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ABSTRACT
Recently the two-group Kinetic Neutron Diffusion Equation with six groups of delay neutron precursor in a
rectangle was solved by the Laplace Transform Technique. In this work, we report on an analytical solution
for this sort of problem but in cylindrical geometry, assuming a homogeneous and infinite height cylinder. The
solution is obtained applying the Hankel Transform to the Kinetic Diffusion equation and solving the transformed
problem by the same procedure used in the rectangle. We also present numerical simulations and comparisons
against results available in literature.

1. INTRODUCTION
In the present work we elaborate a methodology to solve analytically the kinetic diffusion equation by integral transform technique. Recently Lemos et al [5] solved the diffusion equation of
neutrons in slab geometry for a model of two energy groups by the technique of Laplace transform. In another work, Gocalves et al [3] and Vilhena et al [9] solved the transport equation
of neutrons in cylindrical geometry considering isotropic scattering, using the Hankel transform. In view of the promising results in this works, and the fact that the approximation S2
of Boltzmann’s transport equation of neutrons results in the kinetic diffusion equation, in this
work we focus on the derivation of an analytical formulation for the neutron flux of fast and
thermal groups and contributions from the precursors. These equations can be expressed in
cylindrical geometry, relevant in calculus of cells of nuclear reactors. The principal idea is
solve the one-dimensional diffusion equation of neutrons, for the model of two energy groups
in homogeneous cylindrical geometry by the Hankel transform. To this end, we apply the Hankel transform in the diffusion equation and obtain a generalized system involving two groups
of equations, two for flux, fast and thermal, and six of kinetic origin, representing six different
groups of delayed neutrons.
For simplicity, however without loosing generality, we discuss the one-dimensional, multigroup diffusion kinetic equation with six delayed neutron precursor concentration groups.

Note, the equation for the delayed neutron precursor concentration is a first order linear differential equation in the time variable. Upon application of the Hankel transform in our equations
results in a matrix differential equation, that may be solved in general even for large matrix
order, due to the non-degeneracy of eigenvalues. This is especially an advantage by virtue of
the stiff character of this sort of problems, generated by the considerable time scale differences
of the prompt and delayed neutrons. Differently than other methods the adopted methodology is robust, that allows us to work out the one-dimensional diffusion kinetic equation, in a
straightforward manner also for problems that consider a significant number of energy groups
(up to 200), and further may be extended to multidimensional and multi-layered problems.
2

THE PROBLEM FORMULATION

Our starting point is the kinetic diffusion equation with two energy groups, together with the
kinetic equation for one neutron precursor. The diffusion equation is solved upon applying the
zero order Hankel transform in r with cylindrical geometry. Let the diffusion equation for the
groups 1 and 2 is given by
2
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1 ∂
φg (r, t) = 4r Dg φg (r, t) − ΣRg φg (r, t) + (1 − β)
νg Σf g φg (r, t) +
λi Ci (r, t) (1)
vg ∂t
g=1
i=1
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∂
νg Σf g φg (r, t)
Ci (r, t) = λi Ci (r, t) + βi
∂t
g=1

(2)

where the operator 4r is the radial part of the Laplace operator in cylinder coordinates
4r = r−1 ∂r(r∂r) .

(3)

Here Dg is the diffusion coefficient for neutrons of group g, ΣRg is the macroscopic removal
cross section for group g, C is the concentration of neutron precursors, λi is the decay constant,
(R)
νΣf g is the product of the medium number of neutrons per fission and the macroscopic fission
(R)

cross section of group g and νΣgg0 is the macroscopic scattering cross section of group g 0
into group g. In our simplified case, we will assume only one precursor concentration C(r, t).
Moreover, we consider Dg a constant independent of r, so that the commutator [4r , Dg ] = 0.
In this case, our governing equations are
2
X
1 ∂
φg (r, t) = Dg 4r φg (r, t) − ΣRg φg (r, t) + (1 − β)
νg Σf g φg (r, t) + λC(r, t)
vg ∂t
g=1

(4)

2

X
∂
C(r, t) = λC(r, t) + β
νg Σf g φg (r, t)
∂t
g=1
3

(5)

THE FINITE HANKEL TRANSFORM

Recalling, that the Finite Hankel transform of order p is defined by
Z a
Hp [f (r); r → αn ] =
rf (r)Jp (αn r) dr
0
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(6)

where αn are the values such that J(αn r) = 0. We apply the Finite Hankel Transform, because the flux outside the cylinder limited by R vanishes. In order to establish the boundary
conditions, we assume zero flux at the border φ(R, t) = 0 and make use of the distributional
character of the flux, i.e. φ(0, t) is limited. The unique initial condition is φ(r, 0) = 0.
For the inversion, we apply the Hankel inversion theorem, that says that for φ̄ we can find φ by
the following prescription.
∞
J0 (αn r)
2 X
φ̄(αn , t) 0
φ(r, t) = 2
R n=1
[J0 (αn R)]2

(7)

The operator 4r has the property H0 {4r φ} = −αn2 H0 {φ}, so that (1) and (2) are
2
X
1d ¯
2
νΣf g φ̄g (αn , t) = C̄(αn , t) (8)
φg (αn , t) + Dg αn φ̄g (αn , t) + ΣRg φ̄g (αn , t) − (1 − β)
v dt
g=1

and
2
X
∂
νg Σf g φ̄g (αn , t) .
C̄(αn , t) = λC̄(αn , t) + βi
∂t
g=1
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(9)

SOLUTION OF THE MATRIX SYSTEM

The afore presented equations may be cast into matrix form.
2
X
1 ∂
νg Σf g φ̄g (r, t) + λC̄(r, t) (10)
φ̄g (r, t) = −Dg αn φ̄g (r, t) − ΣRg φ̄g (r, t) + (1 − β)
vg ∂t
g=1

2

X
∂
C̄(r, t) = λC̄(r, t) + β
νg Σf g φ̄g (r, t)
∂t
g=1
Using the notation

∂
(·)
∂t

(11)

= (·)0 , the matrix system is given by

0 "

#
φ̄1
φ̄1
v1 D1 αn2 + v1 ΣR1 − v1 (1 − β)ν1 Σf 1
−v2 (1 − β)ν2 Σf 2
λ
 φ̄2  +
−v1 (1 − β)ν1 Σf 1
v2 D2 αn2 + v2 ΣR2 − v2 (1 − β)ν2 Σf 2 λ · φ̄2  = 0
−βν1 Σf 1
−βν2 Σf 2
λ
C̄
C̄


Our system in shorthand notation has the form
X 0 + AX = 0

(12)

X(t) = e−At X(0)

(13)

with well known solution
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which may be written in diagonalised form for A
e−At = Y e−Kt Y −1 .

(14)

Here, A = Y KY −1 , where K is the matrix of eigenvalues of A, Y is the matrix of eigenvectors
of A, and Y −1 is the inverse of Y and e−Kt is diagonal.


e−k1 t

e−Kt = 

0
e−k2 t

0

e

−k3 t




(15)

Here k1 , k2 , k3 are the eigenvalues of A and the components of diagonal matrix K. Then, the
global solution can be written as
X(t) = Y e−Kt Y −1 X(0)

(16)


 −k t



e 1
0
φ̄1 (αn , t)
φ̄1 (αn , 0)
 φ̄2 (αn , t)  = Y 
 Y −1  φ̄2 (αn , 0) 
e−k2 t
C̄(αn , t)
C̄(αn , 0)
0
e−k3 t

(17)

and


where the initial conditions for both, fluxes and precursor concentration are taken from is the
steady state solution, so that the final solution for both the fluxes and precursor concentration
is given by
∞
J0 (αn r)
2 X
φ̄g (αn , t) 0
φg (r, t) = 2
R n=1
[J0 (αn R)]2

(18)

∞
2 X
J0 (αn r)
C̄(αn , t) 0
C(r, t) = 2
R n=1
[J0 (αn R)]2

(19)

5

RESULTS

In figures 1 - 3 we show the numerical results for the fast and thermal radial neutron flux as
well as the neutron precursor concentration and their time dependence. These findings agree
with those found in the literature.
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Figure 1. Profile of φ1 , for different values of t.

Figure 2. Profile of φ2 , for different values of t.

Figure 3. Profile of C, for different values of t.
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6

CONCLUSION

In this work, we determined the fast and thermal flux solutions together with a neutron precursor concentration of the kinetic diffusion equation in cylindrical geometry using the technique
of zero order Hankel transform. Since existence and uniqueness of the solution is proven by the
Cauchy-Kowalewsky theorem, the present work established a new approach to solve the diffusion equation in a cylindrical coordinates. Our procedure allows us to construct an efficient
algorithm for solving these equations in an exact fashion. Finally motivated by the promising results attained by this methodology, in a forthcoming paper we extend the present case
to a problem with multi regions, each one with its distinct and specific physical parameters.
This will open pathways to solve the global calculus of criticality of a nuclear reactor nucleus,
applying continuity conditions of the flux and current density of neutrons across the interfaces.
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