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Abstract

The straight channel flow of an inviscid, incompressible fluid with

tensor conductivity is considered when the flow leaves a region of con«

stant transverse magnetic field. The channel walls are taken to be insu-

lating, and an eddy current system arises. This is investigated by the

method of magnetic field analysis as given by Witalis. The spatial dis-

tribution of magnetic field and ohmic power loss, both parallel and trans-

verse to the flow, are given as functions of the Hall parameter with con-

sideration also to the magnetic Reynolds number of the fluid. MHD power

generator aspects of this problem and the results are discussed.
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1. Introduction

In a recent paper Witalis rigorously derived the analytical meth-

ods for investigating two-dimensional incompressible MHD flows with

tensor conductivity» That method which previously had been given lit»

tie attention, i. e« the analysis of the magnetic field distribution, will

here be applied to describe and to give the magnitude of interaction

phenomenas occuring when a tensor conducting plasma flows through

the termination of a magnetic field perpendicular to it,

Ohmic power losses and other effects associated with the present

problem have been regarded to be o£ central importance for the per-

formance of MHD power generators. Consequently a fairly large num-

ber of papers have been devoted to various aspects of MHD generator

end effects. Most of the works are confined to the case of negligible

Hall effect, implying a plasma conductivity that is unaffected by the

presence of the magnetic field» However, power generating MHD chan-

nels are usually assumed to extract electrical power by the JLorenta

force braking of a swiftly moving expanded gas0 Present technology

then implies gas properties where the Hall conductivity perpendicular

to the electric field is up to an order of magnitude larger than the par~

allel conductivity. No attention will therefore be given here to works

where the conductivity is treated as a scalar except for comparison

with results from the paper by Boucher and Ames because they investi-

gated exactly the same two-dimensional flow geometry and the same

type of a uniform and externally applied magnetic field as is assumed

here. The basic partial differential equation of their treatment, Eq, (18)

is easily derived from the more genera?. Eq, (23) in Witalis in the spe-

cial case of irrotational flow and vanishing Hall effect. The work by

Boucher and Ames contains valuable discussions on conditions for a

two-dimensional analysis to be generally valid as well as the magnitude;

of viscous and turbulent flow Ios,-je3 compared to that of the end effect,

2. Basic geometry and assumptions

The top part of Fig. 1 shows the basic geometry in which a tan»,

sor conducting incompressible pla.sma flow with uniform velocity V

leaves the region II where a uniform and externally applied field B
o
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acts in a direction perpendicular to the flow. For simplicity the flow

height along the field is taken to be unity. In the region I only the in-

duced field B. is present. This field originates from the eddy cur«

rents which are caused by the short-circuiting action of the region X

plasma on the induced electrical field in the region IL Thus the eddy

currents encircle parts of the plane 3: = 0, The total magnetic field

distribution is given roughly by the bottom part of Fig, 1. It will be

shown that the eddy current system as drawn in the figure represents

the case when the Hall and the parallel conductivities are of the same

order of magnitude.

The confining walls are all assumed to be insulating. A full anal-

ysis of end effects in a MHD generator would also require that finite

size parts of the region II walls to be not only conductors but also to

emit and receive currents across the plasma. Witalis has given some

of the reasons why such a configuration would be extremely difficult

to analyze» The present work is therefore aimed at giving the magni-

tude and, what is more important, the axial extensions of the end ed-

dy current distribution. Not until this is known would it be 'possible

to decide under wha.t circumstances end phenomenas and electrode

effects could be investigated separately.

The three basic assumptions a.re here the two-dimensionality

the problem, the incompressibility and the constant plasma properties

of the rapidly moving gas flow. The first one is fundamental for the

analysis. The other two can be justified by the fact that the axial length

of the end effect region will be shown to be small even when compared

to the channel width a. A further assumption is that of constant gas

velocity, which implies negligible viscosity and, although it is a sim-

plification that can be removed, will greatly simplify the calculations.

It can also, like the assumption of a step termination of the applied

field, be regarded as the worst possible case when the end effects as

described can be expected to be most pronounced.

Consideration is here given only to a plasma flow leaving a "trans-

verse applied magnetic field. When this problem is solved, that of the

same plasma flow entering a similar field is trivial.



3. The fundamental equation and its forjnal solution

The partial differential equation for the induced magnetic field

has been derived by Witalis and given there by Eq0 (19) which in the

present case takes the form

dB. dB. SB.
+ — I [ - M-oaV—i=0 (1)

3y 9

where y, is the permeability of free space and cr is the plasma con-

ductivity.

As the flow is confined by insulators, the value of B. along them

is simply zero. Further, B. will also vanish sufficiently far from the

transition at x = 0. These boundary conditions, together with the stand-

ard separation of variables technique for solving Eq0 (1), give the so»

lutions

e (2)

(3)
where

p = ̂ a V (4)

If the channel width a is taken as a characteristic length of the sys-

tem the magnetic Reynolds number R of the flow is related to p as

4. The transition between the two regions

At x = 0,0<y<a, continuity of the normal current density j

is required. The Maxwell equation

_. = lV_ .(6)

has in the present case the components
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3B.

SB.

Eq. (6') is applied to Eqs« (2) and (3) whereby a term~by~term iden«

tification between the two derivatives yields

Insertion of Eq« (7) in Eqs. (2) and (3) proves that the induced field

does not tend to decrease the discontinuity B at x » 0*. It may

also be noted that the axial field strength E is not cor.tinous when

Hall effect is present. From the simplified generalized Ohm's law

(Witalis)

j =-- c(E + V :c B) + p,(j_x B) (8)

it can be shown that continuity of j implies the following equation

to be valid at x = 0} 0 <y <a

The mobility (j, and the conductivity a are related by

CT = e n u (10)

where n and e denote the electron density and charge. The physi

cal interpretation of Eq, (9) is then obvious: a discontinuity of the

axial electrostatic force on the charge carriers is cancelled by a

corresponding discontinuity of the Lorentz force.

• The time-independent Maxwell equation for the electrostatic

field

Boucher and Ames stated the opposite, however, the error does
not influence their calculations.
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curl E = 0 (11)

proves that E must be continous across x = 0. This fact and Eqs. (2),

(3), (7) and (8; can be combined to yield a relation between the tangen-

tial current densities at the transition,

For the current densities we substitute their Fourier series expres-

sions as obtained by applying the Eqs. (6') and (6' ' ) to the magnetic

fields, Eqs, (Z) and (3)» The result turns out to be

I.,
in which Eq. (7) has been used to obtain the first sum, Using th.3 stand-

ard technique for determining Fourier coefficients, Eq. (13) is written

as

T3 • / \ _ L - > - D S ' - D 1 - c o s m - r r c o s n i rB a q(m) + Z^B S B mn - — =
n=l n - m

= 2 a p B (1 - cos mrr)/mrr (14)

where the prime sign denotes that m = n. is excluded from the

tion, Sq? (14) represents a non-homogeneous system of 73a linear equa-

tions and we have m-x»^ For physical reasons it will in the following

be assumed that there exists a solution vector {BT }. In that case it

can be proved (Xantorowitsch and Krylow).that the approximate solu-

tion which is obtained by solving Eq. (14) as a finite system, is an

approximation of {BT 3 that becomes better when the finite system

is taken larger. However, an important result concerning the solu-

tion of Eq. (14) can be obtained without actual calculations,, The well-

known Cramer's rule for the solution of linear equation system prove?

that all the Fourier coefficients B. will have a linear dependence on

the right hand side factors a p =R and B if the Hall parameter uB =
A m o x ^ o

s (3 is taken as a constant and the influence of p on q(m) is neglected»

Eq, (4) proves that the latter is a good approximation when R £\,
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5. Obmic dissipation and gas flow power

The total ohmic dissipation is given by the integral

v/ben taken over the regions I and II. The orthogonality of the Fourier

series expansions for the current densities simplifies the integration

in the y-direction. Thus the axial power loss variations in the two

regions are found to be

-JL^ 1 B2 q(n)[q(n)»p3e^-^(n)>9 x>0 (16)
4cm2 n=l ln

o

^ * B 2 q ( n ) [ q ( n ) + P ] ^ + G » ^ , x <0 (16 '}

Further integrations yield the total power losses

^ BIn^n>
n = 1 in

If a more general investigation of MHD generator end effects was to

be made consideration had also to be given to the power extraction,,

That is not the case here and consequently the total gas flow power

Yt = - ; J* VjyB dxdy = - X J J _ ! . (B
2)dxdy (18}

I+II 2 | io i+n ^

must be identical to the total power dissipation P . When evaluat-

ing Eq. (18) the discontinuity of B at x = 0 must be observed. Then

it is readily found that

VB a _ 2VaB «, ,
2 f | B sin HIX d y o r i

VB a _ VaB «, ,
Y = 2. f | B T sin HIX d y = . o. r -i-BT (19)

t [i J . ,In a y nu n In l '^o n=l i ' o i
Q

. , I n a nu n In
n=l, i i . . . ' o n~i 3 5
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proving that the flow is braked only by the odd number components in

the magnetic field Fourier series expansion,

6. Numerical results and discussion

The infinite linear equation system, Eq. (14), was solved ap-

proximately using an IBM 7044 computer. For the calculation of ohmic

losses, Eqs. (17) and (19)? it was found that a system of n = m = 50 was

sufficient to yield an accuracy that was better than that attainable in

graphical representations like Fige 2, The agreement between results

using Eq, (17) or Eq, (19) was nearly perfect proving that the errors

in the numerical calculations were introduced almost entirely by the

finite system approximation*

Fig. 2 shows how the total power loss strongly decreases when

the Hall parameter p = jxB exceeds \xnity, P * is the dimensionless

ohmic loss and it is related to P. as

P t = Pt*(VBoa)2a (20)

In the case of no Hall effect, P+ * can easily be calculated exactly

from Eqs. (13) and (17). The loss turns out to be

2 2 ^ 2 2 1 / 2

(21)

and this is the essential result of the analysis that Boucher and

Ames carried out.

For the determination of the loss distribution, Eqs» (16) and

(16T), equation systems of 100 x 100 terms had to be solved. Fig. 3

shows the results» The co-ordinate x* is simply x/a. The two branch

es of the curve (3 = 5 show a representative case when a 50x50 sys-

tem was found insufficient.

The loss ditribution is very neariy symmetric around x » 0. The

largest deviation observed is shown and it was found to occur for (3 =

= 10, The other curves all represent region I dissipation, Eq. (16),

The striking feature of Fig, 3 is the very strong contraction of
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the loss region when the Hall parameter is increased. Boucher and

Ames made an estimate of the axial extension of the eddy current re-

gion and pointed out its rapid decay. This is indeed true as shown by

the curve j3 = 0. The same observation applies, but to a much larger

extent, when a strong Hall effect is present.

Fig, 4 gives a three-dimensional representation of the induced

magnetic field strength at the plane x* = 0 and in the vicinity. The Eqs»

(2) and (3) have been used. The field distribution for p — 3 Is based

upon the solution of Eq. (14) by 50 terms system, for the other two

(3-values 100 terms systems were solved. The crosses at the plane

x* = 0 show that even such large systems are not fully satisfactory

when J3 is large» It may then be noted that the errors introduced by

our finite system approximation are systematic in Figs. 2 and 3, still

good accuracy is obtained because Eqs, (16) and (17) contain the squares

of the field Fourier coefficients in contrast to Eqs, (2) and (3), Howev-

er, the trigonometrical factors in the latter equations randomize the

errors of the discrete points so that curves can still be fitted with some

confidence. Actually, when the bottom curve at x# = 0 was drawn con-

sideration was also given to points (not shown) calculated from 20 and

50 terms systems.

As shown from the x* = 0,l plane the exponentials of Eqs, (2)

and (3) increase the accuracy very much when x^0.

The curves of the plane x* = 0 have been given special attention

here because they represent not only the maximum induced field strength

but also the distribution in the y«direction of the total power loss» This is

proved by integral of Eq. (19). With increasing Hall parameter the re-

gion of maximum dissipation shifts from the channel center y*s0. 5

towards y* = 0.

Finally it should be noted that the assumption of constant plasma

properties is certainly not valid for a thermally ionized gas for which

the electron density will be increased by the strong electrical fields

involved in the power dissipation around the transition x = 0. Especial-

ly for the medium values of the Hall parameter, Fig. 2 shows an ap«

preciable ohmic loss which according to Fig. 3 occurs in an axially

very narrow region, still this region has according to Fig» 4 a fairly
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uniform distribution across the flow. These facts may be considered

for the design of the inlet section of a MHD generator operating with

non-equilibrium ionization.
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Captions to figures

Fig. 1. Basic geometry and magnetic field distribution.

Fig. 2, Total power loss as function of the Hall parameter.

Fig. 3. Axial power loss distribution.

Fig. 4. Induced magnetic field and transverse loss distribution.
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