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CRRP-914

Sumrnar;x:

This report contains calculations on the criti-

cality of assemblies of NRX fuel elements in light water.

The elements are dealt with in three sections, IX rods' of

natural uranium, enriched elements of u235/Al alloy and

enriched elements of PU/Al alloy.

Values of k and B2 are provided for two fuel
00

concentrations for each of the two enriched types and for

a range of irradiations of the X rods.

The calculations for the X rods provide maximum

and minimum values of k • The maximum values for some
00

lattices are a few per cent above unity. Unfortunately, the

present experimental evidence does not prove that it is

impossible to achieve values of k greater than unity in
00

lattices of natural uranium in light water. Hence for

safety predictions maximum values have been used. The

resulting restrictions are not very severe.

It is possible to make critical assemblies of the

enriched elements.

Part (5) contains a set of recommended minimum

spacings such that elements of all kinds may safely be

mixed in a stack together.

There are also predictions of the minimum critical

numbers of complete elements or elements cut into slugs.
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At the time of writing, NRX contains three main

types of fuel elements. Most elements are the standard

natural uranium pattern but there are also enriched elements,

of U235/Al alloy and of PU/Al alloy.

When irradiated elements aT'e removed from the

reactor,one or two at a time, they are handled under light

water. Approved procedures already exist for this, of

course, but an occasion might arise when large numbers of

elements had to be handled at once, or even the total

contents of the reactor. It is hence necessary to have an

estimate of the reactivity of such possible assemblies in

light water.

Since the elements are of three types the

reactivity of a mixed assembly will depend very much upon

the pattern of arrangement as well as upon the spacing. It

is not practical to cqmpute for all possible patterns so

the three different types have been considered separately.

The conditions which have been considered,

briefly, are as follows;

(a) Natural Uranium Elements.

Five cases are considered -- un-irradiated elements and

elements with four, increasing, irradiations up to 1600

MWD/T burnup.

(b) u235/Al Alloy Elements.

Two states are considered un-irradiated elements, and for

200 MWD per element which is rather more than the usual

irradiation of about 140 MWD/element.
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(c) PU/Al Alloy Elements.
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These elements are in the reactor for special burnup and are

already heavily irradiated. An upper limit to their reac

tivity is obtained by considering un-irradiated elements.

On the chance that elements of higher enrichment might be

used at some time in the t;'uture, the calc"ulations have also

been carried out for an increase of about 50% in the

plutonium concentration.

For each type of element the calculations give

k and the material buckling as a function of element
00

spacing and, where appropriate, the critical sizes.

In practice, a typical assembly of elements would

have a range of irradiations but if each assembly is con-

sidered to have an irradiat:ion corresponding to that of its

most reactive portion then the most dangerous situation

will be computed.

Throughout this report it may be assumed that

fuel elements still possess their coolant tubes unless

there is a specific statement to the contrary. Slugs are

always considered to be without coolant tubes.
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Part 1. General Theory

Geometry - Fuel Element Dimensions and Spacings

ORRP-914

All three types of elements are asslJ.med to have the fol-

lowing dimensions.

Fuel

Al fuel cladding

Al outer tube for coolant

Inner Diameter

1 .. 360 1t

1. 660 II

Outer Diameter

1.360 11

1.518 11

1.740 II

The length of fuel in an X rod is 305 ems, in a PU/Al

element 275 ems and in a u235/Al element 226 ems ..

The closest packing can be obtained in a triangular

lattice and ~ll calculations have been based on triangular spacing ..

The predictions for a given assembly will still be approximately

true for an assembly with a different style of packing provided

that it has the same ratio of fuel to moderator.

The following table gives V /V , the volume ratio of
ill 0

moderator to fuel, for different spacings D and the effective cell

radii r l • D and rl are in ems.

Vm/Vo 0.41 1.0 1.5 2.0 2.5 3.0 4.0 6.0 7.0 8.0

D 4.42 5.08 5.60 6.06 6.)-1-9 6.89 7.64 8 .. 9L~ 9.53 10.08

r 1 2.319 2.672 2.938 3.181 3.408 3.620 4.011 4.696 5.004 5.313

The value Vm!Vo = 0.41 correspo~ds to the closest packing,

that is elements in contact. It is assum~d that the coolant annulus

contains moderator.
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At close spacings there is strong resonance capture and

important epithermal fission and the fuel and the aluminum exert

an appreciable influence on the slowing down areas. Epithermal

neutrons have been described by several groups and the thermal

neutrons by one group~

The Thermal GrouE

In the closest-spaced lattices the thermal neutron spec-

trum is appreciably hardened by absorption in the fuel. Using the

theory of Coveyon Bate and Osborn, (J. Nuc. En., Vol. 2, p. 153,

1956) the thermal neutron distribution has been approximated by a

maxwellian with an effective neutron temperature T. If T is then m
moderator temperature,

T IT = 1 + 0.46 D"n m

where D, =
4 Za (kTm)

{Zs

Z , Z ,t are the macroscopic absorption cross section,a S.:;l

the macroscopic scattering cross section and the average logar-

i thmic energy decrement, averaged over a celL

The hardening has most effect at the clos.est spacing.

For the natural uranium and enriched uranium lattices the thermal

utilization is decreased by less than 0.1% and the change has

been ignored. In the plutonium lattices the thermal utilization

is increased by as much as 0.4% and cOI'rections have been applied.

The Thermal Utilization

The neutrons in the 'thermal' group are simply those
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17th ==

contained in the effective maxwellian distribution which was dis-

cussed above. All epithermal effects are described in the epi-

thermal energy groups.

The thermal utilization has been obtained by first

computing A, the extrapolation length into a fuel element, using

the theory of Kushneriuk and McKay in CRT 566 and Kushneriuk in

CRT 712. The actual computation was performed on the 'Datatron i

using a section of the reactor optimization progral1illle of Duret and

Marriott in CRRP 873. Cross sections were taken from CRRP 787

(Westcott).

The calculation of A is less accurate at the closest

spacings but should be good for wide spacings. The latter are pro-

bably more important since they define the limits for criticality.

The Value of nFor an Element

An average value of ~, referring to all thermal absorp

tions in a fuel element, may be defined as follows,

L Ni I(i °ai
i

h N • th t t . f th . th t . 1 /) . t th 1 YIwere i lS e concen ra 10n 0 e 1 ma erla , 'ii 1 S erma,(

and a . its thermal absorption cross section. The summations areal

carried out over all the materials in an element.

The Thermal Diffusion Area-
In widely spaced lattices the choice of recipe to compute

L2 , the average thermal diffusion area for a cell, is not critical

since the influence of the fuel element is small. As the spacing
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is reduced the path length in the fuel becomes an appreciable

fraction of the total diffusion length.

The aluminum sheaths are really too thin to be considered

as separate regions in a diffusion type calculation and if they are

so treated the long diffusion length of aluminum will then be res-

ponsible for too large a contribution from the sheaths to the mean

diffusion area. The error will be greatest at small spacings.

To avoid this difficulty the fuel and its sheathing have

been treated by the following technique which was suggested by J.D.

stewart. L2 is computed from the following formula.

ref .. (1)

where the 1'i and Li refer to different regions and the fuel and its

aluminum are to be treated as one region. The above formula is

only true if all regions have the same value of it, the transport

mean free path, so stewart's suggestion is to describe the fuel

and aluminum by a spurious equivalent region which has the same it

as the moderator.

The correct extrapolation length A into the fuel and

aluminum is calculated by Kuslmeriuk's method. Then if ,0'(1'0) is

the fiux just outside the aluminum,
t

A = ,ef(ro )/,0 (ro ).

Replace the fuel and aluminum by an equivalent region which has the

same extrapolation distance (and hence the correct total absorption)

but has the same l t as the moderator. Then if the flux in this

region is p(r)
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Let the flux ~(r) have the form Io(Kr) where K is an effective

value which is to be determined. So finally,

A = I (K r ) / K II ( K r ) ,
000

and K can be found.

The value of L~ for the region of fuel and aluminum
l

combined is 1/ K 2 and thus

1
L

2 = f 1
2

+ (f + f AI) • K2m m 0

where m refers to the moderator and (fo +- f Al ) is the utilization

of the fuel plus aluminum.

The Slowin£ Down Areas

The slowing down process has been described by two energy

groups (a) Fission to 0.1 Mev, (b) 0.1 Mev to thermal. These

divisions are convenient to allow for the way in which the slowing

down process varies with energy in light water and the highest range

is suitable for processes which occur at fission energies.

In the highest range, moderation by inelastic scattering

is considered, in the aluminum of the alloy elements and in the

uranium of the natural uranium elements.

L;, the slowing down area in the lattice in a particular

energy region, is given by the following formula, (Appendix 1),

~ _(v )2r.
1

s
; - V; Ll +

v0 1:TRo VAl 1:TRAl] -1 [---+-- 1Vm 1:TRm Vm 1:TRm

V0 ({1: S ) 0 VAl ({.l: s )AI] -1
+ V ~C + V- ~1: )

m.ssm ill sm

where the suffixes 0, ill and Al refer to fuel, moderator and aluminurn

respectively, and 1:TR , (£1: s ) are averages for the energy region. In

the highest range, 1:TR and (£1: s ) are averaged over the fission spec

trum and inelastic scattering is included in (£1:s ) where appropriate •.
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The effect of resonance capture on the slowing down area

is not considered in the above calculation. It is taken into

account in the section on 'Multiplication and Buckling'.

The calculations were based on the following values of

L2 for light water.sm

Fission to 0.1 Mev

0.1 Mev to thermal (5 kT)

L2
sm

L 2
sm

= 20.0 cm2

= 7.1 cm2 J
ref. (2)

The average cross sections for uranium, aluminum and light water

were,

Average Cross Sections for Slowing Down

Material

U

Al

H20

Fission to 0.1 Mev 0.1 Mev to thermal

L;TR £L;s ZTR {L;s

.227 •.217 .422 .00354

,,117 .0189 .107 .00794

.140 .216 .551 1.303

The averages for U and Al in the upper range include

inelastic scattering. The effective value of £for inelastic

scattering in U is taken from Chernick's calculation in Geneva

Paper 8/P/603. The effective value of {Zs is increased from

0.00183 to 0.217 by inelastic scattering. The change for Al is

much smaller and has been estimated from the measured inelastic

cross sections by assuming that the scattering up to 2.5 Mev

energy is from the two lower levels 0~85 Mev and 1.03 Mev with

the level 2.2 Mev taking part above 2.5 Mev energy. The change

in the effectiVe value of {Zs is from 0.00732 to 0.0189.
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Fast Fission

Fast fission, that is fission caused by neutrons at fis-

sion energies, is assumeq. to be negligible in the alloy elements

since the macroscopic cross section for fast fission is negligibly

small (less than 10-3 cm2/cc). For the natural uranium elements it

is estimated in a serni-empirical way, using the results from experi-

ments on 1.28 11 diameter rods of natural uranium (CRRP-895 and 896,

Jarvis and Walker).

Epithermal Capture and Epithermal Fission

The calculation of epithermal capture follows the treat

ment of Weinberg and Wigner (Chapter 19 of "The Physical Theory of

Neutron Chain Reactol"sll) ..

(1 + X) +1 ::::
f R

f R, the fractional absorption in resonances, is given by

fi: (Vm + VAl)

V N I ffo 0 e

where Xis the excess moderation caused by the higher resonance

flux in the moderator relative to the fuel surface. (£~s) is an

average for the moderator and the aluminum sheathing. N is the
0

number of fuel atoms/cc of fuel and I eff is their effective reso

nance integral. If the fuel contains more than one nuclide then

the product No I eff must be replaced by the sum of products

Ii Ni Ii over all the nuclides.

Epithermal l/v absorption in the fuel was included in

the computation of I eff for all three ty-pes of elements and

Dancoff corrections were applied to allow for the mutual shadowing

of fuel elements, using the theory of Carlvik and Pershagen (AE-16).



- 11 - CRRP-914

The epithermal absorption in the water moderator has

been neglected. The resulting error in the resonance escape

probability for the natural uranium elements is never more than

0.2% and for the enriched elements is never more than 0.• 1%. The

effect of the absorption is to make the lattices less reactive.

The quantity X is effectively zero at the closest

spacing but rises slowly as V /V increases. Its greatest influence
TIl 0

is at the widest spacing where it reduces f R by about 15% for the

natural uranium, about 10% for the U235/Al elements and about 15%

for the PulAl elements.

1 + X has the form

K2(r21-r2)[Il(Krl)K (Kr )+1 (Kr )Kl(Krl)j1 + X = 0 0 0 0 0

~ro Il(Krl)KI(Kro)-Il(Kro)Kl(Krl)

where r l is the effective cell radius and K is the average lapla

cian which describes moderation in the light water and aluminum

sheaths outside the fuel& K2 = 3~1/Qtm where ~l is the cross

section for slowing down to below the effective resonance region

and ~l = {~s/D, where U is the effective lethargy width of the

resonance region. It is thus necessary to obtain D.

The value of U = 3 is often suggested for capture in

natural uranium resonances (Weinberg and Wigner) but the inclusion

of the epithermal l/v absorption below the resonance region has

the effect of extending the epithermal capture to lower energies

and thus increasing the value of U. Close packing increases the

shielding of the lower resonances so that the contribution from

higher resonances to I eff becomes relatively more important and

the effective capture range is extended to higher energies, again
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9

leading to an increase in U. An estimate of U has been obtained

for each type of element as follows.

The total epithermal absorption is

L
E2

Ae := ¢o ¢(E) a(E) dE

E1

The epithermal flux is ¢ ¢(E) where ¢ is a normalizingo 0

factor and ¢(E) is a shape function. El and E
2

are the effective

limits of epithermal absorption.

Then

A e

E

=12
¢(E) a(E)

E 1

dE := ¢o leff '

where leff is the effective resonance absorption integral and

includes l/v'absorption. A may also be writtene

L
E2

A
e

= ~ a(E) dE

E 1

where ¢ is the average flux over the range E
l

to E2 • Since the

object is to'compute U for use as a correction term, it is suf-

ficiently accurate to calculate ~ by assuming that the flux has

a ¢ /E distribution.o

¢ := l
E

2

E
2

:E ¢ dE. -
1 0 E -

El

¢o log E2/E l
E2-El

o

Finally, log E2/El
E2-El

:=

E

Ieff~l 2a (E) dE

El

When El the lower limit of absorption is decided, this

equation may be solved for E2 , using a self-shielded value of
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Iei'f' and U ;::: log E2/El may be calculated,. The va.lu~ of:. U' is pot

very sensitive to the upper limit E
2

0

The equation can not be solved until E l , the lower limit

of absorption, is chosen. If the resonance absorption contributes

the major part of I eff then El will lie just below the lowest

resonance but if the l/v absorption is important then El may be the

upper limit of the thermal groupo

Having obtained fR,the probability of escape from

capture, p, is given by

p = exp [-

f R

I-fR + (t/U) J
Some of the absorptions which are included in Li Ni Ii'

the total absorption integral, may cause fissions. If p is the

fraction of neutrons escaping capture the nunmer of epithermal

fission neutrons will be

(l-p) Il e '

where ~e is an average for the particular fuel. If there is one

fissionable nucli~e, in numbers Nl , then

~e = ~l N1 I a1 jL i Ni I ai

where ~l is an average value for nuclide (1) over epithermal

energies and the I 's refer to effective resonance integrals'for
a

absorption o
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The neutron life cycle is described by a total of five

groups.

The highest energy group deals with neutrons with energies

lying inside the fission spectrum limits, effectively 0.1 Mev to

10 Mev. It is denoted by the subscript IIftl.

The next three groups describe epithermal neutrons, between

0.1 Mev and thermal energies. They are denoted by subscripts "1",

tt2 II and "3" in order of decreasing energy. Capture and fission may

take place in the two lowest~

The fifth gro·up contains the thermal neutrons.

The following parameters are used.

2 2 1~ and 1~ are the respective slowing down areas1f , 1 1 ,

in the fission group, and the three epithermal groups. The values

of 1~ and 1~ are to include the effects of epithermal

1~h is the thermal diffusion area.

f is the fast fission factor.

absorption.

~n~' 6ml , ~m2' ~m3 are the macroscopic slowing down cross

sections for the fast and epithermal groups respectively"

~a2 and ~a3 are macroscopic cross sections which represent

the absorption in groups (2) and (3) respectively. It should be

noted that absorption takes place inside the group, that is it

competes With the moderating collisions.

Zath is the thermal absorption.

772 , 113 '
77 th refer to fission in the two lowest epi-

thermal groups and the thermal group respectively.

f is the thermal utilization of the fuel.
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Df , Dl , D2 , D
3

and Dth are the respective diffusion

constants"

The five diffusion equations may now be written down"

::::. 0~ml.01 + L:mf>6f

Df \72>6f - ~mf>6f + 1l2~a2!.(>62 + 1{3~a3t>63 t f!/thL:atht¢th ::::. 0

2'Dl \7 ,01

2
D2\7 ¢2 L: m2¢2 L: a2 >62 + L:ml¢l ::::. 0

2
D3\7 >63 - ~m3¢3 - ~a3¢3 + ~m2¢2

2
Dth\7 ,0th - L:ath>6th + L:m3 ¢3

= 0

;::: 0

Assume that this set of ~quations has solutions which

satisfy the relation \72>6 + B2¢ ::::. 0 for each ¢, where B2 is the

material buckling. The condition that the above equations are

consistent is the usual one, namely that the determinant of the

coefficients of the >6's is zero. This reduces to t~e following,

( L: ) (L: )f f m2 m3
~th L:m2+~a2 L:m3+~a3

(
~a3 )( L: m2 ) ( Dth 2)+ 7l. 3t L: +1: L: +~ 1 +~ B

m3 a3 m2 a2 ath

+ ~ t( ~a2 )(1 +~ B
2
) (1 + D~ B

2
)

2 ~m2+~a2 ~ath ~m3+~a3

::::. (1 + D
f

B
2
)( 1 + Dl B

2
') ( 1 + D

2
B2)( 1 + D3 B

2
) (1 + Dth B

2
)

~r~ ~ml ~m2+~a2 ~m3+Za3 Zath

This may be simplified by the following relations,

Df 2
L2 - - Llf - L:mf'

D
;::: 1 2

~ml' L th
Dth--,- L:
ath
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and for the two groups with epithermal absorption,

CRRP-914

D
2 2_,

L2 = Zm2+Za2

D3
L~ = Zm3+Za3

The quantity Zr~/(Zm2+L;a2) is the resonance escape probability for

passage through group (2) (= P2)' and L;m3/(Zm3+Za3) is the resonance

escape probability for group (3) (= P3)o

The critical condition then becomes,

2 2
f~thfP2P3 + ~3t(1-P3) P2 (1 + Lth B )

YJ 2 2 2 2+ '(2((1-P2) (l+Lth B )(1 + L
3

B )

= (1 + L~ B
2

)(1 + Li B2 ) (1 + L~ B
2

) (1 + L~ B
2

) (1 + L~h B2)~

This equation may then be solved for the material buckling B2 •

The widths of the epithermal groups are arranged according

to the effective energy ranges of the epithermal absorptions o

Groups'f and (1) do not qontain absorption ~o L~ and Li may be

calculated directly as described in the section on 11S1owing Down

Areas". L~ and L~ contain the effects of absorption and are cal

culated as follows,

D2L2 - -",
2 - Zm2+LJa2

_ D2 L;m2_

- Zm2 • Zm2+L;a2 -

D2
L;m2 P2°

kro = f17thfP2P3 + 113 (( l-P3) P2 + 1/2(( l-P2)
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and the effective multiplication factor for a given buckling iS 9

2 2 2 2 2 2
k = f~thtP2P3 + ~3f(1-P3)P2(1+LthB ) + ~2t(1-P2)(1+LthB ) (1+L3B )

eff (1+L2B2 ) (1+L2B2 ) (1+L2B2 ) (1+L2B2 ) (1+L2 B2 )
f 1 23th

Prediction of Critical Mass

In parts 2, 3 and 4 which follow, the theory which has

been outlined above is used to compute k and the material buckling.
00

The values are then used to predict critical masses for assemblies

of elements.

There are two main types of assernbly. Normally the

elements are handled complete and the most reactive assembly will be

a cylindrical stack, one element in length. If the elements are cut

into slugs their fuel can be used more efficiently by stacking slugs

to form a sphere. The minimum critical mass of such a sphere will

be much less than the minimum critical mass of a cylindrical stack

of complete elements.

The most dangerous situations will thus occur when slugs

are being handled.

The predictions for the two types of stack are calculated

in the following way,

(1) Minimum Critical Number of Slugs

Suppose that the slugs are jumbled together in water to

form a rough sphere, at more or less equal spacings with a modera

tor-to-fuel ratio of Vru/Vo •

The effective voluroo of cell per fuel slug is

1 (Va + VAl + Vm)

where 1 is the length of a slug and the VIS refer to unit length.
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If the critical radius is R, and there are n slugs,

nl (V 0 + VAl + Vm) = L~/3 rr R3

If the material buckling is B2 ,

(R:At = B2

CRRP-9l4

where ~ is an extrap01ation distance into the surrounding water.

Hence for a given buckling R may be found and then n~

(2) Minimum Critical Numbers of Complete Elements

Let the elements be stacked in water to form a cylinder.

If the radius is R and the length H (equal to fuel length in an

element), the geometrical buckling is,

2 _ ( rr )2 (2.405) 2B - H+2~ + ~ 0-

If the water to fuel ratio is V Iv and there are N elements,
ill 0

N(Vo + VAl + Vm) = rr R2 ,

and Tor a given B2 , the values of Rand N may be found.

The Effective Value of ~

The value of ~ is different for thermal and epithermal

neutrons. It will be of order Ls for the epithermal and of order

L for the thermal, both values referring to the water reflector.

Ls is 5.21 em and L is 2.69 em. To apply the theory above, an

effective value of A is needed. If an epithermal value is choosen

then the predicted critical masses will tend to be too small and

this is a fault in the safe direction. The rnaximum epithermal
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value is
1

A::::: trc
r- ·trr Lsr ' (Glasstone and Edluhd,p. 237)

Where It and It are transport mean free paths for epithermalrc rr
neutrons in core and reflector respectively.
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Part 2. Natural Uranium Elements (IX rods')

Composition

CRRP-914

Calculations have been made for un-irrad.iated elements

and for four average irradiations at interva.ls, up to a total of

1600 MWD/T. The nuclear composition after irradiation has been

taken from the figures in NDC-33.

Irradiated X rods

n/kb MWD/T U235 Pu239 Pu240 Pu241 F"P.

0 0 1 0 0 0 0

0.1 390 • 936 .0468 .00097 .00003 3

0.2 790 .877 .0877 .0035 .00022 9

0.3 1180 ",822 .124 .0073 .00063 14.1

0.4 1580 .771 .155 .0121 ;0013 15.8

The first column gives the irradiation in neutrons per

kilobarn. The isotopic abundances are per initial U235 atom and

the F.P. refers to the total fission product cross section in

barns per initial U235 atom. Sm149 has not been included since

its concentration will depend very strongly upon the immediate

past history of the element before it was removed as well as upon

its total irradiation. Any samarium which is present will increase

neutron absorption and hence make assemblies less reactive.

The average irradiation of X rods is usually about

1200 1'1WD/T.
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The following tables give f as a function of ~rradiation

and lattice spacing, and ~ as a function of irradiation. Both

parameters refer to all the~mal absorptions in the fuel.

Thermal Utilization

Irradiation o n/kb 0,,1 n/kb 0.,,2 n/kb 0.3 n/kb 0.. 4 n/kb

V /v f f f f f
ill 0

0.41 ,,9420 .9424 .9428 .9430 .,9432

1.0 .8838 .8844 .8851 .8856 .8858

1..5 .8334 .8342 .8350 .8356 .8359

2.0 .7$42 .7851 .7860 .7867 .7870

2.5 .7368 .7378 .7388 .7396 .. 7399

3.0 .6923 .6933 .6944 .6952 .6955

4.0 .6121 .6132 06143 .6151 .6154

Thermal nfor an Element

Irradiation o n/kb 0.1 n/kb 0.2 n/kb 0.3 n/kb 0.4 n/kb

Il 1.335 1•.337 1",332 1.326 1.322

Thermal Diffusion Area

It was assumed that the change in the fuel composition

with irradiation did not cause an appreciable change in L2•

2L -:x. rods

Vrr!Vo 0.41 1.0 1.5 2.0 2.5 3.0 4.0

L2 .57 .. 98 1034 1.69 2.02 2.34 2.. 91

The units are cm2 •



Slowing Down Area

- 22 - CRRP-914

It was assumed that irradiation had no effect on the

slowing down areas in the lattices.

L; for lattices of X rods in H20

v Iv 0.41 1.0 1 05 2.0 2 0 5. 3.0 4 0 0
ill 0

Fission to 0.1 Mev 19.0 19.0 19 .. 1 19,,2 1902 1903 19.4

0.1 Mev to thermal LI-4.4 22 .. 0 16,,9 1403 12 08 110.9 10 06

The units are cm2 •

The calculation includes inelastic scattering by the

uranium and the aluminum, in the upper energy range. The effect

of the uranium is most marked but the aluminum correction is small.

For example, the inelastic scattering reduces L2 in thes

upper range by a factor of about 3 at V Iv = 0.41, and by a factorm 0

of about 1 0 5 at V Iv = 2.0.m 0

Epithermal Capture

The ~ajor part of the epithermal absorption in Pu239

and Pu240 is accounted for by two resonances, the one at 0.3 ev

in Pu239 and the one at 1.06 ev in pu240 •

The epithermal range below fission energy has been

divided into two groups with the lowest resonance in u238 (6.7 ev)

as the diViding energy. Above 6.7 ev all absorption is considered

to be in u238 and is not dependent upon the irradiation history.

Below 6.7 ev there is competition between u235 , Pu239 , Pu240 and

pu241 , depending upon their concentrations, and hence upon the
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irradiation. The approximation of relegating all absorption in

U235 to the lower region is discussed below in the section

dealing with the infinite multiplication factors.

Both groups include the appropriate (l/v) contributions.

The self-shielding of the major contributions to the effective

resonance integrals of U235 , Pu239 , pu240 and Pu24l was calculated

by the methods of Adler Hinman and Nordheim (15/p!1988) and the

effective integral for U238 was taken from the experimental values

of Hellstrand (J. App. Phys., 28, p. 1493, 1957). Dancoff correc-

tions have been applied for the shielding of one element by another.

The lower group has an energy range from 0.125 ev to 6.7

eVe This corresponds to a lethargy range of U ~ 4.0. The effec-

tive value for the upper range was calculated by the method

described in section 1. The value of U = 5.0 was chosen. The value

of U for close-packed lattices is discussed in CRPP-896.

The following table gives the probabilities of escape

from capture in the upper group.

Epithermal absorption above 6~7 ev

vrr/vo

P2

0.41

.5875

1.0

07776

1.5

.8387

2.0

.8735

2.5

.8965

3.0 4.0

.9124- .9334

Absorptions in the lower group cause fissions and an

effective average ~3 for absorption in a fuel element may be

defined as follows.

Yl3 =
~e5 N5 15 + ~e9 N9 19 + nel Nl II

N5 15 + N9 19 + Nl II
,
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where the ~ are average epithermal values, the subscripts 5, 9

and 1 denote u235 , pu239 and Pu241 respectively and the I's are

effective absorption integrals.

The next table gives resonance escape and ~3 values for

the lower group, as a function of irradiation and lattice spacing.

Epithermal absorption below 6.7 eVe

Irradiation

o n/kb

0.1 n/kb

0.2 n/kb

0 ...3 n/kb

v /vm 0

P3

~3

P3

~3

P3

1{3

P3

~3

0.41

• 67~-5

1.172

.6536

1.205

.6378

1.213

.6240

1.212

1.0

.8382

1.200

.8242

1.235

.8134

1.243

.8039

1.241

1.5

.8866

1.212

.8759

1.247

.8676

1.255

.8603

1.253

2.0

09129

1.220

.9°43

1.255

08977

1.262

.8918

1.260

2 0 5

.9294

1.223

.9222

1 0 257

.9168

1.266

.. 9120

1.263

3.0

.9407

1.227

•9jL~6

1.262

.9299

1.269

09257

1. 267

4.0

09552

1 .. 228

.9506

1 0264

09471

1.271

.9439

1.268

0.4 n/kb
P3

113

.6138

1.205

.7968

1.233

.8548 .8874 09082

1.244 ·1.252 1.255

09226 09415

1.258 1 0 259

Resonance absorption by the fission products has been

neglected. It will decrease the calculated values of p and ~ and

will lead to less reactive systems.

The Fast Fission Factor

The fast fission factors were obtained by interpolation

in the results of the experiments described in CRRP-895 and 896,

(Jarvis and Walker). They involved 1..28" diameter rods of natural
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uranium in square lattices at Vrn/Vo ratios of 0086, 2033, and 6 083.

It was assumed that the difference in diameter, 1 0 36" as opposed

to 1 0 28", was not enough to cause an appreciable inc~ease in t and

that lattices with the same V Iv ratios would have the same valuem 0

of t.

The experimental results were extended to cover the range

from V Iv = 0086 down to V Iv = 0 by assuming that the value of fmom 0

for solid uranium (i.e o VIv = 0) is 1 0 19 (Weinberg and Wigner,m 0

page 720) 0

The values of t obtained by the interpolation were,

Fast Fission Factor t

vrr/Vo 0.41 1 0 0 1 0 5 ~ 2.0 2.5 3 0 0 4 0 0

t 1.167 1.135 1 0 109 10088 1 0 072 1 0 064 1 0 055

It has been assumed that the effect of leakage is to

c (2 )-1 2reduce the value of c by a factor 1 + B Lf where Lf is the

average slowing-down area for a fission spectrum neutron, from

birth to the top of the highest epithermal group at 0 0 1 Mev. This

is not quite correct because leakage competes with the fast neutron

process at all stages while the fast fission increment is being

built up. The error is small however because the values of L~ in

light water are in the region of 20 cnf and the leakage is a small

effect anyway"

Multiplication Factor - Infinite Assemblies

It is very difficult to compute the epithermal absorption,

and subsequent fission, in the U235 since its resonances will be

partly shielded by the U238 absorption.
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The technique described earlier has calculated self

shielding in the u235 but ignores any interaction by the U238 • In

addition it has placed all 235 absorption in the lower group, which

is not st~ictly cor~ect. However it will provide a good approxi

mation to the upper limit of reactivity of these assemblies. The

correct value of koo probably lies between the two extremes,

(koo )max = Ilth P2 P3(+ P2 (1 - p3) 1(3 f"

which includes epithermal fission, and

(kco )min := 17th P2 P3 f"

with no epithermal fission.

The values are given below,

k oo - X rods.

Irradiation

1.0494 1 .. 0137

.. 8866 .8841

1.0467 1,,0114

.8786 •.8774

JoO 4.0

09146 .. 8228

.8440 .7687

08268

"754-3

.8282

,,7581

,,8289

.7675

.8294

"7631

09198

08284

.9180

.8235

.9217

.8410

.9214

08350

.. 9683

.8743

.. 9683

.8670

.9664

.8595

.. 964-4

.. 8538

2.5

.. 9616

.8786

1.0163

.9021

2.0

1,,0093

,,9083

1.0159

.. 8932

1.0526

.9086

1.0520

.8976

1.5

1.0454

.9174

.8464

1.0517

.8601

1.0479

.,8332

1.0447

•.8235

1,,0442

...8728

1.0

1,,0510

vrr/vo 0.41

(keo )max •8431

(keo )min .. 5815

(koo )max •8507

(keo )min ..5647

(keo )max •8503

(k co ) min .. 5492

(koo ) max ..8473

(keo ) min .5350

(keo )max •8437

(keo )min ..·5247

o n/kb

0 .. 1 n/kb

0.3 n/kb

0.4 n/kb

0.2 n/kb
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The material buckling is obtained in the way described

in Part (1). The equation to be solved is of fifth order in B2 but

it may be simplified considerably without appreciable loss of

accuracy for these lattices. It becomes,

f17thtP2P3 + 173 f (1-P3)P2(1+L~hB2) := (1+M
2

B
2
),

to give a solution corresponding to (k ) , and
co max

f 17th t P2P3 := (1+M
2

B
2

) ,

for a solution corresponding to (koo )min.

M2 , the migration area, is defineq by

M2=L2+L2+L2+L2+L 2
f 1 2 3 <. th

For the X rod lattices the error introduced by these

approximations is never more than 0.3% in keff and is usually very

much less o

The values of B2 are given in the following table. B2
max

corresponds to (koo)max and B2
rrln corresponds to (koo )min"



Material Buckling _ B2 units metre-2

Irradiation Vrn/Vo 0 .. 41 1 .. 0 1 .. 5 2.0 2 .. 5 3.0 4 .. 0

o n/kb B2 -29 .. 2 +11 .. 2 +12.6 +2.73 -lL.8 -26 .. 8 -57 .. 5max

B2 . -7704 -31 .. 9 -22 .. 9 -27 .. 0 -37 .. 1 -48 .. 8 -74.. 9mln

0 .. 1 n/kb B2 -28.0 +13 .. 1 +14.7 +4.8 -9.7 -24 .. 7 -55.5max

B2 . ":Sl .. 0 -35 ..2 -25 .. 4 -28.8 -38 ..4 -49 .. 7 -75.3mln
i

0.2 n/kb B2 -28.2 +14.6 +4 .. 7 -24.7 -57 .. 1
N

+13 .. 0 -9 .. 7 --J
max Sl'

B2 . -84,,2 -38.7 -28.5 -31.5 -40 ..7 -51.6 -76.7mln

0.,3 n/kb B2 -28.,8 +12.2 +13.8 +4 .. 1 -10 .. 3 -25 .. 2 -55.9max.

B2 . -87 .. 1 -42 .. 1 -31 .. 6 -34.. 2 -43 .. 0 -53.7 -78.4mln

0 .. 4 n/kb B2 -29 .. 6 +11 .. 4 +13 .. 1 +3 ...4 -10,,9 -25.8 -56 .. 3max

B2 . -89.2 -44,,6 -33.8 -36.2 -44.8 -55.2 -79 .. 6
0
::0mln ::0
'l:l
I

--.0
l-'
-t="
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The values of kco will lie between (koo )max and (koo )min
o

This is admittedly a large range (about 15%) but it is difficult

to define the upper limit more closely and to prove without any

doubt that k is always less than unity. Some relevant experi
00

ments are described in ref. (3), with natural uranium rods of 1&20 ft

diameter. In the region between V Iv = 1~0 and 2.0, some bucklingm 0

values were obtained which were slightly negative but could include

the value zero within the experimental error. Hence it is hard to

be sure that there is no configuration of natural uranium which

could give rise to a kco greater than unity. For safety recom

mendations, the values of (k) must be taken. Fortunately,
00 max

the resulting conditions are not very restrictive in practice and

there is little cause to carry out the more complicated calcula-

tions.

The variation of kco for un-irradiated rods is shown in

fig. (1) and the corresponding values of B2 are shown in fig. (2).

For comparison, two experimental results obtained for 1.28 ft rods

of natural uranium in the Blanket Experiment, ref. (4), are also

shown in fig. (2).
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If X rods are to be stored in large numbers then the

minimum spacing must be large enough to make k less than unity.
00

In practice a value more like 0.7 or 0.8 is chosen._

The most reactive assemblies will correspond to the values

of (k) ,and these tend to be highest for an irradiation near
00 max

0,,1 n/kb.

(kro ) max = 1 for V /V = 2.15 at 0.1 n/kb irradiation.m 0
This corres-

ponds to a triangular spacing of 6.2 em. Then all assemblies at

spacings larger than 6.2 em should be sUb-critical, whatever their

irradiation history.

The minimum spacings for a range of values of (k) are.ro max '

(a) Minimum Spacings -- 0.1 n/kb irradiation,

(k) less than 1.0 0.,9 0.8 0.7ro max

Vrr/vo 2.15 3.25 4.30 5.25

Min. spacing - ems. 6.2 7.1 7.8 8.5

If the coolant tubes are removed the minimum spacings

for (k) are
00 max

(b) Minimum Spacings -- 0.1 n/kb irradiation -- without coolant
tubes

(k ro ) max le s s than 1.0 0.9 0",8 0,,7

vm/vo 2.25 3.35 4.35 5.40

Min. spacing - ems. 6.2 7.1 7.8 8.5
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(2) Rods Cut Into Small Pieces = Coolant Tubes Removed

CRRP-914

If rods are cut into small pieces the most reactive shape

for an assembly is a sphere, with an infinite water reflector o

The calculation of critical size and critical mass is

described in Part (1). The extrapolation length is

Itrc
A = -- Lsr1trr

There is no fixed size for slugs from X rods but provided

that the pieces are not too long (say less than 30 em) the values

of (B2 ) imply that the smallest critical sphere would be mademax

from pieces with 0 0 1 n/kb irradiation. The V /V ratio would bem 0

1 0 5, the radius would be 66.6 em and it would contain the contents

of 157.6 rods, without coolant tubes.

(3) The Minimum Critical Number of Complete Rods

The calculation follows the theory of Part (1). The

length of fuel is 305 em.

(a) Rods with coolant tubes.

The (B2 )max values predict that the smallest critical

mass with complete rods would be a cylinder made up of rods with

0.1 n/kb irradiation. The VraiVo ratio would be 1.5, the radius

would be 54.7 em and the cylinder would contain 347 complete rods.

(b) Rods without coolant tubes.

If the coolant tubes are removed, (B2 )max will be

increased by 2 0 1 metre-2 at V /V = 1 0 5 and the smallest critical
ill 0

cylinder would have fl radius of 50.6 em and would contain 318 rods.
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Part 3. Enriched Uranium Elements

Composition

ORRP-914

The elements are composed of uranium-aluminum alloy, the

fuel length being 89 inches. The uranium is 93% U235 before

irradiation and there are 416 gms of U235 per un-irradiated element.

On the average the elements are removed from the reactor

after 140 MWD and by this time approximately lL~6 gms of U235 are

destroyed per element.

Oalculations were made for un-irradiated elements and for

elements with 200 MWD burnup so that the extremes of reactivity were

well covered.

Thermal Utilization and a
The values of f for the two conditions are,

f - un-irradiated elements

Vrr!Vo 0.41 1.0 1.5 2.0 2.5 3.0 4.0 6.0 7.0 8.0

f .9433 .8861 .8362 .7874 .7403 .6960 .6159 .4890 .4394 .3945

f - 200 MWD

v Ivm 0

f

0.41 1.0 1.5 2.0 2.5 3.0 4.0 6.0 7.0 8.0

.9112 .8335 .7717 .7150 .6629 .6159 .5352 .4154 .3708 .3312

For un-irradiated elements ~th is 2.004 and for 200 MWD

~th is 1.927. f and ~ refer to all thermal absorptions in the

uranium-aluminum alloy.
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The fission products in the irradiated elements have been

neglected and also the isotopes produced by the neutron absorption

since the concentrations are rather uncertain. Their net effect is

an absorption so the lattices should be less reactive than calcu-

lated. For example, the thermal absorption of fission products

reduces ~ from 1.927 to about 1.852 and f by approximately .01 in

all lattices.

Thermal Diffusion Area

The units

The values of L2 for the two conditions are listed be10w o

2are cm •

Vm!Vo

L2

v /Vm 0

L2

L2 _ un-irradiated elements

0.41 1.0 1.5 2.0 2.5 3.0 4.0 6.0 7.0 8.0

1.08 1.~-5 1.78 2.10 2.41 2.70 3.22 4.05 4.37 4.66

L2 _ 200 MWD

0.41 1.0 1.5 2.0 2.5 3.0 4.0 6 .. 0 7.0 8.0

1.21 1.72 2.13 2.51 2.85 3 .. 16 3.70 4.49 4.78 5.05

The Slowing Down Area

It was assumed that the slowing down area was independent

of irradiation.

L 2 for u235/Al elementss

Vm/Vo 0.41 1.0 1 .. 5 2.0 2.5 3.0 4.0 6.0 7.0 8.0

Fission
to 0.1 77 .. 7 47.2 38.8 34.3 31.5 29.7 27,,4 24,,9 24 .. 3 23.7
Mev

0.1 Mev
to 81,,1 31.8 22.2 17.9 15.5 13.9 12.0 10.3 9.8 9.4
thermal
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The units are 2em • The calculation includes the effect

of inelastic scattering in the aluminum of the alloy and the sheaths~

It reduces the area from fission to 0.1 Mev by about 27% at V Iv =
ill 0

0 0 41 and by about 2 0 5% at V Iv := 8 0 0.m 0

Epithermal Capture and Fission

The epithermal capture has been described by one group

and the effective lethargy range was U := 5.0. The effective

absorption integrals for the U235 and U238 were computed by the

methods of Adler, Nordheim and Hinman and were corrected for Dancoff

shielding.

The effective ~e for the epithermal absorption is

defined as,

ti
e

:= ~e5_N5 I"=~__...

-
where the I's are effective absorption integrals and ~e5 is the

mean value for ~35 in the epithermal region.

Epithermal absorption - l.m-irradiated elements

vrnlvo o.LI_l 1 •.0 1.2 2.0 2.5 3.0 4.0 6.0 7.0 8.0

p .6506 .8272 .8788 .9068 .92L~4 .9365 .9520 .9679 .9724 .9759

fle 1.822 1.825 1.826 1.827 1.827 1.827 1.828 1.828 1.828 1.828

200 MWD irradiation

V Iv 0.41 1.0 1.5 2.0 2.5 3.0 4.0 6.0 7.0 8.0
ill 0

p .7980 .9048 .9408 .9498 .9595 .9660 .9744 .9829 .9853 .9871

77e 1.824 ~.827 1.828 1.829 1.829 1.829 1.829 1.830 1.830 1.830
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Resonance absorption by the fission products and isotopes

produced by the irradiation in the irradiated rods has been neg-

lected since the concentrations are not known. The absorption will

decrease the calculated values of p and ne and will lead to safer

systems.

Fast Fission

Since the elements are made of a dilute alloy there will

be a negligible fast fission effect.

Multiplication Factor

The theory of the last part of Part (1) is simplified

because f is unity and epithermal fission is descr~bed by one groupo

The expression for k ro reduces to,

k ro = p /{th f + (1 - p) ne

and the values are given below.

,

k un-irradiated elements
00

v Iv 0.41 1~0 1.5 2.0 2.5 3.0 4.0 6.0 7.0 8~0m 0

kro 1.8664 1.7842 1.6939 1.6011 1.5095 1.4222 1.2627 1.0072 .9067 08156

k - 200 MWD
CO

vrrlvo 0.41 1.0 1,,5 2.0 2.5 3.0 4.0 6.0 7 00 8 00

koo 1~7697 1.6272 1.5073 1.4004 1.2997 1.2086 1.0518 .8181 .7309 ~6536

Material Buckling

The equation for B2 now becomes

k - 1eff - =:

P 11th f (l-p) ~ e
-~:---~--~--,:::-------,:::--~----,,~~- + -
(1+B2L 2) (1+B2L 2) (1+B2L 2) (1+B2L 2) (1+B2L 2) (1+B2L 2) (1+B2L 2)

th 2 1 f 2 1 f
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and is a quartic in B2 0 The appropriate solutions are,

B2 _ un-irradiated elements

VwlVo 0 041 1 00 1 05 2.0 2.5 3.0 4.0 6.0 7.0 8 00

B2
47 0 1 84.0 96 00 97 0 6 92 0 2 8207 57.8 2 01 -25.0 -51.8

B2 _ 200 MWD

vrr/vo 0 ..41 1.0 1 0 5 2.0 2.5 3 0 0 4.0 6.0 7,,0 8.0

B2
41.4 68.7 72.1 67,,2 56.4 42.7 12.0 -48.9 -76.1 -102.7

ThB units are metre-2 "

Critical Sizes

(1) Large Assemblie~

The values of koo are shown in fig. (3) and values of B2

in fig. (4) .'

If elements are to be stored in large nurnbers then the

minimum spac ing must be wide enough that koo is Ie ss than unity,

and a limit lower than unity is usually chosen for safety reasons"

Table (a) gives values of minimum spacings in triangular

packing corresponding to four values of k for un-irradiated
00

complete elements, and table (b) gives the sanill information for

elements with coolant tubes removed o

(,I;l.) Minimum SEacings - Un-irradiated Elements

k oo less than 1.0 0.9 0 0 8 0.,7

V Iv 5095 7.05 8 ..20 9.,.35m 0

Min. spacing - em. 8",9 9.6 10,,2 10.9
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(b) Minimum Spacings - Un-irradiated Elements Without Coolant
Tubes

k less than l.0 0.9 0.8 0.7
00

vm/vo 6.15 7.20 8.40 9 .. 60

Min. spacing - em. 9.0 9.6 10.2 10.9

(2) Minimum Critical Number of Slugs

Slugs are to be arranged in a sphere at uniform spacings

with a water to fuel ratio of V Iv and an 'infinite' waterm 0

reflector (greater than 15 ems). The minimum critical number will

be given by un-irradiated slugs.

The theory at the end of Part (1) is used with the effec
1

tive extrapolation length A = Itrc L •
t srrr

The slugs are 8" long with 10 slugs to an element. They

are handled without the coolant tubes so their reactivity is

increased.

Calculations for several bucklings near the peak value

show that the minimum critical number of slugs can be achieved

with a water-to-fuel ratio V Iv = 2.0. The removal of the coolant
ill 0

tubes increases k by .0088 and increases the material buckling
00

6 -2 ' -2from 97. metre to 100.2 metre •

Then if un-irradiated slugs are arranged at uniform

spacings to form a sphere the details are,

v Iv = 2.0,
ill 0

2 -2B = 100.2 metre •

Critical radius 22.6 em, containing 78.2 Slugs,

that is, the contents of 7.8 elements.
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(J) The Minimum Critic al Number of Complete Elements

The theory at the end of Part (1) is used o

CRRP-914

The fuel in the elements is 226 cm long o The minimum

critical number is given by spacing un-irradiated elements uni-

formly to form a cylinder one eleme~t in length with an infinite

water reflec tor.. They are arranged as follows,

(a) Elements with coolant tubes.

vm/vo = 2.0, B2 = 9706'metre-2

The radius of the critical cylinder is 15 08 CID o

It is made up of 2405 complete elements.

(b) Elements without coolant tubes o

vm/vo = 2.0, B2 = 10002'metre-2

The radius of the critical cylinder is 15.4 cm o

It is made up of 2L~0 6 elements 0
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Plutonium-Aluminum Elements

CRRP-914

An upper limit of reactivity of a plutonium assembly

has been obtained by making calculations for clean elements.

Against the possibility that future experiments may involve plut-

onium of higher concentrati?n, calculations have also been made

for elements with about 50% more plutonium o

In un-irradiated condition, the present elements contained,

on the average, 254 gms of Pu239 in a fuel length of 89", plus about

6% of pu240 and 0.6% of Pu241 • These elements are referred to as

254 gm elements.

The increased concentration is supposed to be 400 gms of

Pu239 per 89" plus the same percentages of Pu240 and pu241 •

Thermal Utilization and n
The values of f for the two concentrations are,

f - 254 gm elements

vm/Vo

f

0 0 41

.. 9349

1 00 1.5 2.0 2.5 3.0 4.0 6.0 7.0 8.0

.8722 .6189 .7678 .7191 .6739 .5934 .4682 .4199 .3765

f - 400 gm elements
=--<i __ •

v Iv 0.41 L 0 1.,5 2.0 2.5 3.0 4.0 6.0 7.0 8 <) 0m 0

f .,9511.8991.,,8526 08062.7608.7175 .6381 .5097 0~.589 ,,4126

For the 254 gm elements ~th is 1.931 and for 400 gm

elements is 1 0 967. In both cases ~ and f refer to all thermal

absorptions in the plutonium-aluminum alloy.



- 39 - CRRP-914

Thermal Diffusion Area

The values of 1 2 for a lattice are, in cm2 units,

2
1 - ?5LI- gm elements

VrrlVo 0.41 1.0 1.5 2.0 2.5 3.0 L~. 0 6.0 7.0 8.0

1 2 .84 1.28 1.65 2.00 2.34 2.65 3.21 4.06 4.39 4.69

2
1 - 400 gm elements

V /v O.Ltl 1.0 1.5 2.0 2.5 3.0 4.0 6.0 7.0 8.0m 0

1
2

.77 1.12 1.44 1.76 2.06 2.36 2.90 3.77 4.12 4.43

The Slowing-Down Area

The slowing-down area was assumed to be independent of

plutonium concentration.

L s
2 for PU/Al elements

-
vrrlvo 0.41 LO 1.5 2.0 2.5 3.0 4.0 6.0 7.0 8.0

Fission
to 77.7 L~7 .2 38.8 34.3 31.5 29.7 27.4 24.9 24.3 23 eo 7

0.01 Mev

0.1 Mev
to 81.1 31.8 22.2 1709 15.5 13.9 12.0 10.3 9.8 9 .. 4

thermal

The units are cm2 and the calc'ulation inc ludes the effect of in-

elastic scattering in the aluminum. The values are the same as

for the U235/Al elements and the magnitude of the inelastic effect

is discussed in Part 3.

Epithermal Capture and Fission

The remarks which were made about U235/Al elements apply
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Vr/Vo

p

fie

Vn/vo
p

/(e

Epithermal Absorption - 254 gm elements

0.41 1.0 1.5 2.0 2.5 3.0 4.0 6.0 7.0 8.0

.5750 .7678 .8309 .8670 .8999 .9078 .9311 .9527 .9593 •. 9644

1.538 1.537 1.537 1.537 1.536 1.536 1.536 1.536 1.536 1.536

400 gm elements

0.41 1.0 1.5 2.0 2.5 3.0 4.0 6.0 7.0 8.0

.4532 .6828 .7655 •81~-3 •8L~74 .8707 .9138 .9334 .9427 .9499

1.563 1.562 1.561 1.561 1.561 1.561 1.561 1.561 1 0 560 1.560

Fast Fission

Since the alloy is dilute there is a negligible fast

fission effect.

Multiplication Factor

The multiplication factor for an infinite assembly is

k(X) = P7(th f + (l-p)77e

and the values are given below.

k - 254 gm elements
00

Vn/vo
k(X)

0.41 1 0 0 1.5 2.0 2~5 3.0 4.0 6.0 7.0 8.0

1.6918 1.5834 1.5738 1.4898 1.4034 1.3230 1.1728 .9340 .8403 .7558
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k - 400 gm elements
00

ORRP-914

v Ivm a

koo

0.41 1.0 1.5 2.0 2.5 3.0 4.0 6.0 7.0 8.0

1 0 7024 1.7029 1.6499 1.5812 1.5063 1.4306 1.2815 1.0398 .9404 .8491

Material Buckling

The equation for B2 is a quartic, as for the U235/Al

elements,and the appropriate solutions are,

2B - 25~m elements

V Iv 0.41 1.,0 1.5 2.0 2.5 3.0 4.0 6.0 7.0 8.0m a

B2
39.6 71.2 81.2 81.3 74.7 65.1 39.0 -17.3 -44.1 -71.1

B2 _ 400 gm elements

VrnlV.o 0 0 41 1.0 1,,5 2,,0 2.5 3.0 L~. 0 6.0 7.0 8.0
2

1.~1. 0 78.4 92.7 96.7 9305 85.9 62.5 10.2 -16.1 -42.7B

-2The units are metre •

Oritical Sizes

(1) Large Assemblies

Values of k
oo

are shown in Fig. (5) and values of B2

in Fig. (6).

If elements are stored in large numbers the spacing must

be large enough to keep k
oo

less than unity, and usually a limit

lower than unity is chosen for safety. Tables (a) and (b) give

minimum spacings in triangular packing corresponding to four values

of koo ' for un-irradiated elements containing L~oo gm of Pu239 and

254 gms respectively.
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(a) Minimum Spacings - LbOO gm Elements

CRRP-914

k()) less than 1 00 0 09 0 08 0 07

VrnlVo 6 035 7 0Lt O 8 0 55 9075

Min o spacing - cm o 9 02 9 08 10 04 11 00

(b) Mtnj.mumSpacings - 254 gm Elements

k less than 1 00 0.9 0.8 0 0 7
CD

V Iv 5.40 6.35 7.,,40 80-LI-5
ill 0

Min. spacing - cm. 8.6 9 0 2 9.8 10.3

Tables (c) and (d) give spacings for elements with their

coolant tubes removed.

(c) Minimum Spacings - 400 gm Elements Without Coolant Tubes

k less than
CD

VmlVo

Min. spacing - cm.

1.0

6.45

9 0 1

0 0 9

7055

9 0 8

0.8

8.65

10.3

0 0 7

9075

10 .. 9

(d) Minimum Spacings - 254 gm Elements Without Coolant Tubes

k less than
())

V Iv
ill 0

Min. spacing - cm o

1 0 0

5.50

8 .. 5

0 .. 9

6 •.1-1-5

9 .. 1

0 .. 8

7.55

9 0 8

0",7

8 0 65

10 ...3

polation

(2) Minimum Critical Number of Slugs

Slugs are to be arranged in a sphere at uniform spacings

with a water to fuel ratio V Iv and an tinfinite t water reflector
ill 0

(greater than say 15 cm)."

The theory at the end of Part (1) is used with the extra
Itrc

length A ~ ----1 L.
t

sr
rr
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The slugs are 9" long with 10 slugs to an element. They

are handled without coolant tubes so the reactivity is increased.

The predictions of the minimum critical numbers are,

(a) 400 gm elements. Vyr/Vo == 2.0.

The removal of the coolant tubes increases koo by ,,0114

2 6 -2 8 -2 The radiusand increases B from 9 .7 metre to 9 .9 metre •

of the critical sphere is 22.8 em and it contains 71.4 slugs, that

is the contents of 7.1 elements.

(b) 254 gm elements. v Iv == 2.0.m 0

The removal of coolant tubes increases koo by .0130 and

. 2 81 -2 8 -2lncreases B from .3 metre to 3.9 metre • The radius of the

critical sphere is 25.5 em and it contains 99.9 slugs, that is the

contents of 10.0 elements.

(3) The Minimum Critical Number of Complete Elements

The theory at the end of Part (1) is used. The length

of fuel is 275 em. The minimum number of complete elements will

be spaced uniformly to form a cylinder, one element long, with a

water-to-fuel ratio V Iv and infinite reflector. They are
ill 0

arranged as follows. All the elements are un-irradiated.

(a) 400 gm elements with coolant tubes.

V Iv == 2.5, B2
== 93.5 metre-2 •m 0

The radius of the critical cylinder is 16.9 em.

It is made up of 24.6 elements.
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(b) 254 gm elements with coolant tubes.

Vm = 2.0, 2 8 -2B = 1.3 metre •

The radius of the critical cylinder is 18.1 em.

It is made up Of 32.4 elements.

If the coolant tubes are removed, the predictiohs are as follows.

(0) 400 gm elements without coolant tubes.

v Iv = 2 c B2 = 9c 9 metre-2
ill 0 .7, ;:;0 •

The radius of the critical cylinder is 16.6 em.

It is made up of 24.7 elements.

(d) 254 gm elements without coolant tubes.

v Iv = 2.0, B2 = 83.9 metre-2 •m 0

The radius of the critical cylinder is 17.6 em.

It is made up of 32.0 elements.
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Discussion and Recommendations

CRRP-914

(a) X rods

The major uncertainty lies in the effect of U235 epi-

thermal fission and the range between kmax and kmin is so large

that it effectively swamps all other ·uncertainties.

(b) Enriched Elements

The calculations are very similar for both types of

enriched elements and the uncertainties are of the same order.

They are as follows:

f : the thermal flux distribution is less certain at

close spacings but f is large there anyway and the distribution is

better known at wide spacings where its effect is more important.

Take an average error of 1%.

~ : the thermal value of ~ is known to about 0.5 or 1%.

Leakage: The values of L2 are very small and errors

will have negligible influence on the values of B2 • The errors

in Ls
2 are much more important. They are produced mainly by un

certainty in al19wing for the heterogeneous nature of the lattices
,:.

and by uncertainty about the correct parameters to describe

inelastic scattering effects. Take the error in the former as half

the difference between Ls
2 with the rods as voids and Ls

2 as cal

culated, and take the error in the latter as half the inelastic

effect which was calculated. The sum of these two uncertainties

is about 10% in Ls
2 over the range of spacings considered. The

effect on the leakage is about 5% near the peak in B2 at V Iv = 2.5m 0

and then declines rapidly as the spacing increases.
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Epithermal effects: Errors in the calculation of pare

cancelled to a certain extent by the epithermal fission. If p is

too small then there are too few ther'mal fissions but in c ornpen-

sation there are too many epithermal fissions -. and conversely.

dk co _ f) f - 'f/ e--'(th
dP

'Jlhe neglect of epithermal absorption 1n the light water,

which was mentioned in Part (1), is not self-cancelling since it

is simply an absorption unconnected with fission. Its effect is

never more than 0.1% in p and lies in the safe direction.

The uncertainty in (l-p) is about 5%, mainly in the calcu-

lation of th~ self-shielding. The error is highest for the closest

spaced plutonium elements and is there about 0.5710 hut is in general

about 0.2%.

The total uncertainty is then about 1.5% in k
m

• In

k
eff

the unc~rtainty is about 5% near the peak, falling to 2 or 3%
at the wider' spacings.

A Check on the Critical Mass Predictions'"-
The calculations of the minimum critical masses have been

based on diffusion theory. ,]~his probably under-estimates the leak-

age around the core and predicts critical masses which are too

smalL, This is a fault in the safe direc tiOD. In addi tio11., a

large value was deliberately chosen for the extrapolation length

into a water reflector and again this will result in predictions

of cri tical roasses which are too small.

Sipce the elements contain so much aluminum the predic-

tions of critical mass bear little resemblance to experimental
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results with spheres of uranium-water solution or enriched cores

such as PTR.

However, there are some experiments which were carried

out on cores of U235 and aluminunl, with polythene as a moderator.

They are described by Jankowski in Geneva Paper P 2387 in 1958 0

One critical mass contained 4.7 kg of U235 , 96.6 kg of aluminum and

was moderated by 31.6 kg of polythene. The atomic ratio of hydrogen

to U235 was 255.

The nearest core to this in the cornputations has

VwlVo = 2.0, which gives an atomic ratio of hydrogen to U235 of 266.

The critical size of a water reflected spherical pile at this

spacing was computed by a two group method, that is by matching two

group fluxes at the core -- reflector boundary etc. The metrlod can

thus take account of the different behaviour of the thermal and

epithermal fluxes in the reflector.

For un-irradiated slugs, with coolant tubes still

attached, the critical core radius would be 26.3 em and there

would be 118.0 slugs. They would contain 4.91 kg of U235 and 93.3

kg of aluminum.

The two cores are compared in the following table.

Prediction vs Experiment

Core H/u Mass of u235 Mass of Al

Slugs with coolant
tUbes, V Iv = 2.0 266 4.91 kg 9303 kgm 0

Experiment with
255 L1-.7 kg 96 0 6 kgpolythene

The agreement is surprisingly good)
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However, the critical masses have all been calculated

by the technique which was described at the end of Part (1),

involving the large extrapolation distance, since this leads to

predictions of critical masses which are definitely on the small

side~ For instance, in the example .lust quoted the critical mass

would be 3~3 kg of U235~

Rec omrn.enda t ion s

From the calculations in Parts (2), (3) and (4) the

following conclusions may be drawn~

il) Large Number!i.~f Mixed Elem~

It may be convenient to stack large numbers of elements

together at a constant spacing, regardless of type. For any given

value of k it is possible to select a minimum spacing such thatCX)

the value of kCX) anywhere in the stack will not exceed the given

value. The minimum spacing will be the oDe which would give that

value of kCX) if the whole stack were made up of elements of the

most reactive type. The following table gives minimum spacings in

triangular packing for a range of k 0
00

The spacings apply to any mixture of the elements which

have been considered i.n this repoI't, fresh or irradiated. That is,

Natural uranium elements, 'x rods',

u235/Al elements with up to L~16 gm of U235 per element,

Pu/Al elements with up to L~OO gm of Pu239 per element ~

(a) l'1:LTlil1l11.!A.S12a.£Jngs = Mixed Elements wi th Coolant~_~

km less than 1.0 0.9 0 08 0.7

V /v 6.35 7.4 8.55 9075ill 0

Min. spacing - em. 9.2 9 08 10 •.it 11.0
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(b) Minimum Spacings - Mixed Elements Without Coolant Tubes

koo less than 1.0 0.9 0.8 0.7

V /v 6 ..45 7.55 8.65 9.75m 0

Min. spacing - cm. 9.1 9.8 10.3 10.9

(2) Critical Numbers of Slugs From Element~

The most dangerous situations occur when slugs are being

handled, as was explained in Part (l).

Slugs from different types of elements should not be mixed.

Stacks of slugs should be separated by about 30 cm of

water - that is about six extrapolation lengths - so that they will

not interac t.

The following are the critical masses of roughly spherical

stacks of slugs with coolant tubes removed.

Fortunately this is not a very restrictive condition so

there seems little need to decrease the gap between (k )m and()) ax

(koo )min·

(b) u235/Al Slugs.

78.2 slugs -- the contents of 7.8 fresh elements.
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(c) Pu/Al Slugs.

400 gm elements

fresh elements.

254 gm elements

fresh elements.,

71.4 slugs -- the contents of 7.1

99.9 slugs - the contents of 10.0

(3) Small Numbers of Complete Elements

If the minimum spacings are not fixed then elements of

different kinds should not be mixed.

The most reactive stacks will be cylinders, of one

element in length. Stacks should be separated by about 30 cms

of water ..

The following are the minimum critical numbers of complete

elements.

(a)

(b)

(c)

(d)

Natural Uranium Elements with Coolant Tubes.

Corresponding to (km )max - 347 elements.

Natural Uranium Elements without Ooolant Tubes.

Oorresponding to (koo)max -- 318 elements.

U235/Al Elements with Coolant Tubes.

24.5 fresh elements.

U235/Al Elements without Coolant Tubes.

2L~. 6 fresh elements.
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(e) PU/Al Elem~nts with Coolant Tubes.

400 gm per element -- 24.6 fresh elements.

254 gm per element -- 32.4 fresh elements.

(f) PU/Al Elements without Coolant Tubes.

400 gm per element - 24.7 fresh elements.

254 gm per element -- 32.0 fresh elements.

Sumrrlarl of Critical Masses for Enriched Elements

CRRP-9lLt

For comparison, the predictions of minimum critical masses

for un-irradiated enriched slugs and elements are collected in the

table below.

Type of Spheres of Slugs Cylinders of

Fuel Element Complete Elements

Number of Slugs Number of Elements

u235/Al

With coolant tubes - - 24.5

Without tI II 78.2 (c ontent s of 24.6
7•8 e1emen t s )

PU/Al, 400 gm

With coolant tubes - - 24 .. 6

Without II " 71.l.j. (contents of 24.7
7.1 elements)

PU/Al, 254 grn

With coolant tubes - - 32.4

Without " II 99.9 (contents of 32.0
10.0 elements)
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APPENDIX 1

The Slowing-Down Area in a Lattice

CRRP-91L~

The materials in a cell are considered to be mixed uni-

formly. This should be a good approximation since the transport

mean-free-paths in the slowing-down energy range are of the same

order as the dimensions of' a cell G Let the suffixes 0, m, and Al

refer respectively to fuel, moderator,and tb.e aluminum of the

sheathing and coolant tubes.

The ratio of slowing-down area for a cell L;,to the area

for pure moderator L;m~iS

L2
~TRm ({~s) m

(1)
s _

L2 - - 0 ,
~TR £~ssm

where the bars denote averages over the materials in a cell. Ref. (5) .

(2 ) ZTR = [VOZTRO + VAIZTR Al + VmZm]~ , and

(3) £Zs = [V0 t£zs) 0 + VAl (£Zsl Al + Vm(£Zs) m],/v
where the V's are volumes of materials in the cell and V is the

cell volume.,

Relations (2) and (3) are inserted in equation (1) and,

after a little manipulation, the following equation is obtained G

L2
s--L 2 -
sm

( )
2 [ V ~ V ~ ] -1 [ V lt~)L 1 +....£. TRo + Al TR Al 1 +....2. ~ s 0

Vm Vm ~TRm Vm ~TRm Vm 1£ i:s ) m
+ VAl

V-m
(tZslAf
t{~s )m
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