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SYNOPSIS

This report describes a new empirical expression of the
amplitude of transverse vibration of cylindrical beams and
clusters of cylinders in axial flow, for application to reactor
fuel. The expression is based on reported experimental ob
servations covering a variety of geometries, cylinder materials
and types of support in water, superheated steam and two-phase
mixture flows.
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1. Introduction

A cylinder placed in a fluid flowing parallel to its axis
will vibrate even at relatively small flow velocities, unless the
fluid stream is absolutely steady and devoid of velocity components
perpendicular to the cylinder axis. These conditions are seldom
satisfied in engineering circuits, such as nuclear reactor coolant
channels.

Unsteady components of the velocity perpendicular to the cy
linder give rise to unsteady transverse drag forces. These forces
are distributed along the cylinder and cause la.teral motion. Re
storing forces arise from the flexural rigidity of the cylinder,
tension, and Coriolis acceleration of the fluid resulting from
cylinder motion. Damping forces arise from the viscosity of the
fluid and internal friction in the cylinder. The net effect is

unsteady random vibration of the cylinder, generally in a combin
ation of its lower norma.l modes of flexural oscillation. This
has been observed in experiments (e.g. reference 6); it was found
that the first mode is dominant.

Tubular reactor fuel may be damaged by fretting and fatigue

caused by vibration, and the prediction of the amplitude and fre
quency of fluid-induced vibration in any given system is, therefore,
important. A number of independent experiments have been conducted
recently to study vibration in various fuel models in the U.S.A.(1,2),
Sweden(3,4,5) and France(6). In these experiments single rods and

rod bundles in axial flow were tested in a variety of geometrical
arrangements and under different fluid flow conditions.

Burgreen, Byrnes and Benforado(l) developed an empirical

relation, based on their own experiments, between amplitude of
vibration and a number of system parameters, such as the flow



velocity, density of the fluid, hydraulic diameter, etc. Quinn(2)
derived an expression for the amplitude of vibration using
analytical methods. However, it contains parameters and constants
which are not evaluated and their relation to the geometry and
properties of a given system is not described.

The author collec'ted the sets of experimental measurements(2,J,
4,5,6) which have become available since Burgreen et al published

their empirical expression. Comparison of this new data with the
expression showrodiscrepancies up to 10 times for water tests, and
up to 100 times for super=heated steam tests. This report describes
a new empirical expression, based on all the data presently avail=
able.

2. Notation

L

M,m

u

v

v

x

y

Coefficients of form drag and skin friction drag
respectively for flow perpendicular to the axis of cylinder

Diameter of the cylinder

Hydraulic diameter of the test section

Flexural rigidity of, cylinder

Length of cylinder

Virtual mass of the fluid and mass of the cylinder, res
pectively, per unit length

Reynolds number, based on the hydraulic diameter

Longitudinal tension

Mean flow velocity parallel to the axis of the cylinder

Dimensionless flow velocity, equal to (M/EI)1/2UL

Flow velocity penpendicular to the axis of the cylinder

Dimensionless flow velocity, equal to V/U

Longitudinal co=ordinate

Lateral deflection of the cylinder

The eigenvalues of the normal modes of flexural vibration
of a beam



e

p

Parameter equal to M/(M + m)

Dimensionless displacement amplitude of vibration of the
cylinder, equal to the amplitude divided by the diameter

of the cylinder

Parameter equal to L/D

Fluid density.

]. The Eguation of Motion

The equation of motion of a flexible cylinder in parallel
flow was derived in a stability study which will be published soon.
Since this equation is used only to determine dimensionless groups
relevant to vibration, its derivation will not be repeated here.
The equation is:

EI b L (T ~y.)
(}X 4 <1X (jx

The first term represents flexural restoring forces and the
'I

second tension forces. It should be noted that T = T + To where

T represents the constant component of tension exerted at the
o 7

supported ends of the cylinder, while T is due to skin friction
and. depends on flow velocity, surface finish and Reynolds number.

The third term arises from the change of fluid momentum as a re
sult of lateral motion(7). U is the axial flow velocity. The

virtual or associated mass of the fluid M is equal to 4D2p for
circular cylinders(S). The fourth term represents transverse
viscous forces on the cylinder(9) and the last term the cylinder

inertial force. The drag coefficients cl and c2 will depend on
Reynolds number and surface roughness. It should be noted that
when the flow velocity is perfectly steady and parallel, then
V(X,t) = Usin[e(X,t)] where e is the angle of inclination of the

cylinder to the x ~ axis. Here, however, we take V to include the

swirl and unsteady components of flow velocity perpendicular to
the axis.

(:J.)



We may write the equation in dimensionless form by defining

~ = X/L,

T'12
_7 _

T = -- T
EI' 0

'll = y/1. ,
T 12

o=--
EI

r = (M~;)1/2~) ~ = M~m '
1

€ _ 1 , u = (~)1/2 UL and
D EI

v = v/u,

which substituted into (1) yield

a44~ - ~Ti(NR~U~e) lnJ~ T~ + M [2~1/2u ~ + u2 ~J
O~ d~ 'O~ Ogg;(' a~~r as

+ 2 u2 b[cl(NR,e) v2 + c2 (NR,e) v] + ~2E = 0, (2)
w D ~r

where e is a measure of surface roughness.

From the above equation we see that the pertinent dimensionless

numbers are u, v, e , NR, TO) ~ 9.nd e. The type of fixture of the
ends of the cylinder also affects its behaviour and, accordingly,
the dimensionless eigenvalues of the normal modes of flexural
vibration, an' 9.re pertinent numbers. For a cylinder hinged at
both ends an = w, 2w, 3w, ••~~... , for n = 1, 2, 3, ......." respectively.

The displacement of the cylinder ~(s,r) may now be written
as a generalized function

4. Empirical Correlation for the Amplitude

Although substantial higher mode components of the total
amplitude occur at points other than the mid~point of the cylinder,
experiments show that the maximum amplitude occurs at the mid-point(6)
and is predominantly due to the first mode(1,2,6) We assume the

displacement amplitude to be entirely that of the first mode and
the expression for amplitude applies to the cylinder mid~point.

Thus for a cylinder hinged at both ends Cl = w, and for a cylinder
fixed at both ends a ~ 4.73. Any departure from the ideal fixture
can be accommodated by determining Cl from
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where w is the circular frequency of oscillation of the cylinder
at zero flow.

No measurements of cross flow and swirl velocity, of tension,

or of surface roughness are given in the experimental data. No
estimate of their effect on vibration amplitude was possible, and,
therefore, v, To and e are not included in the empirical expression.

The empirical expression developed is

5 ~ a-4. [u2
NR _:J4/5[ ~2/3 l .10-5

1 + 2u 1 + 4~_

and the way it was deduced is outlined in Appendix I.

Agreement between this expression and the experimental results

on which it was based is shown in Figures 1 to 6. Some of the
assumptions made to calculate the experimental points from the
data are included in Appendix II. Details of the data may be ob

tained from published reports (references 1 to 6).

For rods with multiple supports along their length, each span
is treated as an individual cylinder.

5. Discussion

This expression is compared with Burgreen!s et ale experimental
results in Figure 1. The agreement is substantially as good as
that with their published expression. The agreement between ex

periment and the new expression is not as good for the cantilever
cylinder as for the cylinders supported at both ends (Burgreen et

ale did not consider these results). The discrepancy in this case

is probably caused by wake forces at the free end of the cylinder,

which are not included in equation (1). Although an adjustment

could be made to account for these forces, there is not enough
data to justify it.

All experiments were with rod bundles, except those with rod

No.2 (Dh = 0.47 ft.) which was a single rod.

The SOGREAH results fall much below the empirical expression
(Figure 2). All experiments except those by SOGREAH were conducted



in pumped circulating rigs and in some cases no attempt was made
to straighten the flow before the test section; therefore,
appreciable cross-flow and swirl must have been present in the
test section. The testing facility at SOGREAH, on the other hand,
was a gravity=fed open water tunnel with no bends and v in this
case must have been considerably smaller than in the other tests.
Significantly, the empirical expression, which was based mainly
on the other "realistic" tests, grossly overestimates vibration
amplitudes in this case.

Quinn 7 s experimental results (Figure 3) are generally lower
than those predicted by the empirical correlation. This may be
caused by the flow being smoother than in Burgreenfs et al.(l) or
in the Swedish experiments (3 ,4,5) • In Quinn?s experiments there

was a substantial symmetrical contraction in the flow area upstream
of the test section. Furthermore, the test cylinder had a smooth
leading nose ahead of the upstream supporting struts, which were
of aerofoil cross-section.

The resulwfrom Quinn?s(2) multi=rod tests are erratic. Quinn
did not analyze them and for this reason they have not been con
sidered here.

Figures 4 and 5 are particularly important in validating the
new expression because they show that it provides as good a basis
for predicting the amplitude of vibration of cylinders in super=
heated steam and two-phase flows as in hot and cold water.

The ranges of the dimensionless parameters covered by the
experimental results, by no means exhaustively, are:

Parameter fiange of Numerical Values
2 2.1 * 10=3 8 # 10=1u

NR 2.6 * 104 7 * 105

e 54.3 190

~ 4.9 * 10-4 6.2 * 10-1

a 1.45 4.56



6. Conclusion

The empirical expression predicts more closely the amplitude

of vibration of various systems than those published hitherto.

However there remains a wide margin of possible error.

If the right hand 'side of the empirical expression is multiplied
by 3, then all experimental results, excepting four, are smaller
than those given by this expression.

The experiments on which the empirical correlation is based

were not well controlled, nor was the range of the variables

sufficiently wide. We therefore intend to test the effect of several
parameters varied systematically. Transverse flo~ turbulence and
periodic fluctuations caused by pumps or flow obstruction are im
portant factors in determining the amplitude of vibration and their

effect must be determined before the mechanism of vibration can be
fully understood.
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APPENDIX I

Deduction of EmEirical Ex£ression

The reduced amplitudes were plotted against such key parameters

as flow velocity and hydraulic diameter, to yield the exponents of
the pertinent dimensionless parameters. The amplitude was approx
imately proportional to U3 , Dh and (I/D).2; this sugge sted the group

u2NRe2 . A considerable uncertainty remains, however, because of
insufficiently comprehensive variation of some parameters in the

experimental data.

Figures 6, 7 and 8 illustrate the dependence of 0 on u2NRe2

for increasing values of the flow velocity U, everything else re
maining constant for each set of results. The exponent for the
group u2NR€2 varies approximately between ~. and 1. In Burgreen T s
et ale experiments (Figure 6) the lower values of the exponent

correspond to the smaller values of Dn/D; this, however, is not
evident in Quinn~s experiments (Figure 7). It was, therefore,
necessary to take an average value (4/5) for the exponent, which
does not necessarily provide the best fit for each set of data (this
also applies to the other dimensionless groups). At high flow

velocity, the amplitude tended to fall below 0 ~ Cu2NRe2J4/5
(Figures 6 and 7); therefore the 1 + 2u2 factor was introduced in
the empirical expression.

These uncertainties in ~he determination of the functional
relationship between 0 and the dimensionless parameters is reflected

in the constants which have only one significant figure.



APPENDIX II

Treatment of Renorted Data,

To calculate the abscissae in Figures 1 to 5 from the experi

mental data, it was sometimes necessary to make assumptions because

cf insufficient infori1:ation in published reports. Thus, values of
EI and ill, when not given, were calcuJ.ated from the geometry. Some
times E and the density of the cylinders had to be guessed. When
ever possible, a was calculated from frequency measurements in
still air or water; otherwise, it was asS"Lunedas that oi' ail. i:de:ally
hinged or fixed cylinder.

In this report 8 corresponds to the maximum values of half the
peak-to-.peak amplitudes. Burgreen et 0.1. (1) use r.m.s. values,
however, and other experimenters do not state the exact meaning of
their. amplitude figures. Quinn(2) quotes maximum and minimum values

in two perpendicular directions; the maximum value was used in
analyzing the results.

The errors introduced by the above assumptions and simplifications
may be cumulatively significant. Nevertheless, they may be consid
ered of secondary importance at this stage, in comparison to the dis
crepancies between experimental results for nominally the same
conditions(1,2) •

In dealing with two-phase flows, for the range of qualities
and void fractions involved, it was considered reasonable to
analyze the results using the variable density single-fluid model,
as propounded by Bankoff(lO). Accordingly, the fluid density was
taken as

P = PGRG + (1 - RG)PL'

where PG and PL are the densities of the gas and liquid phases,
respectively, and RG the void fraction. The mixture flow velocity
was calculated from the total mass flow rate using U = (Mass flow
rate)/(p * flow area). The apparent dynamic viscosity was taken to
be approximately equal to that of the liquid, again following
Bankoff.
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FIG. I

BURGREEN, BYRNES AND BENFORADO EXPERIMENTAL RESULTS(I)
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FIG. 3
QUINN'S EXPERIMENTAL RESULTS (2)
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EMPTY CYLINDER", COLD WATER

EMPTY CYLINDER: HOT WATER

UOZ FILLED CYLINDER", COLD WATER

UOZ FILLED CYLINDER ~ HOT WATER

UOZ FILLED CYLINDER: SUPERHEATED STEAM

..
ROSTROM AND

FJG. 4

ANDERSSON EXPERIMENTAL

FOR SINGLE PHASE FLOW

(3) (4)
RESULTS »
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FIG. 5

EXPERIMENTAL RESULTS (5)

PHASE WATER FLOW
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o ROD No.2 (OhIO = 7.89)

l::J. ROD No. 2 (OhIO = 3.32)

V ROD No.2 (OhIO = r. 19 )

o ROD No.4 (Oh/O=3.11)

• ROD No.4 ( 0h I 0 = I. II )

o ROD No.5 (OhIO =3. II )

II ROD No.5 (0h I 0 = I. II )

+ ROD No.6 (OhIO =3.52)

l::J.

FIG. 6

DEPENDENCE OF 8 ON u2 NR E 2 FOR BURGREEN'S ET AL. EXPERIMENTS
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FIG. 7

DEPENDENCE OF 8 ON u2 NR E 2 FOR QUINN'S a SOGREAH EXPERIMENTS
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o EMPTY TUBE ~ HOT WATER
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FIG. 8

DEPENDENCE OF 8 ON u2 NRE 2 FOR SWEDISH EXPERIMENTS (3,4,5)
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