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Abstract - Recent calculations of resonance interference effects, based on continuous-
energy Monte Carlo and energy-pointwise slowing-down codes, confirm the necessity 
of using improved self-shielding methods based on the application of data for 
resonance location, width, etc. In the current work, an extension of the subgroup 
resonance treatment was derived to overcome the deficiencies of the standard 
equivalence approaches. This paper describes the basic principles and algorithms used 
in the proposed subgroup method. The method is validated for resonance interference 
effects in a homogeneous uranium-plutonium mixture. 

I. INTRODUCTION 

With sophisticated equivalence approaches,M in which effective resonance integrals are 
parameterized in terms of background cross sections and temperature, and the resonance interference 
phenomenon is treated on an ad hoc basis (by iterating on the background cross section), the real 
absorption rate of resonant nuclides can be obtained only for the fuel pin as a whole and for mixtures 
composed of a main nuclide (such as ^ U ) and very smalt amounts of secondary resonant nuclides. 
Theirs application for advanced-cycle or recycled fuel and for many of complex geometries (including 
non uniform clusters, partially dissolved fuel in the processing plants, tight pitch lattices for high 
conversion light water reactors and research and test reactors) cannot provide the proper mixture-
dependent cross sections. 4 

For these reasons, a new generation of design methods for improved calculations of the 
resonance absorption has been derived. One approach that has been proposed, is tabulating of the 
shielding factors as a function of more variables. 3 An extended theory, based on an assumption that 
the asymptotic (between resonances) flux is spatially uniform through the entire medium, which 
allows the treatment of resonance shielding in heterogeneous media containing the arbitrary mixtures 
of resonance nuclides, has been proposed by Sanchez and Mondot*. In this formalism (also called 
"PIC approximation"), each resonant mixture is treated separately by replacing other mixtures by 
similar mixtures to the one treated. A new generalization of the Livolant-Jeanpierre theory7 (called 
"background matrix formalism") takes exactly into account the spatial interferences between resonant 
mixtures when all the resonant mixtures are similar. As in the classical Livolant-Jeanpiere approach, 
the equivalent homogeneous mixtures in these procedures are constructed so that the resonance 
integrals are preserved, while the interference effects are included by Williams procedure,4 based on 
the wide resonance (WR) approximation. 

Several improved procedures, based on the subgroup method, have also been proposed to 
make the accuracy of complex resonance treatment available in the routine calculations. In this 
method, which was originally formulated by Nikolaev et al. 8 for a resonance calculation in fast 
reactors, a term subgroup refers to the collection of all neutrons "seeing" a similar total cross section. 
An extension of the initial version of this method to the resolved resonance range, introduced by 
Roth, 9 may simply be represented as the replacement of difficult Reimann integral over the group 
energy interval by the simpler Lebesque-Stieltjes summation of the products of subgroup cross 
sections, subgroup fluxes and subgroup weights that "preserves" the Reimann integral. A generalized 
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subgroup method, which eliminates the problem connected with the choice of the subgroup cross 
sections and calculation of the subgroup weights is proposed by Tebin and Iudkevich. 1 0 In mis 
method, the subgroup cross sections are produced by combining an approach which preserves the 
neutron transmission curves, with an analytical procedure which saves the cross section moments, 
while the transfer probabilities between subgroups are determined by using a combination of NR and 
WR approximations. 

In the existing VEGA subgroup method" a different procedure is proposed to determine the 
optimum number of subgroups and their individual values in the resolved resonance region. The aim 
of current work was to improve VEGA subgroup method to account for resolved resonance 
interference effects between mixed resonant nuclides. This paper summarises the physical principles 
and mathematical methods used in the proposed subgroup treatment and gives some examples to 
demonstrate its flexibility. 

II. THE VEGA SUBGROUP METHOD 

This work is based on an idea that is possible to find a "universal flux spectrum" for 
weighting the energy-dependent cross section data over subgroup energy intervals. The basic 
requirement in the proposed method, is that the difference for total neutron absorption between 
reference solution of si owing-down equation for different values of moderator cross sections 

t (l-aW & 

and subgroup treatment for the particular nuclide which subgroup cross sections are being averaged 
H 

should be less than predetermined value. In this calculation, the number of subgroups H is limited 

to a finite value; o r t and 0 ^ are averaged cross sections in subgroup A; (J)^ is total neutron flux 

in subgroup A; Wh,k is the probability for elastic scattering from subgroup A' to subgroup A; wk is 

the probability for elastic scattering from previous group g - 1 (with slowing-down density Qg.t) to 

the subgroup A in the current group g; and ak is lethargy width of subgroup A. 
The first step, for the achievement of above requirement, is determination of the lethargy 

boundaries for subgroups. They are selected according to the reference solutions of Eq.(l), obtained 
by using an ultrafine energy group structure (microgroups). According to the first criterion, adding 
of microgroups (sorted from the highest to the lowest total cross section values) is stopped when one 
of the following conditions is disturbed 

Immta^ajJl/iiiaxio^CffjJl-llse, x-U/c (3) 

These conditions determine the range of resonance self-shielding in each subgroup. In practice, for 
media with strong interference of potential and resonance scattering, it is difficult to satisfy condition 
defined in Eq.(3) with proportionally small number of subgroup (H<M). Therefore, the second 
criterion is introduced to restrain the number of subgroups, requiring that the narrowest interval in 
a subgroup must be wider than given value (usually ln(l/<z)/10). In the cases when this criterion is 
insufficient to restrain the number of subgroups (eg. for ^ U ) , the third criterion Is added. It 
introduces a separate subgroup for region around minimum of elastic scattering before than the 
subgroup lethargy boundaries are chosen. At this stage, the results are sets of intervals (AM,, n€Nj 
that define lethargy boundaries for each subgroup A, where Nk denotes a set of indices for 
microgroups that belong to the subgroup A. 
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The second step in the proposed method includes the subgroup cross section determination 
through an iterative procedure, in which the fission and the absorption reaction rates (x=fy) in a 
particular group, obtained by subgroup and reference calculations, are equated 

w L 
in conjunction with the limitations for the subgroup cross sections 

^ k ^ O ^ ^ ^ k ^ o J ) . h=l&...Ji (5) 

Equations (4) and (S) represent the linear least square's problem with linear inequality constraints 
solved with the algorithms given by Lawson and Hanson. 1 2 The subgroup cross sections for total 

absorption o ^ + o ^ and reference values for total absorption as a function of moderator cross section 

ajh(aQn)+<*d&aQn) 3 X 0 ^an u S K * t 0 determine the moderator cross section o j in each subgroup h. 

According to Eq.(l) , o j represents the universal flux weighting function in subgroup A. This iterative 
procedure is interrupted when the convergence tor subgroup fission and absorption reaction rates is 
achieved (usually after 5 to 6 iterations), and the final results 

<£ (*=W,<0. (An*, nt=N$ 

are stored for each energy group g of resonance nuclide k. 
The subgroup fluxes for the homogeneous media with X resonance nuclides obey the equation 

where the correlation parameter ( = a o V p represents the relative fraction of subgroup A' for 

nuclide I that belongs to subgroup h of nuclide k 

These fractions are used in expressions for neutron transfer probabilities from one subgroup to 
another 

This method can be improved through an iterative procedure, in which the new correlation 

parameter a*,k is obtained by using total neutron flux 4>J of nuclide k 

a„ 

The proposed procedure is implemented into the VEGA2 design lattice physics computer 
code 1 3 and compared to results from rigorous numerical solutions. 
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III. RESULTS 

The validation of VEGA2 code has been carried in various areas using an identical database, 
i.e., the point cross sections data generated from latest version of the ENDF/B evaluation (ENDF/B-
VI release 4) with PREPR096 codes (LINEAR, RECENT and SIGMA1).' 4 

The accuracy of VEGA2 subgroup method (routine SGM) for homogeneous media was 
analyzed against: the "independent resonance weighting" concept (routine IRW); the scheme of 
Williams for computing the "resonance interference factors" (routine IRW-RIF); and the energy-
pointwise slowing-down solution (routine CESD). In the VEGA2 55-group structure there are seven 
groups between 4.0 eV and 367.26 eV (Table I) for which the resonance absorption was computed. 
The resonance interference factors for this energy range were calculated with WR approximation on 
a 12.000 point energy grid. The comparison of IRW, IRW-RIF and SGM results for '"U and 2 4 0Pu 
in a homogeneous uranium-plutonium mixture (described in Table II) is shown in Tables III and IV. 

TABLE I 
Energy Boundaries for VEGA2 55-Group Structure 

VEGA2 Group Uper Energy (eV) 

17 367.260 
18 148.728 
19 75.501 
20 48.052 
21 27.700 
22 15.968 
23 9.877 

4.000 

TABLE II 
Composition of Uranium-Plutonium Homogeneous Mixture Used to Benchmark Calculation 

Nuclide Atom Density 

2WJJ 

» 0 
2»PU 
J 4 0 Pu 
Moderator* 

1.504-10* 
2.073-IO 2 

3.974-10 4 

3.344-If/ 5 

1.0 

"Effective NR scatterer with E. = 1.0275 c m 1 

TABLE III 
Effective Shielding Factor for mX3 Fission 

in Homogeneous Uranium-Plutonium Mixture 

Group 
CESD Percent error from CESD 

Group 
IRW IRW-RIF SGM 

17 1.0007 -0.41 0.60 -0.25 
18 0.9916 0.48 0.52 0.82 
19 1.0210 -3.09 0.30 0.04 
20 1.0061 -2.69 -0.70 0.02 
21 0.9633 0.25 -0.12 0.56 
22 1.0061 -3.31 -0.17 -0.96 
23 1.0162 -5.74 -0.35 -1.24 
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TABLE IV 
Effective Shielding Factor for Absorption 
in Homogeneous Uranium-Plutonium Mixture 

Group 
CESD Percent error from CESD 

Group 
IRW IRW-RIF SGM 

17 0.1954 -0.38 0.33 0.31 
18 0.1392 -1.19 0.28 -0.78 
IP 0.0866 -1.73 -0.22 -0.57 
20 0.0629 -1.39 0.11 0.51 
21 0.0530 -1.86 0.12 -0.26 
22 1.0050 -2.04 -0.01 -0.29 
23 0.0563 -1.14 0.01 -0.07 

TABLE V 
Effective Shielding Factor for ^ P u Fission 

in Homogeneous Uranium-Plutonium Mixture 

Group 
CESD Percent error from CESD 

Group 
IRW IRW-RIF SGM 

17 0.9784 -0.91 0.10 -0.08 
18 0.9777 -2.41 -1.00 -1.14 
19 0.8475 5.70 -2.23 1.32 
20 0.9820 -6.34 -0.99 -0.18 
21 0.9236 -8.75 -0.86 0.13 
22 0.8670 -1.02 -0.70 -0.67 
23 0.8S40 -6.89 -0.69 1.23 

TABLE VI 
Effective Shielding Factor for ^"Pu Absorption 
in Homogeneous Uranium-Plutonium Mixture 

Group 
CESD Percent error from CESD 

Group 
IRW IRW-RIF SGM 

17 1.0737 -8.25 -4.58 0.47 
18 0.9267 3.80 3.74 3.47 
19 0.7199 25.61 6.57 1.01 
20 0.8804 2.63 0.36 -1.80 
21 0.6563 45.07 -14.81 4.67 
22 0.9999 0.01 0.01 0.01 
23 1.0503 4 . 7 9 -0.02 -0.01 

It has been show mat the proposed subgroup method improves the agreement between VEGA2 
and energy-point wise calculation for nearly every group in which resonance interference is an 
important factor. The precision of this subgroup method corresponds to the method of Williams, while 
the calculations with the proposed method (SGM routine) are faster than those with widely used 
Williams method (IRW-RIF routine). 
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IV. CONCLUSION 

In this paper, the basic principles and algorithms used in the proposed subgroup method are 
described. The method is validated for resonance absorption in a homogeneous uranium-plutonium 
mixture. It was shown that proposed method allows treatment of resonance interference effects with 
the same proven precision as the Williams method. 
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