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1. INTRODUCTION

Fk(xk,...X1)

Nuclide concentrations Nt, i=l, ... , re, in a single
linear radioactive chain satisfies the equations:
dN
-£• = *«-itf,-i -l,Nt
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where:
lt - total depletion constant of the i-th nuclide;
stl - constant of formation of the i-th nuclide
from the predecessor (s 0 =0).
Under initial conditions
NAt-Oy-Nn, Nt(t=0)=0; i-2, ... , n,
well-known Bateman soluton [1] of Eq. (1) can be
written in the form (2):
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The expression for the power series of the depletion function must be used in the case where
all the arguments xt have closely spaced or equal
values [7]:
Fk(.xh,...,x1) = F1(xk)Ah
(6)
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where:
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In spite of its simplicity Eq. (2) is not always
convenient for the calculation of the nuclide concentrations. When the differences (A.,-!,) in the
denominator of the Bateman coefficients, Eq.
(2a), become small, the round-off error in evaluating the Bateman sum, the right-hand sum in
Eq. (2), numerically in a finite-precision calculation invalidates further computation. However, if
some of the arguments I, are equal, the Bateman
coefficients can not be computed.
2. DESCRIPTION OF THE METHOD
The depletion function method was developed to
overcome numerical difficulties [2-8]. Defining
depletion function of ft arguments as (3):
Fk(xk,...,Xl)
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the solution of Eq. (1) become (4):
Nn(t) = Nv
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where x^-lf; i—1, ..., n.
The function Fk is symmetric in all it's arguments and the recurrence relation holds (5):
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The expression for the relative error (9) [8]:
(ft-l)(ft-l)!£ - ~
[ r e + 2 - ( £ + l)(ft-l)]ra! "
where 3*-1 is the Stirling number of the second
kind, has to be used to calculate the depletion
function power series to a desired accuracy if the
series (7) is cut at the re-th term and if
*;_;_!<£; i=2, ..., ft. It is proved [8] that that the
power series of the depletion function is fast converging one for the small values of e(£<0.1), even
for the case that 5 r <10 16 .
If some of the differences xhk_f xh- xh.v are too
small, one can calculate the depletion function to
good accuracy using recurrence relation (5). But,
if the number of nuclides in the chain is too
large, the number of operations become enormous, and the calculation is practically impossible. To calculate the concentrations of the nuclide
the. method of nonsingular Bateman coefficients
(NBCs) is developed [9].
Let, of the n arguments of the function Fn(x„ ...,
x„), n(l) arguments have values closely spaced to
the value x(l) (1st group), n(2) arguments have values closely spaced to the value x(2) (2nd group),... ,
re(ft) arguments have values closely spaced to the
value x{h) (ft-th group); with n(l)+re(2)+... +n(k)=n,
where the values x(l), x(2), ..., x(k) differ significantly between each other. Let m(k) be:
*
"*(*) = X n ( 0 > i = l> •••' *5 «(0)=0.
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It is proved [9] that the depletion function Fn
can be evaluated using expression (10):
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with the definition of nonsingular Bateman coefficients:
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Bateman solution
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By successive application of Eq. (11) one can
obtain all the NBCs KlMi„, i = l , ..., M. Differences
of the arguments of the same group can never be
used. Therefore, the NBCs can have no singularities.
When all the arguments of the depletion function Fn are significantly different NBCs reduces
to Bateman coefficients and the Eq. (4) comes to
a Bateman solution. When all the arguments of
the depletion function Fn are equal or near equal,
Fn is calculated using its power series expansion.
3. EXAMPLES
Numerous calculations have been performed on the
simple radioactive transformations with up to 100
consecutive nuclides. The last nuclide was stable. In
such chains, the sum of all nuclide concentrations in
the chain is equal to the initial nuclide concentrations, and this fact is used to check the accuracy of
the calculation. The decay constants were artificially
chosen to obtain a different number of groups with
equal or near equal arguments. In a number of cases
where the Bateman solution and the depletion functions solution failed, the exact solution was obtained
to good or even high accuracy. One of these examples is presented here to demonstrate the ability of
the method. Figure 1 shows the concentration of the
nuclide 30 in a dummy chain where:
" nuclides 1, 2, 6, 7, 13, 18, 26, and 30 have decay constants from 7.0 s"1 to 7.3 s"1,
•nuclides 8, 9, 12, 20, 24, and 28 have decay
constants from 17.2 s"1 to 17.4 s"1,
•nuclides 22, 2 3 , and 29 have decay constants
from 20.0 s 1 to 20.2 s 1 ,
•nuclides 10, 1 1 , 15, and 21 have decay constants from 25.0 s"1 to 25.3 s"1,
• nuclides 3, 4, 5, 17, and 27 have decay constants from 35.0 s 1 to 35.3 s"\
• nuclides 14, 16, and 29 have decay constants
from 117.0 s 1 to 117.1 s 1 ,
• nuclide 25 has decay constant of 300.0 s"1.
Concentration of the nuclide 30 has been calculated
using Bateman solution and the NBC method and it
is a good illustration of a round-off errors that occur when applying Bateman solution. It, also, demonstrates the high accuracy of the NBC method.
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Figure 1. Concentration of the 30th nuclide in a dummy
nuclide chain, o - Bateman solution; M - NBC method

4. SUMMMARY
The exact method of solving radioactive transformations is presented. Nonsingular Bateman coefficients, which can be computed using recurrence
formulas, greatly reduce computational time and
eliminate singularities that often arise in problems
involving nuclide transmutations. Depletion function power series expansion enables high accuracy of
the performed calculations, specially in a case of a
decay constants with closely spaced values. Generality and simplicity of the method make the method
useful for many practical applications.
REFERENCES
1. H. Bateman. The Solution of a System of Differential
Equations Occurring in the Theory of Radioactive Transformations. Proc. Cambrige Phil. Soc., 15, 423,1910
2. H. Siewers. An Analytical Method for Solving Depletion Equations. Atomkernenegie, 27, 30-34, 1976
3. A. Shlyakhter. Depletion Functions and their Use
in the Calculation of Isotope Transmutations.
Atomkernenergie - Kerntechnik, 42, 33-38, 1983
4. R. Miles. An Improved Method for Treating Problems
Involving Simultaneous Radioactive Decay, Buildup,
and Mass Transfer. Nucl. Sci. Eng., 79, 239-245, 1981
5. N. Hamawi. A Useful Recurrence Formula for the
Equations of Radioactive Decay. Nucl. Techn., 11,
54-63, 1989
6. M. Newman. S-Process Studies: The Exact Solution.
Astrophys. J., 219, 678-689, 1978
7. Z. Vukadin. Recurrence Formulas for Evaluating
Expansion Series of Depletion Functions. Kerntechnik, 56, 395-397, 1991
8. Z. Vukadin. Estimate of the Error of Depletion Functions Expansion Series. Kerntechnik, 60, 197-199, 1995
9. Z. Vukadin. Solution of Depletion Chain Equations
Using Nonsingular Bateman Coefficients. Nucl. Sci.
Eng., 17, 121-125, 1994
10.G. Thomas, D. Barber. Numerical Solution of Bateman
Systems. Ann. Nucl. En., 20, 407-414, 1993

