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ABSTRACT
One particular purpose of nuclear safeguards, in addition to accounting for known
materials, is the detection, identifying and quantifying unknown material, to prevent accidental and clandestine transports and uses of nuclear materials. This can
be achieved in a non-destructive way through the various physical and statistical
properties of particle emission and detection from such materials. This thesis addresses some fundamental aspects of nuclear materials and the way they can be
detected and quantified by such methods.
Factorial moments or multiplicities have long been used within the safeguard
area. These are low order moments of the underlying number distributions of emission and detection. One objective of the present work was to determine the full
probability distribution and its dependence on the sample mass and the detection
process. Derivation and analysis of the full probability distribution and its dependence on the above factors constitutes the first part of the thesis.
Another possibility of identifying unknown samples lies in the information in
the "fingerprints" (pulse shape distribution) left by a detected neutron or photon. A
study of the statistical properties of the interaction of the incoming radiation (neutrons and photons) with the detectors constitutes the second part of the thesis. The
interaction between fast neutrons and organic scintillation detectors is derived, and
compared to Monte Carlo simulations. An experimental approach is also addressed
in which cross correlation measurements were made using liquid scintillation detectors. First the dependence of the pulse height distribution on the energy and
collision number of an incoming neutron was derived analytically and compared
to numerical simulations. Then an algorithm was elaborated which can discriminate neutron pulses from photon pulses. The resulting cross correlation graphs are
analyzed and discussed whether they can be used in applications to distinguish
possible sample signatures to identify unknown nuclear materials.
Keywords: nuclear safeguards, Number distribution, multiplicities, fissile material,
scintillation detectors, light pulse distribution, cross correlations
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1

INTRODUCTION
Nuclear Safeguards is a term for tools and concepts used to quantify, detect and monitor
nuclear materials. Nuclear materials themselves can range from hospital radioisotopes
and thermonuclear batteries to spent nuclear fuel and weapons grade material. To
further develop these tools, a proper understanding of the physics of nuclear materials
and the process of detection is needed. This thesis contains some models to describe
nuclear materials and how to analyze and interpret the signatures that are present in the
radiation emitted by certain materials.

1.1

Background

The risk of nuclear proliferation is well-known and has been visible and imposing
ever since the first countries acquired nuclear weapons. The International Atomic
Energy Agency (IAEA), which is part of the United Nations (UN), attempts to address this issue by urging all countries to sign non-proliferation agreements, and
agreeing to implement additional safeguards measures, so that peaceful uses of
nuclear material within agriculture, health care and energy production can be sustained.
At scales smaller than nations, nuclear materials still pose an issue and deserve
attention. After 9-11 and the war on terror mostly driven by The United States of
America, more attention in media and politics has been focused on threats other
than nuclear weapons that still involve nuclear materials. One such example is the
so-called Radioactive Dispersion Devices (RDDs) or "dirty bombs". Such bombs
with a smaller amount of radioactive material can cause large damage in humans
when mixed with conventional explosives and thus spread over large or small areas. Due to the nature of radiation, a device that spreads radioactive material such
that it can enter living organisms through breathing or feeding increases the associated health risks risks.
One way of removing or significantly decreasing the risks connected to such
devices is to implement barriers and monitoring routines of known nuclear materials. Another concern is represented by sources that are unaccounted for, socalled orphan sources. At the fall of the Soviet Union an estimated 500 000 sources
were unaccounted for before efficient search tools could be put into use together
with investigations of previous records of the nuclear materials. Therefore tools
are needed which are able to find unknown materials or disclose transport of ra-
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dioactive materials that are unaccounted for.
Nowadays enormous amounts of goods are transported around the world, especially in form of containers carried on freighter ships. Since the loading and
offloading is concentrated to big seaports, a very large amount of containers that
could potentially be used to transport nuclear material pass by every day. Physical
inspection of them all would effectively put the business to a halt, and smart monitoring devices are needed that can do the work efficiently and swiftly, and not only
at seaports but also airports and border controls.
By understanding the needs which the IAEA has or more precisely the needs of
inspectors connected to IAEA or other agencies monitoring radioactive materials,
one can construct equipment and routines for detecting and monitoring radioactive
materials.

1.2

Nuclear materials

Radioactive materials are characterized by emission of radiation. The radiation can
be in different forms such as:
• Photons (gamma radiation)
• Neutrons
• Electrons (beta radiation)
• Alpha particles
When it comes to special nuclear materials (SNM), such as uranium, plutonium or other elements that can be suitable to construct nuclear weapons, one can
note that these nuclides are fissionable, meaning they can undergo fissions spontaneously, of by neutrons of any energies. During a fission, either spontaneous
or induced, a large number of particles are emitted both in form of neutrons (n)
and gamma-photons (7). There are also a number of other heavy elements that are
fissile and used in different applications for example Californium and Americium.
The neutrons generated in samples of these materials by e.g. spontaneous fission can create short chains through multiplication (branching) in fissions, and increase the detectable number of photons and neutrons. This property can be used
to try to quantify the material, since the multiplication increases with sample mass.
This aspect will be discussed in the present work.

1.3

Safeguards

Safeguards for analyzing materials can usually be divided into two subcategories:
• Destructive Assay (DA)
• Non-Destructive Assay (NDA)
Destructive assay constitutes an intrusive handling of the material, and for that
to be possible, direct access to the material is needed. In a laboratory, it can give
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very precise information about the investigated material. For assaying large quantities of material or packed materials that one finds in large volumes at seaports or
airports, this method is hardly suitable. Non-destructive assay on the other hand
relies on the material sending out radiation that can be detected: either by just passively observing the own radiative signature of the material (passive interrogation)
or irradiating the material to induce emission of radiation and detecting that (active
interrogation).
Passive interrogation means that the physical processes and interactions of the
material needs to be well understood, since that is what can be used to apply inverse tasks such as source properties (type of nuclide, mass of the smaple) from the
radiative signature.
In the following sections a few such methods will be described. The goal of the
work was to develop these methods further to enhance both the understanding of
the processes and to elaborate more sensitive and precise monitoring methods.

Chapter

2

NUMBER DISTRIBUTION
The statistics of neutrons and photons in a finite multiplying sample with a spontaneous
internal source is of great interest to be able to quantify and asses what the sample
consists of. Initial source events will lead to neutrons which can undergo branching
processes in which not only neutrons but also photons increase in numbers. Factorial
moments or multiplicities are the quantities most frequently used to relate the material
properties, such as mass, to the multiplication. In this chapter the alternative approach
of the full number distributions will be investigated.

2.1

Number distribution and multiplicities

There are several possible origins for neutrons and photons originating from a fissile sample. They could be coming from (a, n)-reactions which occur in the sample.
These neutrons will have a clear statistical distribution and occur one by one. The
neutrons created in spontaneous fissions, on the other hand, pose a more difficult
problem since the number of neutrons generated in a spontaneous fission is random, but has a certain probability of being n, where n can range from zero to ten or
more depending on the element involved. In the same way the number of photons
in each spontaneous fission source event will vary according to a certain distribution that is dictated by the isotope involved.
When the sample is multiplying, the total number of generated or emitted neutrons and photons will be different from that of the particles generated in the elementary source events. Due to the very short time span of the deeply subcritical
chains induced in the sample, it can be assumed that all neutrons generated by a
source event, including the internal fission in the sample before the neutrons leak
out, are generated in the same event. The addition of the extra neutrons by internal
multiplication can be described as a "superfission" event, whose number distribution is different from that of the original fission event. The larger the mass the larger
the probability to induce fission is for each neutron, thus the superfission process
will have increasingly larger neutron multiplicities with increasing sample mass.
This behaviour is also observed for photons, the only difference is that they do not
have any self-multiplication, instead they depend on the neutrons to get increased
multiplication.
Early studies have been performed into the statistics of internal multiplication,
mostly based on combinatorial expressions for the probability distributions. Soon
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came the introduction of using probability generating functions (PGFs) [1,2], which
provide a convenient technique for calculating the multiplicities. The first interest
of investigation was the understanding of how the main sample parameter, namely
the mass, affects the statistics of the neutrons and photons. This was investigated
initially only for neutrons [3-5], but later also for photons [6]. From the closed form
algebraic equations describing the multiplication it is unfortunately impossible to
find a closed form solution for the probability distribution. For the multiplicities on
the other hand the situation is much simpler since one can derive them recursively
so that they are linear in the highest moment and contain powers only of moments
of lower orders that are already known from the previous step.
Multiplicities are only of interest up to a certain order, typically third moment
(triplets). The reason is that from the experimental side higher orders are difficult
to measure and the higher order will not give additional information about the
system, if one is trying to determine the sample mass. From the analytical point
of view higher order moments become increasingly lengthy and complicated with
each increasing order, even if the initial underlying equations are linear.
The other quantity one can search for is the probability distribution, meaning
the probability P(n) of having n neutrons or gamma photons generated per one
initial source event. To get a full understanding of the statistics it is then necessary
to find P{n) up to an order such that the cumulative probability is close to unity.
Depending on sample mass and composition the number of terms needed can reach
50 or larger, which poses a much greater calculational effort than calculating only
the three initial multiplicities. In the following this approach has been investigated,
along with development and creation of programs that can handle symbolically the
derivations and calculations needed.
Today's Monte Carlo codes are most commonly used for investigating and simulating different experiments and scenarios containing multiplying material. Among
the strong sides of Monte Carlo simulations are that they are capable to handle complicated geometries, along with the existence of extensive nuclear data tables that
are usually coupled to this type of codes. This strong side is also a possible worry,
since the data have to be taken from experiments which might not be fully accurate.
Furthermore some of the simulations needed might be hard to validate experimentally. However, after having been benchmarked successfully, these codes are very
versatile and powerful. In Monte Carlo simulations one depends on good statistics i.e. longer runs yield more accurate predictions statistics. This on the other
hand makes it hard to investigate parameter dependence, since each change means
that one has to rerun the simulation to achieve the same statistical accuracy. Therefore, investigations of the tendencies in the continuous dependence on sample mass
might be more easily obtained analytically rather than with Monte Carlo.

2.2

Probability generating functions

As previously mentioned, probability generating functions (PGFs) are a very efficient tool to describe this type of systems and the statistics of the neutrons and
photons. A PGF of a discrete random variable (X) is a power series of the probability mass function of the random variable. The numbers of neutrons and photons
are perfect examples of such discrete random variables, where X can take on the
values 0,1,2,.... The definition of a probability generating function G(z) of the
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probabilities f(n) for a random variable X, is expressed as:
(»)*"•

(2.1)

n=0

This PGF G(z) can now be used to find many interesting quantities. The expectation value is found by taking the derivative of the function and evaluating it at
unity such that (X) — G'(l). Finding higher factorial moments is made in the
same manner such that the nth factorial moment is taken as the nth derivative:
(X(X - 1 ) . . . {X - n + 1)) = G<n>(l).
From 2.1 it is also seen that the way to find the probabilities is similar. The
probability /(n) can be found as:
G(0)
/(n) = P(X = n) = ^
~p.

(2.2)

The main difference is that, compared to the factorial moments, one evaluates the
expression at z equal to zero rather than to unity. For the higher order terms, this
will create some additional terms as compared to the expressions for the factorial
moments, as will be returned to later. The number of terms needed to be calculated
will increase in the case of the probability distribution compared to the moments,
and taking very high-order derivatives can be well taken care off by symbolic computation codes such as Mathematica® [7].
To be able to take the derivatives one needs to find master equations describing
the PGF. For neutrons they have been derived by Böhnel [3], as coupled backward
(first-collision) master equations. This means that we need to use two equations,
one describing the distribution of neutrons created by one initial neutron, and one
equation describing the distribution generated by one source event, spontaneous
fission in this case. This is also needed to accommodate for the differences in nuclear data of the neutron and photon distributions from spontaneous or induced
fission, respectively.

2.3

Master equations

Master equations are the starting point for both the factorial moments and for the
number distribution. When observing the total number of generated particles there
is especially one parameter that dictates the statistics of a certain sample: the firstcollision probability, p. When deriving the number of generated particles no special
attention needs to be made to absorption, thus the only possible collision for a
neutron in this idealized case will be induced fissions. In the following p will denote
the probability for a single neutron to induce fission, while (1 — p) will indicate the
probability to not induce fission (no further multiplication, i.e. escape).
In deriving the equations that will describe the particle branching processes for
neutrons and photons, there are several of basic quantities that needs to be defined. The nuclear probabilities ps(n, m) and Pi(n, m) of having a certain number
of neutrons and photons generated in a spontaneous or induced fission, respectively, where the subscripts s and i stand for source and induced, respectively, are
fundamental properties that are needed. Their probability generating functions are
defined as
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qs(z,y) = £ £ > s ( n , m ) * V \

(2.3)

(«> ™)*V"-

(2-4)

The quantity sought for in the number distribution is not the expected number
of neutrons or photons from a single fission event, usually denoted as v and fi,
rather the probability bi(n,m) and B(n,m) describing the absolute probability to
produce n neutrons and m photons when starting with either one neutrons or one
source event, respectively. The generating functions connected to the mentioned
probabilities can be defined as:

The creation and destruction events of particles in this type of branching processes
are Markovian, meaning that the destiny of any given particle does not depend on
how or where is was created in these stochastic models (i.e. on its past). Starting
with one source event, in which a number of neutrons are created, one can without
any further approximations consider each of those neutrons individually which
also simplify the equations. It will be shown that this property will lead to the
evolution of two coupled master equations, one describing single particle induced
chains, and another one connecting it to source event induced chains. Since only
neutrons will be considered to induce fissions, it is justified to describe the branching process from the point of view of neutrons only, the photons will not lead to
any increase in generated particles thus the photons created in the different fission
events can be directly summed up to find the total number of generated photons.
Using the same consideration for neutrons is not possible since neutrons are not
only generated in the fission events but also lost when inducing a fission event.
Writing down the probability description for the system, when starting with a
single neutron, is straightforward and leads to the following equation:
bi(n,m) - {l-p)ön,iömfl+p-pi(k,l)

Y\bi(m,mi)

.

(2.7)

ni + n2 + ... + nk = n}
+ rn,2 + ... + vnu = m — 1}
In the case where no fission was induced, the Kronecker delta functions describes
that no photons were created and the total number of neutrons is one, namely the
initial neutron. If the neutron on the other hand undergoes a first-collision, induced fission, one needs to combine all of the different branches of progeny that
can be combined to lead to the specified number of neutrons, n, and photons, m,
respectively.
It can be shown that the generating function in (2.5) satisfies the above expression. From the left hand side it is obvious that multiplication of znym and summing
8
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up leads to c(z, y). Doing the same operation on the right hand side leads to the
product term changing according to:

61 ( m , m i ) 2 n i y m i * 61 ( n 2 , m2)zntym2

*•••*

&i(»fc» m f c ) z n * y m * * yl = [c(z,

y)]kyl,

(2.8)
From this the first master equation describing the events related to a single neutron
is simplified to:
c(z,y) = (1 - p)z + pqi[c{z,y),y}.
(2.9)
In the same manner, setting up the probability balance equation for the case
when starting with a source event, and accounting for Eq. (2.6) leads to
C(z,y)=qs[c(z,y),y}.

(2.10)

When analyzing neutrons or photons separately, the equations can be shortened
somewhat as will be seen in the following chapters. Setting 2 = 0orj/ = 0in the
equations, and changing the starting PGFs will lead to equations describing only
neutrons or only photons separately.

2.4

Neutron distribution

The master equation describing the number of neutrons created in a fission uses
two PGFs describing the fission neutrons separately as opposed to together with
the fission photons seen in the previous section. Correspondingly, we will change
the notations such that ps (n) and pi (n) denote the probability to produce n neutrons
in a spontaneous or induced fission, respectively. If the probability of having n
neutrons generated by one initial neutron is denoted as p\ (n) and the probability
when starting with one source event as P(n), the relevant generating functions can
then be defined as:

Hz) = ]T>i(n)* n

(2.11)

and

'£zn.

(2.12)

The master equations describing the multiplicative system are then formulated
as:
h(z) = (l-p)z +Pqi[h(z)}

(2.13)

H(z) = qs[h(z)}.

(2.14)

and
The probability p\ (n) is the sum of two possibilities: either a fission is induced
with probability p, which will depend on the sample mass, or it fails to do so with
a probability (1 — p). The second case will lead to one generated neutron, while
the first case will lead to a certain number of neutrons described by the probability
distribution of an induced fission. Each and every one of these new created neutrons are treated separately in the same manner, therefore the connection back to
h(z) itself, as expressed by Eq. 2.13. Likewise, in the second equation, it is assumed
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that each initial source neutron will induce independent chains, such that the sum
of the generated neutrons by all chains yields a given number.
To find the probabilities p\ (n) or P(n), of having n neutrons generated, one observes that due to the construction of generating functions, they will be the Taylor
expansion coefficients of h{z) and H(z) respectively:
dnh(z)
n! dzn

(2.15)

Pi(n) = - .

dnH{z)
P(n) = n! dzn

(2.16)
z=0

When evaluating the factorial moments (multiplicities) one evaluates the above
expression at unity, which will simplify the calculations since h(l) = H(l) = 1,
thus simplifying the expressions. In the case of probabilities, we first have to find
h(0), since it will reoccur in all later derivatives. Furthermore, the probability terms
will be built up in a recursive manner such that all lower order derivatives occur in
the highest order derivative.
One benefit of doing these calculations is that there exists a formal equivalence
between the factorial moments and the probability terms. In fact the moments
can be obtained from the formulae describing the terms of the probability distribution by setting a number of terms to unity, and changing some of the moments
of the nuclear data (see PAPER I). Thus, as a convenient byproduct from deriving
analytical expressions for the probability distribution, one also finds the factorial
moments up to a very high order without much extra effort. The same conversion
from factorial moments to probability distribution is not possible due to the unity
terms (/i(l) = 1) that are not visible in the factorial moments and hence cannot be
changed into h(0).
As mentioned, the probabilities all depend on the initial probability p\ (0), since
inserting (z = 0) in the left hand side of Eq. (2.13) gives the initial probability. Inserting the same value on the right hand side results in a much more complicated
expression,. However, using the fact that for a certain isotope the number of neutrons generated in an induced fission event is limited to a certain number N such
that Pi(n) = 0 for all n > N will simplify the calculations. This results in a way of
calculating the initial probability from
N
n—0

which is in fact a iV-th order polynomial in pi(0). In the case of the isotope Pu240, TV will be limited to 8. The probabilities Pi(n) will all appear in the equation.
These data have been taken from the Monte Carlo code MCNP-PoliMi [8,9], which
was also used to provide the first-collision probability p. This ensures the possibility to do direct comparisons with Monte Carlo simulations to see how the models
compare.
The evaluation of the initial probability also highlights the fact that the parameter p will occur explicitly in the functions for both the factorial moments and the
probability distribution, but in the case of the probability distribution the first collision probability also affects the value of pi(0), which occur in the formulae for the
10
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Table 2.1: The nuclear data for the probabilities of emitting n neutrons from spontaneous
and induced fission in a sample of 20 wt% Pu-240 and 80 wt% Pu-239.
number of spontaneous induced fisneutrons fission, Pi(n) sion, ps(n)

0
1
2
3
4
5
6
7
8

EP(«)

0.0638
0.2316
0.3325
0.2533
0.0987
0.0181
0.0020
0
0
1.0000

0.0071
0.0674
0.2283
0.3263
0.2510
0.0958
0.0208
0.0029
0.0005
1.0000

other probabilities P{n). Once the analytical expressions for the probability distribution have been obtained, it is easy to evaluate them at any value p provided one
keeps the analytical formulae.
When comparing the neutron probabilities to the case of no internal multiplication in the sample, i.e. the data ps(n), in other words when comparing the distribution of "superfission" with spontaneous fission, one can observe that the distribution of the former acquires a tail. This behaviour is to be expected since the
introduction of multiplication enables larger neutron bursts that were not possible otherwise. The tail increases with increasing first-collision probability, p, which
is a characteristic of Markov chains with renewal and regeneration. In comparison with Monte Carlo simulations very good agreement is obtained as seen in Fig.
2.1. The graph shows the probability distribution for three different sample masses
containing 20 wt% Pu-240 and 80 wt% Pu-239. It is also seen in the figure that the
analytical method has smaller difficulties in treating high multiplicities with the
same accuracy within reasonable calculation times than the Monte Carlo method.
As mentioned, the form of the analytical formulae are well suited for reevaluations and investigation of parameter dependencies. Changing p continuously
gives a result shown in Fig. 2.2. Without matching Monte Carlo runs to provide
what mass each p corresponds to this is more of a formal study. Although when
using interpolation, or matching it with an analytical model of the first-collision
probability's dependence on sample mass, it provides a good tool for assessing
the sample mass. The tail continues to grow until the system reaches criticality at
p = l/vi after which point the calculations become irrelevant.

2.5

Photon distribution

For photons the situation is different, since they depend on the neutrons and do
not undergo self-multiplication. Nevertheless, just as in the case of neutrons, one
can write down a backward type set of coupled master equations.
When deriving the master equations the same approach as previously described
proves useful. The photon production is dependent on neutrons, hence formulating one equation for the number of photons generated by a single neutron and one
11
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Figure 2.1: Comparison of the analytical results with Monte Carlo simulations for three
different sample masses. Spontaneous fission is shown for reference.

equation describing the same for a source event leads to the following [6]:
g(z) = (1 - p) + pri(z)qi[g(z)}

(2.18)

G{z) = re(z)qH[!j(z)}.

(2.19)

and
If the neutron fails to undergo fission, no photons will be created, while if the neutron does induce a fission, a number of photons will be generated according to the
induced fission distribution /,(»)• Further, each of the neutrons that are generated
in the same event needs to be accounted for and independently treated again in the
same. In the source event, one has both the initial neutrons that can later create
more photons, as well as a number of photons created directly in the source event
with certain probabilities described by the number distribution of spontaneous fission, fx{n). These nuclear parameters are then connected to the PGFs i\s(z) and
r,(z) visible in the above equations.
Once again these probabilities can be found in nuclear tables, and for the sake
of comparison they have been taken from MCNP-PoliMi. The generating functions
g(z) and G(z) are defined around the probabilities f\(n) and F(n), for photons
created by an initial neutron or an initial source event, respectively. From the definition of PGFs one can again identify the probabilities, f\ (n) and F(n) as the Taylor
expansion coefficients of the generating functions. The factorial moments on the
other hand are found by derivations and evaluations at z equal to unity, which
simplify the formulae somewhat just as in the case of neutrons.
To start the calculations of the probabilities the initial probability /i(0) and the
related probability F(0), need to be found from Eq. (2.18). This will lead to a rather
complicated expression that simplifies to a finite degree polynomial when suitable
nuclear data is used, in the case of plutonium an equation comparable to Eq. 2.17
for neutrons.
12
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p - probability to induce fission

Figure 2.2: The dependence of the neutron number distribution on the first-collision probability ]>. The dependence of p will only be interesting up to a maximum value of p = \/vj,
beyond which the multiplying system becomes supercritical, and the probabilities obtained
will be non-physical.
Note that although the initial multiplicities of photons are much larger than that
of the neutrons (up to more than 20 photons can be generated in a single fission),
the polynomial for finding the initial probability } \ (0) is still limited to 8th degree,
since the creation of additional photons is dependent on neutrons and hence the
order of the polynomial is determined by the order of the branching.
Just as for neutrons, when calculating each term in the probability distribution
from
/i(n)=-r-

dz

(2.20)
:=()

:=0

we find a formal equivalence to factorial moments, which can be obtained as a simplification from the probabilities up to very high orders (see PAPER I). The inverse
conversion is not possible on the other hand, for reasons mentioned earlier.
Due to the higher initial multiplicities of photons, they are a good candidate
for being easily detected and used as the indicator of sample mass and/or composition. This ability might also be enhanced if one takes into account that photons
have a good penetration ability in certain light materials that might be used to
shield off neutrons.
A comparison between the number distributions acquired from the analytical
model and data from Monte Carlo simulations, are shown in Fig. 2.3. Excellent
agreement is obtained and, as in the case of neutrons, the distribution acquires
larger tails with increasing mass, as compared to the spontaneous fission case.
Compared to neutrons, the photons are generated in greater numbers and therefore the probabilities F(n) are non-negligible also for high values of n. Thus, to
find a satisfactory description of the full number distribution, many terms need to
be taken into account before the accumulated probability approaches unity. The
longer tail which develops already at lower first-collision probabilities, indicates
that large photon bursts can be generated even in minor multiplicative samples.
13
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Figure 2.3: Comparison between the analytical mode! and Monte Carlo simulations for the
gamma photons.
As mentioned these results concern the number of generated neutrons or photons. In reality one can not readily observe these numbers, instead one has to
take into account processes such as internal absorption in the sample and also the
detection process itself which is not perfect but happens with a certain probability/efficiency usually referred to as the detection efficiency. These questions will
be addressed in the following chapter.
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3

THE DETECTION STATISTICS
So far we have discussed the statistics of the number of neutrons and photons generated
in a multiplying sample, including the effect of internal multiplication. However, in order
to make comparisons with measurements, further effects need to be taken into account.
The statistics of particles emitted from the sample will differ from that of the generated
particles due to internal absorption, in the sample. The statistics of the detection process
will also differ from that of the emitted particles, due to the less than 100% detection
efficiency of the detection. In the following the effect of the internal absorption and the
detection process on the corresponding statistics will be elaborated and discussed.

3.1

Internal sample absorption

Including absorption into the models in Chap. 2, can be made in a few different
although equivalent ways. For neutrons the effect of absorption essentially means
that the neutron is removed from the fission chain, and the emitted neutrons will
reduce in number. For photons the dependence is more involved, both the absorption of neutrons and the absorption of photons will affect the number of emitted
photons.
In the neutron probability balance equation the event of absorption can be included in the fission distribution, that regards the resulting number of neutrons,
absorption behaves as a fission with zero neutrons generated. To include the absorption in the fission process one needs to increase the first-collision probability
from p to p' which includes both fission and absorption. Increasing the probability
for pi(0) means that one needs to re-normalize the terms so that the probabilities
Pi(n) for n > 1 decrease. This is amde as follows:
^ ^

-pPi(n).

(3.1)

It is then clear that the factor (1 — p') will represent the probability for a single
neutron to leak out from the sample, as opposed to the earlier factor (1 — p) which
was the probability to not induce fission.
The first master equation (2.13) will now read:
h(z) = (l-p')z+p'qi[h(z)},

(3.2)

where qi(z) is the generating function of Pi(n). The master equation now describes
the probability distribution of emitted neutrons. The equation describing the source
15
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event remains the same since only the induced fission distribution is modified. The
modification is connected to the value of the absorption probability which was
taken from the code MCNP-PoliMi, so that comparisons can be made for certain
sample masses.
For photons the model needs to be extended to take into account both neutron
absorption, which lowers the number of neutrons available for inducing fissions
that create more photons, and the absorption of photons themselves which will
lower the number of leaked or detectable photons. The neutron part can be taken
into account by substituting the generating function qi(z) for qi(z).
Gamma absorption can be accounted for by using a stochastic probability Z7 for
the leakage probability for a single photon, likewise (1 — Z7) describes the probability for a single photon to be absorbed and not escape the sample. This can be
used in a binary master equation describing the two mutually exclusive events of
leaking or not leaking from the sample for a single photon:
e(z) = lyz + {l-l1).

(3.3)

The results can be observed in Fig. 3.1, where they are compared to data for
the number of generated particles (i.e. the case without absorption). The neutron
absorptions are non-frequent and not affecting the distribution much. The absorption of photons on the other hand has a very large effect, in form of an evident
self-shielding. For realistic samples, which might be investigated with typical nondestructive assay techniques (NDA), the initial advantage of having high photon
multiplicities diminishes, because the internal absorption of photons in a sample
consisting of high Z (mass number) material is more significant than that for neutrons.
In fact, one can observe the unexpected result that the probability to get higher
multiplicities , such as triplets or quadruplets, is bigger for a lighter sample than
for a larger heavier one. The reason is that although the total amount of generated
photons increase with sample mass, the self-shielding effect which also increases
with larger sample masses, will counteract the former. The number of source events
is larger though in a bigger sample, and the probabilities shown here are the per
source event probabilities.

3.2 The detection process
The detection of a particle inside a detector of a certain type and size has a certain
probability to happen which is usually referred to as the detector efficiency, e. The
way to incorporate this into models has been investigated before [4]. The model
in publication [4] in effect assumes that the detector is incorporated in the sample.
Thus a high efficiency detector would kill the neutrons ability to induce fission and
effectively stop the multiplicative behaviour of the sample.
The process of detection for an external detector can occur only for the particles
that are emitted from the sample; if a particle does not survive to leak out of the
sample it will never be available for detection. Since the models in Sect. 3.1, describe the particles that leak out from the sample, one can incorporate the detection
process into this model by just using a detector efficiency, en, for a single neutron
to be detected. By formulating a master equation for the generating function of the
16
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Figure 3.1: The number distribution of neutrons and gamma photons for plutonium samples of different masses. The Monte Carlo simulation shows the results with no absorption
and the analytical data show the distributions when absorption is taken into account.

binary event that the particle was detected or not detected, respectively
Pd,n = (1 - en)6nfl + en) • 8ny,

(3.4)
(3.5)

it is possible to model the statistics of detected neutrons with the equations
hd(z) = h[E(z)} .

Hd(z) =

H[E(Z)\,

(3.6)

where hd and Hd are the PGF of the number of detected particles from one neutron
or from one source event, respectively.
The same procedure can be used for modelling of the detection of photons.
Using a stochastic detection probability, e-, a similar master equation can be formulated:
e.){z) = e-,z + { l - e - ) ) .
(3.7)
Once again e0 is the probability for a single photon to be detected while (1 - e-,) is
the probability for the same photon to escape detection.
In the backward master equations describing the system, the leakage and detection processes needed to find the detection statistics change the equations as:
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where /- was defined in Eq. (3.3). The equation shows how the effect of detection
and absorption are included as nested probability generating functions
When visualizing this for a case of 50% detection efficiency for neutrons or photons, the detection statistics decrease compared to the emission statistics, as expected. Notable is the fact that the probability of detecting singlets or doublets is
larger than the probability of a singlet or doublet actually leaving the sample, since
they can also be detected as a result of only detecting a fraction of the particles in a
larger burst.
Furthermore, for photons one can note the fact that it is more likely to detect
high multiplicities for a smaller sample than for a large one. This effect arises from
the fact that on the average, source events will occur further from the surface of the
sample when sample mass increases, leading to the quick increase in self-shielding.
The analytical formulae are very suitable to investigate what type of detector efficiency would be required to have reasonable count rates of different multiplicities,
since it is easy to change the detection efficiency parameters, <=., in the equation, and
while doing so one can observe the change in detection probability when changing
the detection efficiency. Alternatively the results could be used as indicators for
Number distribution of neutrons with detection

10
15
20
Number ol neutrons
Number distribution with absorption and detection

20
Number of gammas

Figure 3.2: The statistics for neutrons and photons when a detection efficiency of 50% is
incorporated into the model. The plot shows that the statistics change and the likelihood
of low detection numbers are higher compared to how many bursts there are of that multiplicity from the sample.
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what type of detectors are most beneficial to use, i.e. whether one should use neutron or photons detectors or a combination of the two

3.3 Joint distribution
In homeland security applications the use of organic scintillation detectors have
become more frequent. The main benefit of those is that they are sensitive both
to fast neutrons and to photons. An effective use of this potential requires a good
understanding not only of the individual neutron and photon distributions, but
also the joint distribution.
As noted in Sect. 2.3, equations for the joint distributions can be derived when
starting with slightly different quantities and definitions compared to the separate
distributions. Instead of using the spontaneous and induced fission data for neutrons and photons separately, one uses the joint fission data, ps(n, m) and Pi(n, m)
describing the probabilities of n neutrons and m photons being emitted from a
spontaneous or induced fission, respectively. The generation of neutrons and photons is normally considered to be uncorrelated, i.e. the number of photons emitted
does not affect the number of neutrons emitted in a fission event and vice versa.
This means that the above distribution is just the multiplication of the corresponding separate distributions.
The master equations describing the system by taking both neutrons and photons into account were given in Eqs. (2.9)-(2.10) as:
c(z,y) = (l-p)z

+ pqi[c{z,y),y], C(z,y) = qs[c{z,y),y\.

Just as for the cases of separately handling neutrons or photons it is beneficial to
find the detection statistics so that one can model the statistics that might be observed in measurements. Using two relations for describing the absorption process,
similarly to that used in the previous sections, one obtains

with /„ and Z7 being the leakage probabilities of the neutrons and photons, respectively. Detection can then be included in the same manner using
en(z)=enz + (l-en)
sJ(y)=e1z+(l-ey),
with en and e7 being the detection efficiencies of neutrons and photons, respectively.
The final coupled master equations describing the detection statistics will then
become:
cd(z,y)

= (l-p)£n{£n(z)}+pqi[cd(z,y),£1{^(y)}},

(3.11)

Cd{z,y)

= qs{cd(z,y),£-f{e1(y)}}.

(3.12)

The absorption and detection of neutrons are only accounted for in the equation
describing the destiny of each single neutron. For the photons this is described also
19
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Figure 3.3: The left hand side graph shows data from the analytical model where we have
assumed a larger detection efficiency for neutrons, e.g. a sample shielded with a material of
high atomic mass. The right hand side graph is from MCNP-PoliMi, showing the detection
statistics for a detector setup using six scintillator detectors.
in the source event equation since the photons generated there are not treated in
the single neutron equation as opposed to the induced photons.
The joint statistics of detecting neutrons and gamma photons simultaneously
is illustarted in Fig. 3.3, both for the analytical calculations and from Monte Carlo
simulations. Figure 3.3 shows that a combined detection of one neutron and one
photon, can be much more frequent than the doublet or triplet of either one of them.
Using the joint statistics and applying realistic detector efficiencies, one can use
the analytical model to decide in a fast and relatively easy manner which particle
detection combinations (joint factorial moments) are the most effective to use, and
select the numbers and type of detectors, accordingly. It is beneficial to use the
combination events of neutrons and photons detected together instead of being
forced to find high multiplicities such as triplets containing neutrons or photons
only, which will much less frequent and require longer measurement times to get
decent statistics.
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4

SCINTILLATION DETECTORS
Detectors sensitive to gamma photons or neutrons have been used for a long time in
applications within nuclear materials management. New detection possibilities have
arisen with the use of scintillation detectors able to detect not only photons but also
neutrons in the same detector. The usefulness of the data from this type of detectors
relies on proper understanding of the interaction of fast neutrons with the detectors
and eventually the interpretation of the pulses created by the interacting particles. This
foundation can later be used to unfold the energy spectrum of the incoming neutrons
from the pulse height distribution of the scintillation light.

4.1

Moderation on hydrogen

Organic detectors which are sensitive both to photons and fast neutrons can be
found in both liquid and plastic forms [10]. The detector interacts with incoming neutrons, when the neutrons collide with hydrogen (H) and carbon (C) atoms
which are the main constituents in the detectors. While the neutrons loose energy
and are slowed down, light is produced in the detector. Each collision transfers
a part of the neutron energy, and in each such collision a certain amount of light
is produced, but only the total light intensity can be detected for a single neutron,
since the different collisions cannot be temporally separated. The light output originating from different neutrons can be distinguished though.
If a neutron undergoes a single collision before leaving the detector, the resulting pulse shape distribution is fairly straightforward to derive. What happens
when the neutron undergo several collisions is not quite so easy to find, especially
when the observable quantity is not the transferred energy, but instead the light
produced from the same energy, which will depend on the collision history. A neutron can undergo quite many collisions before its history is ended by either being
absorbed, not having enough energy to produce more light or by leaving the detector. Due to the finite dimensions of the detectors, it is sufficient to look at the the
light transfer for up to four collisions.
In scintillator detectors the light intensity is measured in MeVee (MeV electron
equivalent). For hydrogen, the relationship between the transferred energy and the
light intensity, L, is given by
L = aT2 + bT = Lh{T).

(4.1)

The value of the constants a and b are taken from function fitting to measurement
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Figure 4.1: After each collision the neutron will emerge with a new energy, where the lost
energy haS been transferred to the hydrogen nuclei. The energy transfer in subsequent
collisions will depend on how much energy was transferred in earlier collisions.
data. The light produced thus increases quadratically with increasing energy transfer hence a single large energy transfer produces more light compared to the same
amount of energy being transferred in a number of smaller parts. Before being able
to use this relationship, one needs to find the amount of transferred energy, and
this quantity will depend on the number of collisions that the neutron underwent
and the energy transferred in each collision.
In slowing down theory it is well established that for the case of hydrogen,
a neutron can loose all of its energy in a single collision. The distribution of the
energy transferred for a neutron of initial energy £b is given by a flat distribution
where is it just as probable to loose one percent of the energy as loosing 99 % of the
energy.
The quantity that is sought after is the distribution of light produced in a certain number of collisions, n, on a nucleus X, this quantity can be formulated as
fnx(L,Eo). A conversion is needed from the transferred energy distribution to
the light distribution. Some algebra [11] will result in the final expression for the
distribution of light produced in a single collision with H:

flh(L,E0)=

J

(4.2)

for light intensity, L, up to a certain maximum, since the amount of produced light
is limited by the neutron not being able to transfer more energy than it had just
before the collision.
The distribution of light from neutrons with multiple collisions takes on more
complicated expressions in form of convolution integrals. In the case of two scatterings on hydrogen, /2/1CL, Eo), one has:
L

f2h{L, Eo) = / fih(L — l,E0 — T/ l (/))/ 1 / l (i, Eo)dl =
L

= —

EQJ

/

°

(4.3)
l

2

—

l

2

-M

(Eo - Th(l))y/b + Aa{L - I) y/b + Aal

where
Th(l) = — < \A 2 + Aal — b\ ,

(4.4)

describes the inverse relationship of the light produced and the transferred energy,
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cf Eq. (4.1). Quantitative evaluation of the expression for a few collisions on hydrogen gives the distributions shown in Fig. 4.2.
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Figure 4.2: For two and three collisions on hydrogen respectively, the non-linear light production gives rise to a non-intuitive shape in the light distribution (pulse hight indicated
in MeVee on x-axis) compared to the shape of the distribution of the transferred energy.
Finding the distribution in the last regions for high numbers of collisions becomes increasingly computationally heavy, since each extra collision adds a new
convolution to the combined integral. Since the maximum light is produced if all
energy is transferred in a single collision, the distributions stretch to a maximum
value of Lmax>h, related to the neutrons initial energy.

4.2

Moderation on carbon

Since organic scintillator detectors also contain large amounts of carbon it is of interest to find the light production when neutrons slow down by scattering on carbon. The main difference is the fact that not all of the neutron's energy can be
transferred in a single collision, due to the difference in mass between the carbon
nuclei and the neutron. This leads to a maximum in energy transferred, given by
Tmax,c = (1 — «) E(). The factor a depends on the mass of the target nuclei and is
given by
()'-

(4 5)

'

For C, a is about 0.716, meaning that only a minor part of the energy can be transferred in each collision. The post-collision distribution is then given by a flat distribution, but as noted only a certain amount of energy can be transferred in a single
collision so the possible energies after the collision range from aE0 to Eo representing maximum or minimum energy transfer.
The conversion between transferred energy and light intensity is also different
compared to the case of hydrogen. For carbon it is given by a linear relationship:
LC(T) = cT,

(4.6)

meaning less light is produced in scattering involving carbon since the constant c
is comparatively small.
Remembering the constraint about how much energy can be transferred in a
single collision, the following distribution for the light produced in a single collision can be derived:
(4.7)
fic(L,Eo) =
c(l-a)Eo
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Here use has been made of the Heaviside step function 9, to simplify notation. For
multiple scattering on carbon, use has been made of convolution integrals comparable to to the hydrogen case of Eq. (4.3), thus each subsequent collision will
require lengthier formulae.
With a linear relationship between the transferred energy and the light produced means that the shape of the distributions will be the same as those of the
transferred energy which are usually found in slowing down theory.
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Figure 4.3: The light distribution from one to four scatterings ((a) to (d) respectively) on
carbon resembles the distribution of energy transfer of the scattered neutron.

4.3 Carbon-Hydrogen moderation
A neutron can not only undergo moderation on hydrogen or carbon separately,
but also by combined scatterings on both types of nuclei. The events a neutron
undergoes while inside the detector can be described by a collision history, and it is
the collision history that dictates how the light production looks. The parameters
in collision histories are:
• Number of collisions
• Nuclei involved in scattering.
• One type of nuclei or several.
• Order of scattering if different nuclei.
Starting with the definitions of the light distribution in a single collision on H or C:
fih(L, Eo) and /i c (L, Eo), respectively, the combined distributions can be derived.
As mentioned above, the order of collisions does matter, if we look at the most
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simple case with one collisions on each nuclei, the two possible events depending
on which nuclei is hit first, can be described by the following formulae:

f,,c{L,E0)

'I

= f ML

(4.8)

- h.E0 - 7/ ! (/i))/i/,(/i.

fch(L.Eo)= = / / flh(L-h.EQ

(4.9)

-

The effect of the collision order can be readily seen in Fig 4.4, where the same
two collision histories have also been simulated using Monte Carlo in form of the
code MCNP-PoliMi [8]. Good agreement is seen between the analytical model and
the Monte Carlo simulations and much of the differences is due to statistical scatter.
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Figure 4.4: The order of collisions has a distinct effect. One can observe that if the first
collision is on carbon, large light outputs become less probable. Good agreement is seen
between the MCNP-PoliMi results and those from the analytical formulae.

It is notable that hydrogen plays a bigger role in the determination of the light
pulse amplitude distribution with its possibility of larger energy transfer along
with larger light output per unit energy transferred compared to carbon. If one
assumes that the first collision takes place on hydrogen, the effect of subsequent
scatterings on carbon becomes very minor, as it can be seen in Fig. 4.5.
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Figure 4.5: The effect of pure carbon scattering after an initial hydrogen collision is very
minor.
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Figure 4.6: More complex collision histories with three or more collisions will alter the
pulse height distribution significantly.
Finally, we show in Fig. 4.6 the pulse height distributions for a few more complex collision histories, and the comparison with Monte Carlo simulations. One
notices that certain collision histories have peaks that could potentially be used to
try to find what the incoming neutron energy, Ea, was. Other events show a distribution similar to Compton edges with a sharp cutoff at the maximum pulse height,
as seen in Fig. 4.6. These features together with knowledge about the relative likelihood of each type of collision history constitute the foundation of how the full
pulse height spectrum looks.
The distributions here have been limited to using mono-energetic neutrons of
energy, Ea, but extensions to neutron spectra is also possible. A possible application is to unfold the neutron spectra from the measured pulse heights by using the
analytical predictions of the pulse height distributions.
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CROSS CORRELATIONS
The experiments and related work described in this chapter aim at developing an improved method for measuring time-correlated neutron and photon events from fission
sources. These correlations are unique for a specific radioactive material and can be
interpreted as material signatures. As in the previous chapter, scintillator detectors will
be used due to their dual capability of detecting both neutrons and photons. In the case
of liquid scintillator detectors, the two types of radiation can be distinguished, which is
a requirement for the following work.

5.1

Experimental setup

Using two liquid scintillator detectors allows for great versatility regarding correlation measurements [12]. Multiple detectors enable for both detection of coincidences of same type, such as neutron-neutron, as well as that of of different type,
such as photon-neutron coincidences. In the measurements a Cf-252 source was
used, but before that the detectors were calibrated, by adjusting the voltage to the
photomultiplier (PM) tubes which are the ones giving the electrical signals that are
later converted to digital pulses.
Calibration was made using the gamma emitter Cs-137 as a source, which emits
photons with an energy of 667 KeV. Thus the pulse height distribution diagram will
show a Compton edge at a value corresponding to this energy. The signals from the
PM-tubes were sent to a fast digitizer with a 12-bit resolution and a sampling rate
of 250 Mhz, i.e. the value of the incoming signal is recorded every four nanoseconds. The initial calibration is made in order to ensure the same calibration of the
two detectors, as well as to confirm what each unit on the digitizer equals in energy deposit in the detector, or actually the pulse amplitude of the PM-tube which
resulted from a certain energy deposited. The experimental setup can be seen in
Fig 5.1.
To investigate the feasibility of using cross correlation measurements as a materials signature, a number of experimental setups were used to see what effect they
have on the measured results. Specifically, the following setups were used:
• 30 cm symmetric case (no Pb-shielding).
• 30 cm detector distance with 2.5 cm Pb-shielding.
• asymmetric setup with 15 and 45 cm to the detectors, respectively.
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Figure 5.1: Photograph of the experimental setup.

• 40 cm bare case.
• 50 cm bare case.
Varying the distance changes the geometrical detector efficiency and thus changes
the required measurement time. Using shielding such as lead, will lead to a significant attenuation of photons, while neutrons will still reach the detectors mostly
unaffected. The asymmetric setup is used to explore the visible effects of the nonnegligible time of flight (ToF) for the neutrons, compared to the photons.

5.2

Pulse shape discrimination

Pulse shape discrimination (PSD) [13] relies on the difference in behaviour in detector response of neutrons and photons, respectively. The pulses induced by photons
only show a prompt part leading to a single pulse that dies away quickly. The neutrons on the other hand generate pulses which are not only showing a prompt part
but also a delayed part with minor small peaks, which leads to neutron pulses on
average having a longer tail before the signal goes back down to the background
level. This property can be utilized to discriminate between the two particles by

Figure 5.2: The pulse shape discrimination relies on calculating the different integrals
shown in the figure.
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calculating the so called tail-to-total integral ratio.
Tail integral
Total integral

(5.1)

A]

When utilizing the formula for the integral ratio, a number of events can interfere with the calculations. Most important are the background detections of cosmic
rays that easily interact with the scintillator material and cause very large pulses,
those pulses will be too large to be properly acquired by the equipment and thus
need to be sorted out. Another possible problem is presented by pulses that are
close in time but not correlated, due to the tail integral being calculated over a time
frame of a few hundred nanoseconds. No new pulses should hit the detector during that time, otherwise the tail integral will be incorrect.
t1 offset 55ns, t2 integration length 300 ns
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Figure 5.3: Integral ratios shown for doublets as a function of pulse height. The first channel refers to the detector that had the first pulse in time. Two regions of ratios are visible,
corresponding to photon and neutron pulses, respectively.
Timing is a very important factor to find proper cross correlations. One way
of doing timing is to check the maximum value of each pulse and use that as a
time stamp. Due to the nature of light acquisition in the detectors, this will lead to
small pulses having different timing compared to big pulses, because the pulse rise
time is depending somewhat on the pulse amplitude. Therefore, constant fraction
discriminator (CFD) was used as a timing mechanism. Triggering the timing at a
certain fraction, here 20% of the peak value was used, leads to notable better timing
characteristics. This is especially important when interpolation is used to go from
a four nanosecond to a one nanosecond resolution.

5.3

Measurement results and analysis

When doing the offline digital PSD analysis, the results can be shown as a cross
correlation diagram with each detected doublet getting a certain time difference,
as well as a particle classification of the two detected particles. In the case of 30
cm detector-source distance without lead shielding, one can observe three distinct
peaks corresponding either to the photon-photon peak, (p,p), which has no time
difference, except for the spread in time that the pulse acquisition and PM-tube
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introduces. Symmetrically on each side of the central peak one finds the peaks for
neutron-photon, (n,p), and photon-neutron (p,n) doublets, respectively.
In addition one also observes the neutron-neutron (n,n) peak. It has a much
larger spread than the (p,p) peak, since neutrons will have not only the measurement uncertainty in time, but are also affected by time of flight which will vary
with neutron energy. Comparing with the case of 30 cm detector distance, when Pb
shielding is used the total cross correlation curve changes notably and the photonphoton peak is attenuated by a factor of 20, approximately.
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Figure 5.4: Measured cross correlation in the case of 30 cm detector distance without and
with lead shielding, respectively.
As can be seen in the Fig. 5.4 there appears some misclassification of particles
since the neutron-photon and the photon-neutron curves show extra peaks at a timing which would indicate photon-photon interactions. When comparing to Monte
Carlo simulations, these spurious peaks are not observed. This fact is, however,
due to data handling rather than physics. In the measurement setup the photonphoton doublet is the most common one. However, when a photon-photon doublet
is detected, there is a relatively large probability that further particles will hit one
of the detectors, usually a neutron. The pulses from the event when both a photon
and a neutron hit the same detector often appears as only one peak with the photon
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5.3. Measurement results and analysis

time characteristics, but it has the tail behaviour of a neutron pulse since the neutron induced a delayed light production in the detector. Therefore, the tail-to-total
integral ratio will indicate it as a neutron, but in the cross correlation measurement it will have a timing similar to a photon-photon event. This event is actually
quite likely and is visible in most of the measurements. Larger distance lowers the
geometrical detector efficiency, and double particle events in one detector reduce
quickly in frequency.
If the detectors do not have the same distance to the source, the neutrons will
change their timing characteristics, while the photons will still be more or less instant with regards to the source event which is spontaneous fission. As can be seen
in Fig. 5.5, there is a notable difference both in the total cross correlation but also in
the different components, compared to the symmetric case.
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Figure 5.5: Measured cross correlation for the asymmetric setup with 15 and 45 cm detector
distances.

When increasing the distance, the amount of doublets detected per fission is
reduced, due to the decrease in geometrical detector efficiency. Another notable
effect is that for neutrons of low energy the time of flight will increase such that
the cross total cross correlation becomes wider. Photons on the other hand, are not
affected much by this effect due to the high speed of light.
Collective data Ratio: 0 145. t i = 40ns, \2 - 250 ns
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Figure 5.6: Cross correlation of the total doublets for various detector distances.
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Chapter 5. Cross Correlation measurements

With the fast data acquisition of the digitizer, the measurements can be performed in real-time, which is how the normalization to relative probabilities per
fission was achieved. The source strength needs to be known as well, but this can
be determined in the same measurement by selecting at a single channel and measuring the count rate, provided the detector efficiency is known.

5.4

MCNP-PoliMi comparisons

When making comparisons between the experiments ad Monte Carlo simulations,
one difficulty is the way one treats the trigger threshold, i.e. how to separate the
true pulse from the background noise. In the digitizer there is a fairly advanced
algorithm that compares averages of a number of data points with a certain trigger
value. This method is preferable since it can reject temporary non-physical peaks.
The problem with it though is that it becomes more difficult to do comparisons
with MCNP-PoliMi simulations, in which it is easier to just use the pulse amplitude to decide whether a pulse is registered or not. To make fair comparisons, that
do not bias the result by neglecting or over-using low or high energy pulses (small
or big pulse amplitudes), the digital offline pulse processing was given the capability to use the idealized threshold used in the post processing of the Monte Carlo
simulations [14].
Collective data Ratio: 0.145.11 = 40ns. t2 = 260 ns
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Figure 5.7: Comparisons of experimental data and Monte Carlo for the total and the partial
contributions to the cross correlations.
Figure 5.7 shows the comparisons of Monte Carlo simulations and measurements, which show good agreement. As can be seen in the comparisons, the time
resolution, especially for the photon-photon peak is much better in the MCNPPoliMi case. The total amount of counts is different, with the measurement seemingly detecting slightly less doublets compared to the simulations. The distribution
is also marginally wider in the Monte Carlo simulations but that could be related
to the possible larger doublet rate detected in the simulations.
The cross correlation measurements show good resolution with separate peaks
clearly distinguishable, together with an accurate pulse shape discrimination that
allows information to be extracted form the different contributions of doublets to
the total cross correlation measurement. The method shows good promise to be a
candidate for applications within materials control and accounting.
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Chapter

6

CONCLUDING REMARKS
It was demonstrated that within the area of number distributions, proper application of symbolic computing enables high-order terms of the probability distribution to be calculated. Comparisons with Monte Carlo simulations, from which
the required nuclear data were taken, show excellent agreement. The method also
provides an unexpected benefit with the formal equivalence to factorial moments
which can be calculated easily with a minor substitution of terms.
The inclusion of absorption and the process of detection verified the suspicion that for large fissile samples neutrons provide a good tool for assessment.
Although photons have higher initial multiplication, they are heavily attenuated
within larger samples.
Deriving and calculating the joint distribution which describes the probability
of having a certain number of neutrons and photons in each event, gives a more
complete picture. This has benefits in showing how inter-particle multiplets can
be detected and which type of assessment, neutron or photon or dual detection
detectors, should be used.
Further extensions of the models include the possibility to account for time and
correlating to reals and accidentals which one needs to consider in measurements.
To make the analytical model more independent by creating formulas for the first
collision and the absorption probability as function of the sample mass would also
be a useful extension.
The work within the area of scintillator pulse generation by fast neutrons has
provided a deeper understanding of the detection process. It has also been successfully compared to Monte Carlo simulations. Using the results together with
cross section data, giving the relative likelihood of each type of event, it is possible
to construct the full pulse height spectra for a certain incoming neutron energy, or
inversely unfolding the incoming energy or energy spectrum. A further possibility
would be to extend the model into taking into account neutron spectra instead of
mono-energetic neutrons.
The experiments with measuring cross correlations have been educational and
provided insight into how to possibly develop new methods of nuclear materials
assessment. The use of a pulse shape discrimination method and data acquisition
by scintillator detectors and digitizers enables interesting physical correlations between neutrons and photons from fissile samples. The comparisons with Monte
Carlo simulations are still open for more work to understand what causes the differences between experiments and simulation.
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Chapter 6. Concluding remarks

Other future work includes the measurements of other sources such as Pu-Be
or americium sources. This might lead to a method applicable to the area within
safeguards referred to as materials control and accountability (MC&A). This can
be said of all the areas which have been mentioned here in the thesis, and have
ultimately been the motivation for the initial work of this PhD project.
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Abstract

The subject of this paper is an analytical derivation of the full probability distribution of the number of neutrons and photons
generated in a sample with internal multiplication by one source emission event (spontaneous fission), and its comparison with Monte
Carlo calculations. We derive recursive analytic expressions for the probability distributions P(n) up to values of n = N for which the
cumulative probability J^L 0 ^(") ' s e c l u a l to or larger than 0.99. The derivation is achieved using the symbolic computation language
Mathematica. With the introduction of a modified factorial moment of the number of neutrons and gamma photons generated in fission,
the resulting expressions could be brought to a formally equivalent form with those for the factorial moments of the total number of
neutrons and photons generated in the sample. The results were compared to Monte Carlo calculations, and excellent agreement was
found between the analytical results and the simulations. The results show that the probability distributions change with increasing
sample mass in such a way that the "bulk" of the distribution changes only slightly, but a tail develops for higher n values. This tail is the
main reason for the increase of the factorial moments with increasing sample mass, an effect that was observed in earlier studies.
© 2006 Elsevier B.V. All rights reserved.
PACS: 89.20.-a; 28.20.-v; 02.50.-r; 05.10.Ln
Keywords: Nuclear safeguards; Materials control and accounting; Neutron and photon numbers; Number distributions; Generating functions; Master
equations; Multiplicity

1. Introduction

The statistics of the number of neutrons and photons
generated in a finite sample with a spontaneous internal
source has been studied both with analytical methods and
Monte Carlo simulations in the past. These studies are
motivated by the fact that the knowledge of the statistics of
the generation of neutrons and photons makes it possible
to determine, by coincidence and multiplicity measurements, the mass and isotopic composition of an unknown
sample. Furthermore, this knowledge can also help
separate the effect of background neutrons emitted in
•"Corresponding author. Tel.: +46031772 30 86;
fax: +46031772 3079.
E-mail addresses: andreas@nephy.chalmers.se (A. Enqvist), imre@
nephy.chalmers.se (I. Påzsil), pozzisa@ornl.gov (S. Pozzi).
0168-9002/$-see front matter © 2006 Elsevier B.V. All rights reserved,
doi: 10.1016/j.nima.2006.06.046

(a,«) reactions from those generated in fission events. The
number distribution of generated or emitted neutrons and
photons will be different from that of the elementary
spontaneous fission events if the sample is multiplying,
since the source neutrons can create short chains through
induced fission events, thus affecting the distribution of
both the neutron and photon numbers. The larger the
mass, the larger the internal multiplication becomes, which
constitutes the basic physical process governing the
unfolding of the sample mass from the measured statistics
of detector counts.
Early studies on the statistics of internal multiplication
were based on deriving complicated combinatorial expressions for the probability distributions. However, probability generating functions (PGFs) [1,2] were soon
introduced, providing a more convenient technique for
the determination of the distributions. The purpose of the
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calculations was, in general, to find the dependence on the
sample mass (or rather on the related first-collision
probability) of the multiplicities (factorial moments) of
the neutrons [3-5], and later that of the photons [6],
generated in or emitted from a multiplying sample.
Although closed-form algebraic equations can be derived
for the relevant PGFs, these are, as a rule, highly nonlinear
(up to the order of maximum number of neutrons or
photons generated per fission), and hence an analytical
solution for the whole probability distribution is not
possible in a compact form. The equations for the
individual moments are, on the other hand, much simpler
because they can be derived recursively so that the
equations are always linear in the highest order and only
contain powers of the lower orders that are already known
from the previous steps.
The interest in the multiplicities lies in the fact that they
are derived in coincidence measurements; hence, a knowledge of the dependence of the multiplicities on the sample
mass can be used to unfold coincidence measurements to
identify and quantify unknown samples. Both from the
experimental and theoretical point of view, only expressions up to the third factorial moments (triplets) have been
of interest so far; from the experimental side, multiplets
higher than third order are difficult to measure; from the
analytical side, determining higher-order moments in
analytical forms by hand calculations becomes increasingly
difficult for higher orders, even if the underlying equations
are linear. However, regarding the latter point, i.e., the
calculations, the present paper represents a significant
development.
In this paper we determine alternative properties of the
corresponding probability distributions. Instead of the
factorial moments, we will seek to determine the probability distribution P(n) from the corresponding master
equation, in a recursive manner for increasing n, for a large
number of n values. Unlike the case of the factorial
moments, a few values of P(n) for small values of n are not
sufficient or useful for any practical purpose. Rather, in
that case, the solution is of no interest unless P(n) can be
derived for values n — N, with TV large enough such that
the cumulative probability is close to unity; that is
.99.
«=o

With increasing internal multiplication (i.e., sample mass),
P(n) has to be calculated up to n — 100 in extreme cases, in
particular for the case of photons. Even if the procedure of
generating algebraic equations for the P(n) is rather
straightforward, since these include nth order derivatives
of an implicit nested equation, the corresponding equations
soon become exceedingly complicated and the corresponding expressions are very cumbersome to handle. This is true
even when calculating the derivatives by symbolic algebra
codes; using a simple "brute force" of computing will fail
(in terms of exceedingly large memory requirements and/or
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CPU times) even for moderately low n values. As an
example, symbolic algebra codes were used by Böhnel [3] to
calculate higher-order derivatives of a composite function
similar to the generating function that appears in the
master equation. He derived expressions up to the eighth
derivatives.
One merit of the present work is thus to take on the
challenge of demonstrating how symbolic computation can
be used for calculating high-order terms that involve 100th
order derivatives. From this point of view, one benefit of
the work is its contribution to the methodology of
producing analytical solutions for complicated cases. There
is, however, also the advantage of gaining insight into the
influence of the sample mass (first-collision probability) on
the full probability distribution. The analytical expressions
can be evaluated with less CPU time than is required to run
Monte Carlo simulations, and without the increasing
statistical scatter of the results for the higher-order terms.
It follows that the tendencies in the form of continuous
dependence of the first-collision probability can be
investigated more easily analytically than with Monte
Carlo.
The probability distribution contains all statistical
information on the process. Once this distribution is
known, the factorial moments can be calculated, at least
numerically, without any difficulties up to orders much
higher than those calculated thus far from direct equations
for the factorial moments themselves. However, our results
provide yet another possibility for the calculation of the
higher-order factorial moments directly. Namely, with the
introduction of some modified factorial moments of the
number of neutrons and photons generated in spontaneous
and induced fission, the expressions for the P(n) or F(n)
(i.e., the distribution of the neutrons and photons
generated in the sample), for all n values can be written
in a form that is formally equivalent with the nth factorial
moment of the same distributions. By replacing the abovementioned ' modified moments with the real factorial
moments of the fission neutron and gamma distributions,
and including some factorials, P(n) and F(ri) can be
converted into factorial moments of the total number of
neutrons and photons, respectively. This means that with
trivial changes, if the distributions can be calculated, their
factorial moments can also be calculated with the same
Mathematica [7] algorithm up to large orders.
It is also interesting to note though that the correspondence between the distributions and the factorial moments
is somewhat asymmetric. Despite the formal equivalence,
due to the different complexity of the modified and the
ordinary factorial moments of the fission data, calculation
of the factorial moments of the total neutron or photon
numbers is somewhat simpler than that of the distributions
P(n) and F(n). In addition, there is an even larger
asymmetry with regards to gamma photons. For those,
knowledge of the distribution makes it possible to derive
the corresponding factorial moments, but not vice versa,
the reasons for which are explained in the paper.

600

A. Enqvist et al. / Nuclear Instruments and Methods in Physics Research A 566 (2006) 598-608

The calculation of the factorial moments is computationally somewhat less demanding than the calculation of
the distributions. This fact might suggest an alternative
way of gathering full information on the statistics of the
process. Such an alternative would consist of calculating
higher-order factorial moments up to the order that is
equal or comparable to the maximum number n taken in
calculating P(n) or F(n) in the present work. Then, once all
moments up to high orders are known, one can make
recourse to the method of reconstructing a probability
distribution from its moments [8]. However, reconstructing
a distribution from its moments is a much more cumbersome (and at times ambiguous) method than calculating
the factorial (or ordinary) higher-order moments from a
given distribution. Hence it is felt intuitively that if both the
probability distribution and the factorial moments are of
interest, it is simpler to first determine the probability
distribution and then calculate the moments (either from
the same recursive formula or numerically from the
definition of the moments) than the other way around.
This issue will be investigated in future work by trying to
reconstruct the P(n) and F{n) from their factorial moments.
On the other hand, if only a few low-order factorial
moments are of interest, then it is clearly simple to
calculate them directly.
2. Theoretical treatment

respectively. Their generating functions qs(z) and q{(z) are
defined as
qs(z) =

qr(z) =

(1)

These distributions, and hence the generating functions, are
nuclear physics quantities and are known for the fissile
isotopes of interest.
Since the master equation used for the PGF of the
distribution of generated neutrons is of the backward (firstcollision) type, it is necessary to use two coupled equations:
one for the distribution of the neutrons generated by a
single source neutron and another one connecting the
distribution of neutrons generated by a single source
particle to that generated by a source emission event (i.e.,
starting with several initial neutrons). Hence, let P\{n)
denote the probability distribution of the number of
neutrons generated in the sample by one initial neutron.
In the same manner, let P{n) denote the probability
distribution of neutrons generated in the sample from
one initial source event. In the quantitative work, we will
confine ourselves to spontaneous fissions as the source
event, but as Böhnel has remarked [3], a combination of
spontaneous fission and (a, n) processes can be treated with
a formally completely identical formalism. The generating
functions h(z) and H(z) of P\{n) and P(n), respectively, are
defined as
(2)

Master equations for the generating functions of the
number of neutrons and photons in a sample with both
spontaneous and induced fission have been derived in Refs.
[3,6]. In both cases, it is assumed in these calculations that
the probability of a first collision before escape of the
sample of an arbitrary neutron, p, is known. In the present
work, similar to the previous works cited above, absorption will be neglected; hence, p will be equal to the
probability of induced fission per neutron.1 Correspondingly, this means that the probability for a neutron to
escape from the system without inducing fission is (1 - p).
Taking into account absorption and the detection process
in the analytical model is relatively easy and will be
addressed in future communications. In the following, we
will describe first the procedure to determine the distribution of neutrons in the present (absorption-free) model and
then determine the same distribution for the gammas. The
procedure is basically the same in both cases, but it is more
involved in the case of gammas.
2.1. Neutron distributions
Let/?s(w) and /?f(n) denote the probability distributions of
generating n neutrons in a spontaneous fission event
( = source event) and in an induced fission event,
'For this reason, the quantity we calculate corresponds to the
distribution of the neutrons (or photons) generated in the sample and
we will avoid talking about the neutrons emitted from the sample.

and
(3)

As shown in Refs. [3,6], the following coupled backwardtype master equations can be obtained for the generating
functions h(z) and H(z):

h(z) = (l-p)z+Pqi[Kz)]
and

(4)

H(z) =

(5)

The principle of derivation of Eqs. (4) and (5) is simple. Eq.
(4) expresses the fact that px (n) can be written as the sum of
the probabilities of two mutually exclusive events, namely
that the initial neutron will have no collision before
escaping, and hence will lead to one single "generated"
neutron in the sample, or it will have a first collision that
will lead to a fission. In this latter case, a random number
of neutrons will be generated, each of which will initiate an
independent chain with the same distribution 77,(77,) which
appear as products due to the independence, but subject to
the condition Ylin< —n- Here again, one has to sum up for
the mutually exclusive events of generating 0,1,2,...
neutrons, and this will eventually lead to the implicit
function qf[h(z)] on the r.h.s. of (4), which is actually a
power series in h(z), as seen from Eq. (1). Eq. (5) is derived
by similar reasoning, noting that the initial source neutrons
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generated in a spontaneous fission event start independent
chains with a probability px{ni) to generate n, neutrons.
P(ri) is the subject of this study. It can be obtained from
Eqs. (4) and (5) by noting that />,(/?) and P{ri) are the
Taylor expansion coefficients of /z(z) and H(z), respectively;
that is,
1 d"h(z)
n\ dz" ; = 0

(6)

d"H(z)
n\ dz"

(7)

/>(«)=-

z=0

Eqs. (6) and (7) show the reason why evaluation of the
distributions/?,(«) and P(n) is somewhat more complicated
than that of the factorial moments. For the factorial
moments, the derivatives have to be evaluated at z = 1, for
which one has h(\) = H(\) = 1, and the derivation of the
equations for the generating functions will just lead to the
appearance of the factorial moments of the number of
neutrons generated in. induced and spontaneous fission.
For the probability distributions, the derivatives have to be
evaluated at z = 0, for which case no similar convenience
exists, as will be shown.
As shown in Eqs. (4) and (5) calculation of the
derivatives of H(z) requires derivatives of the generating
function h(z), that is derivations of the implicitly given
function q([h(z)] on the r.h.s. of Eq. (4). It can be seen that
higher-order derivatives will contain algebraic combinations of the lower-order ones; hence, they need to be
calculated recursively by starting from the lower-order
ones. For the case n = 0, calculation of pj(O) requires just
inserting z = 0 into Eqs. (4) and (2). This leads to an Mhorder algebraic equation, where ./Vis the maximum number
of neutrons generated in induced fission; that is,
p{(n) = 0 for n>N.

and gamma transport. We used the fission neutron data
from this code for the evaluation of the analytical model.
Using the same data also has the advantage that when
comparing the quantitative results from the analytical
model with those obtained from simulations with MCNPPoliMi, one can be sure that both calculations were made
based on the same physics input data.
The first step in the calculations is thus to solve the
polynomial equation (8) numerically for p\(0). The
equivalent of this step does not exist in the calculation of
the factorial moments, since the zeroth factorial moment is
just the expression of the fact that the probability
distribution is normalized to unity. In addition to the
distribution p((n), the solution will depend also on the
value p of the probability of inducing fission. The quantity
Pi(0) will play a central role in the calculation of the higherorder probabilities of both the single-neutron-induced and
spontaneous-fission-induced distributions px{ri) and P(n),
respectively.
Once P](0) is known, the source-induced probability,
P(0), can be obtained from Eq. (5) as
(9)
n=0

We can now proceed with the higher-order terms. These
will now, in contrast to the determination of P\(0), not
require the solution of higher-order algebraic equations,
only linear ones. For the quantity P(\), from Eq. (7), we
obtain

z=0

åqs(h)dh(z)
dh dz

(10)
Z=0

The expression dh(z)/dz is also generic in the problem, and
it can be derived from an algebraic equation, obtained by
the derivation of Eq. (4),
dh{z)
dq,{h)dh{z)
= (\-p)+P
dh dz
dz
with the solution

Hence one has
I 2=0

>*>! (0)]".
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(8)

dh(z)

(l-p)

n=0

The value of N is given by the experimentally determined
probability distributions of fission neutron numbers. In the
present work we will limit N to 8, based on the data
available for the isotope 240Pu that we will use in the
quantitative work. Hence we end up with an eighth-degree
polynomial in /^(O) where the probabilities pr(n), n =
0 , 1 , . . . , 8 for the numbers of neutrons emitted from an
induced fission event appear as coefficients. These are
known and available from the literature. Incidentally, the
same data are also implemented in some Monte Carlo
codes, which are capable of calculating higher-order
moments of the distribution of the neutrons from
numerical simulation. The code MCNP-PoliMi [9], which
was used in the quantitative investigations in this paper,
has the capacity of handling the full statistics of neutron

-P

dh

Here again we have the complication that the expressions
have to be evaluated at z = 0. In particular, for dqf(h)/dh
we will have
dqf(h)
dh

7=0

7=0

n=0

(12)

If Eq. (12) were to be evaluated at z = 1, such as in the case
of the moments, then instead of/>,(0), one would have
unity, and the r.h.s. of (12) would reduce to the first
factorial moment <Vf) of the number of neutrons generated
in induced fission. In our case, the expression is different,
and instead of an expected value, we have an expectation
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"weighted" by [pi(O)]n '. To simplify notations, as an
analogue to (vf), which is a shorthand notation for a
weighted sum (the expectation value), we shall introduce a
similar shorthand notation for the type of weighted sum in
Eq. (12) with an overbar notation (i.e., as Vf). Then, in the
general case, we will have
d"ch(h)

ah"

2=0

z=0

= v f (vf- l ) . . . ( v f - n + l ) .

(13)

Similar notations will be used for spontaneous fission, that
is the weighted moments of q^iz). Using this notation, we
obtain for the term P(]) an explicit expression also
P{\) =

dqs{h)dh(z)
dh dz

:=0

0-/0
n=0

-0-P)

(14)
_
pvt
One can see that with the introduction of the "modified"
expected values vf and v7, the expression for P(l) is
formally equivalent with the expected value 7 of the
number of neutrons (singlets) generated in one source
emission event [3,6], the difference being that vf and ?7
replace (Vf) and (vs). The dependence of /"(I) on the nonleakage probability p is though more complicated than that
of 7 since, unlike (vf) and (vs), which are nuclear physics
constants, vf and % also depend on p.
The calculation of the higher-order terms proceeds in a
similar manner. One will have
= vs

d2H(z)
2! dz2

(15)
2=0

where the second derivatives are given by [3]
(16)
and
(17)
Eq. (17) has the explicit solution
(18)
!-#]

Taking the above expressions at z = 0 and using the
overbar notation introduced in Eq. (13), we obtain for P(2)
the expression

2 Vl -

-)

k(vs-i)

-pvt
(19)

Again, with the exception of the coefficient 1/2! and the
difference in the definition of the expectations of vs and vf,
the expression for P(2) is formally identical to that of the
second factorial moment v(v - 1) of the neutrons generated
in the sample by one source emission event, that is, the

doublets [3,6]. This equivalence can be easily shown to be
generally true from the definition of the factorial moments
and the corresponding terms of the probability distribution; that is, one has

n=\,2,....

(20)

This means that, except for the initial difference for n = 0
(i.e., that calculation of JP(O) requires the solution of/>,(0)
from an eighth-order algebraic equation, while the zeroth
factorial moment does not need to be calculated since it
equals unity), calculation of the subsequent higher-order
P(«)'s and corresponding factorial moments requires a
comparable amount of computational effort concerning
the obtaining of explicit solutions. Hence if one seeks to
determine the whole statistics of the process, calculation of
the probability distribution is more efficient, since once it is
known, all other statistical information, such as the
factorial moments, can be readily calculated. Erom the
factorial moments, on the other hand, it is much more
cumbersome (and numerically unstable) to determine the
probability distribution. On the other hand, if the goal is
only to calculate the first few order factorial moments,
which is nearly always the case for practical applications, it
is by far simpler to calculate them than to calculate P(n) for
a large range of n values and then to calculate the few loworder factorial moments.
One slight asymmetry between the numerical effort
needed to evaluate the P(n)'s and the factorial moments
is that in the latter, the factorial moments of the number
neutrons generated in fission appear as coefficients. These
are nuclear physics constants, and do not depend on the
non-escape probability p. All dependence of the factorial
moments of the neutrons generated in the sample depends
on p in an explicit way, as shown, for example, in Eq. (14).
In the corresponding expressions for the distribution of the
neutrons generated in the sample, the modified moments
of the number of neutrons (Eqs. (11) and (12)) appear. As
Eq. (8) shows, these are not constants, but depend onp and
have to be re-calculated for each different value of p. In
addition the eighth-order algebraic equation has to also be
solved for/>,(()) for each new value of/?, so re-calculation of
the distribution for several values of p requires a larger
computational effort than that of the factorial moments.
The problem of calculating the higher-order terms up to
large n values remains to be solved. The general nested
higher-order derivatives needed to calculate H(z) and h(z)
have been calculated by Böhnel [3] using symbolic
computations, up to n = 8. Eventually, these will become
more and more cumbersome for increasing n, and the use
of a recursive formula that can be symbolically handled by
Mathematica becomes very helpful. This also takes care of
the derivations of the implicit function (4). A significant
advantage of this methodology is that it provides an
explicit expression with all parameters free (unspecified).
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The parameters can then easily be assigned numerical
values later.
We can observe that the nth derivative contains all
lower-order derivatives, so to be able to evaluate it for a
certain n, which is needed to find px(n), we need to calculate
and evaluate all lower-order derivatives. Those are, on the
other hand, already calculated in previous steps of the
calculation and need not be calculated again. So for the nth
derivative a procedure is set up such that one obtains/>](«)
and/or P(n) given in a recursive manner containing all
P](m) for m lower than n. This procedure proved to be fully
feasible, and no problems were encountered with calculating explicit expressions (in a nested form) up to n = 50.

To start a recursive formula with an initial value, we
substitute z - 0 into (21) and (22). Since
(27)
«=o

-=o

and
=

«=o

we obtain from Eq. (21) an algebraic equation for/j(0) as

(29)
n=0

For gammas one can derive a similar set of coupled
master equations for the PGFs based on arguments similar
to those for the neutrons. For reasons mentioned earlier,
here again we have to deal with coupled equations for the
distribution of the gammas emitted from (generated in) the
sample, induced by one initial neutron, and thje distribution
of gammas induced by one initial source emission event.
This leads to [6]
-p)+pr({z)qf[g(z)]

(21)

and
G(z) = rs(z)<7s[0(z)]

(22)

with qf(z) and qs(z) given earlier. Here we also introduced
fs{n) and / f («), the number distribution of the number of
gammas produced in one spontaneous and one induced
fission event by source neutrons, respectively, and their
PGFs as
~

;(«)z".

(23)

These are again known nuclear parameters, and for the
quantitative work in the present paper, we obtained their
values from MCNP-PoliMi. Further, we used the obvious
notations for the generating functions of the number
distributions that are the main subject of interest as
n

n

Again we can identify the fj(n) and F(ii) as Taylor
expansion coefficients of g(z) and G(z), respectively. This
means that the probability for n gammas produced from
one initial neutron is given by

fM = ~rdz"

(25)
2=0

and the probability distribution of the number of
gammas produced (and also emitted) by one neutron
source event is
(26)
2=0

(28)

/f(0)

2=0

2.2. Gamma distributions

g{z) = (\

603

It is seen that for the probability /^O), we end up with an
eighth-degree polynomial, much the same as what we had
for/>,(()) for the neutrons. It is worth noting that although
the gamma multiplicity of both spontaneous and induced
fission is significantly larger than that of the neutrons, we
still have an eighth-order polynomial, because the order of
the equation is determined by the branching (multiplication). Branching is only associated with the fission process,
since the gammas do not multiply.
Having determined /)(0) from Eq. (22), one readily
obtains F(0) as
F(Q) =/ s (O)g s t/-,(O)] =

, (0)]".

(30)

n=0

Continuing to higher-order terms, we need to calculate the
derivatives of g(z) and G(z). To this end, as Eqs. (21) and
(22) show, we need to calculate the derivatives of the
functions qa(g) and ra(z), a = {s,f\ and evaluate them at
z = 0. Again, it is practical to introduce shorthand
notations for the occurring weighted sum expressions, as
in the case of the neutrons, and to bring out the formal
equivalence between the F(n) and the corresponding
factorial moments of order «, denoted as (£(# — 1)... (/i —
« + l ) ) in Ref. [6]. Following the nomenclature there,
statistical quantities (moments) of gammas induced by a
single neutron will be denoted by fi, and those for a source
emission effect by ft.
According to the above, we introduce the notations
d"ra(z)
dz"

= n\fa(n) s nx(n),

a = s,f

(31)

2=0

and
dg"

- 1) • • • (m - n +

\)pM)lfm'"

-=0

= v~(«),

a = s,f.

(32)

In Eq. (32) we have introduced a further condensation of
the notations as compared to Eq. (13). We also note that
despite the formal similarities between definitions (13) and
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(32), the quantities Vf(vf - 1).. .(vf - n + 1) and \'f(n) are
not equal, since in the former the weight function is/>](0),
whereas in the latter it is/j(O).
With the help of the definitions Vf(n), 7S(»), Jt^ri), and
Jijji), we can start calculating the F(n) such that they
become formally equivalent to the corresponding factorial
moments, just as we did for the neutron distributions.
There is, however, yet another difference compared to the
case of neutron distributions. This is due to the fact that
since in Eqs. (21) and (22) the product quantities
r{(z)cjt[g(z)] and rs(z)qs[g(z)] are present, the zeroth
derivatives (i.e., the values of the functions at z = 0) will
also occur in all higher-order derivatives. Such zerothorder derivatives were not present in the expressions for the
neutron distributions. When searching for the formal
equivalence between the F(n) and the factorial moments,
these zeroth-order derivatives should correspond to the
zeroth-order moments of the corresponding distributions,
which are equal to unity (they consist of the sum over the
probability distribution). With this convention, we will
again find a complete formal equivalence. However, this
also means that from the existing and published results for
the factorial moments, one cannot find the corresponding
expressions for F(n) just by replacing the factorial
moments of the fission and spontaneous neutron and
gamma distributions with the modified averages as defined
in this paper. The reason is that the zeroth-order moments,
being equal to unity, are not denoted in those results. On
the other hand, from the expressions we derive here for the
/,(«) and F(n), one can uniquely reconstruct the factorial
moments with the corresponding substitutions.
For illustration, we give below results for the terms n = 1
and 2. From Eq. (21), calculating the first derivative of g(z)
will yield
g

(33)

=i

and hence
f>/if(l)vf(0)
/.(!)

=

•

"

-pr{(z)q[[g(z)]

(34)

z=0

Likewise, from this, via Eq. (22) one obtains

with the symbolic calculations is that one must not allow
Mathematica to expand the expressions in the lower-order
terms when calculating the present order, otherwise, the
length of the expressions will be prohibitive for the
calculations. The results are as follows:
1
(36)
and

It can be shown, with considerably more algebra than for
F(l), that with the substitutions described earlier, the r.h.s.
of Eq. (37) is equivalent to the second factorial moment (or
doublets) of gamma photons, given in Eq. (9) of Ref. [6].
The higher-order terms F(n) can be calculated according
to this scheme by using symbolic computation. Due to the
higher multiplicity of fission gamma photons compared to
neutrons, for the sample masses considered in this paper
(they are the same as those used in Ref. [6]), one has to
calculate up to about 100 terms in order to cover 99% of
the probability distribution. If higher accountancy of the
total probability is desired, the number of required terms
increases. The procedure of analytical calculations works
well up to this order, and the obtained formulae are also
stable for quantitative evaluation. This will be illustrated in
the next section.
3. Numerical work

The distributions derived analytically for the neutrons
and gamma photons were evaluated numerically and
compared to the results of Monte Carlo simulations using
MCNP-PoliMi. MCNP-PoliMi can tally the number of
spontaneous and induced neutrons and gamma photons in
a given Monte Carlo history. The way in which PoliMi is
used to calculate the factorial moments, coincidences, and
number distributions is described in Refs. [6,9,10].

F(\) = r's(z)qs[g(z)] + rs(z)q's[g(z)]g'(z)\:=Q

«-,„

Wf(l>~f(0)
\ -

3.1. Neutron distributions
(35)

With the substitutions fs(0) = Vf(0) = /Ts(0) = /7f(0) -»• 1,
and replacing v~s(\), vf(l), /Ts(l), and /Tf(l) with vs, v, ^s, and
j.i, one gets the expression for the first moment of the
gammas generated in a single source emission event, as
given in Ref. [6] (the subscript f for fission was omitted in
that work).
Finally, we list the results for/, (2) and F{2). We see that
they grow in complexity, similar to the factorial moments
but faster, due to the presence of the zeroth-order
derivatives. They are given here in a recursive manner, as
they are used in the Mathematica calculations. The trick

As seen in the previous section, the formulae obtained
contain several quantities that are based on nuclear physics
constants (fission neutron and gamma photon multiplicities), weighted by non-escape quantities that depend
on the first-collision probability. Such quantities are, for
example, i~s(/7) and /Tf(«). One can also note that the
quantities i^(«), a = {s,f} will vanish for « > 8 due to the
fact that the fission neutron multiplicities are zero. This
constitutes an advantage in the calculations for higher n,
since there will be many terms that are zero. The same
consideration goes for gammas but the jxa{n) will vanish
only at a larger value of n. The distributions of
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spontaneous and induced fissions used in the present work
are listed in Table 1.
Fig. 1 shows a comparison between the numerical data
from Monte Carlo simulations and the results from the
analytical calculations for three different sample masses
and corresponding first-collision probabilities. It can be
seen that there is a very good quantitative agreement
between the Monte Carlo and the analytical data. The
figure shows that with increasing sample mass, and hence
increasing non-leakage probability />. the number distributions change in such a way that the bulk of the distribution
for low /; values remains the same with some decrease of
the amplitude, whereas a tail develops for large n values,
which is the main reason for the increase of the factorial
moments with increasing p.
Table I
The nuclear dala for the probabilities of emitting n neutrons from
spontaneous and induced fission in a sample of 20\vt",> :4 "l'u and 8<)wl%
:
"'l'u
Number ol neutrons

Spontaneous fission./>,(/!)

Induced fission. /',("'

0.0638
0.2316
0.3325
0.2533
0.0987
0.0181
0.0020
0
0
I.(KM)

0.1)071
0.0674
O.22S3
0.3263
0.2510
0.0958
0.0208
0.0029
0.0005
1.000

The phenomenon of a tail developing in the probability
distribution for higher numbers of /; is a general
characteristic of the statistics of Markov chains with
renewal and regeneration. Higher p only means that the
Markov chain has a "longer life".
The computational speed and accuracy of the analytical
model makes it relatively easy to study the change of the
distribution with continuously changing p. The result of
such a calculation is shown in Fig. 2. This is a somewhat
formal study in the sense that without a corresponding
Monte Carlo run. we cannot identify what sample mass a
given first-collision probability p corresponds to. Actually,
simple models for calculating the first-collision probability
from analytical formulae exist for various cases that we
shall explore in future work, so that the analytical model
will become self-sufficient. For the time being, we just
explore the dependence of the number distributions as a
function of p.
Fig. 2 shows the initial development of a tail of the
distributions with increasing p for large values of//. The tail
will continue to increase until we reach a critical system at
P=\/Y(-.
beyond that point, the calculations become
irrelevant.
_?.2. Gumma distributions
As mentioned in Ret. [6], the number distributions of
gamma photons is interesting due to their higher fission
multiplicities, which therefore promises an increased
sensitivity in measurements. This potential advantage

10°
Spontaneous fission

335g
2680g
9047g

10 1

1

Analytical data
10"

10-

2

3

9

a io-4

2
O.

10' 6
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25
Number of neutrons

30

40

45

!•!£!. I. Comparison of the analytical results with Monte Carlo calculations for three different sample masses. Spontaneous fission is shown for reference.
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10"6,

Fig. 2. The dependence of the neutron number distribution on the first-collision probability p . The dependence of/) will only be interesting up to a
maximum value of/) = 1/v,. beyond which the multiplying system becomes supercritical, and the probabilities obtained will be non-physical.

Table 2
The nuclear data for the probabilities of emitting n photons from spontaneous and induced fission in a sample of 20wt%
Number of photons, n

Spontaneous

0
1
2
3
4
5
6
7
8
9
10
II

0.0033
0.0166
0.0446
0.0820
0.1174
0.1385
0.1422
0.1288
0.1060
0.0795
0.0552
0.0360

fission./,(;;)

Induced

fission./„(«)

0.0009
0.0056
0.0)75
0.0385
0.0663
0.0941
0.1144
0.1237
0.1217
0.10K3
0.0904
0.0702

might be enhanced by the higher penetration power of
gamma photons in certain types of shielding material.
The calculations of the statistics of gammas are more
involved because they require considerably longer running
times, and depend on more kinds of nuclear data.
Spontaneous and induced fission gamma distributions, as
nuclear input parameters, need to be considered up to
n = 23, as shown in Table 2.
The results from analytical calculations for photons were
compared to those from Monte Carlo simulations, as
shown in Fig. 3. The findings are qualitatively very similar
to those for neutrons. The analytical and Monte Carlo
results agree very well, and the distributions develop a tail
for high photon numbers with increasing p.

12
13
14
15
16
17
18
19
20
21
*>->

240

Pu and 80wl%

2v;

Pu

Spontaneous fission. /,(«)

Induced fission. /,(»I

0.0221
0.0130
0.0072
0.0038
0.0019
0.0010
0.0005
0.0002
0.0001
0.0000
0.0000
0.0000

0.0517
0.0361
0.0238
0.0154
0.0093
0.0054
0.0031
0.0017
0.0010
0.0004
0.0002
0.0002

Once again the dependence of the distributions on
the parameter p was calculated, and the result is shown in
Fig. 4 as a surface plot. The tendencies are similar to those
found for neutrons (see Fig. 2), but the rate of change with
increasing p is different.
4. Conclusions
It was demonstrated that by proper application of
symbolic computation, high-order terms of the probability
distributions of the number of neutrons and photons
emitted in fission can be obtained. This technique supplies
numerically stable data for very high orders of these
distributions. The calculations were performed in a
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lig. 3. Comparison between ihe analytical model and Monte Carlo simulations lor the gamma photons.
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recursive way such thai the lower-order distributions are
handled symbolically while computing the current highest
order.
The calculation of the number distributions is based on
the same master equations for the PGFs as those used for
calculating the factorial moments in previous works. The
calculations are also performed in an analogous way.

except that for the probability of generating no neutrons
and photons by a single existing neutron in a system, an
algebraic equation of eighth-order needs to be solved. By
introducing certain modified moments of the fission
neutron and gamma distributions, we could bring the
resulting expressions for the number distributions and the
factorial moments into an equivalent form.

A. Enqvist et al / Nuclear Instruments and Methods in Physics Research A 566 (2006) 598-608

The quantitative results show a good agreement with
Monte Carlo simulations performed with the code MCNPPoliMi [6]. The results confirm the general tendency that
can be expected intuitively and which was seen in Monte
Carlo simulations earlier, namely, that a tail develops with
increasing first-collision probability for higher neutron or
photon numbers. With the help of the analytical model, the
fine structure of this dependence can be studied in detail
and with high accuracy also for large n values.
This model and the applied analytical technique can be
extended to the case of including absorption of both the
neutrons and the gammas, as well as the statistics of
detection. For including the absorption for the neutrons, it is
sufficient to change the value of the fission probabilities,
without changing the formalism; for including absorption to
the gamma distributions, the master equations need to be
modified. Absorption and detection will be included in the
model and the calculations in the next stage of this work.
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Abstract
An analytical derivation of the full probability distribution was
demonstrated for the number of neutrons and gamma photons
generated in a fissile sample with internal multiplication. The formulae for the probability distribution P(n) are derived in a recursive manner, and the results are compared with Monte Carlo
calculations. We calculate the probability distribution up to values of n where P(n) becomes negligible. By introducing modified
factorial moments of the number of neutrons and gamma photons generated in fission, the resulting probability distribution is
formally equivalent with the expressions for factorial moments of
the total number of neutrons and photons generated in the
sample. These calculations are in very good agreement with
Monte Carlo simulations. The results show that with increasing
sample mass, the probability distributions change by acquiring a
tail for higher n values.

Introduction
The number distribution of neutrons and photons generated in a
finite sample with internal multiplication has been studied both
with analytical methods and Monte Carlo simulations in the
past. The motivation behind these studies is the fact that knowledge
of the statistics makes it possible to determine, by coincidence
and multiplicity measurements, the mass and isotopic composition
of an unknown sample. The distributions will change and the
derivation of them becomes more complex if the sample is multiplying. Due to induced fission, the distributions are shifted
towards higher neutron and photon numbers. This effect will be
more pronounced in samples of larger mass where these chains
will grow in length and have a noticeable effect on the number
distribution.
The starting point of this study, as well as earlier ones, has
been the probability generating functions (PGFs), derived from
master equations describing the behaviour of the neutrons and
photons. Generally, these calculations were motivated by the
search to find the dependence between the multiplicities of neutrons
and the sample mass.1'2'3 The multiplicities of the photons4 have
also been calculated for a multiplying sample. The equations for
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individual moments are fairly simple and can be derived recursively so that the equations are linear in the highest order and only
contain powers of lower orders that have already been calculated
in previous steps. Conversely, for the probability distribution, the
algebraic equations of the relevant PGFs are usually highly nonlinear and a compact analytical solution cannot be derived. This
issue is addressed here by using the symbolic calculation language
Mathematical
The purpose of this work is to derive analytical formulas as
well as to obtain quantitative results for the probability distribution P(n) and for the factorial moments. These quantities are
derived from the corresponding master equation in a recursive
manner for increasing n. For the probability distribution it will
not be sufficient to just find a few values of P(n) for low values of
n, instead we need to find all P(n) up to where the values become
negligible and the cumulative probability is close to unity. For a
sample with high internal multiplication (i.e., high sample mass),
P(n) needs to be calculated up to n = 100 in extreme cases, especially when considering photons. The procedure of finding algebraic equations for P(n) is straightforward and involves calculating
the nth order derivatives of an implicit nested equation.
One motivation for finding analytical expressions of this
kind is to provide insight into the influence of the sample mass on
the full probability distribution. Analytical expressions can easily
be re-evaluated with a relatively low processor (CPU) time when
compared to the time needed to run Monte Carlo simulations.
Another advantage of using analytical expressions is that the
statistical scatter, that is common for higher-order terms in
Monte Carlo calculations when the number of occurrences
becomes relatively low, can be avoided.
The probability distribution contains full statistical information on the process. Once this distribution is known it can be easily
used to find the factorial moments, at least numerically, up to
orders much higher than normally calculated so far from the
equations of factorial moments themselves. We also noticed that
with the introduction of some modified factorial moments of the
number of neutrons and photons generated in a spontaneous and
induced fission event, the number distribution takes on a form
that is formally equivalent with that of the corresponding factorial
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moments. This fact was used to calculate a larger number of factorial
moments in a simple manner from the expressions received when
deriving formulas for the probability distribution. Numerically,
the accuracy of the moments calculated by this direct way is also
more accurate than the calculation via quantitative values of the
probability distribution.

Theoretical Treatment
The master equations mentioned above, also known also as
Chapman-Kolmogorov equations, which are needed for the
calculations of the probability distribution, have been derived
earlier.1'1 In these works it is assumed that die probability for a
first collision before escaping the sample for an arbitrary neutron,
p, is known. Furthermore, the model contains no absorption,
hence the probability p will be equal to the probability of induced
fission per neutron. For this reason, the quantity we calculate corresponds to the number of neutrons (or photons) generated in the
sample, as opposed to the number of particles emitted from the
sample. Accounting for absorption and detection is an extension
that we plan to address in future work.

(3)
and
(4)
The principle behind equations 3 and 4 is straightforward.
The first equation expresses the fact that p,(n) can be composed
as the sum of two mutually exclusive events, namely the initial
neutron either escapes without inducing fission and hence leads
to one single generated neutron, or it will lead to a fission with
probability p. In the latter case, a number of neutrons are generated that should each be treated as an independent neutron,
therefore, we obtain the implicitly defined Equation 3.
One objective of this study is to determine the quantity P(n).
It can be obtained from equations 3 and 4 by noting that p,(n)
and P(n) are the Taylor expansion coefficients of h(z) and H(z),
respectively:

(5)
Neutron Distribution
The probability distributions of generating n neutrons in a spontaneous (source event) or induced fission event will be denoted by
ps (n) and pf(n), respectively. Their generating functions qs (z) and
qf (z) are defined accordingly
(1)
These distributions and their generating functions are
nuclear physics quantities that are known for the fissile isotopes of
interest.
The master equation for die PGF of the number of neutrons
generated in the sample for a single source emission event is of
backward type, hence it is necessary to use two coupled equations:
one for the distribution of the neutrons generated from a single
neutron, and one for connecting to a source event, spontaneous
fission, i.e., starting with several neutrons. We will denote with
p,(n) the probability distribution of the number of neutrons generated by one initial neutron. Similarly, P(n) will denote the probability distribution of the number of neutrons generated in the
sample by one initial source event. Here we only consider spontaneous fission as a source event, but as noted by Böhnel,1 (foe, n)
events can easily be incorporated into the same formalism. The
PGFs h(z) and H(z) of p,(n) and P(n) respectively, are defined as
(2)
The coupled backward-type master equations of these generating functions read as follows:
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From Equation 5 one can see the reason why it is more complicated to evaluate the distributions p,(n) and P(n) compared to
the factorial moments. The factorial moments are evaluated at
z = 1, for which we have h(\) = H(l) = 1, and the derivation of
the equations for the generating functions will just lead to the
appearance of the factorial moments of the numbers of neutrons
generated in induced and spontaneous fission. In contrast, the
expressions in Equation 5 have to be taken at z=0, for which case
no similar simplification exists.
Calculating the derivatives of H(z) requires, by virtue of
equations 3 and 4, derivatives of the generating function h(z),
meaning derivatives of the implicitly given function qr[h(z)]. It
can be seen that higher-order derivatives will contain algebraic
combinations of the lower-order ones. Calculation of p,(0)
requires just inserting z = 0 into equations 2 and 3. This leads to
an Mh-order algebraic equation, where N is equal to the maximum number of neutrons generated in an induced fission. In the
quantitative section we will consider Pu-240 and that limits N t o
8. We arrive at the following equation:

The eighth-degree polynomial in p,(0) has the probabilities
pf (n) as coefficients. These data are also implemented in some
Monte Carlo codes like MCNP-PoliMi,6 which was used for the
quantitative comparisons in this work. To facilitate comparison
between the analytical model and the Monte Carlo simulations,
we employ the nuclear data from this code to make sure that the
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calculations are based on the same input data. The polynomial
Equation 6 also contains the first collision parameter p. Hence the
probability to induce fission will clearly affect the whole distribution in an important way. Once p,(0) is determined numerically,
one obtains the source-induced probability, P(0), from Equation 4 as

generated in one source emission event,1'4 the difference being
that Vs and Vf replace V s andv f and there appears an additional
coefficient-jj-in the probability distribution. The parameter p will
also have more influence for the latter, since Vs and Vf and also
depend on p, while factorial moments only contain an explicit p
dependence. The relationship can be expressed as:

(7)
H-1,2...

(14)

We now have the initial terms needed to proceed to higherorder terms. To find P(l) we use Equation 5 to get
qx{h) dh(z)\
\

(8)

The solution requires calculation of the quantity —£- which
can be found by derivation of Equation 3. A rearranging of the
terms gives
dh(z)

Q-p)

(9)

The requirement that we are to evaluate the expressions at
z = 0 gives some complications. In particular for-^-p one has
(10)

Had Equation 10 been evaluated at z = 1, which is the case
for the factorial moments, then instead of p,(0) one would have
unity and the r.h.s. of Equation 10 simply reduces to the first factorial moment (vj of the number of neutrons generated in
induced fission. In the present case, we get instead an expectation
weighted by [p,(0)] n "'. To simplify notations we will denote this
weighted sum with an overbar notation (i.e., as Vf ). With this
notation we get in the general case
d'q,{h)\
dh"

(11)

A similar notation will be used for spontaneous fission, i.e.,
for the weighted moments of qM(z). The terms P(l) and P(2) can
then be written explicitly as
(12)

One difference in the calculations of the moments and the
probabilities is that to find the terms in the probability distribution one has to start by finding P(0), which includes finding p,(0)
from a eighth-order polynomial. The factorial moments do not
have an initial term that needs to be calculated, since the zeroth
order factorial moments are equal to unity.
Finding all statistical information is preferably done by calculating the probability distribution. It has already been shown
that this technique can be used to obtain the factorial moments.
The inverse process, to reconstruct the probability distribution
from die factorial moments, is also possible.7 This is not as easy as
replacing modified moments in a formula, as it requires a larger
unfolding. Therefore, starting with calculating factorial moments
is best suited for when one is looking for a limited number of factorial moments, and do not need any additional information on
the statistics.
Finding higher order terms up to large n requires nth order
derivatives of the implicit function 3. The nth derivative will
contain all lower order derivatives, and will become increasingly
complicated and time consuming to calculate. By using the
symbolic computation code Mathematica,5 we found a feasible
way of calculating terms to high order and keeping the recursivity
of the expressions helps to keep them from blowing up in size and
complexity too fast.
Gamma Distributions
The derivations of the formulae and expressions for the gamma
photon distributions are based on arguments similar to those for
neutrons. We start with two coupled equations for the PGFs
describing the gammas emitted from (generated in) the sample,4

g(z)-(\-p)+pr(z)q[g(z))

(15)

and
(16)

(13)

Apart from the modified expected values Vs and Vf , the
expressions for JP(1) and P(2) are formally equivalent with the factorial moments V and v(v-l) respectively (singlets and doublets)
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Here qf(z) and q. (z) have been defined earlier. We also need to
introduce fs(n) and ff(n), the number distribution of the number
of gammas produced in one spontaneous and one induced fission
event respectively, and their PGFs as
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(17)
These are known nuclear parameters and for the quantitative
work we obtained their values from MCNP-PoliMi.4 The generating functions of the number distributions are
(18)
Hence, what regards the probability distributions, once again
we can identify the searched quantities /|(/i) and F(n) as Taylor
expansion coefficients of g(z) and G(z) respectively:

p,(Ö) and the latter /j(0). Also zerodi-order derivatives will occur
due to product quantities such as rr (z) qf [g(z)] and rs (z) qs[g(z)]
in the equations for the generating functions. For factorial
moments diese are just unity, and hence are not explicitly shown
in die corresponding formulas. This amounts to saying that it is
easy to convert the expressions from the probability distributions
to factorial moments, but the inverse procedure is more complicated because the zerodi-order derivatives are not shown in die
expressions for the factorial moments.
As an illustration, we show the resulting probability distribution for n = 1
1

(19)

!-/

(24)

and
To start a recursive formula widi an initial value we substitute
z = 0 into 15 and 16. We once again end up with an eighth-order
polynomial to be solved for /j(0), much the same as we had for
p,(0) for the neutrons.
/(0) - (I +/>) • p r,(0) },(/<(»] - (I +/>) • /, />(0)j

.

(20)

Since branching is the process deciding what order the polynomial will be, we end up at an eighth-order polynomial once again
due to the fact that branching only occurs in die fission process
that is connected to neutrons and not gamma photons.
After having found /j(0) one can determine F(0) from
Equation 16 as

FQ) - r, '(r)fcfeCr)]+ r, (r) <7,[s(r)]|...o •

(25)

This can be compared to the expression of the first factorial
moment for photons:4
(26)

For large n it is once again necessary to resort to
Madiematica to handle die calculations and derivations symbolically in the recursive manner earlier described.

(21)
Continuing to higher order terms proceeds similarly to that
for neutrons, and requires derivation of g(z) and G(z); thus for this
reason also derivatives of the functions qa (g) and ra (z), a = Is; f} and
their evaluation at z = 0. We shall again introduce shorthand
notations for the occurring weighted sums, to show the similarity
between the expressions of F(n) and die corresponding factorial
moments of order n (denoted (|l(u. - l)...(u, - n + l))as in [4]). We
introduce the following notations
-»!/,(")»/"'„(");

(22)

and
(23)

Compared to the case of neutrons we see a change in die definitions of Equations 11 and 23, where die former is weighted by
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Numerical Work
Number Distribution
The distributions derived analytically for die neutrons and
gamma photons were evaluated and compared to Monte Carlo
simulations using the code MCNP-PoliMi. The ability of PoliMi
to tally die number of spontaneous and induced neutrons and
gamma photons in a given Monte Carlo history enables it to give
die number distributions as well as calculating factorial moments
and coincidences/'rt's
In Figure 1 (left) a comparison is shown between the numerical data from die Monte Carlo simulations and the results from
the analytical calculations for three different sample masses and
their corresponding first-collision probabilities. There is a very
good quantitative agreement in the results. We see that with
increasing sample mass, i.e., larger p, die number distributions
change in such a way that die bulk of die distribution for low n
values remains fairly unchanged, with only a small decrease in the
amplitude, while a tail develops for larger n values. This behaviour
displays itself in die increased factorial moments widi increasing
p. The phenomenon of a tail developing is a characteristic of the
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Markov chains with renewal and regeneration. Higher p means
that the Markov chain has a "longer life." For higher values of N
there is statistical scatter for the Monte Carlo results connected to
the low number of occurrences; in the analytical calculations this
behaviour is not present.
Figure 1 (right) shows a more detailed view of the development of a tail with increasing p for large values of n.
The number distribution of gamma photons is interesting
because these have higher fission multiplicities, which could lead
to an increased sensitivity in measurements aiming at determining sample properties such as isotopic composition or mass. The
calculation of the statistics of gamma photons are more involved

because they depend on more kinds of nuclear data, and the spontaneous and induced fission gamma distributions need to be considered up to n = 231 he quantitative results. Figure 2 (left), show an agreement
with Monte Carlo simulations that is very similar to that of neutrons. Also for photons a tail develops for high values of n with
increasing p. The dependence of the distribution on the parameter p is also shown with a surface plot, Figure 2 (right).
Factorial Moments
I he expressions derived for the number distribution were also
used to calculate the first ten factorial moments, which were then

Figure I. (left) Comparison between the analytical results and Monte Carlo simulations for three different sample masses having composition
80wt% Pu-239 and 20wt% Pu-240. (right) The dependence of the neutron number distribution on the first-collision probability p.
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Figure 2. (Left) Comparison between the analytical and Monte Carlo results for the gamma photons from samples having composition
80wt% Pu-239 and 20 wt% Pu-240. (Right) The dependence of the number distribution of gamma photons on the first-collision probability
p (analytical model).
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compared with the same quantities calculated by MCNl'-PoliMi.
Figure 3 shows the result of this comparison for the neutrons. As
can be seen, the agreement is very good, with some small differences for samples of higher mass, i.e., larger internal multiplication.
Figure 4 shows the factorial moments for gamma photons.
Again, there is good agreement between the moments calculated
via the analytical expressions and the corresponding Monte Carlo
simulations. The numerical values for the factorial moments arcgiven in I able 1. I he greatest differences can be seen for heavier,
more multiplicative samples. Higher factorial moments also show
larger differences compared to lower ones, likely resulting from
the fact that those high values are more sensitive to small variations in statistics and input data. For practical reasons, the data
for the higher factorial moments are of less significance compared
to singlets and doublets, etc., therefore the differences at higher
moments will not have a large impact on calculations and predictions made for realistic samples.
The factorial moments show close to exponential growth for
higher-order moments. 1 he lower-order moments have a more
irregular growth and will be hard to predict the values of in other
ways than to use the kind of Monte Carlo simulations or analytical derivations used in this work.

Table I. The first ten factorial moments for neutrons and photons for
the 2680g sample of 80 wt% Pu-239 and 20 wt% Pu-240
Neutrons

Photons

Factorial
moment
AnakliLa

Monic Car Ic

Analytical

Monte Carlo

3,0941

3.0886

10000

10.197

5 205

15 395

176,13

182.35

146.5

153.28

5966

182.35

4

2 349 8

25745

3.3l55e+O5

3 6957c+05

s

52395

6137

2 5856C+0/

3.U6U3c-t0/

6

I,53l5e+O6

1.91 17e+06

2.5932e+09

3.3l76e+09

54203c+07

7 4l96e+07

3 I784c+1 1

4 4878c+l 1

R

2.2674e+09

3.442 le+09

4 6035c+l3

7.2819e+ 13

Q

1.0945e+1 1

l.8266e+l 1

7 693c+l5

1 36l6e+l6

U^fA-f 1 P

]R1?f, o j. ip

Conclusions
1 he number distribution and the factorial moments for neutrons
and gamma photons were calculated from master equations that
were previously used for finding factorial moments. By applying
symbolic computation, higher-order terms could be calculated in
Figure 3. The first ten factorial moments for neutrons calculated
analytically and with Monte Carlo simulations. The same three sample
masses are used as for the number distributions.

062 7 e+ ' ~>

Figure 4. First ten factorial moments for gamma photons for three
sample masses calculated analytically and with Monte Carlo
simulations
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a recursive and efficient manner. With the introduction of modified moments we showed that the expressions for the number distributions could be brought into a form equivalent to that of the
factorial moments. The quantitative results show good agreement
with Monte Carlo simulations performed with the code MCNPPoliMi, both for the number distributions and for factorial
moments. The results show that a tail develops in the probability
distribution as the first-collision probability increases.
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1

Introduction

In non-destructive assay of nuclear materials, the statistics of the number
distribution of neutrons and gamma rays emitted by fissile samples is of high
importance. The multiplicities of neutrons [1] and photons [2] generated in
fissile samples with internal multiplication have been investigated in the past.
Investigations of the effect of including absorption in the model have also
recently been made. The starting point is implicit master equations for the
generating functions of the neutron and photon number distribution. These
have also been used in the past for calculating factorial moments. For practical
reasons, factorial moments are usually only interesting up to third or fourth
order. Using multiplicity and coincidence measurements, one can deduce the
sample mass and isotopic composition of a certain sample.
A characteristics of the factorial moments is that experimentally, they are hard
to measure beyond the third moment (triplets), while from an analytical or
calculational point of view, the high order moments beyond triplets become
increasingly long and tedious to do by hand. The present work describes a
development in the latter area where calculations of the number distribution
of fissile samples also yields results for the factorial moments.
In contrast to the factorial moments, the probabilities P(n) and F(n) of emitting n neutrons or gamma photons respectively, are interesting up to large
values of n. The necessary number of terms of p(n) that need to be calculated is determined from the condition that the cumulative probability should
be sufficiently close to unity. This number can be over 50 for neutrons and
photons in some cases.
Including absorption in the model affects the statistics of the number distribution in several ways. For neutrons, the absorption will mean that some
neutrons are eliminated from the fission chain and the observable (leaked)
neutrons will reduce in number. For photons the dependence is more involved,
because both the absorbtion of neutrons and the gamma photons themselves
will affect the gamma distribution. All of these effects will vary with the main
parameter of the sample being investigated, which is the sample mass. An
increase in mass affects the probability of both induced fission, as well as absorption of both neutrons and gamma photons for large samples in the few kg
mass range.
The process of detection also affects the way one can observe the statistics of
emission from a certain sample. There is always a certain detector efficiency
involved in the process of detection. Different ways of modelling this effect
were investigated earlier [3]. The model in this latter publication assumes the
detectors embedded into the sample. This model does not correspond to the

physical situation, hence it leads to results that could be unrealistic; a 100%
detector efficiency would mean no internal multiplication at all. In this work
we will present a different way of accounting for absorption and detection,
which only concerns detection of the particles that leaked out from the sample.
This way the detection process can be connected to well-known measurable
quantities. The results of the analytical calculations are compared to those
from Monte Carlo simulations.

2

Theory

The master equations for the generating functions, or Chapman-Kolmogorov
equations, of the number of neutrons and photons in a sample with both
spontaneous and induced fission have been derived in references [1,2]. In both
cases, it is assumed in these calculations that the probability of a first collision
before escape of the sample of an arbitrary neutron, p, is known. Furthermore
the model is here expanded to account for absorption and detection, such
that the probabilities for these events are also included in the equations. With
these extensions the equations give the detection statistics in an analytical
way, to verify experimental data, or be used as an indicator when comparing
to numerical results usually obtained using Monte Carlo codes.

2.1 Neutron distributions
In earlier models [1,2,4], as well as in the numerical simulations to which the
model results were compared, the absorption of neutrons and gamma photons
was not accounted for. It was assumed that each neutron has a probability p
of inducing fission, or failing to do so and hence escaping with a probability
I-PThe probability generating functions (PGFs) h(z) and H(z) of pi(ri) and P(n)
describing the number of neutrons generated by one initial neutron or one
initial neutron event (spontaneous fission), respectively are defined as

Hz) = J2Pl(n)zn
n

and #(*) = £P(n)* n ,

(1)

n

respectively. These are used in the coupled backward master equations for
neutrons [1]:
h(z) = (l-p)z+pqi[h(z)]
(2)
and
H(z) = qs[h{z)}.
(3)

Here,

Qs(z) = Y,Ps(n)zn
n

and

qi(z)

= 5>i(n)z n

(4)

n

stand for the generating functions of the number of neutrons generated in a
spontaneous or an induced fission, respectively. For finding the statistics of the
particles one needs to observe that p\(n) and P(n) are the Taylor expansion
coefficients of h(z) and H(z) respectively [4]:
dnh(z)
Pi(n) = -.
n! dzn

2=0

and P(n) = —
n!

dnH(z)
dzn

(5)
2=0

As can be noted, the expressions are evaluated at z = 0, in contrast to taking
them at z = 1, which is the case when searching for the factorial moments
of the neutrons generated in spontaneous or induced fission us, Uf. In order
to have compact expressions, modified moments were introduced in [4], which
differ in value from the traditional nuclear factorial moments, defined as:
dnqa(h)
dhn

z=0

™ u - v - , i = ^«n

;

a = s,i,

(6)

2=0

where p\ (0) is the probability of having zero neutrons generated when starting
with one initial neutron. This initial probability needs to be found since higher
order terms of p-y(n) and P(n) all depend on it, as well as it appears also in the
modified factorial moments. Note can be made of the fact that this probability
is highly dependent on the sample mass, and whether or not absorption and
detection are included into the model. One expects this probability to increase
with the inclusion of absorption, and a detection probability. Absorption can
remove the initial neutron or all neutrons generated in the short chains started
by the first neutron,; likewise, one can end up with zero neutrons detected even
if the single neutron started a long chain of fissions, if the detection probability
is low.
In the neutron probability balance equation, the event of absorption can be
included into the fission distribution, because when looking at the progeny
of neutrons it is the same as a fission event with zero neutrons generated.
Therefore one can include the absorption by a suitable increase of the first
collision probability from a value p to p'. The new first collision probability
then accounts for both fission and absorption, and the reverse" probability
1 — p' now properly describes the probability for a neutron to escape the
sample and become available for external detectors to register. To maintain
normalization, the probabilities Pi(n) for n > 0 will need to be decreased
according to the following formula:
Pi(n) = ^y^Sn>0 + ^Pi(n).

(7)

The generating function of Pi(n), Eq (4), will also change accordingly into
qi(z). The first master equation (2) will now read:
h(z) = (l-p')z+p'qi[h(z)},

(8)

and describes the leaked out neutrons. In the numerical work, the values of
p, p' and the probabilities Pi(n) will be taken from the code MCNP-PoliMi
[5], which contains extensive nuclear data tables. This will have the advantage
that since the results will be compared with Monte Carlo simulations, it is
assured that the same nuclear data are used in both the simulations and the
analytical calculations.
The process of detection can be added in a straightforward manner by considering only the neutrons that have already leaked out of the sample, since
those are the ones available for detection by external detectors. Using a detection probability for neutrons, e, we can create a generating function e(z)
of the binary probability distribution of the number of neutrons detected per
neutron emitted from the sample:
e(z) = ez + (l-e).

(9)

The new generating functions that also include the detection process are given,
from obvious considerations, by:
hd(z) = h[e(z)]

,

Hd(z) = H[e(z)}.

(10)

The derivatives needed for finding the factorial moments as well as the number
distribution change in a simple way
dnhd(z) _ dnh(z) , , n
dz" ~ dz» ' {)

'

dnHd(z) _ dnH(z) , , n
dzn
~ dzn ' [) '

l

j

For factorial moments the full change is
Zd,n = (e)n • vn.

(12)

This is due to the factorial moments (multiplicites) being evaluated at z =
1. For the number distribution on the other hand, the evaluation at z — 0
resulted in modified moments which depend on the probability pi(0). This
probability changes when absorption and detection in accounted for, so even
if the derivatives change formally in the same manner as for the factorial
moments, the modified moments will also obtain new numerical values.
In previous work, i.e. with no absorption and detection, the modified moments
were given by
dnqa(h)

a = s,i.
z=0

(13)

In the case of detection, Pd(0) will replace pi(0), which is solved from the N-th.
order polynomial
= (l-p')(l-c)+Pi;Pi(n)b«j(O)] n . (14)

Pd(0) = (l-p')(l-e)+pqi\Pd(O)}

n=0

iV only goes as high as the neutron multiplicities in an induced fission, this
translates to N = 8 in the case of plutonium.
Using these properties we can now derive the detection statistics from the
Taylor expansion:
Pd(n) =

dnhd{z)
n\ dzn

and

-T

2=0

Pd(n) = —
n!

dnHd(z)
dzn

(15)
z=0

The terms in the probability distribution can now be calculated recursively
since the starting master equation is in implicit form. This fact means that
the probabilities P(n) will occur in the expressions for P(m), where m > n.
This makes it computationally favourable to use the symbolic computation
code Mathematica [6], which was used to derive the higher order terms.
the analytic model one can now see a distinct dependence on simple parameters; the probability to induce fission, which is a parameter that increases
with mass, and can be calculated from the mass of the sample, provided the
density is known; the absorption probability which is also depending on sample
size, composition and particle concerned (in addition to neutrons, we shall also
consider gamma photons); and finally the detection efficiency, which can be
changed to reflect what type of detector is used, such as single fast scintillator
detectors or large arrays of helium tubes in form of multiplicity counters.

2,2

Photon distributions

As in the case of neutrons, a set of coupled backwards master equations have
earlier been derived and used to find the statistics of the generated photons
[2,4]. The starting equations were:
g(z) = (l-p)+pri(z)qi[g(z)}

(16)

and

G(z)=ra(z)qa\g(z)l
where g(z) and G{z) are the probability generating functions of f\{n) and
F{n), describing the number of generated photons when starting with one
6

neutron or one source event, respectively:

*)*B , G(z)=J2F(n)zn.

(18)

One needs also to use the nuclear data for the distribution of photons generated
in one induced or spontaneous fission respectively, defined as:
n)zn.

(19)

When performing the differentiations to find the probability distributions
fi(n) and F(n), one will, just as in the case of neutrons, encounter modified moments defined as:
dnra(z)
dzn

= n\ fa(n) = nan,

a = s,i.

(20)

2=0

In the calculation of these modified moments, which refer to that of the photons, also the modified moments of neutrons will appear, due to the structure
of the equations (16) and (17). Physically, this is due to the fact that the
internal multiplication of photons is only due to the neutron branching, hence
the corresponding neutron moments will also appear. However, these neutron
moments will not be the same as the ones that are derived for the "pure"
neutron distribution, equations (2) and (3). The reason is that for the calculation of these modified neutron moments that appear in the gamma photon
distributions, the factor Pi(0) in Eq. (6) will be replaced by the factor /i(0)
in the case of photons in the corresponding expressions.
To further extend this model to account for detection statistics instead of
merely the number of generated particles [4], one needs to include both absorption and the process of detection, which takes place with a certain probability,
referred to often as the detection efficiency, e.
In the case of neutrons, the absorption was taken into account by modifying
the probability distribution p~i(n) and changing the first collision probability
from p to p'. For photons the situation will be slightly different, because leakage
and absorption of a neutron will both lead to zero generated photons. Hence
the parameter p in (16) remains that of the probability to induce afission.The
generating function qi(z), will still be used, since with zero neutrons generated,
the branching process will stop, and no more photons can be generated.
Gamma absorption will be accounted for by the probability Z7 that describes
the leakage probability for one single photon, likewise (1 — £7) is the probability
for a created photon to be absorbed and not escape the sample. The gamma
capture will be accounted for by an additional generating function £y(z),
I1(z) = l^z+(l-l1).

(21)

Here C-y(z) is the generating function of the binary probability distribution
of gamma photons leaving the sample per initial photon. Due to the simple
form of this relationship, the factorial moments of the leaked out neutrons are
simply the factorial moments for the generated photons times a leakage factor:
hn

= {1-yT • Mn-

(22)

The master equations for the leaked out photons are then given as:
gi(z) = g[ey(z)}

,

Gl{z) = G[l1{z)\.

(23)

To separate the statistics of the photons that undergo detection compared to
the larger numbers of photons that escape the sample, an extra equation is
added that describes the probability for one photon to undergo detection or
not. The detection efficiency, e7, is used:
e7(z) = e7z + ( l - e 7 ) .

(24)

The probability distribution can now be extracted by using the master equations
9d(z) = s[M*r(*)}] = (1 -P) +PTi(z)qi\9d(z)]
(25)
and

Gd{z) = G [ M ^ ) } ] = rs(z)qs[gd(z)].

(26)

Since one evaluates the expressions at z = 0 to get the probability distribution,
modified moments are created as earlier. In the case of detected photons these
modified moments will depend on /d(0) instead on /i(0), i.e. the probability
of having zero neutrons detected when starting with one initial neutron in the
sample. This quantity can be found by setting z = 0 in Eq. (25), and finding
the root of the finite degree polynomial that arises:
/„(()) = (1 -p) +prf[£-y{e1(0)}}qf[W)}
24

£/()[M(o)}]

B

n=0

\
/

=

8

(27)

E()[/(O)]

B

n=0

The modified moments using this new initial term are defined as follows when
we include absorption and detection into the model:
=

77

•

<y — s •>

(281

2=0

dnqa(9d)

_ _
.2=0

.

„._„,

(29)

The factors are straightforward to calculate, but lead to expressions that contain sums that have an increasing number of terms for higher order moments.
Hence, again, using a symbolic algebra program such as Mathematica, these
derivations and summations can be easily handled.
A further fact to be mentioned is that a formal equivalence such as the one
reported in [4], is still present. The corresponding factorial moments of detected neutrons and photons, are found by replacing the modified moments
with the ordinary moments based on the nuclear data. Thus by finding the
probability distribution of the detected particles, one receives the multiplicities as a limiting simplified case up to the same high order as the distribution
was determined. This order is generally much higher than the third or fourth
, until which the factorial moments are usually computed.

2.3 Joint distributions
In a more complete description of emission of neutrons and gamma photons
from fissile samples, one can extend the description to the joint statistics of
neutrons and photons. For this one also would need the joint number distributions ps(n,m) and Pi(n,m) of n neutrons and m photons emitted in a
spontaneous and an induced fission, respectively. There are no data for such
joint distributions in the literature. Generally, the generation of neutrons and
photons is considered to be independent, hence the above distributions are
just products of the individual distributions. The corresponding PGF's are
defined as
i( n .™)*V"-

(30)

If b\(n, m) is the probability to obtain n neutrons and m photons generated by
one initial neutron, a backward-type master equation can be readily derived
by considering the two mutually exclusive events of not having or having a
first collision before leaking out:
bi(n,m) = (1 - p ) Sn>1 6mfi +

niH

\-nk=n

i=\
l

Defining the generating function

^

W

(32)

from (31) one obtains
c(z, y) = (1 - p)z + pqi[c(z, y),y}.

(33)

In the same manner an equation for the probability generating function B(n, m)
of the probability to have n neutrons and m photons generated when starting
with one source event, can be derived as:
C(z,y)=qs[c(z,y),y}.

(34)

Also for the joint distributions, from the practical point of view it is more
interesting to determine the distribution of detected particles. Using the same
concepts as before, one defines the generating functions of the leakage probability of a single neutron and photon, respectively:

where ln and l7 are the leakage probabilities of neutrons and photons, respectively. Actually, in the earlier notations, /„ is simply equal to 1 — p'. The values
of these parameters will naturally vary with the main parameter of the investigated sample, which is sample mass. Detection can then be included in the
same manner by using the earlier defined generating functions
n(z)

= enz +

(l-en),

e7(y) = e 7 z + ( l - e 7 ) ,
with en and e7 being the detection efficiencies of neutrons and photons respectively. The coupled master equations used to get the detection statistics are
then defined as:
Cd(z,y) = (1

-p)£n{en(z)}
(37)

Cd(z,y) =
The individual distributions and corresponding defining equations for the neutrons or photons can now be found as special cases: y = 1 in the Eqs. (37)
gives the neutron distributions equivalent of Eqs. (10), while setting z — 1 in
the Eqs. (37) gives Eqs. (25), (26). The sought joint probability distributions
are calculated as the n, ra-th derivatives of Cd(z, y) and Cd(z, y) with regard
to z and y respectively.
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Fig. 1. The number distribution of neutrons and gamma photons for plutonium
samples of different masses. The Monte Carlo simulation shows the results with no
absorption and the analytical data show the distributions when absorption is taken
into account.

The number distributions were calculated for neutrons and photons separately,
as well as for joint distributions, for plutonium metal spheres of varying mass.
The values obtained were compared to simulations with the code MCNPPoliMi [2,5,7]. To this end. MCNP-PoliMi had to be modified to supply the
necessary tallies. The nuclear physical constants such as the values of p. and
the fission parameters ps{n). /,•(»)• <¥tc- were taken from MCNP-PoliMi runs
for the analytical model. The probability to induce fission varies with the
mass of the sample. The values of p are shown in the table below for the three
samples for which we have performed calculations.
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Case

Mass (kg)

P

1

0.335

0.0852

2

2.680

0.1678

3

9.047

0.2461

Table 1

Probability to induce fission, p, for one neutron depending on the mass
of the sample. The metal samples have a composition of 80 wt% Pu-239
and 20 wt-% Pu-240
As mentioned in the previous section, the formulae obtained contain several
quantities that are based on nuclear physics constants (fission neutron and
gamma photon multiplicities), weighted by factors depending on the first collision probability, absorption probabilities etc. Among those quantities one
finds the modified moments of Van and Jian- When calculating higher order
terms and getting longer expressions one notes that Van becomes zero for
n > 8, due to the fact that fission multiplicities are zero for so large numbers.
In the same manner ~pQn vanishes for larger n. Considerations like these make
the otherwise rapidly growing expressions, become much more manageable,
but still the use of computer software to handle the numerical evaluations are
a necessity.
The analytical model in the case of generated particles (no absorption included), have earlier been validated against Monte Carlo simulations [4] with
very good agreement. In MCNP-PoliMi a spherical encompassing idealized
detector was used to measure all outcoming particles without reflecting them
back to the sample to change the statistics. Thus the result obtained was the
statistics of the number of emitted particles.
As can be seen in Fig. 1, for photons there is a very evident effect of selfshielding. The probabilities of high numbers of photons escaping the target
are reduced significantly when absorption is taken into account. The results
show that for realistic samples, which might be investigated with typical nondestructive assay techniques (NDA), the initial advantage of having high photon multiplicities diminishes, because the internal absorption of photons is
much greater than that for neutrons in materials of high atomic numbers.
Further one can note the good agreement between the analytical model and
the numerical simulations in Fig. 2.
Photon detectors might still be very useful if we consider a scenario where
the sample is heavily screened with low Z materials, and/or materials with
high neutron absorption cross sections, which do not screen gamma photons.
In such cases photon detectors might be advantageous compared to neutron
detectors.
12
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Fig. 2. Here one can see the difference between Numerical simulations and analytical
results where both have properly accounted for the effect of absorption. As can be
seen the agreement is good, but at low probabilities the Monte Carlo data are
difficult to compare to, due to bad statistics caused by the finite number of histories
run.

In the case of gamma photons one can note the somewhat unexpected result
that it is more likely to detect relatively high multiplicities, such as triplets
and quadruplets, for a lighter sample than for a heavy one. The reason is that,
although the total amount of generated photons is higher for the heavier samples, the self-shielding effect counteracts this. The fast growing self-shielding
(with increasing mass) constitutes of course a disadvantage. Note that these
probabilities are per source event, and in a sample of higher mass the number
of spontaneous fissions will be higher.
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4

Photons detected

Neutrons detected

3

2

Photons
detected

Neutrons detected

Fig. 3. The left hand side graph shows data from the analytical model where we
have assumed a larger detection efficiency for neutrons, e.g. a sample shielded with
a material of high atomic mass. The right hand side graph is from MCNP-PoliMi,
showing the detection statistics for a detector setup using six scintillator detectors.
Using the joint statistics and multiple detections not only of the same particle
but also of different particles one can see in Fig. 3 that a combined detection
of one neutron and one photon, can be much more frequent than the doublet of one of them. Using the joint statistics and applying realistic detector
efficiencies, one can use the analytical model to in a fast and relatively easy
manner decide whether detectors able to detect both types of emissions should
bo used, and which combined factorial moments should be measured for best
statistics.

4

Conclusions

proper application of symbolic computation, it has been demonstrated
that high order terms of the number distribution can be derived and evaluated.
This approach has now been used to incorporate also absorption and detection
into the modelling of the probability distributions of neutrons and photons in
a fissile sample.
The formal equivalence between the number distribution and factorial moments is also kept, meaning that factorial moments of very high orders can
be easily calculated as limiting simplified evaluations of the formulae derived.
The modified moments occurring in these expressions can all be readily calculated based only on nuclear data and characteristics such as sample mass,
and detection efficiency.
The quantitative results show a good agreement with MCXP-PoliMi simulations. As can be expected, the inclusion of absorption does not have a signif-
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icant effect on the neutrons; on the other hand, gamma photons are heavily
attenuated. This has a considerable effect on the statistics of the emitted photons, whereas the neutron statistics is not much affected. Accounting for the
process of detection by using detection efficiencies changes the statistics further. These studies are useful in giving indications as to what type of particle
to focus on for assessing the sample with greatest accuracy.
Further, the model has been extended to be able to handle joint statistics
of both neutrons and photons. Using joint moments adds to the diversity of
the experimental methods, and can enhance the identification and detection
of samples. The calculations again supply indications on how to design the
measurement to get maximum efficiency. Using joint statistics might lead to
lower measuring times, or to get further data about the sample without having
to use quadruplets.
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Abstract

This paper presents a new technique for the analysis of neutron pulse height distributions generated in an organic scintillation detector.
The methodology presented can be applied to techniques such as neutron spectrum unfolding, which have a variety of applications,
including nuclear nonproliferation and homeland security. The technique is based on two independent approaches: (i) the use of the
MCNP-PoliMi code to simulate neutron detection on an event-by-event basis with the Monte Carlo method and (ii) an analytical
approach for neutron slowing down and detection processes. We show that the total neutron pulse height response measured by the
organic scintillators is given by the sum of a large number of different neutron histories, each composed of a certain number of neutron
scatterings on hydrogen and/or carbon. The relative contributions of each of these histories are described for a cylindrical liquid
scintillator BC-501 A. Simulations and measurements of neutron pulse height distributions are essential for neutron spectrum unfolding
procedures.
© 2007 Elsevier B.V. All rights reserved.
PACS: 29.40Mc; 28.20Cz
Keywords: MCNP-PoliMi; Neutron detection; Organic scintillator; Pulse height distribution

1. Introduction

Organic scintillation detectors, in both liquid and plastic
form, are widely used in detection systems for the
identification and characterization of nuclear materials in
applications such as nuclear nonproliferation, homeland
security, and basic physics research. Studies describing
the energy calibration of these types of detectors have
been published in the literature since the 1960s. A good
overview of both liquid and plastic scintillation counting can be found in Ref. [1]. Scintillation detectors are
sensitive to both fast neutrons and gamma rays; pulse
shape discrimination techniques can be applied to reject
'Corresponding author. Tel.: + 1 865 5745486.
E-mail addresses: pozzisa@ornl.gov (S.A. Pozzi), flaskam@ornl.gov,
marek.flaska@yahoo.com (M. Flaska), andreas@nephy.chalmers.se
(A. Enqvist), imre@nephy.chalmers.se (I. Pazsil).
0168-9002/$-see front matter © 2007 Elsevier B.V. All rights reserved.
doi:!0.1016/j.nima.2007.08.246

the gamma rays when neutron pulse analysis is required [2,3].
Neutron detection occurs by multiple scatterings on
hydrogen (H) and/or carbon (C), the main constituents of
the scintillator. At each interaction, the neutron deposits a
portion of its initial energy until it escapes the detector or is
captured. The former is more probable than the latter for
neutrons in the million electron volts (MeV) range and
detectors of up to several centimeters in size. The energy
deposited by the neutron in the scattering collisions is then
converted to scintillation light, which is collected by the
photomultiplier tube and converted to a measured pulse. In
general, the light produced is proportional to the amount
of energy deposited by the neutron. However, because the
conversion from energy to light is nonlinear and strongly
dependent on the type of the secondary charged particle,
the statistics of the individual neutron histories is
important for understanding the mechanism of neutron
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detection. This information is also important for performing unfolding procedures aimed at accurately determining
the incident neutron spectrum.
Because neutron response functions vary with the
composition and size of the scintillators, many papers
can be found in the literature that describe specific
calibration procedures performed for a given experimental
setup. Past studies have reported neutron detection
efficiency measurements for several detector types and
incident neutron energies [3-9]. Other studies have
compared experimental results with Monte Carlo predictions performed with modifications of the MCNP code
[10,11].
One advantage of the proposed approach is that our
code system allows the modeling of any material in any
geometry, allowing the user to simulate the entire experimental system, including the source, fissile material,
shielding, and detectors, without resorting to approximations or multistep calculations. This capability is a
considerable improvement over previously-developed
codes, such as SCINFUL [12], where (i) the simulation
space is limited to the detector itself (with the detector
being limited to cylindrical dimensions), (ii) the incident
neutron spectrum is limited to monoenergetic or uniform
and Maxwellian continuous spectra, and (iii) the individual
neutron histories cannot be resolved. It should also be
mentioned that the code system presented in this paper can
calculate not only detector responses to incident neutrons,
but also to gamma rays.
Whereas the detectors cannot resolve the individual
neutron histories, Monte Carlo and analytical techniques
can be used to split the total response into the individual
contributions. A first attempt of this type of analysis was
reported by Hermsdorf et al. [13]. The present paper
extends that analysis and includes an analytical derivation
of the light generated by the detector. Specifically, we
present the results of such analysis for a few monoenergetic
neutron sources and two continuous neutron sources
(Cf-252 and Am-Be). To our knowledge, this type of
detector analysis has not been reported in the past.
This paper is organized as follows: Section 2 gives
the Monte Carlo methodology, Section 3 describes the
simulation results, Section 4 presents the results from the
analytical approach, and Section 5 gives conclusions.
2. Description of Monte Carlo simulations

Event-resolved predictions of the interactions of fast
neutrons within the organic scintillator are performed
using the code MCNP-PoliMi [14]. A specifically designed
postprocessing code is used to determine the number of
elastic collisions that the neutrons undergo with the H and
C nuclei in the detector. The codes also allow us to
calculate the amount of energy deposited in the detector in
the single neutron interactions. Thus, the detector pulse
height distributions can be calculated as a function of the n
and m scatterings on H and C, respectively. It should be

noted that these pulse height distributions depend not only
on the n and m scatterings on H and C, but also on the
order of these scatterings, as is shown in the following.
A cylindrical liquid scintillation detector with a height of
7.6 cm and diameter of 11.7 cm was used in the simulations.
The H and C nuclei were the only nuclei modeled in the
scintillation part of the detector, with a H:C ratio of
0.548:0.452. This composition corresponds to that of the
liquid scintillator BC-501A manufactured by Saint-Gobain
and is equivalent to the NE213 liquid scintillator. Separate
simulations were performed for several monoenergetic
neutron sources and for two continuous-energy neutron
sources: Cf-252 and Am-Be.
The MCNP-PoliMi output files record every neutron
interaction that occurs in the detector volume, including
interaction type, energy deposited, and collision nucleus.
The energy deposited is then converted into light output,
taking into account the type of collision nucleus. In the
case of scattering on H, the relationship between the energy
deposited (T, in MeV) and the light output (L, in MeVee) is
L = aT2 + bT = L(T),

(1)
2

where a = 0.035 MeVee/MeV and b = 0.141 MeVee/MeV
for liquid scintillators. This relation was acquired using
experimental results [15].
In the case of scattering on C, the light output is very
small. For this study the following relationship was used:
L(T) = cT,

(2)

where c = 0.02 MeVee/MeV [11]. It is clear that the
relations given by Eqs. (1) and (2) are simplified and
empirical. In fact, the relations take into account in a crude
manner many physical mechanisms such as the light
spectrum emitted by the scintillator, the light emission
and absorption by the scintillator and the scintillator's
walls, the response of the photocathode, and the multiplication by the photomultiplier tube. Similar approximate
treatments have been adopted in the past and have proven
to be sufficient for most applications [3,13].
The amounts of light generated in single collisions on H
and C were tallied separately, as well as the light outputs
created in multiple collisions. For the particle histories
consisting of multiple collisions, the order of the interactions was taken into account. Finally, the pulse height
distributions for each of these possible histories were
generated.
3. Monte Carlo results

Monoenergetic neutron sources were simulated with
energies 1, 1.5, and 2MeV. Fig. 1 shows the simulated
pulse height distributions for 1 MeV incident neutrons. The
possible neutron histories consisting of up to 3 collisions on
H and C are shown in Table 1. It also shows the relative
probabilities of these neutron histories for all 3 incident
neutron energies. For example, it is implicitly shown in
Table 1 that for all 3 incident neutron energies multiple
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scattering on H and C. and (c) three scatterings on H and C.

Table I
Collision history types and corresponding probabilities and relative errors
History type

Relative probability h

Relative probability E - 1.5 MeV

Relative probability E= 2 MeV

No collision

1.9850E-01 + 5.00E-04
l.7050E-0l±5.0OE-04
1.26501--01+4.00E-04
6.3900E-02±3.00E-04
l.0250E-0l±4.00E-04
2.45(K)E-02±2.00E-04
5.37(K)E-()3±8.8OE-O5
4.X3O0L-02 + 3.00E-04
5.054OE-02 + 3.O0E-04
l.893()E-()2 + 2.()0E-04
2.S4l()E-()2±2.00E-(M
2.4620E-02 + 2.00E-04
l.lO3OE-O2±l.OOE-O4
9.7X3(IL-()3±l.OOE-O4
9.3930E-03+1.00E-04
8.3950E-02 + 3.0OE-O4

2.5800E1.7240E- 01 + 5.00E-04
1.0930E-•01+4.00E-04
5.4300E- •O2 + 3.OOE-O4
1.0430E-•01+4.00E-04
2.1790E- •02 + 2.00E-04
4.4370E- •03 + 8.OOE-05
4.5320E- •02 + 3.OOE-04
4.3420E- •02 + 2.OOE-04
1.751OE- 02 + 2.00E-04
2.0360E- 02 + 2.OOE-04
2.1800E- 02 + 2.00E-04
8.9360E- 03 + I .OOE-04
9.I510E- 03 + 1.00E-04
8.1570 E- 03 + 1.00E-04
7.6690E- 0 2 + 3.OOE-04

3.079OE- 01+7.00E-04
l .750OE- 01+5.00E-04
9.7447E- •02±4.00E-04
4.7741E- •02±3.00E-04
l .0411K- 01 +4.00E-04
1.8937E-•02 ± 2.00E-04
3.5O57E- •03 ± 7.00E-05
4.1987E- •02 + 2.00E-04
3.7657E- 02 + 2.00E-04
1.629 IE-02 + 2.00E-04
1.6660E- 02 ± 2.00E-04
1.9337E- 02 ±2.OOE-04
7.0771 E- 03 + 1 .OOE-04
8.4KK1E- •03 ± 1 .OOE-04
7.0014 E- 03 ± 1 .OOE-04
6.8684E- 02 + 3.00E-04

H
HH
HHH
C

CC
CCC
HC
CH
HHC
CHH
HCH
CCH
HCC
CHC
Others

scattering events with at least 1 H scattering are about 2
times larger than single H scattering, and therefore
remarkably contribute to the total response.
Fig. I (a) shows the total pulse height distribution, as well
as the pulse height distributions generated by neutron
histories that include /;^3 scatterings on H and m^?>
scatterings on C. As expected, the light produced by the
collisions on H extends to high-pulse heights, whereas that
produced by the collisions on C is limited to low-pulse
heights. Note that the histories involving collisions on C

only are responsible for the peak at low-pulse heights in the
total distribution. The pulse height distributions generated
by neutron histories with collisions on both H and C are
shown in Figs. l(b) and (c). Fig. l(b) shows the pulse height
distributions generated by neutron histories with both a
single scattering on H and a single scattering on C. The
neutron histories for which the H scattering occurs first
generate larger pulse heights than those histories for which
the C scattering occurs first. This is consistent with the fact
that C scatterings generate small amounts of light, while
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Fig. 2. Pulse height distributions from l.5McV incident neutrons generated by neutron histories with (;i) up lo three scatterings on H or C only,
(b) a single scattering on H and C, and (c) three scatterings on H and C.

reducing the energy of the incident neutron (see Eq. (2)).
lig. I (c) shows the resulting pulse height distributions for
neutron histories comprising of all combinations of 3
scattering events that involve collisions on both H and C.
As expected, histories with 2 H scatterings generate
consistently more light than the histories with 2 C
scatterings.
Fig. 2 shows the pulse height distributions for l.5-MeV
incident neutrons, and lig. 3 shows the pulse height
distributions for 2 MeV incident neutrons. The maximum
light output produced by neutron interactions for the
2 MeV incident neutrons now extends up to a value of
approximately 0.42 MeVee. This is consistent with the
evaluation of Eq. (I) for T — 2 MeV. corresponding to the
maximum energy deposition on H from neulrons with
energy 2 MeV.
lig. 4 shows the probability of the neutron histories as a
function of the number of scatterings on H and C for 1. 1.5.
and 2 MeV incident neulrons. For all 3 incident neutron
energies, the most probable type of interaction is single
scattering on H. For I and 1.5 MeV neutron sources, this
type of interaction is followed by double scattering on H.
single scattering on C, and single scattering on both H and
C. For the 2 MeV neutron source, the most probable
interactions after single scattering on H are single scattering on C, double scattering on H and single scattering on
both H and C.
In the past, the results from the simulations were
validated by performing experiments with a BC-501A
cylindrical liquid scintillator. a fast waveform digitizer, and

two neutron sources: Cf-252 and Am-Be. A description of
the experimental setup and validation comparisons are
given in [2].
Here we present the analysis of a pulse height distribution from continuous neutron sources. Fig. 5 shows the
pulse height distribution for the Am-Be source subdivided
into its components on the basis of the number of collisions
on H and C that the neutrons underwent in their history.
Single scatterings on H are the predominant mechanism of
detection at high pulse heights, followed by double and
triple scatterings on H. Fig. 6 shows the same pulse height
distributions for the Cf-252 source.
4. Analytical approach

Due to the relationship between the deposited energy. T,
and the corresponding light. L, for H and C in Eqs. (I) and
(2) the distribution of the deposited energy is needed for
the calculation of the distributions of the light amplitudes. In the following text, isotropic scattering in the
center of mass system is assumed throughout the derivation. This is a correct assumption for scattering on
hydrogen at relevant energies, but a simplification in the
case of heavier nuclei above I MeV. In the case of
scattering on H. the distribution of the transferred energy
in a collision of a neutron of energy Et) is given by the
relationship
p(T.L{l)dT

=

AT
— .

(3)
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where T ranges from 0 to E(t. In the case of heavier nuclei,
T ranges from 0 to (I— a)£ u - where for a scattering of a
neutron on a nucleus of atomic number A. a is given as
(A-\Y

From here the distribution of the light generated by
multiply collided neutrons can be calculated by convolution-type integrals. The distribution after 2 collisions,
,/:h(Z..£•„). is given as

(4)

a =

/2h(L,£0)= /
From Eqs. (I) and (3), it is possible to calculate the
distribution Jk\{L,Eo) of the total light generated in Acollisions by a single neutron on nucleus X. The sum of
light intensities generated in single collisions equals the
total intensity of a single light pulse in the detector. To
obtain the distribution of f\\{L,Eo). we note that the
distribution of T is known, and there is a one-to-one
relationship L(T) between transferred energy and induced
light. Hence the task is to find the distribution of the
function of a random variable with a known distribution. If
a second variable, y. is expressed as a single-valued
function of ,v in the form y = g(x). its distribution. /,(i). is
given in terms of the distribution of .v as
/v(-V)

(5)

Identifying v with the transferred energy and v with the
produced light and using the relations in Eqs. (I) and (3) it
follows that for collisions on H one has
/ l h ( L , £,,) = —

1

(6)

for L lying between 0 and max.h = tiE^ + bE{), and zero
for >aEl + bEu.

/lh(L-/,£0-

(£ol

d/.

(7)

where
(8)

with T(L) being the inverse of L(T). The reason for the
convolution integral is that to arrive at a probability
distribution for a certain light output one has to sum up the
contributions for all possible collisions leading to a total
light generation L. This procedure can be continued to find
the formula for the light distribution of higher numbers of
collisions on H through more complex convolution
integrals.
For collisions on C. a similar approach can be used by
changing the initial distribution:
/,,(/..£•„) =

— L)

(9)
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Fig. 4 . P r o h a h i l i u ol" n e u t r o n histories a s a function ol t h e n u m b e r o f scatterings o n H a n d C" l o r (a) 1 M e V incident n e u t r o n s , (h) 1.5 M e V incident
n e u t r o n s , a n d (c) 2 M e V incident n e u t r o n s .

where 0{.\) is the unit step function. Higher-order collisions on C can be expressed in a form similar to Eq. (7)
for scattering on H. For the light distribution from
scatterings involving both H and C, convolution integrals
can be used again. For instance, to express the case
of two collisions where the first one is on H and the second
on C:

(10)

On the other hand, for collisions in the reverse order, the
pulse height distribution can be calculated as
=

( flh(L

-

Jo

Ill)
When plotting the different collision histories involving
both H and C. the order of scatterings has a significant
effect on the pulse height distribution. This can also be seen
in the separate distributions from collision histories
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calculated by using MC'NP-PoliMi. Figs. 7 and 8 show
comparisons between the simulated and analyticallycalculated pulse height distributions for incident neutron
energies equal to 1.5 and 2.0 MeV. Good agreement is
observed between the result obtained from the simplified
analytical model and those obtained with the sophisticated
Monte Carlo simulations.
5. Conclusions

This paper describes a new technique based on the Monte
Carlo approach, and an analytical approach, to analyze the

statistics of neutron interactions with organic scintillation
detectors. Neutron histories were analyzed according to the
number and order of collisions on hydrogen and carbon, the
main constituents of the organic scinlillators. The detection
statistics of neutrons from a monoenergetic source and from
two continuous energy sources. Am-Be and Cf-252. were
determined. The total pulse height distributions obtained
with the simulations were compared with experimental data
and good agreement was obtained. The pulse height
distributions given by specific neutron histories were
compared with the results from the analytical model, and
very good agreement was obtained.

S.A. Pozzi el al. / Nuclear Instruments and Methods in Physics Research A 582 (2007) 629-637

The methodology presented in this paper can be applied
to techniques such as neutron spectrum unfolding, which
has a variety of applications, including nuclear nonproliferation and homeland security.
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Abstract
The detection of correlated neutron and gamma photon events has proven very
useful for the identification of various nuclear materials. Indeed, since for a given
material and geometry the time distributions of the correlated events are very characteristic, they are representative for and can be used as distinctive signatures of
different material-geometry configurations.
Here we present a new application of a digital pulse shape discrimination (PSD)
technique for the measurement of neutron and/or photon coincidences. The PSD
technique is based on the standard charge integration method. The measurement
method allows for the collection of fast coincidences within a time window of the
order of a few tens of nanoseconds. The use of PSD allows for the accurate acquisition of the coincidences in all particle combinations. Specifically, separate neutronneutron, neutron-photon, photon-neutron, and photon-photon coincidences are acquired with two 25 by 25 by 8 cm liquid scintillation detectors. The measurements
are compared to results obtained with the MCNP-PoliMi code, which simulates
neutron and gamma photon coincidences from a source on an event-by-event basis.
This comparison leads to relatively good qualitative agreement.
Simulations of the separate neutron and photon contributions to the total crosscorrelation function help to improve further the performance of experimental systems that aim at accurate identification of nuclear materials. This research has
direct applications in the areas of nuclear nonproliferation and homeland security.
Key words: nuclear safeguards, pulse shape discrimination, liquid scintillator
detectors, cross correlation, coincidences.
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1

Introduction

Several techniques used in the field of nuclear safeguards rely on the measurement of neutron multiplicity distributions to assess and characterize fissile
materials in various forms. These techniques are based on the thermalization
of neutrons from fission in polyethylene moderators and subsequent detection
using He-3 counters.
More recent applications in the areas of homeland security and nuclear nonproliferation use organic scintillation detectors in liquid or plastic form. These detectors are sensitive to both fast neutrons and photons [1]. Signatures that rely
on coincidence measurements of neutrons and photons from fission have been
shown to be useful in the detection and characterization of nuclear materials
[2]. The coincidence distributions are of interest in the areas of nuclear nonproliferation and homeland security because they contain information that can
be used to accurately identify and characterize fissile isotopes.
Recently, we have described the application of a digital pulse shape discrimination (PSD) technique [3] to the identification of shielded neutron sources. In
this paper, a similar PSD technique is used for the analysis of correlated neutron and photon events from a Cf-252 spontaneous fission source using two
liquid scintillation detectors, and pulse acquisition performed by a 250Mhz
digitizer. The correlation is performed in a time window of a few tens of
nanoseconds. The experiments are performed with and without lead shielding for a symmetric position of the source with respect to the detectors, and
without lead for an asymmetric position. The use of the PSD technique allows
the acquisition of separate neutron-neutron, neutron-photon, photon-neutron,
and photon-photon coincidences in the two liquid scintillation detectors. The
knowledge of these separate contributions is essential for further improvement
of the existing measurement systems based on detection of correlated events.

2

Description of Experimental Setup

The setup consists of two liquid scintillation detectors. The size of the active
volume hosting the liquid scintillator is 25 by 25 by 8 cm. The detectors are
placed on a steel cart, at a distance of 60 cm from each other. The source,
Cf-252, is placed at the center of the assembly. Figure 1 shows a photograph
of the experimental setup.
* Corresponding author.
Email addresses: andreas@nephy.chalmers.se (Andreas Enqvist),
mflaska@umich.edu (Marek Flaska), pozzisa@ornl.gov (Sara Pozzi).

Fig. 1. Measurement setup.
The voltages used at the detectors were determined by standard energy calibration performed using a Cs-137 source. The source was placed at the center
of the front face of each detector, in contact with the surface of the detector.
The pulses generated by source1 photons were collected and analyzed for both
detectors to determine the pulse height distributions (Compton edges). The
voltages at the detectors were adjusted until the pulse height distributions
from the two detectors were fully aligned. The pulse height distributions for
the two detectors at the voltages used in these1 calibrations can be seen in Fig.
2.
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Fig. 2. Pulse height distribution used for calibrating the two detectors. A Cs-137
source was used to find the Compton edges.

The signals from the photo multiplier tubes wen1 fed into a 250 MHz digitizer, which means that a four nanosecond time resolution is used on the
acquired data. Due to the high vertical 12-bit resolution, the data is suitable
to be used in interpolations, and time resolutions down to the one nanosecond
scale are achievable1. To investigate the feasibility of using cross correlation
measurements as a materials signature, a number of experimental setups were

used. The detector-source distance, both symmetric distance and asymmetric
distance were investigated together with the effect of lead shielding on the
measurements:
•
•
•
•
•

30 cm symmetric case (no Pb-shielding)
30 cm detector distance with 2.2 cm Pb-shielding
asymmetric setup with 15 and 45 cm to the detectors, respectively
40 cm bare case
50 cm bare case.

The measurement time needs to be adjusted accordingly when the distance is
increased, since the geometrical detector efficiency is lowered. Using shielding
such as lead, makes detection of photons from the sample less frequent, while
the neutrons will still reach the detectors mostly unaffected. In the asymmetric setup the effect of non-negligible time of flight (ToF) for neutrons is
investigated.

3

Pulse Shape Discrimination

For Pulse shape discrimination (PSD) the tail-to-total integral ratio was used.
This method utilizes the fact that photon pulses have mostly a prompt part
when interacting with liquid scintillator detectors, while neutrons also exhibit
a delayed behaviour visible as a minor tail after the pulse. The tail to total
integral is calculated from:
_ Tail integral _ A2
~~ Total integral ~ A^

,.
^'

The time ranges over which the total integral and tail integral are calculated,
are parameters that can be modified to increase the performance of the digital
offline PSD. In the these experiments the tail integral was calculated from 40ns
to 250ns after the pulse peak.
In the measurements many factors can interfere with the calculation of the
integral ratios such that they give erroneous values, and thus might indicate
the wrong type of particle. Background cosmic rays can easily interact with
the detector material and create very large pulses. This type of background
event most often leads to pulses which are not in the range of the digitizer and
can therefore easily be sorted out. Since the tail integral is small compared
to the total pulse integral, it it integrated over a comparatively long time
window in the order of a few hundred nanoseconds. This means that if any
other particle interacts with the detector in that time, the tail integral will give
an uncharacteristically high value, and could also lead to miss-classification of
particles, as seen in Fig. 3
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Fig. •'}. Histogram of the tail-to-total integral ratio for pulses belonging to confirmed
doublets. The two regions correspond to photons and neutrons, respectively.
Timing is also an important factor, not only in the measurements to achieve
an as fine time resolution as possible, but also for the sake of the pulse shape
discrimination. Due to the nature of light acquisition in the detector, pulses
of different amplitudes will have different rise time, and using pulse peaks as
a trigger for timing would lead to difficulties. Therefore, a constant fraction
discriminator (CFD) was used, where the pulses got a timing equal to when the
pulse had risen to 20 % of the peak value. The accuracy of the CFD method of
timing together with the large vertical resolution enabled interpolation down
to a timescale smaller than that of the digitizer sampling frequency.

4

Measurement and Analysis

The measurements were carried out using a Cf-252 source with a strength of
3.8 fiCi. In the measurement when lead shielding was used, it had a thickness of
2.2cm. The1 digitizer uses a triggering mechanism that compares the average1 of
a number of data points to the next block of values and when the difference is
above a certain trigger value, the pulse is recorded, including a certain amount
of data points before the trigger event, to ensure that no part of the pulse is
missed. With the triggering value used the digitizer essentially had a 130 keVee
threshold. This value is therefore used in the Monte Carlo simulations, with
which comparisons will be made later.
All pairs of pulses in the pulse train that are sufficiently close to be a doublet
are separated out and analyzed to see what type of particles created them. It
is also registered which detector each pulse was recorded in. Since no trigger

detector is used, doublets could have the first pulse in either one of the two
detectors used. The time difference between the two pulses is then recorded,
such that if two correlated photons hit the detectors, they should have more
or less the same time stamp: whereas, if the first particle was a photon and
the second one a neutron, the time difference will be largely dependent on the
neutrons energy, which dictates the time of flight (ToF) between the source
and the detector.
Each doublet contributes to the total cross correlation diagram with one data
point. The total curve is subdivided into four possible doublets, two containing
the same particle: photon-photon (p.p) and neutron-neutron (n.n) doublets.
respectively: further, into two mixed particle doublets: phot on-neutron (p.n)
and neutron-photon (n.p). respectively, depending on whether the A-detector
was hit by a photon or a neutron. Due to using a symmetrical measurement
setup in the case of 30 cm source-detector distance, the cross correlation shows
a symmetry around time zero. Further, it is possible to sec the total curve and
the part by part contributions clearly in Figure 4.
Collective data Ratio: 0.145, t1 = 40ns, t2 = 250 ns
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Fig. 4. The measured cross correlation functions in the case of .'50 cm detector
distance without lead shielding.
One observes three distinct peaks. One corresponds to the photon-photon
peak. (p,p), which shows no time difference, except for the spread in time that
the pulse acquisition and PM-tube introduces. Symmetrically on each side of
the central peak one finds the peaks for neutron-photon, (n.p). and photonneutron (p.n) doublets, respectively. In addition, one observes the neutronneutron (n.n) peak. It has a much larger spread than the (p.p) peak, since
neutrons will have not only the measurement uncertainty in time, but are also
affected by a notable variation in time of flight which depends on the neutrons1
energy.
When analyzing the cross particle detections it appears that SOUK1 particles

could be misclassified since the neutron-photon and the photon-neutron curves
show extra peaks at a timing which would indicate photon-photon interactions.
The ratio chosen to differentiate between neutrons and photons contains some
overlap of the two particles such that some cases of misclassification are expected. Further, when comparing to Monte Carlo simulations, these spurious
peaks are not observed. This fact is, however, due to data handling rather
than physics. The reason for the spurious peaks are not as easy as just misclassifications though, most of the data points in those curves are coming from
a special event which needs further investigation.
In the measurement setup the photon-photon doublet is the most common
one. However, when a photon-photon doublet is detected, there is a relatively
large probability that further particles, such as a neutron, will hit one of the
detectors. The pulses from the event when both a photon and a neutron hit
the same detector often appear as only one peak with the photon time characteristics, but it has the tail behaviour of a neutron pulse since the neutron
induced a delayed light production in the detector. Therefore, the tail to total
integral ratio will indicate it as a neutron, but in the cross correlation measurement it will have a timing similar to a photon-photon event. This event
is actually quite likely and is visible in most of the measurements. Larger distance lowers the geometrical detector efficiency, and double particle events in
one single detector reduce quickly in frequency.
Support of this conjecture can be seen in Figure 5, where the cross correlation
for the setup with lead is shown. The lead shields the photons very effectively,
while the neutrons are mostly unaffected. This leads to the photon-photon
peak decreasing in height, since especially photon-photon doublets will be less
likely. There are thus less photon-photon events which could be affected by a
slower neutron hitting a detector that was already hit by a photon. In the case
of lead shielding the most notable peak is now the broader neutron-neutron
peak. The performance of the pulse shape discrimination can be observed in
the still well defined (p-p) peak, which is now reduced approximately by a
factor 20 but is still not exhibiting much statistical scatter before low count
rates are encountered.
If the detectors do not have the same distance to the source, the arrival time of
neutrons will change, while the photons will still be more or less instant with
regard to the source event, which is spontaneous fission. As can be seen in Fig.
6, there is a notable difference both in the total cross correlation but also in
the different components, compared to the symmetric case. The width of the
photon-neutron curve is larger than that of the neutron-photon curve since it
is the B-detector that has a larger source distance and the variation in neutron
energy will be more visible in the cross correlation curve as the detector-source
distance increases. Very good performance in the interpolation of timing can
be seen where the one nanosecond time resolution is still behaving very well
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cm lead shielding.
and the photon-photon peak correctly shows a shift of approximately one
nanosecond, corresponding to the minor difference in ToF which is visible
even though the photons travel at the speed of light.
Collective data flatio: 0.145. H = 40ns. t2 = 250 ns
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When increasing the distance between the source and detectors to 40 and
50 cm, respectively, the amount of detected doublets per fission is reduced.
This means that to achieve the same statistical confidence, the measurement
time needs to be increased. Since the measurements are made in real-time and
most of the data shown were acquired in the order of a few minutes, increased
data acquisition time increases the total measurement process only with a
few more minutes. However, if the distances were increased further, it would
be advisable to use either larger detectors, or more than two detectors to
compensate for the decrease in geometrical detector efficiency with increasing
distance. Further, one observes in Fig. 7. that increased distances result in

wider cross correlation distributions due to the longer time of flight especially
for neutrons.
Collective data. Ratio: 0.145, t1 = 40ns. t2 = 250 ns
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Fig. 7. Measured cross correlations of the total doublets for various detector distances.
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Comparisons with Monte Carlo

The experiments and setups described in the previous section were also simulated using the MCNP-PoliMi code [4.5]. Since the code is capable of correctly
simulating photon-neutron correlations from a spontaneous fission it is very
well adapted for simulating the cross correlation measurements. The detector
response is simulated by a specialized post-processing code [6], which computes the cross correlation functions. When comparing the experimental data
with Monte Carlo simulations, as in Fig. 8, one can see a very good qualitative
agreement in the totals, while in the case of the partial cross correlation functions, there are some differences, especially in the timing of the photon-photon
peak, which is seen as a sharper peak with less time spread in the simulations.
Note that the comparisons are absolute ones, since the measurements were
made in real-time.
When comparing the lead shielded case the agreement for the partial cross
correlation functions is still good. For the neutron-neutron doublets, however,
there is a difference between the measurements and the simulations, where
the simulation predicts them to be more frequent per spontaneous fission,
compared to what was observed in the measurement. The initial agreement is
encouraging for further experimental work on the cross correlation signatures
of various nuclear materials beyond the Cf-252 source used in these measurements. Further investigation and fine tuning of the experimental setup is
needed to explain the unresolved differences between measurements and simulations. Since the Monte Carlo simulations show if each particle was a photon

Collective data. Ratio: 0.145, t1 = 40ns, t2 = 250 ns
•
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Fig. 8. Comparisons of experimental data and Monte Carlo for the total and the
partial contributions to the cross correlations. The most notable differences can
be seen in timing resolution on the photon-photon peak, and the shape of the
neutron-neutron peak.

or neutron there is no misclassifieations in that sense in those simulations,
but there is also currently no indicator to separate out the doublets where
further particles interfere with the detectors. Those events, which are common in experiments, lead to changes in particle signature. Therefore, it would
be beneficial to show those events also in simulations, which can be done in
future extensions.
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Fig. 9. The comparison between measurements and Monte Carlo of the partial cross
correlation functions for the case using lead shielding and the asymmetric case of
l.r) and 45 cm detector-source distance, respectively.

In the asymmetric case, the agreement with Monte Carlo is encouraging. The
biggest differences can be found in the neutron-neutron events, which are more
frequent in the simulations compared to the experiments.
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Conclusions

A new application of a digital pulse shape discrimination technique to the
measurement of cross correlation functions with liquid scintillation detectors is presented. The PSD technique allows for separate neutron-neutron,
neutron-photon, photon-neutron and photon-photon coincidences to be acquired and analyzed. The knowledge of the separate contributions helps to
further improve existing measurement systems relying on detection of correlated events from fissionable material. The cross correlations can be used as
material-geometry "signatures", and are thereby of interest for applications in
nuclear non-proliferation and homeland security.
The measurement method is based on detecting and digitizing fast coincidences of pairs of neutrons and/or photons. The correlated events are detected
using liquid scintillation detectors, and digitalization of pulses is done using a
fast digitizer which enables real-time measurements. The obtained cross correlation functions were compared with Monte Carlo simulations using the code
MCNP-PoliMi and a good agreement was obtained.
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