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ABSTRACT

The neutronics model of the nodal reactor dynamics code DYN3D developed for 3-D
analyses of steady states and transients in light-water reactors has been extended by a
simplified P3 (SP3) neutron transport option to overcome the limitations of the diffusion
approach. To provide a method being applicable to reactors with hexagonal fuel assemblies
and furthermore allowing flexible mesh refinement, the nodal SP3 method has been
developed on the basis of a flux expansion in trigonal-z geometry. Dividing a hexagonal
fuel assembly into six triangular nodes, steady-state test calculations for one assembly as
well as for a ’minicore’ consisting of seven fuel assemblies have been performed, in which
both a symmetric and an asymmetric material composition are chosen to be compared
with more accurate HELIOS transport calculations in each case.

1 INTRODUCTION

The reactor dynamics code DYN3D is a best-estimate tool for simulating the dynamics of
LWRs. It has been developed at the Forschungszentrum Dresden-Rossendorf (FZD) since
the 1980s. It comprises a 3-D neutron-kinetic model as well as a thermal-hydraulic core
and a fuel-rod model [7, 8].

DYN3D is undergoing continuous development with respect to the improvement of the
physical models and the numerical methods. It was originally developed for Russian
VVERs with hexagonal fuel element geometry, applying a two-group nodal neutron
diffusion method, and then extended to square-geometry western-type LWRs. A multi-
group approach was implemented in order to improve the description of spectral effects,
which are increasingly important for mixed-oxide LWR loadings, also possible in VVERs
and innovative reactor concepts.

To overcome the limitations of the diffusion method, an SP3 neutron transport approxima-
tion was developed, which was first accomplished in square geometry [1, 2]. Now, also an
SP3 module for hexagonal fuel assemblies is available, since this geometry is of particular
importance for VVER-type PWRs as well as for most innovative reactor concepts.

In this paper, some tentative test calculations will be presented to show the functional
capability and the computational accuracy of the method.
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Figure 1: Hexagonal fuel assembly (a) with triangular subdivision (b) and refinement (c).

2 THE SP3 METHOD AND ITS TRIGONAL NODAL SOLUTION
APPROACH

The spherical harmonics (PN ) approximation of the neutron transport equation is obtained
by expanding the angular flux in spherical harmonic functions up to the order N . In
multi-dimensional geometries, a large number of complicated equations occur coupled in
a complex manner. Gelbard [6] therefore proposed a multi-dimensional generalization
of the planar geometry PN equations which avoids the complexities of the full spherical
harmonics approximation – the simplified PN (SPN) equations. Although, unlike PN , the
SPN solution does not converge to the true transport solution as N → ∞, it is more
accurate than the diffusion theory results and still can be obtained within acceptable
computing times. Thus, it provides an expedient basis for a simulation tool like DYN3D
as Beckert and Grundmann have shown [1, 2]. The theoretical basis of the numerical
accuracy of the SPN method was established by Tomašević and Larsen (for N = 2) [9] as
well as by Brantley and Larsen (for N = 3) [3], respectively.

The high cost of solving core dynamics problems forces the use of coarse mesh modeling. A
nodal solution method to represent the flux distribution over a large region is implemented
in the code DYN3D. The present work shows this approach for trigonal-z geometry. A
particular issue in developing a nodal expansion method for hexagonal geometry on a
trigonal basis is the possibility of mesh refinement (see figure 1). Accordingly, there are
two respective nodal orientations to be taken into account. In contrast to the square
approach, the positions of the node boundaries do not on either side coincide with the
coordinate axes, which additionally increases the complexity of the problem.

Within the SP3 approach, a pair of coupled diffusion-type equations are to be solved for
each node and each energy group instead of one respective equation in diffusion theory. The
basic ideas are to decouple the 3-D SP3 equations into a two- and a one-dimensional system
of equations by introducing transversal leakages and to use nodal expansion functions to
approximate the neutron flux within the single nodes. The occurring flux moments are
described as a sum of a specific solution of the inhomogeneous SP3 equations and a general
solution of the appropriate homogeneous equations (Helmholtz equations). For the latter
term, exponential functions are used, whereas polynomials up to order two are chosen as
the specific solution. The nodal coupling is carried out via the incoming and outgoing
partial currents averaged over the sides of the node, such that finally the node-averaged
fluxes are calculated by the usual inner and outer iteration scheme. See [5] for a more
detailed description of the method.



g Σtr,g Σa,g νΣf,g κgΣf,g Σs,g1 Σs,g2 χg

1 2.62E-01 1.20E-02 7.53E-03 9.68E-14 4.56E-01 5.63E-03 1.00E+00
2 8.31E-01 8.52E-02 1.40E-01 1.86E-12 1.42E-02 1.04E+00 0.00E+00

Table 1: Material type 1: 3%-enriched uranium fuel.

g Σtr,g Σa,g νΣf,g κgΣf,g Σs,g1 Σs,g2 χg

1 2.63E-01 1.27E-02 9.02E-03 1.17E-13 4.55E-01 6.31E-03 1.00E+00
2 8.39E-01 1.05E-01 1.82E-01 2.42E-12 1.36E-02 1.03E+00 0.00E+00

Table 2: Material type 2: 4%-enriched uranium fuel.

3 NUMERICAL RESULTS

To demonstrate the computational accuracy of the described nodal SP3 method, two
steady-state test cases will be presented in the following. The accordant calculations are
performed for one hexagonal fuel assembly as well as for a ’minicore’ consisting of seven
assemblies, in which both a symmetric and an asymmetric material composition are chosen
to be compared to more accurate HELIOS [4] transport calculations. In the minicore
example, the results are additionally compared to DYN3D diffusion theory results to show
the accuracy improvement obtained by the SP3 approach.

In the test calculations, two different material types are used. The respective cross sections
have been determined by HELIOS. The material of a standard PWR fuel element is taken
and equally distributed (’smeared’) over the square assembly. Thus, volume-homogenized
nuclide densities are produced for two fuel enrichments: 3% and 4%. Then, triangles
divided into fine sub-regions are filled with these smeared materials, being input to 190-
group HELIOS ’single-assembly’ calculations producing the two-group macroscopic cross
sections required for DYN3D (see tables 1 and 2). In a second step, HELIOS ’color set’
calculations, applying integral coupling between the homogenized trigonal nodes, have
been carried out in order to produce reference solutions for the following DYN3D-SP3 tests.
The HELIOS references as well as the DYN3D results are all obtained using reflecting
boundary conditions.

Test Case 1: Single Hexagonal Fuel Assembly

Figure 2 shows the different material compositions of two single hexagonal fuel assemblies
with an assembly pitch of 22 cm. In figure 3, the respective normalized nodal powers of
the considered assemblies are illustrated, whereas the nodal power distributions as well
as the effective multiplication factors – calculated by the presented DYN3D-SP3 method
and by HELIOS, respectively, using the material data tabulated before – are provided in
table 3 and table 4. Here, the node numbering is carried out in a positive mathematical
sense starting from the node on the right. Evidently, for this simple configuration, a good
agreement to the HELIOS results is achieved by the trigonal DYN3D-SP3 method.

Test Case 2: Minicore Consisting of Seven Hexagonal Fuel Assemblies

In an analogous manner to the test case 1, figure 4 shows the different material compositions
of two minicores each consisting of seven hexagonal fuel assemblies having an assembly



Figure 2: Hexagonal fuel assemblies symmetrically (a) and asymmetrically (b) composed
of fuel types 1 (3% enriched: gray) and 2 (4% enriched: black).

Figure 3: Normalized nodal powers within the subdivided hexagonal fuel assemblies with
symmetric (a) and asymmetric (b) material compositions calculated by DYN3D-
SP3.

Normalized Power Pnorm DYN3D-SP3 HELIOS Relative Error
Node 1 1.0803 1.0897 -8.60E-03
Node 2 0.9197 0.9103 1.03E-02
Node 3 1.0803 1.0897 -8.60E-03
Node 4 0.9197 0.9103 1.03E-02
Node 5 1.0803 1.0897 -8.60E-03
Node 6 0.9197 0.9103 1.03E-02
Multiplication Factor keff 1.19376 1.19396 -1.7E-04

Table 3: Comparison of normalized nodal powers and effective multiplication factors of
the hexagonal fuel assembly with symmetric material composition calculated by
DYN3D-SP3 and HELIOS.



Normalized Power Pnorm DYN3D-SP3 HELIOS Relative Error
Node 1 0.9312 0.9261 5.47E-03
Node 2 1.0683 1.0733 -4.73E-03
Node 3 1.0687 1.0715 -2.60E-03
Node 4 0.9208 0.9096 1.23E-02
Node 5 1.0804 1.0920 -1.07E-02
Node 6 0.9306 0.9274 3.55E-03
Multiplication Factor keff 1.19349 1.19362 -1.1E-04

Table 4: Comparison of normalized nodal powers and effective multiplication factors of
the hexagonal fuel assembly with asymmetric material composition calculated by
DYN3D-SP3 and HELIOS.

Figure 4: Minicores symmetrically (a) and asymmetrically (b) composed of fuel types 1
(3% enriched: gray) and 2 (4% enriched: black).

pitch of 22 cm. Figures 5 and 6 illustrate the respective normalized nodal powers of
the considered minicores. To compare the DYN3D-SP3 results not only to HELIOS but
also to the hexagonal DYN3D diffusion method, the nodal powers are averaged over the
fuel assembly. Using a line-by-line numbering starting left from the lowermost line, the
assembly power distributions and the effective multiplication factors are outlined in the
tables 5 and 6. Also in these test cases, the results are in good agreement. Furthermore, it
can be seen that the DYN3D-SP3 method gives better results than the DYN3D diffusion
method.

4 CONCLUSIONS

A nodal SP3 approach on the basis of a trigonal geometry was presented. The functional
capability and the computational accuracy of the method was shown via different steady-
state test calculations for one hexagonal assembly as well as for a minicore consisting of
seven hexagonal fuel assemblies. The results were compared to HELIOS calculations and
can be considered as a good approximation. The minicore test cases were additionally
compared to respective diffusion theory results whereupon the solutions obtained by
DYN3D-SP3 were more accurate than the equivalents obtained by the DYN3D diffusion
method – as expected from the underlying theory. However, the improvement may also be
partly a consequence of the finer mesh applied in the new method, since DYN3D-Diffusion



Figure 5: Normalized nodal powers within the minicore with symmetric material composi-
tion calculated by DYN3D-SP3.

Figure 6: Normalized nodal powers within the minicore with asymmetric material compo-
sition calculated by DYN3D-SP3.



Normalized DYN3D- DYN3D- HELIOS Relative Error Relative Error
Power Pnorm SP3 Diffusion SP3 – HELIOS Diff – HELIOS
Assembly 1 0.9297 0.9289 0.9387 -9.58E-03 -1.04E-02
Assembly 2 1.0906 1.0922 1.0809 9.00E-03 1.05E-02
Assembly 3 1.0906 1.0922 1.0809 9.00E-03 1.05E-02
Assembly 4 0.9391 0.9367 0.9413 -2.37E-03 -4.92E-03
Assembly 5 0.9297 0.9289 0.9387 -9.58E-03 -1.04E-02
Assembly 6 0.9297 0.9289 0.9387 -9.58E-03 -1.04E-02
Assembly 7 1.0906 1.0922 1.0809 9.00E-03 1.05E-02
Multiplication
Factor keff 1.18934 1.18938 1.18902 2.7E-04 3.1E-04

Table 5: Comparison of normalized assembly powers and effective multiplication factors of
the minicore with symmetric material composition calculated by DYN3D-SP3,
DYN3D-Diffusion and HELIOS.

Normalized DYN3D- DYN3D- HELIOS Relative Error Relative Error
Power Pnorm SP3 Diffusion SP3 – HELIOS Diff – HELIOS
Assembly 1 0.8732 0.8709 0.9084 -3.87E-02 -4.13E-02
Assembly 2 1.0659 1.0675 1.0678 -1.73E-03 -2.34E-04
Assembly 3 0.8914 0.8892 0.9187 -2.98E-02 -3.21E-02
Assembly 4 0.9375 0.9351 0.9406 -3.26E-03 -5.81E-03
Assembly 5 0.9418 0.9406 0.9471 -5.55E-03 -6.82E-03
Assembly 6 1.1364 1.1399 1.1034 2.99E-02 3.31E-02
Assembly 7 1.1537 1.1568 1.1141 3.55E-02 3.83E-02
Multiplication
Factor keff 1.19004 1.19011 1.18937 5.7E-04 6.2E-04

Table 6: Comparison of normalized assembly powers and effective multiplication factors of
the minicore with asymmetric material composition calculated by DYN3D-SP3,
DYN3D-Diffusion and HELIOS.



does only exist on a non-decomposable hexagonal basis. In cases of larger inhomogeneities
like the presence of control rods, the effect of SP3 is expected to appear stronger in
comparison to the diffusion theory – especially when applying a further mesh refinement.

ACKNOWLEDGMENTS

This work is funded by the German Federal Ministry of Economics and Technology (project
#1501358).

LIST OF NOMENCLATURE

g Neutron energy group
Σtr,g Macroscopic transport cross section of group g
Σa,g Macroscopic absorption cross section of group g
νΣf,g Macroscopic fission-neutron-production cross section of group g
κgΣf,g Macroscopic energy-production cross section of group g
Σs,gg′ Macroscopic scattering cross section from group g′ to group g
χg Fission spectrum of group g
Pnorm Normalized power
keff Effective multiplication factor
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