 02C¢8 1, 03075
4 1, 02325 1, 02543
5 1, 02808 1, 029¢4

All the calculations shown in Tables 1 - 3 have been made with the
grovp cross-sections of ref, 3 with the exception of those in the first
column of Table 3, where the total cross-section of oxygen below the
threshold was taken to be 3. 00 barns instead of the 4.1¢ vsed in the

other calculations. The correction to 4,10 barns is about - 30 pcem.

4. Description of the programme.

Input data

Cross-sections {3-group formulation).

-
U _ - -24 U _
o‘zf—O.JS- 10 0'11—7.44-
U _ U _
0-22—4.56 Tio = 0.02
. o > URANIUM
0'21 = 2.30 Ulc = 0,13
U _ U _
50 T 0, 01 o = 7'. 59
U _
O‘ZC-— 0.03
o‘g = 7.48 w
b b )
75 0, 89 11 2.99
D D
o~21_lﬁ29 0'10—0.06
5 o ? DEUTERIUM
020‘-0 00 (rlczo
D D _
UZC =0 cr1 = 3,05
D
o, = 2.18 _
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Toy = 1.64
¢ = 0.28
U(Z)O: 0. 00
U(Z)c: 0
0‘(2) = 1,92
crlzqz:: 2.91
oy, = 1.23
oo = 0.00
G‘ISC:: 0
ol = 4.14
@ =

w, = 0. 4697
v’ = 2,80
v = 2,43

H

i

¢ = 4.09
0‘?0 = 0.00
O’(I)C =0

o‘? = 4,09
1;1 = 7.05
o~11‘1 = 0,00
crllcc = 0

0’1; = 7,05

> OXYGEN

> SHEATHING (Zr)

0. 5286 = fraction of primary neutrons in group 2

fraction of primary neutrons in group 1

number of necutrons from fast fission

number of neutrons from thermal fission

The numerical values are those of ref, 5.

Rod coordinates

Cartesian coordinates at 20 °c

20 20
(=] vy )
E
(<20 ' 20,
M TMm
(Xzo 20
M+1* M+l
]

[}
! v N
(Xzo ' zo)
N N
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The M first rods must be the outer rods of the cluster arranged
consecutively, It is assumed that the origin of the coordinate system
does not lie outside the contour obtained when connecting the centers
of these M rods with straight lines, If F £1 (see below) the origin must

lie on the central axis of the cluster,

Miscellaneous data

coefficient of linear expansion of sheathing

=
]

af = n fy ¥ 1 2] fllel
a = 13 11 1A 1 11 spacers

20 . o 3
P = density of U0, at 20 "C, g/cm

UO2 2
p12<0 - 1t T sheathing ¥ 11
Py = density of uranium at prevailing temperature, g/cm
P = density of coolant at prevailing temperature, g/cm
A_k = chemical atomic weight of sheathing
2% = radius of individual rod at 20 °C, cm
rlz(? = inner radius of sheathing at 20 °C, cm
rﬁg = outer radius of sheathing at 20 °C, cm
tf = fuel temperature, °c
t = sheathing temperature, °c
tc = coolant temperature, °c
F = ratio between thermal surface flux and average flux in cluster
N = number of rods
M = number of outer rods

1 if fuel is Uo,
q =
2 if fuel is U
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Index matrix . )

To keep the compuling timo within.reasonable limits input should
contain information otf the collision probabilitics p i which are recessary

to. calculate, This is done with the aid of an index matrix as follows.

Lot
il = jundex <f a sonrce rod in symmetry group k
< : .
a,_ = corresponding aumnmber of symmetries
i = index of a target rod in symmetry group kr
e S oE
b = corresponding number of symmetries
1(1' A 3
The index matrix is then wrillen as given below
1 J
. . . .
i a ; h B T casseassaasas
1 ( 1) 11( 1}) . Jll’( lI‘) - P . o s

“ a0 20w 2 3 ¢ s 00

* a4 8 2 s 3 v O U BV VY EC e s @0 s s 0 3 e e e n s> a 90 S A I A e e aDd s

a j [ESND S Cerarase i ana.
L) | g O or ()

. f} ©+ 3 2 2000 a5 3409008 38 e D I A3 S U SAI O e s 8D e s O 300w ANsse e
W " . . N

11< (dl{) lllcl (blii) R R Jl{r (DICI') e+ 0 s a0 e ee s

It should be poiated ovt that the way ir which allowance is made

{for intermediate rods does aot necessitate pi.} =P

.



Formulae

Functions

P (x) = Placzek’s collision probability for a cylinder

. p%sr% - R D%4Rr% . R pZir%.r% | 2
2! 172 1”2 1772
GI(RI' R,,D) = R} |arecos - - >
< 2R.D 2R.D 2 R.,D J
1 1 1
s D2+R2 -—RZ Da+'R2 -R2 D2+R2—R2 a
2 271 2 1 2 1 {
+R2 L arccos - -} —— ;
« )
2 RZD 2 RZD 2 RZD
- rRZ.R%.p? RrZ_rZ.p2 rRZ.RrZ-D? 2,
2 172 1772 1752 .
62<R1’ R, D) =R, iarccos - 1~ -
L 2 R.D 2 R.D 2 R,D J
2 2 2
2 rRZ_r%4D%? ®r%Z_r%:p? rZ_r%4p%\ 2.
RZ] 1772 1772 1772 N
~-R, ‘arccos - 1 - | —e e J
L 2R,D 2R.,D 2R.D
1 1 1
. 2
i
r® Jarccos £ - £ \/1 -{E o op<r
6. (r, p) = ) o v ]
3 ?
0 p > r

- e vt e e e e T o o o ke e o o wn

(1)

13.



P =Pp Ll - 3ot - zo)] (2)

x, = %20 [1 ralt, - 20 J (3)
y, = yizo Ll + o.(‘tc‘n'\— 20) } (4)
r;=r§0[l Falt, - 20) JI (q=1) 5)
rl = r]if[1 +aly _- 20) ] ‘ (6)
Ty = | Ly (y - 20) | (7)

T L U

+ rf L’J(XZ - X1)2+ (Y?_ - yl)z F e 'J (xl - XM) + (Y]_ VM)Z};, (8)
Vf =N r?; )

2
_ 2 2 [ 2 . / i
Vk = (N-1}w (rky - rki) - M ery arcsin 1- ( ) -
2 T 2
2 . f
- T arcsm,\/lf( ) - T rky\[l'("{“) +
+r.r h-(rf )2}
3 ?
fkiVN T

s
Tki

(10)



e e T A e e o e S e e M4 e e e v . me et o

i1

il

;
2 2 j 2 . /\/
(N-1)w (rki - rf') - M T arcsin /1 - (

T’

A pair of rods with the coordinates (Xi’ yi) and(xj , yj) are

selected.
a2 Y
d]J Y (Xl XJ) + (Yl Y_])
ey
Vlij = dij (dij - er) arcsin 5
1}
T
VZij = 4 l'f dij arcmn-a; ;

Confer figure below

It
r, .

k

1

;

(11)

(12)

(13)

(14)

(15)

(16)

15,
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When calculating the collision probability pij the volumes of the

intermediate materials are to be calculated. This is done as follows.

1) The tangent vectors are determined

A 1 [ 2 2 ’ / 2 2z
t135 = ‘;’?‘{(Xj'xi) NI PR TRV -y (Yj“yi) AT rf(xj“xi) }
1j

A 1 f [l 2 2, . /'-2 2 "
25772 {(Xj‘xi) diy = g +re(yymyy)s Urgmyd N g5 - 7 - 7y (Xj-xi)}
ij

(17)

Then an intermediate rod is chosen (xs, ys)

(cf. fig. on page 12) s # i and j

2) Calculate

*s T ¥ Vs 7Yy
Ysij T .
e Gy
(19)
g T *y o Yg T Yy
Y2sij 7|, .
e (ag5)y
3) (r -1r.)- t.. and (v -1.) - t. are >0and <./d.% - 2
8 i ij ] i ij ij £

‘proceed to =). If not select a new value of s,

L <r or both proceed to 5). If not

fr or < ky

ky

select a new value of s.

4) It l"'ls 28
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5} It >0 and ¢, >0 calculate the volumes given by (19) - (21)

and select a new value of s. If not proceed to 6)

Virasj = 93 (Fp togsy) = O3 (rp fyg5) (19)

= 03 G Yaeij) = O3 (rp Logyy) - O3 (mppr Yy 193 (p by 59 (20)

<
!

alsij

Victsij = ©3 iy Yasiy) = O3 (Fupr Yagi5) = O3 (i Prgip) 05 (e iy 358 (B1)

6) i, 20 and &, <0 calculate the volumes given by (22) - (24)

and select a new value of s. If not proceed to 7).

v _ 2 .
Vireig = " T~ O3 (o [ ogis| ) - 95 (rp 2ygy5) (22)
v =1T(r2—-r2)—9(r L Y+ 0, (r L ) -
alsij " Ted 7 %3 g | Yo 3 Te | bogyj
- 03 (mp Bagy ) O3 (g bygyy) (23)
Vi = T (o - T ) = 0s (mes | tpii| ) F 8, (g | pani] ) -
Klsij ky ~ Tki 3 Uyt | Y2sij 3 Ty | Yasij
- Oy lrep bgyy ) O3 (o by ) (24)
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7) Now &, < 0, LD 0

Calculate the following volumes

Vireiy = O3 (T l”lsij ) -85 Gp | g 1) (25)
atsij = %3 Cel toel ) - %5 (| Y2aij] ) +
+6, (r, .,| &, .. . "
3 Vki 1sij| ) - 93 (rf’ f’lsij ); (26)
~ |
Virsij = 3 (g , "2sijl )= 85 (g [Hpg ) ¥
03 (ryy f trsijl ) T O3 (g | tygyy | s (27)

The procedure 2) - 7) is repeated with every value of s # i and

# j. Then calculate

Ve = F Virsi (28)
=2V +6,(r,., d..-r, d..) + (r2 - rz) arcsin f (29)
alij s "alsij 1Vki® 7ij £ 7ij ki f dij
Vi1 =% Vias T %1 (rky’ dij - Ty dij) =0y (e dij - Ty dij) +
2 2 . f
+ (1'kY - rki) arcsin dij (30)
Vers; ™ Vagy - Ve~ Vary © Ve (31)
\4 =7zl (32)
£2i5 - " Tf



2
)= Oy (rygr dyy- 7 45 - 285 (x5 ) -

L o

2
Vazs;=™ O

-0y (g e 1y i)
A =‘n'(r2 -r2)-9 (r d,.,-r., d4..) +86, (r d.. - r
k2ij ky ki 1 Vky? T4 C Cf7 Tij 1V ki’ Vij
- 293 (rky’ rf) -&'263 (rki’ rf) -9, (dij +xes Ty dij ) +
+ ez(dij e, T dij) ;

Vezij = Vai; - Veaiy ~ Vaziy ~ Vkais

Homogeneous calculation

p P
N, = 6, 0232 1023 { uo f - 1) U J
270,07 T \9 - Y37
23 pc
N, = 6,0232 © 10°7 « oFop
fa}
. = 6, 0232 1023--—A—1-1§-—
= 1 [u o D
+¢ON V_ 4o, Nka}
' _ 1 [ .U o} D
z, = ng ILo~1 NV, + o 2NV, (2 - q) o) 2NV _+
O k
0'1 NCVC+0'l Nka}
U
ooz s
v 5

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(20)

(41)

19.



U

o NV
1 f'f
=3 (42)
gb ~1
o) D o) k
95, 2NV, (2-9) ¥ 05, ¢ 2NV _+05) NV 4oy, NV,
g7 = T (43)
72 NeVye
o) D o) k
o 2NV (2-q) +0 2NV o[ NV o NV
B = (44)
crUN v
2 Vs
o . D o Kk
5o o5y 2NV, (2-q) to, 2NV 40 NV 4o, NV, (45
U
T, NeVe
P=P (Za) (46)
El =P (Z]_a) (47)
-0
2f
g (48)
o
2
-0
%22
TG (49)
T2
LU
. %21
121 7 U (50)
2
.U
_  2c
=g (51)
T2
+U
11
°} T T (52)
o
1
.U
10
L= (53)

q
[—]
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c, B, P
_ 1P £ B
Yhom ~ (55)
I - (el + .61 )51_1?1
(vi-l)f-c | B P . i,, + B° o gl
o (v-1) I PSU LS Tl Tl S UL St Wl L
€ =14+ : : d -
hom | r 3
l- etwv’f+87 P
L JF=
(56)
i} wvppf | B}
hom ! | (57)
l-je+wu f4+p” '8P
| i
Heterogeneous calculation
- - &
3,0 = lf (_18)
= _ r
2557 445 7 B9 (59)
aZij = dij + ag (60)
U o)
Zp= (o, +2(2-q) o)) N (61)
D, O
z.=(20, +02)NC (62)
k
Z =0, Ny (63)
o) = % (64)
OB Vs TP Ve T A Viagg
.= ; (65)
(1) v
1ij ,
% Vs Y2 Vinasg T R Vi (66)

H2)5 7 - ;
e
ij
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- 49
Ty=o, N (67)
z
po =P (Z0 a,) ¢ g (68)
a
0 =2 (69)
@2
a
B = —2 (70)
%1
815 = 22 Z(2) 1j (71)
M55 = 20 Z(0) o (72)
5457 217 i (73)
w/2 T /2
W.. = 2a ) c-‘dcpcosq) !‘idesin g -
1] £..7M,. T (1-a ) ol o
I 0 0

'[1 4 ex f« 1 (21] cos ® + g | (‘r;;_;g.;s;:{m - @ COS -i .
Pl L2 sl ? - ucong

.. J
-exp |- 27, cos @ - exp |- 22 { ‘\! 2
W ogin 6 .

1 -a sinch~acoscp l], (74)
sin 6 474

(75)



r, = x.2+y.2 (76)
i i i
6, =1 +2E=0 2, (77)
. a~ (2-F) * ’
N
1
= = 7
i=1
k i
l A
P::po'!"N-—'-‘- Z/ aq ¢1 z bqr Pi jr (79)
g=1 4 21 q
P1“61P1+P“3P (80)
P, g
* P1Z1 %1
P1=P1+ ” (81)
1-2, 818
(P, - py) BB
pr = =L PU 1ML (82)
1 1-
1
#*
<, P
l-elpT
z___E‘P)ﬁﬁ’ (84)
-6
1-Ppp~
w[(‘V’- 1)f~c:}p* - y¥ [wl -{e W - iZIw}p* +w—%—;— 1—_-5%—7;3]
€h t=1+ —_ .
© 1-(e+ wv’e)p*
(86)
w Vv p¥f
Rh t= ’ (87)
e 1- [e +wv’f]p*

: 23-



QOvutput

The output will appear as follows,

INPUTDATA

p20 )
UO2

RESULTS

Puo

gb

het

5

20

pk

20
ki

het

ij

ki

ky
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The source distribution of the second Graph 1
.
generation in a 19-rod cluster.
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