
P4-2006-137

‚.‹. �±¸¥´μ¢, ‚.Š.ˆ£´ Éμ¢¨Î, �.‚.�¨±¨É¥´±μ

�’��†…�ˆ… �…‰’����‚ �’ ƒ…‹ˆŠ�ˆ„�‹œ��‰
‘ˆ‘’…Œ›

� ¶· ¢²¥´μ ¢ ¦Ê·´ ² ®�μ¢¥·Ì´μ¸ÉÓ. �¥´É£¥´μ¢¸±¨¥, ¸¨´Ì·μÉ·μ´´Ò¥
¨ ´¥°É·μ´´Ò¥ ¨¸¸²¥¤μ¢ ´¨Ö¯



�±¸¥´μ¢ ‚. ‹., ˆ£´ Éμ¢¨Î ‚.Š., �¨±¨É¥´±μ �.‚. P4-2006-137
�É· ¦¥´¨¥ ´¥°É·μ´μ¢ μÉ £¥²¨±μ¨¤ ²Ó´μ° ¸¨¸É¥³Ò

� °¤¥´Ò  ´ ²¨É¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö μÉ· ¦¥´¨Ö ¨ ¶·μ¶Ê¸± ´¨Ö ´¥°É·μ´μ¢
³ £´¨É´Ò³¨ §¥·± ² ³¨ ¸ £¥²¨±μ¨¤ ²Ó´μ° ´ ³ £´¨Î¥´´μ¸ÉÓÕ. �·¨¢¥¤¥´Ò ±·¨-
¢Ò¥ μÉ· ¦¥´¨Ö ¸ ¶¥·¥¢μ·μÉμ³ ¨ ¡¥§ ¶¥·¥¢μ·μÉ  ¸¶¨´  ´¥°É·μ´μ¢. ˆ¸¸²¥¤μ¢ ´Ò
·¥§μ´ ´¸´Ò¥ ¸¢μ°¸É¢  £¥²¨±μ¨¤ ²Ó´ÒÌ ¸¨¸É¥³.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ´¥°É·μ´´μ° Ë¨§¨±¨ ¨³. ˆ.Œ. ”· ´± 
�ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2006

Aksenov V. L., Ignatovich V.K., Nikitenko Yu.V. P4-2006-137
Re	ection of Neutrons from a Helicoidal System

Analytical solution for neutron re	ection and transmission of magnetic mirrors
with helicoidal magnetization is found. The dependence on neutron speed of re	ec-
tion and transmission curves is shown. Resonant properties of helicoidal systems are
found.

The investigation has been performed at the Frank Laboratory of Neutron Physics,
JINR.

Preprint of the Joint Institute for Nuclear Research. Dubna, 2006



‚‚…„…�ˆ…

ˆ¸±Ê¸¸É¢¥´´Ò¥ ¸²μ¨¸ÉÒ¥ ¸É·Ê±ÉÊ·Ò ¶·μÖ¢²ÖÕÉ ³ £´¨É´Ò¥ ¸¢μ°¸É¢ , ´¥
μ¡´ ·Ê¦¨¢ ¥³Ò¥ ¢ μ¡Ñ¥³´ÒÌ ¥¸É¥¸É¢¥´´ÒÌ ³ £´¥É¨± Ì [1]. ‚ ÔÉμ° ¸¢Ö§¨ £¥²¨-
±μ¨¤ ²Ó´ Ö ³ £´¨É´ Ö ¸É·Ê±ÉÊ·  ¶·¥¤¸É ¢²Ö¥É ´¥¸μ³´¥´´Ò° ¨´É¥·¥¸.

ÉμÉ ¨´É¥·¥¸, ¢μ-¶¥·¢ÒÌ, ¸¢Ö§ ´ ¸ μÉ±·Ò¢ ÕÐ¨³¨¸Ö ´μ¢Ò³¨ ¢μ§³μ¦´μ¸ÉÖ³¨ ¢
· §· ¡μÉ±¥ ±μ³¶ ±É´ÒÌ Ê¸É·μ°¸É¢, ¶·¥¤´ §´ Î¥´´ÒÌ ¤²Ö ¸μ§¤ ´¨Ö ±μ²²¨³¨·μ-
¢ ´´ÒÌ, ³μ´μÌ·μ³ É¨Î´ÒÌ ¨ ¶μ²Ö·¨§μ¢ ´´ÒÌ ¶ÊÎ±μ¢ ´¥°É·μ´μ¢. ‚μ-¢Éμ·ÒÌ,
£¥²¨±μ¨¤ ²Ó´ Ö ¸É·Ê±ÉÊ· , Ö¢²ÖÖ¸Ó ¢ ¶²μ¸±μ¸É¨ ¢· Ð¥´¨Ö ´ ³ £´¨Î¥´´μ¸É¨
 ´É¨Ë¥··μ³ £´¨É´μ° ¶·¨ Éμ²Ð¨´¥ ¡μ²ÓÏ¥ ¶·μ¸É· ´¸É¢¥´´μ£μ ¶¥·¨μ¤  £¥²¨-
±μ¨¤ , ³μ¦¥É ¢ ±μ´É ±É¥ ¸ ³ £´¨É´Ò³¨, ´¥³ £´¨É´Ò³¨ ¨ ¸¢¥·Ì¶·μ¢μ¤ÖÐ¨³¨
¸²μÖ³¨ μ¡· §μ¢Ò¢ ÉÓ ¸É·Ê±ÉÊ·Ò ¸ ´¥μ¡ÒÎ´Ò³¨ ¸¢μ°¸É¢ ³¨ [2]. ’ ±, ´ ¶·¨-
³¥·, ¢ ¸²ÊÎ ¥ ±μ´É ±É  ¸μ ¸¢¥·Ì¶·μ¢μ¤´¨±μ³ ¸²¥¤Ê¥É μ¦¨¤ ÉÓ Ê¸É ´μ¢²¥´¨Ö
¶·¨ μ¶·¥¤¥²¥´´ÒÌ Ê¸²μ¢¨ÖÌ ¸¢¥·Ì¶·μ¢μ¤¨³μ¸É¨ ¢ £¥²¨±μ¨¤¥. �·¨ ±μ´É ±É¥ ¸
Ë¥··μ³ £´¥É¨±μ³ ¨²¨ ¨¸É¨´´Ò³  ´É¨Ë¥··μ³ £´¥É¨±μ³ É ±¦¥ ¸²¥¤Ê¥É μ¦¨-
¤ ÉÓ ´μ¢ÒÌ ¶·μ¸É· ´¸É¢¥´´ÒÌ ¨§³¥´¥´¨° ´ ³ £´¨Î¥´´μ¸É¨ [3]. ‡ ³¥É¨³, ÎÉμ
£¥²¨±μ¨¤ ²Ó´ÊÕ ¸É·Ê±ÉÊ·Ê ³μ¦´μ ¸μ§¤ ÉÓ ¢ ¸²μ¨¸Éμ° ¸É·Ê±ÉÊ·¥ ¸ · §²¨Î´μ°
³ £´¨É´μ° ¦¥¸É±μ¸ÉÓÕ ¸μ¸É ¢²ÖÕÐ¨Ì ¥¥ ¸²μ¥¢. †¥¸É±μ¸ÉÓ ¦¥ ¸²μ¥¢ ³μ¦´μ
¢ ·Ó¨·μ¢ ÉÓ, ´ ¶·¨³¥·, ¥¸²¨ ¨§³¥´ÖÉÓ ¶·μÍ¥´É´μ¥ ¸μ¤¥·¦ ´¨¥  Éμ³μ¢ ´¨±¥²Ö
¨ ¦¥²¥§  ¢ ¦¥²¥§μ-´¨±¥²¥¢μ³ É¢¥·¤μ³ · ¸É¢μ·¥.

� ¸¸³μÉ·¨³ ¶²μ¸±μ¥ §¥·± ²μ, ¶μ³¥Ð¥´´μ¥ ¢μ ¢´¥Ï´¥¥ μ¤´μ·μ¤´μ¥ ³ £-
´¨É´μ¥ ¶μ²¥ B0. �¸Ó z ´ ¶· ¢¨³ ¶μ ¢´ÊÉ·¥´´¥° ´μ·³ ²¨ ± ¶μ¢¥·Ì´μ¸É¨
§¥·± ² . „μ¶Ê¸É¨³, ÎÉμ ³ £´¨É´ Ö ¨´¤Ê±Í¨Ö ¢´ÊÉ·¨ ´¥£μ ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ ±μ³-
¶μ´¥´É: μ¤´  Å ¶μ¸ÉμÖ´´ Ö B = B(0, 0, 1) Å ¶ · ²²¥²Ó´  μ¸¨ z,   ¤·Ê£ Ö Å
b = b0(cos(qz), sin(qz), 0) Å ¢· Ð ¥É¸Ö ¶·μÉ¨¢ Î ¸μ¢μ° ¸É·¥²±¨ ¢μ±·Ê£ μ¸¨ z.
’ ±μ¥ ³ £´¨É´μ¥ §¥·± ²μ ¡Ê¤¥³ ´ §Ò¢ ÉÓ £¥²¨±μ¨¤ ²Ó´μ° ¸¨¸É¥³μ°, ¨ ´ Ï 
§ ¤ Î  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò ´ °É¨ μÉ· ¦¥´¨¥ ¨ ¶·μ¶Ê¸± ´¨¥ ´¥°É·μ´μ¢ É ±¨³
§¥·± ²μ³ ¸ ¶¥·¥¢μ·μÉμ³ ¨ ¡¥§ ¶¥·¥¢μ·μÉ  ¸¶¨´ .

�¥Ï¥´¨¥ ¶μ¸É ¢²¥´´μ° § ¤ Î¨ ¸¢μ¤¨É¸Ö ± ·¥Ï¥´¨Õ μ¤´μ³¥·´μ£μ ¸É Í¨μ-
´ ·´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· (

d2

dz2
−u0−2b[σx cos(2qz+2ϕ)+σy sin(2qz+2ϕ)]−2Bσz+k2

)
|ψ(z)〉 = 0 (1)

¢´ÊÉ·¨ ¸·¥¤Ò, £¤¥ ¶·¨¸ÊÉ¸É¢Ê¥É Ö¤¥·´Ò° μ¶É¨Î¥¸±¨° ¶μÉ¥´Í¨ ² u0, ³´μ¦¨-
É¥²Ó mμ/�

2 (m Å ³ ¸¸  ´¥°É·μ´ ,   μ Å  ¡¸μ²ÕÉ´ Ö ¢¥²¨Î¨´  ³ £´¨É´μ£μ
³μ³¥´É  ´¥°É·μ´ ) ¢±²ÕÎ¥´ ¢ μ¶·¥¤¥²¥´¨¥ ¢¥²¨Î¨´Ò ³ £´¨É´μ° ¨´¤Ê±Í¨¨,  
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σx,y,z Å ³ É·¨ÍÒ � Ê²¨. „²Ö Ê¤μ¡¸É¢  ³Ò ¶¥·¥μ¶·¥¤¥²¨²¨ q, ¢Ò¤¥²¨¢ ³´μ-
¦¨É¥²Ó 2, ¨ ¤²Ö μ¡Ð´μ¸É¨ ¢¢¥²¨ Ë §Ê ϕ, ±μÉμ· Ö Ì · ±É¥·¨§Ê¥É Ê£μ² ¶μ²Ö b
μÉ´μ¸¨É¥²Ó´μ μ¸¨ x ¢ ÉμÎ±¥ z = 0.

“· ¢´¥´¨¥ (1) ¡Ò²μ ·¥Ï¥´μ ¢ [4]. �¥Ï¥´¨¥ ¡Ò²μ ´ °¤¥´μ Éμ²Ó±μ ¤²Ö
Ë¨±¸¨·μ¢ ´´μ° ¶μ²Ö·¨§ Í¨¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸μ¡¸É¢¥´´Ò³ ¸¶¨´μ¢Ò³ ¸μ-
¸ÉμÖ´¨Ö³ ¢´ÊÉ·¨ £¥²¨±μ¨¤ ²Ó´μ° ¸·¥¤Ò.

‚ ¤ ´´μ° · ¡μÉ¥ ¶μ± § ´μ, ± ± Ê· ¢´¥´¨¥ (1) ·¥Ï ¥É¸Ö ¢ μ¡Ð¥³ ¢¨¤¥ ¤²Ö
¶·μ¨§¢μ²Ó´μ° ¶μ²Ö·¨§ Í¨¨ ¶ ¤ ÕÐ¥£μ ´¥°É·μ´ . �μ²ÊÎ¥´´μ¥ ·¥Ï¥´¨¥ ¶μ-
§¢μ²Ö¥É ´ Ìμ¤¨ÉÓ  ´ ²¨É¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö  ³¶²¨ÉÊ¤ μÉ· ¦¥´¨Ö ¨ ¶·μ-
¶Ê¸± ´¨Ö £¥²¨±μ¨¤ ²Ó´μ£μ §¥·± ²  ¸ ¶¥·¥¢μ·μÉμ³ ¨ ¡¥§ ¶¥·¥¢μ·μÉ  ¸¶¨´ 
¶·¨ ¶·μ¨§¢μ²Ó´μ³ ¢´¥Ï´¥³ ¶μ²¥ ¨ ¶·μ¨§¢μ²Ó´μ° Éμ²Ð¨´¥ §¥·± ² . ‘´ Î ² 
³Ò · ¸¸³ É·¨¢ ¥³ ¶·μ¸Éμ° ¸²ÊÎ °, ±μ£¤  ¶μ²¥ B ¢¤μ²Ó μ¸¨ £¥²¨±μ¨¤  · ¢´μ
´Ê²Õ, ¨ ´ Ìμ¤¨³  ³¶²¨ÉÊ¤Ò μÉ· ¦¥´¨Ö μÉ ¶μ²Ê¡¥¸±μ´¥Î´μ£μ Éμ²¸Éμ£μ §¥·-
± ²  ¶·¨ ¶·μ¨§¢μ²Ó´μ³ ¢´¥Ï´¥³ ¶μ²¥. ‡ É¥³ ´ Ìμ¤¨³  ³¶²¨ÉÊ¤Ò μÉ· ¦¥´¨Ö
¨ ¶·μ¶Ê¸± ´¨Ö ¤²Ö §¥·± ²  ±μ´¥Î´μ° Éμ²Ð¨´Ò, ¶μ¸²¥ Î¥£μ ¶μ² £ ¥³ B �= 0 ¨
μ¡¸Ê¦¤ ¥³, ± ±¨Ì ¨§³¥´¥´¨° ³μ¦´μ μ¦¨¤ ÉÓ ¢ ÔÉμ³ ¸²ÊÎ ¥.

1. �’��†…�ˆ… �’ ��‹“�…‘Š��…—��ƒ� ‡…�Š�‹�

� ¸¸³μÉ·¨³ ¶μ²Ê¡¥¸±μ´¥Î´μ¥ §¥·± ²μ, § ´¨³ ÕÐ¥¥ ¶μ²Ê¶·μ¸É· ´¸É¢μ z >
0. ‚μ¸¶μ²Ó§Ê¥³¸Ö ²¥£±μ ¶·μ¢¥·Ö¥³Ò³ ¸μμÉ´μÏ¥´¨¥³

σx cos(2qz + 2ϕ) + σy sin(2qz + 2ϕ) = exp(−iσz(qz + ϕ))σx exp(iσz(qz + ϕ))
(2)

¨ ¶μ¤¸É ¢¨³ ¢ Ê· ¢´¥´¨¥ (1) |ψ(z)〉 ¢ ¢¨¤¥

|ψ(z)〉 = exp(−iσz(qz + ϕ))|φ(z)〉. (3)

‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ¤²Ö |φ(z)〉:
(

d2

dz2
− 2iqσz

d

dz
− u0 − 2bσx + k2 − q2

)
|φ(z)〉 = 0. (4)

1.1. �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ¸μ£² ¸´μ [4]. ‚ [4] ·¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö
§ ¶¨¸Ò¢ ²μ¸Ó ¢ ¢¨¤¥ exp(ipz)|χ(p)〉 ¨ ¥£μ ¶μ¤¸É ´μ¢±  ¶·¨¢μ¤¨²  ± Ê· ¢´¥´¨Õ

(
− p2 + 2qσzp − u0 − 2bσx + k2 − q2

)
|χ(p)〉 = 0. (5)


Éμ Ê· ¢´¥´¨¥ ¢Ò¶μ²´Ö¥É¸Ö Éμ²Ó±μ ¤²Ö μ¶·¥¤¥²¥´´ÒÌ |χ(p)〉 = |Λ±〉, ±μÉμ·Ò¥
Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ¸¶¨´μ· ³¨ μ¶¥· Éμ·  Λ̂ = qpσz−bσx ¸ ¸μ¡¸É¢¥´´Ò³¨
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§´ Î¥´¨Ö³¨ ±Λ = ±
√

q2p2 + b2, ¨ (5) μ¶·¥¤¥²Ö¥É p ¤²Ö ÔÉ¨Ì ¸μ¡¸É¢¥´´ÒÌ
¸μ¸ÉμÖ´¨°: (

− p2 ± 2
√

q2p2 + b2 − u0 + k2 − q2

)
|Λ±〉 = 0. (6)

„²Ö ¸μ¸ÉμÖ´¨Ö ¸ +Λ Ê· ¢´¥´¨¥ ¨³¥¥É ¢¨¤

2
√

q2p2 + b2 = p2 − K2, (7)

£¤¥ K2 = k2 − u0 − q2. �·¨ ¶μ²μ¦¨É¥²Ó´μ° ²¥¢μ° Î ¸É¨ Ê· ¢´¥´¨¥ ¨³¥¥É
¸³Ò¸² Éμ²Ó±μ ¶·¨ p2 > K2. �μÔÉμ³Ê ¤²Ö ¶μ²μ¦¨É¥²Ó´ÒÌ p ·¥Ï¥´¨¥ ÔÉμ£μ
Ê· ¢´¥´¨Ö ¥¤¨´¸É¢¥´´μ¥:

p+ =
√

K2 + 2q2 + 2
√

q2(K2 + q2) + b2. (8)

„²Ö ¸μ¸ÉμÖ´¨Ö ¸ −Λ Ê· ¢´¥´¨¥ ¨³¥¥É ¢¨¤

−2
√

q2p2 + b2 = p2 − K2. (9)

�·¨ μÉ·¨Í É¥²Ó´μ° ²¥¢μ° Î ¸É¨ Ê· ¢´¥´¨¥ ¨³¥¥É ¸³Ò¸² Éμ²Ó±μ ¶·¨ p2 < K2.
�μÔÉμ³Ê ¤²Ö ¶μ²μ¦¨É¥²Ó´ÒÌ p ·¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö ¥¤¨´¸É¢¥´´μ¥:

p− =
√

K2 + 2q2 − 2
√

q2(K2 + q2) + b2. (10)

ŒÒ Ê¢¨¤¨³ ¢ ¤ ²Ó´¥°Ï¥³, ÎÉμ ÔÉμÉ ·¥§Ê²ÓÉ É Ö¢²Ö¥É¸Ö ¸²¨Ï±μ³ μ£· -
´¨Î¨É¥²Ó´Ò³. �μ¨¸± ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (4) ¢ ¢¨¤¥ |φ(z)〉 = exp(ipz)|χ(p)〉
¶·¨¢μ¤¨É ± ´¥±μÉμ·Ò³ Î ¸É´Ò³ ·¥Ï¥´¨Ö³, ´μ ´¥ ¤ ¥É μ¡Ð¥£μ ·¥Ï¥´¨Ö. � 
¸ ³μ³ ¤¥²¥, ± ± ¡Ê¤¥É ¶μ± § ´μ ¤ ²ÓÏ¥, 〈Λ±||φ(z)〉 · ¢´Ò ´¥ exp(ip±z),  

〈Λ+||φ(z)〉 = α+ exp(ip+z) + α− exp(ip−z),
〈Λ−||φ(z)〉 = β+ exp(ip+z) + β− exp(ip−z) (11)

¸ Ë¨±¸¨·μ¢ ´´Ò³¨ ±μÔËË¨Í¨¥´É ³¨ α± ¨ β±.
1.2. �¡Ð¥¥ ·¥Ï¥´¨¥. ŒÒ ¡Ê¤¥³ ¢μ²´Ê, ÊÌμ¤ÖÐÊÕ μÉ £· ´¨ÍÒ · §¤¥² 

¢´ÊÉ·Ó ¢¥Ð¥¸É¢ , ¶·¥¤¸É ¢²ÖÉÓ ¢ ¢¨¤¥

|φ(z)〉 = exp(i[a + 	pσ]z)|χ〉 (12)

¸ ´¥¨§¢¥¸É´Ò³¨ Î¥ÉÒ·Ó³Ö ¶ · ³¥É· ³¨ a ¨ 	p

|χ〉 = |φ(0)〉 = exp(iσzϕ)|ψ(0)〉, (13)
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¶·¨Î¥³ |ψ(0)〉 ³μ¦¥É μ¶¨¸Ò¢ ÉÓ ¸μ¸ÉμÖ´¨¥ ¸ ¶·μ¨§¢μ²Ó´μ° ¶μ²Ö·¨§ Í¨¥°.
�μ¤¸É ¢¨¢ (13) ¢ (12) ¨ ¤ ²¥¥ ¢ (3), ¶μ²ÊÎ¨³

|ψ(z)〉 = exp(−iσz(qz + ϕ))×

× exp(i[a + 	pσ]z) exp(iσzϕ)|ψ(0)〉 = exp(−iσzqz) exp(i[a + 	pϕσ]z)|ψ(0)〉,
(14)

£¤¥
	pϕσ = exp(−iσzϕ)	pσ exp(iσzϕ). (15)

—Éμ¡Ò ´ °É¨ ¶ · ³¥É·Ò a ¨ 	p, ¶μ¤¸É ¢¨³ ¢Ò· ¦¥´¨¥ (12) ¢ Ê· ¢´¥´¨¥ (4). ‚
·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³

−a2 − p2 − 2a	pσ + 2qσz(a + 	pσ) − u0 − 2bσx + k2 − q2 = 0. (16)


Éμ ¸μμÉ´μÏ¥´¨¥ Ô±¢¨¢ ²¥´É´μ Î¥ÉÒ·¥³ Ê· ¢´¥´¨Ö³

−a2 − p2 + 2q	pz − u0 + k2 − q2 = 0, (17)

−2a	pz + 2qa = 0, −2a	px − 2iq	py − 2b = 0, −2a	py + 2iq	px = 0. (18)

ˆ§ É·¥Ì ¶μ¸²¥¤´¨Ì Ê· ¢´¥´¨° ¸²¥¤Ê¥É

	pz = q, 	px =
ab

q2 − a2
, 	py = i

qb

q2 − a2
. (19)

�μ¤¸É ¢¨¢ ÔÉ¨ ¢Ò· ¦¥´¨Ö ¢ (17), ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ¤²Ö a

−a2 + q2 − b2

a2 − q2
− u0 + k2 − q2 = 0, (20)

·¥Ï¥´¨¥ ±μÉμ·μ£μ

a =

√
q2 +

K2 ±
√

K4 − 4b2

2
, (21)

£¤¥ K2 = k2 − u0 − q2. ‡ ³¥É¨³, ÎÉμ

K2 ±
√

K4 − 4b2

2
=

1
4

(√
K2 − 2b ±

√
K2 + 2b

)2

, (22)

¨ ¤²Ö μ¶·¥¤¥²¥´¨Ö ¶· ¢¨²Ó´μ£μ §´ ±  ¶μÉ·¥¡Ê¥³, ÎÉμ¡Ò ¶·¨ b → 0 ¢Ò· -
¦¥´¨¥ a + 	pσ ¶¥·¥Ìμ¤¨²μ ¢

√
k2 − u0,   ¶·¨ q → 0 μ´μ ¶¥·¥Ìμ¤¨²μ ¡Ò ¢√

k2 − u0 − 2bσ. ˆ§ ÔÉ¨Ì É·¥¡μ¢ ´¨° μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö §´ ± ¶²Õ¸.
’ ±¨³ μ¡· §μ³,

a =

√
q2 +

1
4

(√
K2 − 2b +

√
K2 + 2b

)2

. (23)
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1.3. ‘μ¶μ¸É ¢²¥´¨¥ ¸ ·¥Ï¥´¨¥³ [4]. ‡ ³¥É¨³, ÎÉμ ¸μ¡¸É¢¥´´Ò¥ ¸μ¸ÉμÖ´¨Ö
|Υ±〉 μ¶¥· Éμ·  Υ̂ = 	pσ ¨³¥ÕÉ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö

±p = ±

√
q2 +

1
4

(√
K2 − 2b −

√
K2 + 2b

)2

. (24)

‘μ¡¸É¢¥´´Ò¥ ¸μ¸ÉμÖ´¨Ö |Υ±〉 · ¸¶·μ¸É· ´ÖÕÉ¸Ö ¸ ¢μ²´μ¢Ò³¨ ¢¥±Éμ· ³¨

a ± p =
√

(a ± p)2 =
√

K2 + 2q2 ± 2
√

q2(K2 + q2) + b2 = p±. (25)

�μ¸±μ²Ó±Ê ²Õ¡μ¥ ¸μ¸ÉμÖ´¨¥ · §² £ ¥É¸Ö ¶μ |Υ±〉, Éμ ¶μ ´¨³ · §² £ ÕÉ¸Ö ¨
¸μ¸ÉμÖ´¨Ö |Λ±〉. �μÔÉμ³Ê

|Λ+〉 = 〈Υ+||Λ+〉|Υ+〉 + 〈Υ−||Λ+〉|Υ−〉

¨ · ¸¶·μ¸É· ´ÖÕÐ¥°¸Ö Ö¢²Ö¥É¸Ö ´¥ ËÊ´±Í¨Ö exp(ip+z)|Λ+〉,   ËÊ´±Í¨Ö

|φ(z)〉 = exp(ip+z)〈Υ+||Λ+〉|Υ+〉 + exp(ip−z)〈Υ−||Λ+〉|Υ−〉, (26)

¨, ¸μμÉ¢¥É¸É¢¥´´μ,

〈Λ+||φ(z)〉 = exp(ip+z)|〈Υ+||Λ+〉|2 + exp(ip−z)|〈Υ−||Λ+〉|2, (27)

± ± Ê± § ´μ ¢ (11), ¸ α± = |〈Υ±||Λ+〉|2 ¨ β± = |〈Υ±||Λ−〉|2.
1.4. ƒ· ´¨Î´Ò¥ Ê¸²μ¢¨Ö. � °¤¥³ É¥¶¥·Ó  ³¶²¨ÉÊ¤Ò μÉ· ¦¥´¨Ö ¨ ¶·¥-

²μ³²¥´¨Ö ¶μ²Ê¡¥¸±μ´¥Î´μ£μ £¥²¨±μ¨¤ ²Ó´μ£μ §¥·± ² . „²Ö ÔÉμ£μ ¢μ²´μ¢ÊÕ
ËÊ´±Í¨Õ (14) ¢´ÊÉ·¨ ¸·¥¤Ò ´Ê¦´μ ¸Ï¨ÉÓ ¸ ¢´¥Ï´¥° ¢μ²´μ¢μ° ËÊ´±Í¨¥°

(exp(ik0z) + exp(−ik0z)r̂) |ξ0〉, (28)

±μÉμ· Ö ¸μ¤¥·¦¨É ¶ ¤ ÕÐÊÕ ¶²μ¸±ÊÕ ¢μ²´Ê ¢ ¶·μ¨§¢μ²Ó´μ³ ¸¶¨´μ¢μ³ ¸μ-
¸ÉμÖ´¨¨ |ξ0〉 ¨ μÉ· ¦¥´´ÊÕ ¸ ³ É·¨Î´μ°  ³¶²¨ÉÊ¤μ° μÉ· ¦¥´¨Ö r̂, ¶·¨Î¥³
k̂0 =

√
k2 − 2B0σ,   B0 Å ¢´¥Ï´¥¥ ³ £´¨É´μ¥ ¶μ²¥. �·¥¤¸É ¢¨¢ |ψ(0)〉 ¢

¢¨¤¥ t̂|ξ0〉, £¤¥ t̂ Å ³ É·¨Î´ Ö  ³¶²¨ÉÊ¤  ¶·μ¶Ê¸± ´¨Ö £· ´¨ÍÒ · §¤¥²  ¢
ÉμÎ±¥ z = 0, ¨ ¶μÉ·¥¡μ¢ ¢ ´¥¶·¥·Ò¢´μ¸É¨ ËÊ´±Í¨¨ (28) ¨ ¥¥ ¶·μ¨§¢μ¤´μ° ¢
ÉμÎ±¥ z = 0, ¶μ²ÊÎ¨³ Ê· ¢´¥´¨Ö [5, 6]

1 + r̂ = t̂,

k̂0[1 − r̂] = [a − qσz + 	pϕσ]t̂ = (a + 	p′
ϕσ)t̂, (29)

£¤¥
	p′

ϕσ = e−iσzϕ(	pxσx + 	pyσy)eiσzϕ. (30)
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�¥Ï¥´¨¥ Ê· ¢´¥´¨° (29):

t̂ = (k̂0 + a + 	p′
ϕσ)−12k̂0, (31)

r̂ = (k̂0 + a + 	p′
ϕσ)−1(k̂0 − a − 	p′

ϕσ). (32)

�·¨ b = 0 ¶μ²ÊÎ ¥³

t̂ =
2k̂0

k̂0 + k′
, r̂ =

k̂0 − k′

k̂0 + k′
, k′ =

√
k2 − u0, (33)

ÎÉμ ¨ ¥¸É¥¸É¢¥´´μ, ¶μ¸±μ²Ó±Ê ¶·¨ b = 0 ¢· Ð¥´¨¥ ´¥ ¨£· ¥É ´¨± ±μ° ·μ²¨.
‹¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ¢ ¶·¥¤¥²¥ q = 0 ¶μ²ÊÎ ÕÉ¸Ö Ëμ·³Ê²Ò ¤²Ö μÉ· ¦¥´¨Ö ¨
¶·¥²μ³²¥´¨Ö ´  ¶μ¢¥·Ì´μ¸É¨ §¥·± ²  ¸ ¶μ¸ÉμÖ´´μ° ´ ³ £´¨Î¥´´μ¸ÉÓÕ b.

‘ ¶μ³μÐÓÕ  ´ ²¨É¨Î¥¸±μ£μ ¢Ò· ¦¥´¨Ö (32) ²¥£±μ · ¸¸Î¨É ÉÓ § ¢¨¸¨³μ¸ÉÓ
±μÔËË¨Í¨¥´Éμ¢ μÉ· ¦¥´¨Ö ¸ ¶¥·¥¢μ·μÉμ³ ¨ ¡¥§ ¶¥·¥¢μ·μÉ  ¸¶¨´  μÉ ¢μ²´μ-
¢μ£μ ¢¥±Éμ·  k ¶ ¤ ÕÐ¨Ì ´¥°É·μ´μ¢. �¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ¤²Ö ¶·μ¸É¥°Ï¥£μ
¸²ÊÎ Ö B0 = 0 ¶·¨¢¥¤¥´Ò ´  ·¨¸. 1 ¨ 2. �·¨ · ¸Î¥É Ì §  ¥¤¨´¨ÍÊ ¤²¨´Ò ¢μ²-

�¨¸. 1. ‡ ¢¨¸¨³μ¸ÉÓ μÉ ¢μ²´μ¢μ£μ
¢¥±Éμ·  k ±μÔËË¨Í¨¥´É  μÉ· ¦¥´¨Ö
|R|2−− ¡¥§ ¶¥·¥¢μ·μÉ  ¸¶¨´  (¸¶²μÏ-
´ Ö ±·¨¢ Ö) ¨ |R|2+− ¸ ¶¥·¥¢μ·μÉμ³
(¶Ê´±É¨·´ Ö ±·¨¢ Ö) ¶·¨ ´ Î ²Ó´μ°
¶μ²Ö·¨§ Í¨¨ (¶· ¢Ò° ¨´¤¥±¸ −) ¢ ´ -
¶· ¢²¥´¨¨, ¶·μÉ¨¢μ¶μ²μ¦´μ³ μ¸¨ z,
±μÉμ· Ö ¶ · ²²¥²Ó´  ¢´ÊÉ·¥´´¥° ´μ·-
³ ²¨ ± §¥·± ²Ê

�¨¸. 2. ‡ ¢¨¸¨³μ¸ÉÓ μÉ ¢μ²´μ¢μ£μ
¢¥±Éμ·  k ±μÔËË¨Í¨¥´É  μÉ· ¦¥´¨Ö
|R|2++ ¡¥§ ¶¥·¥¢μ·μÉ  ¸¶¨´  (¸¶²μÏ-
´ Ö ±·¨¢ Ö) ¨ |R|2−+ ¸ ¶¥·¥¢μ·μÉμ³
(¶Ê´±É¨·´ Ö ±·¨¢ Ö) ¶·¨ ´ Î ²Ó´μ°
¶μ²Ö·¨§ Í¨¨ (¶· ¢Ò° ¨´¤¥±¸ +) ¢ ´ -
¶· ¢²¥´¨¨, ¶ · ²²¥²Ó´μ³ μ¸¨ z

´μ¢μ£μ ¢¥±Éμ·  ¶·¨´ÖÉ  ¢¥²¨Î¨´ 
√

b ¨ ¢Ò¡· ´Ò ¶ · ³¥É·Ò u0 = 4 − 0,01i,
q = 3, ¨ ¸μμÉ¢¥É¸É¢¥´´μ b = 1. 
É¨ ¦¥ ¶ · ³¥É·Ò ¡Ê¤ÊÉ ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö ¨
¤ ²¥¥.

�¡· É¨³ ¢´¨³ ´¨¥, ÎÉμ ´  μ¡μ¨Ì ·¨¸Ê´± Ì ¢¨¤´  £· ´¨Í  ¶μ²´μ£μ μÉ· -
¦¥´¨Ö ¶·¨ k =

√
u0, ±μÉμ· Ö ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¸²¥¤Ê¥É ¨§ ¢Ò· ¦¥´¨°
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(23) ¨ (24). Š·μ³¥ Éμ£μ, ´  ·¨¸. 1 μÉÎ¥É²¨¢μ ¢¨¤¥´ ·¥§μ´ ´¸´Ò° ¶¨± ¶μ²-
´μ£μ μÉ· ¦¥´¨Ö ¢ ¨´É¥·¢ ²¥

√
q2 + u0 − 2b � k �

√
q2 + u0 − 2b. ‚ ÔÉμ³

¨´É¥·¢ ²¥ ¢¥²¨Î¨´Ò a ¨ p μ± §Ò¢ ÕÉ¸Ö ±μ³¶²¥±¸´μ-¸μ¶·Ö¦¥´´Ò³¨, ¶μÔÉμ³Ê
¢μ²´μ¢μ° ¢¥±Éμ· a− p Ö¢²Ö¥É¸Ö Î¨¸Éμ ³´¨³μ° ¢¥²¨Î¨´μ°. ’ ±μ³Ê ¢μ²´μ¢μ³Ê
¢¥±Éμ·Ê ¸μμÉ¢¥É¸É¢Ê¥É ¶μ²´μ¥ μÉ· ¦¥´¨¥ ¸ ¶¥·¥¢μ·μÉμ³ ¸¶¨´ . �¡ÑÖ¸´¨ÉÓ,
¶μÎ¥³Ê Éμ²Ó±μ μ¤´μ ´ ¶· ¢²¥´¨¥ ¶μ²Ö·¨§ Í¨¨ ¨¸¶ÒÉÒ¢ ¥É ·¥§μ´ ´¸´μ¥ μÉ· -
¦¥´¨¥, ³μ¦´μ ¸ ¶μ³μÐÓÕ ¶¥·¥Ìμ¤  ¢ ¸¨¸É¥³Ê μÉ¸Î¥É , ¤¢¨¦ÊÐÊÕ¸Ö ¸μ ¸±μ-
·μ¸ÉÓÕ q. �·¨ É ±μ³ ¶¥·¥Ìμ¤¥ ´¥°É·μ´ μ± §Ò¢ ¥É¸Ö ³¥¤²¥´´μ ¤¢¨¦ÊÐ¨³¸Ö
¢μ ¢· Ð ÕÐ¥³¸Ö · ¤¨μÎ ¸ÉμÉ´μ³ ¶μ²¥. � ¤¨μÎ ¸ÉμÉ´μ¥ ¶μ²¥ ¸ ´¥±μÉμ·μ° ¢¥-
·μÖÉ´μ¸ÉÓÕ μ¶·μ±¨¤Ò¢ ¥É ¸¶¨´ ¨ ³¥´Ö¥É Ô´¥·£¨Õ ´¥°É·μ´ . „²Ö μ¤´μ° ¨§
±μ³¶μ´¥´É ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö ¶μ¸²¥ μ¶·μ±¨¤Ò¢ ´¨Ö ¸¶¨´  μ± §Ò¢ ¥É¸Ö
μÉ·¨Í É¥²Ó´μ°, ÎÉμ ¨ ¶·¨¢μ¤¨É ± ³´¨³μ° ¢¥²¨Î¨´¥ ¢μ²´μ¢μ£μ ¢¥±Éμ· .

1.5. “¸²μ¢¨¥ Ê´¨É ·´μ¸É¨ ´  £· ´¨Í¥ · §¤¥² . �¥μ¡Ìμ¤¨³μ ¶μ± § ÉÓ, ÎÉμ
¶μÉμ±, ¶ ¤ ÕÐ¨° ´  £· ´¨ÍÊ · §¤¥² , · ¢¥´ ¸Ê³³¥ ¶μÉμ±μ¢ μÉ· ¦¥´´ÒÌ ´¥°-
É·μ´μ¢ ¸ ¶¥·¥¢μ·μÉμ³ ¨ ¡¥§ ¶¥·¥¢μ·μÉ  ¸¶¨´  ¨ ¶μÉμ±μ¢ ¢´ÊÉ·Ó ¢¥Ð¥¸É¢ . „²Ö
μ¶·¥¤¥²¥´¨Ö ¶μÉμ±  ¢´ÊÉ·Ó ¢¥Ð¥¸É¢  ¢μ¸¶μ²Ó§Ê¥³¸Ö μ¡ÒÎ´Ò³ μ¶·¥¤¥²¥´¨¥³
¶μÉμ± 

Jt =
1
2i
〈φ(z)|

(
d→

dz
− d←

dz

)
|φ(z)〉

∣∣∣∣
z=0

, (34)

£¤¥ ¸É·¥²±  ´ ¤ ¶·μ¨§¢μ¤´μ° ¶μ± §Ò¢ ¥É, ± ±μ° ¨§ ¸μ³´μ¦¨É¥²¥° ¸²¥¤Ê¥É
¤¨ËË¥·¥´Í¨·μ¢ ÉÓ. ‚ ± Î¥¸É¢¥ ËÊ´±Í¨¨ |φ(z)〉 ¶·¨³¥³

|φ(z)〉 = exp(−iqσzz) exp(iaz + i	pσz)t̂ξ0〉. (35)

�μ¤¸É ´μ¢±  (35) ¢ (34) ¶·¨¢μ¤¨É ±

Jt =
1
2
〈ξ0|t̂+

(
a + 	p′∗σ + a + 	p′σ

)
t̂|ξ0〉 = a〈ξ0|t̂+

[
1 +

b

q2 − a2
σx

]
t̂|ξ0〉. (36)

ˆ§ ¶μ¸²¥¤´¥£μ · ¢¥´¸É¢  ¸· §Ê ¸²¥¤Ê¥É, ÎÉμ ¶μ²Ö·¨§ Í¨Õ ¶μÉμ±μ¢ ¢´ÊÉ·Ó ¢¥-
Ð¥¸É¢  ´  £· ´¨Í¥ · §¤¥²  ¸²¥¤Ê¥É μ¶·¥¤¥²ÖÉÓ ¶μ μ¸¨ ±¢ ´Éμ¢ ´¨Ö, ´ ¶· -
¢²¥´´μ° ¢¤μ²Ó ¶μ²Ö ´  £· ´¨Í¥. ‚ ´ Ï¥³ ¸²ÊÎ ¥ ÔÉμ ¶μ²¥ ´ ¶· ¢²¥´μ ¶μ μ¸¨
x.

‚Ò¶μ²´¥´¨¥ Ê¸²μ¢¨Ö Ê´¨É ·´μ¸É¨ ¸²¥¤Ê¥É ¶·Ö³μ ¨§ ¶¥·¢μ£μ · ¢¥´¸É¢  ¢
¸μμÉ´μÏ¥´¨¨ (36). …¸²¨ ÊÎ¥¸ÉÓ Ê¸²μ¢¨¥ ´¥¶·¥·Ò¢´μ¸É¨ ËÊ´±Í¨¨ (t̂ = 1+ r̂) ¨
¶·μ¨§¢μ¤´μ° ´  £· ´¨Í¥ · §¤¥² , Éμ (36) ¶·¥¤¸É ¢²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Jt =
1
2
〈ξ0|t̂+

(
(a + 	p′∗σ) + (a + 	p′σ)

)
t̂|ξ0〉 =

=
1
2
〈ξ0|

(
(1− r̂+)k(1+ r̂)+(1+ r̂+)k(1− r̂)

)
|ξ0〉 = k〈ξ0|(1−|r̂+|2)|ξ0〉, (37)

¨ ³Ò ¢¨¤¨³, ÎÉμ ¶·¥²μ³²¥´´Ò° ¶μÉμ± ¢ ¸Ê³³¥ ¸ μÉ· ¦¥´´Ò³ Jr =
k〈ξ0||r̂+|2|ξ0〉 · ¢¥´ ¶ ¤ ÕÐ¥³Ê ¶μÉμ±Ê k.

7



2. �’��†…�ˆ… �’ ƒ���ˆ–› ��‡„…‹� ˆ‡�“’�ˆ ‡…�Š�‹�

ŒÒ · ¸¸³μÉ·¥²¨ ¢μ²´Ê, ¶ ¤ ÕÐÊÕ ´  £· ´¨ÍÊ · §¤¥²  ¨§ ¢ ±ÊÊ³  ¸²¥¢ .
„²Ö μ¶·¥¤¥²¥´¨Ö  ³¶²¨ÉÊ¤ μÉ· ¦¥´¨Ö ¨ ¶·μ¶Ê¸± ´¨Ö ¸²μÖ ±μ´¥Î´μ° Éμ²Ð¨´Ò
L ´Ê¦´Ò É ±¦¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥  ³¶²¨ÉÊ¤Ò ¤²Ö ¢μ²´Ò, ¶ ¤ ÕÐ¥° ´  £· ´¨ÍÊ
· §¤¥²  ¨§´ÊÉ·¨ ¢¥Ð¥¸É¢ . —Éμ¡Ò ´ °É¨ ¨Ì, · ¸¸³μÉ·¨³ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ
¢´ÊÉ·¨ ¢¥Ð¥¸É¢ , · ¸¶·μ¸É· ´ÖÕÐÊÕ¸Ö ¢²¥¢μ

|ψ(z)〉 = exp(−iσz(qz + ϕ)) exp(−i[a + ←−p σ]z) exp(iσzϕ)|ψ(0)〉, (38)

£¤¥ ←−p �= −→p . �μ¤¸É ¢¨¢ ¥¥ ¢ Ê· ¢´¥´¨¥ (1), ¶μ²ÊÎ¨³

−a2 − p2 − 2a←−p σ − 2qσz(a + ←−p σ) − u0 − 2bσx + k2 − q2 = 0. (39)

‚¨¤¨³, ÎÉμ ¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ μÉ²¨Î ¥É¸Ö μÉ (4) Éμ²Ó±μ §´ ±μ³ q. ’ ±¨³
μ¡· §μ³, ¥£μ ·¥Ï¥´¨Ö · ¢´Ò

←−p z = −q = −←−p z,
←−p x =

ab

q2 − a2
= −→p x,

←−p y = −i
qb

q2 − a2
= −py. (40)

’¥¶¥·Ó ³Ò ³μ¦¥³ § ¶¨¸ ÉÓ ¶μ²´ÊÕ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¤²Ö ¸²ÊÎ Ö ¶ ¤¥´¨Ö
¢μ²´Ò ´  £· ´¨ÍÊ · §¤¥²  ¨§´ÊÉ·¨ §¥·± ² :

Θ(z < 0) exp(−ik̂0z)t̂′|ξ0〉+

+Θ(z > 0) exp(−iσzqz))
[

exp(−i[a+←−p ϕσ]z)+exp(i[a+−→p ϕσ]z)r̂′
]
|ξ0〉, (41)

£¤¥ Θ Å ¸ÉÊ¶¥´Î É Ö ËÊ´±Í¨Ö, · ¢´ Ö ¥¤¨´¨Í¥, ±μ£¤  ´¥· ¢¥´¸É¢μ ¢ ¥¥  ·£Ê-
³¥´É¥ ¢Ò¶μ²´¥´μ, ¨ ´Ê²Õ ¢ ¨´μ³ ¸²ÊÎ ¥. ‘Ï¨¢±  ËÊ´±Í¨¨ (41) ´  £· ´¨Í¥
· §¤¥²  ¤ ¥É

t̂′ = [k̂0 + a + −→p ′
ϕσ]−1[2a + −→p ′

ϕσ + ←−p ′
ϕσ], (42)

r̂′ = [k̂0 + a + −→p ′
ϕσ]−1[a + ←−p ′

ϕσ − k̂0], (43)

£¤¥ ←−p ′
ϕσ = e−iσzϕ(←−p xσx + ←−p yσy)eiσzϕ. ‘μ¢¥·Ï¥´´μ Ö¸´μ, ÎÉμ ¶·μ¨§μ°¤¥É,

¥¸²¨ ¶μ²¥ ¢´ÊÉ·¨ ¸·¥¤Ò ¡Ê¤¥É ¢· Ð ÉÓ¸Ö ¶μ Î ¸μ¢μ° ¸É·¥²±¥. ‚ ÔÉμ³ ¸²ÊÎ ¥
q ¨§³¥´¨É §´ ±, ¨ ¶ · ³¥É·Ò −→p ¨ ←−p ¶μ³¥´ÖÕÉ¸Ö ³¥¸É ³¨.
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3. �’��†…�ˆ… �’ �‹�‘’ˆ�Šˆ Š��…—��‰ ’�‹™ˆ�›

—Éμ¡Ò § ¶¨¸ ÉÓ μÉ· ¦¥´¨¥ ¨ ¶·μ¶Ê¸± ´¨¥ ¶² ¸É¨´±¨ ±μ´¥Î´μ° Éμ²Ð¨´Ò
L, ´¥μ¡Ìμ¤¨³μ ´ °É¨ μÉ· ¦¥´¨¥ μÉ ¢Éμ·μ° ¶μ¢¥·Ì´μ¸É¨ · §¤¥² . „²Ö ÔÉμ£μ
Ê¤μ¡´μ ¶μ³¥¸É¨ÉÓ ´ Î ²μ ±μμ·¤¨´ É ¢ ÉμÎ±Ê z = L. ‚μ²´μ¢ Ö ËÊ´±Í¨Ö μ±μ²μ
ÔÉμ° ÉμÎ±¨ · ¢´ 

Θ(z < 0) exp(−iqσzz)[exp(−i[a + ←−p ϕσ]z)r̂′′ + exp(i[a + −→p ϕσ]z)]ξ0+

+Θ(z > 0) exp(ik̂0z)t̂
′′
ξ0, (44)

¶·¨Î¥³ t̂
′′ �= t̂

′
, r̂′′ �= r̂′ ¨ Ê£μ² ϕ ¨´μ°, Î¥³ ´  ¢Ìμ¤´μ° ¶μ¢¥·Ì´μ¸É¨. “¸²μ¢¨Ö

¸Ï¨¢±¨ ¶·¨¢μ¤ÖÉ ± ¢Ò· ¦¥´¨Ö³

t̂
′′

= [k̂0 + a + ←−p ′
ϕσ]−1[2a + ←−p ′

ϕσ + −→p ′
ϕσ], (45)

r̂′′ = [k̂0 + a + ←−p ′
ϕσ]−1[a + −→p ′

ϕσ − k̂0]. (46)

�É³¥É¨³, ÎÉμ μÉ· ¦¥´´ Ö μÉ ¢ÒÌμ¤´μ° £· ´¨ÍÒ ¢μ²´  ¢ ÉμÎ±¥ z = −L, É. ¥.
μ±μ²μ ¢Ìμ¤´μ° ¶μ¢¥·Ì´μ¸É¨, · ¢´  exp(iqσzL) exp(i[a + ←−p ϕσ]L)r̂′′ξ0.

� ¸¸³μÉ·¨³ É¥¶¥·Ó μÉ· ¦¥´¨¥ ¨ ¶·μ¶Ê¸± ´¨¥ ¶² ¸É¨´±¨ Éμ²Ð¨´μ° L.
�·¨³¥³, ÎÉμ ´  ¢Ìμ¤´μ° ¶μ¢¥·Ì´μ¸É¨ ϕ = 0. ’μ£¤  Ê ¢Éμ·μ° £· ´¨ÍÒ · §¤¥² 
ϕ = qL. �¡μ§´ Î¨³ ¢μ²´Ê, ¶ ¤ ÕÐÊÕ ´  ¢Éμ·ÊÕ £· ´¨ÍÊ · §¤¥² , Î¥·¥§ X̂ξ0.
„²Ö X̂ ³μ¦´μ ¸μ¸É ¢¨ÉÓ Ê· ¢´¥´¨¥

X̂ = exp(−iqσzL) exp(i[a + −→p σ]L)t̂+

+ exp(−iqσzL) exp(i[a +−→p σ]L)r̂′ exp(iqσzL) exp(i[a +←−p qLσ]L)r̂′′X̂, (47)

±μÉμ·μ¥ ¨³¥¥É ·¥Ï¥´¨¥

X̂ = [1−exp(−iqσzL) exp(i[a+−→p σ]L)r̂′ exp(iqσzL) exp(i[a+←−p qLσ]L)r̂′′]−1×

× exp(−iqσzL) exp(i[a + −→p σ]L)t̂. (48)

“³´μ¦¨¢ ÔÉÊ ¢¥²¨Î¨´Ê ¸²¥¢  ´ 

1 = exp(−iqσzL) exp(i[a + −→p σ]L) exp(−i[a + −→p σ]L) exp(iqσzL),

¶·¨¢¥¤¥³ ¥¥ ± ¢¨¤Ê

X̂ = exp(−iqσzL) exp(i[a + −→p σ]L)X̂
′
, £¤¥

X̂
′
=

[
1 − r̂′ exp(iqσzL) exp(i[a + ←−p σ]L)r̂′′

−qL exp(i[a + −→p σ]L)
]−1

t̂. (49)
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‡¤¥¸Ó ³Ò ¢μ¸¶μ²Ó§μ¢ ²¨¸Ó ¸μμÉ´μÏ¥´¨¥³ exp(iqσzL)←−p qLσ exp(−iqσzL) =
←−p σ ¨ ¢¢¥²¨ μ¡μ§´ Î¥´¨¥ hr′′−qL = [k̂−qL + a +←−p ′σ]−1[a +−→p ′σ − k̂−qL], £¤¥

k̂−qL = exp(iqσzL)k̂0 exp(−iqσzL).

‘ ¶μ³μÐÓÕ X̂ ¸É·μ¨³ [5, 6] ³ É·¨Î´Ò¥  ³¶²¨ÉÊ¤Ò μÉ· ¦¥´¨Ö R̂ ¨ ¶·μ-
¶Ê¸± ´¨Ö T̂ :

R̂ = r̂ + t̂
′
exp(iqσzL) exp(i[a + ←−p qLσ]L)r̂′′X̂ =

= r̂ + t̂
′
exp(i[a + ←−p σ]L)r̂′′

−qL exp(i[a + −→p σ]L)X̂
′
, (50)

T̂ = t̂
′′
X̂ = exp(−iqσzL)[1 + r̂′′

−qL] exp(i[a + −→p σ]L)X̂
′
. (51)

‘ ¶μ³μÐÓÕ  ´ ²¨É¨Î¥¸±¨Ì ¢Ò· ¦¥´¨° (50) ¨ (51) ²¥£±μ · ¸¸Î¨É ÉÓ § ¢¨¸¨-
³μ¸ÉÓ μÉ k ±μÔËË¨Í¨¥´Éμ¢ μÉ· ¦¥´¨Ö ¨ ¶·μ¶Ê¸± ´¨Ö ¸ ¶¥·¥¢μ·μÉμ³ ¨ ¡¥§
¶¥·¥¢μ·μÉ  ¸¶¨´ . �¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ¤²Ö ¶·μ¸É¥°Ï¥£μ ¸²ÊÎ Ö B0 = 0 ¸
μ¡¥¨Ì ¸Éμ·μ´ §¥·± ²  ¶·¨¢¥¤¥´Ò ´  ·¨¸. 3Ä6. ‚ ¤μ¶μ²´¥´¨¥ ± É¥³ ¶ · ³¥-
É· ³, ±μÉμ·Ò¥ ¨¸¶μ²Ó§μ¢ ²¨¸Ó · ´ÓÏ¥, ¢¢¥¤¥´  ¥Ð¥ Éμ²Ð¨´  §¥·± ²  L = 8.

�¨¸. 3. ‡ ¢¨¸¨³μ¸ÉÓ μÉ k ±μÔËË¨Í¨-
¥´É  μÉ· ¦¥´¨Ö |R|2−− ¡¥§ ¶¥·¥¢μ·μÉ 
¸¶¨´  (¸¶²μÏ´ Ö ±·¨¢ Ö) ¨ |R|2+− ¸
¶¥·¥¢μ·μÉμ³ (¶Ê´±É¨·´ Ö ±·¨¢ Ö) μÉ
§¥·± ²  Éμ²Ð¨´μ° L = 8 ¶·¨ ´ Î ²Ó-
´μ° ¶μ²Ö·¨§ Í¨¨ (¶· ¢Ò° ¨´¤¥±¸ −),
¶·μÉ¨¢μ¶μ²μ¦´μ° ´ ¶· ¢²¥´¨Õ μ¸¨ z

�¨¸. 4. ‡ ¢¨¸¨³μ¸ÉÓ μÉ k ±μÔËË¨Í¨-
¥´É  μÉ· ¦¥´¨Ö |R|2++ ¡¥§ ¶¥·¥¢μ·μÉ 
¸¶¨´  (¸¶²μÏ´ Ö ±·¨¢ Ö) ¨ |R|2−+ ¸
¶¥·¥¢μ·μÉμ³ (¶Ê´±É¨·´ Ö ±·¨¢ Ö) μÉ
§¥·± ²  Éμ²Ð¨´μ° L = 8 ¶·¨ ´ Î ²Ó-
´μ° ¶μ²Ö·¨§ Í¨¨ (¶· ¢Ò° ¨´¤¥±¸ +),
¶ · ²²¥²Ó´μ° ´ ¶· ¢²¥´¨Õ μ¸¨ z
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�¨¸. 5. ‡ ¢¨¸¨³μ¸ÉÓ μÉ k ±μÔËË¨-
Í¨¥´É  ¶·μ¶Ê¸± ´¨Ö |T |2−− ¡¥§ ¶¥-
·¥¢μ·μÉ  ¸¶¨´  (¸¶²μÏ´ Ö ±·¨¢ Ö)
¨ |T |2+− ¸ ¶¥·¥¢μ·μÉμ³ (¶Ê´±É¨·´ Ö
±·¨¢ Ö) §¥·± ²  Éμ²Ð¨´μ° L = 8 ¶·¨
´ Î ²Ó´μ° ¶μ²Ö·¨§ Í¨¨ (¶· ¢Ò° ¨´-
¤¥±¸ +), ¶ · ²²¥²Ó´μ° ´ ¶· ¢²¥´¨Õ
μ¸¨ z

�¨¸. 6. ‡ ¢¨¸¨³μ¸ÉÓ μÉ k ±μÔËË¨-
Í¨¥´É  ¶·μ¶Ê¸± ´¨Ö |T |2++ ¡¥§ ¶¥-
·¥¢μ·μÉ  ¸¶¨´  (¸¶²μÏ´ Ö ±·¨¢ Ö)
¨ |T |2−+ ¸ ¶¥·¥¢μ·μÉμ³ (¶Ê´±É¨·´ Ö
±·¨¢ Ö) §¥·± ²  Éμ²Ð¨´μ° L = 8 ¶·¨
´ Î ²Ó´μ° ¶μ²Ö·¨§ Í¨¨ (¶· ¢Ò° ¨´-
¤¥±¸ +), ¶ · ²²¥²Ó´μ° ´ ¶· ¢²¥´¨Õ
μ¸¨ z

4. ƒ…‹ˆŠ�ˆ„�‹œ��Ÿ ‘ˆ‘’…Œ� ‘ ��‘’�Ÿ��›Œ
‚�“’�…��ˆŒ ��‹…Œ B, �����‚‹…��›Œ �� �‘ˆ z

�·¨ ´ ²¨Î¨¨ ¶μ¸ÉμÖ´´μ£μ ¶μ²Ö B ¢¤μ²Ó μ¸¨ £¥²¨±μ¨¤  Ê· ¢´¥´¨¥ ˜·¥-
¤¨´£¥·  ¨³¥¥É ¢¨¤(

d2

dz2
−u0−2Bσz−2b[σx cos(2qz+2ϕ)+ +σy sin(2qz+2ϕ)]+k2

)
|ψ(z)〉 = 0,

(52)
‚μ¸¶μ²Ó§Ê¥³¸Ö É¥³¨ ¦¥ ¶·¥μ¡· §μ¢ ´¨Ö³¨, ÎÉμ ¨ · ´ÓÏ¥. ‚ ·¥§Ê²ÓÉ É¥ ¢³¥¸Éμ
(16) ¶μ²ÊÎ¨³

−a2− p2− 2a−→p σ +2qσz(a+−→p σ)−u0− − 2Bσz − 2bσx + k2− q2 = 0. (53)


Éμ ¸μμÉ´μÏ¥´¨¥ Ô±¢¨¢ ²¥´É´μ Î¥ÉÒ·¥³ Ê· ¢´¥´¨Ö³, ¶¥·¢Ò¥ ¤¢  ¨§ ±μÉμ·ÒÌ
μÉ²¨Î ÕÉ¸Ö μÉ Ê· ¢´¥´¨° ¸¨¸É¥³Ò (17), (18)

−a2 − p2 + 2q−→p z − u0 + k2 − q2 = 0, (54)

−2a−→p z + 2qa− 2B = 0. (55)

ˆ§ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ¸²¥¤Ê¥É

−→p z = q − B/a. (56)
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�μ¤¸É ´μ¢±  ¢ ¶¥·¢μ¥ Ê· ¢´¥´¨¥ ¸ ÊÎ¥Éμ³ px,y ¨§ (19) ¶·¨¢μ¤¨É ± Ê· ¢´¥´¨Õ
¤²Ö a

−a2 + q2 − B2

a2
− b2

a2 − q2
− u0 + k2 − q2 = 0. (57)


Éμ ±Ê¡¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ μÉ´μ¸¨É¥²Ó´μ a2 ¨ ³Ò ¤μ²¦´Ò ´ °É¨ É ±μ¥ ¥£μ
·¥Ï¥´¨¥, ±μÉμ·μ¥ ¢  ¸¨³¶ÉμÉ¨Î¥¸±μ³ ¶·¥¤¥²¥ k2 � b, B, q2 ¶¥·¥Ìμ¤¨É ¢ a =
k′ =

√
k2 − u0.

�·¥´¥¡·¥¦¥³ ¸¢μ¡μ¤´Ò³ Î²¥´μ³, Éμ£¤  Ê· ¢´¥´¨¥ ¶·¨¢¥¤¥É¸Ö ± ¡¨±¢ -
¤· É´μ³Ê

a4 − a2(k′2 + q2) + B2 + b2 + k′2q2 = 0, (58)

·¥Ï¥´¨¥ ±μÉμ·μ£μ

a2 = q2 +
K2 +

√
K4 − 4(B2 + b2)

2
. (59)

‚ ¶·¨´Í¨¶¥ ´¥É·Ê¤´μ ·¥Ï¨ÉÓ ¨ ±Ê¡¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ¨ ´ °É¨ ¶μ¶· ¢±¨ ±
(59), ¶·¨ ÔÉμ³ μ¸É ÕÉ¸Ö ¸¶· ¢¥¤²¨¢Ò³¨ ¢¸¥ ¢ÒÏ¥¶·¨¢¥¤¥´´Ò¥ Ëμ·³Ê²Ò ¸ ´¥-
¡μ²ÓÏ¨³ ¨§³¥´¥´¨¥³: ¢ −→p σ ¨ ←−p σ ± ±pz ´Ê¦´μ ¤μ¡ ¢¨ÉÓ ¸² £ ¥³μ¥ −Bσz/a.

‡�Š‹	—…�ˆ…

�μ²ÊÎ¥´Ò  ´ ²¨É¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ μÉ· ¦¥´¨Ö ¨
¶·μ¶Ê¸± ´¨Ö ´¥°É·μ´μ¢ ¸²μ¥³ ±μ´¥Î´μ° Éμ²Ð¨´Ò ¸ £¥²¨±μ¨¤ ²Ó´μ° ³ £´¨É-
´μ° ¸É·Ê±ÉÊ·μ°. �·μ¢¥¤¥´´Ò¥ Î¨¸²¥´´Ò¥ · ¸Î¥ÉÒ ¶μ± §Ò¢ ÕÉ, ÎÉμ ¶·¨ ¶¥·-
¶¥´¤¨±Ê²Ö·´μ° ± ¶μ¢¥·Ì´μ¸É¨ §¥·± ²  ±μ³¶μ´¥´É¥ ¢μ²´μ¢μ£μ ¢¥±Éμ· , ¡²¨§-
±μ° ± ¢μ²´μ¢μ³Ê ¢¥±Éμ·Ê £¥²¨±μ¨¤ , ´ ¡²Õ¤ ¥É¸Ö ·¥§μ´ ´¸´μ¥ Ê¢¥²¨Î¥´¨¥
±μÔËË¨Í¨¥´Éμ¢ μÉ· ¦¥´¨Ö ¨ ¸μμÉ¢¥É¸É¢¥´´μ μ¸² ¡²¥´¨¥ ±μÔËË¨Í¨¥´É  ¶·μ-
¶Ê¸± ´¨Ö ¸ ¶¥·¥¢μ·μÉμ³ ¸¶¨´  ¶·¨ ´ Î ²Ó´μ° ¶μ²Ö·¨§ Í¨¨, ¶·μÉ¨¢μ¶μ²μ¦´μ°
¢¥±Éμ·Ê ¢· Ð¥´¨Ö ¶μ²Ö ¢ £¥²¨±μ¨¤ ²Ó´μ° ¸¨¸É¥³¥. ‚ ·¥§μ´ ´¸¥ ¶·μ¨¸Ìμ¤¨É
Ê¢¥²¨Î¥´¨¥ ±μÔËË¨Í¨¥´Éμ¢ μÉ· ¦¥´¨Ö R+− ¤μ §´ Î¥´¨° ¶μ·Ö¤±  ¥¤¨´¨ÍÒ.
‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¶μ²Ö·¨§ Í¨Ö, ¶ · ²²¥²Ó´ Ö ¢¥±Éμ·Ê ¢· Ð¥´¨Ö £¥²¨±μ¨¤ ,
¶¥·¥¢μ· Î¨¢ ¥É¸Ö ¸ ³ ²μ° ¢¥·μÖÉ´μ¸ÉÓÕ, ¨ ´¥°É·μ´Ò ¸ ÔÉμ° ¶μ²Ö·¨§ Í¨¥°
²¨¡μ μÉ· ¦ ÕÉ¸Ö, ²¨¡μ ¶·μÌμ¤ÖÉ ¸±¢μ§Ó §¥·± ²μ, ¨ ÔÉ¨ ¶·μÍ¥¸¸Ò ´¥ ¨³¥ÕÉ
·¥§μ´ ´¸´ÒÌ ¸¢μ°¸É¢. 
É¨ § ³¥Î É¥²Ó´Ò¥ μ¸μ¡¥´´μ¸É¨ £¥²¨±μ¨¤ ²Ó´μ° ¸É·Ê±-
ÉÊ·Ò ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò ¤²Ö ¸μ§¤ ´¨Ö ¶μ²Ö·¨§ Éμ·  ´¥°É·μ´μ¢ ¸ ÔË-
Ë¥±É¨¢´μ¸ÉÓÕ, ¡²¨§±μ° ± 100 %, ±μ£¤  ¢ ·¥§μ´ ´¸¥ ¸¶¨´μ¢ Ö ±μ³¶μ´¥´É  ®−¯
¶ ¤ ÕÐ¥£μ ´  £¥²¨±μ¨¤ ´¥¶μ²Ö·¨§μ¢ ´´μ£μ ¶ÊÎ±  ´¥°É·μ´μ¢ ¶·¥μ¡· §ÊÕÉ¸Ö ¢
±μ³¶μ´¥´ÉÊ ®+¯ μÉ· ¦¥´´μ£μ, ¨ ¢ ÔÉμ° μÉ· ¦¥´´μ° ±μ³¶μ´¥´É¥ ¶· ±É¨Î¥¸±¨
´¥ ¸μ¤¥·¦¨É¸Ö ±μ³¶μ´¥´ÉÒ ®−¯. �Î¥¢¨¤´μ, ÎÉμ ·¥§μ´ ´¸´Ò¥ ¸¢μ°¸É¢  £¥²¨-
±μ¨¤  ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò ¤²Ö ¸μ§¤ ´¨Ö Ê§±μ¶μ²μ¸´ÒÌ ³μ´μÌ·μ³ Éμ·μ¢
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(±μ²²¨³ Éμ·μ¢), ¶μ²Ö·¨§ Éμ·μ¢,   É ±¦¥ ·μÉ Éμ·μ¢ ¶μ²Ö·¨§ Í¨¨ (¢ Î ¸É´μ³
¸²ÊÎ ¥ ¸¶¨´-Ë²¨¶¶¥· ) ´¥°É·μ´μ¢.

�· ±É¨Î¥¸± Ö · §· ¡μÉ±  ¨ Ô±¸¶¥·¨³¥´É ²Ó´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ ¸²μ¨¸Éμ£μ
£¥²¨±μ¨¤  ´¥¸μ³´¥´´μ Ö¢²ÖÕÉ¸Ö Í¥²¥¸μμ¡· §´Ò³¨.
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