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AE-23

Definition of the
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N.G. Sjöstrand

Summary:

A one-group transport equation is derived from the general

Boltzmann equation with the sole assumption that the neutron velocity

spectrum is independent of position and angle. It is shown that the

correct way to define a diffusion constant is to form averages of the

scattering cross section, not the mean free path, over the neutron

spectrum. Conclusions are also drawn regarding the equivalence

between moderator systems studied with pulsed neutron sources and

critical reactors and regarding possible systematic differences in

diffusion constants derived from stationary and pulsed source experi-

ments. Finally, an accurate equation for the neutron spectrum is

derived.
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Definition of the diffusion constant in one-group theory.

Introduction.

In the commonly used one-group approximation the diffusion of

polyenergetic neutrons is treated by assuming all neutrons to have an

average velocity and by defining corresponding averages of the diffusion

parameters. As the cross sections represent probabilities of the occur-

rence of nuclear events, the most natural way to define these averages

seems to be to integrate the cross sections over the velocity spectrum of

the neutrons. However, in many textbooks and reports the diffusion

constant, D, is not defined from averages over the scattering cross sec-

tion but from averages over the inverse scattering cross section, i.e.

the mean free path.

For several reasons one-group theory is often a rather poor

approximation, so the distinction between the two ways of averaging may

be trivial. Moreover, as long as the various average values derived from

experiments are applied only to the sanne kinds of experiments it does not

seem to matter very much. The question is, however, more significant

when a diffusion constant measured by a stationary method is compared

with one obtained by the pulsed source technique or with calculations from

fundamental data on the scattering cross section and angular distribution.

In view of the increasing precision in neutron diffusion measurements and

the large theoretical and experimental effort expended on the study of the

scattering properties of moderators a discussion of the best way to define

the average diffusion parameters seems to be desirable.

Previous work.

In the various textbooks on reactor theory there is usually not

much discussion on the best way to define an average diffusion constant.

Starting directly with the diffusion approximation it seems natural to

average the transport mean free path over the energy distribution. This

has been done for instance by Glasstone & Edlund . Sometimes the diffu-

sion approximation is derived from the transport equation by development

of the angular distribution in spherical harmonics, including only the two

first terms in the expansion. When the resulting diffusion equation is



integrated over the energy spectrum of the neutrons the diffusion constant

will also be obtained from an average transport mean free path. However,

both these derivations are only approximate. Therefore, the practical
2}arguments given by Weinberg and Wigner do not justify this kind of

averaging rigorously.

Davison ' shows how the one-group transport equation can be

derived from the general Boltzmann equation. He takes the simple case

of isotropic scattering and further assumes that the energy spectrum of

the neutrons is independent of the position and direction of motion of the

neutrons. The averages he then forms are over the cross sections,

A slight extension of Davison's arguments has been reported

recently \ (We will refer to this paper as I.) Here the scattering was

allowed to be anisotropic, but the angular distribution of the scattered

neutrons was assumed to be independent of the velocity of the neutrons.

The averages were the same as Davison's but the one-group equation

naturally got the form for anisotropic scattering.

Derivation of the one-group equation.

In view of the rather narrow limitations involved in the derivations

of the one-group equation mentioned above, it may be of interest to in-

vestigate whether the conditions may be relaxed.

We consider as in I the stationary, source-free Boltzmann equa-

tion. This is valid for a critical reactor or for a finite, pulsed mode-

rator; both are assumed to be homogeneous. The pulsed system must

have reached a state when the distribution of neutrons in space and energy

does not change with time. The time-dependence is then taken into

account by introduction of a fictitious capture cross section. The equation

is

vN(r,vg PvtrfvO CC
vJ2gradN(r_,v£2) + — - m =\ £ ?J,, ' dv' \ \ N(£,v'«')f(v' £f -> v£2) dfi»

(1)

where we have used the same notations as in I.

We shall now try to average the parameters in this equation by

integration over the velocity v. If we then allow the neutron velocity

spectrum to have a spatial dependence the averages & and c will vary with



position. This leads to complicated mathematics and is not what is

usually meant by a one-group equation. Thus we retain the condition

from I that the neutron spectrum should be independent of position and

angle and write:

N(r,vfi) = ip(r_,O) F(v) (2)

Introducing this in eq. (l) and integrating over v gives

oo co

n gradib (r, Q) \ v F (v) dv + + (r,Q) \ Y J \ Y ' dv =
— J J * \v)

o

O O

We define now an integrated scat ter ing function i ( f i ' —> S2) as

oooo

( v c(v) „ / x ,

J -TOT (v)
o

oo oo

j \ F ( v ) d v , j ' ^ d v (6)
op oo
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o

op op

vf v ^( y ) dv - Ccc
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Equation (3) then takes the form

(4)

By integration over Q we see that it is normalized so that

\ \ i ( 2 ' ->B)dn = 1 (5)

The averages I and c are defined in the same way as in I:

Q grad i|i (£,«) + j + (r_, fi) = f \ \ ̂  (l» £') i(5T - > ̂ ) dfl» (8)



The resulting equation is the same as in I, but the scattering function is

defined, in a different way. Thus, the one-group equation can be derived

from the Boltzmann equation v/ith the sole assumption that the neutron

spectrum is independent of position and angle.

From this result we can immediately draw one conclusion re-

garding the equivalence between a critical reactor and a pulsed modera-

tor as discussed in I: The equivalence is complete even without the con-

dition that the angular distribution of neutrons from collisions should be

independent of the velocity of the neutrons.

The diffusion constant»

To find an expression for the diffusion constant we use the spheri

cal harmonics method to solve eq. (8). The scattering function is then

expanded in a series of Legendre polynomials

oo

l )b n P n (n .O«) (9)

We consider only plane and spherically symmetric geometries which both

give the same characteristic equation (eq. 42 in I) and assume that no

fissionable material is present.

The time-dependent case has been studied in I. If the diffusion

constant is defined as the coefficient for the B " term in the expression

for the leakage rate we get

D = Y. (10)

where

00

8 v J S

o
and v is the average neutron velocity.

For the stationary case we calculate the diffusion length L from

the characteristic equation and define the diffusion constant as

D = L Z S ? (12)



where the average capture cross section 2 is obtained analogously to

In the first approximation we then find

s

v

D = S c + S s 1 " b * (13)

Thus we see that only when the capture cross section is small

compared to the scattering cross section are the diffusion constants

derived from stationary and time -dependent measurements identical.

However, this difference is not of any importance for ordinary modera-

tors. As an example the ratio 2 / 2 is about 0.006 for H^O, which

leads to a 0. 3 per cent difference.

From the above we can now summarize how the diffusion constant

should be calculated from 2 (v) and f (v'fi1 —S> v £2) known from a theore-

tical model or from experiments.

1. The neutron velocity spectrum F (v) and the average neutron velocity

v is determined.

2. 2 is obtained from eq. (ll).
5

3. The function i(£2*—> Q) is calculated from eq. (4), For a pure mode-

rator c(v)/i(v) = 2 (v), so the function ^v'O1—> v J2) is in fact

weighted with the collision density.

4. According to eq. (9) the coefficient b . is determined as

bd = \ \ i ( j2 ' ->£) Q ' Q1 dQ.

5. The diffusion constant is calculated from eq. (10).

Inversely, from a measured diffusion constant and with 2 known,

the coefficient b. can be obtained and compared with theories. In I, b.

for H2O and CH? were found to be 0. 25 and for D^O 0. 12 with an uncer-

tainty of about - 0. 04. Hov/ever, b. is apparently not very sensitive to

the model used.



The spectrum equation.

In the derivation of the one-group equation we have assumed the

neutron velocity spectrum to be known so that the proper cross section

averages could be found. The next question is then: What is the correct

way to calculate this spectrum?

Using assumption (2) as before we integrate now eq. (l) over the

volume of the body in question and over all directions. This gives

F(v) \ \ q gradvjj (r,S2) dr_d£ + ^ f W \ \ <\>{r_,ti) dr_d£2 =

v O) dfi di? dr (14)

where some integral signs have been omitted for the sake of simplicity.

We define a new scattering function h(v' —> v)

\ \ \ i|» (r, Q») f (v« O» - » v fi) d£ d f2' d£

h ( V - > v ) = — (15)

\ \ 4>(r,fi) dr dfi

and a leakage factor G

\ \ Q dr ^

G = (16)

\ \ 4J (r, Q) dr dfi

The spectrum equation is then

' 1^. f ( V t > MV - v) dV (17)

In this derivation we have assumed the spatial and angular distri-

bution of the neutrons to be known exactly, and hence G is a constant. In

the use of equations (8) and (l7) to solve practical problems a trial func-

tion can be used first to get approximate cross section averages for eq. (8).

This equation is then solved giving the angular and spatial distribution

needed for establishing G and h(v» —> v) in the calculation of the accurate

spectrum from eq. (17). If necessary the cross section averages used in

eq, (8) are then revised etc.



Comparing expression (16) for G with the expression for the

leakage rate from a pulsed moderator system (second term of eq. 9 in

paper I) we find that the leakage rate -y is

-y = G v (18)

Introducing this and the expressions for i(v) and c(v) (eq. 11 and 12 in I)

in eq. (17) we get the following spectrum equation for a pulsed modera-

tor.

v F(v) v ( •=-- ~ ) + v F(v) Sg(v) - \ v« Sg(v') F(v') h(v« -5> v) dv'

(19)

This is the same equation as used for instance by Beckurts ' , but the

leakage rate -y and scattering function h are defined in a more general

way.

Conclusions.

We have now seen how the average diffusion constant can be ob-

tained in a rigorous way from transport theory with the single limitation

(except those inherent in the diffusion approximation) that the neutron

velocity spectrum should be independent of position and angle. This is

still not a satisfactory state of the theory as spectrum shifts can be

caused by the slowing down of neutrons or by selective absorption,

scattering and leakage.

In stationary diffusion length measurements large geometries are

generally used, so slowing down and selective absorption and scattering

will be more important than the leakage effects. The opposite is true for

pulsed neutron source experiments in small geometries. However, in

the interpretation of these latter experiments the diffusion constant is

determined as the slope of the curve of the decay constant versus buck-

ling at zero buckling. This means that the diffusion constant as derived

from such an experiment refers to an infinite medium and hence is not

directly influenced by spectrum variations. Indirectly there may be some

small uncertainty, as the buckling values are calculated with the assump-

tion of an extrapolation length which is somewhat doubtful if the spectrum

varies with position» It is hoped that more theoretical and experimental

studies will be made on these important problems.
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