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FOREWORD

The Chalk River Symposium on Inelastic Scattering of Neutrons in Solids 

and Liquids was the International Atomic Energy Agency's second symposium 

held on this subject. The previous one was held in 1960 in Vienna and the 

very first international meeting in'this field took place in 1957 in Stockholm. 

At the Stockholm meeting only 11 papers from six countries were presented; 

this was ihe very beginning of a rapidly developing new branch of physics. 

At the Vienna Symposium there were 50 papers from 12 countries. At Chalk 

River 67 papers from 13 countries and three international organizations, 

the European Atomic Energy Community, the Joint Institute for Nuclear 

Research and the International Atomic Energy Agency, were presented and 

discussed. In several other countries, either research in this field has al

ready begun or preparations to start it are under way. This is an indication 

that the interest in using inelastic scattering of neutrons as a method to 

study the internal dynamics of solids, liquids and molecules is continuously 

increasing. On the other hand, a deeper knowledge of the dynamic proper

ties of moderators plays an important role in the understanding of the 

process of thermalization of neutrons. The latter study is of special im 

portance in promoting advances in nuclear reactor technology.

In the light of these developments the International Atomic Energy 

Agency, with the co-sponsorship of the United Nations Educational, Scien

tific and Cultural Organization, organized the Symposium at Chalk River 

from 10 to 14 September 1962 on the generous invitation of the Government 

of Canada and Atomic Energy of Canada Limited.

The proceedings now published contain all the 67 papers and the records 

of the discussions.

December 1962

SIGVARD  E K L U N D  

Director General
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INTRODUCTION TO THE PROCEEDINGS  
BY THE SCIENTIFIC SECRETARIES

The Proceedings of the Symposium on Inelastic Scattering of Neutrons 

in Solids and Liquids consist of the full texts of the papers accepted, in the 

original language in which they were submitted, together with abstracts of 

these papers in English, French, Russian and Spanish, and a record in 

English of the discussions held during the Symposium in connection with the 

orally-presented summaries of the papers.

The papers have been grouped for the Proceedings in a similar way as 

for the Symposium. The discussions were edited as little as possible but 

full use was made oí the forms "Participants' Contributions to Discussions" 

which were completed by the participants themselves. Nevertheless, mainly 

because the discussion was often so lively that occasionally speakers did not 

use their microphones, some parts of the discussions have been lost for the 

Proceedings. It also may happen that the published records contain some 

inaccuracies due to the fact that in speeding up publication it was not possi

ble to ask the participants to verify their remarks in the proof stage.

It was noted at the Symposium and can easily be seen from the papers 

that various authors have used different symbols for the same quantity or 

function, e. g. for the momentum transfer the symbols Q , К, к m ay be 

found. In this connection it should be mentioned that no attempt has been 

made to standardize notations.
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THE MÖSSBAUER E F F E C T  AND DYNAMICS OF  
ATOM IC MOTIONS IN CONDENSED SYSTEM S*

K .S .  SINGWI 
ARGONNE NATIONAL LABORATORY, ARGONNE, ILL., 

UNITED STA TES OF AMERICA 

Abstract — Résumé — Аннотация — Resumen

THE MOSSBAUER EFFECT AND DYNAMICS OF ATOMIC MOTIONS tN CONDENSED SYSTEMS.This review 

deals with those aspects of the Mössbauer effect which concern chiefly the dynamics of atomic motions in 

solids and liquids. The subject matter is presented in a manner so as to bring out the similarity between the 

phenomena of slow neutron scattering and у-ray resonance scattering.

EFFET MÖSSBAUER ET DYNAM IQ UE  DES M OU VEM ENTS ATOM IQUES DANS DES SYSTÈMES C O N 

DENSÉS. Le mémoire traite des aspects de l'effet Mössbauer qui concernent avant tout la dynamique des 

mouvements atomiques dans les solides et les liquides. L'auteur présente la question de manière à faire ressortir 

la similarité entre le phénomène de la diffusion des neutrons lents et celui de la diffusion résonante des rayonne* 

mentsgamma.

ЭФФЕКТ МОСБАУЕРА И ДИНАМИКА ДВИЖЕНИЙ АТОМОВ В КОНДЕНСНЫХ СИСТЕМАХ. Излагаются некоторые

EFECTO MÖSSBAUER Y  DINÁMICA DE LOS MOVIMIENTOS ATÓM ICOS EN LOS SISTEMAS CONDBN-  

SADOS. La memoria se ocupa de los aspectos del efecto Mössbauer que interesan especialmente a la dinámica 

de los movimientos atómicos en los sólidos y líquidos. Los temas se presentan con miras a hacer resaltar la 

similitud entre los fenómenos de dispersión de los neutrones lentos y la dispersión por resonancia de los rayos 

gamma.

I intend to confine nay talk to those aspects of the Mössbauer Effect 

which are concerned directly with the dynamics of atomic motion in solids 

and liquids.

That this is a second international conference on the "Scattering of 

Slow Neutrons by Solids and Liquids" is an indication of the fact that slow 

neutron scattering has proved to be a very powerful tool in the study of the 

dynamics of atomic motion in condensed systems, whereas its rival, the 

resonance scattering of y-rays, has still to go a long way to prove its use

fulness in this field of investigation. Nevertheless, a comparative study 

of these two phenomena, which are so closely allied in principle, will be 

a very useful one and it is to this task I mainly wish to devote myself in 

this paper.

T H E  M Ö S S B A U E R  E F F E C T

Consider a nucleus A  at rest which emits a y-ray of energy Ey.

7 -ray

*  Based on work performed under the auspices of the United States Atomic Energy Commission.
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4 K. S. SINGWI

In the process of emission the nucleus receives a recoil energy R,

R  = E^,/2Mc3 , (1 )

M  being the mass of the nucleus and с the velocity of light. For a 129 keV 

7 -ray from Ir ^ i , the recoil energy R  is 0.05 eV (R «  Ey). If this y-ray 

is to be resonantly absorbed by a similar nucleus В  at rest, it has to be 

supplied with an energy equal to 2R, since energy R  is also lost in the 

process of absorption, i .e . an energy equivalent to 0.1 eV, which would 

correspond to giving a relative velocity of nearly 2.3 X  10* c m /s- a n  

enormous velocity.

If, however, 2R ^ Г  the width of the line, the y-ray will be resonantly 

absorbed by the nucleus В without giving the latter any velocity. This does 

not happen in the case of y-rays because the width Г  — 10'^ - 10"^ eV. For 

optical transitions the condition 2R < Г is satisfied and we do have resonance 

fluorescence.

The nuclei are normally not at rest but move with thermal velocities, 

obeying a Maxwellian distribution. This gives rise to what is known as the 

Doppler broadening of the resonance line, whose mean value В  is

D - 2 ( e R ) * ,  (2)

where e* is the mean kinetic energy of the nuclei in the emitter. For nuclear 

y-rays D  $ .R  for a gas at room temperature. D  increases with temperature 

and this should, therefore, help in bringing about the overlap of emission 

and absorption lines.

In 1957., Mössbauer was investigating the resonance scattering of 129 

keV y-ray from Ir . For this transition R  ^  0.05 eV and D  ^  0.1 eV 

for room temperature. Thus at room temperature there is a considerable 

ovérlap between the emission and absorption spectrum and , therefore, re

sonance absorption could be observed. To reduce this residual scattering 

Mössbauer cooled both the source and the absorber and expected a decrease 

in the effect. Instead he found that resonance absorption increased. Having 

ascertained that this was not a spurious effect^ he .started looking for its 

explanation. A  theoretical physicist referred him to L A M B  [1] concerning 

the resonance absorption of neutrons by nuclei bound in a crystal. This hint 

was sufficient evidence for M&ssbauer who then explained his experimental 

results on the basis of Lam b 's  theory. In this single beautiful experiment 

he found two things: (a) that a fraction of 129 keV y-rays, emitted by the 

cooled source, did not show a measurable recoil energy loss; and (b) that 

the very narrow y-rays did not display Doppler broadening. Their line width 

corresponded to the natural line width which is ^ 5  X 10*6 eV. For this 

important discovery, Mössbauer was awarded the Nobel prize last year.

Mössbauer discovered this important effect in 1957 and his results [2] 

were published in 1958 in Zeitschrift für Physik. This important discovery 

remained unnoticed even after the publication of his paper, and even those 

who noticed it perhaps did not believe in it because, after all, Mössbauer 

was then an obscure physicist. M ay I illustrate this by a small personal 

story. In August 1958 I attended the Second United Nations Conference on 

the Peaceful Uses of Atomic Energy. I stayed in Europe until the end of
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March 1959, and during this time I met many physicists but the work of 

Mössbauer was never mentioned. It was not until April 1959, when I had 

arrived at Argonne, that I first learned, with considerable surprise, about 

the Mössbauer Effect after a conversation with D r . Lipkin. He then went 

on to explain to me his own simple derivation of the famous Debye-Waller 

factor [3] . He stressed that it was this factor which is so important in the 

Mössbauer Effect. After listening to him for some time I had to tell him 

that nuclear physicists discover things already known to neutron scatterers. 

This was my first lesson in the Mössbauer Effect. In late 1959 andl960there 

was a flood of letters in the Physical Review about this effect and nobody 

could have remained ignorant after having read Goudsmit's rejoinder in the 

Physical Review Letters.

T H E O R Y

You are familiar with the derivation of the expression for the cross- 

section for absorption of a y-ray of energy E . The  formula is given in 

H E IT L E R 's  book [4], and is

<У(,Г2 l < n ) e '^ 'R l n .>  ¡2
c r (E )=  — —  Б --!-------- ^ ¡ —  (3)

^  ' 4 <¿b,(E„-E+€. + Г2/4-

where Eo is the energy difference between the final and the initial nuclear 

states of the absorbing nucleus; and e„ are, respectively, the energies 

of the states ]n> and I пц > of the interacting system of which the nucleus 

forms part; Г  is the natural width of the excited state of the nucleus and 

g„o is the statistical weight factor of the state ]nQ> . h K  is the momentum 

of the y-ray and R  is the position vector of the nucleus. To is the resonance 

absorption cross-section.

For reasons which will be obvious from what follows, it is possible 

to rewrite (4) in a somewhat different form [5] which is

(E) = (<Уф Г /4h) ^ e x p  fi(K - r - Mt)- (r/2h) [ t [)Gg (r, t)drdt, (4)

where hM - E  - Eg and Gg (r,t)is V A N  H O V E 's  self-correlation function 

[6] with which everyone is familiar and which gives in the classical limit 

the probability of finding a particle at time t at position r, if the same par

ticle was at origin at time, t = 0. The incoherent differential scattering 

cross-section for slow neutrons is also proportional to the integral in (4 ) 

with Г  = 0. Thus we see a close similarity between the two phenomena of 

slow neutron scattering and y-ray resonance scattering.

The function G$ (r, t) is Gaussian in a solid and in a gas and is probably 

not far from it in a liquid too. Gg (r, t) has, therefore, the form

G , ( r , t ) =  (2 ir ? ( t ) fM b x p  ( - r 3 / 2 7 (t) ) .  (5 )

y(t) is the time-dependent width function. y(t) is known in the case of a gas



6 K. S. SINGWI

and a solid. For liquids y(t) is not known but can be calculated on the basis 

of certain models [7] .

The mathematical procedure to calculate ? a  (E) from (4) and (5) is exact

ly the same as we have in the case of neutron scattering and you aré all 

familiar with it. I will, therefore, not repeat it here but simply quote the 

final result [5] .

лтУоГ e
2W

Йтг (E- E„r + r^ /4

(elastic part) (one phonon part)

+ higher phonon terms (6 )

where 2W  is the familiar Debye-Waller factor and is given by

2W  = ^ y (o o )  = ( h ^  /2 M )  F (T ). (7)

( з к ц т )
(8a)

(8b)

where

о

F(T) = 3/2kg6^, fo rT  «  0 ^ , (10a)

and

= 6T /kg 6^, for T  »  . (10b)

The first term in (6) gives the cross-section for elastic scattering i. e . ,

for a transition in which the y-ray has exchanged no phonons with the lattice

In other words it gives the probability for the Mössbauer Effect. This proba

bility is proportional to the D-W factor exp(-2W). It would increase as is 

evident from (7) and (8) and (10) with the decrease in temperature, with the 

increase in 8^ and with the decrease in the recoil energy, which is con

sistent with observations. The Mössbauer line is Lorentzian in shape with 

half width Г. The second term in (6), which corresponds to the wings of 

the Mössbauer line, is proportional to f (ы). Hence a measurement of the 

wings of the Mössbauer line will give the frequency distribution of the pho

nons. In the case of neutrons, measurement of f(u) has successfully been 

achieved but in the case of y-rays it has so far not been possible to do so 

because of the very small value of the cross-section. The spread of the
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phonon spectrum is -̂ 10 *'̂  eV and the width of the line -^10"' eV; and there

fore to scan this spectrum with such a sharp line would mean a detection 

efficiency of 10*^ . Such an experiment, if not impossible, is very difficult in

deed. If, however, the Mössbauer line is broad, like that in Dy (Г -'- lO'^eV), 

it would be interesting to explore the singularities in f(u) which might not 

be possible in the neutron case for lack of good energy resolution.

For high temperatures (T>  8p/2), it is preferable to write 2W  as

2W = ( K ^ / M ) k ^ T < ( l / t ^ ) , .  (H )

If one measures 2W , (i.e. the recoilless fraction) and plots it as a func

tion of T , any departure from linear dependence on T  gives a measure of 

the temperature dependence o f(l  /ь)2 This dependence is connected with 

anharmonicity.

D IFFUSION

The space-time formulation of the absorption probability as expressed 

by Eq. (4) is particularly suited for the study óf the line shape in the pre

sence of diffusion. In the case of simple diffusion

y (t )= 2 D [t [ , (11)

D  being the diffusion coefficient. The line width is given by [5] ,

Ae = r + 2 h K ^ D .  (12)

In liquids where D  10*5 cm ^/s , the width due to diffusion is 10*3 _ ю -4 
which is much greater than Г. It has so fat not been possible to observe the 

Mössbauer Effect in liquids because of the very small value of the probability

During recent years a study of the "quasi-elastic" scattering of slow 

neutrons in liquids has led to the belief that the motion of an atom in a liquid 

is far from a simple diffusing behaviour. Our knowledge in this respect has 

been limited because of poor energy resolution in the case of neutrons

(A E  10"^ - 10*4 eV), which prevents a detailed study of the line shape.

This is, however, not the case with т-rays for which the energy resolu

tion is very high. In order to learn about the nature of diffusive behaviour, 

one has to know the line width and shape as a function of K , and for this 

we will have to do scattering experiments with broad sources like Dy and 

T m . In this respect Mössbauer experiments, though difficult, could probably 

do better than neutrons and it would be worthwhile to do these experiments.

In the case of a solid at ordinary temperatures diffusion is negligible 

and, therefore, the line broadening due to diffusion is small compared with 

the natural line width. Very near the melting point diffusion broadening could 

be of the same order as Г  and even greater. It would be interesting to study 

the line width as a function of temperature very near the melting point (in 

fact such a broadening has been observed [8] in the case of Sn^s ) since 

it would tell us how the time of residence т of an atom in its lattice site varies 

with temperature; It should be possible to do such an experiment.
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Recently an experiment has been done at Mol in Belgium [9] in which 

Fe^T was diffused in between the layer planes of a single graphite crystal. 

The Fe3? atoms have comparatively much larger freedom of movement and 

hence greater diffusion constant in the basal plane than that along the C-axis. 

A  diffusion broadening of the MBssbauer line at not too high temperatures 

has been observed in this case and also the pronounced anisotropy in the 

Debye-Waller factor.

S E C O N D  O R D E R  D O P P L E R  SHIFT

If Mp is the frequency of the */-^ay in the rest frame of the emitting 

nucleus, the frequ en cy ^  in the laboratory frame is given by

"L  — + ИЗ)

where v(t) is the velocity of the nucleus, and <*L is the angle between v(t) 

and the direction of emission. Since the period of oscillation of the nucleus 

is much less than its life time, the second term in (13) averages out to zero. 

The quadratic term will remain and give rise to a shift in the energy of the 

7 -ray.

The relative shift is

< A E y / E y ) „  = ( l / 2 c 2 ) < v 'X v .  (*4)

For a harmonic solid [10] w have

(1 /Е у )(Э Е у /Э Т )= - (1 /2М с 2 )С ^ , (15)

CL is the lattice specific heat. Thus knowing the temperature variation of 

the second order Doppler shift, it is possible to know from (15) the tempera

ture variation of the Debye temperature 8p .

The high temperature limit of (14) is interesting. For T » 8р,

<v">„v- *3k„T /M .

Hence at high temperature the relative shift in the Mössbauer line is pro

portional to T , the coefficient of proportionality is 3kp/ 2M c^. This has been

verified experimentally [11] .

A  more interesting case is the one in which the MBssbauer isotope forms 

an impurity in a host lattice. It can be shown quite generally (without making 

any assumption of the harmonic nature of the forces) that [12, 7]

M ' is the mass of an impurity atom and U is the potential energy of thecrys-
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tal in the presence of an impurity. From  (16) it is evident that a measure

ment of( v2 ^  from the second order Doppler shift gives the average value 

of the second derivative of U at the impurity. In the harmonic approximation 

for a cubic crystal (16) becomes

where M  is the mass of an atom in the host lattice, and y is a measure of 

the change in the force constant when an impurity atom is introduced and 

is the high temperature limit of - Thus it is possible to measure a. 

directly (assuming у = 0), thereby knowing whether the impurity atom is 

more tightly or less tightly bound in a given host lattice. It has been found 

[13] that F e ^  in Be  is more tightly bound than Fe^' in Fe . A  full use of 

Eq. (16) has not yet been made in interpreting the high temperature results 

of the second order Doppler shift. Anharmonic effects will give a tempera

ture variation of the "generalized force constant" Э " .

IN F L U E N C E  O F  IM P U R IT Y  A T O M S  O N  L A T T IC E  D Y N A M IC S

It is of interest to know how the dynamical properties of a lattice change 

with the introduction of impurity atoms, e .g . what are the mean square 

displacement and the mean square velocity of an impurity atom and how does 

the frequency spectrum of the normal modes change? Unfortunately, not 

much experimental and theoretical work has been done in this direction and 

it is only very recently that attempts have been m ade. It is obvious that 

much information in this field can be gained through a study of both neutron 

scattering and MBssbauer Effect. The former will suffer from the disadvan

tage that interference between impurities on account of their large number 

will make the interpretation of the results difficult.

W hen  an impurity atom of mass m ' is introduced in a host lattice of 

atomic m ass m , there will in general be a change in the force constants 

too. If the introduction of an impurity does not change the harmonic character 

of the forces, the solution of the problem of normal vibration gives a spec

trum which is equivalent to that of the perfect host lattice except a set of 

discrete levels in the case m ' < m , which are thrown out of the continuum 

[14,15,16] . These discrete frequencies have recently been observed [17] 

through cold neutron scattering. No such experiment has been reported with 

the MBssbauer Effect. The one phonon spectrum as revealed by the wings 

of the MBssbauer line should have a peak corresponding to the impurity mode. 

However, very high velocities would be needed to produce the required 

energy shift *^10'2 eV. But it would indeed be a pure impurity spectrum. 

It would also be interesting to measure the width of these localized impurity 

phonons with the MBssbauer Effect.. In these experiments there are many 

parameters which one could change, such as the impurity concentration and 

the temperature, and study their effect.

( 1 - 7 ) ^ ) ' } . (17)
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The spatial localization of the oscillations corresponding to these dis

crete impurity modes has the consequence that a considerable part of the 

energy of these oscillations is associated with the motion of the impurity 

atom. On the other hand for a non-localized vibration, the energy assignable 

to a single atom is of the order 1 /N . Thus, in general, the contribution 

of the discrete levels and the quasi-continuous spectrum to the displacement 

of the impurity are of the same order. It would, therefore, be interesting 

to study the probability of the Mössbauer Effect for an impurity atom. The 

total probability f can be written as a product of fi and fg, the former cor

responding to the continuous part of the spectrum and the latter to the dis

crete part.

Hence

f = flÍ2 - (18)

Let m ' be the mass of an impurity atom and m  that of the atom of the 

host lattice. Define

€ s ((m-m')/m). (19)

Let us assume that the force constant A(o, r„ ) between the impurity atom 

at the origin and any other atom of the host lattice is given in terms of the

force constant in the ideal case Ад(о,Гп) by

A (o ,r J  = A .(o ,r J (l- y ) . (20)

И  *y > 0, the force constant decreases and if у < 0 it increases with the in

troduction of the impurity. Under .certain restrictions, it is possible to 

solve the problem of normal vibrations using a perturbation method. I would 

only quote a few interesting results [18] .

Case (I), e 1 i. e. m ' «  m; у < e (in this case one gets discrete modes ) 

and T  -? 0,

^ ^ ^  }  - О Я

The exponent in (21) varies as J 1 /m ' i.e . the probability diminishes as the 

mass of the impurity decreases. As the temperature increases f2 falls off

much more slowly than fi. The reason for this is that since > "omax*

the temperature excitation of these discrete modes occurs at much higher 

temperature than does the excitation of continuous spectrum. And

2 йнах g

Й 2 )

о

fi is independent of m '.

Case (II) m ' > m  and y = 0.

In this case f = 1 since there are no discrete states, and for T-) 0
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fi ^  exp (23)

The exponent in (23) decreases as (l /Jm ')  with the increases in m ass m ' 

of the impurity, thus giving rise to an increase in Mössbauer probability. 

By putting a heavy Mössbauer isotope like F e ^  in Be it is possible to in

crease the Mössbauer probability. Such an increase has indeed been ob

served [19] . From  the study of the second order Doppler shift as we have 

seen before, it has also been found that F e ^  is more stiffly bound in a 

beryllium lattice than in an iron lattice [13] . Since the vibrations of the 

heavy impurity atom are preferentially in the low frequency range, this 

enhanced effect disappears with increasing temperature.

Let me remark that by using the standard quantum-statistical perturba

tion theory it should be possible to calculate^ x^ )ay and( v ^ ) ^  much more 

simply than has hitherto been done [13, 18], without actually solving the 

dynamical problem. In fact the derivation of Eq. (17) is much simpler than 

given by M A R A D U D IN  et al. [13] .

D ISPERSION  R E L A T IO N  F O R  P H O N O N S

Everyone is aware of the success of the cold neutron scattering ex

periments in measuring the dispersion relation ы = ь)(к) for the phonons.

I think the determination of the dispersion relation has been the greatest 

contribution of neutron spectroscopy to crystal dynamics. The Mössbauer 

Effect is an extremely poor rival in this respect. At a first glance it might 

appear that since the Mössbauer line is very sharp (AE — 10*3 _ Щ'Э ^y) 

one would be able to achieve a large energy resolution compared to neutrons, 

but in actual practice it is not so. For y-rays the wave number _k is much 

larger than that of neutrons, and hence for a given spread in К  = k-k' (i. e. 

in q, the phonon wave number) a much better collimated beam of y-rays 

is needed. This would mean an enormous reduction in intensity compared 

with neutrons for the same effective energy spread. One should use the 

Mössbauer Effect where neutrons cannot be used for the reason of high 

absorption coefficient as in the case of He^ .

S C A T T E R IN G  O F  y-RAYS A N D  N E U T R O N S  IN L IQ U ID  He^

The most interesting and as yet undiscovered prediction of L A N D A U 's  

theory [20] of liquid He^ is the existence of zero sound [21] . Propagation 

of ordinary sound for which thermodynamic equilibrium exists over elemen

tary volumes, small in comparison with the wave length of sound, is no 

longer possible when the mean free path of collision of the particles is 

<1. X sound . In other words the condition of propagation of ordinary sound is

ы т «  1 , (24)

T being the collision time. In practice in all condensed systems condition

(24) is always satisfied. To  violate (24) exceedingly high frequencies are
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needed, and that is why the effect has never been demonstrated. But for 

liquid He3 the collision time or the mean free path increases as (l/T^ ). 

Hence for any given frequency, the wave length and the excitation mean free 

path will become comparable at gome temperature which, though low, is 

attainable. From  heat conductivity measurements т ^-6 X  1013 /T 2 ,  i .e . 

equal to 6 X 10'^ s, say for T  = 0.01°K.

Therefore

ит> 1, (25)

forh)> 10^/s . Thus for a) — 1()S s'l and temperatures <^0.01°K, 1 ,

collisions can no longer maintain local thermodynamic equilibrium in volume 

elements small compared to X. Under these conditions a new sound propa

gates as has been shown by Landau and called by him as zero sound. D e 

monstration of this sound would be a great experimental achievement and 

the verification of Landau's theory of Fermi liquid. Since Landau is seldom 

wrong, the experimenter can be sure of rewards if successful.

Zero sound is an oscillatory distortion of the Ferm i surface. It is a 

collective oscillation of density exactly analogous to plasma oscillation. 

Since it is accompanied by density fluctuations, it should be possible to 

excite zero sound by a piezo electric crystal. The reason why it has so 

far not been possible to excite this sound is that the frequency needed is 

very high p- 109) even at very low temperatures of a tenth of a degree 

absolute.

An indirect method can be proposed to observe the velocity of zero sound. 

This method is old and is well-known, and consists in observing the Ray

leigh scattering of light in He^ . In addition to the main line one observes 

satellite lines or what are known as the Brillouin components differing in 

frequency from the main line by

Au = ± 2^  usin ^  , (26)

u (2 X  104 c m /s ) being the velocity of sound and 6 the scattering angle.

A  calculation [22] showed that the scattering of visible light is extreme

ly small and hence the effect will not be detected. However, since the scat 

tering increases rapidly with frequency as u* or ь)3, it is clear that increas

ing the frequency of the radiation would considerably enhance the effect. 

With the discovery of the MBsshauer Effect, it is now possible to use y-rays 

for which the scattering will be large because of high frequency and besides 

the change in frequency Аш as given by (26) can be detected accurately. Tnus 

the Mössbauer Effect would provide a possible method to measure the veloci

ty of zero sound [23] . I do not know whether attempts are being made in 

this direction or not. In m y opinion they are worth the effort. As early as 

1960, I tried to convince some of m y low temperature friends at Argonne 

about these experiments without much success. With the increase in tempera

ture the attentuation of zero sound will increase and will lead to the broaden

ing of the satellite lines. It would be interesting to know the life time of the 

zero sound quanta as a function of temperature.
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It is also possible to excite the zero sound quanta by allowing the neu

trons of velocity greater than the velocity of zero sound to be coherently 

scattered in liquid He3 at very low temperatures. The scattering cross- 

section is given by the Fourier transform of the density auto-correlation 

function which can be computed [24] on the basis of Landau's theory. U n 

fortunately, in the case of He^, the capture cross-section for cold neutrons 

of energy 1°K is nearly 10^ X 10*24 cm ^, whereas the scattering cross- 

section is only 10*24 cm 2. Because of this, even with the present highest 

neutron flux available, it is not possible to do the scattering experiment 

but some day it might be possible.

C O N C L U D IN G  R E M A R K S

I do not wish you to have the impression that the achievements of the 

Mössbauer Effect have after all not been very great, ^his might be true 

in the field of lattice dynamics. I would, however, remind you that the Möss

bauer Effect is one of the most sensitive tools in Physics, the full potentiali

ties of which still remain to be explored. And let us not forget that, be

sides other things, it was this Effect which made possible the determination

[25] of the gravitational red shift in a terrestrial laboratory and the magni

tude and the sign of the magnetic field [26] at the iron nucleus in ferromagne-, 

tic iron.
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THEORY OF THE INFLUENCE OF PHONON-PHONON A N D  ELECTRON-PHONON INTERACTIONS ON  

THE SCATTERING OF NEUTRONS BY CRYSTALS. As predicted by harmonic theory the coherent inelastic

sists of a number of delta-function peaks superposed on a continuous background. The peaks correspond to 

one-phonon processes in which one phonon is absorbed or emitted by the neutron; the background arises from 

multi-phonon processes. When anharmonic forces (phonon-phonon interactions) are present, the delta-func

tion peaks are broadened into finite peaks, while their central frequencies are shifted with respect to the har

monic values. In the case of a metal there is in addition to phonon-phonon interactions an interaction bet

ween phonons and conduction electrons, which also gives a contribution to the displacement and broadening 

oftheone-phononpeaks.

ing crystal in its ground state (T = 0°K) ), we have studied the shifts and widths of the scattering peaks as a 

'result of the above-mentioned interactions by means of many particle perturbation theory, making exten

sive use of diagram techniques. Prerequisite to the entire discussion is the assumption that, independent of 

the strength of the interactions, the width of each peak is small compared to the value of the frequency 

at its centre; only then the peaks can be considered as being well defined with respect to the background to

Our procedure yields closed formulae for the partial scattering function describing the peaks, which 

can be evaluated to arbitrarily high accuracy. In particular an expansion for calculating the line shift and 

line width in powers of u/d and in terms of simple connected diagrams is obtained (u is an average atomic 

or ionic displacement, d is the smallest interatomic or interionic distance in the crystal). Approximate calcu

lations are performed to give some insight into the orders of magnitude of the effects under study.

THÉORIE DE L'INFLUENCE DES INTERACTIONS PHONON-PHONON ET ELECTRON-PHONON SUR LA  

DIFFUSION DES NEUTRONS PAR DES CRISTAUX. Comme le prédit la théorie harmonique, le spectre de la 

diffusion inélastique cohérente de neutrons par un monocristal non conducteur, pour un angle de diffusion 

donné, se compose d'une série de pics de fonction delta, qui se superposent à un bruit de fond continu. Les 

pics correspondent à des phénomènes à un phonon, dans lesquels un phonon est absorbé ou émis par le neu

tron; le bruit de fond provient de phénomènes à plusieurs phonons. Lorsqu'il existe des forces anharmoniques 

(interaction phonon-phonon) les pics de fonction delta s'élargissent pour former des pics finis et leur fré

quence centrale est déphasée par rapport aux valeurs harmoniques. Dans le cas d'un métal il y a, en plus 

des interactions phonon-phonon, une interaction entre les phonons et les électrons de conduction, laquelle 

contribue à déphaser et élargir encore davantage les pics à un phonon.

Continuant lès travaux de Van Hove (qui avait considéré le cas relativement simple d'un cristal non 

conducteur à l'état fondamental, soit T  = 0°K) l'auteut a ëtudié les déplacements et les largeurs des pics 

de diffusion résultant des interactions indiquées plus haut, à l'aide de la théorie de la perturbation à plusieurs 

particules, en ayant largement recours à la méthode des diagrammes. Il admet, avant tout examen du pro

*  This work is part of the research programme of the "Stichting voor Fundamenteei Onderzoek der 

Materie", which is financially supported by the Netherlands Organization ior Pure Scientific Research 

( Z .W .O . ) .
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blême, que quelle que soit la force des interactions, la largeur de chaque pic est petite par rapport à la va

leur de la fréquence en son centres dans ces conditions seulement, on peut considérer que les pics sont bien 

définis par rapport au bruit de fond, si les calculs d'interaction sont poussés jusqu'aux ordres supérieurs. On  

estime que cette hipothbse est réalisée tant que les températures ne sont pas trop élevées et que les valeurs 

du vecteur d'onde des phonons ne sont pas trop considérables.

La méthode appliquée par l'auteur lui permet d'obtenir des formules fermées pour la fonction de diffu

sion partielle décrivant les pics, qui peuvent être calculées avec une approximation aussi pousée qu'on le 

désire. L'auteur a obtenu notamment une expression qui permet de calculer le déphasage et la largeur des 

raies en puissances de u/d et en fonction de diagrammes connectés simples (u étant le déplacement atomique 

ou ionique moyen et d la plus petite distance interatomique ou interionique dans le cristal). Des calculs ap

prochés donnent une idée de l'ordre de grandeur des effets étudiés.

ТЕОРИЯ ВЛИЯНИЯ ВЗАИМОДЕЙСТВИЙ ФОНОН-ФОНОН ИЭЛВКТРОН-ФОНОН НА РАССЕЯНИЕ НЕЙТРОНОВ КРИСТАЛЛА-

Продолжая более рание работы Ван Гофа (который рассматривал сравнительно простой случай не

проводящего кристалла в его основном состоянии (Т - 0 * К ) ,  мы изучили смещения и уширения макси- 

мумов рассеяния в результате упомянутых выше взаимодействий методами теории возмущения многих 

тел, широко используя методы диаграмм.

Полученные результаты обсуждаются на основе предположения о том, что, независимо от силы

Только в этом случае максимумы могут рассматриваться как хорошо выделяющиеся над фоном при 

взаимодействиях более высокого порядка. Предполагается , что это условие выполняется для не 

очень высоких температур и не очень больших значений волнового вектора фонона.

Таким путеммыполучили законченную формулу для функции частичного рассеяния, описывающую

максимумы, которые могут быть рассчитаны со сколь угодно высокой точностью. В частности, для вы

числения смещения и уширения линий получены выражения в виде степенной зависимости u/d и в виде 

простых связанных диаграмм (и -среднее смещение атома или иона, d -  наименьшее расстояние меж-

TEORIA DE LA  INFLUENCIA DE LAS INTERACCIONES FONÓN-FONÓN Y  ELECTRÓN-FONON EN LA  

DISPERSIÓN DE NEUTRONES POR CRISTALES. Como permite predecir la teoría armónica, el espectro de 

neutrones dispersados coherente e inelásticamente por un monocristal no conductor consiste, para un ángulo 

de dispersión determinado, en una serie de picos de functión delta supetpuestos a un fondo continuo. Los picos 

corresponden a procesos en que el neutrón absorbe o emite un solo fonón; el fondo se debe a procesos de varios 

fonones. Cuando intervienen fuerzas anarmónicas (interacciones fonón-fonón), los picos de función delta se 

ensanchan, convirtiéndose en picos finitos y sus frecuencias centrales se desplazan respecto de los valores 

armónicos. En el caso de los metales, además de las interacciones fonón-fonón existe interacción entre los 

fonones y los electrones de conducción, lo que también contribuye al desplazamiento y ensanchamiento de 

los picos correspondientes a los procesos de un solo fonón.

Prosiguiendo trabajos anteriores de Van Hove (quien investigó el caso relativamente sencillo de un cristal 

no conductor en el estado fundamental (T  = 0*K) ), el autor ha estudiado el desplazamiento y la amplitud 

de los picos de dispersión resultantes de las mencionadas interacciones aplicando la teoría de las perturba

ciones originadas por partfbulas múltiples y utilizando ampliamente técnicas de diagramas. Un requisito 

indispensable para dicho estudio es la hipótesis de que, sea cual fuere la intensidad de las interacciones, la 

amplitud de cada pico es pequeña en comparación con el valor de la frecuencia en el centro: sólo en tal caso 

puede considerarse que los picos están bien definidos respecto del fondo correspondiente a las interacciones
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de oiden más elevado. Cabe esperar que esta condición se cumpla para temperaturas no demasiado elevadas 

y valores de vector de onda fonónico no excesivamente grandes.

El procedimiento del autor permite obtener fórmulas cerradas de la función de dispersión parcial que 

describe los picos; éstos pueden evaluarse con el grado de precisión que se desee. En particular, se obtiene 

un desarrollo para calcular en potencias de u/d y en función de diagramas simples conectados el desplaza

miento y la anchura de las rayas (u es el desplazamiento atómico o iónico medio y d es la distancia mínima 

interatómica en el cristal). El autor efectúa cálculos aproximados para dar una idea del orden de magnitud 

de los efectos estudiados.

L  IN TR O D U C TIO N

In tftis paper we shall consider the coherent, inelastic scattering of 

slow neutrons by sipgle, perfect, non-magnetic crystals. In the case of an 

harmonic, non-conducting crystal (which cap be conceived as a system of 

non-interacting phnnpi)s),for a given angle of scattering the outgoing spec

trum is a superposition of delta-function peaks, corresponding to one-phonon 

processes, and â  smooth background arising from multi-phonon processes. 

The one-phonon peaks are particularly interesting from the point of view 

of crystal dynamics; their locations follow simply from the conservation 

rules for energy and momentum [1].

In any real crystal, however, anharmonic forces are present, which, 

if small, can be interpreted as causing an interaction between phonons. In 

a conducting crystal the phonons interact both with each other and with the 

conduction electrons. Both types of interactions show up in a most inter- 

eáting way in the peaks of the scattering spectrum. Their presence results 

in a shift and broadening of these peaks, the two effects being temperature 

depßhdent. In addition to the contributions of the phonon-phonon and electron- 

phoñon processes to the frequency shift of the phonons (self-energy effects), 

there is a temperature dependent contribution arising from thermal expan

sion. Both contributions are included in the observed shifts.

The above mentioned effects have been investigated experimentally by 

LARSSON  etal. [2] (aluminium) and by B R O C K H O U S E  etal.[3] flead)for 

temperatures well above the Debye temperature.

The aim of the present paper is to study the influence of phónon-phonon 

interactions and electron-phonon interactions on the displacements and widths 

of the scattering peaks by means of many particle perturbation theory. 

VA N  H O V E  t.4] has done this for a non-conducting crystal in its ground state, 

i.e . at the absolute zero of temperature, using time independent perturba

tion theory. The present author has extended Van Hove's approach to finite 

temperatures and to conducting crystals [5, 6j. For that purpose time de

pendent perturbation theory is more suited than the resolvent methods intro

duced by Van Hove. A  treatment of shift and width is of interest in the first 

place from the point of view of solid state physics and in the second place 

from the point of view of many particle physics as a means of checking its 

general predictions.

Since we are primarily interested in the peaks of the inelastic scatter

ing spectrum, and not in the complete spectrum, it is important to construct 

a theory which yields information about the peaks alone. This can only make 

sense if the peaks are distinguishable from the background. Therefore our 

treatment is restricted to the case, where, independent of the strengths of
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the interactions, the width of a peak is small compared to the value of its 

central frequency. Only then can the peaks be considered as being well de

fined with respect to the background to higher order in the interactions, and 

it is possible to isolate a part qf the scattering function which can be shown 

to describe the desired peaks. This case is expected to be realized for tem

peratures which are not too high {well below the melting point) and values of 

the phonon wave vector which are not too large. The case of sharply distin

guishable peaks is, of course, also the most interesting one from the point 

of view of the experimentalist,

In the second section we haye developed the formalism. For convenience 

we have restricted ourselves in this section to the case of non-conducting 

crystals. In the third section, the theory is extended to conducting crystals 

to include electron-phonon coupling. Extensive use has been made of dia

grams to represent the matrix elements. The use of the diagrams is illus

trated in the Appendix for the familiar case of scattering by anharmonic 

crystal. Here we present a simple derivation of the Debye-Waller factor 

for a harmonic lattice. Finally the end of the Appendix is devoted to some 

remarks concerning the work of B A Y M  1.7 J.

II. N O N - C O N D U C TIN G  C R Y S T A L S

1. The Hamiltonian

Consider a finite, perfect, non-conducting crystal of volume П, con

taining No unit cells. Let Гз„ designate the positions of the atoms in the 

crystal; each vector is the sum of an equilibrium position vector s +R„n 

and a displacement vector u^ where s is a crystal translation vector and 

Ron the equilibrium position vector of atom n in the unit cell containing the 

origin; n runs from i to n^, the number of atoms per unit cell..

The Hamiltonian of the crystal consists of two parts: the kinetic energy 

of the atoms and a potential energy term. Expanding the potential energy in 

powers of the displacements of the atoms from their equilibrium positions, 

we can write the Hamiltonian as follows:

H * H < ? ) + V .  ( 1)

H ^ ,  the harmonic energy, includes all terms through second order in pro

ducts of the displacements. V, the anharmonic energy, includes all terms 

of higher order. The solution of the harmonic problem gives a description 

of the vibrating crystal in terms of independent phonons, where each phonon 

is characterized by a wave vector and a polarization index j, the vector 

q being defined up to the addition of 2т times a vector т of the reciprocal 

lattice. Therefore q is restricted to the first Brillouin zone. The polari

zation index j runs over all positive integers from 1 to 3n„. We denote the 

energy of the phonon q  ̂ by L)qj (in this section we put h= 1); h)qj is periodic 

in q-space with period 2 7ГТ and remains unchanged when q is replaced by

-q .
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The excited states (phonon states) ¡qj, q'j- , q]- ...........^  of the har

monic Hamiltonian will be defined by the following equation, which also 

fixes the normalizing constants:

I 4j. q'j.. q"j........ >  ̂ A*. A%... A ^ .  . .  . . t 0 >. (2)

Here I 0)> designates the vacuum (no phonon) state, defined by Agj ¡ 0 ^ = 0  

for all q¡. We have introduced the creation and annihilation operators Aq¡ 

and Aqj for the phonon . They obey the usual commutation rules for bosons. 

The displacement vector u^  ̂ of the atom of type n (mass ) can be ex

pressed in these operators as follows:

Ssn = (Vo/l6;r3Ma)i Ej /qUqj'HA  ^.+ ] ( e^j - if ̂ )  exp L iq - s ]. (3)

In this equation v̂  = H/No is the volume of the unit cell; the real vectors 

e and f q'j determine the polarization and phase of the phonon gj. The 

symbol iq stands for (Я/ Eq (summation over one unit cell in reci

procal space), and becomes Jdq in the limit of an infinite crystal.

If the anharmonic energy V  is sufficiently small the notion of phonons 

is still meaningful and V  can be regarded as causing interactions between 

phonons. The effect of V  can in this case be investigated by means of per

turbation theory. By substituting (3) in the expansion (1) we obtain for the 

total Hamiltonian:

H  = e Q + € zp + H o +V , (4)

where eg and е^р are the rigid lattice energy and zero point energy respec

tively and Hg and V  are given by the following equations:

H o = E j / g M q . A * ^ A q j ; V = c ; i 3  (5)

with

( 6 )

Here

......

< ^ .. ,а„ ^3i *ад, й  *

( " ) \

X e x p  i ^ . ( s ^ - s ^ ) + i q g - ( s , - s ^ ) + . . . + i q ^ . ( s ^ - s ^ ) j .  (7 )
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in which C M  is the f'th order derívate of the potential energy, evaluated 

for the equilibrium lattice at temperature T . The subscripts . . . .

stand for the x ,y , z components. Because of the factor ("q,j,+. . . *

in eq. (6), B .M  can become infinite when one of the u becomes zero. 

However, this situation corresponds to a pure translation of the crystal 

as a whole and can be excluded explicitly. B ^_  , then, turns out to be a 

finite quantity which in the limit Ю-* * is independent of the size of the crys

tal. Note that the coefficients B ^ . and therefore the harmonic frequencies 

Uqj are temperature dependent as a result of thermal expansion. The gener

alized delta-function A  (c  ̂ +. . +q„) occuring in (6) arises from the summa

tion over s i . In the limit of large ^  it can be replaced as follows:

A (q )= E r 6 (2 + 2 7 r i ) , (8)

where т is a vector of the reciprocal lattice.

The relative strength of the Various terms in (4) are measured by the 

parameter u/d, the expectation value of the f'th order term VC) being pro

portional to (u/d)"*2 . Here u is an average atomic displacement for ag^yen 

temperature and d is the smallest interatomic equilibrium distance in the 

crystal.

It follows from (6) that each VC) is a linear combination of products 

of У annihilation and creation operators, which, when operating on a phonon 

state, give either another phonon state or zero. Because of the factor 

A ( q .+ . . + q )̂ the new phonon state must have the same total wave vector, 

modulo 27ГТ, as the initial one (conservation of pseudo-momentum).

2. The scattering function

The differential scattering cross-section at temperature T  per unit 

solid angle dM and per unit interval of outgoing energy de of the neutron 

for coherent scattering in the first Born approximation is given by [ 8j

Ik l /lk o l^ S T ^ s u ^ )  , O )

in which the scattering function S-pfKu), depending upon к= ко* к and u , 

the momentum and energy transfered from the neutron to the crystal, has 

the following form

S i ( ^ )  = Z«3)'* Ey, exp(-ß3,,) 6 (u + Ец - E„) . (10)

Here and are initial and final excited states of the crystal; they

are eigenstates of the total Hamiltonian H, given by (4), with corresponding

d ^ /d H d e  '
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eigenvalues Ец and Ем * Z(<3) = Tr[exp(-<3H)] is the partition function for 

the crystal (̂ f= l/квТ). Finally Тк represents the operator for the neutron- 

nucleus interaction:

I* = exp[ iK - ^  1 . - (ID

The scattering function in the form (10) depends on the exact, but com

pletely unknown, excited eigenstates of the anharmonic crystal. Fortunately 

we can get rid of this dependence by using the following representation for 

the delta-function:

' ' - ' - T r /

Using Eq. (4) we then easily find

Sr<s4 = (27rZB)"*^dtexp[-itu]

XTrtexp[-(ß + it) (H „+  V)] Т.^ exp[it(Ho+ V)] T J  (12)

with

Zg = exp[ß(€o+ezp)]Z(ß) = Tr(exp[-j3(Ho+V)]). (13)

The variable t in this equation can be interpreted as time [8]. The appear

ance of the trace in (12) shows that this result does not involve the exact 

set of states ¡^ >  , bearing in mind that the trace is invariant under unitary 

transformations. In the representation of the phonon states (2) the trace 

takes the form:

Tr(exp[-(ß + it) (Ho + V) T.^exp[it (Ho+ V)] 1^)

°  (N!) ' ^qt---4N^3NjN ...Stijjexp [-(ß + it) (Ho + V )] (14)

XT.^exp[it(Ho+V)] Ть tqij,....gnjN )-

W e want to calculate the matrix elements on the right hand side of (14) 

by means of perturbation theory. For that purpose we need suitable expan- 

sionsfor the various operators occuring in these matrix elements. The fol

lowing expansions are substituted:

Ut = exp[itHo] + En=ii"Jo dtn/Й* dtn-i dti exp[itiHo]V. ..

V  exp[i(tn-tn-i)Ho] V  exp[i(t-tn)Ho], (15)
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 ̂ ^Snexp[i^ - rsj = r^exp[i!i ' (s + Ron + ^ 7 ) ]

= Es„exp[iK- (s + Rg^)] [l + i!i - Hsn + - - - + (i"/mi) (!í- ibn)"* + . . . . ] ,  (16)

with

Í. ' Usn = (v¡) /16^ Mn)^ Ej /q Mqĵ  [Aqj + A-qj] < - (eqj *" ifgj )e***  . (17)

and similar formulae for U-t , Ue and T-&. W e  have used the abbreviations 

Uit = exp[±it(Ho+ V)J and Ug * Uig = exp). -ß(Ho + V)J. Substituting the above 

expansions in the trace on the right hand side of (1?), we see that the oper

ator in the matrix element (14) is a linear combination of products of oper

ators V , И к ,  exp[±i(tt-tt-i)HoJ and expL-(j3i-Pi-i )HoJ, while each V , 

Tg and T -ц is itself a linear combination of products of creation and anni

hilation operators.

3. The Qiagrams

W e  will represent the matrix elements, occuring in (14), by diagrams 

and use the following conventions: each operator V, or better a term in some 

V("} in the matrix element corresponds to a vertex in the diagram (V-verted. 

tex).The vertices occur in the same order from right to the left as the V 's  

in the corresponding matrix element. This order is important; it is given by 

the ordered integrations in the expansions (15), etc. A  phonon will be repre

sented by a line. Each line entering a vertex (coming from the right) repre

sents a phonon which will be annihilated at that vertex, each line leaving a 

vertex (going to the left) represents a phonon which has been created at that 

vertex. The total number of lines entering or leaving a V-vertex is equal 

to the order t/ of the V(") which corresponds to that vertex. Other types of 

vertices, the neutron vertices, are associated with the operators T^ and 

T-к. These vertices will be represented by a dot with a small circle around 

it. In the neutron vertex, which represents the term in T±g proportional 

to (к . )m, jugt m  phonon lines join. The operators exp[±i(ti-ti-i)Ho]

Fig-1

Sample diagram contributing to the matrix element (18).
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and exp[-(ßi -ßi-jH^J act on the intermediate states between the vertices. 

In Fig. 1 we have drawn an example of a diagram corresponding to a par

ticular choice of terms out of the operators V  and T± к in the matrix ele

ment:

By joining the external lines at the Jeft and right of a diagram continu

ously, as is always possible since the set of initial phonons is identical to 

the set of final phonons, we can consider each diagram as being rolled onto 

a cylinder. W e define connectedness of a diagram or part of a diagram as 

connectedness on the cylinder and call a connected part a component. For 

instance the diagram of Fig. 1 consists of two components. According to 

a well-known theorem the contribution of a diagram to a matrix element 

can be simply determined from the contributions of its components. This 

theorem was formulated for the present case in reference [5], where it was 

used to prove that the contribution of all components without neutron ver

tices only cancel the factor Zg in (12). This gives for the scattering func

tion:

Si-( dt exp [-Им] Ege"*"" Tr ( exp[ - ( ß + it) ( Ho + V) ] T-g

where the symbol indicates that in calculating the trace only dia

grams 6 , which consist of components containing neutron vertices, must be 

taken into account.

4. Elastic and inelastic spectrum, one-phonon diagrams

There are still two types of diagrams that contribute to the trace in (19). 

First, the diagrams that consist of two components, each containing one neutron 

vertex. These diagrams produce the elastic scattering spectrum. The par

tial scattering function км) for elastic scattering, calculated from these 

diagrams, can be shown to be:

и

о

X itiexp[itiHo]v exp[i(t2-ti)Ho]V exp[i(t-t2)Ho]r (18)

X T j q i j i ,  42 32, q3J3>-

X exp[it(H„+V)] T J ¿ , (19)

Sr^<4 = (8!r3N()/vo) l^nexp(i^ - Ron)
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The sum over y of the term in absolute value signs is the Debye-Waller fac

tor at temperature T  for the anharmonic crystal. We can at once see from 

this formula that the Bragg conditions are exactly valid for an anharmonic 

crystal. Phonon-phonon interactions only affect the elastic scattering inten

sity.

The second group of diagrams consists of one-component diagrams, 

each of which contains both of the neutron vertices. These diagrams describe 

the inelastic spectrum. Here we are not interested in the complete inelastic 

spectrum, but in studying the scattering peaks. If these scattering peaks 

are well-defined with respect to the background, i .e . if the width of each 

peak is small compared to the value of its central frequency, a part of the 

scattering function can be isolated which will describe the desired peaks.

This isolated contribution, which will be called ( км), can be obtained 

by further restricting the summation in (19) to so-called one-phonon dia

grams. These one-phonon diagrams have the general form shown in Fig. 2. 

Each one-phonon diagram consists of a so-called chain of V-bubbles (the 

shaded areas) connected by single phonon lines (q-lines), a chain beginning 

and ending at a neutron bubble (the shaded areas containing a neutron vertex). 

A  neutron bubble is not meant to belong to the chain. A  bubble is defined 

as a proper part of the diagram which does not contain any q-line and which 

is only connected to the rest of the diagram by means of q-lines. In Fig. 1 

phonon 3 belongs to the neutron bubble containing T.„, phonon 1 belongs to 

the V-bubble between ti and t2 . A  chain is broken by cutting one of the q- 

lines; the definition of bubble is chosen in such a way that it is not possible 

to break the chain by cutting only one line in a bubble. The V-bubbles have 

a great resemblance to the proper self-energy diagrams in field theory. In
deed, as will be seen later, the V-bubbies describe seit-energy effects which 

renormalize the energies of the phonons. However, due to the dissipative 

character of the interaction, they also involve line broadening effects corres

ponding to finite phonon lifetimes. The desired information about the loc

ation and width of the peaks is fully contained in the chains of the one-pho-

Fig.2

General form of the one-phonon diagrams.
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non diagrams and the neutron bubbles only contribute to the scattering inten

sity. A  more detailed discussion of the structure of the one-phonon diagrams 

can be found in reference [5J.

We remark that the term "one-phonon-diagram" is somewhat mislead

ing in the sense that such a diagram generally does not describe a pure one- 

phonon process, in which the neutron excites or absorbs a single phonon 

in passing through the crystal. The notion of n-phonon process has not such 

a definite meaning for scattering by an anharmonic crystal as by an har

monic crystal. We speak of one-phonon diagrams because they are the direct 

generalizations of those diagrams which in the harmonic approximation ex

actly produces the delta-function peaks in the scattering spectrum. In the 

latter case S-r̂ )( км) describes only the one-phonon processes (see Appen

dix). In the presence of anharmonic forces S т^'(км) is still expected to des

cribe the peaks correctly, as long as they are distinguishable from the back

ground, however, Эт^)(км) now describes parts of the smooth background 

as well.

In order to obtain an expression for the partial scattering function 

(км), which explicitly exhibits the effects we are interested in, we must per

form a summation of the one-phonon diagrams in terms of the bubble func

tions representing the contributions of the bubbles. Although very compli

cated, this summation can be carried out exactly by extending the methods 

of D Y S O N  [9] and B E L IA E V  [lOj to the case of arbitrary temperatures. 

The summation procedure is demonstrated in [j] for a group of soecial dia

grams. W e  shall not write down the general results here but only consider 

two special cases where the formulae take simple forms.

(a) Let us first consider the lowest order case. We then find the follow

ing set of equations:

The subscripts j and j' in (21 and (22) indicate that the operators T& and 

T.g must create a phonon Kj and annihilate a phonon Kj' respectively. The 

subscript С means that only connected diagrams must be considered in cal

culating the traces. The function G*(o) (ü^jj ) represents the lowest order 

contribution (i.e. of order (u/d)^) of a V-bubble. To general order this 

function has the form

(23)

о0
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where Vnj contains a creation operator for the phonon gj, V^j' contains 

an annihilation operator for the phonon <j , and V^jj' contains both. The 

subscript C, nq indicates that only connected diagrams involving no q-lines 

contribute to the traces in (24). Because of the irreducible character of the 

diagrams contributing to G* (i"jj ), and expansion of this quantity in powers 

of u /d  converges rapidly for all values of ы, while for any particular order 

only a finite number of essentially different diagrams have to be calculated. 

To lowest order in the interaction we have for a Bravais lattice

C fo /^ jj ')  = i J d T  exp[-i<JT] Tr j  ¿ (25)

+i ^ d T e x p iin T ]  T r j u ^ u ^ v ^ u ^ v ^ j ^ ^ + T r j u ^  

0

in which = exp[iTHgh etc.

qj qj

Fig.3

Lowest order diagrams contributing to the traces in (24)

Strictly speaking, the lines representing the phonons qj and qj do not belong to the diagrams 

(q is equal to к), they have been drawn to indicate that the appropriate vertices 

contain creation and/or annihilation operators for these phonons.

The basic diagrams which contribute to the three traces in (25) are 

represented in Fig. 3a, b and c. In addition to these diagrams, however, 

there are classes of related diagrams contributing to (25) which can be con

structed from the three basic diagrams by breaking an internal phonon line 

and letting it run around the cylinder an arbitrary number of times ( see 

Appendix A ). By denoting the hermitian and anti-hermitian parts of G *(0) 

^<çujj') by A(o)( KUjj') and Г(0) (<Ujj') respectively (G^o)= A(0)± iT(0)), we 

finally find from this set of diagrams:
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((l+fqiÍl+fq2 Í2 )[(t<)-Mq^^-Mqgjg )  ̂ (u  + MqiJi + Mqgjg^

*** ̂  ( 3̂lj 1 '  3̂2J2 ) ^ 1 ^

+ 12 Вк]/-К), q^i. -giJi (1 + exp[-ßb)q^j^]) (l *exp[-ßt<)q̂ ĵ ]) (26)

r¡TQ)(KtJjj') = lS^/^.qgEj^ ,jg BK]\-q^,-q2j2 B-Kj.qi)l-S2Í2^(4l''*32'^) 

X((l+fq^j^ + fq2j2)[^(M-Mq2j2-Mq2Í2^ " ^ ( ^ ^ " q i j l  ***^42^2^

+ 2 (íqiji-fq2J2 ) 5 ( U +  Uqiii-Uq2j2 )) (27)

with

In (26) the subscript P  means the Cauchy principal value. The interpreta

tion of the quantities Ao (KMjj') and Го (KUjj') can be easily read off from 

Eq. (23). If the anti-hermitian part were zero, G*(o)(KMj j') would have real 

eigenvalues and the functions C*(0)(<Mj j ) would have simple poles at vari

ous values of ы, giving rise to delta-function peaks in the scattering spec

trum at positions ь) = Muj + A(0) (KMj). Because of the anti-hermitian parts, 

however, C^o/KMjj') cannot have poles for real ¡J and the delta-function sin

gularities are broadened into finite peaks with widths at half-maximum 2Г\о̂  

In this case the shifts of the peaks are determined by the hermitian parts, 

the widths by the anti-hermitian parts of G*(0)(tt<)jj'). In lowest order the 

two, effects are independent of each other. Eq. (20) describe those peaks 

whose central frequencies occur at positive values of u and which there

fore can be considered to correspond to emission of phonons by the neutrons. 

(Hence the subscript e on Эт,е(кы). Analogous equations hold for the ab

sorption peaks.

The lowest order formulae (26) and (27) for the shift and width of the 

peaks have recently also been found by K R IV O G L A Z  and K A S H C H E E V  [ll] 

and by M A R A D U D IN  and F E IN  [12j, using quite different methods. The 

last mentioned authors have evaluated these formulae for a simple model 

of a lattice: a face-centered-cubic lattice with central force interactions 

acting between pairs of nearest neighbours only. This model was used to 

approximate lead. They obtain the following results for longitudinal phonons 

propagating in the [ 100] direction of q-space (T = 425°K):

r/h)L= 0.005 , q = i qL
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iyML= 0.007 , q =

i y ^  = 0.013 , q =  ^ q ,

Here and are the maximum values oí the phonon wave vector and fre

quency respectively. There is order of magnitude agreement between these 

values and the experimental results of BROCKHOU SE  [ 3j, however, adirect 

comparison is not possible because the present model is too naive to repre

sent lead.

W e  finally remark, that the lowest order expressions for the shift and 

width can also be obtained using more intuitive arguments based on the ex

ponential decay of one-particle states [13]. Only to lowest order in the coup

ling can such simple techniques be expected to be reliable.

There is in addition to the diagrams a, b and с of Fig. 3, a diagram 

of order (u/d)^ which contributes to the shift of the peaks (Fig. 3d). How

ever, this diagram involves an intermediate optical phonon with wave vec

tor zero or 2л"г. W e  omit this contribution because it vanishes for lattices

with certain symmetries, for instance for Bravais lattices.

(b) To general order in the interaction Eqs (20-23) must be replaced 

by more complicated ones [5j. As long as, independent of the strength of 

the interaction, the widths of the peaks remain small in such a way that the 

peaks are well-defined and distinguishable from the background, the func

tions G* (Kb)jj ) (see (24)) describe the widths and locations of the peaks 

correctly. However, in higher order in the coupling the shifts and widths 

are no longer simply the hermitian and anti-hermitian parts of these quanti

ties (compare Eqs (29) and (30)). Moreover the two effects of shifting and 

broadening become interdependent in this general case.

If we consider a Bravais lattice and drop the polarization indices, the

following simple expression for the partial scattering function ST^( км) can 

be obtained, valid to first order in the parameter Г(м^)/мц, but to general

order in the interaction (we put G* 1км) = G, etc. )

n(i), <
т ( - " ) =  (u -мк- А)И+Г2 ^ ( м + М к + А ) 2 + г и *  (28)

with the abbreviations:

A- Rebâti + (2G + /u J )i  - b)J, (29)

r= lm [M s (.l+ (2G+/MK)^- Mg]. (30)

Q  and Q^are intensity factors of a very complicated form dependent upon 

к and ы . Therefore we shall not write down their explicit expressions here. 

Like Г and A, they depend on temperature, but they are independent of the

crystal colume Я in the limit of a large crystal. W e  remark here that for
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typographical reasons the temperature dependence of the various quantities 

C* , G *, etc. has not been explicitly indicated.

III. C O N D U C T IN G  CR Y STA LS

W e will briefly consider in this section the case of a conducting crystal, 

where, in addition to phonon-phonon interactions, the interaction between 

phonons and conduction electrons contributes to the displacement and broad

ening of the scattering peaks.

W e  accept the following effective Hamiltonian for the electron-phonon 

system:

Н * е „  + езр +Н „р +  H o e + V + W  (31)

in which eo, e^p, Hop and V  are given by (4), (5) and (6), while Hoe and 

W  have the following form:

Hoe '  ^  /'skmoljitrno ^kmo, W =  \ W  , (32)
'om j^

^  b k m .k  m ,  q , i , . .  - - % i  у ^  ( 3 l  +  - - - +  к  - k ).

Ikmo Ik'm'o ^ q ^ j  +  A-^j j

Here etuno is the energy of a single Bloch electron, characterized by a wave 

vector k, a spin index cr and an index m  distinguishing the Bloch bands. 

r\mo and Htnoare the creation and annihilation operators for this electron. In 

the above Hamiltonian Hop and Hoe describe the free phonons and free Bloch 

electrons and V  and W  are the phonon-phonon and screened electron-phon- 

on interaction respectively. The relative strength of the various terms in 

both V  and W  will be governed by the same parameter u /d . W e  will not 

enter into a discussion of the derivation of this Hamiltonian here nor the 

difficult question of validity (see [б]). We only mention that the foundations 

upon which the Hamiltonian (31)rests are open to objection and that for this 

reason it is difficult to decide, for instance, whether or not it makes sense 

to include terms in the interactions up to general order in the ionic dis

placements, At any rate we m ay consider the Hamiltonian as a model 

Hamiltonian which will describe the system correctly at least in lowest or

der in the interactions and for wave vectors which are not too small.

The coefficients bf^ with f > i are completely unknown; an expres

sion for the first coefficient b ¿ m , qj' taking into account the screening ef-
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fects, has been derived by B A R D E E N  [14J. In the limit of small q and 

considering only electrons within one Bloch band, he finds for a Bravais 

lattice

where M  and p are the mass and number density of the ions, Ep is the Fer

mi energy and gg¡ is a unit polarization vector for the phonon qj.

The formalism developed in Section II for a non-conducting crystal can 

be extended in a straightforward way to the case of a metal. Using diagram 

techniques, formulae analogous to those of 11.4 are obtained. The bubble 

function G±(Kb)jj'), which describe the positions and widths of the peaks, 

now has the form:

The electrons are described by means of a grand canonical ensemble; N  

is the number operator for the electrons and c - ¡aß, being the chemical 

potential. The various subscripts in (35) have the same meaning as in (24).

It follows from (35) that in general the contributions to the shift and 

width of the peaks arising from phonon-phonon interactions and from elec

tron-phonon interactions are not additive. In the calculation of G*(x.jjj') dia

grams occur which involve both V-and W- vertices. These contributions are 

only exactly additive in the case of a Bravais lattice in lowest order in both 

interactions, i .e . to order (u/d)2 . In the latter case the contributions to 

the shift and width of the phonon-phonon interactions are given by (26) and 

(27). The analogous contributions arising from the electron-phonon inter

actions can be found to be:

b^'.qj = iEp(h/36^MpMqj)^e^ - (k-k')] (34)

a

+ T r  (U e (V + W ),j .,]c (35)

with

Ue = UiB = exp[-ß(H.p + H .g + V + W) + c N ] (36)

U ^=  exp[±iT(H.p + H .^+ V  + W)] (37)

(38)
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^jj ) i' Ri A ( k i T t ^  - кд) .
'o J i { i ,k 2  *  ** "

(*4<]o*  ̂ (м+екщ-екдс) (39)

with

n ^  = [exp [ße^- c j + 1 ]

For long wave length acoustical phonons the Bardeen formula in the 

form (34) is applicable. Neglecting Umklapp-processes and assuming that 

the phonons are purely longitudinal or transverse, we find for the width of 

the peak corresponding to a longitudinal phonon:

l(0)("ü)/M &"EFm ^9TM pSgî? к< 2ky (40)

= 0 к< 2 kp

Use has been made of the formulae ejt = R^k^/2m* and Mq = s^q, where m* 

is the effective mass of the electron and Sp the longitudinal velocity of sound; 

kp is the radius of the (spherical) Fermi surface. Formula (40) gives values 

for 1̂ о)/ь)к which are of the order 10*3-10*2 (in agreement with K R IV O G L A Z  

[15] ) and hence are quite small, presumably much smaller than the values 

arising from anharmonicities.

If we admit Umklapp-processes, Гр)) (км) will display step-discontin- 

uities, not only for к = 2kF, but also for those values of к which satisfy the

condition [к + 2тгт I = 2kp for any reciprocal lattice vector т. For further

details about this question we refer to the recent work of W O L L  and K O H N  

Í1 6 1 .

Concerning the shift of the peaks, we should mention that only the tem

perature dependent part is observable. It is to be expected that, owing to the 

nature of the Ferm i distribution of the electrons, this temperature depen

dence of the shift as a result of electron-phonon interactions will be very 

small and hardly observable.
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For an harmonic crystal (without electron-phonon coupling) the diagrams that contribute to the trace 

in (19) simply consist of the two neutron vertices and free phonon lines. There are two typ=es of lines, (a) 

lines which begin and end at the same neutron vertex (loops), and (b) lines which connect the two neutron 

vertices on the cylinder (b-lines). In both cases the lines may encircle the cylinder an arbitrary number of 

times; a line which encircles the cylinder n times is said to have n turns. For instance diagram a of Fig. 4 

has two b-lines having one and two turns; the loop has one turn. The lines of the diagram shown in Fig. 4b 

have no turns.

0 .

Diagrams contributing to the trace in (19) in the harmonic approximation.

It is convenient to go over to a reduced set of diagrams containing lines without turns. Let us restrict 

ourselves for a moment to diagrams without loops. Consider the group of all different diagrams with n b- 

lines. This group contains just one diagram with no turns. It is now a simple matter to prove that the total 

contribution of this group of diagrams to S т  (&ьч) can be obtained by just calculating the diagram without 

turns but replacing for each b-line in this diagram the factor exp[ i ^ y  t] by D ^ ( t ) ,  the unpertubed phonon 

propagator, which is given by: "

("I r
Dqj (t)= Tr [exp[-( 6 + it)Ho] (Agj ^gj)exp[itHo] (A-qj+Â ))^ (41)

exp[itoJgj] +exp[-(ß+it)mg[] 

i- e x p [- ß ^ ]
(42)

Further calculation of the diagram with n b-lines with the help of (41) and (42) now leads directly to the 

n'th term in the well-known phonon expansion, that is the term which corresponds to processes in which 

only n phonons : are involved per single scattering event.

W e now show that the loops on the neutron vertices yield the familiar Debye-Waller factor for an har

monic lattice. For convenience we restrict ourselves to a Bravais lattice. Consider a diagram without loops. 

Let the contribution of this diagram to ST ( be F (RtJ). Consider further the group of all different dia

grams which aonly differ from the original one in the presence of loops on the T ^  - vertex ; the diagram be

longing to this group only differ from each other in the number of turns of the loops. The total contribution 

F* of the original diagrams and the associated group of diagrams is (see ( 16)):

F '(K b )=  F (км) р24/2% Д!) [Тг(ехр[ -8Но](к- uo)2) (43)

For each loop the exponentials exp [ iq* s] occuring in (17) cancel out, so that the trace in (43) is indepen

dent of ¿  and hence can be taken outside the summation over s (F(K(J) contains a summation over _s). The 

factor (2% Д!)'* is a combinative factor. As before, the subscript С means that in calculating die trace only 

connected diagrams are involved. Application of the theorem to disconnected diagrams, mentioned in IL 3, 

gives:

F'(K(J) = F (K t J } (4 ! ) '*

[expE'ßHo] (K-uo)2) 

Tr(exp[ -6H o ] )
(44)
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where we have used the familiar notation W  for ^ <(к* Ц .0)^Т* Summing over í from zero to infinity 

we get for the total contribution F (KUJ) of the original diagram plus the group of all different diagrams, 

which can be constructed irom the original one by adding loops to the Тд vertex in all possible ways:

F"(ktJ) = F(KtJ)exp[- W] (45)

A second factor exp[ -W] arises from the loops on the Т-к vertex. Together this gives the Debye-Waller 

factor exp[ -2W] .

О О +  О------ О +

Fig.5

Graphie representation of the phonon expansion for scattering by an harmonic crystal.

în Fig. 5 we have graphically represented the phonon expansion for an harmonic lattice. Here each 

line represents a phonon with propagator function D ^ ( t ^  while a factor exp[ -W] is associated with each 

neutron vertex. The first diagram in this expansion, being disconnected, corresponds to elastic scattering. 

The diagram containing n lines describes the n-phonon processes.

Here briefly we shall consider the work of BAYM[7] , who, making use of complicated thermodynamic 

Green's function methods, has given a formal treatment of neutron scattering by an anharmonic non-con- 

ducting crystal. His discussion is based on the approximation that the crystal responds .linearly to the forces 

exerted by the neutron in.scattering. This approximation amounts to the assumption that each of the indi

vidual phonons created or absorbed by the neutron develop in time in the same way as would a single phonon 

interacting with the lattice at temperature T. This assumption is easy to translate into the language of the 

diagrams introduced in this paper. The only diagrams which have to be considered in the calculation of the 

trace in (19) are composed of neutron vertices and chains (L e. phonon lines provided with V-bubbles), similar 

to the way as the harmonic diagrams are composed of neutron vertices and free phonon lines. Or, in other 

words, the present diagrams consist of the neutron vertices and a number of chains which begin and end 

directly on the neutron vertices. Hence the diagrams shown in Fig. 2 are not included because of the pre

sence of neutron bubbles. From this similarity in structure of both sets of diagrams it follows that the dia

grams at hand can be evaluated (at least formally) as easily and in the same way as the harmonic diagrams. 

The expansion of Baym can be immediately obtained from the diagrams shown in Fig. 5, provided we sub-

Dqjj'M  = Tr^exp[ -(6 + it)(H(, + V)] (Aqj + Al^j)exp[it(Ho + V)] (A-qj'+X^j')j-(- (46)

and for each neutron vertex a factor exp[ -W] , with

W= i Trj\xp[-S(Ho+V)] (*040)3 j-/Trjexp[-8(Ho + V)]j-. (47)

Baym's final result (his formula (45)) then follows after some simple algebra. From (43), (44), (46) and (47) 

we see Riat Baym's formula is obtained from the phonon expansion of an harmonic lattice by simple repla

cing Ho by Ho+V  (taking into account changes in the polarization indices). Of course, that this must be so 

can be concluded directly from the underlying assumption mentioned above. An extension of his expression 

for the scattering function to the case of conducting crystals is obtained by replacing Ho in the harmonic 

phonon expansion by H , given by (31).

Finally we should mention that as long as the positions and widths of the peaks are correctly described 

by the functions G±(K,(^j ) (see II) Baym's approximation only affects the intensity of the scattering.
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D I S C U S S I O N

B .N . B R O CKH O U SE : In your expressions for the intensities of the one- 

phonon peaks, you show a quantity Q  in the numerator. Is this the same as 

the expression for the unbroadened phonon and, if so, does it involve и, 

or ug - A?

J . J .  K O K K E D E E : n Q /Г^ is a measure of the height of the emission 

peak above the background. It should be emphasized, however, that this 

height is not a well-defined notion, owing to the fact that an exact distinction 

cannot be made between one-phonon peaks and background. The class of 

diagrams isolated do describe the peaks but they also describe parts of the 

background as well. The function Q  is a complicated, interaction-dependent 

quantity which depends on the exact energy ы. At lowest order in the inter

action, however, it depends on the harmonic (unperturbed) frequencies их 

at temperature T .  At this order, Q  is equal to where Qharm is the

corresponding intensity factor for the harmonic case.

I. W A L L E R : I would like to comment on this problem of calculating the 

width and the shift in the one-phonon lines. As $rou know, there are two 

schools of thought regarding the treatment of many-body problems. Some 

use the method of temperature dependent Green's functions while others 

work with diagrams. As  you mentioned in your paper, Kashcheev and 

Krivoglaz, using temperature Green's functions, arrived at a similar result 

for the shift and the width. Where it is a question of going to higher approxi

mations, I think both methods could very well be used, although it does not 

seem to follow from the paper of Kashcheev and Krivoglaz that their result 

is valid to the same degree of approximation as that of Dr. Kokkedee.
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What you really have to calculate to get this shift is the correlation func

tions of the displacements, taking them at different times. In this approxi

mation, the formula can be written in two parts, one containing the ordinary 

temperature factor and the other the time correlations between the displace

ments of two arbitrary nuclei. Of course, you can put it in a somewhat 

simpler form where you have these correlations in the exponent and then 

calculate them. It should also be pointed out that there may be other causes 

for the broadening at high temperatures and that irregularities are intro

duced in this case, owing to the formation of vacancies. These will certainly 

be a contributory factor as the melting point is approached.

J .J .  K O K K E D E E : As regards your comment on correlation functions, 

it is true that m y trace contains a correlation function, but it is not the 

correlation function of the displacements. A U  the diagrams in Fig. 2 of my 

paper have the same structure, consisting of a chain of self-energy dia

grams connected by single lines which are attached to self-energy parts 

which contain the operator T^. It is only the chains themselves that are pro

portional, it is only the chains that contribute to the correlation functions 

of the displacements. The actual calculation of this correlation function for 

the anharmonic case, however/ requires the solution of the many-body pro

blem and therefore I do not see how it can be done more simply.

I fully agree with Professor Waller that the Green's function method 

is another effective means of handling a system of interacting excitation, 

for instance phonons. As to its use by Kashcheev and Krivoglaz in connection 

with the shift and width of the one-phonon peaks, these authors included only 

quadratic and cubic anharmonic terms and hence their treatment is a lowest- 

order treatment. A  more general treatment of these effects by means of 

Green's functions has not yet been made and it is not easy to say which ap

proach is simpler, the diagrammatic method or the Green's function method.

K . E . LA R SSO N : In the experiment we see a one-phonon line which 

broadens with temperature. It is always of interest to know what is the real 

cause of such broadening. Can you, on the basis Of your theory and your 

calculations, estimate how much of the line broadening is due to true life

time effects and what percentage is attributable to a shift in level distance, 

i .e . the effect by which the energy distance between "phonon levels" de

creases with temperature.

J. J. J. K O K K E D E E : One cannot really speak of two separate and dis

tinguishable effects, as you do. M y formalism describes true lifetime effects 

and includes the second type of effect to which you refer. There may be an 

influence of the multi-phonon processes, in particular two-phonon processes, 

on the line shape, but this influence is of quite a different nature. The basic 

assumption in m y calculation is that all the contribution of the shift is a 

purely lifetime effect of the phonon. Of course, this is true only under cer

tain circumstances, i .e . where the peaks are sufficiently narrow and where 

the influence of multi-phonon processes on the line shape is small. In other 

words, it is true only in the case of temperatures which are not too high. 

For higher temperatures, it would be necessary to construct a more in

volved theory which would have to include primarily two-phonon processes 

because, in certain cases, these can provide logarithmic singularities 

centred on the delta function peaks and actually contribute to the broadening
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of the peaks. However, we have made no evaluations of this. All I am esti

mating is the assumption that the broadening of the peak is essentially a 

lifetime effect of one single phonon.

K .S .  SINGWI: I think that what Dr. Larsson means is this: Since you 

intend to compare the results obtained by theory with those from experiments 

done at very high temperatures (i.e. near the melting point), you must bear 

in mind that when you go to such temperatures in an anharmonic oscillator, 

the phonon levels do not remain separated. The separation diminishes and 

they come very close together. It is therefore difficult to know whether one 

is dealing with a pure lifetime effect or with the fact that the density of the 

levels has increased at high temperature. What you have observed might 

conceivably be a transition not between two levels which have broadened but 

between many levels.
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Abstract — Résumé — Аннотация — Resumen

PERTURBATION THEORY OF ANHARMONICITY EFFECTS IN SLOW NEUTRON INELASTIC SCATTERING  

BY CRYSTALS. An earlier perturbation treatment of the corresponding X-ray scattering problem is generalized 

into a calculation of the effect of vibrational anharmonicity on the scattering of slow neutrons by crystals.

Of an expansion of the lattice potential in powers of the deviations from the thermally averaged sites, 

the cubic terms are taken into account up to second order; only first order terms are kept in the quartic an- 

harmonicities. A U  higher terms are neglected. In particular, formulae for ф е  shifts and broadenings of the 

one-phonon peaks in coherent scattering are derived in terms of the third and fourth order coupling coeffici

ents.

As in X-ray scattering, a simple quadratic relation exists between the shifted "effective frequencies" 

of the long wavelength lattice vibrations and the isothermal elastic constants of the crystal. The lattice fre

quencies of the harmonic approximation may be obtained by extrapolating to absolute zero the linear de

pendence on temperature shown by the shifted frequencies above the Debye temperature.

THÉORIE DES PERTURBATIONS APPLIQUÉE A U X  EFFETS D 'ANHARM ONICITÉ  DANS LA DIFFUSION 

INÉLASTIQUE DES NEUTRONS LENTS PAR DES CRISTAUX . L'auteur calcule l'effet des vibration anhar-

des perturbations appliquée précédemment au problème correspondant de la diffusion des rayons X .

H tient compte des termes cubi ¿ues jusqu'au deuxième ordre dans le développement du potentiel de 

réseau selon les puissances des écarts par rapport aux positions pondérées thermiquement. Il ne garde que 

les termes du premierordredansles anharmonicités quartiques. Il néglige tous les termes d'ordre supérieur. 

En particulier, il obtient des formules pour les déphasages et pour l'élargissement des pics à un phonon dans 

la diffusion cohérente, en fonction des coefficients de couplage des troisième et quatrième ordres. Com m e

jusqu'au zéro absolu la droite représentant les variations des fréquences déphasées en fonction de la tempéra

ture, pour des valeurs supérieures à la température de Debye.

ТЕОРИЯ ВОЗМУЩЕНИЙ ПОД ВЛИЯНИЕМ НЕГАРМОНИЧНЫХ ВОЗДЕЙСТВИЙ ПРИ НЕЙПРУГОМ РАССЕЯНИИ МЕДЛЕННЫХ

* Х.Хан, "Цейтшрифт фюр физик", 165 (1961) 569.
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APLICACIÓN DE LA TEORÍA DE PERTURBACIONES A LOS EFECTOS ANARMÓNICOS EN LA DISPER

SIÓN INELÁSTICA DE NEUTRONES LENTOS POR CRISTALES. El autor generaliza el método de las pertur- 

baciones, anteriormente empleado para estudiar el correspondiente problema de dispersión de rayos X , aplicán

dolo al cálculo del efecto de anarmonfa vibratoria en la dispersión de neutrones lentos por cristales.

El potencial de la red se ha desarrollado en potencias de las desviaciones respecto de los puntos térmi

camente ponderados. Los términos cúbicos se consideran hasta el segundo orden: en las anarmonías cuárticas, 

sólo se conservan los términos de primer orden. Se prescinde de los términos más elevados. En particular, el 

autor deduce las fórmulas de deplazamiento y ensanchamiento de los picos de un fonón en la dispersión co

herente, en función de los coeficientes de acoplamiento de tercer y cuarto orden.

De igual modo que en la dispersión de rayos X , existe una relación cuadrática simple entre las "fre

cuencias efectivas" desplazadas de las vibraciones reticulares de onda larga y las constantes elásticas iso-

1. IN T R O D U C T IO N

(a) This is an application of a perturbation method to neutron scattering 

which has already been used to study the anharmonicity effects on the 

scattering of X-rays by crystals [1] .

During the course of work, two other treatments of the same problem 

appeared that led to expressions of the shifts and widths of the one-phonon- 

peaks in terms of the third and fourth derivatives of the interatomic po

tential. They made use of Green's functions methods or of diagram 

techniques [3j. It was thought worth while, however, to see how much in

formation would be obtained from ordinary perturbation theory.

(b) First, some well-known results shall be recapitulated. According 

to V A N  H O V E  [4] the differential cross-section for the scattering of slow 

neutrons* by an ideal crystal* * is proportional to

S ( K . n ) = i ^  У  d te '" ' (1 )

h

Here К  is the difference between the wave vectors of the ingoing and out

going neutron waves, Й П  the corresponding difference in energy, N  is the 

number of atoms in the crystal, qh (t) is the deviation at time t of the atom 

"h " from its thermally averaged position A h , with A  the matrix formed 

out of the three elementary translations of the lattice, and h a vector with 

integer number components.

^anh.means the thermal average, taken with the complete anharmonic 

lattice Hamilton operator, H,which also governs the time dependence of q!l 

(t), so that, explicitly,

* The corresponding expression for the scattering of X-rays (see [ 1] ) is given by the integrand of (1) 

with t = 0.
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<*">anh. =< exp [-i K_. g°(t) ] exp [ iK  - qil (o)

_ Tr {e '^ " - e'ir e-'K-R°(0)e*'F*- e'!L'R-(0̂  g _ 1
' lr-.T*

T i { e x p " 8H}

If the expansion

V (. . . , Ah + ^ ,  . . . ) = ^ (. . . , Ah, . . . ) + E _ , Ah, . . ) q51 qji

\ —*V  ̂ i j

Фо '-1-

+ Í.E +i. E <?ÆüiEqEqïq2qE
5122  ̂  ̂  ̂ ^ ДШ2Е i j kl i j к 1
i j к i j kl

'--------- ^ ------------------- ---- V ------------^

+  . . .  Î g 04

(3 )

of the potential energy in powers of the displacement components* q ^  etc. 

is broken off with the second order terms, the so-called "quasi-harmonic" 

approximation results. In this approximation, the part of thë anharmonic 

effects that arise from thermal expansion is taken into account by means 

of the temperature dependence of the lattice matrix, A  = A(T). In the quasi

harmonic case, the expression (2) is known [4] to become

= e" + <{jL-3 °(t)HK-^(0)}>' (4 )

where ^ ^  means the thermal average, taken with the quasiharmonic

Hamiltonian, Ho = Emetic ( + ФQ ) + ^  , and the quasiharmonic time de

pendences; this also applies to the following equations.

With the familiar relation

q*"(t) = С e (k ,X) .  J — R — - ^ b „ ,. .e 4 i- A ^ * i "^ ) '+ b ,+  -^-*"1+^
— k.\- — \ 2NMh) k\

(M  = nuclear mass) (5 )

between the displacements and the (time independent) creation and annihi

lation operators for the quanta of the quasiharmonic eigenvibrations 

("phonons"), plane waves with wave vector k, polarization vector e (к, X ) 

(X= 1 , 2 , 3),^X*i ^becom es

( X — \ = e — * e —^

(6)
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with n =<(* b+b  ^  -l)'i the average number of phonons к , ^ .

The first factor in (4) and (6) is the harmonic Debye-Waller factor. 

Expansion of the second factor in powers of the exponent, on insertion of

(6) into (1 ), gives rise to the well-known decomposition of'the scattering 

cross-section into its elastic, one-phonon, two-phonon,etc. parts, the one- 

phonon part being sharply concentrated on the scattering surfaces defined 

by a product of two 6 -functions expressing the conservation of energy and 

quasi-momentum.

The quasi-harmonic results constitute the zeroth order term of the 

perturbation expansion that is to be described below.

2. T H E  P E R T U R B A T IO N  P R O C E D U R E

(a) A  comparison with experiment of the theory of other anharmonic 

crystal properties (e. g . , the temperature dependence of the elastic constants 

and the deviations from the rule of Dulong and Petit) has shown that it is a 

good approximation to neglect the fifth and higher order terms in the Taylor 

series (3) almost up to the melting point, and to make a perturbation ex

pansion in powers of W  = Фз + Ф4 , in which Ф3 is taken into account up to 

second order, while only first order terms are kept in Ф4 . This corresponds 

to an expansion in powers of<^c[0 2 ^ i / L  (L  = distance between nearest 

neighbours) up to second order.

As the traces in (2) are invariant with respect to unitary transfor

mations, the unperturbed wave functions may be used in computing them. 

The perturbation expansion is then simply performed by inserting the follow

ing expansions from Dirac perturbation theory into (2)

e

0

e

and (7b)

g-8(Ho+W)

(7c)

where

(8a)
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and

W « 3 ) =  e S "°W e*S "o . (8b)

and by collecting all terms up to second order in Фз and up to first order 

in <̂4 . (Eqs 7c and 8b may be derived from 7a and 8a by replacing it/A by 

ß) .
(b) The main interest is in the elastic andonephonon scattering. The 

elastic scattering is at once seen from the considerations of V A N  H O V E  

[4] to be given by

Selasüc ( К ; П )  =  6 ( П ) .  N  E e 4 L - A H .  ] (  e iK - q °(0) ^  )2^

The only effect of the anharmonicity here is to change the vibrational form- 

amplitude<^e^— >̂anh. entering the Debye-Waller factor ¡<( *>anh. î - 

This changes only the intensities of the Laue-Bragg Maxim a. The calcu

lation of this effect (for which only the expansion 7c is needed) has already 

been carried out in connection with the X-ray scattering theory [ 1 ] and will 

not be repeated here. (The Debye-Waller factors for neutron and X- ray 

scattering are, of course, indentical [4] .

(c) In treating the one-phonon-scattering by perturbation theory, one 

clearly has to assume that the scattering surface of the quasiharmonic theory 

is in practice still well defined and distinguishable from the background 

even in the anharmonic case, the anharmonicity inducing only relatively 

small shifts A  (k , X ) and broadenings 7  (k, ^ ) to the 6 - function peaks that 

S(k,  П) shows as a function of Я m  the case of quasiharmonic one-phonon- 

scattering:

There is, however, an intricacy that remains to be taken account of when 

using ordinary perturbation theory. From  the analogous situation in the 

theory of the natural (radiation induced) width of spectral lines, one must 

expect it to be impossible to obtain the complete shape of the broadened 

line without taking all orders of perturbation theory into account to some 

extent. For у = A  = 0; no "broadened line" function like the Lorentzian

Ь ( П ) = ( 7 / ! Г ) ( 1 / [ ( П ± [ и  + А])+?2]) (10)

possesses a regular expansion in powers of 7  and A, which quantities one 

may expect to contain the perturbation at least linearly and in a regular 

way. However, they do posses a singular expansion in powers of A  if y-* 0,

L(n)l  = 6 (П-и)±А.6'(П-ы) + 1. А 6"(П-и)±___
y-)0

which is just the Taylor series description of a shift ± A  of the 6 -function
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6 (П - u). Thus, in the case of a pure shift* without broadening one would 

not meet any serious difficulty in contenting oneself with the lowest order 

of perturbation theory. One would just have to indentify with the frequency 

shifts the coefficients of the 6 -functions in the expansions 5 ( Я ± м ) ± с - 6' 

(П  ± u) that one gets from perturbation theory (the lowest order of which 

will only retain terms at most linear in A  ).

If, on the other hand, there is a (small) finite width y, then the lowest 

order terms to appear in the perturbation expansion may, e .g . contain a 

summand proportional to у . It is clear that one cannot deduce the copiplete 

shape of the broadened curve from this. One can, however, make a reason

able assumption about the form of the function of П* (ы + А) and у describing 

this curve, then make a singular expansion of the assumed function inpowers 

of A  and у at A  = у = 0, check whether the function (or functional) appearing 

in this expansion as a coefficient of у also appears as a factor of the pertur

bation parameters in the expansion of S(k,  Я), and determine у by compari

son.

(d) It will be assumed here that the (narrow) peaks proper are of 

Lorentzian shape. This is an analogy to an assumption familiar from the 

first treatments of the natural widths of atomic spectral lines, i. e. that 

the asymptotic time dependence of the coefficients for the unperturbed states 

must allow for an exponential decay. This means that the phonons are de

caying into other phonons as a result of the perturbation and hence (asymp

totically for large t) have the time dependence of damped oscillations. (The 

small-time behaviour is of no interest here, since it only cuts off the outer, 

long range tails of the Lorentzian and therefore only changes the background 

intensity).

Bearing in mind that the Fourier transform of the Lorentzian function

(10) is

^i(bj+A)t-y¡tl ^  ( l ± i A t - y l t [ ) - e * ^  , (10a)

one sees that the recipe for obtaining the shifts and widths of theone-phonon- 

peaks is really very simple: "carry out the perturbation expansion of (2) to 

order "" ^<^4, collect all terms that are proportional to t or proportional

to ]t ) asymptotically for large absolute values of t and compare to the ex

pressions of typë (10a) that are expected to replace the 6-function Fourier 

transforms ехр(**^) in the one-phonon-term of (6). "

(e) The perturbation calculation itself which is performed by the method 

already applied to the X-ray case [ll will now be roughly sketched:

(2) can be re-written with (7a-c) up to terms *̂ <Рз, ^  <?4 , as
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- < х ^ й а у+

o ó

6 t 

+ < ^ i  -̂ d ß i .  43(q(ti)+r(ii,t))lx!-)

t

5

У

í j * 'd t i< [^ (q (t i ))- ^ 4 (5 (ti) + r(ti, t ) )] x ! l )

0

t ti

^  /d t i  jfdt2<  -f [^з(9 (ti)) - ^ ( q ( t i )  + Г  (ti, t) )] . ¿s(q (tg)

0 0

+ Г  (tb t) - Фз (5 (t2) ) .  [ Ф3 (9 (tj ) - (q (t^ + Г  (ti, t) ) ]J-x^>

( H )

with, e .g . r^^i* t) = [ - i к -^°(t), q ^ (t ^  ].

(1 1 ) is entirely composed oi quasiharmonic averages.

?3 (t i ) , e . g .  i s e q u a l t o i r E ^ r y ë  ^ Y ^ i ) ^ r ^ ^ ) 4 ^ ^ i ) ^ ^ 3 ( q ( t i ) ) ,

as may be shown by inserting a factor of 1 = exp (iHot/h) * exp (-i Hot/A) 

between the factors q of the original definition (8a). The analogous equation 

holds for the % (ß) *s.

The arguments q + Г  found in some of the terms instead of the q arise 

from the repeated application of

e ^ - ^ t ) q ^ ( t i ) = j q P ( t i )  + [ - i k . ^ ) ,  ,

(12)

which follows from the fact that "all the commutators of the form

[3 (ti), g(tz)] (or also t$ (ßi ) , §  (&,)]) [ 1] (i3)

are pure с-numbers" as a consequence of (5) and of the commutation relations

b^-x- ] = 6 ^ . ,  6 ^ .  ; [ b ^ ,  b ^ J  = [ b ^ ,  ^ ]  = 0 .

(13) is essential for the calculation of the quasiharmonic averages in (11). 

They all have the form

( i ) : < ( n 5 ( t v ) - ] ] q ( P ^ ) ' * * )  or(ii):<Jjq(tv)-]]q(ßM)> (14)

(with a separate factor of <̂ Х**)> ). 

First, because of (13), X- can be written as [4]
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-ÍK_.qO(t) iK _- q ^ (0 )  i^- {q ^ (0 )- q °(t )}  Н К д ° ( Ц . ^ ( 0 ) ]

"s!î(]^. t) "

(15)

where the commutator factor is a с-number and hence m ay be taken out 

of the averaging brackets, so that the averages remain to be taken with 

s- instead of X ^ .

Now, as has been proved in [1], from (13) one obtains the equation

г a V  g Г E m 11
ЧГ  ( P ^ ) . .e q f ^ L q ¡ ( ¡ 3 M ) J -

"S(. g.t.^

¿i

pure Number " С У  "

У de)

In the case of a product of q's belonging to different ß's, the order 

of the products must be reversed on replacing the q's by the operators 

{ Э/эк + С }  :

q (1) q (2) s = { э /ак + с { Э /зк + c}i S . (16а)

As (16) is also valid for imaginary ß and since 4(t) " 4 (*tf* )< the q's may 

also be treated by (16).

Since the dummy operators { - 7̂ + C} are not affected by the average 

and hence may be taken out of it, all that is necessary in order to compute 

the averages (14) (with s9 instead of XÍ! ) is to apply the substitute product 

of operators { Э/эд + С} to<( S ]> , where in S, у takes 6 values:

у = 0 : ßo = 0

У = 1 : ' ß,

"  = 2 : ß,

у = 3 : iti/й = ßg

у = 4 : itg/й = ß^

у = 5 it /й = ßg

с
and then set к у ?  iiq (9gk 5^  *^go ) f°i* (14a), ку g 0 for (14b) after all 

the differentiations have been carried out. The average value( S )< needed 

for this has been shown [ 1 ] to be
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exp

g."<e

g'.t",e'

where the averages <( q , q ^ are easily computed with the aid of the normal 

coordinate expansion (5) withe's instead of (it/ñ)'s. The details of the calcu

lation which is now straight-forward will be emitted here. Only two points 

may be noted:

(1) The terms in (11) which only contain parts of the e * ^  expansion 

can neither shift nor broaden the one-phonon-peaks, since they do not change 

the harmonic time dependence, i. e. the harmonic energy levels, but only 

the thermal weightings. They give rise to a temperature-dependent intensity 

factor that changes the heights of the one-phonon-peaks and is easily com 

puted. This will be given in full in a later paper.

(2) In the calculation of the widths and shifts everything turns out as 

expected in paragraph 2 . d).

3. R E S U LT S

Disregarding some terms that are proportional to t but bear a factor 

of 1 /N  when compared to the main terms, one finds for the shifts of freq

uency h) (к, X)

A ( k ,  X)  - X)  ^
e ( u ' ,  T )

k',x'

(17)

k k 'k "

, 1 y  Г / е '  , Е " \ Г  P_________P 1
1 6 N u ( k , X )  и '  и "  \ и' и "  у ^ ы - и '- ы "  u + u ' + u " J

K'.K
\',x"

+ 2 e' e"

u' ы + м'-ы"

Here P / u means the principal value 1/м (1 - ) of 1 /м

к kj k̂*
NMj

1 V " ,m n o  , „ i

M f l  ^  e¡eje^e

and

(k . Am  + к - An + к - Ao)
(18a)

i j к

1 "  <(k.Ant+k'-An+k°.Ao+k*-Ap),.-, .
^  A  7 7 Ï ?  e¡ej eket - e - ----- -- ^(18b )

i jkf

are the Fourier transforms of the third and fourth order coupling para

meters. e (ы,Т) is Planck's average oscillator energy ñ u  ( (n ^  + i  ).
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F o r  the width of the emission and absorption peaks involving the fre

quency u (к , X ) one finds

(19)

Here the case of two equal frequencies belonging to the same к but to differ

ent polarizations has been excluded for the sake of simplicity. This case 

only occurs at the exceptional points where two of the quasiharmonic scatter 

ing surfaces (or all three of them) intersect. If, however, this intersection 

is brought about purely by the sym metry of the lattice, there is in general 

no difficulty even at these points. A  m ore detailed discussion of this point 

will also be given in a later paper.

It can be seen from  (17) and (19) that for a given к , X ,  the frequency 

shift A  as well as the width у is proportional to T  at high temperatures (y > 

^Debye , e æ  к - T  ). So is the part of the quasiharmonic frequencies that 

depends on temperature, as a result of the effect of thermal expansion. 

Thus, by extrapolating to absolute zero the linear dependence on T  shown 

by the ы + A  for T >  йреЬуе . one gets the harmonic frequencies u(k , X ) .  

F r o m  these the second order coefficients of the expansion of the lattice 

potential ф in powers of the deviations q- from  the static equilibium p o 

sitions A h  (defined by the m in im um  of Ф) can be deduced.

The shifted frequencies ы + A  found from  neutron scattering are in 

general not identical with those determined from X-rays scattering by the 

method given in [1] . (There, effective frequencies showing a temperature- 

dependent shift as com pared to the quasiharmonic ones w ere introduced 

to describe just the temperature dependent intensity factor com ing from  

the perturbation expansion of e'BH that was omitted here). Yet for small 

k , i. e. for long wavelength phonons, both the effective neutron and X-ray 

frequencies becom e identical. It can be shown by the sam e method as has 

been used in [1] that for long wavelengths (jjk j <, ? kmax

p - ( u  +  A ) ^  =  ^  ¿ i s o " ,  (T) e¡ ej k „  k, (20)

(p - m acroscopic density N /V ^^tai), i .e . the squares of the shifted fre

quencies both in the neutron and in the X-ray case are proportional to the 

isothermal elastic constants. This prediction is in good agreement with 

the experiments of H O M R Y D , L A R S S O N  and D A H L B O K G  [5j on aluminium, 

as shown by Fig. 1.
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. J  : T /C ^  [ + : measurements by SU T T O N , P. М . ,  Phys. Rev. 31 (1953) 516] .

4. S U M M A R Y

It has been shown that the shifts and widths of the one-phonon-peaks 

in neutron scattering induced by the anharmonicity of the lattice vibrations 

can be obtained from a simple perturbation theory if a reasonable assumption 

is m ade about the shape of the peaks, i. e. that this shape is described by 

a Lorentzian function. Both shifts and widths are proportional to tem per

ature in the high temperature region. One can obtain the temperature inde

pendent frequencies that would be seen if all anharmonicities were absent. 

By extrapolating the linear dependence on temperature shown by the shifted 

frequencies above Debye temperature, down to absolute zero.

The squares of the shifted frequencies of the long wavelength phonons 

are proportional to the isothermal elastic constants of the crystal.
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D I S C U S S I O N

I. W A L L E R :  I would like to ask whether, using the sam e method, you 

could not also get a temperature factor which would contain in its exponent 

fourth-order terms in the m om entum  transfers. Have you considered what 

these term s might be and whether they might be of som e importance?

H .  H A H N :  Y es , this can be done. I have m ade such a calculation of 

the temperature factor, especially for the case of elastic scattering, where 

it is nothing m ore than an intensity factor. A  slightly different factor is in

volved in the case of one-phonon scattering but the problem is the sam e and 

perturbation theory is reasonably applicable. I have also done this calcula

tion in connection with the X-ray scattering work reported in the paper. The 

Debye-Waller factors are identical for all types of scattered particles and 

it is true that term s proportional to K* are obtained in the exponent of the 

factor. I have not gone into the problem  of the importance of these term s 

but I recall a rem ark by Maradudin that they were not very important in a 

special case that he had calculated. This would be in agreem ent.with the 

fact that no-one ever seem s to have observed them  experimentally.

I. W A L L E R :  It has been pointed out by Singwi and Sjoelander that it 

could be of interest to investigate the temperature factor in the case of in

coherent neutron scattering.

H . H A H N : I agree. A s  soon as the m omentum  transfer becomes quite 

large, those terms would have to be taken into account.

I. W A L L E R :  With reference to your results for the temperature factor,

I would like to ask whether you could not get an equally good description of 

the variations of this factor if you expressed its exponent in the Debye tem 

perature 6 in the usual way and considered the temperature-dependent 6 

which can be calculated from  the m easured change of the elastic constants 

for each temperature T .  T h e  Debye temperature might indeed vary with 

the change in elastic constants in such a way as to give you a som ewhat 

similar results

H .  H A H N : This is certainly true as far as the lower-frequency con

tributions to the Debye-Waller factor are concerned (with anharmonic con

tributions up to only). I am  not sure that it is true when you depart from 

the harmonic theory, because then you get different Debye tem peratures.

K .S .  S IN G W I: I understand that D r . Low de and his group at Harwell, 

working with some alkali halide, have determined the Debye-Waller factor 

as a function of K^ and that they see a deviation (a K^ term ).

W .  C O C H R A N :  Speaking as a co-author of the w ork  on L iH  to which 

D r .  Singwi is referring, I do not m yself consider that it demonstrates an 

anharmonic contribution to the Debye-Waller factor.
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THE CALC ULATION  OF DEBYE-WALLER FACTORS FROM TH ER M ODY N A M IC  D A T A . Properties 6f * 

crystals which depend primarily upon the lattice frequency spectrum can be related exactly within the quasi

harmonic approximation. Such properties include thermodynamic quantities, e .g . heat capacity, thermal 

expansion etc., and the temperature dependence of the intensities of Bragg reflections; the latter is usually 

expressed as the Debye-Waller factor.

From analyses of appropriate heat capacity and thermal expansion data for simple crystals, it is possible 

to calculate Debye-Waller factors and their dependences upon temperature and volume much more accurately 

than they may be obtained by direct measurement. The importance of this is its possible use in the analysis 

of complicated scattering processes.

An equivalent Debye characteristic temperature, Q M , can be defined for cubic crystals. Its variation 

with temperature is small: for T>6)M /3, Q M  tends to a constant value which is usually less ïhan characteristic 

temperatures calculated from heat capacity data at either low or high temperatures. Anharmonic effects appear 

to be small in the region T  < 2@M .

The general method of analysis will be illustrated with specific examples.

C ALCUL DES FACTEURS DE DEBYE-WALLER A PARTIR DES DONNÉES TH ER M ODY N A M IQ U ES . On  

peut, grâce à l'approximation quasi-harmonique, établir des relations exactes entre les propriétés des cristaux 

qui dépend essentiellement du spectre de fréquence du réseau. Ces propriétés comprennent les quantités thermo

dynamiques suivantes: la capacité calorifique, la dilatation thermique, etc., et les variations des intensités 

des réflexions de Bragg en fonction de la température: cette dernière propriété est désignée habituellement par 

le facteur de Debye- Waller.

En se fondant sur l'analyse des données relatives à la capacité calorifique et à la dilatation des mono

cristaux, il est possible de calculer les facteurs de Debye-Waller ainsi que leur variation en fonction de la 

température et du volume, d'une manière beaucoup plus précise que par la mesure directe. Ce qui est impor

tant, c'est qu'on peut utiliser cette méthode pour l'analyse de processus de diffusion compliqués.

On peut définir une température caractéristique de Debye, équivalente pour les cristaux cubiques. 

Elle varie très peu en fonction de la température;pour T  > 0 ^ / 3 ,  O M  tend vers une valeur constante qui est 

en général inférieure aux températures caractéristique calculées à partir des données relatives à la capacité 

calorifique soit aux températures élevées, soit aux basses températures. Les effets enharmoniques semblent 

être faibles pour T  < 2 0 ^ .

ВЫВЕДЕНИЕ КОЭФФИЦИЕНТА ДЕБАЯ-ВАЛJIEPA ИЗ ТЕРМОДИНАМИЧЕСКИХ ДАННЫХ. Свойства кристаллов, ко-

49
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C ÁLCULO DE LOS FACTORES DE DEBYE-WALLER A  PARTIR DE D A T O S  TERMODtNÁMICOS. Las pro- 

piedades de los cristales que dependen principalmente del espectro de frecuencia reticular pueden relacionarse 

con exactitud dentro de los límites de la aproximación cuasi armónica. Estas propiedades comprenden pará

metros termodinámicos como, por ejemplo, la capacidad calorífica y la dilatación térmica, etc., asfcomo 

la variación en función de la temperatura de la intensidad de las reflexiones de Bragg; esta ttltima suele 

denominarse factor de Debye-Waller.

El análisis de los datos correspondientes a la capacidad calorífica y a la dilatación térmica de mono- 

cristales permite calcular los factores de Debye-Waller y sus variaciones en functión de la temperatura y 

del volumen con una precisión mucho mayor que la alcanzada pof medición directa. La importancia de ello 

estriba en su posible aplicación al análisis de procesos complicados de dispersión.

Para los cristales del sistema cúbico es posible definir una temperatura característica de Debye equi- 

valenteOM. Su variación con la temperatura es reducida: para T  > O M  /3 , O M  tiende hacia un valor cons

tante que suele ser inferior a las temperaturas características calculadas sobre la base de los datos relativos 

a la capacidad calorífica a temperaturas bajas o elevadas. Los efectos anarmónicos son, al parecer, reducidos 

en la región T  < 2 0 M .

Los autores aclaran el método general de análisis con ejemplos concretos.

I. IN TR ODUC TION

In the Born approximation the scattering cross-section for awidevariety 

of processes may be conveniently described in terms of a generalized pair 

distribution function G (r,t) [1]. G (r, t), for a monatomic crystal in the har

monic approximation, is essentially determined by the thermal average over 

all normal coordinates <(u%, (0) u^ (t) (t) is the cartesian com 

ponent of the vector displacement u (t) of the Д"* atom from its equilibrium 

position at time t. u** is the corresponding vector displacement of a typical 

atom at a site chosen as the origin of coordinates in the lattice.

A  special case of the correlation tensor (u^ (0) Ug (t)^T is involved in 

the description of elastic scattering processes in crystalline lattices. The 

familiar Debye-Waller exponent M (T ) is easily shown to be just

M (T ) = i Q ^ Q B < u ° ( 0) u ° ( 0)>^,  (1 )

with Q  = kg; -kin ;ksc and k¡„ the wave vectors for scattered and incident 

waves respectively. (The summation convention is used for Greek subscripts 

throughout. ) Detailed knowledge of M (T ) is therefore useful in the design 

and interpretation of both elastic and inelastic scattering experiments [2, 3].
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For a monatomic lattice of cubic symmetry, M (T ) is completely de

termined by the lattice vibrational frequency spectrum ¡4]. The well known 

expression is

O'

where:

€ ( M , T ) s h M 0 +

In this expression N  is the total number of unit cells in the crystal, G(<j)the 

vibrational frequency distribution function, Mm the maximum lattice eigen- 

frequency, m  the mass of a lattice atom, ¡3 = (kgT)*^ . If the lattice has cubic 

symmetry, but has n atoms per unit cell, then there will be n Debye-Waller 

factors,i. e. Ms , s = 1, 2, . . .  n. These cannot be individually related to an 

average over the frequency spectrum, but the latter determines an appropri

ate linear combination of the M , [4] :

i (3)

Here ms is the atomic mass of the s^ atom in the lattice unit cell. There 

is, finally, an appropriate generalization for non-cubic lattices [4], but we 

shall not consider these in this paper.

It will be noted that both Eqs (2) and (3) involve the integral

^  = (4)

hereafter called the "Debye-Waller frequency integral"; Й = nN, the total 

number of vibrating units in the lattice. (We assume in each case that G(u)

is so normalized that Í G(u)dh) = ЗЯ.)

Itfollows, therefore, that the sum (0) u° (0) is an essentially"thermo- 

dynamic" quantity, being a temperature dependent average over the lattice 

frequency distribution, just like the heat capacity, the entropy, etc. This 

strongly suggests that experimental information on the heat capacity can be 

correlated with M (T ) data for the same substance. In the past, such cor

relation has been attempted largely through the assumption of the Debye 

distribution for the lattice frequencies. More recently, lattice dynamical 

considerations have been used to compute both the heat capacity and the 

Debye-Waller effect from the same lattice frequency distribution, itself 

derived either from an assumed lattice dynamical model [5] or from an 

analysis of inelastic scattering [6]. Our purpose is distinctly different: to 

use the general theory of lattice dynamics (in the quasiharmonic approxi

mation) to correlate available thermodynamic data with M (T )  values. In 

particular, we shall outline an answer to the following specific question: 

given thermodynamic data on heat capacity, thermal expansion, elastic con-
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stants, etc. for a particular substance (e. g. copper); how can one use that 

data to accurately estimate M (T ), and thence(u^(0) и^ (0 )^т?

II. M O M E N T S  O F  T H E  F R E Q U E N C Y  DISTRIBUTION

The desired correlation of thermodynamic data with M (T ) involves the 

moments of the frequency spectrum

__ 1 /"*"m
м°=  g-jjp <j"G(b))du, n >-3. (5^

In the high temperature region the heat capacity can be expanded as aseries 

in powers of 1 / T 2, with coefficients involving the positive even moments 

of the frequency distribution [7]. Given heat capacity data of accuracy 

within 0. 5%, may be obtained to an accuracy of about 1%, and and u" 

to within two or three per cent [8]. (If anharmonic effects are fairly large, 

these limits must be increased. ) It is perhaps not so well known that ap

propriate analysis of heat capacity data in the intermediate and high temper

ature range will yield values of u*2 and u*i, to essentially the same accuracy 

(often 0. 2%) as the original heat capacity data [8]. In addition, low temper

ature heat capacity data give the first few coefficients of the asymptotic 

expansion

Су = a T3 + b T5+ с T ? + ____  (6 )

It is not difficult to show that the Debye-Waller frequency integral X(T) 

possesses low and high temperature expansions whose coefficients can be 

directiÿ related to certain of the moments ы" and to the coefficients a, b . . . .  

ofEq. (6).

1. Low temperatures

X ( T ) = ^ + ^ - ^ ^ ( e ^ - l ) - ^ ,  (7)

where the first term represents the contribution of the zero point energy. 

The second term may be evaluated in the limit of very low temperature to 

get the asymptotic expansion for X(T)-

x < T ' - f  § [ * т ' + ж ь т ^  5 t T < ;

where a, b, c . . .  are the coefficients in the expansion (6 ).

(8)

2. High temperature 

X (T ) = kT

where use has been made of the standard expansion for x/(e* - 1 ) in powere 

of x; the Bgn are the signed Bernoulli numbers: Бд = B 4 = - ^ , . . . . .
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III. USE  O F  E Q U IV A L E N T  D E B Y E  C H A R A C T E R IS T IC  T E M P E R A T U R E S

For several reasons it is convenient to make use of the Debye vibrational 

frequency distribution as a standard reference, thus introducing various 

characteristic temperatures 0  (T-, V). The variation of 0  with temperature 

may be related to deviations of the actual lattice СЦы) from the Debye distri

bution and its variation with volume teethe effects of thermal expansion of 

the lattice. Clarity of notation is essential, for there are, of course, many 

different Debye characteristic temperatures, depending upon which physical 

property of the lattice is being described. W e  shall use superscripts to de

note the property to which a given О refers: O'* for the heat capacity, OM 

for the Debye-Waller frequency integral, etc. It is convenient to denote the 

high and íow temperature limiting values for the various distinct Debye О 's.

We use subscripts for this purpose: e. g ., 0^ = lim e *"(T); @*o = lim Q^(T). ).
T-?"' T-*0

Unless otherwise specified, all 8  values refer to a standard volume, taken

as Vn = lim V r . 
т-ю

W e  define О (T) implicitly through the expression:

( 10)

with X  = 6 ^(T)_/T. Equation (10) is just the defining equation for X(T), evalu

ated for the Debye reference spectrum. Available tables [9] of the function 

x 'l  /,* у(еУ- iy-i dy may be used to determine M (T ) from the 0*^(T).

One further device is useful in working with the moments of the actual 

frequency spectrum. W e  define a Debye cut-off frequency UD (n) such that, 

for a given moment ы" of the actual frequency spectrum, a Debye distribution 

with this cut-off will yield the same гР* moment, i. e.

n + 3 UD (n) , or h)p(n) =
¡ n > - 3 ,

' n ?  0. (1 1 )

(The limits ь)р(-З) = lim and ь^(0) = h m  Mo(n) exist. )

For any frequency distr ibution, a graph oiuo(n) against n can be determined, 

and the deviation of this curve from a horizontal straight line reflects the 

departure of the lattice G(M) from the reference ) distribution. Figure 1 

shows the ы^п) cui ve for a well known model of the f. c. c .lattice, LEIGHTQN's[10] 

one parameter nearest neighbour model. The ratios Up(n) are actually 

shown, Um being the maximum allowed frequency of the lattice. Also shown 

in Fig. 1 are five of the t*)p(n) values as determined for copper from available 

thermodynamic data. (A somewhat arbitrary estimate Мщ = 4. 5X10^s-i has 

been assigned for convenience of representation. ) It is significant that Ыр(-2) 

and Ыв(-1) may be determined with great precision (*^0. 3%) from the thermo

dynamic data.

W e  use the fact that limiting values of the different О (T) at high and 

low temperatures are determined by particular Ыр(п):

kgOÇ = h Mp (-3) ; квО^ = h Ыр (2). ( 12)
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Fig.l

(Jp(n) for (a) Leighton's model of face-centred cube -о

(b) Copper, determined from thermodynamic data ^  .

It follows immediately from Eqs (8), (9), and (10) that we can add to this 

list:

к ey =üb)D (-1) ; =hb)D (-2). (13)

W e  now use Equation (10) and the up (n) to obtain high and low temper

ature expansions for ЭМ (т), which are most useful for the final estimation 

of M (T ) values from thermodynamic data. Using the fact that the leading 

coefficient g,in the heat capacity expansion (6 ) is a = (12/5) kg(OQ )' s, 

withkgQC =hh)o(-3), we obtain an asymptotic low temperature expansion, 

the first two terms of which are

О** (T) = 0 ^ 1 + 6 (14)

At high temperatures we get the rapidly converging expansion

\4
еМ (т) = еМ i +

7200

423360 Мр(4)/ыр(- 1) (15)

The expansions (14) and (15) determine @M(T), within their regions of 

convergence, and the use of Equation (10) yields M (T ). Note that (15) is 

significantly more rapidly convergent than is the corresponding high temper

ature expansion for X(T), Eq. (9), or the corresponding expansion for 6 -̂ (T) 

[11]. In fact, for lattices which have been so far investigated, QM (T)is within
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1% of for temperatures down to about 0*^/3. This is a relatively low 

temperature for a solid, with the zero point energy typically several times 

the thermal energy at such a temperature. W e  conclude that it is safe to 

interpolate between the high and low temperature expansions to get QM(T) 

in the intermediate temperature region. It should be noted that the situation 

is quite different for <Э̂  (T) in the comparable temperature region, for which 

the corresponding interpolation requires great care.

IV. APPLICATIO N S

It is of interest to apply the procedure as outlined to the Leighton nearest 

neighbour model of the f. c. c. lattice, for which the moments are known [1 1 ]. 

The variation of (y) and QM (T) is shown in Fig. 2. It is convenient to 

employ Om = Rum /kgas a reducing parameter, so that 0 (Т )/Эщ  is plotted 

against T/Om  .

Fig. 2

g f(T ) and for Leighton's model of face-centred cube.

Q M (T ) T

О (T) . T-— against -—
Om Om

One feature noted inthe figure should be quite generally true: the temper

ature variation of (T) this is much less marked than that of SP(T). The general 

nature of this conclusion is supported by the shape of the tJD (n) curves of 

Fig. 1, which are quite typical. The high and low temperature limiting values 

of Э^(Т) are determined by MD (-2) and MD(-l) respectively, while the corre-
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sponding values of 0 ^  (T), on the other hand, are determined by Ыр(2) and 

MD(-3). Several conclusions follow: (a) If one insists on describing the vi

brational spectrum of an actual lattice by a one parameter Debye spectrum, 

the error involved in the description of elastic scattering processes (X-ray, 

neutron) will be less than that for the description of heat capacity; (b) Elastic 

scattering data on M (T ) will yield less detailed information about the actual 

frequency spectrum G(u) than will heat capacity data.

W e  next discuss an application of the procedure to an actual case of 

some interest: copper. (The applicability of the quasiharmonic description 

of lattice vibrations to a metallic crystal may be questioned; one can only 

say that metals seem to behave, in their gross vibrational properties, in 

a similar fashion to insulators. )

In dealing with experimental data for actual crystals, correction must 

be made for the effects of thermal expansion. This is most conveniently done 

by considering the volume dependence of QM(T). For T  < 0. 3 QC , the effects 

of thermal expansion are small, and it will suffice to consider the volume

Fig-3

g)M(T) for copper.

------  constant pressure.

Calculated from I ------constant volume

thermodynamic data ^  (V = V(0*K) ).

- - —  - interpolated.

О  Hef.[q

Experimental measurements J П  " [21]

L A  " [ 2 0 ]
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dependence of 0 ^  . This is described [12] by the Grüneisen parameter Y (-2), 

where

7  (n) = - I  V  ln¡Jü*; y(.2) = - V  lnO^.

y (-2) can be calculated from thermal expansion data [13] to within a few 

per cent. We. thus calculate the Up (n) from experimental data at fixed volume 

Vo, and then modify the resulting 0 ^ (T , Vo ) values by using 7  (-2) and the 

relation:

e M ( T , V T )/e M (T ,V .)  = (V ./V T )\  7 = v (- 2) (16)

The results of the calculation for Cu are shown in Fig. 3. The UD (n) were 

calculated using heat capacity data [14, 15], thermal expansion data [16-18] 

and compressibility data [19]; they are shown in Fig. 1. The resulting 

g)M ^  ) curve for fixed volume Vo is shown as the dotted curve in Fig. 3;

after correction for thermal expansion, using 7  (-2) = 1. 9, we obtain the 

final 0 ^ (T , V) curve as shown by the solid curve in Fig. 3.

A  test of the thermodynamically predicted 0*^(T) function for Cu is pro

vided by available X-ray data [5, 20, 21]. The experimental points are also 

shown in Fig. 3. The agreement is well within the experimental error. W e  

may also conclude that anharmonic effects (which would vitiate some of the 

general conclusions reached in the foregoing analysis [22]) appeartobe small 

for temperature T  < 20*^.

Finally, we would emphasize that in this example and in others not here 

discussed the Debye-Waller exponent M  has been obtained much more pre

cisely from good thermodynamic data than from direct elastic scattering 

measurements. Such precise estimates should help to remove some of 

the uncertainty in the interpretation of scattering measurements both with 

X-rays and with neutrons.
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Abstract — Résumé — Аннотация — Resumen

DIELECTRIC C O N ST A N T S  A N D  LATTICE VIBRATIONS IN IONIC CRYSTALS. A  number of relations 

have been derived between the static and high-frequency dielectric constants of crystals and the frequencies 

and polarization properties of optic phonons of small wave-number. The concept of "apparent charge" is im 

portant in this connection. It is a quantity which can be measured experimentally but is not the same as ionic 

charge. It should be possible to determine apparent charges by a combination of the results of measurement 

of reñectivity in the infra-red, and of neutron inelastic scattering.

CONSTANTES DIÉLECTRIQUES ET VIBRATIONS DE RÉSEAUX DANS LES CRISTAUX IONIQUES. Les 

auteurs ont obtenu un certain nombre de relations entre les constantes diélectriques statiques et les constantes 

de haute fréquence des cristaux et entre les fréquences et les propriétés de polarisation des phonons optiques 

ayant un nombre d'ondes faible. A  cet égard la notion de«charge apparente»est trbs importante. C'est une 

quantité que l'on peut mesurer expérimentalement mais qui n'est pas la même que la charge ionique. Il devrait 

être possible de déterminer la charge apparente en combinant les résultats de mesures de réflectivité dans 

le domaine infrarouge et de mesures de la diffusion inélastique de neutrons.

ДИЭЛЕКТРИЧЕСКИЕ ПОСТОЯННЫЕ И ВИБРАЦИИ РЕШЕТКИ В ИОННЫХ КРИСТАЛЛАХ. Был выведен ряд соот-

CONSTANTES DIELÉCTRICAS Y  VIBRACIONES RETICULARES EN CRISTALES IÓNICOS. Los autores 

establecen una serie de relaciones entre las constantes dieléctricas estáticas y de alta frecuencia de cristales y las 

frecuencias y propiedades de polarización de los fonones ópticos de bajo número de onda. A  este respecto, 

es importante el concepto de "carga aparente". Es una cantidad que puede medirse experimentalmente, pero 

que no coincide con la carga iónica. Los autores estiman que deberih ser posible determinar las cargas aparentes 

combinando los resultados de la medición de la reñectividad en la dispersión infrarroja con los de la dispersión 

inelástica de neutrones.

Thë dielectric properties of a crystal are closely related to the charac

teristics of optic modes oi vibration for which the wave vector q is close 

to zero. For example, for a cubic crystal such as an alkali halide,

where e(0) and е(ю) are the static and high frequency dielectric constants, 

and ML and ыт are the frequencies of longitudinal and transverse optic modes
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for which q 0 (L Y D D A N E  et al. [6] ). It has been verified by neutron spec

troscopy that this result holds for potassium bromide (W O O D S  et al. [9] ), 

and for calcium fluoride (C R IB IE R  et al. [4]). Generalisations of Eq . (1) 

have been made by various authors, C O C H R A N  [1], K U R O S A W A  [5] ,  

C O C H R A N  and C O W L E Y  [2] . In this paper we shaH merely quote relevant 

results, with some extensions, and show how they may be used to relate 

measurements made by two techniques, infrared spectroscopy and neutron 

spectroscopy.

For simplicity we consider crystals whose symmetry is such that there 

are modes of vibration in which all atoms move in a unique direction, such 

as [100] for a cubic crystal. This reduces the problem to a one-dimensional 

one. The equations of motion for an undamped free vibration become

u2m ^U(k) = ^ M (k k ')  U(k') - Z ^E  (2)

h'
where

U(x ) exp i (g * r - Mt )

is the displacement of an atom of type к, (к = 1 . . . .  n),

E  exp i (д - r - ut )

is the macroscopic electric field, and

P  exp i (q - r - ut)

is the polarization, assuming throughout that q -) 0. Polarization, macros

copic field and atomic displacements are related by

P  = ^ Z „ U ( k )  (3)

k

where v is the unit cell volume. The quantity Z  ̂  appearing in Equations 

(2) and (3) may be called the apparent change, depending on the ionic charge 

of an atom, its polarizability, and on the short range forces between the 

atoms. In the general case, not considered here, the apparent charges are 

not scalar but tensor quantities (C O W L E Y  [3]). Only for the unrealistic "rigid 

ion" model of a crystal, for which € (oo) = 1, is Z), equal to the ionic charge.

For transverse modes E  - 0, so from Eq.(l) the transverse frequencies 

(b)T)j are the n roots of the equation

Det. (M - mtj3) = о (4)

where M  is a matrix of order n whose elements are the M (k k ' )  and m  is 

a diagonal matrix formed from the atomic masses. Let Uj(k) and Pj specify 

the atomic displacement^ and polarization for a mode whose frequency is 

(ы т)]. subject to the normalizing condition
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= ^ m ^  = m .  (5)

Let е(ы) be the dielectric constant for any frequency м. The following re

sults can then be derived:

(i) The classic dispersion formula is obtained as

4яЛГ V* P?
€(to) = e(°o)+—  ) — rg—  '9 , , . --  (6)

j = 2

This is usuaUy written as

r-. 4?rpj

where p¡ is the oscillator strength, and each damping factor Yj is assumed 

to be very small.

(ii) Eq. (1) is generalized to

M ° ) = n Í M L ) i í  

е(ю) il (uT)j2
j = 2

Furthermore, Kurosawa has shown that

It follows that

( 10)

(iii) The apparent charges satisfy a sum rule

к * j j

In these equations j = 1 denotes the acoustic mode, which does not con

tribute.

It is well known that for an alkali halide there is a band of high 

reflectivity in the infra-red between u? and In other crystals the extent 

of the splitting of the various transverse and longitudinal modes m ay be 

expected to be a measure of the strengths of the various resonances. This 

m ay be given quantitative expression by combining Equations (7) and (9), 

to give
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4 .„К т Ь ,' P " " ' '- '  * ' ,,,,

" П « . , ' , '  - 1 ' '
)t<í

Since neutron spectroscopy can in principle give all the frequencies, it fol

lows that osciRator strengths and the static dielectric constant can be derived 

directly from the neutron measurements. Both the real and imaginary parts 

of the dielectric constant as a function of frequency could be obtained, pro

vided that the damping factor associated with each transverse optic mode 

could be measured from the neutron energy spread.

It has generally been assumed that infra-red measurements give only 

the frequencies (üT)j - But if the pj are also measured, the frequencies 

(ML)j can be derived by combining Eqs. (7) and (10). Recently careful meas

urements of the infra-red reflectivity of ВаТЮ д and of SrTiOg have been 

made (SP ITZE R  et al. [7]). The following Table gives the frequencies (u^)¡ 

and oscillator strengths 4npj which they found, and the frequencies (U[, )j 

which we have derived from their results. Frequencies measured by neutron 

spectroscopy of SrTi03 (the subject of a separate paper by R . A . Cowley) 

are given in brackets. The modes labelled (Uy)^ and (м^)д are degenerate^ 

so that (ь)р)4 is not infra-red active.

TABLE I

M E A S U R E D  FR EQ U EN C IES  AN D  O S C IL L A T O R  STR EN G TH S

BaTiOg SrTiOg

j 4rrp. ( ^ ) j ((¿j-p) j 4irpj (^L)j

2 34 c m * 2000 180 88(92) 300 175(168)

3 183 2.0 - 178(170) 3.6 -(267)

4 - 0 463 -(267) 0 460

5 510 1.0 735 546 1.9 810

If is of some interest to consider how apparent charges might be meas

ured. In an alkali halide, the apparent charge is related to the effective 

charge e* introduced by SZ IG E T I [8] by

Z  = i  (e (°o) + 2) e*

Numerical values quoted by Kurosawa are a little greater than the 

electronic charge. Kurosawa has also attempted to calculate the Z'" for 

for ВаТЮ з In this type of crystal there are four independent values of 

Z],, for although the three oxygen have equal ionic charges, they are not 

all equivalent foi displacement in a particular direction. (Only two of Z¡¡x, 

Zyy and Zzz are equal for each oxygen). Equation (11) supplies one relation.
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and the condition ^  Zh = 0 supplies a second. Further relations can in prin

ciple be found by measurement of neutron inelastic scattering cross-section 

for modes of wave number zero. The scattering cross-section in directly 

proportional to ¡G j(Q )¡2 , where

QGj (g) = Q ^ U j  (k) b(k) éxp (iH - r(k)) (13)

h

where Q  is the scattering vector, b(k) the scattering length (including the 

appropriate Debye-Waller factor) and H is a vector of the reciprocal lattice. 

When each atom is situated on a centre of symmetry, the Uj (k) are entirely 

real and can be deduced from the measured cross-sections. The Z^  may 

in principle then be deduced from the equations

P j = ^ Z „ U j ( k ) .

к

A C K N O W L E D G E M E N T

W e  would like to thank Dr. W . G. Spitzer for a preprint of the paper 

reporting the infra-red measurements.

R E F E R E N C E S

И  COCHRAN. W . ,  Advane. Phys. 9 (1960) 387.

И  COCHRAN. W . and COWLEY, R .A ., J. phys. Chem. Solids. 23(1962) 447. -

[3] COWLEY. R .A .,  Proc. roy. Soc. A268 (1962) 121.

[4] CRIBIER. D . .  FARNOUX, B. andlACROT. B .. see these proceedings.

[5] KUROSAWA, Т . .  I. Phys. Soc. Japan. 16 (1961) 1298.

И  LYDDANE, R .H ., SACHS. R .G . and TELLER. E .. Phys. Rev. 59 (1941) 673.

[7] SPITZER. W .G . .  MILLER, R .C ., KLEINMAN, D .A .  andHOW ARTH , L .E ., Phys. Rev., to be published.

[3] SZIGETI, B .. Proc. my. Soc. 204 (1950) 51.

[9] W OODS. A .D .B . ,  BROCKHOUSE, B .N ..  COCHRAN. W . .  SA K A M O T O . M . and SINCLAIR. R .N ., Bull. 

Amet. Phys. Soc. 5 (1960) 462.

D I S C U S S I O N

H . H A H N : I seem to recall a paper by Maradudin on the influence of 

anharmonicity on the dispersion relations. I would have expected his theory 

to give a damping factor something like the one you assume.

W .  C O C H R A N : I think you are referring to a paper by Maradudin and 

Wallace. I have not studied it very closely, but I have not been able to get 

their result into the form of the simple classical dispersion formula which

I have shown.
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PRACTICAL ANALYSIS OF NEUTRON SCATTERING D A T A  INTO SELF A N D  INTERFERENCE TERMS..

Van Hove's original work emphasized the physical significance of the division of neutron scattering 

data into two parts - one due to the motion of single atoms (self term) and the other due to the time depend

ence of the well known pair correlation (interference term)). Vineyard further emphasized the significance 

of the "Gaussian" component of the self term. In this paper practical methods, involving modern computing 

techniques, are discussed by means of which these divisions may be accomplished.

Examples will be quoted from the "scattering law" analysis of Be, Be O , graphite, heavy water, liquid 

tin and snatowax including the derivation of the generalized frequency function. The direct interpretation 

of the scattering law in terms of the physical behaviour of the scattering system can then be demonstrated.

ANALYSE PRATIQUE DES DONNEES SUR LA DIFFUSION DES NEUTRONES EN FONCTION DES TERMES 

PROPRES ET DES TERMES D'INTERFERENCE. Dans ses travaux, Van Hove a insisté sur la signification physique 

de la division des données sur la diffusion des neutrons en deux catégories : la première concernant les mouve

ments des atomes individuels (terme propre) et la deuxième les vacations de la corrélation de paires bien 

connues en fonction du temps (terme d'interférence). Vineyard a insisté d'autre part sur la signification de 

la composante gaussienne du terme propre. Dans son mémoire l'auteur examine les méthodes pratiques (suppo

sant l'emploi de calculatrices modernes), permettant de faire ces divisions.

Il cite des examples de l'étude, du point de vue de la loi de diffusion, de Be, de BeO, du graphite, 

de l'eau lourde, de l'étain liquide et du santowax, y compris la détermination d'une fonction de fréquence 

généralisée. Il peut alors donner une interprétation directe de la loi de diffusion en fonction du comportement 

physique du système diffuseur.

ПРАКТИЧЕСКАЯ РАЗБИВКА ДАННЫХ ПО РАССЕЯНИЮ НЕЙТРОНОВ НА САМОСТОЯТЕЛЬНЫЙ И ИНТЕРФЕРЕНЦИОННЫЙ

посредственного толкования закона рассеяния,в зависимости от физического поведения рассеивающей 

среды.

SEPARACIÓN PR Á CH CA  DE LOS DATOS RELATIVOS A  LA DISPERSIÓN DE NEUTRONES EN TÉRMINOS 

PROPIOS Y  TERMINOS DE INTERFERENCIA. Van Hove destacó en su trabado original la importancia que reviste 

desde el punto de vista práctico, la separación de los datos relativos a la dispersión de neutrones en dos partes: 

una debida al movimiento de los átomos (término propio) y otra debida a la variación en función del tiempo 

de la conocida correlación de pares (término de interferencia). Vineyard por su parte, subrayó la importancia 

de la componente "gaussiana" del término propio. En la presente memoria el autor examina procedimientos 

prácticos para efectuar esas separaciones utilizando modernos métodos de cálculo.

Expone ejemplos del análisis de la "ley de dispersión" del Be, Be O , grafito, agua pesada, estaño liquido

65
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1. IN T R O D U C T IO N

V A N  H O V E  [ 1 ] has given a general interpretation of neutron inelastic 

scattering by solids and liquids. The first step in his method is to isolate 

a scattering law which is a function only of the momentum and energy trans

ferred in the scattering process. The function is then related via a double 

Fourier transformation to functions representing the motion of the atoms 

in the scatterer. The Van Hove transformation yields the so-called "space

time correlation" functions, G^(r,t) and Gj(r,t); the former corresponds 

to the motion of a single atom while the latter corresponds to the relative 

motion of a pair of atoms. Normally the sum of these two functions would 

be obtained from the neutron scattering data. For the sake of clarity the 

physical meaning of these functions is given in the Appendix.

The method of data analysis suffers from two disadvantages. First, 

both the G  functions and the original S functions have a complicated form 

and cannot be understood without reference to a dynamical model of the 

scatterer; consequently there has been no real advance through the trans

formation from one function to the other. * Secondly, when dealing with ex

perimental data a Fourier transformation is equivalent to an analysis in 

terms of moments and a moment analysis is unsuitable for functions of 

arbitrary shape. In particular it leads to errors when analysing non-peri

odic functions with several maxima, such as frequency distributions.

Thus the merit of Van Hove's work lies in two features. First, it em 

phasizes that the function defined by the neutron cross-sections is the scat

tering law; and secondly, it provides a framework within which the relation

ship between dynamic models of the scatterer and the scattering law may 

be established (it should be noted that the Fourier transformation of a 

complete theoretical function does not involve the errors which arise in 

the transformation of experimental data). The procedure adopted here, there

fore, is to analyse the scattering law in terms of dynamic (or structural) 

features of the scatterer.

The major step in this direction is to separate the self and distinct or 

interference functions. This branch of neutron scattering theory rests upon 

the assumption of the independence of nuclear and atomic motions. Conse

quently the scattering lengths of the target atoms can be considered as vari

ables not affecting the atomic motions, and the separation into self and in

terference terms is a priori possible and reasonable. The difficulty in 

making this separation is that it is not possible, at present, to control the 

nuclear scattering lengths and therefore the method must rest upon an ade

quate theoretical understanding of the two functions. It is the purpose of 

this paper to discuss how this step may be made within the framework of 

existing knowledge and experimental results. Once the separation has been 

accomplished, a more detailed discussion of each function is justified in 

terms of specific dynamic features of the scatterer (see for example EGEL- 

S T A F F  L2, 3].

l^he method of calculating the self term will be described in Section 2 

and the problems which arise when fitting the calculation to experimental

* In this connection it is useful to consider the analysis of scattering by a single crystal where the 

G functions are not used and all the work is related to dynamic models of the crystal.
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data will be discussed. The following two sections will be devoted to a dis

cussion of the interference term and properties of it which are important 

in fitting to experimental data. The final justification of the numerical sepa

ration of observed data into these two parts is the success which these meth

ods have in explaining the measured scattering law, and so far a reasonable 

degree of success has been achieved as is illustrated in companion papers 

[7 , 8] and the later sections of this paper.

The notation used in the following sections follows that given in[ 2j.

2. T H E  E V A L U A T IO N  O F  T H E  S E L F  F U N C T IO N

The structure of the self term has been discussed by V IN E Y A R D  [ 4] 

who suggested that G, might be represented as a Gaussian function of r hav

ing a time dependant width [W(t)]Y. It can be shown (e. g. S C H O F IE L D  [ 5]) 

that this is equivalent to assuming that the atoms move in a symmetrical 

parabolic potential. The terms in Gs caused by departures from this simple 

potential do not seem to contribute greatly to the magnitude of the scattering 

law, and consequently the Gaussian approximation to G. is often taken as the 

leading term in an expansion of the self function. E G E L S T A F F [ 2 J  shows 

how W(t) is related to a "generalized frequency distribution" p(ß) which may 

be derived in principle from experimental data by the relationship:

Lim 0 = p(ß)/ß (1 )

E G E L S T A F F  and S C H O F IE L D [  6] show how S^(a,ß) can be calculated from 

p(ß) and the Gaussian approximation and in practice their method of calcu

lation is used in an iterative procedure to find p(ß) from the experimental 

data. A  computer programme L E A P  has been written by McLatchieto evaluate 

SJa, ß) from p(ß).

In using Eq. (1) to obtainan initial estimate of p(ß) from the data, a re

liable technique of extrapolation toe = о is required. One method is to use 

a representation in which a straight line extrapolation is possible. Under 

the Gaussian approximation the scattering law is a Fourier transform of 

an exponential function and, if the distribution p(ß) is confined to a limited 

range of ß values, the scattering law will be nearly exponential too. Thus 

in many cases it is convenient to plot log (S/a) versus a and make a nearly 

linear extrapolation to the origin.

A  linear extrapolation of this kind is valid for ß values at which p(ß) is 

non-zero; for larger ß values the value of S comes from "multiphonon" con

tributions and a graph of log (S/a ) versus a will include a maximum and then 

tend to zero as a -+ 0. A  liquid diffusion scattering law always includes sig

nificant "multiphonon" terms (since for diffusion p(ß) has its maximum value 

at ß = 0) and consequently in this case, as a tends to zero, log (S/a) passes 

through a maximum and approaches a constant value at a = 0. For this reason 

it is unwise to use the extrapolation technique for the interpretation of "quasi

elastic" peak data on liquids and alternative methods have been discussed 

by E G E L S T A F F [3 ]  .
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Sometimes p(ß) for non-zero values ofß may be composed of two fairly 

distinct regions^ denoted in the following by the subscripts 1, and 2. In this 

case it is convenient to write:

Ss (<*, ß) = ( 1 / 2т) ; e^' e*" í + ^ d t

^ S i ( ß ' ) S 2(ß-ß')dP

= e - " ^ i ^ 2 ) ^ ( ß ) + E i ( j 3 ) + E 2 ( ß )  +  J E i ( ß ' ) E 2 ( ß - ß ' ) d ß j  ( 2 )

where\ is the Debye-Waller constant and the function En represents the 

inelastic part of the scattering law Sn. Consequently both the terms E, and 

Eg will produce peaks in S if plotted as a function ofa. At values of j3 which 

correspond to the second part of p(P) it is better to extrapolate S/<y from a 

straight line region due to E 2 at large values of or, and ignore the "multi- 

phonon" part of Ei occurring at lower values of л. A  numerical calculation 

of this kind is shown in Fig. 1 which illustrates the points made above. * 

This calculation is an extreme case but it illustrates the resolution broaden-

Fig- 1
Illustration of the type of scattering law which is obtained for a two component p(8).

(a) The p(0) function employed is shown by the solid line while the dotted 

line shows the p(S) that would be deducted if the data at a > 1. 5 only 

were used.

(b) The scattering law at В values corresponding to the peaks and the trough 

inp(B).

(c) The logS/aplot for these 3 values.

* It is convenient to discuss such calculations in terms of a normalized frequency function p (6) which 

has unit area, and is given byP(B) = (2/B) Sin h (6/2) p(d).
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ing effect which can arise if: (i) The large a part only is used i. e. <?>1. 5 in 

this example; and (ii) Single values of c are used together with a calculated 

extrapolation, e.g. a = 1 with calculation for Debye type of p(ß). In (i) the 

frequency function obtained would approximate to the dotted line in Fig. la 

which is similar to the original curve if considerably broadened. In (ii) the 

same type of result is obtained but the broadening is greater than for (i) in 

this example.

From  an initial estimate of р(Д) and a calculation of the corresponding 

S/a curves, it is necessary, by comparison with the data, to derive a more 

accurate distribution. Two factors have to be considered in doing this: 

one is the resolution broadening effect discussed above and the other is the 

effect produced by area conservation of the frequency distribution. The latter 

factor means that to compensate for an error in the S calculated from the 

initial estimate of p(ß) a correction is needed to p(ß) which is considerably 

larger than the percentage error in S. Thus both of these factors imply that 

the structure in p(ß) will be underestimated by the initial estimate. Another 

factor is that sometimes only part of the ß range is covered by the experi

mental data. This occurs for example in many experiments on the scattering 

by hydrogenous molecules when vibrational levels are not observed. In such 

cases the area due to the vibrational levels (if their energy is known from 

other data) can be found from the slope of the curves at large a through the 

method discussed by E G E L S T A F F  et al. [ 7j., (e.g. from the slope of Fig. lc 

curves at с from 2 to 4).

Thus the 'recipe' for finding p«3) in each case depends upon the nature 

of this function. In the cases of Be and BeO (SINCLAIR L8J p(ß) has a fairly 

simple shape and a satisfactory fit to the data was obtained after one iterati

on. In the case of graphite (see Section 3 and Fig. 2) two iterations were 

needed because, in addition to the shape, the range of p(ß) has to be found. 

This is equivalent to saying that for Be the amplitude of the S/a curves had 

to be adjusted to fit the data whereas in the case of graphite both the ampli

tude and slope had to be adjusted.

A  more complicated case is that of water discussed by E G E L S T A F F  

etal.[7] , where initial calculations were required to establish the magni

tude of the vibrational component. Of similar kind is the data on Santowax 

obtained by B R U G G E R  [9] . The slope of the lines on the S/ц plot required 

"80%  of the area of p(ß) to be associated with vibrational modes. The part 

of the distribution at lower ß values has a shape similar to Fig. la. A  high 

peak near the origin was required to produce the wide separation between the 

lowß curves observed byBrugger (c.f. separation between ¡3 = 0 .5  and 

ß = 0. 1 curves in Fig. lb). The general level of observed intensity between 

ß = 1 and 2 required a similar region in p(ß). It is interesting that curves of 

the shape for ß = 1 in Fig. lb have been observed by Brugger [.9] for Santo

wax at low temperature. After the main features of the distribution have 

been established in this way, two or three iterations may still be needed 

to get a reasonable fit in such complicated cases [7] .

The discussion so far has concerned the fitting of the data to the 

Gaussian approximation for Gs and it has been shown that a wide variety 

of different observed shapes can be explained on this basis. However, in 

no case so far studied has unambiguous evidence been obtained that the an-
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VALUE OF

Fig. 2

(a) The structuîe factor I j  for graphite averaged over the а-resolution used 

in the inelastic scattering experiments of Ref. [12] and [13] .

(b) The damping term in the approximate interference calculation for the 

case of room temperature graphite, evaluated using Eq. (6 ).

harmonic or nonsymmetrical terms in the potential are significant. Posi

tive evidence is required that no matter what shape of p(ß) is employed, the 

experimental data cannot he fitted. The evidence available at present [ see 

e.g. papers by B R O C K H O U S E  [10], B R U G G E R  [9] and E G E L S T A F F  et al. 

[7] ] suggests that the anharmonic terms may be most important at low val

ues of л and contribute no more than - 10%  of the scattering law at higher 

values of a. To settle this question more precise data and further computa

tions are required.
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3. T H E  E V A L U A T IO N  O F  T H E  IN T E R F E R E N C E  T E R M  USING A S Y M P 

T O TIC  F O R M U L A E

The majority of observed scattering laws contain a significant contri

bution from the interference term S^. Thus although the calculated and ex

perimental of Ss are in fair agreement, a reasonable account of the inter

ference term is required to confirm that conclusion.

V IN E Y A R D  [4] and E G E L S T A F F  [2] have considered the asymptotic 

forms of S¿ . These limiting forms will be combined in this Section into 

one formula and compared to experimental data for polycrystalline materi

als. The formula will, however, be written in a general form.

It is convenient to write the asymptotic formula in terms of the inter

mediate scattering functions L¡ and 1^. Vineyard's formula is:

where I¡¡ =J* S(a,ß)dß-1 , and is derived on the assumption that the motion of 

a pair of atoms is not correlated. This assumption is valid for atoms an 

infinite distance and time apart and thus (3) is valid in the limit a-+ 0; t-+oo . 

Egelstaff's formula is valid for near classic systems and anya in the limit 

t-* 0. It is based on the fact that in forming the function G^ (r,t) the initial 

motion of the "distinct" atom is not important; since it only exists statisti

cally as a thermal cloud the t̂  term is missing (this contrasts with the for

mation of Gg where the initial motion of the atom at the origin sets up the 

thermal cloud and gives the term proportional to tz in G$ ). Further, the 

motion of the thermal cloud will be the same at first for both the "self" and 

"distinct" atoms - this leads to an identification of the coefficients of t̂  in 

Gg and G¡¡. E G E L S T A F F  [2] writes his formula in terms of a time variable 

y which includes the effect of quantum mechanical terms in the G  function. 

Thus he writes:

where С =¿°° ß^Cosh(ß/2)p(ß)dß.

Equations (3) and (4) may be combined into one equation if the Gaussian 

approximation for G$ is employed, i.e.

where f(y) takes the form in (4) as y-*0 and becomes the width function de

fined in Section 2 as у -*°o. To obtain the correct width function in this limit 

it is necessary to make f(y) approach a "diffusion" width function and to fix 

the Debye-Waller factor ( e'"^'} at its known value from the self term. At 

shorter times f(y) should exhibit a behaviour similar to the solid. Thus the 

difference between two Gaussian functions is chosen to yield the limit (4) 

and, since this involves two parameters (which have to be determined from 

the values of С andX), there are no disposable constants. If the diffusion 

width function is of the type employed by E G E L S T A F F  and S C H O F IE L D  L 6 J 

the assumed form for f(y) is:

(3)

Id(c,y) =Id exp (-Cy4/12) (4)

Id =Id exp ( - af (y)) (5)
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f(y) = 2d(y3 + c 2)i - 2dc +(4g/ß^) (1 - exp (-y2ß^/4)) 

+ (4/ßg)( exp (-y^/4)-  1 ) (6)

and

RS =(u/2g ){ ( )} (7a)

(u /2g) ^ ( 1 )}
g = 1 - d/c; u = 2C/3 + d/c^; v = (A+2dc)/4

where dis the diffusion constant and с is the time delay for the diffusion process 

both of which are determined by the self term. It is a simple matter to Four

ier transform Eq. (5) using this form for f(y) and a double series ofGaussian 

terms is obtained. A  computer programme SLIM  has been written by Heard 

to evaluate S^ on this approximation using as input data the p(ß) employed 

for the self term and a tabulation of I(] .

An alternative method of specifying^ andßghas some merits. The term 

in (6) containing ß is similar to the analogous term in the wiath function, and 

by comparing it with the width function, a välue öfßi could be chosen to give 

the best fit. It is likely that this choice would be equivalent to making the 

coefficient of y4 the same in both cases, and from this assumption altern

ative definitions of ßi and ßg are obtained, i . e . :

Tbe  use of (7b) allows the Debye-Waller facor to take on the value:

For the solid this reduces toA. С = 3, which is reasonably accurate in the 

high temperature (i. e. classic) limit - for a Debye solid and an oscillator 

the actual values are 3. 6 and 2 respectively. This difference is probably 

indicative of the accuracy to which the formula (6) represents the asymp

totic formulae (3) and (4).

The sum Ŝ  + S¿ has been calculated using the L E A P  and SLIM  computer 

programmes and compared with experiment in several cases. An example, 

for room temperature graphite, is shown in Figs. 2 and 3. Figure 2a is a 

curve of Ij (ref. til] ) averaged over the or-resolution function used in the 

experiments; the zero level in this diagram is somewhat arbitrary and com

parison with the inelastic scattering suggests that it may have been set too 

high. Figure 2b is the damping factor which multiplies Ij to give S¡¡. The 

self term Ŝ  has been calculated by the method described in the previous 

section and an example is given in Fig. 3. Also shown in the figure is the

(7b)

4g2/u - 3 /C  - 2dc (7c)
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VALUE O F /!

Fig. 3

this figure verifies that the use of Eq. (5) and (6) overestimates the amount of struc

ture in the inelastic spectrum.

sum of self and interference terms compared to the data of E G E L S T A F F  

and C O C K IN G  [121 and of H A Y W O O D  and T H O R S O N  [ 13]. Clearly the data 

and calculation disagree.

There are several qualifying comments to make about this result. First, 

a recalculation using the (7b) definitions gave a 30% larger discrepancy; 

secondly, readjustment of the base line of Fig. 2a could reduce the dis

crepancy by 30%, and, thirdly, atomic motions in room temperature graphite 

are not "classical" as required by the theory. However, none of these factors 

seem likely to eliminate this discrepancy altogether; similar discrepancies 

are observed at other ß values for room temperature graphite and also in the 

case of heated graphite [12] . The same calculation has been made for Be 

and compared to the data of S IN C LA IR  L 8] but similar discrepancies are 

observed. It is concluded that the asymptotic formulae allow too much struc

ture to appear in the inelastic spectrum. In the next Section an explanation 

of this effect for polycrystalline samples will be considered and liquid sam

ples will be considered in later sections.

The physical effect being demonstrated here is that the damping with 

time of the structure observed at t = 0 as a result of the correlated motion 

of atoms can be observed in the experimental data and is not confused with 

the damping implied by the asymptotic results. It should be noted also that
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the De GENNBS [14] narrowing effect is derived theoretically by the moment 

method and hence is equivalent to the asymptotic damping discussed here. 

Thus the present result is equivalent to saying that the De Gennes narrowing 

does not account quantitatively for the observable narrowing in coherent 

scattering data. An  experimental test on this point would be, in fact, the 

same as the test made above.

The virtue of the method described in this Section is that it ensures 

that the moments of S¿ are given correctly, even though it disagrees with 

experiment over the region covered in Fig. 3. In the following Section an

other method will be described which does not satisfy the moment theorems, 

but gives a reasonable latitude over the experimental range of a and ß.

4. ON E  P H O N O N  CON TRIBU TION  TO  THE  C O H E R E N T  T E R M  FO R  P O L Y 

CRYSTALS.

The region of the scattering law covered by the data shown in Fig. 3 

is dominated by the one phonon term in the phonon expansion for crystal 

scattering. Thus the reason for the discrepancy illustrated by that Figure 

can be understood by reference to a simple one-phonon calculation.

E G E L S T A F F  [15] has calculated the one-phonon coherent scattering 

law for a polycrystal and shown that for simple crystals it is the product 

of the self term and a type of structure factor (Z). His formula reads:

Z=^[?rF(T) /2BTQq] (8)

W hen F(T) is the usual X-ray crystal structure factor for the reciprocal 

lattice point I-, В  is the volume per nucleus, q is the wave number of the 

phonon, and hQ  is the. momentum transferred in the scattering process. In 

order to conserve momentum the range of Q  over which scattering is al

lowed to take place is:

2 ^ T - q s Q < 2 T T  + q (9)

Since a range of Q  is allowed by (9) the scattering from each reciprocal 

lattice point will be spread along the axis of a in Fig. 3. This means that 

the peaks in the function 1̂  are smoothed out over the range given by (9). 

In effect this reduces I°to a value rather close to its average value of zero.

Vineyard's asymptotic limit corresponds toa-* 0, which causes the one- 

phonon term to be dominant, and in addition to ß-*0, which causes the range 

of Q  in (9) to approach zero. Egelstaff's limit corresponds to the opposite 

situation where c-* oomultiphonon terms are dominant and the integral of ¡S¿ 

with respect toß is all that can be observed. Thus the above remarks ex

press the fact that the range of momentum transfer is restricted by the li

miting conditions themselves, and, as conditions are varied away from either 

limit, a finite range of Q  space becomes available.

The quantitative effect of the condition (9) can be seen from the figures 

in E G E L S T A F F 's  paper 1151. The sum at (8) produces a rather smooth curve 

(variations - 15%) except where only one or two values of т are allowed. 

At large Q  many values of т enter the sum and as Q is decreased tne number 

becomes less; thus at large a the scattering law is smooth and as mis de-
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creased it remains smooth until a point is reached where large steps appear. 

The data of Fig. 3 are in the region where smooth behaviour is expected; the 

steps are expected to occur in the region a s 0. 05.

The behaviour of the sum at (8) will be considered in the region of large 

Q  where it gives a.relatively smooth function. Since many values of Tenter

the sum in this region a uniform distribution of reciprocal lattice will be

assumed. In this limit the sum m ay be replaced by an integral viz:

Z  = ^  (with limits Qo *  q) (10)

The mean value of Q  is written Qo and from (9) it is equal to 2 ят. Carrying 

out this integration:

-V 1 1 1 + X , x2 x4  ̂ . . . .
3 = ^ I ° S T l i r = l  + 3- + 5- + etc. (1 1 )

where q < Q„ and x = q/ Q^.

The derivation of this expression involves the implicit step of averaging 

over the range Q^ i  q: and thus when Q  -+ q the sum diverges. In practice 

because of the close spacing of planes, averaging will normally take place 

over a smaller interval and the asymptotic limit - 1 + x^/3 - will be valid 

until Q  approaches the difference between neighbouring values of 2тгт. Sev

eral such expressions should be written down, one for each branch of the 

dispersion law. However, this expression will be compared to data taken 

at a fixed energy transfer and hence a fixed phonon frequency, and for that 

frequency a suitable average q could be defined which is related to the fre

quency by a suitable average velocity V.

This ratio x can be given in terms of V, as:

x2=(j3%)(kt/2MV2) (12)

where M  is the mass of an atom in the system. The appearance of ^ /V 2 
in this formula implies that the average velocity is weighted towards those 

for the transverse branches of the dispersion law. (In some circumstances 

this may provide a method of measuring the velocity of sound as a function 

of frequency.)

The formulae (11) and (12) give the expected fractional deviation of the 

one phonon coherent term from the one phonon self term. Two examples of 

the fit of this expression to the scattering law for Be [ 8 J are given at Fig. 4 . 

The agreement with regard to shape is fair and the values of V used to obtain 

the fit are somewhat lower than those measured on a single crystal of Be 

by S C H M U K  et al. [16] for these energy transfers. However the increase 

in the average velocity between ( 3 = 7 . 5  and g = 2 . 5 is expected since the 

transverse modes have energies j3<2. Thus the separation, via these cal

culations, of the self and interference terms has been more successful in 

this case than for the previous one.

In concluding this Section it should be pointed out that the damping func

tion of Fig. 2b tends to zero at values of a and ß near the limits of the range 

covered by the one phonon term. This shows that although it is necessary, 

in principle, to switch from the methods of this Section to those of the previ

ous one at large a and ß, only a small error would be found in using for-
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Fig. 4

Comparison of calculation with experiment for the case of room temperature Be; 

this figure verifies that the use of the smoothed coherent correction Eq. (11) gives 

a reasonable estimate of the difference between the LEAP output and the observed 

coherent scattering law.

mula (11) with the total self term for comparison with most data. Some care 

is required at high ß in the use of (12), because at sufficiently high values 

theß^ factor should be offset by the damping effect of Fig. 2b.

In applications where the moments of S(a,ß ) are important, it will be 

necessary to take account of these small discrepancies because the positive 

and negative components in the damping function (Fig. 2b) cancel to make 

the first moment of S^ equal to zero.

5. A P P L IC A T IO N  O F  P R E V IO U S  DISCUSSION  T O  L IQUIDS

The general features of the foregoing discussion are applicable to liquid 

data. Calculations of the self term proceed from the Gaussian approximation 

through the methods described by E G E L S T A F F  and S C H O F IE L D  [6j, and 

the iterative procedure discussed in Section 2. The asymptotic formula of 

Section 3 is applicable to liquids and when its predictions are compared 

to the experimental data on heavy water t.17], liquid tin [18] and sodiumL 19], 

the results are essentially the same as those of Fig. 3. Thus momentum 

damping in the intermediate region of momentum transfer is important for 

liquids as well as for solids.

Damped phonon models for liquids have been suggested several times 

and the discussion of Section 4 would be applicable to these models. The
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comparison of the neutron scattering by solid and liquid sodium by COCKING 

[19] and solid and liquid tin by C O C K IN G  and G U N E R  [18] has shown that a 

broad region exists where the scattering laws for the two states are very 

similar. In this region the formulae (11) and (12) should be adequate to dis

cuss the coherent effects and may give a measure of the velocity of sound 

in liquids at high frequencies. However tests on this point have not yet been 

made.

A  preliminary calculation of the type shown in Fig. 4 has been carried 

out for heavy water and is given in Fig. 5. The data in this figure have been 

taken from Fig. 9 of reference [17b]. It shows that this technique gives an 

account of Sj for a liquid, but so far the calculation has not been extended 

to all ¡3 values and therefore the general validity for heavy water is not 

tested.
S_

Comparison of experiment with a calculation for the case of room temperature heavy water, 

using the method employed for solids.

6 . C O N CLU SIO N S

The calculation of the self and interference parts of the scattering law 

has been considered. In the case of the self part an iterative procedure has 

given reasonable fits to the experimental data and yielded frequency dis

tributions for a number of materials. A  simple approach to the interference 

effect involving the behaviour of the one-phonon term has been shown to be 

successful for polycrystals. The preliminary indications are that it should 

also be successful for some liquids. An asymptotic formula was developed 

from earlier work, but this can be shown to exaggerate the effect of the 

structure in the interference term. However, it has the merit of satisfying 

the moment theorems and hence may be of merit in applications (such as 

the calculation of neutron spectra) where the moments are important and 

some smoothing is implicit elsewhere in the calculations.

In this attempt to analyse the components of the scattering law, two parts 

of the work can be identified:

(i) The physical properties which give major contributions to the cross-sec

tions are identified; and

(ii) These properties are studied individually, so enabling the neutron data 

to be properly used and to be linked to information obtained from other sour

ces. As  a result of the complex nature of neutron data, most of the con

clusions have to be tested by numerical calculations using a large computer. 

Thus the use of these techniques is related to available computing techniques,
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the results, however, are sufficiently encouraging to warrant further studies 

on the same lines.
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A P P E N D IX

PHYSICAL MEANING OF THE CORRELATION FUNCTIONS  

FOR ISOTOPIC SAMPLES. USED IN THE ANALYSIS  

OF NEUTRON INELASTIC SCATTERING D A T A

1. The self functions 

Sg(p, E) - the scattering law:

If momentum p is absorbed by the scatterer, Sg is the probability that an energy E(+) will be demanded 

from the same source.

Ig(p, t) - the intermediate scattering function:

The parameter p is conveniently expressed in terms of the neutron energy and mass, in this case it is 

related to the non-dimensional variable aas: = p ^ 2  A T , where A  is<the ratio of nuclear to neutron 

masses and T is the temperature in energy units, a  is the square of the momentum transferred, expressed

in non-dimensional units as 6 = ^ T .

2. The interference functions

G^(r, t) - the space time correlation function:

is at a distance г from the origin at time t.

Id(Q, t) - the intermediate scattering function:

If the sample is thought of as an atomic grating, then I^is the scattering pattern of this grating as it 

is seen from the above origin at time t. It is obtained from G by a Fourier transform with respect to r. 

In the case of the interference functions, it is convenient to use a variable different from the actual 

momentum p because in this case distances across the grating are being represented. The variable Q  

is given in A-l and is related to p by HQ = p.

S(j(Q,(A# - the scattering law:

Correlation term to be added to the self term, necessitated by the fact that the scattered neutron, which 

has transferred momentum p to the scatterer, is being observed through an atomic grating. In line with 

the change of momentum variable, it is conventional to use OJ for the energy transfer where %o; = E. 

This function is the Fourier transform of 1^ with respect to t.

3. The coherent function 

(Sg + Stp:

The sum S$ +  S<jhas valuable properties in certain limited cases. A typical example is that of scattering 

by single crystals where S^= -S$ over a large range of the variables, so making the coherent function 

zero. This property is used in the measurement of dispersing laws. Similar properties of this function 

can be used in the interpretation of liquid scattering (e. g. EGELSTAFF, these proceedings).
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D I S C U S S I O N

N . A .  T C H E R N O P L E K O V : Could you clarify the physical meaning of 

the function p(ß) for substances like BeO? To what extent does this function 

correspond to the frequency distribution function?

P . E G E L S T A F F : In such cases p(ß) is the Fourier transform of the 

weighted sum of the velocity correlations for the two different atoms. It does 

not reduce to the frequency distribution of normal modes except in special 

cases. However, it has the character of such a distribution. Moreover, if 

it can be separated by theory into the contributions from each type of atom, 

enough information is available to carry out calculations of the kind des

cribed in the paper.

B .N .  B R O CKH O U SE : Are you saying that there are separate p(ß) func

tions for beryllium and oxygen in the example chosen?

P . E G E L S T A F F : This depends on what you believe to be the dynamics 

of beryllium oxide. I was not referring to beryllium oxide in particular but 

to diatomic molecules in general or to systems involving two atoms. In 

principle, you have a different frequency distribution for the two atoms. In 

certain special cases, it ^ 1 1  be the same.

K . E . LA R SSO N : For a very large group of materials, namely solids, 

it would seem that the phonon expansion formula should give accurate re

sults for p(ß). I am  thinking in particular of the hydrogenous scatterers 

in the solid state. Do you consider that your method of treating data, in

volving the trouble of extrapolating to zero, is necessary and that it offers 

anything new in these cases?

P . E G E L S T A F F : This method is essential for coherent scattering 

solids. In the case of incoherent scattering solids (such as the ones you
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mention), it provides a check upon the normal phonon expansion and can, 

in principle, check the validity of the harmonic approximation.

K . S .  SINGWI: You have a very simple expression for the interference 

term obtained, by replacing the sum over т by an integral. As you know, 

this is true only for a very large value of IIQ^ . Therefore, what do you do 

in the region where you make these extrapolations and where nQ^ is not 

very large?

P . E G E L S T A F F : I will reply by. reference to the following diagram: 

W e  consider only the data in the unshaded region of the diagram, and here 

4Q^ is large enough for simple formula to be valid. Thus the interference 

term is calculated and subtracted from the measured coherent term to give 

the self term. The problem is now to extrapolate the self term through the 

shaded region to a = 0. This problem was considered in the first half of this 

paper. The behaviour of the coherent term in the shaded region of the dia

gram is a separate question and will be considered in another paper we are 

presenting at this Symposium entitled "Theory and interpretation of coherent 

neutron scattering by liquids".
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Abstract — Résumé — Аннотация — Resumen

THE PERFORMANCE AND  A U T O M A T IC  OPERATION OF  TH E  LIQUID HYDR OGEN  C O L D  NEUTRON  

SOURCE IN DIDO. A brief description is given of the design and operation of the liquid hydrogen cold neutron 

source in the Dido reactor. Cold neutron gain factors under various conditions have been measured, and the

COMPORTEMENT ET FONCTIONNEM ENT AU TOM ATIQU E  DE LA SOURCE DE NEUTRONS RALENTIS 

DANS L'HYDROGÈNE LIQUIDE, DU  RÉACTEUR D IDO . Les auteurs décrivent brièvement l'agencement et le 

fonctionnement de la source de neutrons ralentis dans l'hydrogène liquide, du réacteur Dido. Ils ont mesuré 

les facteurs de gain de neutrons lents pour diverses conditions, et examinent le rendement par rapport aux 

sources Bepo et EL 3. Après un refroidissement initial du fluide réfrigérant, la source fonctionne automatique

ment pendant des périodes de plusieurs jours. Les auteurs exposent les difficultés qu'ils ont rencontrées et les 

techniques qu'ils ont employées pour parvenir à ce résultat.

ХАРАКТЕРИСТИКА И АВТОМАТИЧЕСКОЕ ДЕЙСТВИЕ ЖИДКОВОДОРОДНОГО ИСТОЧНИКА ХОЛОДНЫХ НЕЙТРОНОВ В

CARACTERISTICAS Y  FUNCIONAM IENTO A U T O M Á T IC O  DE LA FUENTE DE NEUTRONES FRIOS DE 

HIDRÓGENO LÍQUIDO DEL REACTOR DIDO. Los autores describen brevemente las características y funciona-

factores de ganancia de los neutrones fríos en diversas condiciones y examinan las características de las fuentes 

en relación con los reactors Bepo y E L 3 . Después del enfriamiento inicial del refrigerador, la fuente funciona 

automáticamente durante varios días. Los autores describen los problemas que se plantean y las técnicas ex

perimentales utilizadas para resolverlos.

1. IN T R O D U C T IO N

Cold neutrons are commonly defined as those having energies below

0. 005 eV. As the thermal neutron spectrum of a reactor is a Maxwell dis - 

tribution corresponding to the temperature of the reactor moderator there 

will be only a very small component of cold neutrons perhaps 1 or 2%  of 

the total thermal neutron flux. With such low fluxes of cold neutrons only 

low r&solution experiments are possible. An obvious way to increase the 

cold neutron flux is to cool the moderator of the reactor,or part of it. Fig.l 

shows the calculated neutron fluxes which would be obtained at four different

83
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Fig.l

neutron wavelengths as a function of moderator temperature, assuming 

the totaj neutron flux is constant and is in thermal equilibrium with the 

moderator. These curves have been drawn for an experiment with constant 

resolution, that is Atoot. not for a constant time-of-flight interval At. This 

is a more realistic picture for an experiment using, say, a rotor running 

at various speeds as monochromator. The maximum flux which can be ob

tained at any wavelength is the same, provided that the moderator tempera

ture can be adjusted to the optimum value.

In practice one has to insert the cold moderator in an existing hole of 

a reactor, so its volume will be severely limited and the neutrons are not 

likely to reach thermal equilibrium with the cold moderator. In addition 

it is not simple to vary the moderator temperature to any precise value 

for a particular experiment. However, experiments with liquid hydrogen 

moderator in a 4-in hole in the reactor Bepo [11 showed that a useful in

crease of cold neutron flux could be achieved. The gain of 5A neutrons was 

a factor 7, while at longer wavelengths the factor rose to 25. Such in

creases are most valuable for cold neutron scattering experiments, even 

though they are much lower than the maximum theoretically possible, and 

so a second liquid hydrogen moderator was designed and installed in the 

reactor Dido.

2. G E N E R A L  D E S C R IP T IO N

The layout of the equipment is shown in Fig. 2, and details of the section 

inside the reactor in Fig.3. The moderator chamber is a cylindrical vessel A, 

with one end convex and one end concave, containing a cooling coil B . Liquid 

and gaseous hydrogen, from the refrigeration plant is circulated through
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Fig.2

The layout of the Dido liquid hydrogen loop.

^ /  /  /  ^ ^ 
i i i i ¡ ¡ ¡ 

(В) centimetres

Fig.3
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the cooling coil, keeping the chamber near 20°K, while the main volume of 

the chamber is filled with liquid hydrogen by condensation of gaseous hydro

gen under 70 psig pressure from a cylinder. The moderator chamber is 

enclosed by a vacuum case С to provide thermal insulation and also it is 

strong enough to contain any possible explosion of the liquid hydrogen. As 

the vacuum case is thick-walled, nuclear heating amounts to some 500 W , 

concentrated mainly in the end nearest the reactor pore; to remove this 

heating a -stream of carbon dioxide E  is circulated round the tip of the appa

ratus. Keeping the vacuum case cool is necessary not only to preserve its 

strength and to prevent grain growth, but also to reduce the thermal radi

ation heating of the surface of the moderator chamber.

The vacuum case acts as an evacuated flight path for neutrons scattered 

from the moderator chamber in the direction of the reactor face. These 

neutrons pass through a collimator, through beryllium and bismuth filters G, 

and through a second collimator to the scattering apparatus [2] outside the 

reactor. The liquid and gaseous hydrogen lines are conveyed out of the vacu

um case separately along side tubes F, curved to reduce radiation streaming 

The beryllium filter G is mounted on a turret, so that it can be moved out oi 

the neutron beam and replaced by open hole H, or by shielding material to 

cut off the beam. The beryllium is cooled by liquid nitrogen to 77° К  to im 

prove its transparency to cold neutrons; to convey liquid nitrogen into the 

turret (which has to be rotated through 245° between its extreme positions) 

eight turns of coiled pipes I are employed- the coils wind up as the turret 

is rotated to one extreme and unwind as it is rotated to the other.

The refrigeration plant is situated in a building outside the reactor con

tainment building. A  Corblin 2CV250 diaphragm compressor takes hydrogen 

at 5 psig from a static gasholder of 200 ft  ̂ volume, and delivers the gas 

at 1500psig and a flow of 20 ft3 /min to the liquefier. The liquefier of 

the Joule-Thomson type, expands the high pressure gasto 15 psig and 

the whole mixture of gas and liquid from the expansion valve passes along 

the pipeline 60 ft long to the reactor, through the cooling coil of the moder

ator chamber and back to the liquefier. Most of the liquid hydrogen evapo

rates as it travels round the circuit, but the cold gas returning to the lique

fier passes back through the low pressure sides of the heat exchangers. Thus 

the liquefier operates as a balanced refrigerator, not as a conventional 

liquefier in which the total heat of the evaporated hydrogen is discarded. 

Liquid nitrogen for the liquefier is supplied continuously from a 450gal(imp) 

tank. To reduce thermal radiation heating of the long pipeline the section 

outside the reactor building is surrounded by a radiation shield cooled by 

the cold nitrogen gas evaporated by the liquefier. The section inside the 

reactor building has a similar radiation shield cooled by cold nitrogen gas 

evaporated by the beryllium filter.

3. S A F E T Y

The principal disadvantage of using liquid hydrogen as a cold neutron 

source is its inflammability; the possibility of an explosion inside the re

actor must be given serious consideration. A  possible mechanism for an 

explosion could be that air leaks slowly into the vacuum case and solidifies
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on the moderator chamber: under irradiation the solid oxygen is converted 

to ozone, which is unstable. Spontaneous detonation of ozone could fracture 

the moderator chamber and initiate a hydrogen explosion. (Such ozone ex

plosions have occurred in liquid nitrogen loops in reactors where oxygen 

has been present as an impurity). A  second possible mechanism could be 

a fracture of the vacuum case admitting air suddenly; the liquid hydrogen 

in the moderator chamber would boil violently and might build up sufficient pres

sure to burst the chamber. An explosion could be initiated by a static elec

trical discharge produced by the bursting chamber. To render the system 

safe so that the reactor cannot be damaged, it is necessary to ensure that 

no air can enter the vacuum case to come in contact with hydrogen and form 

an explosive mixture, or to make the vacuum case strong enough to contain 

any possible explosion. The former remedy unfortunately becomes very 

complicated in practice, so the latter remedy is adopted and the walls of 

the vacuum case are made strong enough to contain any possible explosion. 

Tests in which 300 cnrp of liquid hydrogen was exploded with various amounts 

of solid air in an 8-cm diam. tube showed that pressures up to 75 atm were 

developed [ 3 ]. To contain such explosions safely the vacuum case was made 

of magnesium-zirconium alloy Z A  with walls 6 m m  thick.

If there is a sudden burst of air into the vacuum case, the m axim um  

amount that will condense in the cold parts of the apparatus (i. e. the moder

ator chamber and the hydrogen circulating pipes) is limited by the amount 

of liquid hydrogen in the chamber. 250 cm^ of liquid hydrogen boiling off 

will condense only 10 g of solid air, which is only a few per cent of the 

stoichiometric mixture to give complete combustion. An explosion under 

these conditions would be very much less severe than those obtained in the 

tests. On the other hand a small air leak into the vacuum case might pass 

unnoticed, as the air would condense on the cold parts of the system without 

appreciably affecting the vacuum. If the apparatus were run for a long time 

in this condition a considerable quantity of solid air might collect, even 

exceeding the stoichiometric amount, and similar pressures to those 

measured in the tests might be developed if an explosion were initiated.

To avoid such a large explosion a monitoring system is employed. The 

diffusion pump which evacuates the vacuum case pumps into a closed 2 1 
volume. Though most constituents of any air leaking into the vacuum case 

will solidify on the cold parts of the apparatus, the helium, hydrogen and 

neon in the atmosphere will not condense, but will be pumped out into this 

closed 21 volume. The pressure of helium, hydrogen and neon which collects 

in the closed volume will therefore be a measure of the amount of solid air 

which has solidified inside the vacuum case. A  Pirani gauge connected to 

a simple transistor amplifier closes down the whole hydrogen loop if the 

pressure in the closed volume rises above 250 ^ m . This corresponds to 

about 7 g of solid air (depending on the amount of hydrogen in the atmos

phere locally); this amount of air is so small that the closed volume may be 

evacuated several times during a long run without warming up the hydrogen 

system to evaporate the air and the system will still be perfectly safe.

As an additional safeguard to prevent the compressor pumping hydrogen 

into the reactor building if the hydrogen lines were broken by some accident, 

isolation valves are provided on the lines where they enter the reactor buil-
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ding. There are four valves, one on the inlet and one on the outlet hydrogen 

lines on each side of the wall. These valves are opened pneumatically and 

closed by springs; they close automatically if the vacuum fails.

4. P E R F O R M A N C E  O N  A U T O M A T IC  C O N T R O L

The liquid hydrogen loop has been run for a total of more than twelve 

hundred hours. Before the loop can be started up the charcoal cleaners of 

the liquefier have to be regenerated for at least 12 h, and it takes 4 h from 

first admitting liquid nitrogen to the liquefier before the loop is in a steady 

state with the moderator chamber full of liquid hydrogen, ready for use as 

a cold neutron source. It is intended to close down not more than once a 

week, and eventually only once a month when the reactor is. shut down, so 

that cold neutrons will be available for all the time the reactor is running. 

So far the longest run has been 200 h with the plant running on automatic 

control, being left unattended overnight. At the end of such a period the 

plant closes itself down without attention.

The requirements for such a piece of equipment to run automatically 

are that it needs no adjustment, it feeds itself with hydrogen and liquid nitro

gen, and that it is safe ii any mishap occurs, such as a blockage or an 

electricity failure. To reduce the need for adjustment the expansion valve 

of the liquefier is made in the form of a capillary, 0.3 m m  internal dia

meter, instead of the more usual needle valve. As the bore of the capillary 

is much larger than the annular gap of a needle valve to provide the same 

flow resistance, there is less chance of its becoming blocked during the 

run. A  bypass needle valve is incorporated in parallel with the capillary 

(this is necessary for the initial cooling down of the loop) and this valve 

may be adjusted from day to day to compensate for any partial blockage of 

the capillary.

The hydrogen loop being a closed circuit there is no need to add hydro

gen gas to the system once it has cooled down and reached its steady oper

ating conditions. The feed of liquid nitrogen comes from a 450 gal (imp) 

storage vessel, and is controlled by a vapour pressure bulb at the top of 

the liquid nitrogen bath of the liquefier. In case any mishap occurs when the 

loop is running unattended, relief valves are provided on all sections of 

the circuits so no dangerous high pressures can build up. The most com 

mon fault is a blockage in the loop, restricting the flow of liquid hydrogen. 

This causes the loop to warm up, and the consequent out-gassing from sur

faces which had condensed out traces of air operates the vacuum monitor, 

which switches off the hydrogen compressor and so closes down the plant. 

The only serious fault which is not covered is a high pressure hydrogen 

burst in the Liquefier room. But all the electrical equipment in that room 

is flameproof, so even if the compressor continued running until the gas

holder was empty the local concentration of hydrogen in the atmosphere 

would cause no harm.

Tests have been carried out to discover the reasons for shut-downs, 

and the chief trouble appears to be due to impurities in the hydrogen gas 

supply, particularly nitrogen. At first sight it would appear that the hydro

gen in the closed circuit should become more pure as time goes on, im-
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purities being removed by the two charcoal traps at 77° К  and 20° К in the 

liquefier. But it appears that these low charcoal traps do not remove the 

impurities completely, but only delay their progress round the circuit. Ni

trogen is first of all absorbed at the beginning of a charcoal trap; after a 

time it is carried through to the end of the trap, where it is evolved into 

the gas stream again. The nitrogen particles are carried round the loop 

in liquid hydrogen, and are deposited where the hydrogen boils. The loop 

usually blocks with solid nitrogen at the point where most of the hydrogen 

boils, that is inside the moderator cooling coil, and not in the liquefier 

where the pipes are much smaller in bore. Longer runs should be obtained 

when a new more efficient charcoal cleaner is installed outside the lique

fier.

5. M E A S U R E M E N T  O F  C O L D  N E U T R O N  IN T E N S IT Y

To observe the gain in cold neutron flux when using the liquid hydrogen 

source, the neutron spectrum was measured with and without liquid hydro

gen present. The neutron beam from the beryllium and bismuth filters was 

passed through a curved slot chopper. The neutrons transmitted by the 

chopper spinning at a given speed are roughly monochromatic and are 

counted by a BFgdetector immediately behind it. By varying the rotor speed 

the wavelength range from 4 to 10Â was covered; at longer wavelengths the 

neutron flux without the liquid hydrogen source was too small to be counted 

easily.

The gains observed are shown in Fig. 4. The lower curve (full circles) 

was obtained with the chamber full of normal hydrogen (75% ortho-hydrogen), 

the upper curve (open circles) using hydrogen with itspara-hydrogen content 

enriched. This was prepared by passing normal hydrogen over ferric hy

droxide catalyst at 20" K ; its composition was not measured, but it would 

probably contain a few per cent ortho-hydrogen.

neutron wavetenqth (A)

Fig.4

Gain in cold neutron flux.

The liquid hydrogen source raises the flux of 4Â neutrons by a factor 4, 

the flux of 10A neutrons by a factor of 7. 5 with normal hydrogen, or 8. 4 

with enriched para-hydrogen.
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6 . C O M P A R IS O N  W IT H  E L 3  A N D  B E P O

The gains in cold neutron flux at various wavelengths in Dido are com

pared with Bepo and EL3 [5] in the following table.

TABLE I

G A IN  IN  C O L D  N E U T R O N S

5Â 7 .5Â 10Â

Dido (n-Hg) 5.2 7.3 7.5

(P-H:) <5.4 7.9 8.4

Bepo 7 20 25

EL3 (H¡¡) 6.6 (19)

(2/3H¡,,l/3D2) 8.1 (16)

From  these figures Dido cold neutron source appears less efficient 

than either of the others. There are several reasons for this and the follow

ing factors which effect moderation may be noted.

(i) Bepo graphite temperature was 400° K ; Dido heavy water tempera - 

ture is 335° K. If the cold neutron beam emerging from both cold moderators 

has the same mean temperature, the gain in Bepo will appear to be 1. 4 

times the gain observed in Dido.

(ii) The cold moderator in EL3 is in a hole 6 inches in diameter, while 

the holes in Bepo and Dido are only 4 inches in diameter. When space has 

been taken by a thick-walled vacuum case and the necessary gap for ther

mal insulation, the diameter of the moderator chamber in E L3  is 10. 6 cm, 

while the diameters in Bepo and Dido are less than 8 cm . E L 3  has there

fore the advantage of size.

(iii) In Bepo the hydrogen moderator is in the centre of the core, sur

rounded by fuel elements, and in a nearly isotropic flux of thermal neutrons. 

Many of the neutrons emerging in the beam from the reactor will have been 

scattered from the surface of the liquid hydrogen and will have suffered only 

one or two collisions. (This is one good reason why moderation is far from 

complete although the dimensions of the chamber are many times greater 

than the neutron mean free path in liquid hydrogen). In Dido, however, and 

in E L 3 , the moderator chamber is outside the reactor core where there 

is a considerable neutron flux gradient. In the absence of the liquid hydro

gen moderator the neutron beam comes from a point in the heavy water 

moderator of the reactor some 15 cm nearer to the reactor core than the 

point of origin when the chamber is full of liquid hydrogen. At the latter 

point the thermal neutron flux is perhaps only half its value inside the heavy 

water. Thus Dido cold moderator has to gain a factor two before the cold 

neutron flux is increased at all.

(iv) The ideal shape for a cold moderator would be a large sphere, im 

mersed in an isotropic flux of thermal neutrons, with a relatively small
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hole from the centre from which a neutron beam may emerge .This would corre

spond to the geometry of a "black body" furnace. In practice the size of 

the sphere of cold moderator is limited by the dimensions of any hold avail

able in a reactor, bÿ the refrigeration capacity available, and by absorption 

of neutrons by the substance used as cold moderator. The size of the hole 

from.which the neutron beam emerges is made as large as the moderator 

chamber (or larger) to obtain the most intense beam of neutrons (at the ex

pense of angular resolution). So a "black body" geometry is not possible.

The design of moderator chamber in Dido is a compromise; the whole 

area of the chamber is viewed by the collimators, but the central part of 

the chamber is made concave so that it acts as a rudimentary "black body" 

source. Most' of the neutrons emerging from the central portion of the 

surface will have travelled through several centimeters of liquid hydrogen, 

and will not simply have been scattered from the surface after one or two 

collisions. Thus moderation to the low temperature should be more complete. 

It is not possible to check the improvement effected by this design without 

replacing the chamber by one with convex surfaces.

(v) Absorption of neutrons by liquid hydrogen will tend to reduce the 

efficiency of the cold moderator, especially as cold neutrons are prefer

entially absorbed. It is difficult to measure this effect, as altering the ab

sorption cross-section invariably entails altering other parameters. E x 

periments on the similar loop at Saclay with hydrogen-deuterium mixtures t5l 

have shown that the flux of 4. 45Â neutrons is increased as hydrogen is di

luted with deuterium, and reaches a maximum for about 60%  deuterium. 

However at neutron wavelengths greater than 5. 6Â the smaller absorption 

in deuterium is balanced by the smaller efficiency of deuterium as a moder

ator, and pure liquid hydrogen gives the highest cold neutron flux. Experi

ments were make at Harwell by varying the ortho and para-hydrogen content 

of our moderator. For thermal neutrons ortho and para-hydrogen have the 

same cross-section, but for cold neutrons the ortho-hydrogen cross-section 

rises to 100 b per molecule, the para-hydrogen cross-section falls to 4 b 

per molecule. Though the absorption cross-section is not altered, the amount 

of absorption in para-hydrogen will be less than in ortho-hydrogen as the 

neutron path length will be smaller because there are fewer collisions. This 

effect is shown by the two curves in Fig. 4. Hydrogen enriched in para- 

hydrogen content gives a higher cold neutron flux than normal hydrogen, and 

the difference is greatest at long wavelengths where absorption has the 

greatest effect. Para-hydrogen may be a very good moderator for providing 

cold neutrons; thermal neutrons are-scattered with a high cross section 

(and thus moderated to very low energies) but when they reach low energies 

the neutrons are no longer scattered appreciably and so can escape easily. 

Thermal neutrons will not be absorbed greatly nor will the cold neu

trons, for they escape so quickly. In fact para-hydrogen should act more 

or less as a cold neutron filter, scattering (and moderating) thermal 

neutrons, but allowing cold neutrons to pass freely. Para-hydrogen has 

another good feature as a moderator, as the para to ortho transition which 

may occur when a neutron is scattered takes a large amount of energy from 

the neutron. The performance of such a moderator has not yet been investi

gated fully.
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By using this liquid hydrogen loop in Dido we have increased the flux 

of 4Ä neutrons by a factor 4, and the fluxes of longer wavelength neutrons 

by rather greater factors. The value of this increase i2j is that it not only 

increases the statistical accuracy of results of neutron scattering experi

ments, or reduces the length of experiments, but it increases the cold neutron 

flux without increasing the background of y-rays and fast neutrons. This 

increase of the counts-to-background ratio is a great asset. For experi

ments with good resolution, long counting times are still necessary to 

achieve the necessary statistical accuracy, so it is a great advantage if the 

cold neutron source runs unchanged for long periods. The liquefier requires 

a day for regeneration and starting up, and the most convenient length of 

time for running the cold moderator is one month, so that it is closed down 

only when the reactor is not operating. At present the average run is only 5 d 

but with planned improvements it is hoped to extend this to a full reactor 

operating period of 24 d.

The gain in cold neutron flux is rather less than measured with the loop 

in Bepo, but this is largely due to the arrangement of the cold moderator 

relative to the core of the reactor. To obtain greater effeciency the Dido 

installation would require a larger hole in the reactor so that a more so

phisticated shape of cold moderator could be employed, and the moderating 

material could be changed to one of lower moderating efficiency but with 

negligible absorption, such as liquid deuterium. An installation in a tan

gential hole in a reactor would be a considerable improvement; the thermal 

neutron flux gradient would be perpendicular to the axis of the moderator 

chamber, (instead of parallel to the axis), and also the background of y-rays 

would be much smaller than in a radial hole.

However, the thermal neutron flux of Dido is 4 X 10*^ n/cm^ s at the 

end of the hole being used (which is, 20 times as great as that in Bepo), 

and with the liquid hydrogen moderator in operation a very intense source 

of cold neutrons is available for inelastic scattering experiments, with a 

relatively low background.
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D I S C U S S I O N

W .  W H IT T E M O R E : Could you comment on the differences between the 

Saclay results and those you obtained yourself with the liquid-hydrogen, cold- 

neutron source?

J. W E B B : The collimation has been improved so that only thé central 

portion of the chamber is now viewed and the gain in cold neutrons is there

fore higher.

W .  W H IT T E M O R E : 'How many hours, or days, do you run at a time?

J. W E B B : 200h is the longest run so far. The average of the last few 

runs has been about 100 h. We would like to run for a complete reactor cycle 

of 24 d ; most of our failures lately have been quite trivial, such as oil-leak- 

age from the compressor.

W . W H IT T E M O R E : Surely, after 200 h, all your liquid hydrogen would 

be in the para state so why do you speak of diluting it with para?

J. W E B B : The rate of conversion to para-hydrogen is so slow that even 

after 200h an appreciable fraction of ortho-hydrogen would remain, perhaps 

10 - 15%. The spectrum measurements on normal and para-hydrogen were 

carried out within a few hours, so no alteration of the ortho- and para- 

hydrogen content would have occured.

W . W H IT T E M O R E : Is there any evidence that para-hydrogen is con

verted to ortho-hydrogen in the gamma-ray field or the neutron field? You 

would then get ortho-hydrogen at the end of a long run and the addition of 

para-hydrogen might make a significant difference.

J. W E B B : W e  have no evidence of this at all. I do not think the cross- 

sections are large enough for that.

G . SQUIRES: In view of the larger scattering cross-section of ortho

hydrogen, would it not be advantageous to use 75%  ortho-hydrogen in a 

smaller volume of moderator, rather than a larger volume of pure para- 

hydrogen?

J. W E B B : Ortho-and para-hydrogen have comparable cross-sections 

for thermal neutrons, so there is some minimum volume which can be used 

to provide the first stage of moderation below reactor temperature. How

ever, it may be true that a smaller volume of ortho-hydrogen would provide 

a greater over-all moderating efficiency than a larger volume of para-hydro

gen. There are few experimental data on the subject, and no calculations 

have been made.

W .  W H I T T E M O R E : Do you have any information to indicate whether 

your cold neutron spectrum is in equilibrium with the source? The results 

we presented two years ago* indicated that a para-hydrogen container 

6 inches in diameter does not give an equilibrium spectrum.

J. W E B B : Our measurements of the neutron spectrum from our Bepo 

liquid hydrogen source showed a peak corresponding to the reactor tempera

ture, with a pronounced tail on the low energy side. This curve could not be 

analysed as the sum of two Maxwell distributions. Similarly, Van Dingenen's 

spectrum measurements on methane and liquid hydrogen at 20° К  departed 

widely from Maxwell distributions. In no case has perfect thermal equili

brium at the moderator temperature been observed.

*  'Inelastic Scattering of Neutrons in Solids and Liquids", IAEA. Vienna (1961) 421.
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N . W .  T C H E R N O P L E K O V : What is the energy release in the Dido mo

derator? I have a second question regarding the discrepancy between your 

results and those obtained with the French EL-3 reactor using normal hydro

gen or a mixture of hydrogen and deuterium as moderator; could this dis

crepancy be due to the moderator volume being too small?

J. W E B B : The nuclear heating is of the order of 25 W  in. Dido. In answer 

to your second question, I think it would be true to say that at long wave

lengths the moderating efficiency of the deuterium is too small, so that with 

this hydrogen/deuterium mixture the chamber is in, fact too small to provide 

the optimum flux of cold neutrons.
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A NEW APPARATUS FOR INELASTIC, QUASI-ELASTIC AND ELASTIC COLD  NEUTRON MEASUREMENTS 

A new chopper apparatus for use at the Brookhaven High Flux Beam Reactor is now under construction. It is 

a three-element phased rotof system. The rotors are 80 cm in diameter, run at a maximum speed o f  

15000 rev/min, and are designed to give three neutron bursts of monochromatic neutrons per revolution. Two 

rotors spin about a horizontal axis whereas the third operates vertically. The system can be operated with 

either one, two or three of the chopper elements, depending on the type of measurement that is completed. 

For inelastic measurements where the neutron gains energy, a double rotor system will be most useful. For 

this configuration the burst time and wave length spread (full widths at 1/2 maximum) will be 16 us and 0.16 A 

for 4 A incident neutrons, and the intensity at the sample (4 x 1 .6  cm) will be 2 x ios n/s. For quasi-elastic 

and elastic neutron measurements the three-rotor configuration will be best suited. The corresponding burst 

time and wave length spread can be as small as 8 ps and 0 .04  A giving an intensity of 10* n/s on a sample 

of (4 X 0 .8  c m ) , The wave length and time resolution are adjustable between the above two limits in such 

a way as to obtain the maximum neutron intensity for a given experiment.

UN NOU VEAU  APPAREIL POUR LES MESURES DE DIFFUSION INÊLASTIQUE , QUASI-ÉLASTIQUE ET 

ÉLASTIQUE DES NEUTRONS LENTS. Un nouveau sélecteur destiné au réacteur à haut flux de Brookhaven 

est actuellement en construction. Il s'agit d'un dispositif à trois rotors déphasables. Les rotors ont un diamètre 

de 80 cm , tournent â une vitesse maximum de 15 000 tours pat minute et sont conçus de manière à fournir 

trois bouffées de neutrons monochromatiques à chaque tour. Deux rotors tournent autour d'un axe horizontal, 

le troisième, autour d'un axe vertical. Le dispositif peut fonctionner avec un,_deux ou trois éléments, selon 

le type de mesure que l'on se propose de faire. Pour les mesures de diffusion inélastique où les neutrons gagnent

la longueur d'onde (largeur totale à mi-hauteur) seront respectivement de 16 ps et 0 ,16  A pour des neutrons 

incidents ayant une longueur d'onde de 4 Â ;  l'intensité de la bouffée sur l'échantillon (4 x 1 ,6  cm) sera de 

2 x 106 n/g^ pouf mesures de diffusion quasi-élastique et élastique, la configuration à trois rotors conviendra 

parfaitement. La durée de la bouffée et la dispersion de longueur d'onde correspondante peuvent atteindre 

des valeurs aussi faibles que 8 us et 0, 04 A, ce qui donne une intensité de 10** n/s sur un échantillon de 

4 x 0 , 8  cm . La longueur d'onde et la résolution en temps peuvent être ajustées entre les; deux limites sus

mentionnées, de manière à obtenir l'intensité de flux maximum pour une experience déterminée.

НОВЫЙ ПРИБОР ДЛЯ ИЗМЕРЕНИЯ НЕУПРУГОГО, КВАЗИУПРУГ0Г0 И УПРУГОГО РАССЕЯНИЯ ХОЛОДНЫХ НЕЙТРО-

*  Work supported by the United States Atomic Energy Commission.
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NUEVO APARATO PARA MEDICIONES INELASTIC AS, CUASI ELASTICAS Y ELASTICAS DE NEUTRONES 

FRIOS. Se está construyendo un nuevo selector mecánico destinado al reactor de flujo intenso de Brookhaven. 

El aparato es del tipo de tres elementos rotores en fase. Los rotores, de 80 cm de diámetro, giran a una velo

cidad máxima de 15000 rev/min y se han diseñado de modo que emitan tres ráfagas de neutrones monocro-

medición que se quiera efectuar. Para las mediciones inelásticas en que los neutrones ganan energía, lo más 

indicado es utilizar un sistema de dos rotores. En este sistema, la duración de las ráfagas será de 16 y el 

ensanchamiento de longitudes de onda (amplitud plena a la mitad del valor máximo) de 0 ,16  À para neu-

el ensanchamiento de longitudes de onda pueden llegar a un mínimo de 8 ps y 0 ,0 4  A, respectivamente, 

lo que representa una intensidad de 10* n/s en una muestra de 4 x 0 ,8  cm. La longitud de onda y la resolución 

en tiempo pueden graduarse entre los dos límites citados, de modo que se obtenga la intensidad neutrónica 

máxima para un experimento determinado.

1. IN TR O D U C TIO N

A  new time-of-flight neutron spectrometer for research in the solid 

and liquid state physics is under construction for use at the Brookhaven High 

Flux Beam Reactor. The system consists of three rotors spinning at a max

imum speed of 15 000 rpm with a constant phase angle relative to each othen 

and produces bursts of monochromatic neutrons at the sample. The scat

tered spectrum is analysed by the time-of-flight method using a multi

channel time analyser.

In order to obtain optimum neutron intensity and resolution for a given 

experiment, it is important to be able independently to change the burst 

time At and wavelength spread A X  of the neutrons falling on the sample. 

For processes in which the incoming neutron gains energy and results in 

a large change in neutron velocity, a small uncertainty in the burst time, 

At, is more important than a small wavelength uncertainty. A X . (This is 

the principle underlying various cold neutron apparatuses using a nitrogen- 

cooled berylliumfilter as a rough monochrometer, followed by a simple 

slow chopper time-of-flight spectrometer). The opposite is true for m eas

urements where the neutrons lose energy. In an experiment where the scat

tering is elastic or quasi-elastic, the wavelength resolution AX/An , and 

the time resolution At/tn should be equal to obtain maximum resolution and 

intensity simultaneously. Xg is the most probable wavelength in the neutron 

burst incident on the sample, and t  ̂ is the time it takes those neutrons to 

travel the distance between the sample and the detector.

The spectrometer under construction will be used for elastic or quasi- 

eLastic and inelastic scattering measurements. It was found necessary to 

adopt a three-rotor system in order to obtain the versatility required for 

the planned experiments. One, two or three-rotor configurations can be 

used depending upon the intensity and resolution requirements of the meas- 

urement.A one-rotor system will be most useful for experiments requiring 

m axim um  intensity. The two-rotor system is most useful for energy gain
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inelastic scattering measurements, whereas for quasi-elastic and elastic 

scattering the three-rotor configuration is the best one. The rotor system 

will give bursts of monochromatic neutrons with An = 3.5 A  and longer, de

pending upon the speed of rotation of the rotors.

2. G E N E R A L  CON SIDERATIONS  O F  M U LTI- R O TO R  SYSTEM S

The qualitative understanding of the operation of a multi-rotor system 

is straightforward. The steady flux of reactor neutrons is chopped by the 

first rotor into a periodic burst of neutrons having a broad energy spec

trum. This burst then travels some distance to a second rotor, which has 

a fixed phase relation to the first. When it opens, the second rotor passes 

only a band of energies, related to the time-of-flight of the neutrons be

tween the two rotors, the relative phase of the two rotors, and the open 

time.

The transmission of neutrons through a rotor system which can con

sist of one more rotors, is a function of the angular position, y, of the slit 

of one of the rotors relative to the direction of theincomingbeam of neutrons 

and their wavelength, A. . Let us call this function T  (yA ). As  a rotor sys

tem generally is constructed to give a maximum transmission for neutrons 

with a finite wavelength Ag , the transmission of a wavelength X can be given 

as a function of \-\o and is called T  (y,X-Xo ). By evaluting the integral 

/T(y,A.-A.p) dy with its proper limits one gets a function T(A. -\o). This 

function is called the chopper function and gives the wave-length distribution of 

neutrons in the outgoing pulse. The time distribution of the outgoing neutrons at a 

particular point in the rotor system is achieved by performing the integrations of 

T(y,A. -Ao) over А. -Ад and putting . t where ы is the angular velocity of the rotors.

2L

A . SAME DIRECTION OF ROTATION

2r 2r

B .  OPPOSITE DIRECTIONS OF ROTATION

Fig.l

Schematic representation of two-rotor systems,
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The calculation of general analytical expressions for T  (À -Àg ) and T(t) 

is quite difficult. A  great simplification is achieved, however, by consider

ing only a set of neutrons travelling along paths parallel with the axis of the 

rotor system. This approach is meaningful because, in practice, the inci

dent neutron beam is well collimated. T  (À -ÀQ ) and T(t) at the exit pupil of 

the rotor system, (at the point where the neutrons leave the last rotor) have 

been calculated for different rotor combinations. It is assumed that the di

mensions of the incoming neutron beam and the slit in the rotors are equal. 

T  (X -Ào ) and T(t) are symmetric functions. Only one half of each has to be 

considered. The results are given below.

Fig. 1 shows a schematic representation of two-rotor systems. Each 

rotor has one slit which is fluted in such a wav as to insure that the chop

ping of the beam will be performed by the smaller opening. The rotor sys

tem is thus equivalent to a system consisting of two moving slits placed a 

distance, 2 L ,  apart. Two different cases have to be considered: Case A  - 

the rotors rotate in the same direction (the two chopping slits move in oppo

site directions); Case В -the rotors rotate in opposite directions (the two 

chopping slits move in the same direction).

In Case A  calculations show that the chopper function T  (X -X Q ) is 

described by two parabolas:

d

m urL

(1)

T(X-Ao) =
n - d 

2?rr

h-d 2 .h *d  
^  A -A о ^

m urL

In Case В the chopper function is triangular in shape:

T(A-A<,) = —
'  O ' Try

The symbols used are:

2d = slit width, 

r = radius of the rotor,

2L =  distance between the chopping points of the rotor system, 

ы = angular velocity of the rotors, 

m  = m ass of the neutron, 

h = Planck's constant,
n = number of neutron bursts per revolution.

The time distribution T(t) calculated at the last chopping point in the rotor 

system is the same for both cases and is given by

i imjrL.. . 
l — r—i—А -А о 

h * d

h * d 

BtnjrL
(2)
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T(t) = n-h-d/27rmb)rL.[l-(rh)/2d)t] . (3)

Т(Х-Хд) and T(t) for the two cases A  and В  are shown in Fig. 2. Th^y 

have been plotted in such a scale to make the area under the functions equal 

for a particular case. This is consistent with the requirement that the values

TIME OtSTRiauTION OF THE OUTPUT PULSE WAVELENGTH OtSTRIBUTtON OF THE OUTPUT
PULSE

Fig.2

Calculated time and wavelength distributions of the output pulses for two-rotor systems.

The time distribution refers to the last chopping point.

of the definite integrals f T(t) dt and f T  (Х-Х„) d(X-X„) are the same. The 

full width at half maximum for T(t) and T(X-Xo) can easily be calculated from 

their analytical expressions. They are:

Case A  AX = 2d*h/imjrL,

At = 2d/Mr.

Case В  AX * d *h /m u r L  , (4)

A t * 2 d / h ) r .

As  seen from these expressions, A X  can be changed independent of At 

hy changing the distance between the two chopping points in the system. In 

Case B, A X  is one-half the value of AX  in Case A .  The  total transmitted 

intensity, however, is the same in both cases because the peak transmission 

in Case В  (T ^ ^ , = d/яг) is a factor of two greater than in Case A .

It should be mentioned that system A  described above where the two ro

tors spin in th,e same direction and are separated by a distance 2L  is equi

valent to a system containing only one rotor with a diameter 2L , provided 

the peripheral speeds of the rotors are the same and that the angular ve

locity of the large rotor is a factor of L /r  smaller than that of the small ro

tor. However, in order to obtain the same duty cycle for the two systems.
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the large rotor would require more slits than the small rotor, the factor 

again being L / r .  As  the transmitted intensity for a given system and ther

mal flux is of special importance, it is necessary to take this into account 

when comparing different rotor configurations. When the incoming neutron 

spectrum is Maxwellian, the number of neutrons falling on the sample per 

s is,

I = ^ 5̂  exp . - ^¿2- - Tmax- AX  (5)

where

(Po * thermal flux n/cm?s at the source,

Xo = selected wavelength of the instrument,

X, = characteristic wavelength of the neutron spectrum,

A  = area of the chopping slit of the rotors,

.C = distance between thé chopping point of the system,

Tmax '  transmission at the wavelength Xo,

AX = full width at hali max of the wavelength distribution.

In deriving the formula above it is assumed that the angular dimension of the 

neutron source seen from the position of the last chopping point is always 

larger or equal to the angular dimensions of the first chopping point seen 

from the same position. This condition assures that the area of the source 

is large enough to "fill" the chopper system with neutrons.

Although the two-rotor systems discussed above transmit the same in

tensity in both cases when the distance between the slits is the same, the 

wavelength resolution of В  is a factor of two greater than A . Therefore, in 

order to get the same AX and At for both Cases A  and B, the distance be

tween the chopping slits must be twice as large in Case A  as in Case B. This 

will, however, decrease the intensity by a factor of eight,' as seen from the 

formula above. The same improved wavelength resolution can also be 

achieved by decreasing the slit width by a factor of two and keeping the dis

tance between the chopping points unaltered. In this case, the intensity will 

be only 1/16 of the original one. The time resolution will also be improved 

by a factor of two, and this explains the difference in intensity decrement 

for the two possible ways of changing A X .

In the discussions above concerning the intensity and resolution prop

erties of a two-rotor system, it has been assumed that the rotor speed has 

been kept constant. It is obvious that the wavelength and time resolution, 

which can be improved by increasing the speed of the chopping slits, is by 

far the most superior method as far as intensity is concerned. Here the de

crement in intensity varies linearly with the decrease of At and A X , as is 

easily seen from the intensity formula. In the foregoing examples the inten

sity decreased as the fourth power, when AX and At were changed by cutting 

down the slit width. This illustrates the well-known fact that the largest pos

sible velocity of the moving slits gives the optimum performance for chop

per systems.
One way of increasing the relative speed of the slits is to have a pair 

of adjacent slits moving in opposite directions. The calculation of T(X-Xo) 

and T(t) for this chopping system shows that the main improvement' is 

achieved when an extra slit is added at the second rotor of the two-rotor sys

tem, whereas very little is gained by adding a slit to the first one. A  chopper
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output pulse. Output pulse distributions for one-rotor and two-rotor systems are also shown. The time dis

tributions refer to the last chopping point.

system consisting of three moving slits is equivalent to the rotor system 

in Case A , plus an extra slit at the last chopping point.

Fig. 3 shows a schematic diagram of such a rotor system. The chopper 

function, T(X-Xo) and the time function, T(t) at the last chopping point are 

both triangular in shape and are,

T(X -Xg) = n< d/27rr [ 1 - mMrL/h- d,(A -A.Q )]

(6)

T(t) = n- h* d/27rm<jrL,[ 1 - ( гм/d) t ]
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F ro m  these functions the expressions A X , and At are calculated to be,

A X  = h*d/ m u r L ,

(7)
At = d / мг .

The symbols used are the same as explained above. It is seen that the val

ues of A X  and At, as well as the intensity, have decreased by a factor of 

two with the addition of the extra moving slit at the last chopping point.

If this three-slit system is compared with a system consisting of two 

slits moving in the same direction (Case B), it is found that both systems 

are equivalent as time, wavelength and intensity are concerned. However, 

the geometrical dimensions (2d and 2L) of the three-slit system will be 

twice as large as the two-slit one.

3. T H E  B N L  R O T O R  S Y S T E M

It is clear from the discussions above that optimum intensity and reso

lution are obtained with the highest possible speed of the slits. There is, 

however, an upper limit for the speed, (v, =^)r), which can be obtained 

at the rim of the rotors. This limit is set by the strength pf the rotor m a 

terial used. A s  u and r can be chosen independently, a high v, can be a- 

chieved in two ways: either rotors with a large diameter and smaller an

gular velocity u or vice versa. Experience at Brookhaven in the design and 

construction of fast choppers has shown that as the rotor speed is increased, 

failure always occurs first at the periphery of the rotor. Since the stress 

at the periphery of a rotor is proportional to ш^г, a rotor with a large dia

meter is best suited for obtaining the m axim um  velocity of the slits. A n 

other advantage of large rotors (spinning perpendicular to the neutron path) 

is that for such rotors one can readily incorporate a large amount of m a 

terial to stop unwanted neutrons. This is important, especially for fast neu

trons, which cause a high background in the measurements. In the logical 

design of a large diameter chopper, the material with high stopping power 

for fast neutrons is placed in the centre of the rotors, because these m a 

terials have poor mechanical strength. The chopping action of the slow neu

trons must be perfomed at the periphery, and fortunately the newly devel

oped M g /C d  alloy (10% Cd) with its high strength-to-weight ratio is quite 

suitable.

The system evolved at Brookhaven consists of three rotors, each hav

ing a diameter of 80 cm  (Fig. 4), two rotors spinning on a horizontal axis 

and one on a vertical axis. The vertical rotor acts both as a chopping de

vice and rotating collimator. It consists of an upper and lower disc m a 

chined from high strength A1 forgings. The discs are bolted together with 

a ring 5-cm thick made of a M g /C d  alloy (10% Cd) in between. Three equal 

slits spaced 120 ° apart are made in the ring with a height equal to the thick

ness of the ring. The paths of the neutrons are perpendicular to the rotor 

axis and travel trough its centre. Between the M g /C d  ring and the centre 

are three identical pieces of a hydrogenous material. As these pieces are 

closer to the rotor axis their strength is sufficient to take up the forces.
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Fig. 4

With this type of rotor, a m axim um  and nearly constant amount of hydro

genous material is in the paths of the fast neutrons travelling through the 

rotor.

The horizontal rotors consist each of a disc made of the M g /C d  alloy 

mentioned above. The slits, also spaced 120° apart, have the same dimen

sion as thç slits in the vertical rotor. The paths of neutrons through the 

"horizontal rotors" are parallel to their spinning axis. One of the horizon

tal rotors and the vertical rotor will be mounted in such a way that their 

slits are adjacent .and move by each other in the opposite direction. The 

distance between the two horizontal rotors can be varied to change the wave

length resolution. Each rotor will be driven by a synchronous motor unit 

described below.

The analytical expressions for T(X  -Xg) and T(t) for this system are 

given above. A  factor of three enters in the numerator because the system 

gives three pulses per rotor revolution. T(X -Ao) and T(t) are plotted for 

three different rotor configurations in Fig. 3. The scale used is such to 

make the area of the two distributions equal for a particular configuración. 

The comparison is made for rotors with the same slit width. In the three- 

rotor configuration, the distance between the two "horizontal rotors" is 

chosen to be twice the diameter of the vertical rotor. The expressions for 

the full width at half m axim um  for T(X-Xo) and T(t), the latter calculated 

with reference to the last chopping point, are shown in Table I, together 

with the expressions for the maximum value of T( A -Ag), which corresponds 

to X "  A.Q .
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TABLEI

EXPRESSION S F O R  F U L L  W ID T H  IN TH R EE - R O TO R  

CO N FIG U R A TIO N

Rotor configuration At A  \ T  max

One rotor (11)

(Vertical)

Two rotors (1 + 11)

Three rotors ( 1 + 11 + HI )

2d/rtJ

d/r<J

d/r(J

2d-h/mur^

d * h/mtur^ 

d'h/mojrL

3-d/2irr

3*d/2irr

3*d/2îrr

TABLE II

C O M P A R ISO N  O F  C A L C U L A T E D  N E U T R O N  INTENSITY  

F O R  T H R E E  D IF F E R E N T  R O T O R  CONFIGURATIONS

Rotor configuration At(ns) A X ( Â ) Цп/s)

Onerotor(II)

( % = 2 r = 8 0 c m )
25 0.25 8.106

Two rotors (1 + 11) 

( 4 = 2r = 80 cm)
12.5 0.125 4.10 6

Three rotors ( 1 + 11 + III )

(%  = 4 r= 160c m)
12.5 0.063 5.10*

Table II gives a comparison of the calculated neutron intensity on a 

sample ( 5 X 1.25 cm) for three different rotor configurations when the in

strument is used at the Brookhaven High Flux Beam  Reactor. These fig

ures are based on a thermal flux of 5X 10 " n / cm 2 the design flux at the 

bottom of the cold neutron beam hole. To estimate the flux of 4 Â  neutrons 

a Maxwellian distribution was assumed. The angular frequency of the ro

tors is chosen to be 1250 s*i, which corresponds to a selected wavelength 

A.Q= 4 A .  Finally, the following values of the rotor parameters have been 

used:

2d =1 .2 5  c m ,  

r = 4 0 c m ,  (8)

A  = 1.25 X 5 cm .

The formula (5) is used in the intensity calculations. For the configu

ration of the equipment at the Brookhaven High Flux Beam  Reactor the an

gular dimensions of the neutron source seen from the position of the sample 

are always larger or equal to the angular dimensions of the entrance pupil 

seen from the same position for any rotor configuration and position. The 

transmitted intensity is then independent of the position of the rotors and 

depends only on the distance between the entrance and exit pupil of the in

strument.



APPARATUS FOR NEUTRON MEASUREMENT 105

The normal flight path using 4 A  incident neutrons is 160 cm . Under 

these conditions no overlap can occur in the scattered spectrum from suc

cessive neutron bursts. With this flight path the flight time for 4Â  neutrons 

will be -^1600jus. Using the values of At from Table II, the time resolution 

for the 160-cm flight path is 1-1.5%. The corresponding values of the wave

length resolution AX/Xp is seen to be 1.5-6%, depending upon which rotor 

configuration is used. The value of At given in Table II is as mentionèd 

above, and is calculated with reference to the last chopping point. In prac

tice, the sample has to be placed a certain distance behind the last rotor. 

It is clear that the separation should be a minimum because the burst time 

at the sample will be larger than the values given in Table II, due to the 

spread in wavelength, A X , of the neutrons in the burst. For the Brookhaven 

apparatus, this effect will increase our burst time at the sample by about 

10%. There will also be a spread in time because of contributions from the 

finite channel widths in the time analyser and finite thickness of the neutron 

detector. For the analyser and detectors planned, these time uncertainties 

are less than 1% .

4. T H E  DR IV IN G  S Y S T E M

The driving system has been designed in cooperation with the Bogue 

Electric Manufacturing Company of New Jersey. Each rotor drive unit con

sists of two electric motors mounted in tandem. A  wound two-pole induc

tion motor driven from the mains brings the rotor up to 3600 rpm. At this 

speed, the induction motor is uncoupled by an electromagnetic clutch, and 

a synchronous induction motor will take over the driving. The speed of this 

motor can be set anywhere between 3600 - 15000 rpm.

Power to the synchronous induction motors will be provided by gene

rators - one for each motor - mounted on a common shaft directly driven 

by a D C  motor, which receives power from a 50 kW  AC-DC motor genera

tor set. A  manual phase alignment can be perfomed by adjusting the stator 

of the generator with amicrometer screw. The final adjustment will be made 

by means of an eddy current brake, which is constructed as an integral part 

of the high speed motor. The brake will be modulated by a feedback system 

that will sense the relative position of the rotors and maintain relative phase 

swing between the rotors less than ±0.3° .

The controls for the driving system allow for completely automatic 

start-up, speed control and automatic shut-down of the system.
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D I S C U S S I O N

W .  K L E Y :  What energy range is covered by your phase rotor system?

K . O T N E S : The rotor system will be used for incoming neutrons in the

wavelength range of 3. 5 A  < X<oo ,  which corresponds to energies lower 

than about 6 . 5 m V .
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Abstract — Résumé — Аннотация — Resumen

A C O LD  NEUTRON M O N O C H R O M A T O R  A N D  SCATTERING APPARATUS. A narrow band of neutron 

wavelengths (4 A  and greater) is selected from a collimated neutron beam obtained from the Dido reactor 

at Harwell. These neutrqps are scattered by various samples and the energy transfer of the scattered neutrons 

measured using time -of-flight techniques.

The neutrons, moderated by a liquid hydrogen source in the reactor pass through first a liquid nitrogen- 

cooled filter, then a single crystal of bismuth and finally they are "chopped" by a magnesium-cadmium high

speed curved slot rotor. In this apparatus the wavelength spread of 0. 3 A  at 4 . 1 A  is determined primarily 

by the Be-Bi filter, while the time spread (8  ps) is determined by the rotor.

The m o lochromated neutron bursts from this rotor are scattered by a sample and detected in one of 

two counter arrays. When studying liquid or polycrystalline samples an array of six BF, counter assemblies 

(each 2 inches x 24 inches in area)are used covering scatter angles from 20* to 90". This auay is placed below the 

neutron beam. Above the line of the neutron beam is a second array consisting of three scintillators 2 inches 

in diameter, which is used for the study of single crystal samples.

The output of each counter is fed into a tape recording system which has 500 time channels available 

for each counter. This apparatus has bedn used to study neutron scattering from several gaseous, liquid and 

crystalline samples and the most recent measurements are presented in other papers in these proceedings.

.M ONOC HROM ATEUR  ET APPAREILLAGE POUR LA DIFFUSION DE NEUTRONS LENTS. Les auteurs 

extraient une bande étroite de neutrons ( 4 A  et plus) d'un faisceau collimaté de neutrons produits par le 

réacteur Dido de Harwell. On fait diffuser ces neutrons au moyen de divers échantillons et on mesure le trans

fert d'énergie des neutrons diffusés par la méthode du temps de vol.

Les neutrons ralentis par de l'hydrogène liquide placé dans le réacteur passent d'abord dans un filtre 

refroidi à l'azote liquide, puis dans un monocristal de bismuth. Finalement, un rotor à rainures courbes en 

magnésium et cadmium, ayant une vitesse de rotation élevée, les laisse passer par bouffées. Dans cet appareil, 

le filtre Be-Bi sert à déterminer la dispersion de la longueur d'onde (comprise entre 0 , ЗА et 4 , 1  A )  et le rotor, 

la dispersion en fonction du temps (8 ps).

Les bouffées de neutrons monochromatiques provenant du rotor sont diffusées par un échantillon et 

détectées dans l'une de deux séries de compteurs. Lorsqu'on étudie des échantillons liquides ou poly- 

cristallins, on emploie une série de compteurs BFg (dimensions: 2 X 2 4  pouces) couvrant des angles de 

diffusion variant de 20 à 90*.  Cette série est placée en-dessous du faisceau de neutrons. Au-dessus de l'axe 

du faisceau neutronique se trouve la deuxième série comprenant trois scintillateurs (diamètre 2 pouces) pour 

étudier des échantillons de monocristaux.

Chaque compteur agit sur un système d'enregistrement à bande magnétique qui comporte 500 canaux 

utilisables pour chacun des compteurs. Les auteurs se sont servis de cet appareil pour étudier la diffusion des 

neutrons dans plusieurs échantillons gazeux, liquides et cristallins. Dans d'autres mémoires présentés au 

Colloque ils donnent les résultats des dernières mesures faites.

МОНОХРОМАТОР ДЛЯ "ХОЛОДНЫХ" НЕЙТРОНОВ И ПРИБОР ДЛЯ РАССЕЯНИЯ. Узкая полоска нейтронных

*  At present attached to Atomic Energy of Canada Ltd., Chalk River, Canada.
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M O N O C R O M A D O R  T  APARATO  DE DISPERSIÓN PARA NEUTRONES FRfOS. De un haz colimado de 

neutrones, emitido por el reactor Dido de Harwell, se selecciona una estrecha banda de longitudes de onda 

neutrónicas (4 A  y mayores). Estos neutrones son dispersados por varias muestras y la energía por ellos cedida 

se mide según el método del tiempo de vuelo.

Los neutrones, moderados por una fuente de hidrógeno liquido situada en el reactor, atraviesan primero 

un filtro refrigerado por nitrógeno líquido, seguidamente un monocristal de bismuto, siendo, por último 

"interceptados" por un rotor de ranura curva, de magnesio-cadmio animado de gran velocidad. En este aparato 

el ensanchamiento de longitud de onda (0, З А  a 4,1 A) queda principalmente determinado por el filtro de 

Be-Bi, y el de tiempo (8 рз), por el rotor.

Las ráfagas de neutrales monocromáticos provenientes del rotor son dispersadas por una muestra y detec

tadas en uno de dos dispositivos de recuento. Cuando se estudian muestras líquidas o policristalinas, se utiliza 

un dispositivo de seis contadores (de BFa de superficie unitaria) de 2 pulgadas por 24 pulgadas para ángulos, 

de dispersión comprendidos entre 20* y 90°. Este dispositivo se coloca debajo del haz neutrónico. Por encima 

del eje del haz, se instala otro dispositivo integrado por tres centelleadores de 2 pulgadas de diámetro, que se 

utiliza para estudiar muestras monocristalinas.

Las señales emitidas por cada contador se transmiten a un grabador de cinta que dispone de 500 canales 

de tiempo para cada contador. El aparato se ha utilizado para estudiar la dispersión de neutrones por varias 

muestras gaseosas, líquidas y cristalinas. Las mediciones másrecientesse exponen en otras memorias presen- 

tadas al Simposio.

1, IN TR O D U C TIO N

Cold neutron scattering experiments are now used frequently in studies 

of the solid and liquid state, because cold neutrons possess certain im 

portant properties of value in this field of research. First, the energy trans

ferred in an interaction is often of the same order of magnitude or greater 

thanthe incident cold neutron energy and thus small energy transfer measure

ments are easy to make. Further, neutrons of sufficiently long wavelengths 

do not suffer Bragg reflections by crystals which may give rise to large 

backgrounds in some experiments. In this paper a machine is described 

with which the scattering from polycrystalline samples, liquids and single 

crystals have been studied.

To produce an intense beam of cold neutrons it is necessary to maintain 

a cold moderating source in the reactor. The results of using liquid hydro

gen as the moderator have been known for some time [ll and with this in

formation at hand a liquid hydrogen loop was designed and installed in the 

Dido reactor at Harwell. Neutrons from this source pass through a berylli

um  polycrystallinefilter, which serves two purposes. First the fast neutron 

background in the beam is virtually eliminated and secondly the sharp "cut

off" at 3. 94 A  is used to improve the energy resolution of the neutron burst
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emerging from the rotor. The neutrons then pass through a single crystal 

of bismuth, which further reduces the fast neutron and т-ray intensity of 

the beam. The neutrons then emerge from the reactor face andaré "chopped" 

by a high speed curved slot rotor, giving a pulse of 8ns duration (at 28 300 

rpm) and removing neutrons outside a given velocity band. These neutrons 

are scattered by the samples along a convenient flight path into the detectors. 

A  signal derived from a magnetic pick-up [2], on the rotor drive system, 

is used to trigger a time analyser and hence the time-of-flight of the scattered 

neutrons is obtained. The analyser is of the multiple input type allowing 

simultaneous measurements to be made at six different angles by coupling 

to it the outputs of detectors spaced from 20° to 90° about the sample.

This machine came into full operation in 1961. Numerous experiments 

have been planned;some of those completed are presented at this conference 

[3, 4, 5 ] . In this paper details of the construction and performance of the 

construction and performance of the apparatus are given followed by a section- 

on data presentation. Some possible improvements for the future are sug

gested.

2. D E S C R IP T IO N  O F  T H E  A P P A R A T U S

A  schematic diagram of the apparatus is shown in Fig. la. Fig. lb is 

a photograph of the apparatus as seen from the reactor floor level. Details 

of the components of the apparatus are as follows.

2a. The liquid hydrogen source

The thermal neutron spectrum in a reactor such as Dido has a Maxwell 

distribution of velocities corresponding to the moderator temperature, say 

325° K, which means that only 1 ^ %  of the total thermal neutron flux lies 

below 0. 005 eV. This means that to achieve good statistical accuracy one 

must accept long counting times, and in a high resolution experiment the 

background due to fast neutrons and y-rays tends to obscure the scattered 

moderator of the reactor (or part of it): if the thermal neutron flux could 

be brought into equilibrium at 30*K, the flux of neutrons of 0. 005 eV energy 

would be increased by a factor 18. The liquid hydrogen loop in Bepo [1] 

showed that though one could not achieve such high increases with a cold 

moderator limited to dimensions of only 8 cm, the gain in cold neutron flux 

was still useful. The increaëes measured were a gain of a factor 7 for 

neutrons of 5 A  wavelength, rising to a factor 25 for neutrons of 10 Â  wave

length.

The installation of a similar liquid hydrogen moderator in Dido was a 

much more complicated task, entailing building a closed circuit hydrogen 

refrigeration plant outside the reactor building, and conveying the liquid 

hydrogen to the reactor, along a vacuum-insulated pipeline some 60 ft long. 

More details of this apparatus are given in another paper [ 6 ]. The moder

ator chamber is a hemisphere 8 cm diameter, with a concave end; it holds 

200 сщЗ of liquid hydrogen. The gain in cold neutron flux is shown in Fig. 2a, 

a factor of 4 at 4 A ,  rising to a factor 8 at longer wavelengths.
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Diagram of Harwell cold neutron apparatus. 

(Arrows indicate neutron beam)

Fig.lb

Photograph of apparatus.

A . . .  Shielding around filter assembly.

В . . .  Shielding around rotor vacuum chamber.

С  . . .  Tank containing detectop mounted at 90*. 

D . . .  Shielding tank around 6 BF^ detectors.

E . . .  Neutron beam stop.
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Graph of gain in flux versus neutron wavelength when liquid hydrogen is in pile.

2b. The filters

Two filters are employed. The first a beryllium polycrystalline block 

of 12 inches in length scatters from the beam neutrons satisfying the Bragg 

Law  (n X = 2d sin 6 ), passing on only those neutrons of wavelength greater 

than twice the maximum plane spacing of the beryllium lattice. This berylli

um  "cut-off" occurs at 3. 94 A .  The loss in intensity of neutrons of wave

length greater than this due to inelastic scattering is reduced by cooling the 

filter to liquid nitrogen temperatures. The second filter is a 4 in long single 

crystal of bismuth. As well as removing fast neutrons and y-rays from the 

beam the bismuth also diffracts from the beam the neutrons which satisfy 

the Bragg condition from the plane spacing and particular orientation of 

the crystal. This leaves a "hole " in the spectrum which can be used to 

further reduce the neutron band with passed by the rotor. (See section on 

performance of apparatus).

A  facility is built into the filter assembly so that the filters can be 

rotated out of the beam allowing an unfiltered beam to be used for alignment 

of single crystals for phonon frequency dispersion experiments.

2c. The rotor system

The rotors used in this apparatus are made from Z W 6 magnesium alloy 

with 10% cadmium added. Curved slot rotors are used, the present slot 

shapes following a circular arc which is considered to be a sufficient ap

proximation to the ideal curve (an Archimedes spiral). The radius of curva

ture is a function of the ratio of the neutron speed to the tip speed of the 

rotor N S /T S  and the diameter of the rotor. Rotors of 10 in and 8 in diam. 

are used. Three different rotors have been used on this apparatus. The 

high resolution rotor has 12 slots of width 0. 1 in and operates at 37 500 rpm. 

This rotor is found to distort after prolonged use and it was estimated that 

the lifetime of the rotor would be about 2000 h. A  rotor of slightly lower 

resolution but same slot dimension was made which operates at 30 000 rpm, 

thus considerably reducing stresses set up in the rotor and prolonging the
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lifetime indefinitely. A  low resolution rotor has also been used which has

3 slots of i  in width and operates at 18 700 rpm.

The driving system employed is one which has been well tried and tested. 

It has been described fully by E G E L S T A F F  et al. [7] . Briefly it consists 

of a 40 W  3 phase hysteresis motor driving a main shaft, the rotor being 

suspended below this by a 3/32 in diäm. wire 6 inches in length. The main 

shaft is suspended in a magnetic field and located in gas journal bearings, 

and the rotor is hung inside an evacuated steel tank. A  vacuum seal is made 

along the length of the 3/32 in diam. wire.

A  crystal oscillator followed by a 200 W  power amplifier and a phase 

splitting circuit is used to supply the 3 phase power to the motor. The per

formance of this type of rotor system regarding stability, etc. is more than 

is required in a single rotor system but the reliability experienced in the 

running of other machines [8] justified the selection. The present cold neutron 

rotor system has been operating continuously for seven months at the time 

of writing this paper, the only stoppages being to change the rotor when 

different neutron burst characteristics have been required.

2d. The detectors and time analysing equipment

One arrangement of detectors consists of 6 groups of B F 3 counters 

mounted to detect neutrons scattered into angles of 20°, 30°, 45°, 60°, 75° and 

90°. The detectors are mounted below the neutron beam and situated in a 

tank of boron and polythene shielding so that the flight path of the scattered 

neutrons along cadmium lined collimators is 1. 28 m . The detectors covering 

the three smaller angles each consist of 2 BF3 counters 1 in diam. and 

12 inches in length mounted side by side so that the detector area is 

12 in X  2 in. The larger angles of scatter use 4 B F 3 counters making the 

detector area 2 4 in X  2 in without worsening the angular resolution of the 

detectors which is ± 1°. This assembly is used to study the neutron scatter

ing from polycrystals, liquids and gases.

The second arrangement consists of three neutron scintillation counters 

of 2 in diam. mounted above and at 83°, 85° and 90° to the neutron beam 

centre line. They are enclosed by a tank of water with a cadmium-lined 

centre collimating hole. These detectors are lithium fluoride zinc sulphide 

and boron plastic zinc sulphide scintillators of the type described by 

S T E D M A N  [9] and HAR RIS  [10] using pulse shape discriminators as de

scribed by W R A IG H T  [11]. These counters provide high angular resolution 

and due to the high efficiency for small thickness of this type of detector 

(50% at thermal energy) plus an extended flight path of 2. 2 m , the time-of- 

flight resolution is high. This arrangement is used for studying phonon 

frequency dispersion relations in single crystals.

The output of each detector is fed into one of the 31 inputs of a time 

analysing magnetic tape recording machine of the type described by H A L L

[12] and manufactured by E M I. Each input of the analyser has 512 time 

channels associated with it which can be varied from 2 ^ s  to 16<ns. Since 

only seven inputs are used (six for scattered detectors and one for the moni

tors), the recorder is coded so that the remaining inputs are used to record 

the information from other samples mounted on a 4 position sample changer.
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The time analyser receives its 'start' pulse from a magnetic pick-up 

mounted at the top of the main rotor drive shaft. A  stop pulse is similarly 

derived which resets the time analyser 25ns. before the start pulse arrives. 

If a neutron event is detected between the 'start'and 'stop' pulse times, it 

will also reset the time analyser. The number of time channels used in 

practice is dependent on the rotor period since all the 'start' to 'stop* pulse 

time is analysed. Usually from 300-500 timing channels are employed. The 

paralysis time of the recorder is 10 ms, thus two neutrons cannot be ana

lysed from one burst through the rotor. In practice the total scattered count 

rates never exceed 1 count per 20 revs of the rotor.

Each neutron therefore has associated with it a detector number and a 

time channel number. This information is coded and recorded onto 16 track 

magnetic tape of 1 in in width. Reels of tape can record continuously for 

48 h and the required data obtained by "playing back" on an analysing m a 

chine of 1024 channels. 'Playback* time is approximately 20 min for each 

pair of inputs. The data is then transferred to punch paper tape (2 min) 

which can be fed directly into a Feranti Mercury computer.

2e. Sample mounting

Samples are fixed in the beam about 10 in from the rotor tip. Plain 

samples are inclined at 45° to the.oeam and cover the beam area 2 in width 

X lin high, scattering approximately 15% of the beam. A  sample changer 

can be used for room temperature samples so that four samples can be 

studied together. The samples (cycled 4 times per h) usually include one 

empty sample container and one calibration sample.

Individual samples are mounted in vacuum furnaces to operate at temper

atures up to 1000°C. Cryostats are also used to study cold samples. For 

single crystal phonon dispersion measurements "he crystals are mounted 

in a goniometer.

3. P E R F O R M A N C E  O F  T H E  A P P A R A T U S

As shown in Fig. 2 (a) the 4 A  flux is increased by a factor of 4 when 

the liquid hydrogen is used. The effect of this increase in cold neutron flux 

is well illustrated by the results given in Fig. 2 (b), which gives the spectrum 

of neutrons scattered through 75° by hydrogen gas at room temperature. 

The dotted peak A  represents the spectrum of incident neutrons, the hori

zontal dashed line the background of fast neutrons and *y-rays. In a 4 h run 

without the aid of the liquid hydrogen source the open circles were obtained; 

they are barely above the background level. In a 4 h run with the liquid 

hydrogen source in operation the full circles were obtained; the peak В  of 

neutrons scattered inelasticaUy is clearly seen. Thus the use of a liquid 

hydrogen cold neutron source can not only improve the counting rate in an 

experiment, the data is also greatly improved by the increase in counts-to- 

background ratio.

By calculation it can be shown that the amount of inelastic scattering 

of neutrons wavelength 4 A  can be reduced by a factor of 4 if the beryllium 

filter is cooled to liquid nitrogen temperatures. Measurement of the 4. 1 Â



114 D. HARRIS et aL

в А

'S 200

5 too

400 600 80 0  I ООО 4 00

И м  of Right (fs /м)

Fig.2b

Scattering of neutrons from a sample with and without liquid hydrogen in pile.

flux through the rotor with filter at room temperature and when cooled, show 

that this has been achieved.

The theoretical burst width at the rotor centre for a parallel beam 

falling on the N S /T S  = 3 rotor is ± 4 us (half width at half height). In this 

apparatus the beam divergence is normally ± 0. 8" and this increases the 

pulse width to ± 8'<us. At monitor 1, which is 22 cm from the rotor centre, 

the pulse length is ± 10 ps and at the sample which is normally 20 cm from 

monitor the pulse is ± 12 us. At the 1. 3 m  detectors the pulse width for 

elastically-scattered neutrons is ± 50 ns or ± 39 ns/m . Since the mean time- 

of-flight is 1040 ps /m  the resolution of the incident beam is Ат /т  = ± 3. 7%. 

On the other hand the beryllium edge is defined (see Fig. 3) to ± 0. 8%  using 

the 1. 3 m  detectors and ± 0. 5%  using the 2. 2 m  detectors.

A  comparison of the neutron pulse lengths measured at monitor 1 for 

the three choppers is given below.

The N S /T S  = 2  1/2 rotor gives a longer pulse than the N S /T S  = 3 rotor 

because it cannot be run at a speed high enough to use the beryllium-bismuth 

filter spectrum properly. This rotor is mainly useful for studies at longer 

wavelengths of 5 to 6 Â , and here the pulse length is ± 20 ps because there 

is no reduction in width due to the beryllium and bismuth filters.

Curves of the neutron energy transmission measured on the second 

monitor, for two rotors (N S /T S  = 3 and 4) are given in Fig. 3. The curve 

for the low resolution rotor clearly shows how the proper use of a hole 

produced in the spectrum by a single crystal (in this case bismuth) can 

improve the resolution of a rotor.

Distance errors in the scattered flight path arise from the finite sample 

and detector size. The m axim um  error due to BF3 detector thickness is 

2%. When considering sample size the maximum error for neutrons scattered 

elastically through the sample is zero at zero angle oí scatter rising to 4% 

at 90° of scatter. Averaged over the whole beam the errors are less than 

the m axim um  of course. As previously mentioned for phonon dispersion
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Fig.3

Curves of transmission of two rotors.

TABLE I

Rotor NS/TS Operating

of neutron burst

Flux of 4 .1  Â neutrons at 

sample without hydrogen source

37 500 rpm ± 12 ps 5 x  10^ neutrons/min

3 28 300 rpm ± 10 ps 6 X 10?

4 18 700 rpm i 19 ps l . l x i o s

measurements scintillation detectors are used of 1 m m  thickness and in this 

arrangement the distance error is entirely due to the sample size.

The neutron flux of 4. 1Â  incident on the sample is 6 X 10  ̂ neutrons/min 

for the N S /T S  = 3 rotor (see Table I). With liquid hydrogen in the pile this 

becomes 2. 4 X 10^ neutrons/min. For samples scattering 10% of the beam 

isotropically the neutron flux scattered into each counter of area 48 in is 

400 neutrons/min. A  typical experimental count rate for one such detector 

is 100 cpm. The flux of neutrons of wavelength 8 Â  incident on the sample 

is about 4 X  IQS neutrons/min using the hydrogen source^
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Background measurements made with blank samples and cadmium in

serted in the beam showed that there was no time dependent background 

except that due to scattering from the sample container and this almost 

entirely in the region of the elastic peak. In many experiments the back

ground is taken as that level observed in time channels in the region corres

ponding to very large energy gain (0. 5 eV).

Fig. 2b shows the scattering obtained from a gaseous sample. Even 

in this case where a broad spectrum results the counts/background ratio 

is good. F igs.4aand4b  show the scattering spectrum from vanadium and 

methyl alcohol in which elastic peaks are clearly separable from the in

elastic region and background.

Fig.4a

Scattering from vanadium on detector at 45*.

Fig. 4b

Scattering from methyl alcohol on detector at 45*.
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4. D A T A  A N A LY SIS  A N D  P R E S E N T A T IO N

The method of simultaneous measurement of the scattered neutrons at 

several scatter angles has obvious advantages. To make full use of these 

advantages, a careful inter-calibration of the various detector efficiencies 

is required. The incoherent elastic scattering of vanadium metal has been 

employed for this purpose. For the present low neutron energies the Debye- 

Waller factor for room temperature vanadium deviates by only 2%  (for 

90° scatter) from unity. Hence the near isotropic elastic scattering provides 

a simple method for comparison of the detector efficiencies.

The standard lin diam. 70 cm  hydrogen pressure-enriched B^°Fg 

filled proportional counters have stable and consistent efficiencies and the 

variation of the efficiency with neutron energy has been calculated from 

their known filling and geometry.

The incident time-of-flight and spectrum shape is conveniently obtained 

using the two monitors in the incident beam. The second is placed at the 

same distance from this sample as the detectors and so gives a clear picture 

of the time distribution of the incident neutrons as it would appear at the 

detectors. The first monitor is also used to measure the incident beam- 

integrated flux. Assuming the scattering cross-section of vanadium the 

results for other scatters may be evaluated as absolute differential cross- 

-section.

Experimental results as counts per channel versus channel number are 

normally converted by the computer programme to units more useful for 

analysis. For example counts corrected for background, can scatter and 

detect efficiency variation or the cross-section for a given process. In 

the case of single crystal work the computer will find the position of the 

phonon peaks and evaluate errors.

5. C O N C L U S IO N S

An instrument has been described which provides information on the 

scattering of neutrons of long wavelength over a wide range of scattering 

angles. Certain experiments using neutrons of wavelength greater than 6 A  

are made possible by the increase in flux available using a liquid hydrogen 

source. The out-of-pile apparatus has proved very reliable; servicing and 

routine maintainance being confined entirely to reactor shut-down periods 

allowing continuous operation of the machine at other times.

Certain improvements are planned. The design and manufacture of a 

rotor with slots cut to an Archimedes spiral is under way. A  rotor tank 

is seen to be installed which will allow the sample to rotor tip distance to 

be reduced to less than 3 in. Both these modifications will improve the reso

lution of the machine. The addition of several more detectors is also planned.
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D I S C U S S I O N  

D . W .  CONNOR: I have two questions:

(a) What is the length of your bismuth single-crystal filter?

(b) Have you any transmission data for this filter?

S. J. COCKING: Our bismuth filter is 4 in long. I have the results of 

transmission measurements made at various selected neutron energies and 

will let you have them privately.
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Abstract — Résumé — Аннотация — Resumen

INSTALLATION FOR STUDYING THE SCATTERING OF COLD NEUTRONS. Using the pulsed fut reactor 

in the Joint Institute ior Nuclear Research, an installation was set up to investigate the spectrometry of cold 

neutrois. The moderator, adjoining the reactor reflector, and the beryllium filter were at the temperature 

of liquid nitrogen. The scatterer, located at a distance of about 0. 6 m from the moderator, was irradiated 

by flashes of cold neutrons, whose duration was determined by the lifetime of the neutrons in the moderator 

and the dispersion of the times-ot-flight over a distance of 0. 6 m. The frequency of the flashes was 8/s. 

The steep beryllium edge of the spectrum, lying around 200 ps, was used for spectrometry in the quasi-elastic 

range. The energy of the scattered neutrons was determined by the time-of-flight over the distance between 

scatterer and detector, which was about 10 * 40 m.

ZnS + 0¡, scintillation detectors with surfaces of 300 and 2 000 cm? were used and the efficiency, for

fast neutrons, was about 60%

INSTALLATION POUR L'ETUDE DE LA DIFFUSION DES NEUTRONS THERMIQUES. A l'aide du réacteur 

à flux pulsé de neutrons rapides de l'Institut unifié de recherches nucléaires, les auteurs ont mis au point 

une installation pour la spectrométrie des neutrons thermiques. Le ralentisseurcontigu au réflecteur du réac

teur et le filtre de béryllium sont maintenus à la température de l'azote liquide. Le diffuseur, placé à en

viron 60 cm du ralentisseur, est irradie par une bouffée de neutrons thermiques dont la durée est déterminée 

par la vie moyenne des neutrons dans le ralentisseur et par l'étalement des temps de vol nécessaires pour 

parcourir la distance de 60 cm. La fréquence des bouffées est de 8/s. Pour la spectrométrie dans la région 

quasi-élastique, on utilise la bande en bordure du spectre qui correspond au béryllium et s'étale sur environ 

200 ps. -L'énergie des neutrons diffusés est déterminée par la durée du parcours entre le diffuseur et le détecteur. 

Les auteurs ont utilisé des détecteurs à scintillation à ZnS + ^B^Og ayant des surfaces de 300 et 2 00Ó cm^ 

et dont l'efficacité à l'égard des neutrons thermique: est d'environ

УСТАНОВКА ДЛЯ ИЗУЧЕНИЯ РАССЕЯНИЯ ХОЛОДНЫХ НЕЙТРОНОВ. На базе импульсного быстрого реактора

ватель-детектор,составляющего 10- 40м . Используются сцинтилляционные детекторы на основе 

ZnS +  ву О э  площадью 300 и 2000 см2 и эффективностью к тепловым нейтронам около 60%.

INSTALACIÓN PARA ESTUDIAR LA DISPERSIÓN DE NEUTRONES FRÍOS. En el reactor rápido pulsante 

del Instituto Central de Investigaciones Nucleares se instaló un espectrómetro para neutrones fríos. El modera

dor, contiguo al reflector del reactor, y el filtro de berilio se mantienen a la temperatura del nitrógeno lí

quido. El difusor, situado a unos 0,6 m del moderador, se irradia con ráfagas de neutrones fríos, cuya duración 

se determina em función de la vida de los neutrones en el moderador y de la dispersión de los tiempos de 

vuelo en una distancia de 0,6 m. La frecuencia de las ráfagas es de 8 por segundo. Para la espectrometría 

en la región cuasielástica, se utiliza la variación brusca del espectro del berilio, que es de unos 200 t*s. La 

enetgía de los neutrones dispersados se determina por el tiempo de vuelo en la distancia que media entre 

el difusor y el detector, a saber, 10 a 40 m. Los autores utilizan detectores de centelleo a base de ZnS + **B 2O,, 

de una superficie comprendida entre 300 y 2000 cm?, y cuya eficacia respecto de los neutrones térmicos, 

es del orden de 60%

119
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В настоящее время исследования нейтронных спектров, возни

кающих при рассеянии холодных нейтронов, ведутся, как правило, 

на обычных реакторах непрерывного действия. Основная трудность 

таких экспериментов заключается в малой интенсивности рассеянно

го пучка холодных нейтронов. В настоящем сообщении описывается 

установка для измерений с холодными нейтронами, использующая 

импульсный реактор на быстрых нейтронах (ИБР)Лаборатории ней

тронной физики объединенного Института ядерных исследований.

Эта установка позволяет получать поток холодных нейтронов, 

обеспечивающий интенсивность рассеянного пучка во много раз боль

шую, чем на реакторах непрерывного действия с селекторами.

Реактор ИБР установлен в центре зала размерами 10x10 м ,сте

ны и потолок которого служат защитой реактора. Активная зона 

реактора вместе с отражателем и.органами регулирования имеет раз

меры примерно 25x25 см. Реактор генерирует нейтроны периодичес

кими импульсами с полушириной около 36 мксек при частоте повторе

ния 8 ,3  раза в секунду. Средняя тепловая мощность реактора равна

1 квт ; соответствующий средний выход нейтронов 4 ,5x10*^  1 /с е к . 

Малая активная зона ИБРа дает возможность значительно более эф

фективно использовать нейтроны, рождающиеся в реакторе, чем это 

доступно на обычных реакторах на тепловых нейтронах. Импульсное 

выделение мощности приводит к малой величине фона в окружающих 

помещениях во время измерений.

Для вывода нейтронных пучков в защите имеется несколько ка

налов, три из которых в настоящее время заняты установкой для 

опытов с холодными нейтронами.

4500 см

Рис.1

Схема установки для измерений с холодными нейтронами

Схема установки приведена на рис.1. Быстрые нейтроны из ре

актора попадают на замедлитель, имеющий размеры 30x30x5 см^ и 

установленный на расстоянии 5 см от отражателя реактора.

В качестве замедлителя ибпользовался парафин или этиловый 

спирт. Вплотную за замедлителем помещен блок поликристьллическо- 

го бериллия размером 24x12x12 см^, являющийся фильтром холодных 

нейтронов. Расположение бериллия вплотную к замедлителю увели

чивает поток холодных нейтронов в несколько раз по сравнению со
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случаем, когда бериллий находится вдали от замедлителя. Выигрыш 

в интенсивности связан с тем, что бериллий играет роль отражате

ля тепловых и быстрых нейтронов. Холодные нейтроны, для которых 

бериллий прозрачен, выводятся из глубины замедляющего блока "за- 

медлитель-бериллий", где плотность тепловых, а значит и холод

ных нейтронов, существенно выше, чем на краю голого замедлителя 

при отодвинутом бериллии. Расположение фильтра вплотную к замед

лителю повышает примесь тепловых нейтронов, и с этой точки зре

ния оно невыгодно. Эту трудность можно в принципе обойти, оста

вив около замедлителя слой бериллия толщиной в несколько санти

метров и поместив остальную часть фильтра посредине между за

медлителем и образцом.

Как бериллий так и замедлитель находятся в пенопластовом 

криостате, заливка которого жидким азотом производится дистанци

онно из экспериментального зала. Охлаждение замедлителя и бе

риллия до температуры жидкого азота увеличивает в 10  раз интен

сивность холодных нейтронов. Заметим, что при использовании в 
качестве замедлителя этилового спирта интенсивность холодных 

нейтронов возрастает примерно на 30% по сравнению с замедлите

лем из парафина.

За криостатом на оси пучка на расстоянии 60 см от замедли

теля и 35 см от конца бериллиевого фильтра находится платформа, 

на которой расположены образцы. Дистанционно можно вводить в пу

чок холодных нейтронов один из двух образцов и кадмиевую заслон

ку. Последняя прекрывает пучок холодных нейтронов перед образ

цом с целью измерения фона, идущего на детектор.

Криостат и образцы со всех сторон окружены защитой из ка

дмия и карбида бора толщиной 3 см.

Со стороны активной зоны криостат закрыт парафиновой стен

кой для уменьшения фона быстрых нейтронов, идущих на образец. 

В защите криостата имеются три окна, позволяющие пропускать ней

троны, рассеянные на углы 75 и 3 0 " ,  и выводить в эксперименталь

ный зал прямой пучок нейтронов, прошедших через бериллиевый 

фильтр. Нейтроны, рассеянные на образце на угол 7 5 ° ,  проходят 

по коллимационной трубе, окруженной карбидом бора и кадмием и 

вакуумированной до ^  1 мм р т .с т . ,  через защитную стену зала ре

актора в экспериментальный зал, где расположен детектор. Пролет

ная база от образца до детектора 10- 45  м. Для защиты детектора 

от прямого пучка нейтронов и -y-лучей в зале реактора помещены 

свинец и парафин с бором.

Для регистрации нейтронов используется сцинтилляционный де

тектор на основе смеси ZnS (Ag) + В^Од (сцинтиллятор Т- 1).

Сцинтиллирующий порошок обладает наибольшей эффективностью 

для регистрации тепловых нейтронов при размере зерен 3 0 0 - 5 0 0  мк. 

Плоский слой такого порошка толщиной 0 ,7  мм (поверхностная плот

ность ^  80 мг/см^) имеет эффективность к тепловым нейтронам 20% 

при эффективности к y-лучам Со°° ^  1 0 '* % . Благодаря большому све

товому выходу сцинтиллятора все захваченные бором нейтроны ре

гистрируются - интегральная характеристика детектора имеет плато. 

Чтобы получить большую эффективность, вместо естественного бора
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был использован бор, обогащенный изотопом до 90%. Эффектив

ность этого детектора к тепловым нейтронам 50%.

В настоящее время на установке используются два детектора 

с ZnS (Ag) +  В^°0з-  При работе на длине пролета рассеянных ней

тронов ^  10  м используется детектор площадью 300 см^, собранный 

на одном фотоумножителе с диаметром фотокатода 200 мм (рис . 2 а ) . 

Мри больших пролетных базах используется детектор площадью 

2000 см^ (ри с . 2 б ) ,  в котором при наличии воздушного световода 

четыре фотоумножителя включены в 'схему отбора совпадений.

Рис. 2

а) Схема детектора площадью 300 см^

б) Блок-схема детектора площадью

2000 см2 ;

1 - сцинтиллятор;

2 - фотоумножитель;

3 - катодный повторитель;

4 - двухканальный сумматор и усилитель;

5 - дискриминатор;

6 - временной анализатор;

7 - блок высокого напряжения;

8 - схема совпадений;

9 - световод и отражатель света.

Схема совпадений уменьшает чувствительность детектора к 

-у-лучам, вызывающим сцинтилляции непосредственно в фотоумножи

телях, а также к шумам ФЭУ. Эффективность этого детектора к те

пловым нейтронам всего лишь на 10% хуже, чем у детектора, в ко

тором ФЭУ работают в непосредственном контакте со сцинтиллятором.
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Одним из первых предварительных опытов на установке явилось 

изучение энергетического распределения пучка нейтронов, прошед

шего фильтр.

« х ш
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Рис.З

Спектр нейтронов после бериллия, измеренный 

на расстоянии ^  16 м от криостата.

Нижняя кривая - фон.

На рис.З представлен спектр нейтронов после бериллия, из

меренный на расстоянии 16 м от криостата при помощи 256-канальнсго 

временного анализатора. Как видно из рисунка, отношение эффекта 

к фону в области холодных нейтронов составляет 100 : 1 , хорошо 

разрешены кристаллографические плоскости ( 1 0 0 ) ,  ( 1 0 0 ) и ( 0 0 2 ) .

Видно также существование довольно большой компоненты тепло

вых нейтронов ( около 20% от холодных нейтронов). Ввиду большого 

просачивания тепловых нейтронов,описываемая установка в ее ны

нешнем виде мало пригодна для изучения неупругого рассеяния хо

лодных нейтронов и используется в настоящее время для изучения 

квазиупругого рассеяния на жидкостях.

Для определения основных характеристик установки использо

вался образец ванадия толщиной 6 мм и рабочей площадью 70 см^. 

На рис.4 представлен спектр нейтронов, упруго рассеянных на ва

надии на угол 7 5 ° ,  снятый при помощи Детектора площадью 2000 см^ 

и 256-канального временного анализатора с шириной канала 64 мн/oat. 

Расстояние от образца до детектора 45 м. В максимуме пика холод

ных нейтронов мы имели 4 отсчета/мин-64 мксек. Отношение эффек

та к фону 3 : 4 .

Временная полуширина наклона бериллиевой границы достигает 

100 мксек, т .е . разрешающая способность установки в области энер-
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Рис .4

Спектр нейтронов^ упруго рассеянный на ванадии.

Расстояние от образца до детектора 45 м.Ши

рина канала временного анализатора 64 мксек.

Провал на кривой, отмеченной стрелкой, связан 

с наличием образца алюминия торщиной 6 мм на 

пути пучка.

гии 0 ,0 0 5  эв равна 0 ,5 % .  Наблюдаемый наклон бериллиевой границы 

в основном обусловлен временем жизни тепловых нейтронов в замед

лителе .

Как видно из приведенных результатов, ИБР является перспе

ктивной установкой для исследований с холодными нейтронами. По

ток рассеянных нейтронов, полученный на описываемой установке, 

примерно в 10  раз больше при разрешающей способности в области 

холодных нейтронов в 5 - 1 0  раз лучшей по сравнению с другими ана

логичными установками, работающими на реакторах с постоянной 

мощьностью.

D I S C U S S I O N

B .W .  B R O C K H O U S E : What is the 0 .5 %  resolution you quote? Is this 

in wavelength ?

J. JANIK : Yes. It comes from the width of the beryllium cut-off, as 

measured with vanadium.

W .  W H IT T E M O R E : What were the specifications of the moderator and 

what is its length in the beam direction?

J. JANIK: The dimensions are given in the paper: 30 cm X 30 cm X5 (R% 

The length in the beam direction is 5 cm. We used paraffin, but experiments 

were also done with solid C H 3O H  and as a matter of fact we think there is 

some increase in intensity with methyl alcohol.

W .  W H I T T E M O R E : What is the pulse length of the filtered beam  for 

thermal neutrons?

J. JANIK : It is about 120 ps - about five times longer than the fast— 

neutron pulse.
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H . P A L E V S K Y : I don't understand why you say the resolution is five 

times better than for a cold-neutron facility. Your burst time is 120 ¡us , 

as compared to 20 ps for chopper systems, but your flight path is 45 m  and 

with choppers it is 5 m . Neglecting detector uncertainty you should, there

fore, have a factor of (20/120) X  (45/5) = 1 .5  times better than chopper 

systems.

B .W .  B R O C K H O U S E : If the 0 .5 %  wavelength resolution quoted by 

D r . Janik is correct, then he is also correct in saying the improvement 

is by a factor of five because typical filter-chopper resolutions are about 3%.

H . P A L E V S K Y : Well, 3% is what you get when you use a thick BFg 

counter because the resolution is all in the time-of-flight of the neutrons 

oyer the detector; using a scintillation counter the resolution is down to 

about 1 % .

J. JANIK : Perhaps thefactorof five is over-estimated; however, the 

very thin scintillation detectors we used give some improvement as com 

pared with "conventional" apparatus.

W . K L E Y : Might I suggest that the rather large thermal contamination 

you have with such a device could be avoided by using better collimation and 

a thermal neutron rotor phased with the reactor pulse?

J. JANIK: W e  are planning to do just that.
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Abstract — Résumé — Аннотация — Resumen

A DOUBLE SLOW NEUTRON SPECTROMETER. The neutron spectrometer described in the paper is in

tended for measurements of the angular and energy distribution of monochromatic slow neutrons, inelasti- 

caily scattered by liquid and solid bodies. Experiments of this type permit detailed information to be obtained

The neutrons scattered by the sample are recorded by a scintillation detector set at a given angle to the neutron 

beam. The resolving power of the spectrometer is - 15 ps/m.

The paper gives a detailed description of the construction of the spectroscope and its characteristics.

SPECTROMÈTRE DOUBLE POUR NEUTRONS LENTS. Le spectromètre neutronique décrit dans le mémoire 

est destiné à mesurer la distribution en énergie, la distribution angulaire et la diffusion inélastique des neutrons 

lents monochromatiques dans des liquides et des solides. Les expériences de ce genre permettent d'obtenir 

des renseignements détaillés sur la dynamique des atomes dans de divers états de la matière.

Le spectromètre est fondé sur la mesure du temps de vol. Comme source puisée de neutrons on a utilisé 

le réacteur IBR-1. Le système monochromateur était constitué par un interrupteur mécanique en rotation 

synchronisée avec celle du disque du réacteur IBR, avec un déphasage déterminé. Un dispositif spécial de 

déphasage assure la stabilité de la phase à 0,5" près. La diffusion des neutrons par l'échantillon est enregistrée 

3 l'aide d'un détecteur à scintillations disposé sous un angle déterminé par rapport au faisceau de neutrons. 

Le pouvoir de résolution du spectromètre est d'environ 15 ps/m.

Les auteurs décrivent en détail la construction du spectromètre et donnent des indications précises sur 

ses caractéristiques. s

ДВОЙНОЙ СПЕКТРОМЕТР МЕДЛЕННЫХ НЕЙТРОНОВ. Описываемый в докладе нейтронный спектрометр пред-

ESPECTRÓMETRO DOBLE PARA NEUTRONES LENTOS. Los autores describen un espectrómetro neutró- 

nico destinado a la medición de las distribuciones energéticas y angulares de neutrones monocromáticos len

tos, dispersados inelásticamente en Ilíquidos y sólidos. Los experimentos de esa índole permiten obtener infor

mación detallada sobre la dinámica de los átomos en distintos estados de agregación de la materia.

El espectrómetro se basa en la medida del tiempo de vuelo. Como fuente pulsante de neutrones se 

emplea el reactor IBR-1. Actúa como monocromador un interruptor mecánico, que gira sincrónicamente 

con el disco del reactor IBR con ün defasaje prefijado. Mediante un sistema especial de regulación se obtiene 

una estabilidad de fase superior a 0,5*. Los neutrones dispersados por la probeta se registran con un detector

127
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de centelleo colocado en un ángulo determinado con relación al haz neutrónico. Bí poder de resolución del 

espectrómetro es del orden de los 15 ps/m.

Los autores describen en detalle la construcción del espectrómetro y proporcionan indicaciones precisas

ВВЕДЕНИЕ

Изучение угловой и энергетической зависимости медленных ней

тронов, неупруго рассеянных жидкими и твердыми телами позволяет 

получить детальную информацию о динамике атомов в жидких и твер

дых телах L 2 ,3 j .  Проведение экспериментов по определению дважды

дифференциальных сечений рассеяния ^  ' сопряжено с большими .
сШ аЕ

трудностями, связанными с необходимостью получения интенсивного 

импульсного пучка монохроматических нейтронов. Измерение указан

ной величины стало возможным только в последние годы, когда раз

витие техники спектрометрии медленных нейтронов по времени про

лета достигло такого уровня, который позволил создать т .н ."дв ой 

ные спектрометры", позволяющие осуществить анализ (.по времени 

пролета) энергии нейтронов как падающих на образец, так и рас

сеянных им под данным углом.

В настоящее время уже созданы первые установки такого типа 

[ .2 ,3 ] . Они рассчитаны на работу на пучках нейтронов, выходящих 

из реакторов постоянной мощности. Для получения импульсного пуч

ка нейтронов в этих установках служат специальные прерыватели 

(вращающийся кристалл, механический прерыватель). Эти устройства 

на 2-3 порядка снижают интенсивность нейтронного пучка.

Описываемый ниже двойной спектрометр расчитан для работы на 

импульсном источнике нейтронов. В нашем случае таким источником 

является импульсный реактор на быстрых нейтронах (И Б Р ). Он поз

воляет создать сравнительно простой по конструкции прибор, обла

дающий высокой светосилой и хорошим разрешением при малом уровне 

фона. Последнее обстоятельство обусловлено тем, что во время 

регистрации нейтронов мощность реактора равна нулю.

Анализ энергии нейтронов, падающих на образец,производится 

по времени пролета от замедлителя ( расположенного у активной зо

ны реактора),до механического прерывателя. Анализ энергии ней

тронов, рассеянных на образце, осуществляется по времени пролета 

от образца до детектора, расположенного под заданным углом. -

I I .  ОПИСАНИЕ УСТАНОВКИ

Схема описываемой установки представлена на рис.1 .

В активной зоне реактора (1 ) генерируются короткие импульсы 

быстрых нейтронов. Эти нейтроны замедляются в слое парафина (11 ). 

Вышедшие из парафина медленные нейтроны, проходя через коллими

рующие устройства ( 2 ) ,  (3 ) и ( 4 ) ,  попадают на ротор (5 ) механи

ческого прерывателя, который может/ быть установлен на расстоянии 

8 ,5  - 14 м от светящейся поверхности ИБРа. В зависимости от за

данного сдвига по отношению к моменту импульса мощности реактора,
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Рис.1

Общая схема установки:

1 — реактор ИБР; 2 и 3 — коллиматоры; 4 — конусные колли

маторы; 5 — ротор мех.прерывателя; 6 — образец;7 — ловуш

ка; 8 — детектор; 9 — бетонный домик; 10 — 256-канальный 

анализатор; 1 1  — парафиновая кассета.

ротор пропускает только нейтроны определенной энергии Ео i Æ n . Эти 

монохроматические нейтроны рассеиваются на образце ( 6 ) ,  установ

ленном за ротором на расстоянии 25 см от его центра, и регистри

руются под определенном углом б детектором ( 8 ) .  Энергия рассеян

ных нейтронов определяется по времени пролета при помощи 256-ка- 

нального временного анализатора ( 1 0 ) .

Детектор может быть расположен на расстоянии 3 - 10 м от образца 

под углом 10 - 155° к направлению нейтронного пучка.

Импульсный источник нейтронов

Реактор ИБР может генерировать нейтронные импульсы либо при 

каждом прохождении подвижной части активной зоны через неподвиж

ную часть, либо при каждом десятом прохождении. Спектрометр рас

считан на работу в последнем режиме. При этом частота следования 

импульсов 500 имп/мин. Длительность импульса — 36 мксек (по

луширина) . Форма импульса приведена в работе I 1 J. Средняя интен

сивность нейтронов при мощности 1 квт , на которой обычно рабо

тает реактор, составляет 4 ,5 *10 ^^  нейтр/сек. Размер активной зо

ны 4 0 x 4 5  см 2 .Парафиновая кассета, используемая в качестве замед

лителя, имеет толщину 5 см. Форма нейтронного импульса после за

медления приведена ниже.
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Механический прерыватель

Механический прерыватель представляет собой систему из двух 

конусных коллиматоров, ротора с двигателем постоянного тока и 

фазирующего устройства. Ротор механического прерывателя имеет 

вертикальную подвеску и вращается синхронно с основным диском 

ИБРа с определенным сдвигом фазы. Частота вращения ротора может 

быть равной, либо кратной (п= 1 ,2 ,4 )  частоте следования импуль

сов мощности реактора, т .е .  ротор может вращаться со скоростями 

5 0 0 ,  1 0 0 0 , и 2000  об/м ин . Вращение осуществляется двигателем 

постоянного тока типа 4 МИ-12С (р  = 1 ,3 5  вт, n = 5300  об /м ин , 

= 1 1 0 6 , 1 д = 16а , ивозб = *̂ 6 в ) ,  питаемым от двух селеновых

выпрямителей типа ВСА-111А. Схема питания предусматривает дли

тельную работу двигателя. Скорость вращения ротора может менять

ся путем изменения напряжения, подаваемого на обмотку якоря.

В настоящее время работы ведутся в интервале энергий моно

хроматических нейтронов 0 ,0 2  — 0 ,3  эв. Для работы в этой области 

энергий используется ротор № 1 с параметрами, приведенными в 

т а бл .1 . Щели ротора сдвинуты по отношению к его оси так, что за 

один оборот ротор пропускает только одну пачку нейтронов. Функ

ция пропускания ротора, рассчитанная по формулам из работы ) 4 ] ,  

представлена на р и с .2 .

Рис .2

Функция пропускания ротора при n = 1000 об/мин.

Для проведения исследований с монохроматическими нейтронами, 

лежащими вне указанного выше интервала энергий, будут использо

ваться роторы другой конструкции.

Параметры этих роторов также приведены в т а б л .1 . Ротор №2 

предназначен для работы с нейтронами, имеющими энергии в области

0 ,0 0 1  — 0 ,0 2  эв , ротор №3 — для работы в области выше 0 ,3  эв.

Конструкция механического прерывателя предусматривает быструю 

взаимозаменяемость роторов.



Таблица 1

Ширина

щели,

мм

Радиус 

кривиз

ны, м

Размер 

пакета, 

мм 2

Коллиматор

№ ро

тора

Диаметр,

мм

К-во

щелей

Форма

щели
Материал Консу-

ность

щели

Мате

риал

1 200 1 ,5 31
Прямо

угольная
- 100 X 100 Гетинакс 46' Никель

2 200 1 ,5 31
Изогнутая 

по радиусу
3 100 X  100 Гетинакс 4б' Никель

3 200 0 ,5 65
Прямоуголь

ная
- 100 X 100 Гетинакс 46' Никель
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Система фазировки

Важной характеристикой спектрометра является точность под

держания заданной разности фаз между роторами прерывателя и им

пульсами мощности реактора. В описываемом спектрометре синхро

низация вращения ротора и его фазировка осуществлялась с помощью 

специальной системы стабилизации оборотов и фазировки.

Для стабилизации оборотов питание двигателя осуществлялось 

через электромашинный усилитель ЭМУ-12А. Напряжение на обмотку 

возбуждения электромашинного усилителя подается с тахогенерато- 

ра, укрепленного на одной оси с ротором прерывателя. В качестве 

тахогенератора используется сельсин СЛ-221. Осуществленная таким 

образом обратная связь обеспечивает достаточную стабильность обо

ротов ротора.

Дальнейшая стабилизация оборотов и фазирование ротора произ

водится с помощью следующей системы. На одном валу с ротором ус

тановлен текстолитовый диск диаметром 200 мм, по окружности ко

торого расположены 32 равномерно отстоящих друг от друга усечен

ных пермаллоевых сектора. Длина каждого сектора составляет 30 мм, 

угол 3 , 6 " .  Угловое расстояние между центрами роторов — 1 1 ,2 5 " .  

*4 электромагнита, расположенные под 90" друг по отношению к дру- 

гу , установлены таким образом, что пермаллоевые сектора при вра

щении диска поочередно проходят между полюсами этих магнитов. 

На обмотки электромагнитов подаются импульсы тока с частотой.в 

32*п-раза (п = 1 ,2 ,4 )  превышающей частоту повторения импульсов 

мощности реактора. Длительность импульсов тока выбрана таким об

разом, что при вращении ротора с заданной кратностью относитель

но частоты следования импульсов мощности, она равна времени про

хождения пермаллоевого сектора между полюсами электромагнита. 

Если ротор вращается с такой скоростью и фазой, что пермаллоевые 

сектора проходят через полюса магнитов как раз в момент подачи 

импульса тока, то система практически не влияет на скорость вра

щения ротора. Если же ротор начинает отставать по фазе, пермал

лоевые сектора в момент импульса тока не будут находит ься точно 

между полюсами магнитов. Вследствие этого в момент импульса тока 

на ротор будет воздействовать дополнительный крутящий момент. 

Под действием этого момента разность фаз между прохождением пер

маллоевых секторов через полюса электромагнитов и моментами по

дачи импульсов тока будет уменьшаться и в конце концов обратится 

в нуль. То же будет происходить и при опережении фазы. Таким об

разом описанная система в принципе обладает свойством автофази- 

ровки.

Можно показать, что путем соответствующего подбора парамет

ров системы может быть обеспечен устойчивый режим автофазировки, 

при котором любой сдвиг фазы, не превышающий некоторую заданную 

величину, автоматически сводится к нулю затухающими колобаниями 

фазы вокруг нулевого значения. Ясно, что предельная величина 

сдвига фазы не может превышать половины углового расстояния меж

ду центрами секторов (в нашем случае 5 . 6 2 " ) .  В нашем случае пре
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дел автоматической регулировки фазы определялся именно этой ве

личиной .

Для того , чтобы можно было осуществить фазирование ротора 

по отношению к импульсам мощности реактора, на одном валу с ос

новным диском ИБРа устанавливался дюралюминиевый диск, на по

верхности которого было нанесено 128 равномерно отстоящих друг 

от друга магнитных рисок. Рядом с диском устанавливался магнит

ный датчик, импульсы с которого, после соответствующего пересче

та, подавались через блок задержки и усилитель мощности на элек

тромагниты системы фазировки.

Блок задержки позволяет осуществлять сдвиг фазы ротора от

носительно импульсов мощности реактора до 4 мсек с шагом 32 мксек. 

Большие времена задержки осуществляются с помощью перехода от 

одного пермаллоевого сектооа к доугому.

Используемая система автофазировки позволяет корректировать 

фазу 32 раза за один оборот ротора, что'позволяет обеспечить вы

сокую стабильность фазы. Точность фазировки при использовании 

данной системы определяется точностью изготовления диска и уста

новки электромагнитов. Принципиальным в описанной выше системе 

фазировки являются многократная коррекция фазы за один оборот 

ротора("умножение") и прямая импульсная электрическая связь вала 

ИБРа с валом ротора.

Детектор

В выполненных к настоящему времени методических измерениях 

использовался детектор состоящий из 36 борных счетчиков типа 

СНМО-5, расположенных в два ряда. Счетчики были разбиты на группы 

по 4 штуки в каждой. С помощью несложной радиосхемы емкости от

дельных групп счетчиков были разделены. Применение этой схемы 

включения значительно улучшило характеристики детектора по срав

нению с обычным параллельным соединением счетчиков. Площадь де

тектора 1600 CM^. Эффективность к нейтронам с энергией 0 ,0 3  эв 

^  25%. В дальнейшем спектрометр будет работать со сцинтилляцион- 

ным детектором L5].

Защита

Для снижения фона нейтронов, рассеянных от стен помещения и 

окружающих предметов, ротор и образец окружены защитой из Кад

мия и смеси парафина с карбидом бора. Детектор помещен в спе

циальную бетонную защиту, а в непосредственной близости счетчи

ки с 4-х сторон закрыты кадмием и экраном из борного парафина. 

Стенки канала в бетонной эа,щите, ведущего к детектору, выложены 

изнутри кассетами из борного парафина.

3 .  ХАРАКТЕРИСТИКИ СПЕКТРОМЕТРА

В приближении треугольной формы импульса быстрых нейтронов 

проведен расчет формы импульса тепловых нейтронов. Результаты
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Рис.З

Форма импульса тепловых нейтронов реактора ИБР 

(расчетная кривая).

расчета представлены на рис.З. Ширина импульса тепловых нейтронов 

на половине высоты составляет 135 мксек.

Измерение характеристик спектрометра проведено на пролетной 

базе от источника тепловых нейтронов до прерывателя 11 м . Про

летная база от ротора до детектора равнялась 5 ,3  м .

На рис .4 приводится форма спектральной линии, спектрометра 

при скорости вращения ротора механического прерывателя n = 500 

об/мин. Длительность нейтронного импульса ротора равна 150 мксек 

на половине высоты. Ширина канала анализатора 80 мксек. Сдвиг 

фазы выбран так, что энергия монохроматических нейтронов 

Е „=  0 ,0 3  эв.

Для сравнения на этом же рисунке представлена расчетная фор

ма спектральной линии. При расчете не учтены настабильность фа

зы, расходимость пучка нейтронов и конечные размеры детектора. 

Ширина на половине высоты расчетной кривой составляет 290 мксек, 

что находится в удовлетворительном согласии с экспериментальным 

значением 330 мксек. Уширение спектральной линии обусловлено в 

основном нестабильностью фазы.
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Рис. 4

Экспериментальная и теоретическая формы спектральной линии.

На рис .5 приведены спектральные линии для оборотов ротора 

n = 1000 об/мин и n = 2000 об/мин.

Характеристикой работы системы фазировки являются приведен

ные на рис.6 кривые W = W ( t " t , )для оборотов ротора n = 500 об/мин 

И .п = 2000 об/мин. (W — вероятность регистрации фазы <p(t); t — 

время между стартовыми импульсами ИБРа и ротор а ).

Ассиметрия кривых вызвана тем. что система Фазировки соз

дает на валу кроме фазирующего момента сил постоянный ускоряющий 

или тормозящий момент сил (из-за несовершенства системы синхро
низации) .

Расчетная интенсивность монохроматических нейтронов, падаю

щих на образец, равная <\- Ю^нейтр/сек хорошо согласуется с экспе- 

периментальными значениями, приведеными ниже.

В табл.2 приведены экспериментальные характеристики спектро

метра, пересчитанные для случая, когда пролетные расстояния на 

1 -м и 2-м плечах спектрометра равны 10 м .



Рис .5

Форма спектральной линии:

n = 1000 об/мин Li = 11 м Lg = 5 , 3  м 

n = 2000 об/мин Lg = 10 м Lg = 3 ,5  м

Рис .6

Функция фазировки для оборотов ротора 

n i  = 500  об/мин и ng = 2000 об/мин.
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ВЫВОДЫ

Исследование характеристик спектрометра показало, что он дает 

хорошие возможности для изучения динамики атомов в различных 

агрегатных состояниях вещества. На спектрометре намечено осу

ществить программу по изучению физики твердого тела и жидкостей.

Для улучшения характеристик спектрометра проводится работа 

по увеличению интенсивности монохроматических нейтронов, сниже

нию фона, совершенствованию системы регистрации и дальнейшему 

улучшению фазировки.

В заключение авторы выражают благодарность А .И . ЛейПунскому 

и Ф .Л . Шапиро за внимание к работе и ценные советы; П .С . Клемы- 

шеву, спроектировавшему механическую часть прибора.и Н .П . Карло

ву — за разработку системы стабилизации оборотов.

Таблица 2

n Atp At А<р Зи т

об/мин мксек/м мксек/м град нейтр/сек мксек

500 30 17 0 ,2 ^  4-10S 80

1000 20 9 0 ,2 7 ^2- 10^ 32

2000 14 4 ,6 0 ,3 ^  1QS 16

n - число оборотов в минуту;

Ato - полуширина спектральной линии, формируемой ротором на

1-й пролётной базе (монохроматизация нейтронов, пада

ющих на образец);

At - полуширина функции разрешения на 2-й пролётной базе;

Аср - полуширина функции фазировки;

2?м - интенсивность монохроматических нейтронов на образце

для наиболее вероятной скорости спектра замедления; 

т - ширина канала анализатора.
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Abstract — Résumé — Аннотация — Resumen

THE TRANSMISSION OF TH ERM AL NEUTRONS TH R OU G H  A LARGE SINGLE C R YST A L  OF BISM UTH  

AT LIQUID NITROGEN TEMPERATURE. The transmission of a bismuth Alter, at the temperature of liquid

the transmitted intensity is about 3 0%  of the expected value. In the range from 6 meV to lower energies, 

the transmission is of the order of 60 - 70% .

A cadmium ratio of 5000 "was measured. The actual cadmium ratio mav still be higher since the measure

ment was not made with a really fast neutron collimator. In spite of manv coherent dips in the transmission

TRANSPARENCE AUX NEUTRONS THERMIOUES D 'UN  GRAND MONOCRISTAL DE BISMUTH A LA T E M 

PERATURE DE L 'AZOTE  LIQUIDE. On a mesuré la transparence d'un filtre de bismuth, à la température

Dans la gamme d'énergie de 25 à 10 m eV . l'intensité transmise représente environ 30%  de la valeur prévue. 

Dans la gamme d'énergie inférieure à 5 m e V , la transparence est de l'ordre de 60 à 70% .

On a mesuré un rapport cadmium de 5000. Il se peut que le véritable rapport cadmium soit encore plus 

élevé, du fait qu'il n'a pas encore été mesuré au moyen d'un collimateur spécialement conçu pour les neutrons 

rapides. Malgré un grand nombre d'inflexions cohérentes dans la courbe de transparence, le rendement du ñltre 

est assez satisfaisant pour la production d'un faisceau de neutrons thermiques qui soit pratiquement libre de 

neutrons rapides et de rayons gamma. Le mémoire examine les applications possibles d'un faisceau de neutrons 

filtrés. ; '

ПРОПУСКАНИЕ ТЕПЛОВЫХ НЕЙТРОНОВ ЧЕРЕЗ КРУПНЫЙ МОНОКРИСТАЛЛ ВИСМУТА ПРИ ТЕМПЕРАТУРЕ ЖИДКОГО

TRANSMISIÓN DE NEUTRONES TERMICOS A TRAVES DE UN  MONOCRISTAL DE BISM UTO DE GRAN  

T A M A Ñ O  A LA TEMPERATURA DEL HIDRÓGENO LIQUIDO. Se midió la transmisión por,un filtro de bismuto, 

a la temperatura del nitrógeno liquido, utilizando un periódico lento y una trayectoria de 5 ,4  m . El filtro
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fabricante, cada "monocristal" estaba formado por un máximo de tres a cuatro columnas de monocristales. 

En el intervalo de energías comprendido entre 25 y 10 m eV , la intensidad transmitida es de alrededor del 

30%  del valor esperado. Entre 5 m eV y energías mas bajas, la transmisión es del orden del 60 - 70%.

Se midió una razón de cadmio de 5 000. La razón de cadmio efectiva puede ser aún más elevada, ya 

que las mediciones no se han efectuado con un verdadero colimador de neutrones rápidos. A  pesar de muchas 

inflexiones coherentes en la curva de transmisión, el rendimiento del filtro es bastante satisfactorio para la 

producción de un haz de neutrones térmicos prácticamente libre de neutrones rápidos y de rayos gamma. En

I. IN TR O D U C TIO N

In the last four years a new type of filter consisting of large single 

crystals has been used by B R O C K H O U S E  [1] and L O W D E  [2].These filters 

are operated at low temperature and they pass preferentially low energy 

neutrons, so a thermal neutron beam is produced which is comparatiyely 

free from fast neutrons. An attenuation of resonance and fast neutrons down 

to IO"* was reported. Thus, this type of filter ought to be considered since 

it would help to suppress background which surely facilitates many beam 

hole experiments.

For the understanding of the function of these filters, we have to con

sider ail the effects that lead to an attenuation of the thermal neutron beam 

by passing through a single crystal. The diverse cross-sections are :

(1) Neutron capture,

(2) Incoherent scattering,

(3) Paramagnetic scattering,

(4) Imperfections in the crystal which give rise to incoherent scattering,

(5) Laue-Bragg scattering,

(6) Thermal diffuse scattering.

From  this list it is clear that one has to choose a material which does 

not capture the neutrons nor gives rise to incoherent scattering. For a few 

materials there are rather good single crystals available which also do not 

show any considerable paramagnetic scattering. W e  therefore have to con

sider in the discussion only the last two cross-sections, namely the Laue-Bragg 

and the thermal diffuse scattering. Since only a few Laue-Bragg peaks should 

show up in a large single crystal (which may consist of a few single crystals^ 

the neutron spectrum should not be obstructed too badly. They take out a 

few narrow bands which can be neglected for all practical purposes.

A  great part of the loss of intensity arises from the inelastic coherent 

and incoherent scattering which covers a large energy range and therefore 

has an important effect on the shape of the spectrum. These cross-sections 

depend very strongly on temperature and this effect can be used to generate 

high transmission through a crystal.

The thermal diffuse scattering cross-section can be estimated by :

't h

diffuse 6
scattering

elastic g elastic

coherent incoherent } (1)

At short wave length the total elastic scattering can be approximated

by :
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elastic , д elastic _  ̂ total

coherent incoherent scattering/4 K ? W [l- e "^ ^ ^ ]  (2)

with W  = (3 h^/47r^m ^ke)[e(x)/x + 1/4]

and <̂ (x) = 1 /x  ^  § d ̂  /  e -1 .

With (1) and (2) we find the following approximation for the thermal diffuse 

scattering cross-section:

g diffuse ^  . = 8 ^ W /X ^  6 ^  .
th scattering ' scattering.

In Table I we have listed all the important figures for a comparison of the 

various filter materials being in use now :

TABLE I

C O M P A R ISO N  O F  VARIOU S  F IL T E R  M A T E R IA LS

Materiel
^ abs 

(mb)

6 scattering 

(b)

W(295'K)

[cm^]

W(77° K) 

[cm^]

W(295') 

W(77° )

6 thdC"*K)

(b)

Bi 34 9 1.48 x 10" 0.416 X 10" 3. 57 2. 9*7/\"

Be 10 7 0.49 X 10^ 0.348 X 1C^ 1. 41 1. 92/X"

SiOg 160 10 1.08 x 10̂ 0.443 X H?" 2.42 3. 5 /X  2

g
^neutron neutron

T
T-y-rays neutrons

T

(cm)
thermal resonance " 2  meV "-*2 meV

Bi 40 0.35 4 .5 X 1 0 '" 3.8x10"** 2.2 X 1(H

Be 14.2 0. 35 4.8 X IO*" 0.356 1.25X 10-2

SiOg 36 0. 35 T X IQ'" 8 .6 x l 0 '3 1.2 x 10̂

In the above table the length of the different filters was chosen in such a 

way that the transmission of thermal neutrons is 35% for all filters.

From  the data of Table I it is obvious that beryllium is the best m a 

terial for the attenuation of resonance neutrons, while for stopping y-rays, 

bismuth is, of course, much more effective. Therefore, the best beam hole 

filter will be a composition of bismuth and beryllium as it was actually used 

by Lowde and his co-workers. The most difficult part is to obtain relative 

large single crystals of beryllium. Quartz is a good filter for resonance 

neutrons, but does not attenuate sufficiently the y -beam that is emerging 

from the beam hole. On  the other hand, the absorption is not negligible for 

low energy neutrons.

The present study of the transmission of single crystals of bismuth was 

performed to check the applicability of such a filter for a double chopper 

facility at Ispra, which is designed for the energy region of 100 M .eV to 

subthermal neutrons. Apart from this, an attempt is being made to discover
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whether the filter can be used for the measurement of very small absorption 

cross-sections by detecting the capture of у -rays. At present, the filter is 

used for a parity experiment using the reaction B e ^ n ,a )a . It is also pro

posed to use the bismuth-filtered beam for routine work to determine the 

graphite content in uranium-graphite pellets.

II. M E A S U R E M E N T S  A N D  E X P E R IM E N T A L  R E S U LT S

The transmission experiments were carried out using a straight slit 

chopper and a flight path of 5 .4  m . The layout of the experimental condi

tions is shown in Fig. 1. The chopper is made out of a stack of aluminium 

and boron plastic plates. This compact rotor guarantees a low background 

of fast neutrons. The neutrons from the reactor were pre-collimated by a 

"water-shutter". A  block of 10 cm of lead was placed in the beam to reduce 

fast neutrons and y -rays that have a serious influence on the plateau of the 

В Ft counters in an "open beam" run (without a bismuth filter in the neutron 

beam). The bismuth was packed in aluminium and cylindrical pieces of 

sintered boron carbide (l*cm thick and 10-cm long). For the transmission 

experiments we used two pieces of bismuth, 20-cm long and 5-cm diam. each. 

According to specifications given by Metals Research (England), each piece 

consisted of m axim um  3 or 4 columns of single crystals of bismuth. This 

specification showed a promising aspect : that the coherent peaks should not 

obstruct the neutron spectrum too much.

In Fig. 2 the measured time-of-flight spectra are given for the following 

conditions :

(a) Open beam (bismuth filter not in the neutron beam),

(b) 40 cm of bismuth at room temperature,

(c) 40 cm of bismuth at the temperature of liquid nitrogen.

In Fig. 3 the expected and measured transmission of a 40-cm long bis

muth filter is given. From  the data it is obvious that the transmission is 

relatively far from what one would expect of a real single crystal without 

imperfections. The coherent dips give a considerable reduction in intensity. 

The transmitted intensity is only about 30% of the theoretical value in the 

energy fange from 25 - 10 m e V . The total intensity of the filtered beam  

increased by a factor of 4, cooling it to the temperature of liquid nitrogen.

In Figs. 4 and 5 the equivalent data are given for a single piece of 20 cm 

of bismuth. This crystal was chosen for a separate measurement since it 

showed a transmission that was higher by a factor of 2 compared with the 

other one. The transmission is about 40% of the expected one. This crystal 

can be considered as having a rather good performance. Below 5 meV, the 

transmission is of the order of 60-70%.

The measurements mentioned above were carried out under an angle of 

collimation of 1 °. Since the influence of the coherent dips in the spectrum 

is dependent on the collimation a measurement was carried out with 1/3° 

collimation. For this measurement the lead was withdrawn from the reactor 

channel and replaced by a collimator of 20 cm  in length, made out of an 

array of 15 X 15 channels, each of 1 mm? area. The result of this measure

ment is given in Fig. 6 .



Fig.l

Layout of the bismuth filter experiment.

The boron-paraffin mixture is 25%  boron + 75%  paraffin.
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Fig. 2

Neutron spectra measured with a chopper facility as indicated in the insert.

In the figure are represented:

(1) The spectra obtained with bismuth-filter at room temperature (warm filter o) (40 cm long)

(2) The spectra obtained with liquid nitrogen-cooled filter (cooled filter x)

(3) The  spectra obtained without Bi-Alter (open beam o)

Fig.3

Transmission of 40 cm  bismuth at liquid nitrogen temperature.

The heavy line is the expected behaviour; the points are the experimental values.
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Neutron spectra measured with the same facility as indicated in Fig.2, 

but with a different length of the filter (20 c m ) ..

Fig.5

Transmission of 20 cm  bismuth at liquid nitrogen.

The dotted line is die expected behaviour; the points are the experimental values.
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Fig. 6

Transmission of 20 cm  bismuth at liquid nitrogen. 

The collimator was 0 .3 * .

The cadmium ratio of the 40-cm long bismuth filter was also measured 

under this condition. The cadmium ratio was as high as 5 000. The real value 

for the cadmium ratio is most probably still higher since for the measure

ment no real fast neutron collimator was used.

Having the cadmium in mind, one can state that the bismuth filter shows 

a rather satisfactory performance in spite of the coherent dips that show 

up in the thermal energy region.

R E F E R E N C E S

[ 1] BROCKHOUSE. B. N. , Rev. sei. instrum. 30 (1959) 136.

D I S C U S S I O N

P . E G E L S T A F F : I would like to make an historical comment on the 

subject of this paper. As reported in J. nucl. Engng 1̂ (1954) .57, a quasi

single-crystal filter was used with the Harwell slow chopper for exactly 

the same reasons as described in this paper. This filter was made by slow- 

cooling a melt of bismuth so that crystals of 1 to 3 cm in length were formed. 

(No special precautions are necessary to get crystals-of this size to grow 

in bismuth.) The extinction observed in a (quasi-single-crystal) block of this 

cast bismuth is very large as shown by the cross-section we published in 

J. sei. Inst. (1954), and this simple material seems to be somewhat more 

effective than the samples reported on today.



НЕКОТОРЫЕ ВОПРОСЫ МОНОХРОМАТИЗАЦИИ 

МЕДЛЕННЫХ НЕЙТРОНОВ

В .П . ВЕРТЕБНЫЙ, В .В . КОЛОТЫЙ и А .Н . МАЙСТРЕНКО

СССР

Abstract — Résumé — Аннотация — Resumen

PROBLEMS ASSOCIATED W IT H  THE M ON O CH R O M A TISA TIO N  OF SLOW  NEUTRONS. The paper sets 

out the result of calculations to determíne the shape of the spectral line of twin-rotor, pulsing, slow-neutron 

monochromators, as a function of the shifts in the phases between the rotors. Consideration is also given to 

die possibility of using certain light elements as slow-neutron filters.

QUELQUES ASPECTS DE LA M O N O C H R O M A TISA TIO N  DES NEUTRONS THERMIQUES. Les auteurs 

exposent les résultats de leurs calculs relatifs à la forme du spectre des monochromateurs à impulsions et à 

deux rotors pour neutrons thermiques en fonction de la distance et du déphasage entre les rotors. Ils examinent 

également la possibilité d*utiliser certains éléments légers comme filtres à neutrons lents.

НЕКОТОРЫЕ ВОПРОСЫ МОНОХРОМАТМЗАЩМ МЕДЛЕННЫХ НЕЙТРОНОВ. Приведены результаты расчета формы 

спектральной линии двухроторных пульсирующих монохроматоров медленных нейтронов в зависимости 

от расстояния и сдвига фаз между роторами. Рассмотрена также возможность использования некоторых

ALGUNOS PROBLEMAS DE LA M ONOCROM ATtZAÇIÔN DE NEUTRONES LENTOS. Los autores exponen 

ios resultadas de sus cálculos relativos a la forma de la línea espectral de los monocromadores pulsantes de 

dos rotores para neutrones lentos en función de la distancia y del desias amiento de los rotores. Examinan 

asimismo la posibilidad de utilizar algunos elementos ligeros como filtros de neutrones lentos.

ВВЕДЕНИЕ

Структура веществ, а также вопросы термализации нейтронов в 

настоящее время широко исследуются с помощью изучения рассеяния 

монохроматических медленных нейтронов, в этих исследованиях при

меняются разные типы монохроматоров, а именно: кристаллические 

монохроматоры, пульсирующие однороторные и многороторные меха

нические селекторы, механические монохроматоры с квазинепрерыв- 

ным пучком, фильтры медленных нейтронов.

Для большинства упомянутых выше монохроматоров в литературе 

имеются довольно полные характеристики. В этой работе будут рас

смотрены лишь некоторые вопросы, связанные с монохроматизацией 

нейтронов, по нашему мнению, недостаточно освещенные в литера

туре. найдена форма спектрального ¡распределения нейтронов и фор

ма нейтронной вспышки пульсирующего двухроторного прерывателя 

нейтронов; описано одно из видоизменений монохроматора с осью 

вращения, параллельной нейтронному пучку; приведены соображения 

по поводу возможных фильтров медленных нейтронов.

147
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I .  ФОРМА НЕЙТРОННОЙ ВСПЫШКИ И ФОРМА СПЕКТРАЛЬНОГО РАСПРЕДЕЛЕНИЯ 

НЕЙТРОНОВ ПРЕРЫВАТЕЛЯ (МОНОХРОМАТОРА) НЕЙТРОНОВ, СОСТОЯЩЕГО ИЗ 

ДВУХ РОТОРОВ С ПЛОСКИМИ ЩЕЛЯМИ

В последнее время в ряде работ были описаны механические пре

рыватели нейтронов, состоящие из двух и нескольких роторов 

[1, 2, 3]. В этих работах изложены лишь качественные преимущества 

многороторных систем. Ниже приводится расчет функции пропускания 

и нейтронной вспышки для двухроторного прерывателя с плоскими 

щелями. Хотя эта система является самой простой, описанный ниже 

метод можно распространить без особого труда и на двухроторные 

прерывателя с профилированными щелями.

1 .  Расчет нейтронной вспышки и функции пропускания для одного 

ротора

Эта задача была уже рассмотрена в ряде работ и впервые ус

пешно решена в работе В .И . Мостового и др.[4_]. Здесь мы ее рас

сматриваем лишь для того, чтобы проиллюстрировать метод расчета 

на простом примере и чтобы использовать некоторые результаты ре

шения для двух роторов.

Для простоты рассмотрим ротор с одной щелью, вращающейся по 

часовой стрелке относительно оси О , перпендикулярной к плоскости 

чертежа ( р и с . 1 ) .  Система координат u , w неподвижна, система у , х

з

Ри с . 1

Системы координат, которые используются при расчете нейтронной 

вспышки и функции пропускания однороторного прерывателя 

(ширина щели = 2g ) .

жестко связана с ротором. Назовем ее вращающейся. Момент входа 

нейтрона в щель обозначен через tg . Ординаты u (tg  ) и b назо

вем параметрами входа. С помощью преобразования координат (у,х)-* 

(u, w ) наводим, при условии tuto « 1 (œ — угловая скорость ротора),

u = R q ) o + b .  (1 )

В дальнейшем условимся все координаты измерять в единицах радиуса
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ротора. Тогда (1 )  можно записать так:

где

( 1 а)

С помощью преобразования (U,W) -* (У,Х)можно доказать, что траек

тория нейтрона во вращающейся системе координат (при œ t o «  1 )

— парабола:

Y = 2 Í X 2 + ( o ^  +  ^ x + B + ü ) t ^  ( 2 )

2R нгде т = —  , V - скорость нейтрона.

Чтобы нейтрон прошёл через щель, его траектория не должна 

пересекать стенки щели, т . е .  — S У ^  + S при-1 < X <$ +  1 . Это 

условие и определяет совокупность параметров входа B ( t n ) ,  а,сле

довательно, и U ( t o ) ,  при которых нейтроны будут пропущены рото

ром (предполагается, что материал ротора абсолютно непрозрачен

для нейтронов). Если обозначить наибольшее значение параметра

входа U (tg ,т ) через Ug , а наименьшее значение через U ¿ ,  то 

действующая ширина щели в момент to определится следующим обра

зом:

Au ' ( t o , - r ) = U g ( t o , - r ) - U ^ ( t o , T ) .  (3)

Можно видеть, что интенсивность нейтронов с данной скоростью 

пропорциональна

tg мах

^ A u ' f t c ? )  dt.

tgMln

и , следовательно, функция пропускания ротора, описывающая отно

сительную прозрачность ротора в зависимости от v ,

t(, мах

f '  ( ^ i r ^ y A U *  (tg,-r) dt^. (4)

to Min

Подчеркнем еще раз, что tg — момент входа нейтрона в щель. Вход

ные параметры сведены в табл.1.  При нахождении формы вспышки 

(действующей ширины щели) потребуем, чтобы

UÈ Шн (5)

С помощью таблицы 1 , уравнений (3 )  и (5 )  получаем следующие 

выражения для нейтронной вспышки:
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ТАБЛИЦА 1

ЗНАЧЕНИЯ ВХОДНЫХ ПАРАМЕТРОВ ДЛЯ ОДНОГО РОТОРА

^0

i
ин to UÈ

t g C - g T = - S - (ют ^1 + 2  +  "3tg

T

to ^  - 2

1
U ̂  ̂  = S +  cut Q

3  . т 

- ^  2 U1 2 - ' S  +  —  (^2 - ^ - )  + " ) t o

^  T 
^  "  2

uís  = S - шт (^1 +  2 í.°) +  œtg

т
g < to Ui3 = "  S + M t o
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ТЗ
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для

s т ^ з
* œ " 2  "  t" ^  *  2

- §  т < to< - I ,

т , т 
'  2 2 '

S т

M '  2 '

Alf = 2S +  üyr(l + 2 ^  ;

AU^ = 2 S - ^ . ( i - ^ ) ^ ;  ( 6 a )

AU* . 2 s - - " ( l + 2 ^ ) - § : ( i - b ) *

AU^ = 2S -шт(^1 + 2 ^ ;

для S < т < —
(D

AU* = 2S
( 6  6 )

Функции пропускания для этих двух случаев найдены с помощью 

формулы (4 )  : ,

f(z)=.
i - § ' '

( 7 )

где " J ë 'J v -
2.  Расчет нейтронной вспышки для случая двух роторов

Взаимное расположение роторов и их фаз при Mt = 0 показано 

на рис.2 .  Для расчета действующей щели в случае двух роторов не-

Рис.2

Взаимное расположение роторов в двухроторном 

прерывателе нейтронов.

обходимо найти параметры входа для второго ротора

и U
н
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Если обозначить меньшее из двух значений U* и U*' . а
в  ̂ в в * н

большее их двух значений и  ̂ то действующая ширина щели

А И Ь , , , ) .  (S)

при условии^ что

"Г" ' 's)

f ( T ) ^ y  AU(t. ,T )d t . . ( 1 0 )

tg MÍ)! )

Параметры входа в ротор I I  в момент входа нейтрона во вторую 

щель, равный t , , могут быть записаны в такой же форме, как и для 

первого ротора в момент tg , если

t '  = T s t" + " Т '  ( И )

где

"  = i + Ä -  7 - (Ы а)

Итак, при t = t^,  ( t , )  = U* (to t , ) .

Найденные таким образом параметры входа для второго ротора све

дены в табл .2 .

Для сравнения входных параметров обоих роторов чрезвычайно 

удобны диаграммы, приведенные на рис.З и 4 . Результаты сравнения 

параметров с помощью этих диаграмм представлены на р и с .5 и 6 .

Используя данные рис.5 и 6 и уравнения(8  - 1 0 ) ,получим сле

дующие выражения для ширины действующей щели (формы вспышки):

2S
при а < : — 2 и т . g ----

<юа

— ^  — ат < tg < — т , AU = 2S + 2œtg + ыуг + 2ацуг ;

(1 2  а)

— — A U = 2 S - u y r  - 2ü)tg ;

S
при — 2 -g ot <s 0 и



ЗНАЧЕНИЯ ВХОДНЫХ ПАРАМЕТРОВ ДЛЯ ВТОРОГО РОТОРА

ТАБЛИЦА 2 .

to иХ to

to 'S "

Usi = - S - ü X ^ l + 2 ^ A - ± - 2 I - )  +  

+  (tg +  ат)

т
t o < - g  - а т U21 = S +  Ш ( tg +  ат)

- - err 3 to< 

т
^  - ат

- s +  S L  ( í  - H - i Æ y

+  03 ( to +  ат)

т
tg g - а т

U ^  = S - а̂ т ( l  +  2 .+ )  

+  æ (tg  +  ат)1 - ат to Ugg = - S +  œ (to +  ат)
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Рис.З

Диаграммы для сравнения нижних параметров входа нейтронов. .
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Рис. 4

Диаграммы для Сравнения верхних параметров входа нейтронов.

т 3
— g- — otT ^  - g-т — ат , AU = 2S + ая[(1 +  2а )+  2 ^ ] .

, 1 + Qf
т - а т ^  --g— т

(126)
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Рис .5

Зависимость нижних параметров входа 

нейтронов от времени tg.
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Рис. 6

Зависимость верхних параметров входа 

нейтронов от времени t „ .
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AU= мг;

2 =s to <S "  g ' A U = 2 S - 2 œtQ-(o-r;

при - 2 < а < 0  и - - -  ^ 1 6 S
аз ^ ^  м( 2 -а) ^

° - J5 ) ^  ^  ^  = 2s - ^ (í -

. Ц 2 в)

^  ^ (jH "  § ) '  "  Т *  ayr;

при О < а < 2 и т < —
^ œ

- ^ - I ^ t o - í - T j - T ,  AU = 2 S + M T  ( ^ 1 + 2 ^ 0 ) ;

t .<  - К -  + " ) .  Ь И . З З - ^ ф - ^ ) '

** ^  ^ 1 + а ^  < -̂ — ат, AU = 2S — °  "  œT-2aœT-2ü)tQ

-̂ — a T < t g < ^  — ^-, AU = 2S — Œrr — 2aœrr —2œtQ.

при 0 < а < 2  и - < $ т  - I S S ----
œ œ( 2 +  a )2

A U = 2 S - ^ - a - ^ ) ' ' - < D T  -2аыуг - 2 m t . .

S

при 2 <sa и 2СКЦ

-I (^1 +  a^), AU = 2S +  мт ^1  +  2 1°);S _  T

ü) 2
(12  e)

- I  (1 +  a) ^  ^  - 1  - ат, AU = 2S - 2œ^, - 2ааЛ - ayr;
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3 .  Функция пропускания для случая двух роторов

После интегрирования выражения (10) получены следующие вы

ражения для функции пропускания:

f i  (z ,m)  = 1 - §  z*

при

где

4 Isl s 3 + s ( i i i  +  2 i  +  ^ )  s ' ;

(13 a)

(13 6 )

при

fa ( z , a )  = ( 1  - 2 ¡a ¡zS ) ' (13

Для расчета и построения функций пропускания удобно класси

фицировать их не по параметру a t z ) ,  а по параметрам р и v í 

ß и -у - параметры, которые определяются.из выражения:

a - 1
X

+  2R

_ Т _

т ß - í = .

X и/Г . S

+  2R ; 1  = 4S '
S

2R

Нетрудно видеть, что \ пропорционально отношению времени 

запаздывания второго ротора к длительности вспышки одиночного

ротора. Указанная классификация легко производится, если иссле

довать неравенства для \ и z , содержащиеся в ( 1 3 ) .  Получены сле

дующие выражения:
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f  (z,ct)== fi

f  ( z , a )  = f ,

при

ß.
4 

&
4

ß + 2

e + 2

ß + 2 
4

1 - J l - v ( 2 -ß)
< ß  Д Л Я — =----------------- g-i---- : <= Z <

f  (z,m) при \ < Â

f ( z , a )  = fg

для

при
ß - 2  ß 1

4 ^  ^ < 4 - < z < p ^  g

ß + 2 

J l +  \ (ß + 2 )

f ( z , a )  = f ¡3 при - y < Ê ^ 2.

ß = 2

f  ( z , a )  = fi

f  ( z , a )  = fs

np^ , ^ 1  для 4 < z 2 < 2 '

\
3 "

,2 ^ 1 . 
2

f ( z , o t )  = f i  ^при ^ для l g z 2 < - ;

f  (z,ct) = fg <

4
при 0 < \ < б - ? ? д л я  ^

1 ^ 1+J1 + 4 V

^при 2 * ^ * *  ^  \Í2 ^ ^ ^  -- 4---  '

f (z ,m)  = f 3 при \ < 0  для 0 <gz2 ^ — ;



НЕКОТОРЫЕ ВОПРОСЫ МОНОХРОМАТИЗАЦИИ МЕДЛЕННЫХ НЕЙТРОНОВ 159

ß > 2

f  ( z ,  а) = f 3 при ч

f  (z,m)  = fi

< Y  ;

ß ß +  2 
при i* <S \ < — Ä "  Д ß+  2

ß + 2  I 2 Y
f при ^  4 <g ДЛЯ ^  Z ^  <  ^  ;Ê

f  ( z , a )  = f

tnpn
ß + 2

ß - 2

f  (z,ct) = fi

ß - 2 'y p V
—  для ^  ^L -  ;

при
6 - 2  6 Г ^  i-

ß - 2 ß 1 1 +  J l + v ( ß  +  2 )
при \ ^  для ^  < z з -- T  ̂;

f  ( z , a )  = fí

при Ê
ß + 2

f  ( z , a )  = fg при -у < ^гг—  Д^я z^ < Lï-i- .
4 ß-c ß

Графики для случаев ß = 1 , 2 , 4 , 1 0  и разных у (0 < у <= Р)пред- 

ставлены на рис. 7 - 1 0 .

Как видно из этих рисунков, при \ = О система двух роторов 

работает как механический прерыватель. Граничная скорость увели

чивается (уменьшается z) с увеличением расстояния между роторами 

(большие ß ). По мере увеличения параметра -у происходит все боль

шее ограничение пропускаемых скоростей не только снизу, но и 

сверху. В случае относительно больших ß и -у система двух роторов 

работает как монохроматор. Чем больше ß, тем меньше ширина линии 

при данном -у. Эта зависимость хорошо иллюстрируется на рис .11.

Из всего сказанного следует, что одним из достоинств двух

роторного прерывателя является возможность изменения по желанию
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Рис.7

Функция пропускания двухроторного прерывателя при ß = 1 . 

Кривая IV  - функция пропускания для однороторного 

прерывателя (приведена для сравнения).

Рис. 8

Функция пропускания двухроторного прерывателя нейтронов 

при 6 = 2 :  Кривая V - функция пропускания 

однороторного прерывателя.

функции пропускания путем изменения фазового сдвига и изменения 

расстояния между роторами. 2
На р и с .12 показаны функции пропускания, умноженные на д- 

одиночных роторов с радиусами R = г , R = 2г и двухроторного пре-
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Рис .9

Функция пропускания нейтронов при ß = 4 . Кривая V I * 

функция пропускания однороторного прерывателя.

Рис .10

Функция пропускания двухроторного .прерывателя при ß = 1 0 . 

Кривая VI - функция пропускания однороторного 

прерывателя нейтронов.

рывателя с радиусами роторов R, = Rg = г при одной и той же дли

тельности вспышки. Именно произведение f  ( z j ) является вели

чиной пропорциональной интенсивности пропускаемых нейтронов. Вид

но, что при примерно одних и тех же фоне и разрешении по времени 

интенсивность нейтронов больше в случае двухроторного прерыва

теля.
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Рис.11

Зависимость положения максимума функции 

пропускания от ß и

Рис.12
g2

Функция пропускания ротора, умноженная на g—, ( при одинаковой 

длительности нейтронного импульса):

кривая I  для ротора с радиусом R = г ; 

кривая I I  для ротора с радиусом R = 2 г ; 

кривая I I I  для двухроторного прерывателя 

с радиусами роторов R^ = Rg = г .

Одной из важнейших трудностей двухроторной системы является 

поддержание постоянства фазового сдвига. Это очень хорошо иллю

стрируется сильной зависимостью функции пропускания на р и с .1 1 .
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I I .  РАСЧЕТ МОНОХРОМАТОРА НЕЙТРОНОВ, СОСТОЯЩЕГО ИЗ НЕСКОЛЬКИХ 

ДИСКОВ, С ПРОДОЛЬНОЙ ОСЬЮ ВРАЩЕНИЯ

Первый монохроматор медленных нейтронов был построен еще 

Данингом и сотрудниками L5J. Монохроматор представлял собою два 

кадмиевых диска, которые были расположены друг от друга на не

котором расстоянии и вращались на общем валу.

В дисках были прорезаны радиальные щели. Путем изменения 

относительного углового смещения дисков можно было пропускать 

нейтроны той или иной скорости. Однако такой монохроматор про

пускал не только нейтроны с заданной скоростью, но и нейтроны с 

кратными скоростями. Для устранения этого недостатка начали из

готовлять монохроматоры этого типа со сплошным ротором [.6 ], 

при этом прорезали или плоские продольные щели под углом к обра

зующей ротора, или винтообразные, по форме траектории нейтронов 

в системе координат, связанной с ротором. Чтобы получить более 

или менее удовлетворительное разрешение, ротор такого монохрома

тора должен иметь диаметр 200 - 400 мм, длину до 1000 мм, вра

щаться со скоростью 10 ООО об/мин.

Мы проанализировали принцип работы монохроматора нейтронов 

такого типа и путем несложных геометрических расчетов показали, 

что не обязательно делать ротор сплошным. Как будет показано далее, 

общий вес ротора может быть уменьшен по сравнению со сплошным в 

несколько раз, а это позволяет уменьшить объем работы при изго

товлении ротора. Из фотооттиска работы Холта /Норвегия/ нам из

вестно, что один из рассмотренных нами вариантов монохроматора 

осуществлен (два диска на концах вала), но диски имеют небольшое 

количество щелей, что было в этом случае связано с требованиями 

эксперимента.

1 . Уравнение траектории нейтронов

Рассмотрим уравнение траектории в системе отсчета, связанной 

с ротором (рис .1 3 ) .  Пусть ротор вращается по направлению часовой

Рис .13

Системы координат, которые использовались для 

нахождения траектории нейтрона.
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стрелки с угловой скоростью œ около Продольной оси; нейтрон летит 

со скоростью V параллельно оси вращения на расстоянии R от нее. 

Тогда траектория нейтрона в системе отсчета, которая вращается 

вместе с ротором, есть винтовая линия. С помощью элементарных 

преобразований в большинстве практических случаев винтовую линию 

с достаточной точностью можно заменить на прямую с наклоном к 

образующей:

^ си
X  = - R — z ж - a z ,

(2,1)
у = R.

Таким же образом можно получить еще два полезных соотноше

ния:

1 . Уравнение траектории для нейтронов, летящих под углом ^,<р) 

к образующей:

X = - — z ( R o - — e C o s t p ) ,
V " <ы ^ .(2,2)

У = Но.

для случая <p = 0 , x = z ( - a  +  e ) .

2 . Уравнение траектории нейтронов для случая, когда ось ротора 

повернута на угол а в плоскости ( z , x i ) :

x  = z (- а +  9. +  у ) . ( 2 , 3 )

Из соотношений ( 2 , 1 )  - ( 2 , 3 )  следует, что

а) каждой скорости нейтрона соответствует определенный наклзн 

прямой ;

б) угловая расходимость пучка нейтронов приводит к тому, 

что одинаковый наклон траекторий будут иметь нейтроны разных 

скоростей;

в) изменять скорость нейтронов, преходящих через щель, можно 

либо путем изменения ш, либо

Отсюда следует, что конечные размеры щели приводят к разбросу в 

величинах углов а , т .е .  разрешение по скоростям пропорционально

—  , где L - длина ротора, 2S - ширина щели,
ot ML

2 . Максимально возможное количество щелей

Р о т о р ,  с о с т о я щ и й  и з  д в у х  д и с к о в .  Кине

матическая картина, поясняющая этот случай, изображена на рис.14. 

Разрешение по скоростям в этом случае обусловлено общей длиной L 

лишь тогда, когда траектории с наклоном за пределами Аа не про

ходят через соседние щели. Для этого, как видно из рисунка,не-
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Щели двухдискового монохроматора нейтронов 

и траектории нейтронов.

обходимо, чтобы ß ^  2 s +  2а , где - длина первого

диска, ¿g - расстояние между дисками, 2s - ширина щели, 2а - рас

стояние
2 s

между щелями. Так как ß = y-, то

2а ¿g 

2 s *
( 2 , 4 )

Зная минимальное расстояние, можно определить максимальное ко

личество щелей

21Г R 

2а +  2 s
( 2 , 5 )

Р о т о р  с т р е м я  и ч е т ы р ь м я  д и с к а м и .  Снача

ла рассмотрим ротор из трех дисков (рис.15) .

Разрешение будет обусловлено длиной ротора лишь в том случае, 

если траектории нейтронов 1 и 2 не проходят через соседние щели, 

т .е .

Pi ( *̂* ^2 ) ^  2s +  ^  ,

ßg (^1  +  -̂ 2 +  ^3 ^  2s +  2а

2s - 2 s
Т .к .  ßi - , a ßg - ^  ^

(2,6)

, то уравнения ( 2 , 6 ) можно
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№

Щели трехдискового монохроматора и 

траектории нейтронов.

привести к такому виду:

2а

2 s
( 2 , 7 а )

2а > ^4________

2 s
( 2 , 7  б)

Для определения максимального количества щелей необходимо 

использовать наиболее жесткое из этих условий. При этом получаем

2irR

2s +  2а*

Из соотношений ( 2 , 7 )  следует, что ширина щели равна промежутку 

(2  S = 2а) лишь тогда, когда %a = и +  ^3 . По

ложив для примера %g = ^  = .83 = = %, получим, что общая дли

на ротора L3 = Л1 +  Jig + Лз +  Л.4 +  %g = 7%.

Если на расстоянии Л g поместить четвертый диск длиной Л?, 

то,рассматривая систему дисков как комбинацию двух дисков с эффек

тивной длиной Lg и %?, получим, что 2s = 2а лишь при L3 =

( 2 , 4 ) .

Отсюда можно сделать вывод, что из четырех дисков длиной 

4% можно построить монохроматор, разрешение которого определяется 

длиной L4 = L3 +  +  Л? = 15 если Л? = .8. Безусловно, при=

веденные варианты с несколькими дисками не являются единственно 

возможными.

Простейший монохроматор такого типа изготовлен в Институте 

физики АН УССР. Его параметры таковы: два диска диаметром 600 мм 

и толщиной 60 мм расположены на расстоянии 680 мм (между внеш

ними поверхностями). Щели радиальные имеют ширину 2 мм, высоту 

80 мм. Количество щелей 48^ екорость вращения до 3000  об/мин. 

Размеры пучка 40 х  80 мм. Коллиматор к монохроматору имеет 17 

щелей и изготовлен из кадмиевых пластин. Диски изготовлены из
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текстолита^ щели облицованы кадмием толщиной 0 ,3 5  мм. Выбор ско

рости нейтронов осуществляется путем задания угла оси вращения 

к падающему пучку и изменением скорости вращения.

I I I .  ВОЗМОЖНЫЕ ФИЛЬТРЫ НЕЙТРОНОВ

Применение поликристаллических веществ для фильтрации мед

ленных нейтронов получило широкое распространение при иссле

довании неупругого рассеяния нейтронов. В качестве фильтров при

менялись С , B e , BeO , Pb, B i и некоторые другие вещества. Если 

условно считать, что для фильтров подходят лишь те ядра, у кото

рых сечение захвата меньше 200 миллибарн, то, по-видимому, для 

фильтрации нейтронов можно использовать такие элементы, как D , 

B e , С , О , F , Mg, S i ,  P , Zr , Pb, B i .  Не исключено использование 

и соединений этих элементов. У используемых в настоящее время 

фильтров граничная длина волны лежит в области от 4 до 7 А .  Воз

можно, что среди названных элементов или их соединений в бу

дущем будут найдены вещества позволяющие получить X гр вплоть 

до 18 А .

В качестве фильтра может быть использовано также нейтронное 

зеркало. Известно, что предельный угол отражения

где X - длина волны; N - число ядер в кубическом сантиметре; 

а - амплитуда когерентного рассеяния нейтронов. Так как прибли

зительно выполняется условие

(е) = 1  при е < 9др ;

( 3 ,2 )

R^ (е)  = о  при е > 9 др ,

где R^ (е)  - коэффициент отражений под углом е , то под данным

углом в отраженном спектре будет обрыв, соответствующий X гр 

для данного угла. Резкость этого обрыва зависит от степени колли

мации пучка нейтронов. Учитывая, что для 6 А  предельный угол 

отражения составляет несколько десятков минут, применение такого 

фильтра, по-видимому, возможно для X > 6 А  .

С помощью зеркал нетрудно осуществить пульсирующий фильтр

и , таким образом, сделать возможным применение метода времени 

пролета. Схема такого пульсирующего устройства показана на 

рис. 1.6. Предположим, чуо коллимация пучка такова, что пучок 

может считаться параллельным, Пусть ширина источника нейтронов

2 S , а угол падения 6 . На расстоянии D от зеркала расположен 

коллиматор длиной Л и шириной щели 2 S так, что в него попадают 

нейтроны, отраженные под углом 6 ; С - счетчик.
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2м

Рис.16

Схема пульсирующего фильтра нейтронов, основанного на 

принципе отражения нейтронов' от зеркальной поверхности.

Нетрудно видеть, что отраженный пучок ( "нейтронный зайчик") 

будет скользить по щели с угловой скоростью 2 œ , если зеркало 

вращается со скоростью м .  Отсюда следует, что скорость счета в 

счетчике будет треугольной функцией времени:

! ( ' ) =  °  ^ я  [t] *  M Y D — У У " "

( 3 , 3 )

I ( ' )  = I '  3/ b ( D  +  Л) для ) t )  < '+  .

С помощью формул ( 3 , 3 )  и ( 3 , 2 )  нетрудно найти спектральную от

ражательную способность в течение вспышки (р и с .17 ) :

Отражательная способность пульсирующего зеркального 

фильтра в зависимости от длины волны нейтрона.



1 (х) = 0  при Х < Х ^  ;

/  i i \ 2  ( 3 ' 4 )
i ( x )  = i  (^i - ̂  ^  J  при х ^ <  х < х . ;

1 (х)  = 1  - i  ( i  - при Х „ < Х

1 (х)  = 1 при X ^ X g  .

^  Jsía "  '  D +  JÊla' ^  = ( ^  +  D + ^ J i î a  *

Отсюда видно, что

НЕКОТОРЫЕ ВОПРОСЫ М0Н0ХР0МАТИЗАЦИИ МЕДЛЕННЫХ НЕЙТРОНОВ 169

АХ _  _S _____ S

,x "  D +  i * e ' ( 3 , 5 )

Однако в реальных условиях следует учитывать угловую рас

ходимость падающего пучка. Общий вид зависимости отражательной 

способности от длины волны не изменится, но спад станет более 

пологим. Разрешение уже более не определяется формулой ( 3 , 5 ) ;  

при достаточно большой угловой расходимости

S

X ^ Л 9 о  '

т . е .  не зависит от расстояния между зеркалом и приемной щелью. 

Для увеличения светосилы прибора следует применять многощелевые 

коллиматоры. По светосиле в области 6 - 1 0  А,безусловно,пульси

рующий зеркальный фильтр уступает многим известным приборам, од

нако пульсирующий фильтр не сложен для изготовления и поэтому в 

ряде случаев может найти применение.

ЛИТЕРАТУРА

[1] EGELSTAFF, Р . A . , Материалы первой Международной Конференции 

по мирному использованию атомной энергии, Женева ( 1 9 5 5 ) ,  

т . I V ,  Академиздат, 1957 .

[2] EGELSTAFF, Р . A . , et a l . ,  Доклад PNR - 17 на симпозиуме по 

физическим исследованиям на реакторах, Вена, 1960 .

[3] EGELSTAFF, P . A . , et a l . ,  Симпозиум по неупругому рассеянию 

нейтронов в твердых и жидких телах, В е н а ,1960 .

[4] МОСТОВОЙ, В . И . ,  Материалы первой Международной конференции 

по мирному использованию атомной энергии, Женева ( 1 9 5 5 ) ,  

т . I V ,  Академиздат, 1 9 5 7 , с т р . 4.

[5] DUNNING, K . D . , et a l . ,  Phys. Rev.  48  ( 1 9 3 5 ) ,  704.

[6 ] DASH, J . J . ,  SOMMER, H . S . , J r . ,  Rev. S e i .  In s t r . 24 ( 1 9 5 3 ) .

[7] HOLT, N . ,  R e v . S e i . I n s t r . ,  28  ( 1 9 5 7 ) .





SCINTILLATION COUNTERS  
FOR NEUTRON SCATTERING EXPERIM ENTS

D. HARRIS'-' AND C. DUFFIL 

ATOM IC  ENERGY OF CANADA LTD., CHALK RIVER, ONTARIO, CANADA

AND 

L. A. WRAIGHT 

AERE, HARWELL, DIDCOT, BERKS. , UNITED KINGDOM

Abstract — Résumé — Аннотация — Resumen

SCINTILLATION COUNTERS FOR NEUTRON SCATTERING EXPERIMENTS. Scintillation counters dis

cussed in this paper are of two types : (i) UP or B^O^ fixed with zinc sulphide in varving composition, (ii) Li 

containing glasses of varying composition.

The ideal composition of each rype for neutron scattering experiments and their relative sensitivity 

tä neutrons and y-rays are considered. The ZnS type can be used with a y-ray pulse shape discriminator and 

practical experience of its use in a multi-counter time-of-flight experiment is described. The Li glass has 

higher у-background but also higher neutron efficiency. Performance figures of a scintillator containing 25%  

by wt. Li g О and 1 m m  thick will be given.

COMPTEURS A SCINTILLATIONS POUR LES EXPERIENCES DE DIFFUSION NEUTRONIQUE. Les compteurs 

à scintillations étudiés sont de deux types : i) LiF ou B^O^ fixé par du sulfure de zinc en composition variable, 

ii) verres contenant du lithium en composition variable.

Les auteurs examinent la composition idéale de chaque type de compteur pour les expériences de dif-

le compteur à ZnS avec un discriminates de forme pour rayons gamma; les auteurs décrivent l'expérience 

qu'ils ont de son emploi dans une expérience de temps de vol à plusieurs compteurs. Le compteur verre-Li 

a un mouvement propre plus élevé pour les rayons gamma mais une meilleure efficacité vis-à-vis des neutrons. 

Les auteurs donnent quelques chiffres concernant le fonctionnement d'un scintillateur contenant 25%  en poids 

de LigO et ayant une épaisseur de un millimètre.

СЦИНТИЛЛЯЦИОННЫЕ СЧЕТЧИКИ ДЛЯ ЭКСПЕРИМЕНТОВ С РАССЕЯНИЕМ НЕЙТРОНОВ. В докладе обсуждаются

шению к нейтронам. Будут приведены данные, характеризующие сцинтиллятор толщиной 1 мм, содержа

щий 25 вес % Lia О.

CONTADORES DE CENTELLEO PARA EXPERIMENTOS DE DISPERSIÓN NEUTRÓNICA. Los contadores 

de centelleo examinados en esta memoria son de dos tipos :

a) de U F  o BgO^ mezclado con sulfuro de cinc en proporciones variables;

b) de vidrios litiados de diversas composiciones.

*  At present attached to Atomic Energy of Canada Ltd., Chalk River, Canada.
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senta una actividad de fondo más elevada para los rayos gamma, pero también una mayor eficiencia en el 

registro de neutrones. En la memoria figuran cifras relativas al rendimiento de un centelleador de 1 m m  

de espesor, que contiene 25%  en peso de litio.

1. IN TR ODUC TION

The choice of neutron detectors for a particular scattering experiment 

is not usually clear cut. This is because, in different experiments, different 

weight may be given to the various features of small thickness, attainable 

efficiency, shape of sensitive area, gam m a sensitivity, overall size and 

shape, complexity of assembly and so on. One very important factor is the 

nature of the "background" radiation. For example, in the case where a 

substantial epithermal neutron background is present, increasing the thermal 

neutron efficiency above about 40% may involve increasing the epithermal 

efficiency by such a greater factor that the overall statistical error of a 

measurement may be increased through worsening the signal to background 

ratio. The useful neutron efficiency is defined as the efficiency when the 

detector is biased (or otherwise set up) so that the gam m a efficiency has 

a suitably low value, and this in turn depends on the ambient gam m a flux.

Also, some experiments require rectangular detectors which can be 

assembled adjacent to one another, giving a uniform geometry with varying 

scattering angle. In this, and some other situations, adequate shielding of 

detectors can be a problem.

It is the purpose of this paper to describe two types of scintillator which 

possess different advantages, and to assess the merits of these detectors 

in neutron scattering experiments. The two types are (i) scintillators based 

on ZnS (Ag) as the phosphor, and (ii) glass scintillators, with the emphasis 

on those containing lithium.

The first of these to be developed was the ZnS (Ag) type. ZnS (Ag) was 

chosen because of its low response to y-radiation. The earliest version used 

ZnS (Ag) in fused BgOg glass [1] . This requires a high temperature to fuse 

the BgOg and resulted in damage to the ZnS (Ag) phosphor. SU N  [2] used 

boron in the form of a low melting point organic borate polymer. Sun's plastic 

is difficult to prepare in a clear, colourless glass form, but new plastics [3] 

are satisfactory in this respect. However, this type of scintillator suffers 

from the disadvantage that it is relatively opaque, due to the high refractive 

index of the zinc sulphide, and the necessity to use small grain sizes of zinc 

sulphide. This limits the useful thickness to about 1 /2  m m . For example, 

the light transmission of a typical scintillator is about 10% .

For the photomultiplier to "see" scintillation occurring on the far side 

of the scintillator, it would be advantageous to use lithium instead of boron, 

which has a higher disintegration energy (4.8 m eV  instead of 2. 8 m e V ).

This should give more light in the actual scintillation resulting in a 

greater probability of detection by the photomultiplier. However, the cross- 

section of Lis is only a quarter of that of BM , so with a given thickness of 

scintillator, less neutrons are absorbed. In fact, lithium, owing to the strong 

electrovalent character of its bonds forms no stable organic compounds, 

and only inorganic compounds with high melting points. Therefore, zinc 

sulphide cannot be mixed into any glass-like lithium compound. This problem
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has, however, been overcome by S T E D M A N  [4] who has made pressed slabs 

of LiF, ZnS (Ag) with perspex as the transparent! bonding material. Because 

of the lower cross-section of lithium, there is little to choose between the 

two types on the basis of efficiency.

The outstanding advantage of the zinc sulphide type of scintillator is 

that a very effective form of gamma discrimination may be employed [3, 5] 

in order to obtain good working neutron efficiency. Other features are the 

small thickness (1/2  mm) and the fact that manufacture in substantial areas 

and other than circular shapes is possible. For example, rectangular de

tectors are in use coupled to the photomultiplier by being spaced a few inches 

from the photocathode on a shaped can with a highly reflective surface. This 

simple method of mounting the sample is practicable because good pulse 

height resolution is not required, since the discrimination is on a pulse 

shape basis rather than an amplitude basis, and in any case because, owing 

to the opacity of the scintillator, the neutron pulses are already of widely 

varying amplitudes.

The glass type of scintillator can contain either lithium or boron, as 

both form suitable oxides. The basic difference from the zinc sulphide type 

is that the scintillators are clear, produce a peak in the amplitude distri

bution and, therefore, discrimination is on an amplitude selection basis. 

For the glasses tested so far there is insufficient pulse shape difference 

to utilize for shape discrimination. For this reason, care has usually to 

be taken in the use of these glasses to preserve good pulse height resolution. 

Also, because the glasses are clear and readily transmit the scintillation 

light, much greater thicknesses can be used than with ZnS types. The obtain

able efficiency is therefore not intrinsically limited.

The choice between lithium and boron glasses depends upon the appli

cation: boron glass has a higher efficiency per unit length, but much lower 

pulse height than the lithium glass. These factors will be considered indetail 

later.

2. SC IN TILLA TORS  CONTAINING  ZINC SU LPH ID E  (SILVER-ACTIVATED)

Pulse shape discrimination

The big advantage of the ZnS scintillator lies in the significant difference 

in pulse shape arising from y-ray and c-particle excitation. Photographs 

of the decay of the phosphor using a fast osciHoscope type 1239 (2 nS rise 

time) and a 56 A V P  photomultiplier (Fig. la) showed the pulses due to gamma 

rays to the sharp pulses, width less than 20 nS and the neutron pulses long, 

ragged pulses decay time about 0 .3  p s . An efficient circuit which discrimi

nates against narrow pulses has been developed by W R A IG H T  [5] . This 

circuit has also been found to reduce other backgrounds due to gamma sensi

tivity of the photomultiplier, tube noise, etc. The bias curve with the dis

criminator is given in Fig. lb showing the superior -y-discrimination com

pared to the normal method of Fig. lc.

Choice of lithium fluoride or boron plastic

Comparisons of the relative efficiencies of boron plastic and L iF  scin

tillators have beeh made by S T E D M A N  f4] and HARRIS f7) . Stedman's com-
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Fig.la

Puise shapes from boron plastic -zinc sulphide scintillator.

(a) Neutrons from poionium-beryllium source

(b) y's from cobalt 60 source

(Calibration pips - 50 mc/s)

PHOTOTUBE VOLTAGE thV) 

fig. lb

H .T .  bias curve for LiF/ZnS scintillator using pulse shape discriminator.

parison w a6 made using a boron plastic type considerably inferior to that 

used in the comparison made by Harris. The latter reports L iF  to be 25% 

more efficient to 0 .03 eV neutrons than boron scintillators when pulse shape 

discriminators are not used. Tests have been made recently using the dis

criminator described by W R A IG H T  et al. [3] , and a neutron detection
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Fib.lc

Bias curves for .020 in scintillator using two different bands of zinc suiphide grain size.

efficiency of 48%  at 0 .0 3  eV  was obtained for a boron scintillator whilst 

the best efficiency achieved for a L iF  type was 52% . Thus the pulse shape 

discriminator gives a bigger improvement to the boron than to the lithium 

type.

Each type has certain advantages. The composition of the boron type 

is such that more intimate contact exists between the absorber material 

and the zinc sulphide. This is because the zinc sulphide is embedded in the 

boron plastic, whereas in the other type both the zinc sulphide and the ab

sorber are embedded in perspex.

The main advantage of the lithium type is that it is stable in the atmos

phere, whereas atmospheric moisture decomposes the glass-like boron 

plastic. Although a straight forward method of manufacture has been deve

loped for the boron type so that the scintillator is never exposed to the at

mosphere [3] , they still have to be handled carefully in use to preserve 

the sealing.

Choice of ZnS particle size

The range of a<-particles in the boron plastic is 5 p m  approximately. 

Therefore the grain size of the ZnS should be of this order or smaller. When 

the grain size used becomes very small the optical transmission of the scin

tillator will be too low. SUN  {2] and S T E D M A N  [4] have reported that vary

ing the grain size in the range 5-15 pm produced no attendant change in per

formance of their scintillators. Bias curves obtained for neutrons when two 

different bands of ZnS grain sizes are used with boron plastic are shown 

in Fig. 10. The samples available were coarse filtered with sizes from 5-10 

pm  or finely filtered powder containing 5-15 pm  grain sizes. The graphs 

shown illustrate the superiority of the smaller grain size since the neutron 

detection efficiency for the same gamma ray efficiency (the working point) 

is 50%  greater.
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Scintillator thickness

Since the scintillator consists of a mixture of materials differingmarked- 

ly in refractive index the light is scattered many times before leaving the 

scintillator and hence the scintillator has a poor optical transmission. Thus 

neutrons absorbed at the front surface of a scintillator will give rise to 

smaller pulse heights than those absorbed nearer the photo-cathode. In the 

limit, increasing thickness leads to a lower neutron detection efficiency 

the front layer acting merely as neutron shielding.

W R A IG H T  [3] has derived an equation showing that the amount of light 

(P) reaching the photo-cathode of a photo-multipher from a boron plastic 

scintillator varies as:

-n - *pd -ud/
P  = e -e /y - p

where

p = m ( l - f ) p  

y = [ K f + l ( l - f ) ] p  

m  = const X Т^гму), 

f = fraction by weight ZnS, 

p = density of scintillator,

К  = light attenuation factor due to ZnS,

1 = light attenuation factor due to boron plastic.

The theoretical curve of relative light output as a function of thickness 

where f = 0. 65 and neutron energy is 0. 067 eV is shown in Fig. 2. Experimental 

points obtained by measuring the efficiency of three scintillators of various 

thickness are also shown. This graph shows that greatest thermal neutron 

detection efficiency is obtained with the boron plastic scintillators in the 

range 1 /4  to l/2-mm thickness.

Sun and Wraight have shown a ratio of ZnS: boron plastic of 2 to give

the best relative light output and for all tests this has been used.

Performance of the detector

The boron ZnS and LiF  ZnS scintillator are in use on the Cold Neutron 

Scattering Apparatus at Harwell fl7) . Discs of 2-in and 3-in diam. about 

1 / 2-mm thickness have replaced a bank of BFg detectors in that part of the 

apparatus where a better definition of the scattered flight path was required. 

They give about the same neutron detection efficiency as 9 cm  of F 3 at 

70 cm  H  (̂ - 50% at 0.03 eV) and have a background only 0. 6 times the back

ground of a B F 3 bank having the same area exposed to the neutron beam 

which was previously used.

Thirty scintillators have been in use on the Scattering Law  Apparatus

[18] at Chalk River. This apparatus consists of a multi-rotor velocity se

lector producing bursts of monoenergetic neutrons which are scattered from 

a sample placed at 45° to the beam. The scattered neutrons are detected 

at various angles (from 10° - 160°) by scintillation detectors placed in an
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Fig. 2

arc 1.3 m  from the sample. The neutron energies of interest in this experi

ment range from 0.004  eV to 0 .4  eV and the number of neutrons scattered 

from the sample into a particular detector is small (-^10-30 n/min). There

fore ideally a detector is required which has a low background and is almost 

100% efficient over this range. In fact, for most measurements there is no 

point in striving for efficiencies greater than 60-70% at 0 .025  eV  (falling 

as l /V  to 20-25% at 0 .4  eV) because this can only be won at the expense 

of a proportionately larger increase in the background due to fast neutrons 

which are always present in any such experiment. The background due to 

y-rays in this apparatus is quite small (-^0.25 m r /h  at the detectors) and 

they can be biased off without any loss in efficiency.

Two sizes of scintillator have been used 4 3/4 inS on a 5-in photomulti

plier E M I 9530B and 6 in X 3 in on a 2-in photomultiplier E M I9514B , each 

coupled by means of a light guide. The scintillators are backed with 62%  

B 2O 3 glass 1 / 2-in thick which absorbs both neutrons penetrating the scin

tillator and those incident from the rear of the detector. Hence elaborate 

shielding round the photomultiplier is not necessary. The square detectors 

are described in detail by S T E D M A N  [4] and the rectangular detectors by 

HARRIS [7] . The 6-in X 3-in detectors were a special design in which a poor 

light collection geometry was accepted in order to allow a close side by side 

packing of the detectors. This entailed a loss in the neutron detection effi

ciency; the average detector efficiency for this design is 30% at 0.025 eV. In 

the design of the 4 3/4 in^ detector the major requirement was for the best 

'possible neutron detection efficiency. A  graph of efficiency V  energy for 

this detector is shown in Fig. 3. The efficiency was calculated by measuring 

the count rate when neutrons are scattered from a standard vanadium sample 

into the detector. This figure is compared with the number detected by a 

fission chamber of known efficiency versus energy placed in the beam prior
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Fig.3

Efficiency versus time of flight for 4$ square LiFZnS scintillators.

to the sample. This technique has been used previously by E G E L S T A F F  

etal. [18].

A U  scintillators used in this apparatus are coupled to a pulse shape 

discriminator [5] . The most striking effect of using these circuits is the 

large reduction in non-neutron background achieved, in some cases from 

50 to 3 counts/min.

The variation in neutron detector efficiency across the detectors was 

found to be good. For the oblong detectors the efficiency in the corners being 

75%  of that in the centre and for the square detectors this efficiency ratio 

was better than 90%. A  comparison of the detection efficiencies of five diffe

rent scintillators was made and the relative efficiency found to vary by only 

5%  if the same photomultiplier was used: when complete detectors are com

pared however variations of 30% in relative detection efficiency have been 

observed.

3. G LA SS  SC IN T IL LA T O R S

Ideally a scintillator would absorb all incident neutrons and give a large 

pulse height and good discrimination against background radiations. For a 

given application, in this case the detection of scattered neutrons with ener

gies below 1 eV, the considerations affecting these properties, (for example 

whether to use lithium or boron as the absorber) must be individually re

viewed. The first part of this section is devoted to this.

(a) Lithium or boron

The main factor affecting the efficiency of a glass scintillator is the 

product of the cross-section of the capturing nucleus and its concentration * 

in the glass, i .e . a macroscopic absorption factor (subsequently denoted 

by A  in Table I).

The cross-section of boron is four times that of lithium, the thermal 

cross-sections (cr) being for boron 38^0 b and for lithium 950 b. At present
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P R O P E R T IE S  O F  GLASSES IN V ESTIG A TE D

Glass type
^  atoms X 10^  

g

* C x c
R E, keV e ,% P. beV

Boron glasses:

G1 0.90 34.6 0.091 208 5 10.5

G5 0.99 38.0 0.044 100 5 5 .1

Lithium glasses

GS 20 0.79 7.5 0.336 1610 15 241

HP 349 1.27 12.1 0.335 M M 7 112

greater concentration of lithium atoms can be obtained in glass, than of 

boron atoms; this is largely owing to the valency of lithium being unity against 

three for boron. Table I shows the absorber atom concentration, C , for 

some high-lithium and high-boron glasses, and the resulting absorptionfactor

A .

Further, in favour of lithium glasses is the fact that larger pulses are 

obtained than with boron glasses. This is because the available energy in 

the disintegration is greater for lithium (4.79 m eV against 2.31 meV), the 

fact that the ionizing particles have less specific ionization giving a greater 

pulse height for a given energy loss, and also because in general lithium 

glasses have a larger scintillation efficiency. These effects are also re

presented in Table I. R  is the ratio of the pulse height E  for neutron de

tection (measured in terms of the energy of an electron which would produce 

a pulse of the same amplitude) to the actual energy of the ionizing particles. 

"e "is  nominally the efficiency of the glasses relative to Nal(Tl) for electron 

excitation (values given are from [8, 14] ; the experimental conditions for 

the measurement of this factor appear to have been similar) and "p" is the 

product of "e" and E  giving a measure of the absolute amplitude of the pulses 

approximately equal to the equivalent electron energy in Nal(Tl). A n  ex

planation of the glass numbers is given below Table II.

In practice the pulses from the best boron glasses are not far removed 

from noise, so if the required detection efficiency can be obtained without 

excessive glass thickness, lithium glasses would appear preferable.

A  high concentration of absorber atoms is desirable so that thin sheets 

of glass may be used, so reducing the y- ray efficiency relative to the neutron 

efficiency. For example E  for lithium glasses has been stated as about 

1600 keV, but an electron of this energy has a range of approximately 3 mm , 

and so might leave a piece of thin glass, e .g. 1-mm thick, before dissipating 

all its energy. In fact, the maximum energy imparted to an electron scattered 

at an angle Ф to the original photon direction is 2mc^ cot¿ <&(^cot'¿ ф т е У ) . 

Fo r  a 1—m m  piece of glass, y-radiation incident normal to the glass, and 

assuming roughly straight electron tracks.the m axim um  electron energy 

which can be dissipated in the glass by a primary Compton scattered electron 

is approximately 1 m eV . With glasses of this thickness, since there is a 

high probability of Compton electrons of maximum energy leaving the glass,
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C O M PO SITION  O F  VARIOUS GLASSES

Glass

Molar Ratios
L L O  
%  wt

e%

LigO AlsO, M gO SÍO2 С eg Os

V4 3.3 0.26 10.0 0.17 13.5 8

G8 3.3 0 .68 10.0 0.09 11.7 9

HP89 2 .0 7.0 10.0 0.24 5 .9 15

GS1 2 .0 3 .5 6.5 10.0 0.27 5 .6 13

G6 1.3 1.0 5 .2 10.0 0.10 3.7 14

GS20(HP346) 5 .9 1.9 0.97 10.0 0.13 16.8 15

HP349 10.3 1.9 10.0 0.12 27.0 7

the familiar Compton distribution is not observed, but rather a distribution 

falling smoothly from a high value at low amplitude to cut-off at a higher 

amplitude.

Thus, although B R O O K S  [10] reports lithium glass as having greater 

sensitivity to high energy -y-rays than boron glass, since his remarks were 

based on lithium glass 1. 5 in thick they would not apply to the thin glass 

considered here. Although the ideal conditions of straight electron tracks 

and normal incidence of y-radiation are not fully realised in practice, it is 

clear that, 1-mm thickness of lithium glass would have lower y-sensitivity 

than a similar boron glass scintillator. Since as will be seen later the re

quired neutron efficiency for slow neutron scattering experiments can be 

obtained with glasses of this thickness lithium is the automatic choice in 

this case.

(b) Glass composition

The most satisfactory composition of the glass has been considered 

by several authors. The cerous ion has been reported as the only activator 

producing cathodoluminescence in glasses [9, 11] . G IN T H E R  [8] and 

A N D E R S O N  [14] have developed lithium-aluminium-magnesium silicate 

glass, while VOITOVETSKII [12] has found a lithium-calcium silicate glass 

successful.

The ideal glass would possess the greatest neutron capture efficiency 

and the greatest pulse height efficiency obtainable in one glass, and also 

be perfectly clear to its emitted light. To some extent these requirements 

are contradictory, for example the absorption and emission spectra overlap 

slightly, and V O ITO V E TSK II [12] has found it helpful to reduce the cerium 

molar concentration from 0 .1  to 0.06 on increasing the glass thickness from

0 .1  to 1 .0  cm.

The greatest neutron capture efficiency is obtained by incorporating 

the maximum amount of Li^, though with the glasses known at present, this
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leads to a reduced pulse height. The present limit of lithium content (glass 

HP349, 27% LÍ2O) is set by the glass becoming cloudy. '

The greatest pulse height efficiency for a given glass is obtained by 

increasing the cerium content, though beyond a certain value set by the con

version of some cerium to the quadravalent state, and possibly by concen

tration quenching, the efficiency falls again. In order to incorporate a high 

cerium loading without reaching this limiting value it is necessary to melt 

the glass under strongly reducing conditions [9, 11, 13] .

The addition of aluminium and magnesium oxides appears to have several 

effects. One, which may be connected with producing a certain order in the 

glass facilitating energy transfer to the emitting centres, is an increased 

pulse height efficiency. This is supported by the fact that some of the more 

efficient glasses show a tendency to devitrify by crystallization; for example, 

crystals of forsterite, 2M g 0 S :02 tend to form in the pouring of glass of 

composition GS1. Also it appears possible to incorporate more cerium with

out reaching the limiting value [13, 14] and without preventing all the batch 

components from dissolving [15] . The former also leads to greater pulse 

height.

Table II shows for some of the best glasses made so far the composition 

in molar ratios with the %  by weight of LiiO, and the efficiency "e" of Table L 

The molar ratios are for convenience normalized to 10 mol SÍO2 . Glass 

numbers prefixed by G  apply to the glasses of Ref. [8] . Those prefixed 

by GS are made by Levy West Laboratories Ltd. Those prefixed by H P  are 

described in Ref. [14] . V4 is the glass of Ref. [12] .

Examples of the neutron efficiencies obtained for 1-mm thickness are; 

for glass GS20, 82% at neutron energy 0.025 eV and for glass HP349E  35% 

at 1 eV . The letter " E "  denotes the use of enriched lithium, 96%  Li^ , as 

is used for GS20.

(c) Tests on glass specimens (containing 96% enrichment in L i6)

Tests were made to demonstrate the variation of gamma-ray sensitivity 

of the glass with thickness. Samples were irradiated in a field of 5 m r/h  of 

-y-rays from a C 060 source and the number of pulses of amplitude equal to 

pulses due to neutron capture were recorded. The results were as follows:

Thickness of glass m m  1.5 3 6 9

Count rate due to C 060 ^ ^  ^  ^

gamma rays counts/s

These tests, together with the theory discussed previously, indicate 

the superiority of glass in the range of 1-mm thickness.

Further tests were carried out in 4 different samples of lithium glass 

of thickness 1 to 1 1 /2  m m . Each sample was coupled in turn directly onto 

the photo-cathode of a 2-in diam., 11 stage EM I photomultiplier (typeCV2316). 

The assembled detector was then placed in the 0 .067  eV diffracted beam 

of a neutron crystal spectrometer. A  3/4-in diam. collimator was placed 

immediately in front of the detector. The differential bias curve obtained
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Fig. 4

Differential bias curve for glass specimen HP89X. 

_ Neutrons 

--------- -Co^°yrays5m r/h

..................  Background

TABLE III

P E R F O R M A N C E  O F  SCIN TILLA TIN G  L ITH IU M  GLASS

Sample

%  Lig 0  calculated 

from neutron 

transmission

Detection efficiency 

o f l i m m a t 0 . 2 e V

Resolution 

of lj, a peak

li  m m  НР8ЭХ 30% 12%

И  m m  344E 15.9% 57% 1 %

m m  346E 13.2% 50% 16%

1 m m  349E 26 .2% 75% 32%

for sample H P 8 9 X  using a 100 channel pulse height analyser is shown in' 

Fig. 4. The background was obtained by inserting a piece of cadmium in the 

beam immediately prior to the crystal.

The resolution of the ¡i, c peak, given by the full width at half height 

divided by the peak pulse height, is 12% for sample HP89X . This was achieved 

without the use of a light guide or the special selection of a photomultiplier 

of particularly uniform photo-cathode response. The tests were repeated 

for three other samples and the results included in Table III.

It is seen that the resolution broadens as the lithium content is increased. 

This can probably be overcome by improved manufacture techniques since 

there is no obvious reason for the broadening depending on the lithium con

centration. In fact the 349E sample had centres of cloudiness due to some 

constituent not being completely dissolved. A  further point is that the per

centage by weight of LigO  in the glass is not always completely controlled
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by the manufacturing process. In the case of the 344E glass a LigO content 

of 1 7 .8%  was claimed by the maker, for 349E 27% and for 346E 16. 9% was 

stated to be added in the melt but lower figures were deduced from neutron 

transmission measurements.

The H P 89X  sample has been compared with a B F 3 counter in a crystal 

spectrometer on the Bepo reactor at Harwell. In this apparatus where the 

gamma-ray flux is less than 0.25 m r/h  inside the detector shield the glass 

was found to have a counts to background ratio of 65 compared to 32 for the 

B F 3 counter. The glass is therefore preferred to the BFg counter in this 

apparatus. On  the cold neutron apparatus in Dido, however, the counts 

to background ratio of a 3-mm thick glass specimen was measured as 0 .4 :  1 

compared to 14:1 for a B F 3 assembly. This is attributed to the high -/-back

ground found in this apparatus (^1 mr/h) and because the resolution of this 

glass was poor (-'-25%).

4. CON CLU SION S

Two types of scintillator have been discussed, particularly in relation 

to their use for slow neutron scattering measurement. They have different 

characteristics, and different criteria govern the choice of composition. 

However, for both types Li^ has been chosen in preference to B^". In the 

case of the zinc sulphide type this is primarily because the lithium version 

is chemically inert and thus more rugged than the boron plastic version. 

For the glass scintillators, lithium is chosen because, (though it has a lower 

cross-section than boron), scintillators of high efficiency may be made 1-mm 

thick, and for this thickness the greater neutron pulse height of lithium leads 

to a lower efficiency.

The important advantage of the zinc sulphide type is the low efficiency 

to y-radiation which is obtained by the use of pulse shape discrimination. 

These scintillators automatically have low efficiency to fast neutrons be

cause their thickness is limited by opacity to 10 mg/cm ^ Li^ giving 52%  

efficiency at 0 .03 eV, falling to 20% at 0 .2  eV. In the measurement of these 

figures, a pulse shape discriminator was used so that 5 m r/h  of CoS" y-rays 

registered less than 1 count/min.

The main features of the lithium glass scintillators are that thickness 

is not limited by opacity and thus larger thicknesses may be used, though 

at the expense of increased y-ray efficiency. Also owing to the clarity of 

the glass, which gives a well resolved peak for neutron events, the detection 

efficiency may be simply measured since it is (very closely) equal to the 

transmission. The use of a high Li^ content gives good efficiency, for 

example 1-mm thick scintillators of GS20glassgive 82%efficiencyto0.025 eV 

neutrons and of HP349E glass 35% at 1 eV. The former might typicaDy count 

100/min in a 5 m r /h  field of Co**" y-radiation incident from the front com

pared to 1 count/min for the ZnS type.

Either of these types of scintillator are attractive, depending on the 

particular experimental conditions. Owing to their small volume it is easier 

to shield them from an isotropic fast neutron background than would be the 

case with B F 3 counters, which would be quité thickfor comparable efficiency.

Further development of the zinc sulphide type would best be directed 

towards improving the electronic aspects-of the pulse shape discriminator;
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for example to use a faster photomultiplier than the "Venetian-blind" type 

normally used, and a correspondingly faster discriminator circuit. The 

glass would be improved if a composition containing more lithium can be 

developed (though there is only room for an improvement of about 1.5 here) 

and if compositions could be found giving usable pulse shape differences for 

neutron and gamma-ray excitation. The high lithium type would also be more 

attractive ii their resolution could be improved; there does not seem any 

basic reason why this could not be done.
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D I S C U S S I O N

N . A . T C H E R N O P L E K O V : What is used as the activator in the lithium 

glass scintillators to which you refer? Secondly, has material been published 

anywhere on the technology of manufacturing the boron scintillators and 

lithium glasses with a high percentual content of lithium to which you refer?

B. H A Y W O O D : The activator used was cerium in the form of the cerium 

ion. Reports were published at a Stockholm conference in 1960 on the manu
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facture of glasses containing 6%  LigO . Reports on glass with the highest 

content of lithium should shortly be published by M r. D .G .  Anderson of the 

British Scientific Instrument Research Association.

W .  W H IT T E M O R E : At General Atomic we have been using plastic scin

tillators for a number of years to detect thermal neutrons, but we have had 

enormous difficulty with the y-rays. Our problem here is that we get aprompt 

pulse of y-rays'from our linear electron accelerator, which saturates the 

crystal and electronics for as long as a thousand micro-seconds. Do you 

have any information on methods by which this effect may be reduced or 

the neutron/gamma response improved?

B . H A Y W O O D : I am  afraid I have not. One gets the best results from 

these scintillators if they are kept dark for about 10 or 12 h immediately 

after being made. I should imagine you are getting the same sort of effect. 

You get a bright flash of light and this leaves the zinc sulphide activated.

H . P A L E V SK Y  Do you find any difference in the position of the Compton 

edge for the cobalt line, or in the relative pulse heights of the neutrons and 

gamma rays as you change the concentration of lithium?

B . H A Y W O O D : No. The lithium concentration has practically no effect 

on the y-rays.

B. JA CR O T : There are two English firms making this scintillator glass. 

Have you compared these two products?

B . H A Y W O O D : No. It all comes from the same source, actually.

B . JA C R O T : W hy does one glass have higher content of lithium than 

the other?

B . H A Y W O O D : There are two retail outlets.

W .  C L A E S E R : Have you actually used these Li^ -glasses in scattering 

experiments? I am  asking this because we have tried to use some lithium 

glasses we got from an English firm, and got a much larger background 

than with ZnS scintillators.

B . H A Y W O O D : W e  have not used Lis -glass in scattering experiments 

because we would expect a high background from y-rays. The advantage 

of the ZnS detectors in this respect is that by use of the pulse-length dis

criminators described, the y-ray sensitivity can be reduced by several 

orders of magnitude.

H . P A L E V S K Y : I don't understand why - if the glass is as good as the 

data in your paper indicate.

B. H A Y W O O D : Well, for most practical purposes the y-ray flux is the 

thing. If one can reduce the y-ray background by one order of magnitude, 

or even two or three orders of magnitude, this is much more advantageous 

than increasing the efficiency, and an efficiency of 60% for thermal neutrons 

is really about as high as you can go without becoming offensively efficient 

for fast neutrons, which are always present.

H . P A L E V S K Y : W a s  M r . Glaeser thinking of the у -ray background?

W . G LA ESE R : Yes. W e  have used the detector behind the crystal, where 

the y-ray background is much lower than with a chopper, and there we have 

such a large background of y-rays that we found scattering experiments out 

of the question.

P . E G E L S T A F F : The y-ray curve for lithium glass shown in this paper 

was obtained with a Co** source. In the case of the gamma field in the neigh-
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bourhood of a reactor the energy spectrum is such that a long "tail" of 

gamma pulses extends over the region of the neutron pulse. With sensitive 

neutron scattering experiments the neutron-to-gamma sensitivity of the 

detector should be 1C* and this cannot at present be achieved with the lithium 

glass.

H . P A L E V S K Y : But that isn't exactly correct. The point is, if you're 

scattering у -rays off a sample, they've lost energy.

P . E G E L S T A F F : They are degraded y -rays but they've originated from 

many different areas in the general gamma field, as it were, that the detec

tor is placed in.
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Abstract — Résumé — Аннотация — Resumen

LIQUID DYNAM ICS FROM NEUTRON SPECTROMETRY. Recent experiments carried out at Chalk River

DYNAMIQUE DES LIQUIDES PAR LA SPECTROMÉTRIE NEUTRONIQUE. Le mémoire décrit les expériences 

faites récemment à Chalk River sur la dynamique des liquides d'après la diffusion inélastique des neutrons. Il 

analyse notamment une expérience effectuée par Sakamoto et ses collaborateurs, au cours de laquelle ont été 

déterminées les fonctions d'autocorrélation de Van Hove dans l'eau à 25*C et à 75*C, ainsi qu'une expérience

incomplètes avec l'étain liquide.

ГИДРОДИНАМИКА НА ОСНОВАНИИ НЕЙТРОННОЙ СПЕКТРОМЕТРИИ. Рассматриваются недавние эксперименты, 

выполненные в Чок Ривер, по динамике жидкостей с использованием неупругого рассеяния нейтронов,

ESTUDIO DE LA DINÁMICA DE LÍQUIDOS POR ESPECTROMETRÍA NEUTRÓNICA. Se revisan los ex

perimentos efectuados recientemente en Chalk River para estudiar la dinámica de líquidos por dispersión in- 

elástica de neutrones; entre los experimentos figura uno de Sakamoto y colaboradores en el que se deter* 

minaron las funciones de autocorrelación de Van Hove en agua a 25* y 75*C, y otro en el que se estudiaron las 

funciones de correlación en argón líquido en las proximidades de su punto triple.

En relación con experimentos con estaño líquido aún sin terminar, se discute la posibilidad de que en 

los lfquidos clásicos aparezcan fonones de onda corta, que existen en el líquido cuántico *He.

*  Now at Department of Physics, McMaster University, Hamilton, Ontario.

Visiting scientist from Reactor Centrum Nederland, Petten, Netherlands, now returned.

* * *  Visiting scientist from Atomic Energy Establishment, Trombay, Bombay, India. Supported by the 

Colombo Plan.
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1. INTRODUCTION

In this paper we present an experimental review of the more recent

Chalk River work on the dynamics of liquids. The work has been inspired 

by the philosophy that one should attempt to deduce information directly from 

the experiments, as far as possible by inversion procedures rather than by 

comparison with calculations based on models which are almost certain to 

be much over-simplified.

At the time the paper was scheduled for the Symposium we hoped to be 

able to discuss the results of two new experiments: one an experiment to 

determine the pair correlation function in liquid argon, and the other, on 

liquid tin, to study the question of the existence of photons in liquids. Because 

of circumstances beyond our control, the experiments were not finished in 

time for the Symposium and we present here preliminary and incomplete 

results of the experiments.

W e  first briefly review the familiar notation and ideas of the VAN  HOVE  

[lj formalism for discussing the dynamics of classical liquids. The fundamental 

variables are the momentum transfer or wave vector transfer Q  = ¡ Q  ¡ and the 

energy transfer йи. The scattering function, S(Q, u), the intermediate scatter

ing function, I(Q, t), and the correlation functions, Gg (г, t) (the self-correl

ation) or G(r, t) (the pair-correlation), are linked by the Fourier transform

ation equations

and their inverses.

2. T H E  SELF- C ORRELA TION  FU N C T IO N  F O R  T H E  P R O T O N S  IN W A T E R

The first experiments were carried out on water, in which it was found 

that there exists a quasi-elastic component to the scattering which, however, 

is only quasi-elastic; there is an energy broadening, and this broadening is 

related to the diffusion of the atoms in the liquid [2J. Fig. 1 shows energy 

distributions obtained several years ago [3J, with curves for water at 6" С 

and at room temperature, and for ice at -50°C. The distribution for water 

at room temperature is broader than that for water at 6° С which, in turn, 

is broader than that for ice. The pattern for ice represents strictly elastic 

scattering broadened by the instrument resolution function, so that it is 

actually the resolution function for the other patterns. The width as a function 

of temperature varies somewhat as the experimental coefficient of self-dif- 

fusion for water, but is a little smaller, and a theoretical interpretation of 

these facts was given on the basis oi the specific nature of the diffusive 

motions.

A  little later it was proposed by other workers, first by HU GH ES  et al. 

[4] at Brookhaven, that in fact the quasi-elastic peak is not broadened but 

split. Now the statistics in Fig. 1 are not very good, and while it is not likely

G(r,t) = l /2 ^ y i (Q ,t )  (sinQr/Qr) Q3 dQ,

(1)
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Fig-1

Energy distributions from water at 6°C and 24.5°C  and from ice at -50*C (open circles) [3].

th^t the broadening is in fact interpretable as a splitting of the line into three 

components, it is perhaps conceivable. However, the curves shown in Fig. 1 

are Lorentzian functions broadened by Gaussian resolution, with a single 

parameter (the width of the Lorentzian) fitted to the distribution in each case. 

Thus the curves apparently have shapes close to the Lorentzian shape ex

pected for a broadened line.

It was exceedingly difficult to understand how the components of the split 

line could simulate this behaviour in the two patterns of Fig. 1 as well as in 

several other patterns at different temperatures and Q 's [3]. It was, in any 

case, difficult to understand why the splitting should have been observable 

in the Brookhaven experiments and not in the Chalk River experiments, in 

view of the facts that the resolutions in the two series of experiments were 

the same, about 3 X 10*4 eV, and that our experiments utilized a line method 

rather than the edge method employed at Brookhaven.

More recently, work has been carried out on water at 25°C and 75° С 

by S A K A M O T O  etal. [5] using a resolution of about 2 X  10*4 eV. Fig. 2 shows 

a wavelength distribution, one of about 20 taken at 25° С (though not to the 

same statistical accuracy) using 4. 06Â neutrons and the rotating crystal spec

trometer [6]. The arrows on either side of the elastic position show the pre

sumed positions of the two extra components of the quasi-elastic line. The 

other arrows indicate the positions of other sharp lines also reported [4]. 

No evidence for any of them was visible in the patterns.

From distributions such as that shown in Fig. 2, the scattering functions 

S(Q, ы) for water at 25° С and at 75° С were constructed [5]. The parts of 

the functions involving small energy transfers are shown in Fig. 3. The 

broadening with increasing Q  that is expected from diffusion and the strong 

increase in that broadening with increasing temperature, are both visible.

The Van Hove transformations were carried out on these data [7], and 

the self-correlation functions for the protons were obtained as shown in Fig. 4. 

There is not much that one can say directly from these curves, but it is 

perhaps pleasant to have a mapping of the motions of the atoms in this way.
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WAVELENGTH (Â)

H g .2

From  the curves of Fig. 4, the mean square distance in which the atom 

moves as a function of time can be computed. This is perhaps better carried 

out by means of a mathematical trick [5], using data further back in the 

transformation process, namely the intermediate scattering function. (The 

mathematical trick is of such a nature that a fairly accurate value for the 

mean square displacement is obtained. ) In Fig. 5 the mean square distance 

which the atom has travelled from its position at the origin at time zero, is 

plotted as a function of time. On such a log-log plot calculations for various 

simple models appear as straight lines. Fig. 5 shows calculated lines for 

several models: for a gas of mass one atoms at room temperature, for a 

gas of mass 18 atoms at the two temperatures, and for atoms obeying the 

diffusion equation [1, 8] . with coefficients of self-diffusion equal to those 

measured at the two temperatures by means of nuclear magnetic resonance 

[9]. For times greater than a few times 10-12 s the experimental points agree 

with the calculations for simple diffusion. It is more informative, however, 

to look at the ordinate (displacement)^ scale. For both temperatures it ap

pears that the diffusion equation is obeyed after the atoms have undergone 

mean square displacements of about 5Â^, roughly corresponding to Root 

Mean Square displacements of one intermolecular separation.
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H p O  7 5  ° C

2.0 'Л  '6  <.4 0 Л  3 6  0 .4 * * — 0(A**) 0

Fig.3

The scattering function S(Q, (j) far water at 25*C and 75*C (S A K A M O T O  et al. [5]). 

The resolution functions are shown as dashed curves.

3. T H E  S C A T T E R IN G  F U N C T IO N  F O R  L IQ U ID  A R G O N

Wavelength distributions of 4. 06Â neutrons scattered by liquid argon 

under its own vapour pressure (550 m m  pressure, equivalent to a temper

ature of 84. 5°K) have been measured for about twenty angles of scattering 

between 17° and 110° using the rotating crystal spectrometer [6]. Typical 

distributions at three angles are shown in Fig. 6, together with similar pat

terns taken with the specimen container empty. For both series, the fast 

neutron background was monitored at short intervals by inserting cadmium 

in the beam, and has been subtracted. The approximate magnitudes of the 

fast neutron backgrounds are indicated by the horizontal straight lines. The
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Fig. 4

The self-correlation function Gg(r, t) for water at 25*C and 75*C.
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Fig. 5

Mean square displacement of protons in water at 25*C and 75*C as a function of time 

(S A K A M O T O  et al. [5]).
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L IQ U ID  A R G O N
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Fig. 6

resolution at the incoming energy was approximately 2%  in wavelength or 

2X10-4eV.

Fig. 7 shows an idealized picture of the scattering function for liquid 

argon at 84. 5° K, obtained from patterns similar to those of Fig. 6 .

For convenience of the ordinate and abscissa scales, the data are pre

sented as S(Q,A.') instead of S(Q,u). Resolution functions are shown forQ=0 

and Q= 2A* ̂  .

We had considerable difficulty from more or less trivial causes in these 

experiments, and they have taken quite a lot of time. This was partly due 

to a mistake in the basic design which may be worth recounting. In all our 

experiments we have been very concerned with the influence of multiple
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Fig.7

Scattering function S(Q, X) for H quid argon.

scattering, and in this experiment we took good care that there was very 

little; in fact we estimate that multiple scattering amounts to only about 3% 

of the primary scattering at larger Q's. We achieved this low level by putting 

horizontal cadmium absorbers in the argon specimen chamber, as suggested 

to one of us by Dr. G. H. Vineyard {private communication], but in eliminating 

multiple scattering we also eliminated too much of the primary scattering. 

A s  a result the statistics are not as good as we would have wished, and the 

background subtractions are not as accurate. SNot only this but the counting 

times were so long that difficulty was encountered in getting sufficiently 

compatible experimental results, due to equipment failures and changes. 

Nevertheless, we think that the results are sufficiently accurate that we will 

have errors of only 5%, or at worst I 0%, in the transformed quantities in 

the regions of interest.

Fig. 8 (a) shows the full width at half maximum of the curves of Fig. 7, 

corrected for resolution, and plotted as a function of Q, with bars indicating 

estimated errors in W  and resolution in Q.

Fig. 8 (b) shows the integrated intensity. At small Q the scattering comes 

largely from the incoherent component of the scattering cross-section. In 

this region the width has approximately the value 2HDQ^ expected [2] from 

diffusion, using the value of the coefficient of self-diffusion D=l. 5 3 X 10*3
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UQ U ID  A R G O N  (8 4 .5 °K ;5 5 0 m m )

Fig. 8

(a) Energy width of scattering function, corrected for resolution;

(b) Integrated intensity as function of Q .

cm^ /s measured by CINI-CASTAGNOLI and RICCI [10]. (It should be pointed out, 

however, that other workers [11] have given values about 30%  higher).

At larger values of Q, in the region of the first diffraction peak, the 

scattering is predominantly coherent, and the coherent narrowing of the 

energy distribution is visible. In the region of Q  = 1. 5Â*i the width makes 

a transition between the two types of behaviour as the scattering changes 

from predominantly incoherent at small Q, to coherent in the vicinity of the - 

peak.

The narrowing of the distribution due to coherence, predicted by 

D E  G E N N E S  [12] and observed earlier in liquid lead [13], is striking. (This 

entire phenomenon, it should be noted, is outside the scope of the convo

lution approximation [8].)

W e  hope to complete these experiments by extending the range of Q, 

and to have in the near future, complete scattering and correlation functions 

for liquid argon near the melting temperature.

4. A  S E A R C H  F O R  P H O N O N S  IN L IQ U ID  TIN

Finally we discuss an experiment designed to study the question: "Is a 

liquid dynamically like a solid in any realistic and quantitative sense?"From 

the experiments of L A R S S O N  et al.[14] in particular, it is known that the 

frequency distribution (in the sense of E G E L S T A F F  [15]) for the liquid, must 

be very similar to that for the solid. In our view, however, this fact does 

not provide an answer to the question posed; a liquid has roughly the same



198 B.N. BROCKHOUSE et al.

volume as the corresponding solid, the potentials between the atoms in the 

liquid are the same as those in the solid, so the motions are necessarily 

constrained in much the same way and the Fourier components of the motion 

must be nearly the same for the two. The real question can be posed as: 

"Does there exist in a classical liquid something akin to the dispersion re

lation for the normal modes of a solid?" Since a liquid is isotropic the dis

persion curve - if it exists - can depend only on the magnitudes of Q.

For the quantum liquid He* it is known that such a dispersion relation 

exists. Experiments by P A LEV SK Y  et al.[16] at Stockholm, Y A R N E L L  et al. 

[17] at Los Alamos, and H E N S H A W  et al.[18] at Chalk River, are in very 

good agreement as to the form of the curve. Fig. 9 shows the points of 

Yarnell et al. as crosses and of Henshaw and Woods, as closed circles. The 

integrated intensity (structure factor) of the liquid as measured by HENSHAW

[19] is also shown, as open circles. The dispersion curve starts at small 

Q  with the slope given by the measured velocity of sound, shows a maximum 

at the position of the first zone boundary* in the liquid, falls rather sy m 

metrically on the other side of the zone boundary to a minimum near the 

structure factor maximum, then rises again towards a possible second maxi

m um  near the structure factor minimum, all in rather close analogy to the 

behaviour of the dispersion curve in a crystal.

Fig.9

The dispersion curve and integrated intensity for liquid He*.

The question to be answered by the experiments is: "Can we see at least 

vestiges of such a dispersion curve in a classical liquid?" We know that longi

tudinal sound waves can be propagated in a liquid so we know that the initial 

part of the dispersion curve exists. W e  know that for at least some solids, 

at temperatures near the melting temperature, the phonons for wave vectors 

near the zone boundary are very much energy-broadened due to short life

* The spherical zone is defined to contain one degree of freedom per atom. For liquid heliumatl. 15K  

this leads to a value 1. 09A * ' for the zone boundary
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times for the phonons. In a liquid the lifetime of a phonon' can hardly be 

longer than that for the corresponding phonon in the solid, so we expect any 

phonon groups near to, or beyond, the first zone boundary, to be very broad 

at best.

Liquid tin was selected as the subject for the experiments because it 

is a convenient material whose scattering is almost completely coherent, 

and especially becuase of the fact that one can reduce multiple scattering 

effects in liquid tin by dissolving cadmium in it without much altering other 

properties of the liquid. This is discussed in detail later.

Fig. 10 indicates the main facts known a priori about the "dispersion 

curve" in liquid tin. It must start off at small Q  with the slope given by^the 

velocity of sound in liquid tin,2464m/s, and at the "zone boundary", 1. 28A'^, 

should have an energy certainly no greater than that corresponding to the 

Debye temperature of solid (white) tin, 170° K. If we accept a prescription 

of M O T T  [20], the Debye temperature of the liquid would be expected to be 

110° К corresponding to the quantum energy indicated in the figure. The dis

persion curve would then be expected to bend over symmetrically about the 

zone boundary and take a small energy near the position,-'- 2 . 2 Â'i , of the 

main diffraction peak.

Fig. 10

Information on "dispersion curve" in liquid tin and experimental constructions.

On the figure we have plotted several lines which correspond to the 

energies and wave vectors which would be observed in conventional experi

ments at energy loss for several outgoing energies, E ',  at a scattering angle 

of 10°, perhaps the minimum reasonable scattering angle one can use. (At 

smaller angles similar lines would occur to the left of those shown, at larger 

angles, to the right. ) Even for E ' = 36. 2 meV we could not observe phonons 

on the linear part of the dispersion curve, although we could within the first 

zone.

The experiments are made difficult by the fact that we wish to study the 

region of Q  before the first diffraction peak, the very region that one ordi
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narily considers to have almost zero primary intensity. Indeed under ordinary 

conditions most of the scattering observed in this region is multiple scatter

ing, so to study phonons in liquids one must try to minimize the multiple 

scattering, and then make a reasonably accurate correction for what remains. 

In our experiments we used a thin specimen of tin (transmission-^'87%) in 

which sufficient cadmium (0. 78%) was dissolved to lower the transmission 

to about 50%. Cadmium dissolves in liquid tin to any amount, the two sub

stances are both metals with approximately the same atomic weight, and 

we hope that the cadmium acts in liquid tin simply as another isotope but 

one that converts the tin to an isotopic form which has a large absorption 

and therefore for which the multiple scattering is reduced [ 2 1 ].

To take background we place a duplicate empty specimen container at 

the position of the specimen, and at the same time place in the beam a thin 

cadmium absorber with approximately the same transmission as the speci

men. This is done automatically at each spectrometer position and back

ground is subtracted directly from the signal point-by-point. By this means 

we obtain a background correction which takes accurate account in one oper

ation of the fast neutron background and of container and air scattering.

Fig. 11 shows a preliminary set of results obtained at Q  = 1. 4À'* and

1. 8À-1 (after background subtraction) using the constant Q  method and the 

triple axis spectrometer [6]. The dashed curves represent multiple scatter

ing computed in an approximation which assumed that two scatterings 

occurred, both at angles of scattering of 90°, and that the energy distribution 

for each scattering was that for a tin gas at 250° C. Even with this improved 

specimen, most of the scattering seems to be multiple scattering. If sharp 

phonons existed in the liquid we calculate that they should be seen with the

Hg- H

Energy distributions from liquid Sn at Q  = 1 .4  and 1 .8  Â *.
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intensity and approximate shape indicated by the triangles. At Q  = 1. 8Â*i 

it is clear that there are no sharp phonons in the region of interest but, as 

discussed earlier, we do not expect sharp phonons anyway. At Q  = 1. 4A-I 

there are no sharp phonons below about 10 m eV  which at any rate is above 

the Mott estimate. The statistics and accuracy of the experiments done so 

far do not allow more definite statements to be made. W e have patterns with 

better statistics but the experiments were interrupted before the absolute 

normalization necessary could be carried out. W e  hope that the completed 

experiments will allow convincing evidence to be produced for what we think 

is the case; that there are no sharp phonon groups near the zone boundary, 

but rather a continuous distribution of intensity (with perhaps some slight 

structure). W e  think that the quasi-elastic scattering observed in Fig. 11 

is probably just the result of an extremely broad phonon line, a line so 

broadened that there is little sense in calling it a phonon at all.
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D I S C U S S I O N

B . M O Z E R : What was the incoming neutron energy in your experi

ments?
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B .N . B R O C K H O U SE : About 5 m V.

K . E . LARSSON: Have you made any estimate of the damping necessary 

for complete disappearance of the phonon in your tin experiments?

B . N . B R O C K H O U SE : I don't think that any of the theoretical estimates 

mean anything when you have that kind of damping. Perhaps Dr. Hahn might 

like to comment on that.

H . H A H N : M y simple perturbation approach starting from a harmonic 

solid does not apply here.

B . M O Z E R : A  theory that might give some of the answers for liquid 

metals might be to treat the metal as a two-component plasma: quantum 

electrons and classical ions. Then all the formalism developed by Landau 

and others on plasma oscillations will give estimates of the broadening of 

these oscillations ("phonons") from individual particle effects and will also 

yield the "phonon" dispersion relation. Bohm and Staver used this success

fully to get a frequency spectrum of longitudinal modes in solids in reason

able agreement with experiment.

H . P A L E V S K Y : I think one has to be a little careful in making this 

type of comparison, saying that a liquid such as liquid helium represents 

real phonons and then comparing it to another system. In his oral presenta

tion Brockhouse mentioned a zone boundary in helium and compared it with 

a solid, but this is really not quite right because, unlike what normally hap

pens in solids, the origin of these excitations in liquid helium has nothing 

to do with order in space. I think this is well known.

B .N .  B R O C K H O U S E : I doubt that phonons in solids have very much 

to do with the order either. What does have to do with the order is the per

fect repetition of the dispersion curve of the phonons. At the beginning a 

disordered system must show some tendency towards a dispersion curve 

and this is what we are looking for in the classical liquid.

P . E G E L S T A F F : British theorëticans with whom I have spoken agree 

that you will get a dispersion curve in a disordered solid - say in something 

like a glass. In this connection it may be rather interesting to try to measure 

the dispersion curve for a glass by the technique you are suggesting, to 

find whether you can see these т = 0 phonons in a disordered material.

B . N . B R O C K H O U S E : Unfortunately this is even harder because for 

one thing the frequencies are higher. W e  have thought of this too.
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INTERPRETATION OF COHERENT NEUTRON SCATTERING BY LIQUIDS. The thermal motion in liquids

lectiveand single particle modes of equal importance. Coherent neutron scattering offers a powerful tool for studying 

the properties of these modes, in particular the interactions between them, and such effects are shown to be 

important at low momentum and energy transfers. It is shown also how the damping of longitudinal sound waves

INTERPRÉTATION DE LA DIFFUSION COHÉRENTE DE NEUTRONS PAR LES LIQUIDES. Le mouvement

qui permettent de déterminer l'orientation des travaux futurs.

ОБЪЯСНЕНИЯ^КОГЕРЕНТНОГО РАССЕЯНИЯ НЕЙТРОНОВ В ЖИДКОСТЯХ. Тепловое движение в жидкостях от

личается от такового в твердых телах (только коллективные формы) и в газах (только в форме отдедь-

INTERPRETACIÓN DE LA DISPERSIÓN NEUTRÓNICA COHERENTE EN LOS LIQUIDOS. La agitación 

térmica en los líquidos, a diferencia de la que se produce en los sólidos (modos colectivos únicamente) y en 

los gases (modos de partículas aisladas únicamente), se caracteriza por presentar modos colectivos y de par

tículas aisladas de igual importancia. La dispersión neutro nica coherente constituye un instrumento eficaz para 

estudiar las propiedades de dichos modos, en particular sus interacciones; se ha observado que esos efectos 

son importantes cuando la cantidad de movimiento y las transferencias de energía son bajos. Se ha demostrado 

también que el amortiguamiento de las ondas sonoras longitudinales es elevado para las frecuencias excitadas 

por interacciones neutrónicas y se estima que debería poder observarse experimentalmente. Se han efectuado 

comparaciones cualitativas entre los valores predichos por la teoría y los datos experimentales obtenidos en el 

caso del plomo y del estaño líquidos, lo que abre un camino interesante para trabajos futuros en esa esfera.

1. IN T R O D U C T IO N

Thé theory of liquids has suffered from the lack of a model which ade

quately represents the thermal motion of the atoms. One reason for this is

203
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that macroscopic experiments average over many of the details of thermal 

motion and so the data obtained do not usually provide an exacting test of 

rival models. With the advent of cold neutron scattering techniques it is 

possible to study the thermal motions in liquids on a microscopic scale and, 

in principle, more exacting tests of models are possible. To make such a 

test it is necessary to relate specific features of the neutron scattering pat

tern to the behaviour of parameters in the model.

As an example consider the problem of finding a model to describe the 

basic modes of diffusion. Traditionally the models fall into two classes, 

first those based on the ideas of jump diffusion in solids and secondly those 

based on the ideas of Brownian motion. Macroscopic experiments are ana

lysed in terms of a diffusion equation which is based on the assumption that 

the time-scale involved is sufficiently great that only an average over the 

thermal motion is needed. On the other hand microscopic experiments pro

vide information on the interaction of atoms and hence on the length of time 

(to ) over which the motion has to be averaged to justify the use of the diffu

sion equation. In a recent paper E G E L S T A F F  [1] analyses the experimental 

neutron data (viz. data on the half-width of the quasi-elastic peak) to derive 

this time, tg, and shows how it is related to the two classes of models. 

Since the temperature dependence of tg is opposite for the two cases, the 

basic type of model required can be deduced from measurements of tg.

E G E L S T A F F  [1] concludes that the present experimental information 

favours a modified version of the Brownian motion model. In this model 

the liquid is imagined to be composed of an assembly of "spinning globules". 

Each globule consists of approximately 50 atoms in a disordered close- 

packed structure, and the motion of its centre of gravity is Brownian.

Another aspect of the model which can be studied by neutron scattering 

is how collective and single particle modes interact. In a liquid the collec

tive modes are those associated with the transmission of acoustical waves 

while the single particle modes are those associated with diffusion. The 

interactions between these modes can be seen through the damping of the 

collective modes.

Qualitative predictions can be made for the various models. The glob

ule model suggests strong damping for wavelengths of the order of a globule 

diameter, while crystal models suggest strong damping for frequencies of 

the order of the jump frequency. E G E L S T A F F 'S  [1] discussion shows that 

these effects are of similar magnitude near the melting point and that the 

method of distinguishing between them is through their temperature depend

ence.

Coherent neutron scattering is sensitive to the collective modes of the 

scattering system, and a qualitative discussion of this type of scattering is 

given in Section 2. This indicates the important regions of momentum and 

energy transfer, and that the relatively long time behaviour of the system 

only is observable.in coherent scattering. New formulae are introduced in 

Section 4 to give methods of obtaining semi-quantitative information about 

the damping constants for longitudinal waves. Throughout this paper the 

predicted behaviour is compared to that observed in liquid lead and tin.
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2. G E N E R A L  R E M A R K S  O N  C O H E R E N T  S C A T T E R IN G

Owing to the complex nature of coherent scattering phenomena, it is 

convenient to choose, a representation suited to the problem in hand rather 

than use a general formulation. Two examples have been discussed in an

other paper at this conference (E G E L S T A F F  [2]). For the present discus

sion, which will be concerned with the large position (r) and time (t) be 

haviour of the Van Hove correlation function G d(r, t), the following method 

seems most useful.

The instantaneous pair correlation function g(r) is thought of as repre

senting the distribution of density fluctuations seen from a given atom. The 

Van Hove function describes the damping of these fluctuations and may be 

written:

Gd(r,t).- go = (g(r) - go^F (r ,t) (1)

where, since isotropic systems are being considered, the distance "r "  is a 

scalar and go is the average density. The damping has been specifically 

contained in the function F(r, t), defined at Eq. (1).

Eq. (1) may be Fourier-transformed with respect to "r "  and "t" to give:

Sd(Q,h)) = ; i ° (Q - Q < )R (Q ',t j )d Q ' (2)

where 1  ̂(Q) = /  S^(Q, ы) dM, (and hence /  R(Q, ы) = 6(Q)), tiQ and tin are the 

momentum and energy transfer, and R is the double Fourier transform of 

F. Thus experimentally the function R will be observed with a "resolution" 

width given by the structure factor I ̂ . The most convenient point to study 

it would seem to be at the first maximum in 1^, which for many liquids is 

roughly Gaussian in shape and has a width **" 0. 5A '^.

The damping function F(r, t) may be separated qualitatively into two 

components, in the same manner as is usually done for Van Hove's "self" 

term. One part includes the short time motion which will affect F(r, t) prin

cipally at small "r "  and thus give a contribution to R  which is spread over 

a wide range of u and Q. In Eq. (2), therefore, the short time damping of 

the density fluctuations blurs out the fluctuations in 1° so giving a rather 

smail contribution to the integral; In this region the experimental cross- 

sections will be due almost entirely to the self term. This is in accord 

with the experimental observations of E G E L S T A F F  [2] and of COCKING  and 

G U N ER  [3] which show that at energy transfers of about half the Debye tem

perature the peaks of 1  ̂ cannot be observed and the cross-section is approx

imated by the self term. For this reason, at medium to high frequencies, 

it is possible to observe the frequency distribution only, rather than a dis

persion law. This phenomenon is well known in the case of polycrystal scat

tering, where the momentum conservation condition Q  + q ^.2тгт ^  Q  - q 

allows the coherent cross-section to be averaged over a broad region of the 

structure factor. The form of Eq. (1) implies analogous behaviour for all 

systems.

The second component of F  is a long time one associated with diffusion 

and expected to have a form similar to that obtained in self-diffusion. This
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component gives a term in R  which is confined to a narrow range of Q  and 

ы. Consequently the peaks of 1° will be observed at low и over a range com

parable to that of the self-diffusion function. This is in accordance with 

experimental observations, particularly those of B R O C K H O U SE  and P O P E  [4] 

and of T U R B E R F IE L D  [5] on liquid lead. These experiments were carried 

out at a peak in the function 1% and they show that energy broadening in co

herent scattering is similar to that for self diffusion. A  similar observation 

is possible at the minimum in 1  ̂ near Q  = 0. At this point 1̂  is negative 

and the contribution from Eq. (2) will cancel the positive contribution from 

the self term. Thus the coherent<cross-section (which is the sum of S<] and 

Sg) should not show a "quasi-elastic" peak at low Q. The observations of 

C O C K IN G  and G U N E R  [3] on liquid tin show how these two terms cancel 

almost completely.

Thus Eqs. (1) and (2) are convenient for a qualitative discussion of the 

behaviour of the interference and coherent cross-sections. The improve

ment through the use of Eq. (2) rather than; for example V IN E Y A R D 'S  [6] 

approximation, lies in the convolution integral, which broadens the peaks 

in 1° when R  is a broad function of Q. For a quantitative discussion it is 

necessary to define F(r, t) over a range of "r "  and "t", and this is possible 

in principle for specific liquid models. However there is one component of 

F(r, t) which can be evaluated from classical theory. This is the damping 

of that part of the density fluctuations caused by longitudinal sound waves. 

It may be shown that for crystals where the damping is small the cross- 

section for this effect cannot be observed unless the neutron velocity is 

greater than the velocity of sound. However with the substantial damping 

that occurs in a liquid a significant cross-section is possible. This question 

will be considered in Section 4.

3. G E N E R A L  A N A L O G U E  O F  TH E  DISPERSION L A W

In order to discuss the propagation of cooperative modes in a liquid it 

is desirable to define an experimentally-accessible quantity which can be 

thought of as a "dispersion law" and which reduces to the normal mode 

dispersion law in the case of a polycrystal. A  convenient quantity in this 

respect is the width (AQ ) of R(Q, ы) taken from a plot of this function against 

Q  at fixed м. Since R(Q, ы) is observed experimentally as a convolution with 

1^, it is only possible to measure its width at the peaks in 1^, in particular 

at the most prominent peak. This width (AQ versus ы) has the character of 

a dispersion law and reduces to the normal mode one for a polycrystal as 

required above.

At the present time the range of experimental data is not sufficient to 

allow this quantity to be evaluated properly*. However an attempt was made 

to evaluate the order of magnitude of the velocity of propagation of coopera

tive modes from existing data on liquid metals and this suggested that it 

was of the same order as the velocity of sound as expected.

*  New data on liquid argon (BROCKHOUSE et al.) and liquid sodium (RANDOLPH et al.) may reveise
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4. T = 0 CROSS- SECTIONS F O R  A  L IQ U ID

A  convenient starting point is to consider the one phonon cross-section 

for inelastic scattering by a crystal associated with the origin (i. e. т = 0) 

of reciprocal space. This cross-section is easily written down from the 

work of W E IN S T O C K  [7}, for an energy transfer much less than the sample 

temperature, as:

¿ ¡ ä  = a '(k '/k )- e x p (- 2 w ) .Z

w h e re Z  = T /2M c^6(Q - q )ó (M - cq ) (3)

T  is the temperature in energy units, "a "  is the coherent scattering 

length, "k " and "k " ' are the incident and scattered neutron wave numbers, 

exp(-2w) is the Debye-Waller factor, "q" is the wave number of the phonon, 

M  is the nuclear mass and "c "  is the velocity of sound. The 5 -functions 

express conservation of momentum and energy and limit the scattering to 

the following condition:

Q / q > c / v  (4)

where "v " is the neutron velocity (this follows from the standard rule that 

vQ  > ы for scattering to take place).

The interesting feature of this formula is the absence of an explicit 

dependence on momentum transfer, so that it does not vanish in the limit 

Q  0. In this limit the integral of Z  over u at constant Q  gives the usual 

result of cross-section proportional to T  times the compressibility. In 

the same limit it can be shown that the two phonon cross-section goes to 

zero as Q^, and for this reason it will not be considered here (however in 

order to preserve constant Q  as Q  -* 0 it is necessary to allow v -* ю, and 

this is very far from normal experimental conditions so that the two phonon 

term should be calculated properly in some practical cases).

The origin of reciprocal space (т = 0) is a good scattering point for a 

liquid and the cross-sections will be given by the same expression^ as for 

a solid. But unlike the solid the mean free path of longitudinal waves in a 

liquid is short and consequently the conservation of momentum and energy 

will not be given by the delta functions at Eq. (3). Scattering is allowed in 

this case over a range of Q  and ы and is possible even when the condition

(4) is not satisfied. In principle both the energy and wave number of the 

phonon will be complex quantities but for simplicity it will be assumed that 

the wave number is real and the energy complex. This means that the 

second delta function of Eq. (3) must be replaced by a Lorentzian, i. e. :

Z  = (T /2M c3).(i/y )- s/[(b ,- cQ )2 + sS] ^

where "s "  is the reciprocal of the phonon life-time. This formula is based 

upon the assumption that (ы- cQ) varies much more rapidly (as a function of
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Q  for fixed ы) than either "s "  or Q, so allowing these quantities to be taken 

as constants when integrating the Lorentzian. This assumption will be shown 

to be poor in practical cases, so that Eq. (5) has a qualitative significance 

only. The error in its use is probably *^cQ/u.

In addition this formula is based on the simple (dispersion) law ы = cq; 

in practice a more complicated dispersion law holds which can lead to sub

stantial changes in the magnitudes predicted by Eq. (5).

5. E V A L U A T IO N  O F  T H E  L O N G IT U D IN A L  W A V E  D A M P IN G  C O N S T A N T

In considering the transmission of sound waves through a liquid metal 

it will be assumed that the thermal conductivity is sufficiently high that the 

system is isothermal and the damping is given entirely by the viscosity. 

Then the relation between frequency and wave-number of the waves is found 

to be:

where a is ^Maxwell's relaxation time and Ci and eg are the sound velocities 

at very high and very low frequencies respectively.

Thus:

where В and G  are the bulk and rigidity modulii respectively and ч is the 

viscosity coefficient. This equation reduces to the ideal fluid results of 

ST O K E S  [8] at low frequencies and the elastic continuum results of M A X 

W E L L  [9] at high frequencies, and is derived [10] by arguments analogous 

to those used by F R E N K E L  [11]. It shows how the waves are transmitted in 

the region where both viscous and elastic effects are important.

For simplicity in discussing Eq. (6) it will be assumed that q is complex 

and M real. The square of the imaginary component of q is readily evalua

ted as:

Inspection of this equation shows that the imaginary part of "q " varies as 

at low frequencies and is independent of м at high frequencies. The im 

portant factor is the ratio of the imaginary part of q to ы, and this ratio is 

plotted in Fig. 1 for a value of ¡3 of 0. 5. The peak will come near u = 1 for 

any value of ß and shows that the absorption is high for periods of the order 

of the Maxwell relaxation time. In Table I the critical frequencies corres

ponding to u = 1 are given for lead and tin compared to typical values which 

can be obtained in neutron experiments (for the momentum transfer casé a 

sound velocity of 2 X 10^cm/s was assumed). '

q3 = (h)3 ar +  ih)3 ) / (ыа ç i  +  ic§ ) (6 )

cí = [B + (4 /3 )G ]/p ; c§ = В /p; a = n /G ; (7)

where u
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FREQUENCY

Fig.l

Damping factor for longitudinal waves in a liquid plotted as a function of frequency.

The value of the frequency is given in units of the critical value c^/acj).

It can be seen that neutrons can excite (or de-excite) sound waves in 

this critical region of large absorption, and for this reason Eq. (5) for the 

cross-section will be valid to order of magnitude only. However, the ex

amination of this region with cold neutrons should be especially valuable 

in testing liquid models.

TA B LE !

CR ITICAL  FR E Q U E N C IE S  F O R  AB SOR PT IO N  O F  L O N G IT U D IN A L

SO U N D  W A V E S , C O M P A R E D  T O  C O L D  N E U T R O N  FR EQ U EN C IES

C a s e —̂
Lead

340°C

Tin

250°C ^ e r l m l v

Frequency 

10*2 c/sec 2 6 1 .5 10

In the introduction it was pointed out that absorption at certain fre

quencies was predicted by the liquid diffusion models; in this section the 

same phenomenon has been derived from another point of view. Near the 

melting point the critical frequencies calculated from the diffusion models 

are of the same order as those given in Table I, but the temperature varia

tion is different (this is discussed by F R E N K E L  [11]). However in one
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simple case good agreement is obtained for the critical damping predicted 

by both methods; this is the case of a compressed gas. For this example 

the peak in Fig. 1 comes at a wavelength (A.c ) given by:

The spinning globule diffusion model predicts the globule diameter (2r) to 

be (where "d "  is the diffusion constant):

since for a gas, the diffusion constant is equal to t)/p and the squared velo

city of sound is equal to T /p  X  volume). Thus A.Q and r are equivalent.

6 . C O H E R E N T  CROSS-SECTIONS O F  L IQ U ID  L E A D  A N D  TIN

The coherent inelastic cross-section of lead over the temperature range 

from melting point to 520° C, has been measured for low momentum trans

fers by E G E L S T A F F  [12]. At the lowest scatter angle studied the cross- 

section was found to be nearly independent of temperature. This observa

tion is unusual since cross-sections normally contain a temperature factor 

as at Eq. (5). However from Eq. (8) the width"s" is proportional to viscosity 

at low frequencies, and hence decreases as the temperature is raised. This 

effect will decrease the cross-section with temperature and offset the nor

mal increase. Even a qualitative result is of some significance here, be

cause in the high frequency region the damping varies as the reciprocal of 

viscosity which increases with temperature. Thus the qualitative nature of 

this result suggests that the experiment is being done in the region covered 

by the lower frequency side of Fig. 1 (this in turn means that the peak of 

Fig. 1 comes a little higher than the value given in Table I). ^

(9)

2r = T /^ d  = (4тг^с^р^)/3ч^ or г ^ ч/ср (10)

1.0-1 *EXPT .REF .3 . DIVIDED BY 20

2 3 4 5

ENERGY TRANSFER t meV )

H g .2

Comparison of liquid т = 0 cross section with the experimental data [3] on liquid tin. 

The theoretical curves correspond to taking q real and ^  complex or the reverse, and 

the difference between them indicates the present theoretical uncertainty (this Fig. 

was kindly supplied by S.J. Cocking).
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CO C K IN G  and G U N E R  [3] have measured the inelastic cross-section of 

liquid tin at 240°C for low momentum and energy transfers. Assuming that 

the low frequency region of Eq. (8) is applicable to this case the width "s "  

required in Eq. (5) can be readily evaluated. Comparison of the tin data 

(6Aneutrons scattered through an angle of 20°) with the predictions of Eq. (5) 

is given in Fig. 2. The lowest momentum transfer data has been chosen 

since this should offer the best comparison with the theory. This figure 

shows that the theoretical cross-section has the right general shape but the 

absolute value is substantially less than the experimental one. Several de

ficiencies in the theory have been pointed out and these may account for this 

discrepancy. In particular this result could be taken as confirmation that 

the experiment is being conducted near the peak of Fig. 1, so requiring a 

, special theory. Alternatively there may be other terms coming from the 

long time behaviour of F(r, t) - Eq. (1) - which are not completely cancelled 

by the self term at the values of momentum transfer employed in the experi

ment. Again this would require a detailed theoretical discussion.

7. C O N C L U S IO N S

The discussion of Section 2 showed that significant contributions to the 

interference term in neutron scattering are to be expected at low momentum 

and energy transfers. In this region the scattering should be analysed in 

terms of the long time motion of the atoms in the liquid. Two types of 

motion were emphasized, one the "single particle'^ diffusive modes and an

other the "collective" longitudinal modes. In the scattering pattern these 

two effects have different widths, the damping of the longitudinal modes by 

interaction with the diffusive modes produc.es a width one or two orders of 

magnitude greater than that due to diffusion alone. This can be seen by 

comparing Eq. (5) with the simple diffusion cross-section (e. g. V IN E Y A R D

[6]). Using the low frequency expression for s (i. e. s = orcÏQ^) the two ex

pressions are of the same form but the widths differ by the order of magni

tude of the ratio of the kinematic viscosity to the diffusion constant. This 

ratio is between 10 and 100 for liquid metals in the range of a few hundred 

degrees above the melting point.

Near Q  - 0 only the broader term can be observed and this was dis

cussed in detail. At present the theoretical cross-sections are right only 

in a qualitative sense and more detailed calculations are required before a 

quantitative comparison is made. At the first peak of 1%, usually near 

Q  = 2Â'*, both terms should be important, and this would lead to a two com

ponent shape for the energy transfer distribution. A  distribution of this 

type is suggested by the results of P A L E V S K Y  [13] on liquid lead and tin 

and of CO CKIN G  and G U N É R  [3] on tin, taken at the principle peak in 1^ for 

these liquids. In this case the broad component may spread into the low Q  

region and hence add a considerable background to the т = 0 cross-section. 

An extension of the longitudinal mode calculated to 0 is thus indicated, 

and may account for some of the discrepancy shown in Fig. 2.

The results given in this paper are a continuation of the attempt to re

late features of the neutron scattering pattern to specific features of liquid
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models. The main contribution has been to show that there is a region of 

coherent scattering which should be sensitive to the model and to identify 

the most important properties which affect this region. Considerable further 

work on these lines, both experimental and theoretical, is required to estab

lish the detailed properties which must be incorporated into a successful 

liquid model.
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P. SC H O F IE LD : I would like to make a few comments regarding the

coherent scattering of neutrons in liquids. There are, as I see it, two dis

tinct problems to be considered: (a) the effect of interference on the "quasi

elastic" scattering (a question to be answered here is whether neutrons can 

detect the presence of clusters of atoms moving together - the "globules" 

of Egelstaff' s theory*); and (b) the inelastic scattering and the possibility 

of detecting local thermal excitations in the liquid* corresponding to the 

correlated motions of sets of atoms. Let us consider (a) and (b) in turn.

(a) In considering this problem, it is best to work with the pair dis

tribution function (R, t). This can be written [VINEYARD, Phys. Rev. 110, 

(1958)999].

where g(R) is the static pair distribution function and H (R ', R, t) is the prob

ability that, given an atom A  at the origin at time zero, an atom В at R ' at 

time zero, moves to R  in time t.

In the convolution approximation the motion of atom В  is assumed to 

be independent of the presence of atom A, and H (R ', R, t) is replaced by the 

self-correlation function Gg (R- R',t). The most obvious defect of this ap-

*  EGELSTAFF, P .A . ,  "Advances in Physics", 11 (1962) 203.

R E F E R E N C E S

D I S C U S S I O N

(1)
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proximation is a geometrical one: if the distance of closest approach of

two atoms is a, then if atom A  has moved to R "  in time t, atom В  is ex

cluded from a sphere of radius a around R "  at this time.

It can be demonstrated fairly simply that the effect of modifying the 

convolution approximation to take account of this exclusion is to narrow 

S(Q, м) in energy at the peaks in the structure factor I(Q), and to broaden 

it in the valleys. This is in agreement with the data obtained bydeG EN N ES  

from consideration of the energy moments of S(Q, u)L"Inelastic Scattering 

of Neutrons in Solids and Liquids", IA EA , Vienna (1961) 239].

In order to see whether neutrons can detect clusters of atoms which 

move together, it is necessary to perform detailed calculations on this im 

provement of the approximation in which the minimum restriction is imposed 

upon the independence of the motion of atom В  with a model in which, if 

atom A  moves to R " , the probability of В  being in the neighbourhood of R " 

is greatly enhanced.

(b) In his paper, Dr. Egelstaff proposes the use of the classical theory 

of damped waves in liquids, as given by Frenkel * in the neutron scattering 

theory. Such an attempt was made by Butterworth and Marshall at the Stock

holm conference, but this theory failed as it did not take account of diffusion.

I should now like to show how the formalism can be cast in such a way that 

the Frenkel theory migh^ be used.

W e consider now the intermediate function I¿ (Q, t). This can be written 

in the form

Id (Q; t)=Jg(R)[ exp(iQ. R)] <(exp(iQ-u(t) )\ d R  (2)

where u(t) is the displacement of the atom originally at R  and ( . .  denotes 

a restricted thermal average - being the Boltzman weight average integrated 

over all momenta, and the positions of аЦ but two of the atoms, the separa

tion of these being equal to R. At t = 0, u(t) = 0, while at long times the re

stricted average must fall off exponentially in time in the same way as

I, (Q, t), i. e. at long times

{I,(Q.t)}-i<ei2-"P)^->C(Q,R) (3)

W e  may expect that C(Q, R) tends to unity fairly rapidly as R increases, and 

hope that it is not too different from unity for all R. W e  can then make a 

' quasi-phonon' expansion of Id(Q,t) by expanding the left-hand side of (3) 

in powers of Q. Retaining the first two terms, we obtain

Id(Q .t)=Is(Q ,t)/g (R)e'a .R(l + iQ , < u (t)\ dR  (4)

(In the case of a solid, (4) contains the one-phonon peak correctly. ) Note 

that the second term in the integral is of order Q2 since Jg(R)<(u(t))<RdR 

vanishes.

In (4) we have an expression which should certainly be valid for small 

Q, in which we have introduced just one new function into the theory, namely

*  FRENKEL, J . , "Kinetic Theory of Liquids", tv Oxford (1946).
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(u(t)^R. As a function of time, this is the mean displacement of an atom, 

originally at R , given another atom at the origin at time zero.

It is tempting to identify (u(t) with the displacement of the Frenkel 

theory, but I cannot at present completely justify such a step.

P . E G E L S T A F F : The analysis you propose seems to be consistent

with mine and in particular it could be used to interpret the suggested "ex 

perimental dispersion law" for a liquid.
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Abstract — Résumé — Аннотация — Resumen

FREQUENCY SPECTRUM OF LIQUIDS AND COLD NEUTRON SCATTERING. An important question which 

arises in connection with slow neutron scattering by liquids is: does there exist a frequency spectrum tor liquids 

analogous to that in solids? The answer to this question is given by showing that the width function y(t) of 

the Gaussian space-time self-correlation function Gg(r,t) can be expressed, by using the frequency spectrum 

of the velocity auto-correlation function, in a form which is formally identical with that of a harmonic solid. 

Thus a knowledge of the frequency spectrum of the velocity auto-correlation function should enable one to 

calculate slow neutron scattering by liquids as has been emphasized by Egelstaff and co-workers.

Using a stochastic model of a liquid, the frequency spectrum f((j) of the velocity auto-correlation function 

is calculated for water at 300"K and for liquid lead at 620*K. In the case of water a maximum in f(u) corre

sponding to*hcj75"K is predicted. For lead the maximum also occurs at nearly the same ttj-value. There also 

occurs a minimum in f(o^)in both cases.

SPECTRE DE FREQUENCES DES LIQUIDES ET DIFFÜSION DE NEUTRONS FROIDS. Dans le domaine de la 

diffusion des neutrons lents par des liquides une question importante se pose: existe-t-il un spectre de fréquences 

pour les liquides analogue au spectre pour les solides ? On peut répondre d cette quesnon en montrant que la 

fonction de largeur y(t) de la fonction gaussienne spatio-temporelle d'auto-corrélation Gg(r,t) peut etre ex-

Les auteurs calculent, â l'aidé d'un modèle stochastique, le spectre des fréquences f(ùj) de la fonction 

d'auto-corrélation des vitesses dans l'eau à 300'K  et dans le plomb liquide à 62(TK. Dans le cas de l'eau ils 

prévoient un maximum de la fonction f(uj) correspondant âtùj75*K. Dans le plomb, le maximum se manifeste 

à une valeur à peu près analogue. II existe aussi un minimum de la fonction f(oj) dans les deux cas.

Larsson et Dahlborg ont observé un maximum de la fonctionnai) à la valeur d'tu prévue ci-dessus. Des 

observations faites récemment dans du plomb liquide par Cotter et al. confirment vraisemblablement les prévi

sions des auteurs.

ЧАСТОТНЫЙ СПЕКТР ЖИДКОСТЕЙ И РАССЕЯНИЕ ХОЛОДНЫХ НЕЙТРОНОВ. В связи с изучением рассеяния

*  Based on work performed under the auspices of the United States Atomic Energy Commission.
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ESPECTRO DE FRECUENCIAS DE LOS LIQUIDOS Y DISPERSION DE NEUTRONES FRIOS. Una cuestión

función de autocorrelación de velocidad, se debe poder calcular la dispersión de neutrones lentos por los líquidos, 

como han señalado Egelstaff y colaboradores.

Los autores calculan, utilizando un modelo estocástico de líquido, el espectro de frecuencia f(u) de la 

función de autocorrelación de velocidad, en el caso del agua a 300°K y del plomo líquido a 620 K. Predicen

también para el mismo valor de oj, aproximadamente. Además, en ambos casos f(uj)pasa por un mínimo.

Larsson y Dahlborg han observado un máximo de f(íu) para el valor de oj previsto por los autores. Al 

parecer una comprobación recientemente efectuada por Cotter y colaboradores én el caso del plomo liquido

1. IN TR O D U C TIO N

The theory of slow neutron scattering by an interacting system in terms 

of the space-time correlation function has been given by V A N  H O V E  [) J . 

The scattering cross-section can be written in the following form

d O d b )  ^ ^ c o h S c o h  ^  3-11 i с (1 )

where

Scoh b u )  = ¿  У e^-i-^G(r,t) drdt, (2)

anct

Sine (К,Ы) = q  (r, t) drdt. (3)

anhand a¡nc denote, respectively, the coherent and incoherent scattering 

lengths. N  is the total number of atoms in the scattering system. RM and 

hx are, respectively, the energy and momentum transfers given by

* _ = к о - к ,  (4)

and

Ьы = §^(ко-к=), (5)

where ко and к denote, respectively, the incident and final wave vectors of 

a neutron of mass 'm!

The introduction of the G  functions by Van Hove was mainly due to the

fact that they could be interpreted directly in terms of physical terms. In
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fact, such an interpretation has helped and guided many authors, during 

recent years, to propose dynamical models of the liquid state, which would 

explain the salient features of slow neutron scattering. For many purposes, 

as we shall see in the sequel, it is convenient to analyse the space transform 

of G(r, t), i. e.

F  (к, t) G(r, t) dr. (6)

The scattering functions Scoh (*,м) and S^c (к,ы) are then simply the time 

transforms of F(K, t) and Ц  (к, t), respectively.

The F-functions are defined by

F(K't) = (7)

and

^  ( ^  t) = ^  Ç <e . e ^ - (8)

Here R((t) is the position vector of the i^atom in the Heisenberg represen

tation.^. . . means that both quantum mechanical and statistical averages 

should be taken. From  the above definition, it follows that

F(K ,- t)=F*(K ,t), (9)

3 (к ,-t) = F f(K ,t). (10)

For t = 0, we have from (7) and (8)

F(K, 0) = 1 + / e'̂ --tg(r) dr, (11)

and ^

F s (K , 01 = 1, (1 2 )

where g(r) is the instantaneous pair correlation function.

For t ю both F(x,t) and Ц  (кД) tend to zero except in the case of a

solid, in which case they tend to a finite limit. A consequence of this is that

both Scoh (к,u) and S¡nc(K,tj) have а 6(м) singularity. In aliquid where diffusion 

cannot be neglected we do not have any elastic scattering in the sense we

have in a solid. What we do have is a pronounced peak with a finite width

around the incident energy. The width of this so-called "quasi-elastic" peak 

depends sensitively on how these F-functions tend to zero for ¡t¡ oo. On 

the other hand scattering corresponding to large energy transfers will mainly 

depend on the properties of these functions for small times.

2. V E L O C IT Y  A U T O - C O R R E L A T IO N  F U N C T IO N

In what follows we shall be dealing with only the function Ц (к, t) corres

ponding to the self motion of an atom. It is convenient to express it in terms 

of a velocity-correlation function. Ц  (K,t) can be written as [2]j
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F(K,t) = e*"*^Mexp[-n2yi(t)+x4y2(t)..........] (13)

where

and

7i(t )= y  (14a)

0

t

72 (t) =JdtiJdt2 -..Jdt4 ^ ( t 4 )vK(t3 )vK(t2)vK(ti)^-i[yi(t)]^. (14b)

О О О

V denotes the velocity of the atom and v  ̂ its component along the vector к. 

In (13) terms of order к* and higher correspond to higher order velocity 

correlation functions as is evident from (14b). In the Gaussian approximation 

all these higher order terms are omitted.

An expansion of the type (13) would be useful if only the first few terms 

are important, in other words if the non-Gaussian correction is small. Now 

we know that in the case of a harmonic solid, and in the case of a particle 

diffusing according to the Langevin equation all ? forn > 1 vanish. W e  also 

know that for both very small and very large times G^ (r, t) for a liquid is 

a Gaussian function, and it is only in the intermediate time range that it is 

non-Gaussian. It was our conjecture [2 Jthat on account of the random character 

of the motion of an atom in a liquid, all for n > 1 would be small and hence 

the Gaussian approximation should be good. This indeed is the case as has 

been demonstrated, within their experimental error, by the recent work of 

P O P E  et al. (3 J.

The *y-functions occuring in Eqs. (13), (14a) and (14b) have the following 

general properties; the details of their derivation are given in [2J.

For t -) 00

y,(t)-.D,t-C„ (15)

where D„ and C„ are some constants. In particular

D * "  "t- У  <vJO)v,(t)>dt, (16)

and

that

Ci = - ^  t<(v^(0)v^(t))dt. (17)

0

For t -) 0, we can expand Y„(t) i** & power series in 't' and it turns out
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(18)

In the classical case, however, 72 (t) starts as t^and not as t\ since in 

classical mechanics velocities have a Gaussian distribution and are uncor

related with forces acting at the same time.

3. GAUSSIAN A P P R O X IM A T IO N

In this approximation the scattering is completely determined by the 

function ?i (t) given by (14a). ?i (t) as it stands is a complex function. Since 

in the case of a liquid it is not possible to calculate Ц  (к, t) explicitly, re 

course is taken to assuming a certain reasonable form of F¡. (x,t) to compute 

the scattering function S^jK.tj). It is, however, not very convenient to deal 

with a complex Ц  (к, t). If one assumes some real function for F„ (к, t) then, 

as shown by S C H O F IE L D  [4] one violates the principle of detailed balance. 

The way out of this difficulty is to make use of the fluctuation-dissipation 

theorem, according to which the real and imaginary parts of F, (к, t) are 

related as follows [5]:

+ - +*<

^e*'b "lm  (^, t)dt= * i tanh(ßb)) ̂ e*'^Re.F¡¡ (к, t)dt (19)

where

Eq. (19) implies the following relation

Im  Ц (к, t) = - tan(ß^) Re F̂  ( ,̂t). (20)

Let us now introduce a new function Ц  (к, t), defined by

H,(K,t) = I¡;(K,t+iP). (21)

Expanding Fg (к, t+ij3) in powers of ß and making use of (20) we have 

Нз(к, t) = exp(ij3^-) Ц (к, t) = sec(ß^jL) Re (к, t). (22)

Hg(x, t) is thus real and an even function o f 't ' . The scattering function 

S¡„c(K,u) can now be written as
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S ^ (K , M) = e ^ . ^  H  (к, t) dt, (23)

where the integral is an even function of u. The exponential factor e ^  in 

(23) is essential to satisfy the condition of detailed balance.

From  (21) and (14a) we have

H (K ,t ) = exp(-K;3p(t)), (24)

where

P (t) = *h(t+iß), (25a)

and

t

Yi(t) = - ^  +1/3У (t-ti)<(v(0).v(ti))^.dti. (25b)

0

Now

Й г  = Д 5 ?Ht+if3)= l /3 ^ v (0 ) .v (t + iß )^ . (26)

By making use of the fluctuation-dissipation theorem on the velocity 

correlation function above and performing the integration we have

t

P ( t )  = p(0) + l/3  y\t-ti)sec(j3g^)Re<(v(0).v(ti)^.dti. (27)

It was shown in [2] that to a high degree of accuracy p (0) is given by

^ ^  ^ 8M k„T '

If we now retain only the first term in the expansion of the differential oper

ator in (27), and further if we replace Re <^v(0).v(t)^ by its classical analog 

<(v(0) . v ( t ) ^ ,  we have
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p(t) = g j ¡ ^ .  + l / 3 У (t- tiXv (O ).v (ti)^  dti. (29)

Eq . (29) should be a very good approximation for most liquids. The first 

term in (29) for slow neutron scattering is negligibly small and can be con

sidered to represent a purely quantum mechanical correction [5 J to p (t) at 

t=0 .

4. S P E C T R A L  R E P R E S E N T A T IO N

From  the foregoing it is A u s  clear that to calculate the scattering func

tion Stnc(*, ы) in the Gaussian approximation all that is necessary is the 

knowledge of the velocity auto-correlation function. It is very often useful 

and convenient to work in terms of the frequency distribution of this auto

correlation function.

Let us define two frequency spectra which are related to the real and 

imaginary parts of the velocity auto-correlation function in the following 

way

lm (v (0 ).v (t ))^  ^uf(h))sin((Jt)dh) (30)

о
and

Re<v(0). v(t) ^  ^g fu )  cos(ut)du. (31)

о

Making use of the fluctuation-dissipation theorem Eq. (20), it follows from 

(30) and (31) that

g(tj) = ßh) coth(ßM) f(u). (32)

On integrating both sides of Eq. (30) with respect to't' , 't'  going from 0 toю, 

it is easy to show that

Jf(u)du= 1. (33)

о

The expression for (t), on using (30) and (31) becomes

(t) -jcoth(ßu)[l-cos Mt] -i sin ut j* du. (34)

If we compare the above expression with the corresponding expression for 

a harmonic solid it is seen that the two expressions are identical except that
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in each case the meaning of f(u) is different. In the case of a solid f(h)) is 

the frequency distribution of the normal modes; whereas in the case of a 

liquid it is the frequency distribution of the velocity auto-correlation func

tion. In a harmonic solid the two are identical. It must be emphasized that 

the particular form of yi (t) given by (34) is not a consequence of the har

monic nature of the motion but is a result of the fluctuation-dissipation theo- 

reom.

The corresponding expression for p (t) is

Ж  tanh ( S Q  [1 -cos ft]  du. (35)
о 0

The above form of p(t) (in their notation W(t)) has also been derived by 

E G E L S T A F F  and S C H O F IE L D  [16].

The inverse transforms using (30) and (31) are

= (y(0).v(t))^sinutdt, (36a)

о

and

where in (36b) use has been made of relation (32). 

Therefore

/  R e< v (0) .v (t )^d t ,

<371

D =  1/3 У  Re <[v(0). v(t))^dt.

If we assume that v(0). v(t))^. decreases rapidly enough for t^oo, then 

it follows from (36b) that f(u) can be expanded in powers of u^.
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f(M) = ̂ ^ + C 2 M ^ + C 4 ^ + ...........  (38)

where

^-зЖ^Г Ш У " '  <ï«".ï<t)V4<. < '̂
О

The function f(u) starts with a constant value f(0) given by (37) and goes as 

b)2 for small м. The curvature at the origin is determined by the value C g. 

f(ш) is real and positive. Assuming that ^v(0). v(t)_)^. has time derivatives 

which are continuous everywhere and tend to zero for t -з ± oo, it then follows 

from (36) that f(u) decreases more rapidly than any power of l /м for ы-юо .

It would obviously be very desirable to know f(u) for a liquid from the 

experimentally determined scattering function S(x,h)).

Now

*°° r 1
Sine ^  e"^.expŸ^- yi(t)+o(K^)j* dt. (40)

Integrating the Root Mean Square of (40) twicá and remembering that the 

integrand tends to sero for t -> ± oo, we have [6]

S(K,M) = ¿  ^  У  {Ÿ i M  + ( Ü ( t ) ) ' } e о(к*).  (41)

In the limit of small momentum transfer (41) becomes

^ y ^ ( t ) e - ^ d t

= 1/3 ^  <(v(0).v(t)/^.e"^dt (from 14a)

* h/4Muf(b))[l+coth^tj], (42)

using (36a) and (36b).

On  comparing the above expression with that of E G E L S T A F F  and 

S C H O F IE LD  [6] one finds that our f(u) is identical with their p (ы). In a purely 

incoherent case f(tj) can be obtained by extrapolation from measurements of 

S(x, u) for small values of к. Such a procedure has been adopted by Egelstaff 

and his co-workers.

S(K, u) /к 3 =

Lim к -* О
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The actual form of f(u) depends on the nature of the motion in a scatter

ing system. For example, if in a liquid we assume the motion of the atoms 

to be governed by the Langevin equation, f (u) has then a Lorentzian shape 

with a width k g T /M D . In the case of a harmonic solid f(u) with a sharp 

cut off at M = Mo . If a liquid could be characterized for large values of ы as 

a disordered solid and for small values of ы as a system obeying Langevin's 

equation, we should expect f(u) for a liquid to be intermediate between these 

two extremes. That is to say f(u) would start at ы = 0 with a value f(0) and 

vary as for small values of м. It might have a minimum for a certain 

value of ы and would then increase reaching a certain maximum beyond which 

it would smoothly decrease and tend to zero.

In the case of a stochastic model [7 J of a liquid given by the authors, 

the function f(u; has been computed lor water at 300°K for values of the pa

rameters occurringin the model which give the best fit with the scattering 

data of L A R SSO N  and D A H L B O R G  [8]. W e  get a maximum in f(u) for an 

u-value corresponding to 75°K. Larsson and Dahlborg have attempted to 

extract an f(u) from their scattering data and they do find a maximum at the 

said value of м. W e  know from our computations that an incident spectrum 

corresponding to beryllium-filtered neutrons, as a result of integration over 

it, gives a broad maximum in the scattered spectrum in approximately the 

same u-region. Such a m axim um  does not occur with an incident mono

chromatic beam. And, hence, any agreement between our calculated f(h)) 

and that of Larsson and Dahlborg could be fortuitous if the latter in their 

calculation did not take into consideration the shape of the incident spectrum.

It should be clearly understood that we have here been discussing a fre

quency spectrum which corresponds to the hindered translatory motions only 

of the water molecules. In reality the motion is much more complex involving 

hindered rotations and vibrations of the molecule, which would also show 

up as broad peaks in f((j). It would be difficult in practice to separate un

ambiguously the f(u) for hindered translations from a complete f(u).

In the case of liquid lead [7] the stochastic model gives a maximum in 

f(u) for и corresponding to 80°K. The parameters chosen in this case were 

those which gave the best fit with the experimental results of B R OCKHOU SE  

and P O P E  [9] and of T U R B E R F IE L D  [10]. Recently C O T T E R  et al. [11] 

have reported a peak at an energy gain of approximately 7 . 5 X 10*3 eV in the 

scattered spectrum in liquid lead for beryllium filtered neutrons scattering 

at 90°.

As remarked ealier the integration over the incident spectrum can give 

rise to a broad m aximum, thus making an interpretation of the maximum 

reported by Cotter e ta l. rather difficult.
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B.  N . B R O C K H O U S E : I think the diagram you drew in your oral pre

sentation is misleading for the case of jump-diffusion, representing non- 

Gaussian behaviour, since you are averaging over all the atoms in the liquid. 

In this case your diagram does not therefore cover all the physical facts.

K . S .  SINGWI: When I drew the curve flat I didn't mean that it is really 

flat; but the change that has occurred in the mean square displacement in 

this short time is very small compared with the chango that has really oc

curred. So in any case it is not going to make any difference to the scattering 

except that it will give you comparatively larger broadening in one casethpn 

in the other. I don't know how the Gaussian and the non-Gaussian question 

came in, but you can have an entirely Gaussian plot of p(t). Actually I worked 

solely in the Gaussian approximation and p(t) in our paper is based purely 

on the Gaussian approximation. Now another thing, with D r . Brockhouse's 

conception of simple diffusion, in the case where С is positive instead of 

negative he will have to make the Fourier transformation and then he will 

get a very funny sort of S(Q, ы), in the shape of a fairly broad quasi-elastic 

line.

P . S C H O F IE L D : The intercept С given by D r . Singwi does not deter

mine the variation of the width of the quasi-elastic peak with . The deter

mining feature here is how p(tj approaches its asymptotic linear behaviour. 

However, in the theory of Rahman, Singwi and Sjölander, this is related 

to C . In fact, one can show that

i.e. it covers the whole range of ы, and hence is related to the overall inten

sity of the peak. The half-width on the other hand is determined by the very- 

low-frequency part of f((j).

K . S .  SINGWI: I agree with you. In fact it is possible to show that the 

main contribution to С comes from small values of ы and that A  Xa, where 

A  is the width of f(h)) for small м and a is the curvature of f(u) for ы = 0.

A . S J O L A N D E R : There are two basic considerations I would like to 

stress. The first is whether G„ (r, t) is very near to a Gaussian function 

or not. If it is Gaussian, this will probably have an important effect aá to 

the type of stochastic motions we have in the liquid. I don't think enough 

experimental evidence is available as yet to determine this. The second 

question concerns the frequency function introduced by Egelstaff, which

D I S C U S S I O N
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showed a diffusive as well as a vibrating part. If a deep dip occurs in bet

ween, this should indicate that two types of motion are going on simultane

ously without essentially interfering dynamically. I doubt whether it is 

settled that such a deep dip really exists.

K .S . SINGWI: The expansion in K^, discussed in my paper, is of practi

cal utility provided terms containing K* and higher powers of K^ are small.

I understand from the recent experimental work of Brockhouse and Pope 

that th^ K^ term is only a few per cent and hence the non-Gaussian correc

tion is small. A s  regards your second question I have the feeling that the 

two types of motion are not quite independent and this would lead to the 

filling-up of the valley in f(h)).

B .N .  B R O C K H O U S E : Yes, the non-Gaussian component should not be 

more than 10% .

P . SC H O F IE LD : And is this also on a time scale that is long compared 

with the case of platinum?

B .N .  B R O C K H O U S E : Well, I don't think it is relevant as far as the 

upper limit is concerned because the jump diffusion only has to occur to 

a very small amount to contribute. The frequency need only be very small 

and so the amount of the other component that grows in can be very small 

and it is very difficult to see it.
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STUDtES OF UQUID  SODtUM BY INELASTIC SCATTERING OF SLOW NEUTRONS: The scattering 4 .lA  

neutrons by liquid sodium at 108*C, 153"С  and 198"C has been compared with scattering from solid sodium 

(80*C) at six scatter angles between 20* and 90". Sodium provides a simple monatomic liquid with coherent 

and incoherent scattering cross-section 1.55 and 1.85 b respectively. Due to the range of momentum transfers 

covered it is possible to distinguish and discuss coherent and incoherent effects separately. Three interesting 

features of the scattered spectra are evident:

(a) The near elastic scattering is largely incoherent and in the liquid state show broadening by diffusive 

motion less than that expected from a simple (Fick's Law) model. Comparison with estimates from alternative 

interpretations by Egelstaff and Schofield and by Rahman, Singwi and Sjölander are presented.

(b) The wide spreading sprectrum for solid and liquid are similar.

ÉTUDE D U  SOD IUM  LIQUÍDE PAR LA DIFFUSION INÉLASTÏQUE DE NEUTRONS LENTS. L'auteur a 

compare la diffusion de neutrons de 4,lA de longueur d'onde par du sodium liquide aux temperatures de 108, 

153 et 198 C , à la diffusion dans du sodium solide (80*C) pour six angles de diffusion compris entre 20 et 90!*. 

Le sodium fournit un liquide monoatomique simple ayant des sections efficaces de diffusion cohérente 

et incohérente de 1,55 et de 1,85 b respectivement. Etant donné la gamme d'impulsions considérée,il est 

possible de distinguer les effets cohérents et incohérents et de les examiner séparément. Les spectres de diffusion 

présentent trois caractéristiques intéressantes:

a) La diffusion quasi-élastique est dans une large mesure incohérente et accuse, à l'état liquide, moins 

d'élargissement dû au mouvement de diffusion qu'un modèle simple ne le laissait prévoir (loi de Fick). L'auteur 

compare ses observations aux estimations découlant d'autres interprétations données par Egelstaff et Schofield et 

par Rahman, Singwi et Sjölander.

b) Le spectre de dispersion large est semblable pour l'état solide et l'état liquide.

l'auteur essaie de vérifier directement l'approximation de "convolution" de Vineyard.

ИССЛЕДОВАНИЕ ЖИДКОГО НАТРИЯ МЕТОДОМ НЕУПРУГОГО РАССЕЯНИЯ МЕДЛЕННЫХ НЕЙТРОНОВ. Рассеяние 

нейтронов с длиной волны, равной 4 ,1  А  в жидком натрии при температурах 106, 153 и 198*С было 

сравнено с рассеянием в твердом натрии (при 80*С) для нести углов рассеяния, лежащих между 20 и 

90*. Натрий дает простую моноатомную жидкость с когерентным и некогерентным поперечными сече-

ожид&ть для простой ыодели (закон Фикка). Дается сравнение результатов в свете предполо

жений, сделанных Энгельстаффом и Шофильдом, а также Рахманом, Сингви и Сьеландером.

0) Широко распространенные спекторы для твердого и жидкого состояний аналогичны,

в) При более значительных углах рассеяния когерентные воздействия наблюдаются вблизи упругого

пика; произведена непосредственная проверка приближения по методу Вайнярда.

227
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ESTUDIO DEL SODIO LÍQUIDO POR DISPERSIÓN INELÁSTICA DE NEUTRONES LENTOS. El autor compara 

la dispersión de neutrones de 4.1Â por sodio liquido a 108°C, 153*C y 198'C, con la dispersión por sodio sólido 

(a 80°C) en seis ángulos comprendidos entre 20* y 90*. El sodio constituye un liquido monoatómico simple cuyas 

secciones eficaces de dispersión coherente e incoherente se elevan a 1,55 y 1,85 b, respectivamente. Debido a 

la gama de transferencias de cantidad de movimiento observada, es posible distinguir los efectos coherentes 

e incoherentes y estudiarlos separadamente. Cabe señalar tres particularidades interesantes de los espectros de 

dispersión:

IN TR O D U C TIO N

The ideal liquid for studying the diffusive motion of atoms by slow neu

tron scattering would have incoherent scattering properties and the scat

tering atoms would be in a simple (chemically-unbound)state. Such a liquid 

is not readily available ; liquid vanadium would fulfil these conditions but 

is a very troublesome subject for experiment. Liquid sodium has therefore 

been chosen for experiment as a monatomic liquid with a high ratio of in

coherent to coherent cross-sections (1.85 and 1.55 b respectively).Further, 

neutron absorption is low (ca = 0.5 b at 2200 m /s) and the macroscopic dif

fusion coefficient and the static structure factor from X-ray measurements 

are known.

A  principle object of the present work was the study of the near elastic 

peak to provide data on diffusive motion in the liquid state. The liquid has 

therefore been studied at three temperatures 108°C, 153°C and 198°C where 

the values of the diffusion coefficient are 4.4, 6.3, 8.3 X 10*s cm^/s [1] re

spectively.

The use of slow neutrons (wavelengths 4.QA and 4.5A) enables the region 

of small momentum transfer to be studied and in this region the coherent 

effects can be, to some extent, separated from the near elastic peak.How

ever, in order to gain more detailed information on the coherent effects in 

the liquid state, similar comparative measurements were made on the solid 

and liquid states of a metal with predominantly coherent scattering. Tin 

was chosen for this purpose and the results on it are reported in the fol

lowing paper by CO C K IN G  ("Comparative studies of slow neutron scattering 

by solid and liquid tin"). Data over the wider scattered energy spectrum 

has been obtained and a comparison of this spectrum for the solid and liquid 

w illbem ade.

At the highest scatter angles used in this work the near elastic peak is 

markedly affected by coherent scattering effects and here a test of V IN EY A R D  

convolution approximation [2] has been made.

E X P E R IM E N T A L  M E T H O D

The sodium sample (99.99% pure) was contained in a 0.010-in wall stain

less steel cylinder 1.5-in diam.by 3-in long in an atmosphere of helium. For



STUDIES OF LIQUID SODIUM 229

safety this cylinder was in turn sealed in a helium filled cylinder also with 

0.010 in stainless steel walls. Small heaters mounted at the ends maintained 

the sample at the required temperature within 1°C. Measurements were 

made with the sample at roomtemperature and at 80°, 108°, 153°C, using 

4.0A incident neutrons and 198°C using 4 .5A  incident neutrons. The measure

ments at 80° and 108° were made to examine the solid and liquid states within 

a small temperature difference from the melting point, 97.5°C .

This sample was supported in an evacuated enclosure in the neutron 

beam so that the beam crossed parallel to a diameter of the cylinder. An 

identical empty container maintained at the sample temperature was used 

to measure the scattering from the container. The sample absorbed -̂-6%  

of the incident neutrons and scattered -"10%  as solid and -'-16% as liquid.

The incident neutron selector and time-of-flight apparatus used is de

scribed in the paper by HARRIS et al. ("A  cold neutron monochromator and 

scattering apparatus"). The velocity spectrum of the neutrons scattered by 

the specimen as solid and liquid were measured at scatter angles of 20°, 
30°, 45°, 60°, 75° and 90°.

Unfortunately the liquid hydrogen loop which gives a large increase in 

slow neutron flux was not operating at the time of this work so that the sta

tistical accuracy of these measurements (shown by the scatterer of thé points 

in Fig. 1) is not high. For the same reason measurements at a longer wave

length than 4. 5A were not practicable.

RESULTS

In Fig. 1 the scattered spectra from the solid (80*C) and the liquid (108"C) 

are shown plotted as corrected counts per time channel versus time-of- 

flight. The ordinates ("corrected counts") are the experimental counts per 

time channel after correction for counter background and scatter by the 

container; small factors to correct for the different efficiencies of the 

six detector arrays are included and the calculated efficiency variation with 

energy of the detectors has been allowed for. Finally the incident beam m o

nitor reading is used to give the results for solid and liquid normalized to 

the same number of incident neutrons.

Similar results taken at 155°C and 198°C are not shown in full here. They 

are used in detail in analysis of the diffusion broadening of the near elastic 

peaks, and at larger energy transfers they confirm conclusions drawn from 

the data of Fig. 1.

Several effects are apparent in Fig. 1,viz:

(a) The similarity of the broad energy spectrum for solid and liquid 

at energy transfers greater than about 4 m eV ;

(b) The broadening of the near elastic scattering for the liquid over 

the elastic peaks in the solid;

(c) As  the two highest scatter angles used, the shape and intensity of 

the near elastic peaks in the liquid are markedly affected by co

herent effects. These three effects are discussed separately.

B R O A D  E N E R G Y  S P E C T R U M  F O R  T H E  S O L ID

First we discuss the coherent effects expected in the inelastic spectrum 

for the solid. As  shown (from E G E L S T A F F 'S  [3] theory) in the following
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paper by C O C K IN G  the coherent scattering appears for the polycrystalline 

solid with a rather sharp step at an energy transfer given by Q  + q = 2тгт 

(hQ is the momentum transferred to the neutron, 'q' is the wave number 

of the phonon excited and т = l /d  where 'd' is the crystal plane spacing), 

'q' can be calculated using the approximation q = сы where 'c' is the velo

city of sound in the solid andfiM is the energy transfer to the neutron. The 

coherent scattering extends from Q  + q = 2тгт and the intensity which is 

m axim um  at the position Q  + q = 2тт falls with decreasing scatter angle. 

The region Q  + q = 2тт to Q  - q = 2тт is marked for the three higher angles 

in Fig. 1, for the plane in sodium having the highest spacing [the (Oil) plane).

In comparison with the distinct steps observed for tin (see following 

paper by COCKIN G ) the steps in sodium are expected to be small since the 

coherent cross-section is relatively small and for tin two planes with al

most coincident spacings contribute to the cross-section.

If Fig. 1 the highest angle detector (6 = 90°) shows a rise in cross-sec- 

tion in the region expected and for 6 = 75° a small edge at the position where 

Q  + q = 2л"г. In other detectors no coherent effect can be distinguished.

Other planes in sodium can be shown to contribute to the scattering 

less than the plane discussed.

The incoherent part of the inelastic spectrum can be calculated using 

the method of E G E L S T A F F  and S C H O F IE L D  [4] if a frequency distribution 

of vibrational modes is known. The vertical lines on Fig. 1 give the results 

of such a calculation where the frequency distribution calculated by BHATIA

[5] for sodium has been used. The normalization to the experimental results 

has a possible error of ± 40% . The points on the calculated spectra are 

within ± 15% of the experimental values except in the region near energy 

transfers of 2 m e V  where the calculated spectra are 50% too high.Better 

agreement is obtained using a frequency distribution calculated by JOSHI 

[12] but calculations using this data are not yet complete.

B R O A D  E N E R G Y  S P E C T R U M  F O R  T H E  L IQ UID

As alreadty discussed, coherent effects are small compared with the 

incoherent scattering. Thus for the present, we disregard small differences 

between the interference effects in the solid and liquid for energy transfers 

greater than -̂ 4 m eV . The marked similarity of the spectra from the solid 

and-liquid then suggests that similar motions of the atoms in the two phases 

exists in this energy region. This idea is consistent with the small change 

in specific heat on melting. Further the small change in density on melting 

(-'-2%) suggests that the interatomic forces are not markedly different in 

the two phases.

The results on tin suggest that while the high energy part of-the scat

tered spectra arising from coherent scattering are similar for solid and 

liquid, the liquid actually gives increased scattering in the low energy region. 

This conclusion is confirmed in the results of Fig. 1 where the liquid shows 

slightly higher total counts.

E LA ST IC  SC A TT ER IN G  F R O M  T H E  SOLID

Coherent elastic scattering by the sodium sample falls outside the angu

lar range of the present detectors. The elastic peaks for the solid therefore
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arise from incoherent elastic scattering and small contributions from the 

inelastic spectrum. The inelastic spectrum is calculated using the Bhatia 

frequency distribution and is subtracted from the experimental results. 

(This contribution is marked in Fig. 1).

The remaining elastic peaks fall in amplitude as the scatter angle in

creases, by the Debye-Waller factor. The observed peak heights are con

sistent (within 4%) with the Debye-Waller factor calculated from the Bhatia 

spectrum. The shape of the elastic peaks is taken as a measure of the reso

lution of the apparatus.

QUASI-ELASTIC SCATTER IN G  F R O M  T H E  LIQUID

Several theoretical models [4, 6, 7] have been suggested for calculation 

of the broadening of the near elastic peak due to diffusive motion of the atoms 

in a liquid. These calculations are first made ignoring the interference ef

fects which arise with coherent scatterers. V IN E Y A R D  [2] has suggested 

an approximation in which the interference term is expressed as a product 

of the cross-section calculated assuming incoherent scattering and the static 

structure factor.

In Fig. 2 the static structure factor for liquid sodium at 110°C is shown. 

This curve has been derived from recent X-ray scattering measurements 

by O R T O N  and W IL L IA M S  [8] who give results covering the whole tempera

ture range of the present work. The values of momentum transfer for elas

tic scattering at the six scatter angles used are also marked on Fig. 2. It

MOMENTUM TRANSFER (0) UN A**' ) --

Hg. 2
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is clear that while marked coherent elastic scattering is expected for the 

two higher angle detectors as observed, the lower angle detectors will have 

small coherent elastic contributions in comparison with the incoherent elas

tic scattering. The analysis of the four lower angle detectors is considered 

first. The broadening of the near elastic peaks has been predicted by the two 

theoretical models and has been calculated for the present experimental 

conditions and folded with the experimental resolution function. These cal

culations have been compared with the observed results.

Calculations "using the broadening predicted by Fick 'sLaw for diffusive 

motion[2] gave a greater broadening than those observed. This is in agree

ment with the results of measurements reported on other liquids [9, 10]. 

Calculatións have therefore been made using the theory of E G E L S T A F F  and 

SC H O F IE LD  [4]. In the expression given by these authors a parameter 'c' is 

introduced, in addition to the diffusion coefficient. A  full discussion of the 

interpretation of the parameter с is given in these authors* paper, and by 

E G E L S T A F F  [11]. A  single value at each temperature for the parameter 

' C  has here been chosen which gives the best fit to the experimental data 

at all scatter angles. Results taken with the sample at 155°C are compared 

with the predictions using с = 1.3 X s. in Fig. 3. Similar comparisons

are made for the other sample temperatures, the agreement between calcu

lated and observed data being comparable to that shown in Fig. 3. (Note : 

the high intensity on the energy loss side for 6 = 45° is found at the two higher 

temperatures used and is unexplained. )

Experimental data on quasi-elastic peaks (points) compared with calculations 

using theory of EGELSTAFF and SCHOFIELD [4] (full lines).

The choice of the correct 'base' level for the 'quasi-elastic' peak is 

always a difficulty in interpreting measurements such as these. Since the 

'bound' contributions from the incoherent ¡scattering and the coherent scat

tering (see the results on tin) both give a small and continuous spectrum
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across the elastic region, the base levels (shown in Fig. 3) have been chosen 

in the wings of the quasi-elastic peak. This particular choice gives the 

greatest uncertainty in making a comparison between theory and experiment.

The values of the parameter 'c  which gives the best fit to the experi

mental data at the three temperatures are given in Table I. (The present 

values are lower than the values derived by E G E L S T A F F  [11] from preli

minary data by the present author. The trend of increasing values of 'c' 

with increasing temperature is the same for both data. )

Also tabulated are the values of the parameter corresponding to the 

parameter с for the models of 'free diffusion' and for 'jump diffusion' as 

calculated by Egelstaff. The trend with increasing temperature is more 

reliable for the calculated values than their absolute values. It is clear that 

the experimental values for 'c' tend to increase with increasing temperature 

favouring the idea of the dominance of 'free diffusion' in liquid sodium at 

these temperatures.

In Figs 4(a) to (d) results are shown for four detectors at the higher 

scatter angles with the peak calculated for incoherent scattering, using the 

parameters which gave the best fits for the lower angle peaks (dashed line).

using theory of EGALSTAFF and SCH0FtELD[4] (broken lines) and including

The incoherent s coherent scattering (full lines) is calculated using Vineyard's 

approximation. The incoherent scattering used is that shown (full lines), the 

static structure factor is taken from the X-ray data [8]. The arrows give
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TABLE I

C A L C U L A T E D  A N D  E X P E R IM E N T A L  P A R A M E T E R S  

(in units of 10*12 g)

Temperature 'c'(exptl data) 1* (jump diffusion) 'c'(free diffusion)

108°C 1. 0 ± 0. 4 3 .6 1.9

153°C 1. 3 ± 0 .4 2. 9 2.5

198°C 1. 6 ± 0. 5 2 .2 3.1

the position of the main peak in the static structure factor, here referred 

to as [ l + y (Q ) ] m a x ^  where the major coherent effects are expected in the con

volution approximation. The agreement with the experimental data is within 

the expected uncertainty in 4(b) and 4(d) where [ l + y (Q ) ] m a x .f a l l s  within 1 meV 

of the elastic position. The agreement becomes less satisfactory when 

[l+y(Q)]max occurs at higher energy transfer.

C O N C L U S IO N S

Spectra of neutrons scattered by the solid and liquid states of sodium 

have been compared. In the spectra at energy transfers greater than-̂ 4 m eV, 

incoherent scattering dominates. For the solid, this region of the spectrum 

may be calculated within the present experimental error using the frequency 

distribution given by BHATIA  [5]. The corresponding spectrum for the liquid 

is similar to that for the solid suggesting that the frequency distribution of 

motions of the atoms in the two phases are similar for times less than 

-1 . 5  X  10-13 s.

Due to the range of momentum transfer used, coherent effects are un

important for near elastic scattering at the lower scatter angles. Here the 

experimental quasi-elastic peaks have been compared with predictions of 

the theory of Egelstaff and Schofield and values for the parameter 'c', the 

interaction time, at three temperatures have been derived. The trend of 

'с' increasing with increasing temperature suggests the dominance of 'free 

diffusion' in the liquid.

At the highest scatter angles, where coherent effects appear in the 

quasi-elastic scattering, a test of Vineyard convolution approximation is 

made. It is shown that the approximation gives agreement with the observed 

data when the coherent effects appear at small energy transfers.

A C K N O W L E D G E M E N T S

It is a pleasure to thank D r. P . A . Egelstaff for helpful discussions of 

this work. Dr. Bhatia and Dr. Joshi who supplied details of their calcula

tions of the frequency distributions for solid sodium, Messrs. L . V . Lewis 

and D . H . C .  Harris who assisted with the experiments and C . Heard who 

conducted the computations.

This experimental work using liquid sodium was originally planned 

by D r . K .C .Turberfield  who prepared the sample and its container with 

the active help of M r . G . Purehas.



236 S.J. COCKING

R E F E R E N C E S

[1] MEYER, R. E. and NACHTRIEB. N. H . , J. Chem. Phys.23 (1955) 1851.

[2] VINEYARD, G. H. , Phys. Rev. 110 (1958) 999.

[3] EGELSTAFF, P. A . , AERE Rept NIR 1164 (1953).

[4] EGELSTAFF, P. A. and SCHOFIELD, P ., Nucl. Sei. Engng IR (1962) 250.

Í5] BHATIA, В. , Phys. Rev. 97 (1955) 363.

[6] SINGWI, К. S. and SCHOLANDER, A . . Phys. Rev. 119 (1960) 863.

[7] CHUDLEY.C . T. and ELLIOTT, R .J ., Proc. Phys. Soc. 77 (1961) 353.

[8] ORTON, B. R. and WILLIAMS, G. I . , Acta Metallurgical (1960) 177.

[9] TURBERFIELD, K. C . , to appear in Proc. Phys. Soc.

[10] PELAH, L , WHÎTTEMORE. W . L and McREYNOLDS, A. W . . Phys. Rev. П З  (1959) 767.

[11] EGELSTAFF, P. A . , AERE Rept NIR 4043.

[12] JOSHI, S. K . , private communication.



COMPARATIVE STUDIES OF SLOW NEUTRON  
SCATTERING BY SOLID AND LIQUID TIN
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Abstract — Résumé — Аннотация — Resumen

COMPARATIVE STUDIES OF SLOW NEUTRON SCATTERING BY SOLID AND LIQUID TIN. The scattering 

of 4.0 Â and 6.2Й neutrons by tin as solid (210*C) and liquid (240C) has been measured. The scattered spectra 

at six scatter angles between 20 and 90 was analysed by titne-of-flight methods.

At the longer wavelength the low intensity elastic scattered peaks are used to derive the incoherent cross- 

section for tin (0.04 i 0.01 b ) .

Sharp steps in scattered spectra for the solid can be identified and similar but broadened steps for the 

liquid aré seen. Using a theory due to Egelstaff, the steps for the solid can be interpreted as the excitation of 

particular phonons. The single phonon theory for the solid is modified to attempt to account for the different 

behaviour of the liquids The appreciable scattering observed in the liquid at low energy transfers is not ex

plained in this way.

ETUDE COMPARÉE DE LA DIFFUSION DE NEUTRONS LENTS PAR DE L'ÉTAIN SO U DE  ET DE L'ÉTAIN 

LIQUIDE. Les auteurs ont mesuré la diffusion de neutrons de 4,0Â et de 6,2Â de longeur de'onde dans de l'étain 

á l'état solide (210*C)et de l'étain â l'état liquide (240 C ) . Us ont analysé par des méthodes du temps de vol 

les spectres de diffusion pour six angles de diffusion compris entre 20* et 90*.

Pour la plus grande longueur d'onde, ils ont utilizé les pics de diffusion élastique à faible intensité pour 

déterminer la section efñcace incohérente dans l'étain (0,04 ±0,01 b\

On peut observer des paliers étroits dans les spectres de diffusion pour l'état solide et des paliers analogues 

mais plus larges pour l'état liquide. D'après une théorie établie par Egelstaff, on peut interpréter les paliers 

pour l'état solide comme étant dus à l'excitation de phonons particuliers. La théorie du phonon simple pour 

l'état solide a été modifiée pour essayer d'expliquer le comportement différent de l'état liquide. La diffusion 

appréciable observée dans l'état liquide pour de faibles transferts d'énergie ne s'explique pas pour autant.

СРАВНИТЕЛЬНОЕ ИССЛЕДОВАНИЕ РАССЕЯНИЯ МЕДЛЕННЫХ НЕЙТРОНОВ ТВЕРДЫМ И ЖИДКИМ ОЛОВОМ. Было из-

ESTUDIO COMPARATIVO DE LA DISPERSIÓN DE NEUTRONES LENTOS POR ESTAÑO SÓLIDO Y LÏÇUIDO. 

Los autores han medido la dispersión de neutrones de 4,0Â y 6,2Á por estaño sólido (210*C) y líquido (240*C). 

Han analizado, por el método del tiempo de vuelo, los espectros de dispersión en seis ángulos distintos, com

prendidos entre 20° y 90".

En el caso de la longitud de onda más elevada, utilizan los picos de dispersión elástica de baja intensidad 

para deducir la sección eficaz incoherente del estaño (0,04 i 0,01 b ) .
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correspondientes al estaño sólido a la excitación de determinados fonones. Para poder aclarar el comportamiento 

diferente del estaño líquido, los autores modifican la teoría del fonón único correspondiente al sólido. Sin 

embargo, queda sin explicar la considerable dispersión observada en el estaño líquido en el caso de trans

ferencias de baja energía.

1. IN TR O D U C TIO N

Several studies of liquids using the technique of slow neutron scattering 

have been reported, for example on water, lead and tin. Hydrogenous liquids 

have the advantage in interpretation that the scattering is largely incoherent 

but have the complication of the effect of chemical binding of the hydrogen 

in comparatively complex molecules. Metals, while providing in some cases 

a simple monatomic liquid, have usually a large coherent component in the 

scattering.

In this paper and in the previous paper by HARRIS  ("Studies of liquid 

sodium by inelastic scattering of slow neutrons") the liquid states of tin and 

sodium have been studied using the scattering of cold neutrons ( > 4Â  wave

length) and have been compared with the results from the solid metals.

The first measurements were made on sodium for which the coherent 

and incoherent scattering cross-sections are 1.55 b and 1.85 b respectively. 

In interpreting the results with sodium it became clear that further under

standing of the effect of the coherent scattering was needed. Similar studies 

on a liquid having predominantly coherent scattering were therefore under

taken, and for experimental convenience tin was chosen. One result of this 

work was ameasurement of the incoherent cross-section of tin (viz. 0. 04 ± 0. 01 b) 

so that the coherent cross-section comprises > 99% of the total cross-section 

(4.6 b).

At the long neutron wavelengths used, it will be shown that coherent 

elastic scattering is not possible at the angles of scatter used and because 

the incoherent cross-section is small for tin, elastic scattering is virtually 

absent.

The differential cross-section and average energy transfer for the scatter

ing by metals has been compared, by E G E L S T A F F  [2, 5], with calculations 

based on simple models. Our more detailed measurements will be compared 

to the same models, and the liquid model will be shown to be inadequate at 

low energy transfers.

E X P E R IM E N T A L  M E T H O D

The tin specimen was contained in a 0. 010-in wallstainless steel cylinder 

of 1. 5-in diam. by 3-in long. Small heaters mounted at the ends maintained 

the sample at 210°C or 240°C for the solid and liquid state studies respectively 

(tin melting point 23 2°C). This sample was supported in an evacuated enclosure 

in the neutron beam so that the beam crossed parallel to a diameter of the 

cylinder. An identical empty container, maintained at the sample temper

ature, was used to measure the background scattering.

The incident neutron selector and time-of-flight apparatus used is de

scribed in the paper by HARRIS et al. ("A  cold neutron monochromator and
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scattering apparatus"). The velocity spectrum of both 4. 0Â and 6.2Âneutrons 

scattered by the specimen as solid and liquid were measured at scatter angles 

o f2 0 ° ,3 0 ° ,4 5 ° ,6 0 ° ,7 5 °a n d 9 0 ° .

The transmission of the sample was measured roughly at both wave

lengths. At 4. OA incident neutron wavelength the sample absorbs 14% of the 

incident neutrons and scatters 16% at 210°C (solid) changing sharply on melt

ing to 32%  at 240°C. With 6 . 2Â  incident neutrons (greater than twice the 

largest plane spacing for solid tin) the change of transmission on melting 

is smaller - the sample absorbed 22%  of the beam and scattered 10%  as solid 

(210°C) and 13% as liquid (240°C).

RESU LTS

The results of these measurements are shown in Figs. land 2. The ordi

nate ("corrected counts") are the experimental counts per time channel after 

correction for counter background and scatter by the container; small factors 

to correct for the different efficiencies of the six detector arrays are included 

and the calculated efficiency variation with energy of the detectors has been 

removed. Finally the incident beam monitor reading is used to give the re

sults for solid and liquid normalized to the same number of incident neutrons.

In Fig. 3 the static structure factor for liquid tin derived from recent 

X-ray measurements [1] is shown together with the diffraction lines for 

solid white tin (body-centred tetragonal structure). It is seen that for elastic 

scattering the values of momentum transfer lie below the region of the main 

peak in the structure factor. For this reason little elastic scattering is ex

pected to be observed in either solid or liquid cases. From  a comparison 

of the small elastic scattered intensity for the solid with that from a thin 

vanadium sample the incoherent cross-section 0. 04 ± 0. 01 b for the tin was 

derived, taking the incoherent cross-section for vanadium to be 5. 1 b. The 

discussion which follows will relate principally to the results taken with

6 . 2Â  neutrons, because they are simpler to interpret and there may be ap

preciable multiple coherent scattering present in the results with the 4 .0Â  

neutrons.

The scattering from the solid in all detectors extends to energy transfer 

of 25 m eV corresponding to a temperature of 290'K  (the Debye temperature 

for white tin is 190°K). At lower energy transfers the scattered spectra for 

the solid are marked by a sharp fall, the scattering being nearly zero below 

this "cut-off". The sharp "cut-offs" are explained in the next section; below 

the "cut-off", destructive interference makes coherent scattering negligible.

The spectra for the liquid show a broadly similar shape and spread to 

the solid but the sharp "cut-offs" are now broadened. An interesting and 

surprising result is the appreciable scattering at small energy transfers 

down to almost zero energy transfer. Since on melting the special order of 

the solid is destroyed, one is tempted to suggest that in the liquid the de

structive interference is no longer complete and as a result incoherent 

scattering is seen. However, the appearance of incoherent scattering in 

the liquid should lead to a strong elastic peak and no increase in the elastic 

scattering is seen on melting.
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Fig.3

Static structure factor for liquid tin at 245*C.

In the following section a simplified calculation of the cross-section is 

presented. The cross-section is expressed as a product of two terms. The 

first term is the cross-section calculated from the "incoherent approximation" 

while the second term gives a structure factor for the coherent scattering. 

Presentation of the results as the structure factor allows the data on the 

solid to be understood and emphasises the marked difference in the results 

on the liquid.

T H E  ON E- PH O N O N  CROSS-SECTION F O R  A  P O L Y C R Y S T A L

A  simple theoretical treatment for inelastic scattering of slow neutrons 

by polycrystals was given in an e¡*rly paper by E G E L S T A F F  [2]. Starting 

from the expression by W E IN S T O C K  [3] [Eqs (35) and (36)] for the coherent 

differential cross-section of a microcrystal for single phonon absorption, 

he performs an average over all orientations of Q  and q with respect to 2?гт 

(definitions below). The resulting expression for the cross-section of the 

polycrystalline solid is

(1)

where

I = (B/4M?r^)(k'/k)e*^'''[(Q^xq^)/M(l-x)](dq/dM) (2)

В is the volume per nucleus in the crystal; 

M  is the mass of the scattering nucleus;
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k' and к are the scattered and incident neutron wave numbers; 

hu and hq are the energy and momentum of the phonon; 

x = exp {hb)/KgT};

Q r  È' -
T is the reciprocal lattice vector of a given plane;

I?. is the structure factor for the plane including the multiplicity. 

Equation (2) may be written as

1=  (I/2m)(k'/k)e^"(Q^/M)[x/(l-x)]p(tj)

where p (ы) is the frequency distribution of normal modes. It may be shown

[2] that (o¡;oh/4njl is the cross-section in the "incoherent approximation". Z 

may then be seen as a structure factor for coherent scattering from the poly

crystal. When the summation is made over several planes the form factor 

approaches the value unity as expected.

It is therefore convenient in presenting our results to isolate the struc

ture factor by dividing the observed cross-section by the cross-section calcu

lated using the incoherent approximation. For the frequency distribution 

p (ы) we have used the Debye approximation р(ы) = Зм  ̂/up where Up is the 

frequency corresponding to the Debye temperature. This approximation 

should be satisfactory for the low energy part of the spectrum, discussed 

later.

DISCUSSION  O F  T H E  P O L Y C R Y S T A L L IN E  S T R U C T U R E  F A C T O R  (Z)

The permissible range of Q for energy gain from a phonon is illustrated 

in Fig. 4. The vectors Q, q and 2?гт must form a triangle to satisfy the con-

H g .4

Construction to illustrate condition (or single phonon coherent scattering.

dition Q  + q = 2тгт . It is clear therefore that the permissible range of Q  

is given by

Q - q < 2 7 r T < Q  + q.
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Using a fixed incident energy, each scattered energy gives for each 

scatter angle definite values for vector Q  and for ы and therefore from the 

dispersion relation ы = u(q) a single value for q for each branch of the dis

persion relation. Thus at scattered energies below a certain value given 

by Q  + q = 27ГТ coherent single phonon inelastic scattering is not possible. 

In addition the scattering falls again to zero at the upper limit Q-q = 2y т . 

This upper limit is usually beyond the limit of the spectra observed here, 

that is, beyond the upper limit of the frequency distribution, p(u). A  step 

in the structure factor occurs for each value of т . For tin the planes are 

sufficiently separated so that in the 6 . 2Â  results only the two planes at 

27ГТ = 2.13 and 2. 22Â'i need be considered.

z
a

ENERGY TRANSFER t meV)

Fig-5

Polycrystalline structure factor for 90* scatter angle (incident energy - 2 .1  m eV).

In Fig, 5(a) the polycrystalline structure factor is shown for the first 

plane in solid tin (2тт = 2.13Â*i) for scattering through 90°for 6 . 2Á incident 

neutrons. Only one of the two closely spaced planes in tin is shown for clarity 

of presentation.

In calculating q the assumption и = cq has been made, where с is the 

velocity of sound (c = 2470 m /s  [4] has been used for both longitudinal and 

transverse modes. ) The components due to longitudinal and transverse 

phonons (taken parallel and perpendicular to q, respectively) is also shown. 

It is clear that under these conditions the sharp rise in the cross-section at
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Q  + q = 27ГТ corresponds to longitudinal phonons. In Figs. 1 and 2 the position 

of the sharp rise predicted at Q  +. q = 2лт is marked with arrows for the 

first two planes of tin; the position of the fall at Q - q = 2тп* is also marked 

where relevant.

The experimental shape for the polycrystalline structure factor is shown 

in Fig. 5(b). The agreement with the calculations of Fig. 5(a)is qualitatively 

correct but in unsatisfactory quantitatively.

In practice the longitudinal and transverse components should be calcu

lated separately.

The contributions from longitudinal modes may be calculated by includ

ing in Eq.(l) the factor cos^ 6  ̂ where 6 is the angle between Q  and q, i. e.

cos 6̂  = [(2¡rr )  ̂- - q^ N  / 2Qq^

The contribution from transverse modes is obtained similarly using the 

factor (1 - соэ^бт) where

c o s e y = [ ( 2!rr)^-Q^-q^.]/2Qq^

q^ and q̂ . are obtained using ы = c^ q  ̂ or u = c^ q̂ . . Calculations based on 

tnese results are given in Fig. 5(c) where the transverse sound velocity is 

less than the longitudinal velocity. A  factor of 0. 7 between the two has been 

used, which is the calculated ratio for the bulk solid. The effect of the lower 

transverse velocity is to increase and displace the transverse component 

to yield a sharply peaked curve similar to that found in the experimental 

results.

The difficulty of assigning the absolute scale for the experimental results 

(possible error of ± 45%), the uncertainty in the correct sound velocity to 

use and the assumptions made in deriving the theoretical expression make 

an exact comparison of experiment and calculation meaningless. However, 

the general features of the present results of the scattering by the poly

crystal may be understood in terms of the usual formulations of neutron 

scattering by solids. W e  now test the possibility of modifying this theory 

to account for the results for the liquid.

S T R U C T U R E  F A C T O R  F O R  T H E  LIQUID

W e  follow the approach of E G E L S T A F F 'S  "pseudo-phonon" model [5J 

in which the idea of "phonons" in the liquid is retained. The static structure 

factor of Fig. 3 is then taken to be a continuous distribution of the value of 

2?гт .

The polycrystalline structure factor E (y I^ /2 B T Q q ) then becomes 

(l/2Qq)/2!rr[d + 'y(2^v)]d(2?rT)

where [1 + у(2л"г)] is the static structure factor of Fig. 3. The limits of inte

gration are taken as Q  + q and Q - q  where q is given by u = cq.

At large values of Q  and ы the structure factor approaches the value 

unity as required in the incoherent approximation. In the limit as ы-)0, i. e.
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near elastic scattering the liquid structure factor reduces to the static 

structure factor [1 + y(Q)]. However, the near elastic scattering is domi

nated by the effect of diffusive motion which cannot be treated by the single 

"phonon" approximation which we are using here. The present discussion 

is therefore restricted to the results at energy transfers greater than 1 meV.

So far only the known spacial distribution of atomic positions in the liquid 

has been used, but in addition there will be further broadening of the liquid 

structure factor by the diffusive motion of the atoms. We take the broadening 

in energy to be given roughly by the half-width of the Lorentzian function 

given by Fick's Law, viz. 2hDQ2[5] (where D  is the diffusion coefficient). 

Over the range of Q of interest here, i. e. at energy transfers belowthe sharp 

drops in the scattered intensity, the broadening in energy due to diffusive 

motion is of the order 0. 2 meV. Thus the calculated structure factor is very 

little changed by including the effects of diffusive motion.

ENERGY TRANSFER CmeV)

Fig. 6

The calculated structure factors including this estimated diffusive broad

ening are shown for two scatter angles in Fig. 6 . The smearing of the sharp 

"cut-off" of the solid is apparent. Also in Fig. 6 are the liquid structure 

factors derived from the experimental results. These are derived, as ex

plained above, by dividing the observed cross-section by that predicted by 

the incoherent approximation using a frequency distribution p(u) — u^as for
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the solid in the region where the present "phonon" calculation can be con

sidered to have some meaning (taken as Ьм> lm eVl The experimental results 

show a marked increase in the structure factor at low energy transfers, this 

increase becoming continuously more pronounced as the scatter angle de

creases. Clearly the calculations given are quite inadequate to explain the 

present experimental results.

Further discussion is reserved until more analysis of the results is 

completed.

B R IE F  D E S C R IP T IO N  O F  R E S U L T S  W IT H  4. 0Â N E U T R O N S

The experimental results taken with 4Â neutrons show broadly a similar 

behaviour to the results already described. The cut-off for the polycrystal

line scattering (calculated positions marked with arrows in Fig. 1) appears 

in the expected position at scatter angles less than 75°. The scattering ap

pearing below the cut-offs is probably due to multi-phonon scattering. The 

agreement with the present simple theory for the high peak at 8 = 75°is not 

satisfactory. At 8 = 90° the two lower spaced planes appear as Bragg scatter

ing, the inelastic peak at this angle being associated with the third plane in 

solid tin.

In the liquid, for which the structure factor does not fall to zero at low 

energy transfers, appreciable inelastic scattering is again seen.

At 9 = 90° the momentum transfer for elastic scattering is equal to the 

value for the first peak of the structure factor of Fig. 3 and the strong elastic 

peak is seen in the experimental results.

CONCLUSIONS

Experimental data on the scattering of cold neutrons by solid and liquid 

tin are compared to approximate calculation for single phonon coherent 

scattering by a polycrystal and its extension to liquids. The cross-section 

is represented as a coherent structure factor times the cross-section derived 

using the incoherent approximation. The structure factor gives a step in the 

cross-section corresponding to the appearance of the different planes in the 

crystal, analogous to the steps seen in the total cross-section arising from 

the appearance of Bragg scattering from the crystal planes. Steps corres

ponding to the planes in tin are demonstrated in the present experiment. The 

calculated structure factor gives an acceptable description of the experi

mental results for the polycrystalline solid. More detailed interpretation 

would be possible with results on a solid having a simple Bravais lattice for 

which dispersion relations were available, aluminium being a possible m a

terial.

The experimental results on the liquid are similar to those obtained with 

solid tin at high energy transfer, but show much more scattering at low 

energy transfers. This result cannot be explained using the calculated 

structure factor for a "pseudo-phonon" model together with the assumption 

of a Debye frequency distribution of modes in the liquid. This conclusion 

is similar to that of the early work of E G E L S T A F F  [5] who compared differ

ential cross-sections and average energy transfers with the predictions of 

these models.
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D I S C U S S I O N  

(On the two foregoing papers)

B . N . B R O C K H Q U S E : It should be pointed out that Vineyard's con

volution approximation contravenes the second moment theorem very badly, 

especially in the region of small or medium momentum transfer. The second 

moment theorem is so soundly based theoretically that it is almost incon

ceivable that it should be wrong, and in any case it was experimentally veri

fied several years ago.*

P . E G E L S T A F F : The results on sodium and tin which M r . Cocking

has just used to test the Vineyard approximation may also be used to test 

the de Gennes narrowing effect. This effect is based on the moment theo

rem s and essentially arises from the fact that the t2 term is absent from 

the time expansion of the interference function. In order to see the t̂  term 

one has to work in the multiphonon region, and hence de Gennes' narrowing 

would not be observed in the one-phonon region. The fact that a strong effect 

is observed only a few millivolts from the zero energy transfer position 

shows that the narrowing is much stronger than predicted by de Gennes.

K . S. SINGWI: It is true that the convolution approximation violates

the condition that Dr. Brockhouse has mentioned, but in all fairness to 

Vineyard, I must say that it is never meant to be applied in the entire region. 

It is true only in the region of small Q, and in that region I have a feeling 

it should not be really much at fault.

P . S C H O F IE L D : I might point out that, apart from violating the m o 

ment theorem, the convolution approximation also fails at long times. In 

fact one can show that it can only be true if ^  (Q, t) falls off exponentially 

with time at all times.

S. C O C K IN G : M ay I add a more elementary point here. Sodium is a 

favourable case for testing the convolution approximation since the ionic 

radius is small compared with the lattice spacing.

B . N . B R O C K H O U S E : With regard to what was said by Dr. Singwi, I

must say that in m y view it is in the region of small Q  that the convolution 

approximation fails especially badly.

*  BROCKHOUSE and POPE, Phys. Rev. Lett. 3 (1962) 259.
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Abstract — Résumé — Аннотация — Resumen

SCATTERING OF NEUTRONS BY LIQUID BROMINE; Neutrons of 0.037 eV and 0.0088 eV were scattered 

from a thin sample of liquid bromine at room temperature, and the energy distributions of the scattered neutrons 

measured at angles from 10* to 160* by the time-oi-flight method. The angular distribution confirms the 

results of a previous study by Caglioti.

Spectra were expressed in the form of the "scattering law" S(o, 6) of Egelstaff and analysed to derive the 

generalized frequency distribution p(0) of atomic motions in the liquid. The function p(8) has a broad smooth 

peak centred at 6^0 .3 , and shows no evidence for discrete levels in the measured range 0<ß< 0.8: the general 

shape of the curve supports the "quasi -crystalline" picture of the liquid. Difficulty in the absolute normalization 

of p(8) is discussed.

DIFFUSION DES NEUTRONS PAR LE BROME LIQUÍDE. Des neutrons de 0,037 eV  et 0,0088 eV ont été

du temps de vol, les distributions d'énergies des neutrons diffusés, pour des angles compris entre 10* et 160'. 

La distribution angulaire confirme les résultats d'une étude antérieure faite par Caglioti.

Les spectres ont été exprimés d'après la «  loi de dispersion» S(a, 8) d'Egelstaff et analysés pour déter

miner la distribution généralisée des fréquences p(6) des mouvements atomiques dans le liquide. La fonction 

p(6) comporte un pic large et à faible pente dont le centre est à 6 ^  0,3 et ne présente aucune indication 

de niveaux discrets dans la gamme mesuree 0 < ô < 0,8; la forme générale de la courbe confirme l'image 

«quasi cristalline» du liquide. Les auteurs examinent les difficultés qui s'opposent 3 la normalisation absolue 

de pf Ô ).

широкий гладкий пик, соответственно значению ß % 0,3 и не показывает никаких данных для дискрет-

DISPERSIÓN DE NFUTRONES POR BROMO LIQUIDO. Los autores han estudiado la dispersión de neutrones 

de 0,037 eV y 0,0088 eV  en una muestra de bromo líquido de espesor reducido, a temperatura ambiente. La 

distribución energética de los neutrones dispersos fue medida para ángulos comprendidos entre 10 y 160 , 

mediante el método del tiempo de vuelo. La distribución angular cbnfirma los resultados obtenidos en un 

estudio anterior por Caglioti.

Los espectros fueron expresados en la forma correspondiente a la "ley de dispersión" S(a,ß) de Egelstaff 

y analizados para derivar la distribución generalizada de frecuencias p(B) de los movimientos atómicos en el 

líquido. La función p(6) tiene un pico poco pronunciado, cuyo máximo corresponde a 3 æ 0,3 y no parece 

presentar saltos en el intervalo 0 < 8 < 0,8 medido; la forma general de la curva confirma la descripción del 

líquido como "cuasi-cristalino". Los autores examinan las dificultades que presenta la normalización absoluta 

de la función p (8).

*  Joint project between A E C L Chalk River and AERE, Harwell.

* *  Natural Research Council of Canada Post-Doctoral Fellow.

* * *  On  attachment from AERE, Harwell.
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1. IN T R O D U C T IO N

Studies by neutron scattering of molecular motions in liquids have been 

confined mainly to monatomic liquids, such as molten metals [1 ] and lique

fied inert gases [2, 3]. Investigation of polyatomic liquids has concentrated 

largely on light and heavy water, in which the hydrogen atoms do most of 

the scattering.

A  point of considerable interest in the case of diatomic molecules is 

the extent to which vibrations and rotations in the gas phase can still occur 

in the liquid. Energy levels for these processes may be difficult to observe 

even if they are present, as they may be greatly broadened by thermal m o

tions of the molecules; De G E N N E S  [4] has given some guidance on neutron 

energies to be used in such a search. There is also much interest in the 

details of diffusive motion, e. g. whether this occurs continuously or in a 

series of jumps, and Whether the diffusing units are single molecules or 

large rotating groups as suggested by E G E L S T A F F  [5J. A  further property 

to be investigated is the relationship between the solid and liquid phases 

of a substance, and the charges which occur on melting.

One previous study of neutron scattering by liquid bromine was made 

by C A G L IO T I et al. [6], using a crystal spectrometer. From  the angular 

distribution of coherently scattered neutrons they computed by a Fourier 

transformation the molecular density distribution function p (r). The major 

peak in this quantity showed clearly the presence of the second atom in each 

molecule, and gave an interatomic distance in good agreement with other 

measurements in the solid and gaseous states. It was shown that the main 

features of the parent solid were preserved during the melting process. As 

no analysis of the distribution of inelastically scattered neutrons was made, 

it was not possible to study molecular motions in detail, though it was shown 

from the available free volume that the molecules could not be freely ro

tating.

The aim of the present experiment was to search for rotational and 

vibrational levels in liquid bromine and to study the diffusion process. Such 

results could then be compared with those from studies of water and mon

atomic liquids.

2. T H E O R E T IC A L  T R E A T M E N T

The theoretical developments of E G E L S T A F F  and SC H O F IE LD  [7] will 

be briefly described here, with the application to the present work.

The experimental data, when correctly normalized, give the double 

differential scattering cross-section as a function of scattering angle and 

the energy e = E ' - E  which is transferred in the collision. This is related 

to the "scattering law" S(a, ß) for the material by:

The dimensionless quantities c and ß are related respectively to the m o 

mentum change h Q  and the energy change hu by

(1)
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where M  is the mass of the scattering atom and q, its bound scattering cross- 

section, к and k' are the initial and final wave numbers of the neutron, k& 

is Boltzmann's constant and T  the absolute temperature. Expression of the 

data in the form of S (or, ß) has the advantages of reducing the number of 

explicit variables from three to two and including implicitly the condition 

of the thermal equilibrium of the scatterer. Further analysis is conveniently 

performed in terms of S(<?, ß).

Although the space-time correlations of the atoms are related to the 

scattering law by a Fourier transformation [8J, it is preferable to obtain 

them by other means, as the range of c and ß which can be covered experi

mentally is too small to make direct transformation an accurate method. 

Egelstaff shows that a useful alternative procedure is to obtain the quan

tity [S(<2 , ß)/<* ]o = {¡iio [S(<* , ß)/a- ] for all available P. In practice this is 

done by plotting log [S(t?, ¡3) /if J against <y at constant ¡3 and extrapolating 

the linear portion of the plot to a = 0. This method separates the "self" and 

"interference" terms of S(<x,ß) [9]; interference effects, which are impor

tant only for distances of the order of one atomic spacing, cause the curves 

to rise rapidly as a tends to zero but are not significant in the linear region.

The quantity p(ß) = ß  ̂ [Ss (<?, ß)/<2 Jo , where Sg is the "self" portion of 

S (a , (3), is related by Fourier transformation to the velocity autocorrelation 

function of the molecules; p(ß) has been called the "generalized frequency 

distribution" of the molecular motions and shows characteristic variations 

with ß for different states of matter. For a liquid it shows the general nature 

of the motions, in particular whether rotational or vibrational levels are 

present. Information on diffusion can be derived from the behaviour of p(j3) 

as /3 -*0, but it is difficult to make accurate measurements in this region.

3. E X P E R I M E N T A L  M E T H O D

The experimental apparatus has been described in detail [ 10j, and only 

a brief outline will be given here. A  system of four phased rotors produces 

bursts of monoenergetic neutrons, collimated to a beam  size of 1 1 / 2-in 

wide by 1-in high. Twenty scintillation detectors are placed around the tar

get at angles from 10° to 159°, with a flight path of 1.30 m . Pulses from 

each detector are time-sorted into 270 channels of width 6^ s  and recorded 

on magnetic tape, which is scanned after a 24-h run. Pulses from three fis

sion chambers in the line of the beam are also time-sorted, for calculation 

of beam intensity, velocity of the incident neutrons and transmission of the 

sample.

Fig. 1 shows the bromine sample holder. The liquid was contained with

in a teflon ring of internal diameter 2 1/2  in and thickness 0 . 2 in, with a 

small filling hole sealed by a teflon screw. Teflon film 0. 002-in thick,backed 

for further strength by 0 . 0 0 5-in vanadium foil, made up each of the two 

faces. This containing assembly was clamped between aluminium rings. 

The sample and an empty duplicate were automatically interchanged every 

15 min, to allow accurate subtraction of background.
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I

Bromine scattering specimen.

The specimen is in the form of a thin circular disk, oriented at 

45* to the neutron beam . Flight path to the detectors is 1 .30  m .

The incident neutron eñergies were 0. 037 eV and 0. 0088 eV (X = 1. 49 

and 3. 06A), with about 200 h of running time at each energy. Transmission 

of the bromine layer was 86%  at 0. 037 eV  and 74%  at 0. 0088 eV . At the 

higher energy, the standard deviation in neutron arrival times at the sample 

was 3. 5^s, and their incident energies was 0. 6%.

An absolute cross-section scale was established by comparing the known 

scattering cross-section with the total number of scattered neutrons; to 

obtain this quantity the net count in each detector was multiplied by sin 6 
and plotted against 6, and the smoothed curve integrated numerically over 

all angles. The absolute detector efficiencies had been previously deter

mined by measuring the almost completely incoherent scattering from va

nadium.

4. R E S U L T S

Typical spectra obtained with 0. 037 eV  neutrons are shown in Fig. 2. 

Backgrounds were very significant, with the ratio (net count/background)
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Time-of-flight spectra.

The net scattered intensity and the background are shown, for detectors 

at 82* and 142° to the beam. Incident neutron energy was 0.037 eV.

equal to 0. 93 at 142° and 1. 03 at 85° . Owing to the poor statistics and the 

good energy resolution in the incident pulse, resolution corrections were 

not applied to these spectra.

Such data were converted to the form of S(<x, ß) and analysed to derive 

the frequency distribution function p(j3), in the manner described in Section

2. Plots were prepared of S(<?,ß) versus a? at constant ß, i .e.  for each 

time channel or averaged group of three time channels. Some typical ex

amples are shown in Fig. 3. Points for which a was less than 0. 02 were 

ignored in the straight-line extrapolations, because a measured angular 

distribution (to be discussed below) showed that such points would contain 

significant coherent contributions. In fitting the straight lines, the slopes 

of the lines were constrained to vary smoothly with ß.
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OtxIO^

Fig-3

Scattering law for bromine at 20°C .

Plots of (S /a )  versus otare shown for some representative values of 6. The 

intercept of each fitted straight line is the quantity [S/'o] n for the given 6.

The final results were the averages from two series of measurements 

at 0. 037 eV, each lasting about 100 h; data taken at 0. 0088 eV  could not 

be used in this way as was always less than 0. 02. Data with ß +ve and -ve 

were treated separately and the resulting extrapolations compared later as 

a check on consistency of the results. Corresponding extrapolations were 

always consistent within estimated errors and no distinction was made be

tween them in producing the final smoothed curve of [S((?, ß)/<2 jg versus 

ß. From  this smoothed curve was formed the function p(ß) = ß2[S(a, ß)/<? lo ; 

it is shown in Fig. 4, with estimated uncertainties which are believed to be 

rather conservative.

Angular distributions of the total number of scattered neutrons were 

obtained by summing the counts in each detector. The resulting distribution 

from 0. 088 eV neutrons is shown in Fig. 5, where the abscissa is the value 

of a for elastic scattering at the given angle. For comparison is shown the 

curve of Caglioti et al. measured with neutrons of 0. 15 and 0. 091 eV. As 

the agreement is quite good, the present results confirm their picture of the 

structure of this liquid.



SCATTERING OF NEUTRONS BY LIQUID BROMINE 255

Fig. 4

Frequency distribution for liquid bromine.

This curve of p(5) was prepared from a smoothed plot of [S/txlo

5. DISCUSSION

Egelstaff shows from the moment theorems of P L A C Z E K  [11] that

У  2ß sinh (ß/2) [Ss (а , ß)/c ]o dß = 1 ,

0

where Sg(<x,j3) is the "self" term only, i.e.  interference terms have been 

excluded. The area enclosed by the function p(ß) should therefore be less 

than unity, but that contained by the present curve, integrated to ß = 0 .9  

only, is 2.1.  A  similar tendency towards over-estimation of p(ß) has arisen 

in studies of D g O  [12] and иОз[13]. Three possible explanations for such 

a discrepancy are the following:

(1) The abolute cross-section scale in the experiment is too high by 

a factor of 2 or more;
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<3. x'oS

Fig. 5

Angular distribution.

The full curve is the angular distribution of the total scattered intensity 

for incident neutrons of 0.0088 eV, with the resuits of Cagiioti shown 

for comparison. The two curves have been arbitrarily normalized.

(2) The procedure for extrapolation of S (<2 , 0) /or curves has not com 

pletely removed coherent contributions;

(3) Multiphonon effects at high energy transfer are keeping p(j3) high 

athighß .

The absolute cross-section scale is based on the published scattering 

cross-sections for bromine and for vanadium (used to calibrate the detec

tors), and seems unlikely that this scale could be incorrect by more than 

40%. Further experimental and theoretical work is needed to check the other 

two possibilities. Small errors in [S(<x, (3) /or at large ß would cause sig

nificant errors in p(ß), owing to the large scaling factor ß 2.

Results so far have shown no evidence of discrete levels in the liquid. 

Although this may be due to inadequate statistical accuracy, it seems clear that 

there are no dominant levels in the range of energy transfer covered. Ro

tational levels of the bromine molecule are probably too closely spaced to 

be resolvable. The vibrational level in the free bromine molecule occurs
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at 0. 04 eV [14], corresponding to ß = 1. 6 at room temperature. To extend 

the presently explored range of ß, measurement is needed at higher neutron 

energies.

The general shape of p(ß) is similar to that found previously for H g O  

[15] and D 2O  [12], and is nearer to that expected for a solid than for apure- 

ly diffusing system. . It therefore supports the "quasi-crystalline" model 

of a liquid.

Further work on bromine will include measurements at higher values 

of energy transfer, in a search for discrete vibrational levels. The problem 

of the incorrect area under p(ß) will be studied more closely.
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D I S C U S S I O N

K . E . L A R S S O N : In the elements you have used in your investigation 

there is a large percentage of coherent cross-section. One would imagine 

that the spectra you presented on nickel at several angles should be a mix

ture of the incoherent scattering picture and an integral over the coherent 

one-phonon peaks. Would not these coherence effects also affect the other 

results you have shown?

B. M O Z E R : Not to a significant extent.
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N . A . T C H E R N O P L E K O V : I should like to make an observation which 

to some extent answers Dr. Larsson's question. If we compare the results 

of the study of inelastic scattering on natural nickel carried out by Dr. Mozer 

and D r . Otnes with tne results we ourselves obtained on an alloy of nickel 

isotopes of zero coherent-scattering amplitude, we see that the critical 

points of the spectra coincide, and that there is also good agreement as 

regards the position of the peaks and their width. In the case of nickel that 

should not be regarded as unexpected, since it possesses a 70% incoherent 

cross-section. Of course, when we say that the critical points coincide, 

it must be borne in mind that we have the results of Dr. M ozer 's and 

D r ; Otnes' work before us in the shape of a diagram only.

B . N :  B R O C K H O U S E : Can you verify in any way that it is a localized 

mode you observe, and not à flat band in Q-space?

B . M O Z E R : Well, that's what it is when there are a lot of impurities 

and you are really into an alloy system. W e  are going to try and look at 

this with à modification of the Mössbauer experiment and we will look at 

a 0 ; 1%  alloy. The only other evidence 1 could find now, apart from theoreti

cal calculation, to prove that such things exist was the work by J. P . Schiffer 

on alkali halides, and subsequent measurements have confirmed that this 

is exactly what he sees. The concentration of the hydrogen ions in that 

system is 10^7 so it is a well-defined localized mode and the mass ratios 

are so large that it just sits there and bounces back and forth.

On the other hand, there is no evidence at ail that what we observed 

was in fact an optical band.

I. W A L L E R : I think it is very interesting that it has been possible, in 

this way, to see localized modes in metals. This method of Schiffer was 

limited to substances where strong dipole moments are connected with these 

vibrations.
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Abstract — Résumé — Аннотация — Resumen

NEUTRON SPECTROMETRY W O R K  AT THE CNEN . In this communication the main features of the 

triple axis spectrometer recently installed at the Ispra-1 reactor are presented. Preliminary results in the quasi 

elastic angular distribution of 1.4 A neutrons scattered in liquid bromine are shown and briefly discussed.

LA SPECTROMÉTRIE NEUTRON1QUE AU CNEN. Dans ce mémoire, l'auteur décrit les principales carac- 

dans du brome liquide.

РАБОТЫ ПО НЕЙТРОННОЙ СПЕКТРОМЕТРИИ В НКЯЭ. В этом сообщении приводятся основные характе

ристики трехосного спектрометра, установленного недавно на реакторе "Испра-1". Показываются и

TRABAJOS DE ESPECTROMETRIA NEUTRÓNICA REALIZADOS EN EL CNEN. La memoria describe las 

principales características del espectrómetro triaxial recientemente instalado en el reactor lspra-1. Asimismo, 

expone brevemente los resultados iniciales de las determinaciones de distribución angular de neutrones de 

1 ,4 Á  dispersados en forma cuasi elástica por bromo liquido.

A  conventional triple axis spectrometer has been very recently put in

to operation at the 5 M W  CP-5 type reactor of the Ispra Centre.

The spectrometer, shown in Fig. 1, allows automatic measurements 

of neutron scattering in solids and liquids at fixed values of the momentum 

(or of the energy) transfer, through programmed increments of the scatter

ing angle the analysing angle 2 -Зд and the orientation angle Ÿ of the (crys

tal) sample. Furthermore the spectrometer may be easily converted into 

a nominal double axis unit and into an instrument suitable for the beryllium 

filtered detector technique.

In the design of such a spectrometer particular care was taken in order 

to keep the ratio background signal as low as possible. To this end, we found 

it convenient to provide a bulky shielding 60-cm diam. all around the counter, 

and to adjust the counter efficiency to the wavelength so as to make it as di

rectional as possible.

Preliminary results on phonon peaks by a brass crystal, showed a back

ground level of approximately 2 counts/min when a counter 15-cm long, 5-cm 

diam ., filled with enriched BF3 at a pressure of 70 cm  Hg was utilized; a 

background level as low as 0 .4  counts/min was reached with a counter of 

the same characteristics, but filled with natural BF3 , during some mea-

259
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Fig.l

The triple axis spectrometer in operation at the Ispra-1 reactor.

surements on the molecular modes of liquid bromine performed with the 

inverse beryllium filter technique * .

A  preliminary analysis was undertaken on the quasi-elastic scattering 

in liquid bromine at room temperature with the following purposes:

(a) To study the reliability of the information on the radial distribution 

function of a diatomic liquid obtained utilizing the static approxi

mation through the usual Fourier inversion of a conventional neu

tron diffraction pattern;

(b) To devise a dynamical model of the liquid based on known 

values of macroscopic parameters, useful for an understanding 

of the behaviour of the liquid during a time controlled by the energy 

resolution of the experimental set-up.

An angular distribution of the intensity diffracted by a cylindrical sample 

2-cm diam. was obtained by pivoting the analysing spectrometer set at the

*  The measurements quoted above will be reported elsewhere at their completion; they were performed 

with J. J. Antal and M. Antonini.
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wavelength of 1 .4  A  associated with the neutrons impinging on the liquid 

sample. The energy resolution (full width at half maximum)of the mono- 

chromating and analysing spectrometers were set at 1 ,4  10'^eV  and

А Е д ^  2 .3  10'^eV respectively [1] . Therefore the quasi-elastic angular 

distribution is physically connected with a sort of time average [2] of the 

V A N  H O V E 's  [3] correlation function G  (r, t) over a period At of the order 

of 1 .3 X  l O ^ s .

The quasi-elastic angular distribution obtained for liquid bromine is 

shown in Fig. 2. At present the pattern reaches a m axim um  value of the 

wave-vector transfer Q  = 5 . 8 5A*  .

H g .2

Angular distribution of 1 .4A  neutrons quasi-elastically scattered from liquid bromine at room temperature. 

The bars represent the experimental data, corrected for the contribution of the quartz container. The dashed 

horizontal line is the estimated level of multiple and incoherent scattering. The full line, labelled u^-0.6^ 

A^. is the Ht obtained through the model discussed in the text. The lines labelled 0.06 and 0.07 A^ show 

how sensitive if the fit to the choice of the mean square value 6u^ of the nuclear displacement associated 

with the solid-like part of the self correlation function. The fit and the experimental data have been arbi

trarily normalized at the (triangular) point corresponding to О  = 5 A '* .

A  comparison of the present, limited amount of data with the corres

ponding conventional distribution [5] confirms that, even for a heavy li

quid element, the neutron scattering process is mainly inelastic, with the 

exception, perhaps, of events associated with wave-vector transfers under

lying the first diffraction peak [6] . Therefore it appears that since the scat

tering angle is not uniquely related with the wave vector transfer when dea

ling with monochromatic neutron radiation [ 4 , 7 ] ,  an experiment should 

be performed measuring the integiaied intensity associated with all of the 

possible energy transfers at any fixed value of the momentum transfer. 

Measurements of this sort could help to clearly establish some limits on 

the reliability of the static approximation whe% used in conjunction with the 

determination of the radial distribution function of a liquid.

A n  attempt to fit the experimental data of Fig. 2 has been done utili

zing V IN E Y A R D 'S  convolution approximation^.f.Eq.(14) of [4] together with
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a model of the liquid which, in its simplicity, is perhaps appropriate to 

the nature of the information obtainable by this kind of technique. The Fou

rier transform of the self-correlation function in liquid bromine is assumed 

to be made up of two contributions, gas-like plus solid-like, weighted (in 

analogy with the vacancy theory of liquids [8]) on the basis of the knowledge 

of the molar volumes of solid bromine at its melting temperature and liquid 

bromine at room temperature. In the gas-like term (wt.23%), the effective 

mass of a bromine atom is assumed to be 6 /5  times the nuclear m ass 

[9] . The solid-like Gaussian self correlation function (wt. 77%) is tentative

ly assumed to have a width 2^ independent of timé, whose value is left 

free in order to optimize the fit. The interference effects due to instantan

eous space correlations among nuclei within the liquid are supposed to be 

conveniently expressed by the conventional neutron diffraction pattern [5] . 

In comparing the experimental points (Fig. 2) with the average of Vineyard's 

expression over the energy resolution function of our spectrometer, no 

attempt was made to put the intensity data in an absolute scale.

There are reasons to think that the relatively small discrepancies be

tween the experimental data and the fit could be partly attributed (a) to the 

use of the static approximation we implicitly made when specifying the inter

ference effects and (b) to the assumption of a time-independent mean square 

nuclear displacement 6/д2 associated with the solid-like contribution.

It appears from Fig. 2 that the quality of the fit depends sensitively on 

the amount of local relaxation one attributes to the structure of the liquid 

through the value of in the present case the latter should be about O.O65A? 

in order to produce a reasonable fit. This amount is much larger than the 

one computed on the basis of a Debye model of the system, and could be 

partly explained by hindered rotations.

As  we mentioned above, experiments are now under way at Ispra to 

explore other regions of the (Q, ы) space, so as to reach eventually a more 

detailed picture of the molecular motions possibly present within this liquid.
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Abstract — Résumé — Аннотация — Resumen

DYNAM ICS OF LIQUID HYDROGEN BY NEUTRON SCATTERING. The total scattering cross-section of 

liquid para-hydrogen for neutrons below about 0.014 eV is found to conform approximately to the Schwinger- 

Teller theory for para-hydrogen gas, indicating very weak intermolecular forces. A minimum of about 3 b 

per hydrogen atom is reached at about 0.014 eV as a result of coherence of scattering from oppositely oriented 

atoms in the molecule. A sharp rise with increasing neutron energy above this threshold corresponds to inelastic 

collisions in which the neutron spin is reversed and the molecule is thus converted from para- to ortho-hydrogen, 

absorbing the energy difference between the J = 0 and J = 1 ground rotational levels of the para and ortho states. 

Preliminary measurements of the neutron energy loss in both energy regions confirm these interpretations and 

are being continued for more detailed investigation of liquid dynamics.

ETUDE DE LA DYNAMIQUE DE L'HYDROGÉNE LIQUIDE PAR LA DIFFUSION NEUTRON1QUE. La section 

efficace totale de diffusion des neutrons dans du para-hydrogène liquide pour une énergie inférieure â 0,014 eV 

concorde approximativement avec les résultats donnés par la théorie de Schwinger-Teller pour le para-hydro

gène gazeux, ce qui montre que les forces intermoléculaires en présence sont très faibles. Cette section effi

cace atteint un minimum d'environ 3 b par atome d'hydrogène à 0,014 eV environ, par suite de la diffusion 

cohérente sur des atomes ayant dps orientations opposées dans la molécule. L'augmentation brusque qui se 

produit au-dessus de ce seuil correspond à des collisions inélastiques dans lesquelles le spin est inversé: la 

molécule d'hydrogène est ainsi transformée de la forme para â la forme ortho, absorbant la différence d'énergie 

entre les niveaux fondamentaux de rotation J = 0 et J= 1 des états ortho et para. Des mesures préliminaires de 

la perte d'énergie neutronique dans les deux domaines d'énergie confirment ces interprétations; les expériences 

se poursuivent en vue d'une étude plus détaillée de la dynamique de l'hydrogène liquide.

ДИНАМИКА ЖИДКОГО ВОДОРОДА ПШ РАССЕЯНИИ НЕЙТРОНОВ. Найдено, что поперечное сечение рассеяния 

нейтронов с энергией ниже 0,014 эдектронвольт жидким параводородом соответствует приблизительно

ESTUDIO DE LA DINAM ICA DEL HIDRÓGENO LÍQUIDO POR DISPERSION NEUTRÓNICA. Los autores

de energía inferior a 0,014 eV  se ajusta aproximadamente a la teoría de Schwinger-Teller relativa al para- 

hidrógeno gaseoso, lo que indica la intervención de fuerzas intermoleculares muy débiles. A unos 0,014 eV  

se alcanza un mínimo del orden de 3 b por átomo de hidrógeno, resultante de la dispersión coherente por áto-

*  Work performed at General Dynamics/General Atomic.
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nico es invertido, con lo que la molécula de para-hidrogeno se convierte en molécula de orto-hidrógeno, 

absörbiendo la diferencia de energía existente entre los niveles rotatorios fundamentales J = 0 y J = 1 de los 

estados para y orto. Las mediciones iniciales de la pétdida de energía neutrónica en ambas regiones energéticas 

confirman estas interpretaciones. Dichas mediciones continúan efectuándose con miras a investigar con más 

detalle la dinámica dé los líquidos.

I. IN TR O D U C TIO N

Liquid hydrogen has several special features of structure and dynamics 

which distinguish its neutron scattering properties from those of otherliquids, 

and also of other hydrogenous materials. In general these result from its 

being a molecular liquid, characterized by strong binding between the two 

atoms of the molecule but by relatively weak inter-molecular forces, so 

that its behaviour is similar to the gaseous form.

In all other hydrogenous solids and liquids, the nuclear spins may be 

considered completely randomly-oriented. The large difference in the singlet 

and triplet scattering amplitudes, a¡ = -23. 67 X 10-13 , and at = 5 . 40X  10*13cm, 

respectively, therefore leads to a large incoherent and small coherent cross- 

section. Since liquid hydrogen exists in the two forms of ortho (parallel 

nuclear spins) and para (anti-parallel nuclear spins) coherent scattering is 

much more important. In para-hydrogen, destructive interference of the 

scattered waves leads to a low total cross-section.

The effect of weak intermolecular binding is that the individual molecule 

is relatively free in both translational and rotational motion. Evidence from 

specific heat measurements indicates that the molecule rotates rather freely 

in liquid and even in solid state. The quantum mechanically-allowable ro

tation states are given by the equation

E  = (h2 /m a2)J(J + 1) = 0.015(J/2)(J + 1) (1)

where even J values correspond to the para state and odd to the ortho state, 

as given in Table I. In addition, there is to be expected a continuum oftran-, 

sitional energy levels, corresponding to the motion of the molecule within 

the shallow potential well determined by the surrounding molecules. Levels 

corresponding to relative vibrations of the two atoms in a molecule of course 

occur at energies substantially above the rotational energy levels.

TABLE I

E N E R G Y  L E V E L S  O F  LIQUID H Y D R O G E N

J E

eVPara Ortho

0 0

1 0.015 .

2 0.045

3 0.090

4 0.150
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These general aspects of the dynamics of liquid hydrogen have been 

investigated experimentally by the scattering of low energy neutrons from 

an electron linear accelerator. The present paper discusses the general 

features of neutron scattering in liquid Hg as compared to Hg gas, and parti

cularly the conclusions which may be derived from the simple measurement 

of total scattering cross-section. The accompanying paper reports further 

and more detailed information from inelastic scattering measurements.

II. N E U T R O N  SC A TT ER IN G  F R O M  GASEOUS H Y D R O G E N

There was a special and fundamental interest in the study of neutron 

scattering from molecular hydrogen very early in the history of neutron 

physics to determine the spin dependence of n-p interactions. For scattering 

of thermal neutrons - energy in the range 0.025 eV - from Hg molecules, 

reference to Table I shows that four different elastic or inelastic scattering 

interactions are energetically possible:

0 0 para-para (elastic);

0 1 para - ortho (inelastic);

1 -* 1 ortho-ortho (elastic);

1 -*0 ortho - para (inelastic).

On the basis of an assumed spin dependence ofthen-pinteractionSCHWINGER 

and T E L L E R  [2] derived the theoretical relation of total cross-section to 

neutron energy for each of these four cases, as shown in Fig. 1. Two of these 

cases, para - para and ortho - ortho, correspond to simple elastic scattering 

in which no rotational energy level is concerned. The two inelastic cases,

Flg.l

Total neutron cross-sections of liquid para-hydrogen and mixed para-ortho-hydrogen as measured by trans

mission of neutrons from electron linear accelerator. Energy determination was by time-of-flight, points in 

the insert above having been measured at higher resolution to investigate sharpness of minimum.
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para - ortho and ortho - para, combine two effects. The neutron is scattered 

with reversed spin orientation, having exchanged with one of the hydrogen 

atoms, but with negligible energy associated with the spin reversal. At the 

same time, however, the molecule must gain or lose an amount of energy 

equal to the difference between the 'J = 0 and J = 1 ground rotational states 

of the para and ortho orientation. The cross-sectionfor scattering from para- 

hydrogen therefore has a threshold at the energy necessary for excitation 

of the first rotational level. Above the threshold the cross-section rises 

rapidly with increasing probability of inelastic scattering; below, the cross- 

section is much lower than the 20 b free H  value, as a result of destructive 

coherence between the scattered amplitude from the oppositely-oriented 

hydrogens.

The curves, as shown in Fig. 1 are of course only qualitatively correct, 

as they were based on values of the scattering amplitudes only inaccurately 

known at the time, but were sufficient to demonstrate the spin dependence 

of n-p scattering. More careful measurements of the molecular cross- 

sections were later made by SU TTO N , L O N G  etal. [3] for the purpose of 

more precise determination of the individual scattering amplitudes. These 

measurements were carried out intentionally at energies low enough [4j to 

avoid inelastic scattering by excitation of rotational levels, and on Ц  gas 

to avoid possible effects of inter-molecular binding. No measurements have 

been previously made, however, on liquid hydrogen, or on gaseous para- 

hydrogen in a higher range of incident neutron energy.

Referring again to Fig. 1, it is seen that the effects of inter-molecular 

binding on translational motions may be investigated by neutron scattering 

in the low energy region, where no rotational excitation occurs; the degree 

of hindrance of rotational motion should be revealed particularly by the 

sharpness of the threshold, as well as by the form of the cross-section curve 

with increasing energies.

A  liquid nitrogen temperature paraffin moderator was used to increase 

flux of the low energy neutrons, and liquid hydrogen as a cold moderator 

was briefly investigated [4] .

Ш . T O T A L  CROSS- SECTION  M E A S U R E M E N T S

The general experimental method has been described elsewhere and 

is here only briefly outlined. Neutron pulses of about 5 X 10^ neutrons were 

produced in a Pb target by bombardment with an 80 m A  beam of 24-28 m eV 

electrons from the linear accelerator, and were moderated in a small block 

of liquid nitrogen temperature polyethylene. Time-of-flight over a 3 meter 

path from source to BF3 detectors was recorded on a 256 channel recorder, 

with 16, 32 or 64n s  channels. For energy calibration, primarily a more 

precise determination of the average emission time of the neutron pulse 

from the cold moderator, the positions of the 0 .005 , 0.010,  0 .015,  and 

0.020 eV Bragg diffraction cut-offs in iron were determined by transmission 

of the beam through a polycrystalline sample.

The liquid hydrogen samples were in flat aluminium containers of se

veral thicknesses ranging from 8 to 40 m m , placed inside a previously des

cribed [5] vacuum cryostat with multiple aluminium and stainless steel
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walls, and so arranged that samples of different hydrogen thickness and 

dummy containers of the same aluminium wall thickness could be inter

changed by rotation of the cryostat. Two types of samples were studied, the 

75% - 25% ortho-para mixture which characterizes room temperature hydro

gen and which persists, in approximately this ratio, for a reasonable time 

after liquefaction, and the approximately 99. 75% para-hydrogen mixture, 

which is the equilibrium distribution to which the liquid reverts with a half- 

life period of several hours, in the absence of catalysts. In all cases measure

ments were made on the liquid at its boiling point of approximately 20. 4° К  

for normal atmospheric pressure. To obtain these two distributions, there

fore, the samples were liquified either immediately before measurement 

or a period of several days before.

Figure 2 shows the total transmission cross-section versus energy for 

these two mixtures, which are indicated as ortho-para and as para, respect

ively. The insert on that figure shows data determined with higher instru

mental resolution over the restricted energy range 0. 010 to 0. 020 eV in order to

NEUTRON ENERGY )N V

b)

Fig. 2

(a) Theoretical elastic (0 —> 0) and inelastic (0 —) 0) scattering cross-sections 

of para-hydrogen molecules calculated in 1937 by SCHWINGER and TELLER 

[Й]. Doppler broadening is neglected.

(b) Theoretical elastic (1 1) and inelastic ( 1 —> 0) scattering cross-sections

of ortho-hydrogen molecules calculated by Schwinger and Teller.

investigate the sharpness of the threshold for inelastic scattering. For com

parative purposes Fig. 1 includes two lines, labelled para-H2 gas and ortho- 

Hz gas, and representing the results of SUTTON , L O N G  et al. [3J . The solid 

portions of these lines are curves of the Schwinger-Teller form best fitted 

to their experimental data, over the energy range of their measurements, 

and the dotted portions are extrapolations to higher and lower energies, still 

following the Schwinger-Teller form. It should be noted that these curves 

apply to the hypothetical, but experimentally unobtainable, pure para and 

ortho gases, whereas our data apply to the mixtures as described above, 

and in the ortho-para case to a somewhat indeterminate mixture ratio, since 

reversion to the para state was taking place slowly during the several hours
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of the experiment. These differences are not significant, however, to the 

qualitative conclusions derived.

IV. DISCUSSION O F  R E S U L T S

A  general comparison of the experimental data of Fig. 2 with the theo

retical curves of Fig. 1 indicates that the neutron scattering properties of 

Hg liquid approximately follow those predicted for H2 gas by the Schwinger- 

Teller theory.

For incident neutron energies too low to excite the first rotational level, 

scattering by the para-hydrogen molecule is an elastic process for which 

the total cross-section is

9 "  ко о (3ai + ao

where ко, о is an energy dependent factor as derived by Schwinger and Teller, 

ao and at are the singlet and triplet scattering amplitudes, and the combi

nation Зa  ̂ + ao is proportional to the coherent scattering amplitude. Using 

the more recent value 3. 74 X 10*^ for the coherent scattering amplitude

[6] , the curve shown in Fig. 2 would be lower by about 10%. If the molecule 

were completely bound, this total cross-section should be increased by the 

reduced mass factor (3/2)^. The fact that experimental data for the liquid 

agree rather closely with the values for para-hydrogen gas may be taken 

as an indication that translational recoil motion of the para molecule is 

practically unaffected by binding forces. Effects in ortho-hydrogen for low 

incident neutron energy are similar but somewhat more difficult to interpret, 

for several reasons. The total cross-section is the sum of an elastic scatter

ing term ?i, i and an inelastic term ?i, о - the latter representing ortho

para conversion, with neutron energy gain, which is possible at all incident 

energies. The measured values also represent an average of ortho and para 

molecules in a ratio of approximately 75% - 25% but not accurately known.

At higher energies, in the range 0. 010 to 0. 020 eV there is a sharp 

rise in the liquid para-hydrogen cross-section, evidently corresponding 

to an additional term (Tg i for inelastic scattering by para-ortho conversion. 

The theoretical form of the <?о. i term for %  gas is shown in Fig. l . Although 

the energy required to raise the molecule to the ortho ground state is 0. 015 

eV, the threshold neutron energy is (3/2). 015 = 0.023 eV, since conservation 

of momentum for collision of the mass 1 neutron and mass 2 molecule re 

quires that at threshold 1/3 of the energy remains in translational motion 

of the neutron and recoil molecule. Differences between the experimental 

data and the theoretical curve are to be expected both in sharpness and in 

position of the threshold.

Even in the case of the gas, the curve in Fig. 1 is derived on the as

sumption of a stationary molecule and takes no account of Doppler broaden

ing. Since at the boiling temperature of 20. 4°K, kt = 0. 0017 eV, the shape 

of the minimum should be significantly modified by Doppler effect. For 

liquid, inter-molecular binding forces are expected to introduce further 

broadening, increasing according to the extent of hindrance of rotation of 

the molecule. The measurements shown in Fig. 2 were not at very high re
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solution, and no attempt has been made to correct for Doppler broadening; 

however, preliminary higher resolution measurements in the region of the 

threshold, shown in the insert at the top of Fig. 2, show a sharpness which 

qualitatively indicates free rotation.

The position of the cross-section minimum for liquid para-hydrogen 

is definitely below the 0. 023 eV  value expected for a free gas, and rnore 

nearly at 0. 015 eV. This would indicate that the molecule is bound in the 

sense that, for an inelastic neutron collision, its centre of m ass is fixed 

with respect to the surrounding molecules, allowing the neutron momentum 

to be transferred to the entire system and the neutrons' total kinetic energy 

to go into raising the molecule from the J = 0 para to the J = 1 ortho state. 

This conclusion seems somewhat in conflict with the free molecule behaviour 

at lower neutron energies and indicates the need for more carefully quanti

tative measurements near the cros§-section minimum.

The sharp minimum of the neutron scattering cross-section of liquid 

para-hydrogen is similar in shape to the minimum in the cross-section of 

metallic hydrides. There is, in fact a strong analogy between these cases. 

In the case of zirconium hydride, it was .shown [7, 8] that, since the indi

vidual hydrogen atoms are isolated from each other, being isotropically 

bound at the centre of a tetrahedron of zirconium atoms, they act as inde

pendent oscillators with discrete energy levels at multiples of 0. 13 eV. The 

hydrogen atoms bound in a metallic hydride were thus shown to act as an 

Einstein crystal and to behave very closely in accordance with the Fermi [9] 

bound harmonic oscillator theory. The present experiments show that, since 

the individual hydrogen molecules are nearly isolated from each other, being 

weakly bound to the surrounding liquid; they act as independent rotators, 

with the discrete energy level 0. 015. eV. The hydrogen molecules bound in 

the liquid are thus shown to behave very nearly in accord with the Schwinger- 

Teller theory for a free molecular gas.

V. LIQUID H Y D R O G E N  M O D E R A T O R S  A N D  FILTERS

Liquid hydrogen is an almost uniquely useful moderator to serve as a 

source of cold neutrons. The present results verify several significant points 

concerning its moderating properties. From 0.015 eV up through the thermal 

energy range, it is seen that liquid para-hydrogen has a high cross-section 

for inelastic scattering by which the neutron loses a relatively large amount, 

Ó. 015 eV, of its energy. More important for the low temperature moderating 

properties, even below the 0. 015 eV threshold, there is an effective means 

of neutron energy loss, since the molecules behave approximately as a free 

gas of m ass 2 scatterers. More precisely, there is a continuum of very 

low energy states of tranlational motion, so that a mechanism exists for 

the neutron to reach thermal equilibrium with the moderator. This is in 

contrast to other hydrogenous moderators, all of which are solids at 20"K 

and therefore lack low energy states for energy exchange with neutrons.

It should also be noted that liquid hydrogen has some uniquely useful 

properties as a filter for slow neutrons. The cross-section m inim um  of 

liquid para-hydrogen is in the vicinity of 0. 015 eV  and is lower by a factor 

of 8 to 10 than the cross-section above 0. 060 eV. While beryllium filters
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can be used to transmit neutrons in the energy range 0 to 0. 005 eV, a liquid 

para-hydrogen filter extends this range three-fold to 0 to 0. 015 eV. It has 

already been possible to work in this range with single crystal filters such 

as lead and quartz, but with the considerable disadvantage that the filter 

transmission is not a smooth function of energy but depends in a complicated 

way on the energy and the orientation of filter crystals. The liquid hydrogen 

cross-section is, of course, a smooth function of energy and independent 

of direction. Although there are some disadvantages in the requirement of 

a double-walled storage cryostat and some safety precautions, these may 

in many cases be warranted by the favourable filter characteristics. A  still 

higher energy "cut-off" of the filter could be attained by using gaseous para- 

hydrogen, for which the inelastic threshold is at 0. 023 eV. In this case, 

a rather large volume of filter would need to be maintained at low temper

ature, to retain the para-state.

VI. CONCLUSIONS

From  the observed total neutron scattering cross-section of liquid para 

and ortho-hydrogen, it may be concluded that:

(1) The cross-section of liquid para-hydrogen agrees generally with 

the Schwinger-Teller theory for gaseous para-hydrogen, indicating 

weak intermolecular binding in the liquid, in particular.

(2) Agreement with the gaseous values in the region, 0 to 0. 015 eV, 

of coherent elastic, scattering indicates freedom of translational 

recoil motions.

(3) A  sharp rise in cross-section at äbout 0. 015 eV corresponds to in

elastic scattering by para to ortho conversion, accompanied by 

neutron spin reversal, and indicates freedom of rotation of mole

cules.

(4) Both para- and ortho-hydrogen should act as effective neutron mode

rators even at neutron energies too low for excitation of rotaiional 

levels, since neutron energy can be absorbed by nearly free recoil 

of molecules.

VII. F U R T H E R  M E A S U R E M E N T S

Although the total cross-section measurements give a good qualitative 

picture of the liquid dynamics, two types of more difficult measurements 

are clearly of value. Measurements with polarized neutrons, to observe 

the spin reversal of scattered neutrons, would more clearly verify the inter

pretations and distinguish between elastic and inelastic scatterings, but would 

be difficult for intensity reasons. A  more quantitative picture of the spectrum 

of vibrational energies of molecules in the liquid, and of the degree of hind

rance of rotations, can be obtained from the differential scattering cross- 

section as a function of angle and energy. Measurements of this type are 

described in an accompanying paper.
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D I S C U S S I O N  

(On paper by G. Caglioti and P. Ascarelli)

B. N. B R O C K H O U S E : I would just like to comment that I don't think

you are actually using the Vineyard convolution approximation - what you' re 

using is certainly not forbidden by the moment theorem because you are 

applying it to the quasi-elastic part of the scattering only. The Vineyard 

approximation applies to the whole scattering pattern and this is forbidden 

by the moment theorem. I think recent experimental data suggests that the 

approximation you are using is not too good, but it is not absolutely for

bidden.

K. S. SINGWI: I do not understand your comment. When the question

of Vineyard convolution approximation came up I said that for small Q, small 

energy transfer, and when the time is large and the distance is large, the 

approximation should give good results. It seems you do not agree? Or do 

you?

B. N. B R O C K H O U S E : It is a question of energy transfer and not m o

mentum transfer.

K. S. SINGWI: It is both. If Q  is small, R is large. It means that when

the atoms are far apart then the self part is quite good. That is what I meant.

A. S JÖ LAN D ER : In your experiment, Dr. Caglioti, you average over

a fairly long time, so one might expect simple diffusion theory to give rea

sonable agreement. Have you tried this most simple model and, if so, have 

you found bad agreement?

G. C A G LIO T I: this attempt to fit the experimental results should

be regarded as preliminary. Since the agreement of our simple model with 

the present amount of data may be regarded as satisfactory, we have not 

yet tried any other models, but it is possible that we will have to have re

course to other models when more experimental data is suitable.
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Abstract — Résumé — Аннотация — Resumen

NEUTRON INTERACTIONS IN LIQUID PARA- A N D  ORTHO-HYDROGEN. An experimental method is 

described which utilizes a simple Fermi-type chopper and conventional time-of-flight techniques in con

junction with an electron linear-accelerator pulsed neutron source to study inelastic scattering of thermal 

neutrons from liquid para- and ortho-para-hydrogen. The overall general agreement between theory and 

experiment supports the concept that the molecules in liquid hydrogen behave nearly as they would in a "perfect" 

gas. For liquid ortho -para -hydrogen, however, the extra broadening of the energy distribution of scattered 

neutrons suggests that some effects of the liquid state may be present. Similar observations on para-hydrogen 

indicate that, in this liquid as well, the motion of the molecules is affected by weak intermolecular forces.

INTERACTIONS NEUTRONIQUES DANS L'ORTHO-HYDROGÈNE ET LE PARA-HYDROGÈNE LIQUIDES. Le*

niques classiques de temps de vol, qu'ils ont employée pour étudier, au moyen d'une source de neutrons puisés 

produits par un accélérateur linéaire d'électrons, la diffusion inélastique des neutrons thermiques dans du para- 

hydrogène et de l'hydrogène ordinaire liquides. La concordance générale entre les résultats théoriques et ex

périmentaux confirme l'hypothèse selon laquelle les molécules dans l'hydrogène liquide se comportent à peu 

près comme dans un gaz «parfait». Toutefois, pour l'hydrogène ordinaire liquide, le plus grand élargissement 

de la distribution d'énergies des neutrons diffusés donne â penser qu'il pourrait se produire certains effets de 

l'état liquide. Des observations semblables sur le para-hydrogène indiquent que, dans ce liquide également, 

le mouvement des molécules est influencé par des forces intermoléculaires faibles.

НЕЙТРОННЫЕ ВЗАИМОДЕЙСТВИЯ В ЖИДКОМ ПАРА- И ОРТОВОДОРОДЕ. Описывается экспериментальный

INTERACCIONES NE UT ROÑICAS EN PARA-HIDRÓGENO Y  ORTO-HIDRÓGENO LÍQUIDOS. Los autores 

describen un método experimental en el que se utiliza un selector sencillo tipo Fermi y el procedimiento 

clásico del tiempo de vuelo, junto con un acelerador lineal de electrones como fuente pulsada de neutrones, 

para estudiar la dispersión inelástica dé neutrones térmicos por para-hidrógeno y orto -para -hidrógeno líquidos. 

La concordancia general entre los resultados obtenidos experimentalmente y los valores teóricos confirma la 

hipótesis de que las moléculas se comportan en el hidrógeno liquido casi como si se tratara de un "gas perfectol 

Sin embargo, en el caso del orto-para-hidrógeno líquido, ¿1 considerable ensanchamiento de la distribución 

energética de los neutrones dispersos sugiere la intervención de algunos de los efectos correspondientes al 

estado líquido. Observaciones análogas en el caso del para-hidrógeno indican que, también en este líquido, el 

movimiento de las moléculas se ve afectado por fuerzas intermoleculares débiles.
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IN T R O D U C T IO N

The techniques of neutron inelastic scattering have been applied to the 

study of liquid para-hydrogen and liquid ortho-para-hydrogen. This pre

liminary report covers the early phases of this research. An  important 

goal is to investigate the respect in which the behaviour of liquid para and 

liquid ortho-para-hydrogen differs from a perfect gas. In order to do this, 

certain aspects of the scattering system have been examined theoretically 

to select proper experimental conditions.

The scattering of low energy neutrons froih liquid hydrogen has been 

investigated theoretically by G . SARM A  [1] . His treatment utilizes the for

malism of V A N  H O V E  [2] to describe, in Born approximation, the scatter

ing by a system of particles subject to the assumptions that (a), the Hamil

tonian is independent of the spins and (b), there are no correlations between 

the position and orientation of a particular molecule nor between the orien

tations of different molecules. Moreover, the hydrogen molecule is approxi

mated by a simple rigid rotator and thus possesses the rotational states

where m  is the proton mass and a = 0 .75 A, the distance between the two 

protons in the hydrogen molecule. Consideration of the vibrational modes 

is neglected since the incident neutron energies in the range of interest are 

much smaller than the minimum energy necessary to excite the lowest of 

these modes.

Under the above assumptions, the differential cross-sections for "co 

herent" and "incoherent" scattering may be written respectively as the four

dimensional Fourier transforms of the "distinct" and "self" parts of the 

Van Hove pair distribution function G(r, t). The differential "coherent" cross- 

section, which accounts for that part of the coherent scattering arising from 

different molecules, is negligibly small, so that the "incoherent" cross- 

section alone defines the scattering. Direct comparison between theory and 

experiment depends on the form of Gg(r, t). As a first approximation, Sarma 

considers the case where intermolecular forces may be neglected and takes 

for Gs(r, t) the auto-correlation function of a perfect gas. With this model 

the differential "incoherent" cross-section takes the form:

In this expression К  = к - kg, where and к are the neutron wave vectors 

before and after scattering. The term f]_j< is a function of Ka/2 (andthere- 

fore of angle) and its value depends strongly on the initial and final states 

of the hydrogen molecule; i.e.  upon the transition considered.

In the para and ortho-modifications of liquid hydrogen, all of the mole

cules are assumed to be in their lowest states (J = 0 and J = 1, respectively).

T H E O R Y

Ej, = (n2/ma2)J(J + i) = o .015(J/2)(J + l)eV (1)

(2)
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Thus, for incident neutron energies less than 0.1 eV, the following are the 

only values of fj_,j<that need be considered:

fo^o=4poA .2^Bg

fo-ti = 1 2 p „ A ^ ^

fi-,i = 4 p i ( A ^  " 2 / 3 A ^ ) ( B §  + 2B^) (3)

= (4/3)PiAS^h  Bf

i i- ,2  = (4 /3 )p iA ^ .h  (2B^ + 3 B 2 )

Here pj is the statistical weight of the molecules in the state J and the B 's 

are spherical Bessel functions of the argument (K a /2 ). These values of f 

can differ by several orders of magnitude because of the difference in the 

values Acoh * 3.57 X 10"^ b and A^coti = 1 .59  b.

The numerator of the exponent in Eq .(2 ) expresses the conservation 

of energy in terms of the energy transfer hu = (Ej. - Ej ) and the momentum 

transfer ЙК. Expressing these in terms of energy, i. e. :

h u - ( E j .  - E j ) = E „ - E - ( E j .  -Ej )

<4)

h^K^ = 2m(E +E(, - 2jEE¿ costp)

where Eg and E  are the initial and final energies of the neutron and tp is the 

angle of scattering, Eq.(2) can be rewritten:

d3<y _ 4 (2 T k R T )*^ (E /E n )^ (f ,^ ,. ) 9fj(En- 2AE,. , + 3/ËË^coscp)- Ef

d n d E  [E +E(, - 2JEE¿ coscp]

Í51

Thus, , ^  takes on its maximum value when 
d n dE

E = 1/3(E„ - 2AE). j + cos?) (6)

is in agreement with what one would expect from simple classical consider

ations. The exponential term in Eq. (5) describes an intrinsic broadening 

associated with each of the scattering components and, as a consequence 

of the initial assumptions, this broadening is due entirely to the thermal 

motions of the hydrogen molecules.

Inasmuch as our initial measurements have been obtained with q) = 90deg, 

further consideration will be limited to this special case. Eq .(5) then re

duces to

d 'a  ] .  4 (2„k  T í ' "  V  f ^ T ' .хм  - 2 A E j .j )- E f
d n d E ¡ „  = „/2 4(2irkgT) (E  + Е(,у/и P "  8 к „ Т ( Е + Е „ )

(7)
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If the average energy after scattering,

Ê " (Eg - 2 AEj< j)/3

is assigned to all values of E , except in the numerator of the exponent, the 

exponential in Eq .(7) is a simple Gaussian with its full-^idth at half-maxi- 
m um  given by

6 g = (4/3)(2квТ1п2)^ (E + E . ) ^  (8)

To the same degree of approximation and letting e = l/3(Eg - 2AEj. j) - E, 

we can integrate (7) obtaining

da

d n <p=*rr/2 3En

1/2
/К д  

2 (9)

where the argument K a /2  has the value 0. 3(E„ - AEj. when the ener

gies are expressed in units of milli-electron volts (m'eV):

The broadening ô g depends both on the incident neutron energy and on 

the transition considered. This dependence is shown in Fig. 1 where the
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energy broadening for 90deg scattering is plotted as a function of Eg for 

the various scattering components. It is seen that in all cases the broadening 

is quite large for all but the lowest energies. The dotted portions of the two 

lower curves represent the energy ranges where the incident neutron energy 

is insufficient to excite these transitions.

In applying Eq . (9) to the case of para-hydrogen, it is necessary to con

sider only the two scattering components associated with the transitions
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0 -*0 ("elastic") and 0 1. By substituting the appropriate values of fj_+j'

from Eq .(3 ) with pg = 1 into Eq. (9), the magnitudes of the partial cross- 

sections at tp = 90 deg for these scattering components are easily calculated. 

The results are shown in Fig. 2 as a function of the incident neutron energy. 

The "elastic" component is proportional to A%oh and is so small that ten 

times its value has been plotted. It is oí interest to note that both cross- 

sections vanish for particular values of E (,.

INCIDENT NEUTRON ENER6Y E . (meV)

Fig.2

INCIOENT NEUTRON ENER6Y E . (meV)

Fig-3

Theoretica) differential cross-sériions for scattering at 90* from ortho-para-hydrogen.

Fig .3  shows a similar plot of the differential cross-sections evaluated 

at tp = 90 deg for the various components scattered from ortho-para-hydrogen. 

In this case all of the transitions listed in Eq. (3) are possible and the curves 

shown were calculated assuming a 2:1 ortho-to-paramixtures(i.e. p =0.67  

and po = 0.33).  Although this relative concentration has not been measured
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ior the present experiment, this assignment is reasonable for the present 

experimental conditions.

It should be noted that the approximations made in the derivation of 

Eqs. (8) and (9) are not generally valid. When E  ^  0 or when its value is small 

and comparable with the expected broadening, the representation of a scat

tered component as a simple Gaussian is not sufficiently accuraté. In such 

cases an exact evaluation of Eq. (7) has been made in comparing theory with 

the experimental results. An example of such an analysis is shown in F ig .4 

where the scattering components, (0 1), (1 0), (1 2), and (0 ^  0, 1 -* 1),

are exhibited for 0.065 eV neutrons incident on ortho-para-hydrogen.

SCATTERED NEUTRON ENERGY-meV

Hg-4

Four components of the scattering from ortho-hydrogen at 90* for neutrons with 4^= 65 meV.

E X P E R IM E N T

The experimental method employed is closely related to the conventional 

double chopper, the essential difference being the substitution of an electron 

linear accelerator pulsed neutron source for the first chopping element. 

A  schematic drawing of the experimental arrangement is shown in Fig. 5. 

Five ps bursts of high energy neutrons are produced when electrons from 

the accelerator strike an electron-neutron converter. A  fraction of these 

are moderated and directed towardthe chopper located 2.8 mfrom the moder

ator. The neutrons transmitted by the chopper strike the sample and those 

scattered at 90 deg are detected by a BFg counter bank Ï. 6 m  from the 

sample. The time distribution of the scattered neutrons is recorded by a 

256-channel analyser operated with 16 ps channel widths.

The repetition rate of the accelerator and the rotational speed of the 

chopper are operated at the same frequency and the energy of the neutrons 

incident on the sample is determined by the phase of the accelerator pulse 

with respect to the instant that the chopper is open. This phase can be con

tinuously varied electronically by changing the delay of the chopper control 

pulse which triggers the accelerator. In practice, the useful range of energies



ELECTRON-NEUTRON

NEUTRON INTERACTIONS IN LIQUID PARA- AND ORTHO-HYDROGEN 27 9

Fig. 5

is limited by the available intensity and the chopper transmission function 

but extends from -0.0005 eV to -0. 25 eV.

For the present measurements, the apparatus outlined above has been 

used to select those incident energies which eliminate one or more of the 

scattering components. In order to facilitate the discussion these energies 

are summarized in Table I .  In the case of para-hydrogen the scattering 

is effectively due to a single component for the incident energies chosen. 

For Eg <0 .030 eV, the neutron energy is insufficient to excite the first ro

tational level while above this threshold the (0 1) is predominant due to

the very small cross-section of the "elastic" (0 -*0) scattering. The situation 

with ortho-para-hydrogen is more complicated since at least one inelastic 

component is present in addition to the "elastic" (0 0, 1-^1) scattering.

TABLEI

S E L E C T E D  O P T IM U M  IN CIDEN T  ENERGIES, E „ , T O  R E D U C E  

C E R T A IN  CON TRIBU TION S  T O  TH E  SC A TT E R IN G  A T  90 DEG.

F R O M  VARIOUS R O T A T IO N A L  L E V E L S  IN LIQUID H Y D R O G E N

Scatterer *^Eo(eV) Contributions

<0.030 0 -Ю

P-H "0 .0 6 5 o - n

- 0.170 0-^0

< 0 .030 l->l,0->0, l-)0

о-p -H 0 .0 3 0 > 0 .0 6 0 1 - Я , 0->0, l->0, 0- H

- 0.170 1 - H , 0->0, l->2
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The instrumental resolution was measured over the range of incident 

energies employed by measuring the elastic scattering from a thin sheet 

of vanadium. A T  is the width at half maximum for the observed scattered 

distribution and T  is the flight time for the flight path from the scatter to 

the detector. The values found f o r A T / T  vary between 0.05 and 0.10 depend

ing upon the exact experimental conditions; i.e.  chopper speed, beam di

vergence, and moderator used as the neutron source. Although the resolution 

is inadequate for many applications, it is satisfactory in the case of liquid 

hydrogen due to the large intrinsic thermal broadening associated with the 

various scattering components. Finally, the calibration of the energy scale 

was determined by measuring the different flight times for elastic scattering 

from vanadium over different known flight paths with other experimental 

conditions held constant.

Fig. 6 shows the measured distribution of initially mono-energetic 

0.065 eV neutrons scattered at 90 deg from a sample of liquid para-hydrogen

40

35

70 80 90 100 40 I2Q 130 ¡40 150 160 ¡70 ¡80 

NUMBER OF ¡б/i SEC CHANNELS

I__I____ I__I___¡___ I-1--1---- 1
.100 .065 028.0Z0 .0I4 .010 .008 .006 .004

ENERGY fcV)

Fig. 6

having a nominal thickness of 1 m m . Here, as in all subsequent measure

ments, the data have been corrected for the background measured with cad

mium  interposed between the moderator neutron source and the chopper. 

This method of measuring background was adopted because it includes the 

moderation of the general "fast" cieutron background by the sample. It does 

not, however, account for the elastic scattering from the container which 

appears as the relatively sharp peak centered at Eg in the data. The dashed 

curve represents the predicted theoretical scattering corrected for instru

ment resolution and plotted with an arbitrary normalization. Though the 

experimental and theoretical curves agree in position, the observed broaden

ing, 0 .020  eV, is approximately 20% greater t h a n  the  predicted value of

0.017 eV.
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Similar representations of the scatteringfrom ortho-para-hydrogen are 

showninFigs.7and 8wheretheincidentneutronenergieswere0.065eV and
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Fig. 7

Experimental data for 0.065 eV neutrons scattered by a 1 m m  layer of ortho-para-hydrogen. 

Theoretical predictions based on a perfect gas model are also shown.
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Experimental data for 0.04 eV neutrons scattered by a thin layer of ortho-para-hydrogen. 

Theoretical predictions based on a perfect gas model are also shown.

0.040 eV respectively. Comparable measurements have also been made utilizing 

higher incident neutron energies and in all cases the observed broadening 

is greater than predicted on the basis of a perfect gas model. Although the
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theoretical curves were plotted in Figs. 6, 7 and 8 with arbitrary normali

zation, it may be useful for future reference to compare for two cases the 

relative theoretical and experimental values. For Eg = 0 .065  eV  and for 

the peak of the scattered neutron distributions

( d ^ ) ^ y ( d ^ E ) ^ p ^ ^ - 9 3 ^ d - 3 . 7

respectively for the theoretical and experimental curves.

Since the sample thicknesses were chosen to have a neutron transmission 

greater than or equal to 0.85, the effects of multiple scattering are believed 

to be small in most of the cases examined. This assumption has been re

inforced by measuring the distribution of neutrons scattered from a sample 

of para-hydrogen having half the thickness used in obtaining the data in Fig. 6. 

The observed widths agree within the experimental error. On  the basis of 

these considerations, the observed additional broadening of the distributions 

appears to be a feature of the liquid state of hydrogen.

DISCUSSION

The overall agreement between theory and experiment supports the 

generally accepted concept that the molecules in liquid hydrogen behave very 

nearly as they do in a "perfect" gas. The absence of appreciable binding 

forces is evident from the agreement, between the observed and calculated 

energies of the various scattering components. Such would not be the case 

if even moderate binding forces were operative, since then the effective 

mass of the recoiling molecule would be increased with a substantial re

duction in the energy of the recoiling molecule. The position of the scattering 

distribution peaks is thus relatively sensitive to the recoil m a s s . M ore 

over, any tendency of liquid hydrogen to exhibit solid state characteristics 

would be reflected in a reduction of the width of the scattered distribution.

The present data, though not sufficiently accurate to permit final con

clusions, indicate that the scattering components are broader than one would 

expect from the ''perfect" gas model. One interpretation of this additional 

broadening is that the effective translational energy of a hydrogen molecule 

in the liquid state is larger due to molecular interactions. Theoretical con

clusions of P A U L IN G  [3] and measurements of Raman spectra [4] support 

the supposition that the molecules in liquid hydrogen rotate freely. However, 

the motion of the hydrogen molecules may involve at least two different 

aspects of the liquid. On the one hand, if there are general nearest-neighbour 

collisions between molecules, additional broadening of all scattering compo

nents should be observed. On the other hand, if the main effect of the liquid 

state is to reduce the lifetime of the excited states thus introducing a further 

lack of sharpness in the excited levels, then the (0 - 0) scattering distribution 

in para-hydrogen should not be additionally broadened but all other neutron 

interactions involving excited states should exhibit extra broadening. Nuclear 

magnetic resonance measurements [5] of the dependence of the nuclear 

relaxation time on different concentrations of ortho-hydrogen have shown
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that an interaction exists between ortho and para-hydrogen molecules. In 

view of this interaction, the final state of the neutron scattering event which 

consists of a single ortho-molecule surrounded by para-molecules is not 

well defined and may be an explanation for the extra broadening observed 

in the present experiment on para-hydrogen. The broadening of the distribu

tion from ortho-para-hydrogen (Fig. 7) appears to be greater than that from 

para-hydrogen (Fig. 6). Nuclear magnetic resonance measurements have 

provided clear evidence that the ortho-ortho quadrupole interaction is very 

strong and much stronger than the ortho-para interaction. This strong ortho

ortho interaction could be the mechanism by which neighbouring molecules 

interact and hence give an extra broadening to the distribution in energy of 

neutrons scattered by ortho-hydrogen. A  future experiment on the "elastic" 

scattering (О-* 0) of neutrons in para-hydrogen with Eo < 0 .030  eV should 

provide considerable clarification of these effects and may give evidence 

of an interaction of para-molecules with other para-molecules, an inter

action which cannot be studied directly by the techniques of nuclear magnetic 

resonance. The experiment has not been performed as yet with the present 

experimental arrangement due to the very small cross-section of the (Ó **> 0) 

scattering in para-hydrogen.

The positional discrepancy between experiment and theory shown in 

Fig. 8 has not been confirmed by repeating the measurements. A  crude esti

mate of multiple scattering indicates only a small effective displacement 

of the peak to be expected for this scattering (with perhaps the main effect 

being an enhanced low energy tail). A  definitive check on this will be made 

by observing the scattering trom a thinner scattering layer. Assuming the 

validity of the discrepancy, an explanation is that the liquid state of hydrogen 

alters the relative cross-sections for excitation and de-excitation. If this 

explanation is correct, the data of Fig. 8 indicate that the ( 0 ^ 1 )  transition 

is enhanced and/or the (1 0) transition is suppressed in liquid ortho-para-

hydrogen. The relative cross-sections for scattering by para-hydrogen and 

ortho-para-hydrogen, noted in the previous section for Eo = 0.065 eV, offer 

additional evidence that the liquid state affects the magnitude of the partial 

cross-sections.

A C K N O W L E D G E M E N T S

The writers wish to express appreciation for tireless technical help 

from M r . Arthur Horn, and for discussions with M . Nelkin and M . Blume 

concerning neutron interactions and with E . G .  Wikner concerning nuclear 

magnetic resonance measurements.

R E F E R E N C E S

[1] SARMA, G . .  "Inelastic Scattering of Neutrons in Solids and Liquids", IAEA, Vienna (1961) 397.

[2] V A N  HOVE , L. , Phys. Rev. 93 (1954) 249.

[3] PAULING, L . , Phys. Rev. 36 (1930) 430.

[4] M cLENNON, J. C . and McLEOD, J. H . , Nature 123 (1929) 160.

[5] ABRAGAM, A . ,  "The Principles of Nuclear Magnetism", O .U . P. (1961) 223,

HASS, SEIDEL, and POULIS, Physica, Deel 26 (1960) 834.



284 W. L.WHITTEMOREandH. R. DANNER

D I S C U S S I O N

D . G.  H U R ST : I might mention that calculations of the complete type 

shown on the screen during M r . Whittemore's oral presentation were done 

by us a great many years ago in connection with measurements in heavy 

hydrogen. At that time this Gaussian approximation looked very attractive 

since calculations had to be done by hand, but it never quite gave the ac

curacy required. I am wondering whether you have any figures for the error 

introduced by this approximation.

W . L .  W H IT T E M O R E : I don't have them at m y fingertips, but I have 

some calculations with me. Perhaps we could show you in some detail that 

the Gaussian approximation is reasonably good, but when deeding very close

ly with the excitation of the various levels, one has to be just a little bit 

careful. In the case of hydrogen, however, since the molecule is very light 

and thermal effects are very great, you smear over any sharp excitation 

levels, in the same way that in the paper that D r . McReynolds presented, 

although there is a sharp onset in the total cross-section, it is still smeared 

out, mainly owing to the thermal effects. I suppose one has the same kind 

of phenomenon here.

D . T .  G O L D M A N : Is there any evidence on how well Sarm a's theory 

agrees with experiment in the case of gaseous hydrogen?

W . L .  W H IT T E M O R E : Not as yet. I would very much like to make such 

a comparison, but we have used liquid measurements only.

P .  E G E L S T A F F : There may be a simple explanation of the fact that 

the observed width in liquid hydrogen is greater than that given by Sarma*s 

model. Since the observations indicate that your experimental conditions 

are such that the liquid looks like a gas, the width may be calculated from 

the moment theorems; and these give the width as 2 Tc(k is the average kine

tic energy in the system). This is always greater for a liquid than a gas 

owing to zero point motion.

W . L .  W H IT T E M O R E : W e  haven't yet put this to the test, but will do 

so in due course when the statistics of the data are improved.

K .S .  SINGW I: I was just going to say what D r . Egelstaff has said. I 

would also like to know what is the difference in the position of the maximum 

as computed theoretically and as you have seen.

W . L .  W H IT T E M O R E : I am afraid that's not a meaningful experimental 

question at the present time. I would say that the patterns overlap within 

the statistics at the present time. They agree, but within statistics which 

are rather poor.
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Abstract —  Resume —  Аннотация —  Resumen

SLOW NEUTRON SCATTERING BY BENZENE. We have calculated the scattering of stow neutrons by the 

benzene molecule. The calculations are carried out within the framework of the time dependent formalism 

of Zemach and Glauber. Detailed account is taken of the effects of the molecular vibrations on the neutron 

scattering. Among the results explicitly calculated are the slow neutron total scattering cross-section as a 

function of energy and the energy angular distribution of singly scattered sections.

DIFFUSION DES NEUTRONS LENTS PAR LE BENZENE. Les auteurs ont calculé la diffusion des neutrons

DISPERSION DE NEUTRONES LENTOS POR EL BENCENO. Los autores han calculado la dispersión de

IN TR O D U C TIO N

Inelastic neutron scattering data and the corresponding Scattering Law, 

S(<x, j3), are now becoming available for many moderators at several tem

peratures. ,

The difficulty connected with the Scattering Law  is related to the cir

cumstance that it is not possible to cover the entire range of the a and jS 

space at the present stage of development of the experimental techniques. 

From the point of view of reactor calculations, it would be desirable to ob

tain Scattering Laws at large values of c and ß. In this respect, analytical 

and semi-analytical expressions for the Scattering Laws could be very use

ful for interpolating the experimental data and for extrapolating them to 

larger values of <2 and ,ß.
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In this paper we present a theoretical calculation of the scattering of 

slow neutrons by benzene. We expect that an understanding of neutron scat

tering by benzene would provide a reasonable basis for a quantitative under

standing of scattering by polyphenyls.

In Section I we give a summary of the results obtained in a previous 

paper [1] in which the time-dependent formalism of Z E M A C H  and G L A U B E R  

12] is used to study the effects of the molecular vibrations on the neutron 

scattering by benzene.

In Section II curves representing the total neutron scattering cross-sec

tions as a function of energy and at different temperatures are shown. The 

effects of the translations and rotations are included in an approximate man

ner.

In Section III the Scattering Law  in benzene is discussed in the poly

atomic gas approximation. The relative curves are shown and compared 

with experimental results of B R U G G E R  [3] for some polyphenyls.

I. S C A T T E R [N G  O F  N E U T R O N S  B Y  P R O T O N  B O U N D  IN B E N Z E N E

For a molecule consisting of пн hydrogen atoms, the general expression 

for the cross-section per hydrogen atom for transfer to final momentum К of 

a neutron with initial momentum So is given, in the notations of Z E M A C H  

and G L A U B E R  [2] (h = Planck's constant = 1) and upon the assumption that 

the scattering is completely incoherent, by

where cr¡, is the bound atom n-p cross-section, e = (K^ - К§)/2 represents the 

energy transfer and к = К  - Ко the momentum transfer.

The function Х],(к, t), which contains the dependence of the scattering on 

the dynamics of the atoms in the molecule, is given by

X k ( b t ) = < e ' ^ ' ' e - ' * S < < ° ) ^  (2)

where r),(t), the time-dependent position operator of the kth nucleus in the 

molecule at the time t, satisfies the Heisenberg equation of motion

i ^ ^ k ( t ) "D < (t )H - H r k (t ) ,  (3)

in which H  is the molecular Hamiltonian. The symbol ( ...............means

that an average is to be taken over the equilibrium distribution of initial 

states of the molecule and over molecular orientation.

From Eq. (2) the relevance of the molecular dynamics for the neutron 

scattering becomes clear. The precise calculation of the momentum trans

fer cross-section requires a detailed knowledge of the molecular dynamics. 

In general, it is at best extremely difficult to describe the motion of a hy

drogen atom moving in the actual force field of all its neighbours. If we
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ignore interactions between molecules, between vibration and rotation, and 

use the harmonic approximation for internal molecular vibrations, the dy

namical problem is well defined and can be solved in principle. Neverthe

less, the calculation of the neutron scattering is still a very complex prob

lem. Its complexity lies in the dependence of the scattering on the time- 

dependent nuclear displacements rather than on the dependence of the dis

placements on time. However, the large mass and moments of inertia of 

the benzene molecule allow us to make an approximation which considerably 

simplifies the problem of calculating do/dK. As pointed out in our previous 

paper [1], this approximation consists in neglecting the contributions to 

rk(t) from translations and rotations during the time of interaction between 

the neutron and the molecule. This is equivalent to neglecting the contri

bution to the inelastic scattering which results from excitation of transla

tional and rotational degress of freedom by the neutron. W e  shall show 

later how to account in an' approximate manner for the contribution of rota

tions and translations. These contributions become important for small 

energy and momentum transfers.

At this stage, the problem we must consider is that of the harmonic 

vibrations of hydrogen bound in benzene and their interaction with slow neu

trons. We consider a molecule composed of N  atoms, and denote by u^(t) 

the displacement of the kth atom from its equilibrium position at time t. 

Following Z E M A C H  and G L A U B E R  [2], for small vibrations we separate 

the displacements into normal modes and introduce the corresponding ex

pression into Eq. (2). The thermal average indicated in Eq. (2) can be car

ried out by using a well-known theorem due to B L O C H  [4]. The result is

means that an average over molecular orientation is to be performed. The 

tensors iMt(t) are related to the normal modes of vibration by

(к, t) = (exp (4)

where is the mass of the kth atom, = к/к and the symbol ( ..............

3N-6
,(k) ¡2

(5)

where

(6)

and (Kg = Boltzmann'^ constant = 1)

Hi = (e "/?  - I)'* (7)

is the background of thermally-excited oscillators of frequency Uj. In Eqs.

(5), (6) and (7) Uj and C ^  are the frequency and the amplitude vectors, re

spectively, of the kth particle in the jth normal mode of vibration.
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Now the problem is to bring Eq. (4) into a form which will allow us to 

evaluate the Fourier transform appearing in Eq. (1). W e  first consider the 

average over molecular orientations indicated in Eq. (4). The approxima

tion which we make consists in setting

Х„(к, t) = e x p < ^ -  e^ [r„,<(t) - Г„(0)] . (8)

This amounts to averaging the molecular motion over molecular orientation 

before computing the cross-section instead of averaging the cross-section 

after having computed it for a particular orientation. Using Eq. (5) and do

ing the average required for use in Eq. (8) gives the result

3N-6 /

. (9)

At this point the approximation, Eq. (8), is not necessary bùt since it will

be made in the final analysis, nothing essential is lctst in making this approxi

mation now.

By introducing the notations

P„ (U) = у ^  6(ы - Uj) ( c  ^  ,  (10)

Eq. (9) becomes

< ^ r b b ( t ) e ^ = y g ( h ) , t ) P b ( u ) d u .  (11)

By putting Eq. (11) into Eq. (9), we obtain

Хк(к. t) = exp P]t(n) tg(". t)-g(u, 0)] du j- . (12)

Finally, for the case where is independent of k, we make the approxi

mation that

, "H

x( " ,t )  = —  E Х],(к. t) (13)
— Пн k = [ 4 -

with Х(к, t) obtained from Eq. (12) by replacing р^(м) by

p(u) = ^  Pk(") -
Пн

Now the equation for the scattering of neutrons by benzene is formally 

equivalent to the equation for the incoherent scattering of neutrons by atoms 

bound in an isotropic cubic crystal having one atom per unit cell. The ad
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vantage of having Eq. (5) cast into the form of Eq. (11) is that in this case 

there exist extensively developed methods [5, 6, 7] for carrying out the 

Fourier transform indicated in Eq. (1). It remains only to determine the 

values of the frequencies Uj and amplitudes C ^  in order to evaluate the 

scattering cross-section. This has been done in our previous paper, [1]. 

For the details of these calculations, the reader should refer to the m en 

tioned reference. There numerical calculations of the benzene kernel were 

carried out using IBM-7090 code SU M M IT  [8].

II. T O T A L  SCATTER IN G  CROSS-SECTION P ER  H Y D R O G E N  A T O M .B O U N D  

IN B E N Z E N E

The scattering kernel is integrated numerically to yield the total scat

tering cross-section per hydrogen atom bound in benzene. The total scat

tering cross-section per hydrogen atom bound in benzene at 300°K is plotted 

in Fig. 1 in two cases:

Fig.l

Total scattering cross-section a 300*K per hydrogen atom bound in benzene versus energy .

(a) The effects of translations and rotations are neglected;

' (b) These effects are taken into account as free translations and rota- 

; tions, the latter being treated in the short collision time approxi

mation.

The effective mass, M * , associated With the translations is determined by 

[1]
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which gives M *  = 15. 04 neutron masses. The mass M * associated with the 

rotations and translations differs from the effective m ass introduced by 

K R IEG E R  and N E L K IN  [9], which turns out to be 21. 3 neutron masses. The 

behaviour exhibited in Fig. 1 is what one expects on the basis of qualitative 

physical considerations.

In Fig. 2 the total scattering cross-sëction per hydrogen atom bound in 

benzene is compared with the preliminary experimental values obtained by

t30

O t 2 0

**no

о юо
0
g  90

1  80 
<E
if 70 

g  60 

& so
м
m 40

g  30 
c
о  20 

g 10 

°  0

- :  1

-

t x
X

- X *

У EXPEHtMENTAL DATA
(PAUU-ANTOhHNM

-  % X X X  THE0REHCAL RESULTS

-

I l i t ! ) i t ) t t !
Z00 400 600 800 tOOO 1200 1400 1600 1800 2000 2200 2400 

TIME OF FH6HT [ ps/m )

5

X(A)

a i  0.025 001 0 005 0003

E(&V)

Fig.2

Total cross-section at 300*K per hydrogen atom bound in benzene.

P A U L I and A N TO N IN I [10]. The temperature is again 300°K. The agree

ment between theory and experiment is generally quite good. The low value 

for the calculated cross-section at 0. 003 eV is attributed to errors in the 

computation procedure. Further investigation of the long wave length cross- 

section is being carried out. In this connection we remark that at suffi

ciently low energies the measured cross-section should be proportional to 

the wave length X . Because of the large m ass of benzene, however, one 

must go to energies much smaller than 0. 001 eV  before one reaches the 

region where the X law is valid. The same statement applies to other heavy 

molecules.

In Fig. 3 the total scattering cross-sections per hydrogen atom bound 

in benzene at three different temperatures (300°K, 600°K  and 900°K) are 

plotted. The influence of the Doppler effect is evident at low energies. Here, 

however, we do not know of any experimental results with which to compare.
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Fig.3

III. S C A T T E R IN G  L A W  P E R  H Y D R O G E N  A T O M  B O U N D  IN B E N Z E N E

W e  now torn our attention to a more detailed study of the Scattering 

Law  for hydrogen atoms bound in benzene. The differential energy trans

fer cross-section, Eq. (1), can be written as

It is a function of Eg, E , 6, T , which are, respectively, the incident neu

tron energy, the final neutron energy, the scattering angle in the laboratory 

system and the temperature of the scatterer (measured in units of energy). 

The dependence on T  and on the physical state of the scatterer is contained 

in х(к. t)- By applying the condition of the detailed balance and introducing 

the new dimensionless variables [11, 12],

(К? +КЙ - 2 jKKn  cos 9) «2
2M T  2M T

(17)
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where M  is the m ass of the atom in units of neutron mass, one gets from 

Eq . (16)

d^o _ -6/2 <?b
dEdH Ко 4тгТ (18)

where the dimensionless quantity S(a, ß) is the Scattering Law.

Let us now construct the expression of S(a, j3) on the basis of the theo

retical model for the scattering by benzene described in Section I. For this 

purpose we start by approximating х(к, t), defined by Eq. (13), as a product 

of two terms, i. e. as

x(K.,t)=XR,T(.*'t)Xv(.*,t) (19)

where XR т (*' t) and Xv (к< t) are associated, respectively, with the rotations

and translations and with the vibrations. Now we may approximate the fac

tor XR T (K't) by means of the short collision time approximation, at the 

same time making the "phonon" expansion of the factor Xv(i/ t). Under these 

assumptions, we obtain

Х ц т ( к Д ) " е х Р

(20)

Xy *) = exp {  % * [?(*) - 7(0)] j- ,

2M*
(it - Tt^

where M * , the m ass associated with the rotations and translations, was 

evaluated in a first approximation in Section II, and

?(t) =  <e I]<k(t) e >

(21 )

3N-e 
= i E A^gj(t) 

j-t

with gj(t) given by Eq. (6).

The "phonon" expansion for the function Ху(*, t) consists simply in set

ting

Xv("' t) - exp 7(0) 1 + -g- y(t) + -- (22)

Introducing the first of Eqs. (20) and Eq. (22) (in which only the first two 

terms of the "phonon" expansion are indicated) into Eq. (16), making use
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of Eqs. (17) with M  = 1 and separating the result of the integration as in Eq. 

(18), we obtain for the function S(ar,<3) the expression

-, / M *  Г М * / ( ? 2
exp [-y(0)Ta']

.iïi .
Г 2 T a ^ ^ ^  А  е ^ j  ̂ д ^  , -,

— j5. u t ------- - ^ ( ^ ^ 2 т  ) + - - - }  ^
е  ̂ - 1

which can be written in a more compact form as

S(<?,j3) = Sc(<*,ß)e"'''°^°' [1+C(<*,p)l .  (24)

SG(<^^j3) is the Scattering Law  for an ideal monoatomic gas having mass M *. 

The factor exp [-y(0)Ta] is the Debye-Waller factor associated with the 

vibrations. One had at 300°K [1]

_ 3N-6 "j/T . ,
7(0) = i E  --- = 2 0 . 1 9 .  (25)

j = t M )  ^

С(<2,^ )  depends on both the vibrations and the mass associated with the 

rotations and translations. In Eq. (23) we explicitly exhibit only the terms 

representing zero and one-quantum transitions. In the actual computations, 

however, all transitions which contribute significantly to S(a, ß) are taken 

into account.

In Fig. 4 we compare the theoretical results for a benzene gas with the 

room temperature data taken by B R U G G E R  [3] for solid Santowax-R. For 

comparison, we also give S(<?,ß) for a monoatomic hydrogen gas.

DISCUSSION

For all values of ^ which we have considered, the theoretical S(<y,/3) 

curves for free benzene molecules agree reasonably well for or > 2 with 

Brugger's room temperature data on Santowax-R. The disagreement that 

persists for a < 2  is to be expected. For such low values of a , the Scatter

ing Law  is much more sensitive to the differences in the solid Santowax-R 

and the gaseous benzene that we have considered.

It would be interesting to compare the model considered in this paper 

with the liquid Santowax-R data that exists at temperatures above room tem

perature, arid with liquid benzene Scattering Law  data which does not yet 

exist in any great quantity. Such comparisons are currently being under

taken.

W e conclude by remarking that the theory just presented appears to be 

sufficiently realistic and accurate to account for the thermalization of neu

trons in organic-moderated reactors. This is expected to be the case since¡
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icr' I 10

Fig. 4

the neutron spectrum in a reactor is not very sensitive to the behaviour of 

S(<r, ß) in the region of #(<?< 2) where our theory has difficulty. This ex

pectation is borne out by the accuracy with which we can calculate such in

tegral properties as the total cross-section. A  more realistic treatment, 

including liquid and solid state effects, is required to understand the m eas

ured S(a, j3) curves at low values of a-.
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ИССЛЕДОВАНИЕ НЕУПРУГОГО РАССЕЯНИЯ ХОЛОДНЫХ 

НЕЙТРОНОВ НА НЕКОТОРЫХ ВОДОРОДОСОДЕРЖАШЦХ 
ВЕЩЕСТВАХ

М.Г. ЗЕМЛЯНОВ и H .A .ЧЕРНОПЛЕКОВ

ОРДЕНА ЛЕНИНА ИНСТИТУТ АТОМНОЙ ЭНЕРГИИ ИМ. И.В. КУРЧАТОВА 

АКАДЕМИИ НАУК СССР, МОСКВА 

СССР

Abstract — Résumé — Аннотация — Resumen

A STUDY OF COLD  NEUTRON INELASTIC SCATTERING O N  CERTAIN HYDROGENOUS SUBSTANCES. 

Working with a beryllium filter for separating the spectral line of cold neutrons, and using the time-of-flight 

method, the authors studied the spectrum of inelastically.scattered cold neutrons in benzene, diphenyl and 

in irradiated and non-irradiated polyethylene.

The results obtained are compared with the results of optical measurements.

ÍTUDE DE LA DIFFUSION INÉLASTIQUE DES NEUTRONS FROIDS DANS CERTAINES SUBSTANCES C O N 

TENANT DE L'HYDROGÈNE. Les auteurs ont étudié, par la méthode de la mesure du temps de vol, le spectre 

de diffusion inélastique des neutrons froids dans lé benzol, le diphényle et le polyéthyl&ne irradié et non irradié, 

en utilisant un filtre de béryllium pour mieux faire apparaître la bande spectrale de ces neutrons.

Ils comparent les données obtenues aux résultats des mesures optiques.

ИССЛЕДОВАНИЕ НЕУПРУГОГО РАССЕЯНИЯ ХОЛОДНЫХ НЕЙТРОНОВ НА НЕКОТОРЫХ ВОДОРОДОСОДЕРЖАДИХ

ESTUDIO DE LA DISPERSIÓN INELÁSTICA DE NEUTRONES FRÍOS EN ALGUNAS SUSTANCIAS HIDRO

GENADAS. Los autores utilizaron un filtro de berilio que permite poner de relieve la raya espectral corres

pondiente a los neutrones fríos, para estudiar por el método del tiempo de vuelo el espectro de los neutrones

1. ВВЕДЕНИЕ

Исследование неупругого рассеяния холодных нейтронов на во

дородосодержащих веществах - бензоле, дифениле и полиэтилене 

представляет двоякий интерес. С одной стороны, полифенилы и по

лиэтилен приобретают все возрастающее значение как материалы за

медлителей в реакторостроении, и решение задачи термализации ней

тронов в указанных веществах требует прямого исследования про

цессов неупругого взаимодействия. С другой стороны, изучение 

неупругого рассеяния холодных нейтронов веществом открывает но

вые возможности для получения дополнительной информации о спектре 

возбуждений, т .е .  о динамике вещества, и для ряда водородосо

держащих веществ (предельные, непредельные и ароматические угле

водороды) получение такой информации имеет большое практическое 

и теоретическое значение. До последнего времени динамика ука

занных веществ исследовалась, главным образом, как по измерению
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температурной зависимости их теплоемкости, так и спектров по

глощения инфракрасного излучения и спектров комбинационного рас

сеяния. Однако, как известно, данные по температурной зависимости 

теплоемкости не позволяют проводить однозначное восстановление 

спектра колебаний бозе-системы, а в оптических измерениях иссле

дованию и интерпретации подвергаются, главным образом, высоко

энергетические переходы, отвечающие внутри молекулярным движе

ниям. Изучение низкоэнергетических переходов, отвечающих межмолё- 

кулярным движениям, оптическими методами затруднено, причем это 

связано как с аппаратурными, так и принципиально физическими 

причинами. Поэтому исследование неупругого рассеяния нейтронов 

на водородосодержащих веществах представляет большой интерес, 

особенно в области малых энергий.

При этом следует отметить особенности информации, которую 

несет спектр нейтронов, рассеянных неупруго на углеводородных 

соединениях. Поскольку в состав рассматриваемых соединений вхо

дят атомы Н и С, сильно различающиеся по массе и амплитудам рас

сеяния нейтронов, то казалось бы, информация об оптической части 

спектра колебаний должна быть более достоверной, так как сечение 

взаимодействия с водородом больше, чем с углеродом, и водород 

принимает участие в основном в оптических колебаниях. В противо

положном направлении действует фактор заселенности уровней (фак

тор Больцмана), который приводит к тому, что больше возбуждены, 

например, акустические колебания и , следовательно, сечение не

упругого взаимодействия с ними выше. Кроме того, необходимо от

метить, что использование экспериментальных результатов для ре

шения обратной задачи восстановления спектра колебаний по спек

тру неупруго р&ссеянных нейтронов для углеводородов невозможно. 

Оно невозможно из-за незнания a priori соотношения между векто

рами поляризации ) для различных колебаний, входящих в общее 

выражение для сечения неупругого рассеяния [l] :

dnde e R n ^ T . !  ^ ( f )  6j€-3Uo<(i) -

Поскольку на векторы поляризации наложено единственное-ограни

чение ^  - Следовательно, для установления спектра

а

колебаний из нейтронного эксперимента необходимо привлечение 

модельных представлений о динамике углеводородов. Поэтому ана

лиз экспериментальных данных по неупругому рассеянию холодных 

нейтронов на бензоле, дифениле и облученном и необлученном поли

этилене будет ограничен качественным сравнением с результатами 

оптических исследований и результатами теоретических работ.

2 .  ПРОВЕДЕНИЕ ЭКСПЕРИМЕНТА И ВВЕДЕНИЕ ПОПРАВОК

Измерения неупругого рассеяния холодных нейтронов на образ

цах бензола, дифенила, необлученного и облученного полиэтилена
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было выполнено в ИАЭ им. И .В .,Курчатова на установке, смонти

рованной на реакторе ИРТ-1000 L2J . Первичная линия холодных 

нейтронов выделялась с помощью фильтра из поликристаллического 

B e , анализ рассеянных нейтронов проводился под углом 90° к па

дающему пучку по времени пролета с помощью механического пре

рывателя и 128-канального временного анализатора. Образцы с 

толщиной 0 ,1  см устанавливались под углом 45° к падающему пучку, 

их температура составляла 20 °С .  Для обеспечения максимального

разрешения нейтронного спектрометра = 6 + 7 %  весь исследован

ный интервал энергий рассеянных нейтронов от 5-10'3 до 2-10"^ эв 

разбивался на 5 участков, каждый из которых изучался при со

ответствующих скоростях вращения механического прерывателя, вре

менных задержках на магнитострикционных линиях, ширинах каналов 

временного анализатора и т . д .  После учета искажений, вносимых 

функцией пропускания механического прерывателя, данные по от

дельным сериям измерений на основании показаний мониторов "сши

вались" друг с другом. Затем в полученные результаты вводились 

поправки на отклонение эффективности детектора от закона 1 /v  и 

на ослабление рассеянных нейтронов воздухом, находящемся между 

прерывателем и детектором. Поправка на деформацию образцом спек

тра падающих и рассеянных нейтронов не вводилась, так как для 

углеводородов она мала. Действительно, выражение для измеряемого 

спектра после интегрирования по толщине образца имеет вид:

. , d^ty(A.Q,X) 1 - exp ( -J2 N [Ot (*o) + 'c'a M ]  d)
Io(Ao) j2N[cr^\ )+ '

где J(,(\o) *  спектральная линия холодных нейтронов;

d^c (\),^.) - сечение неупругого рассеяния; 
dfM\

(^о) *  полное сечение для холодных нейтронов;

Са(х) - сечение поглощения для рассеянных нейтронов;

N - плотность ядер;

d - толщина образца.

При предположении, что Jo (A.g) = 6 Хер) и толщине образца 

0 ,1  см, поправкой можно пренебречь, так как о^(А.о)»а-а(Х) и

1 »  ехр (  - J2  N  [?t (^о )  +  <?а ) '

3 .  РЕЗУЛЬТАТЫ ИЗМЕРЕНИЙ И ОБСУЖДЕНИЕ

а) Бензол. Молекула бензола является одной из простейших 

многоатомных циклических молекул, и поэтому ее спектр как в кон

денсированном состоянии, так и в парах подробно исследовался
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теоретически и экспериментально. Эта молекула принадлежит к то

чечной группе Dg4 , для которой справедлив альтернативный запрет, 

т .е .  частоты, проявляющиеся в комбинационном спектре, должны 

отсутствовать в инфракрасном спектре и наоборот. Известно, что 

для центросимметричных молекул могут существовать переходы, за

прещенные как в инфракрасном спектре, так и в комбинационном. В 

случае молекулы бензола рассчитано девять таких неактивных основ

ных частот, полученных из симметрии молекулы, которые однако в 

эксперименте непосредственно не наблюдались. В связи с этим сле

дует ожидать, что нейтронноскопические исследования спектра бен

зола должны обнаружить такие запрещенные энергетические перехо

ды.

Рис.1

Спектр нейтронов, рассеянных на жидком бензоле.

На рис.1 представлен спектр нейтронов, рассеянных на образце 

жидкого бензола при температуре 20°С , полученный в течение -v 180 

часов работы установки. Интенсивность отложена в зависимости от 

длины волны рассеянного нейтрона; разрешение спектрометра по 

времени пролета указано треугольниками, стрелками отмечено по

ложение линий, полученных в спектрах комбинационного рассеяния 

и спектрах поглощения инфракрасного излучения [ 3 ,4 ,б ] .

Прежде всего следует отметить, что максимум при 4 А 
(Хн= 3 ,9 5 2  А ) ,  соответствующий упругому рассеянию первичной линии 

холодных нейтронов, проявляется в спектре слабо, причем по интен

сивности сравнивается со слабым максимумом в первичной линии 

(р и с .2 ) ,  соответствующим системе плоскостей В е (1 1 1 ) .

Такое изменение в спектре, очевидно, объясняется тем, что 

в жидком бензоле в области малых энергий имеется большая плот

ность уровней, связанная как с квазифононным спектром, так и 

с вращательными состояниями молекул, а также с наличием сильного
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Рис. 2

Спектральная линия нейтронов, фильтрованных поли- 

кристаллическим бериллием.

диффузионного движения. Поэтому сечение неупругого рассеяния 

холодных нейтронов оказывается сравнимым с сечением упругого 

рассеяния, а это приводит к размытию пика упругого рассеяния.

Далее из сравнения результатов оптических исследований со 

спектром неупруго рассеянных нейтронов следует, что все уровни, 

проявляющиеся в оптическом спектре бензола, проявились и в ней

тронном. Отличие заключается лишь в том, что линии с частотами 

63 и 63 cM"i (\ц = 2 ,6 8  и 2 ,6 0  А ) ,  соответствующие вращательным 

колебаниям вокруг плоскостной оси и оси шестого порядка, не раз

решены, а линия V = 405 см"^ (Хн = 1*23 À ) , обычно слабо прояв

ляющаяся в оптике, в нейтроном спектре проявилась отчетливо. 

Остальные запрещенные частоты (5 3 8 , 1008 , 1160 , 1190 , 1145 , 1520 

и 1854 см^) наблюдать не удалось из-за недостаточного разреше

ния установки и малой статистической точности экспериментальных 

результатов.

Но наряду с максимумами спектра неупруго рассеянных нейтронов, 

которые совпадают по положению с линиями оптических спектров, 

наблюдается 2 Максимума,не обнаруженные ранее оптическими ме

тодами. Это максимум при \ н= 1 ,3 0 Ä  (v=<360cM*^) и очень широкий 

максимум при А.ц= 2 ,9 0  Á (v =  50 с м " Ч ,  расположенный между уров

нями вращательных колебаний вокруг плоскостных осей и оси шесто

го порядка.

б) Дифенил. Экспериментальный спектр неупруго рассеянных ней

тронов на образце поликристаллического дифенила представлен на 

рис.З. Как и в случае бензола, результаты оптических исследований 

спектра дифенила, главным образом по деполяризации линий комби

национного рассеяния [3 ] , указаны на рисунке стрелками. В про

тивоположность бензолу, в нейтронном спектре дифенила резко вы

ражена область упругого рассеяния нейтронов первичной линии



302 М.Г. ЗЕМЛЯНОВ и H .A . ЧЕРНОПЛЕКОВ

Рис .3

Спектр нейтронов, рассеянных на поликристаллическом дифениле.

(\н = 3 ,6 4 А и  4 À ) .  Наклон переднего фронта основного максимума 

упругого рассеяния при =* 4 А определяется только разрешением 

нейтронного спектрометра, и , следовательно, при температуре экс

перимента, которая на 5 0 °  ниже температуры плавления дифенила 

диффузионное движение в дифениле практически отсутствует. Из со

отношения ординат максимумов упругого рассеяния при = 3 ,6 4  А 

и =* 4 À , которое не сильно отличается от соотношения ординат 

в первичной линии, можно сделать заключение, что плотность уров

ней в твердом дифениле в области малых энергий вблизи 1 0 *з эв 

незначительна. Так же, как и в случае бензола, в спектре неупру

го рассеянных на дифениле нейтронов наряду с линиями, проявляю

щимися в оптических спектрах, наблюдаются линии, которые в опти

ческих спектрах отсутствуют. В спектре дифенила эти линии рас

положены при Хн = 2 ,2 3 Á  (v =* 104 cM 'i) и Хц = 3 ,2 5 Á  (v= ¡34cM *i). 

На рис.З эти линии указаны стрелками со знаком (?) Хотя природа 

этих максимумов еще не установлена, однако, необходимо отметить, 

что и в оптическом и в нейтронном спектрах бензола проявляются 

максимумы при указанных длинах волн.

в) Необлученный и облученный полиэтилен. В качестве образцов 

был использован пленочный полиэтилен низкого давления со средним 

молекулярным весом <\,60%. Один из образцов полиэтилена был облучен 

в реакторе интегральной дозой около 500 Мрад, что соответствует 

образованию & 10% спивок между цепочками полимера. Эксперименталь

ные результаты по измерению спектров неупруго рассеянных ней

тронов на образцах полиэтилена представлены на рис.4 и на рис.5 . 

Для удобства сравнения спектры нормированы на одинаковую интен

сивность в максимуме упругого рассеяния при \н "  весь ис

следованный интервал длин волн рассеянных нейтронов разбит на 

две части: область от 0 ,7  до 1 ,2  А (р и с .4) и область от 1 ,2  до
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Рис .4

Спектр нейтронов, рассеянных на облученном и необлученном 

полиэтилене в интервале длин волн от 0 ,7 А  до 1 ,2 А .
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Рис. 5

Спектр нейтронов, рассеянных на облученном и необлученном 

полиэтилене в интервале длин волн от 1 ,2 4  до 4 ,5 Â .
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4 , 5 À ( p n c . 5 ) .  Как и прежде, стрелками указаны положения линий, 

обнаруженных в оптических спектрах полиэтилена [ 6 ,7 ,8 ] .  Из срав

нения результатов оптических исследований со спектром неупруго 

рассеянных нейтронов (р и с .4) можно заключить, что спектр не

упруго рассеянных нейтронов в значительной степени повторяет 

оптический спектр, т .е .  линиям поглощения инфракрасного излуче

ния и линиям спектра комбинационного рассеяния соответствуют 

совпадающие в пределах разрешения максимумы нейтронного спектра.

При этом в нейтронном спектре проявляются линии, которые в оп

тическом спектре классифицируются как очень слабые, а для ряда 

близко расположенных линий оптического спектра (А„ = о ,  745+0,780А) 

из-за недостаточности разрешения нейтронный спектр дает огибаю

щую. Как видно из р и с .4 в интервале длин волн рассеянных ней

тронов от 0 ,7  до 1 ,2  А не наблюдается залетного различия между 

спектрами необлученного и облученного полиэтилена и нейтронного 

спектра с оптическим. Такое отличие проявляется в области больших 

длин волн рассеянных нейтронов с Хц > 1 ,2А  (рис.5 ) .  В этой облас

ти обращает на себя внимание переход от упругого рассеяния (мак

симумы при Хд = 4 и 3 ,6 4 Â )  к неупругому рассеянию. Отношение 

интенсивностей упругого рассеяния к неупругому составляет 3 : 1 .  

Такое соотношение говорит о T ù M ,  что как в облученном, так и в 

необлученном полиэтилене имеется значительная плотность уровней 

в области малых энергий, связанных возможно с вращением сегментов 

полимерных цепей. Этот результат находится в согласии с резуль

татами исследования линий ядерного магнитного резонанса на поли

этилене, где для объяснения малой ширины экспериментально на

блюдаемых линий приходится предполагать наличие в полиэтилене 

системы низкоэнергетических уровней [9 ] .

В упоминавшихся работах по исследованию оптических спектров 

полиэтилена имеются указания на обнаружения слабых линий с часто

тами ^1 50  CM**i и ^.200 C M *i(соответствующие Х д = 1 ,9 4  и 1 ,7 1 Â ) .  

Как видно из рис .5 ,  в нейтронном спектре необлученного и облу

ченного полиэтилена проявляются два максимума, которые можно счи

тать совпадающими в пределах разрешения с результатами опти

ческих исследований. Это линии при Хд = 2 , 0 4 Â  и Хд = 1 ,7 8  А 
(оптические частоты v = 135 и v=¡ 184 с м '^ . Однако структура ней

тронных спектров более сложная. В этой связи представлялось бы 

желательным провести сравнение результатов нейтронного иссле

дования спектра полиэтилена в рассматриваемой области длин волн 

с теоретическими.работами по динамике высокоанизотропных цепочеч

ных материалов, которые используются для объяснения температур

ной зависимости теплоемкости [10 ,11 ] . Однако, модель полиэтилена, 

положенная в основу теоретического анализа работы [10], в которой 

истинная структура кристаллических областей полиэтилена прибли

жается тетрагональной решеткой, не учитывается наличие аморфной 

фазы и решения динамической матрицы неустойчивы по отношению к 

выбору силовых постоянных, далека от действительности. Следо

вательно, сравнение данных нейтронного эксперимента с этой тео

рией не представляется убедительным.
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В спектре неупруго рассеянных нейтронов при \ц > 1 , 2 А на

ряду с линиями при Хн = 2 , 04  и Хн = 1 , 7 8 А  проявляется еще ряд 

максимумов: отчетливый максимум при Хн = J .,5 lA (v a < 2 6 4  с м 'М  и 

в облученном и в необлученном полиэтилене, и максимумы при 

Хн = 2 ,2 0  и Хн = 2 , 9 4 А , которые более отчетливо проявляются в 

спектре необлученного полиэтилена. В спектре облученного поли

этилена проявляется также слабый максимум при 2 ,63  A (v  ж 64 см'*-). 

В какой степени указанные максимумы связаны с особенностями 

(сингулярностями) фононного спектра полиэтилена по результатам 

данного эксперимента, судить трудно. Что же касается различия в 

спектре неупруго рассеянных нейтронов на необлученном и облу

ченном полиэтилене, то как видно из р и с .4 и 5 ,  значительного 

различия в этих спектрах нет. Наблюдаются лишь слабые расхож

дения между спектрами, которые проявляются лишь в длинноволно

вой части спектра и требуют, по-видимому, более детального ис

следования .

ЗАКЛЮЧЕНИЕ

В результате исследования спектров неупруго рассеянных ней

тронов на образцах бензола, дифенила, необлученного и облучен

ного полиэтилена при температуре 20 *С , установлено наличие в 

нейтронных спектрах указанных веществ ряда особенностей, не про

являющихся в их оптических спектрах. Уточнение энергетического 

положения этих особенностей и установление их природы требуют, 

с одной стороны, увеличения разрешения нейтронного спектрометра 

по времени пролета и значительного сужения первичной спектраль

ной линии холодных нейтронов, с другой стороны, проведения из

мерения спектра неупруго рассеянных нейтронов при различных тем

пературах выше и ниже температуры плавления и температуры Тд.

Авторы выражают признательность М .И . Певзнеру за постоян

ный интерес к работе и участие в обсуждении результатов, 
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D I S C U S S I O N

D. T . G O L D M A N  : Your results on polyethylene were very interesting, 

mainly because so little detailed work on neutron scattering has been done 

on this substance. You have concentrated on the acoustical energy region, 

and this is actually the most important one from the chemical point of view 

because it has been shown that the specific heat as a function of temperature 

is most sensitive to the acoustical vibrations for a good portion of the range, 

whereas the optical vibrations do not make a contribution until you get to 

rather high temperatures, or at least to room temperatures and above. It 

would therefore,be very interesting if these measurements could also be 

performed at higher energies where the nëutron scattering would give infor

mation on the optical scattering and verify the very few optical measure

ments now being made.

N. A. TC H E R N O P L E K O V : I do not quite agree with you. On the assump

tion that polyethylene can be considered as a crystal, we have indeed made 

measurements with regard to the optical mode - I am referring here to the 

optical range of atomic vibrations - and the results have been included in 

our curves. However, I do not think it is worthwhile using neutrons for the 

study of this region because they cannot compete with the old and reliable 

optical methods. I agree with you,of course, that the study of this lower part, 

where neutrons are most advantageous, is very interesting, but unfortunately 

the amount of information we have received in this way is as yet small. We 

shall have to improve our methods of study considerably.
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Abstract — Résumé — Аннотация — Resumen

INELASTIC SCATTERING OF THERMAL NEUTRONS FROM DOW THERM  "A " . The angular and energy 

distributions of neutrons scattered from room temperature samples of Dowtherm "A " have been measured using 

a few different initial neutron energies in the range from 10*3 to 10** e V .

The experiment has been performed with a rotating crystal spectrometer as pulsed monoenergetic beam 

source and a 16x256 - channel time analyser for timing of the scattered neutrons. With this arrangement data 

for several angles have been taken simultaneously.

Results are represented in the form of differential cross-sections and also in the "Scattering Law " form. 

Physical interpretation with the aid of the space-time correlation iunction of Van Hove is discussed.

DIFFUSION INÉLASTIQUE DE NEUTRONS THERMIQUES PAR LE DOW THERM  "A " .  L'auteur a mesuré 

la distribution angulaire et le spectre d'énergie de neutrons diffusés par des échantillons de Dowtherm "A "  à la 

température ambiante, en employant des neutrons dont l'énergie incidente variait de 10'Z  & 10'* eV .

L'expérience a été faite à l'aide d'un spectromëtre à cristal tournant, employé comme source mono- 

énergétique puisée, et d'un analyseur en temps de 16 X 256 canaux. Ce dispositif a permis de recueillir si

multanément des données pour différents angles.

Les résultats sont présentés sous la forme de sections efficaces différentielles et aussi sous la forme d'une 

loi de diffusion. L'auteur discute l'interprétation physique de ces résultats à l'aide de la fonction de corrélation 

spatiotemporelle de Van Hove.

НЕУПРУГОЕ РАССЕЯНИЕ ТЕПЛОВЫХ НЕЙТРОНОВ ДОУТЭРМОМ "А ". Угловые и энергетические распреде

ления нейтронов, рассеянных образцами доутэрма "А " при комнатной температуре, были измерены

DISPERSION INELÁSTICA DE NEUTRONES TERMICOS POR EL DOW THERM  "A " .  El autor ha medido la 

distribución angular y energética de neutrones dispersados por muestras de Dowtherm "A "  a temperatura am-; 

biente, para una serie de energías iniciales de los neutrones comprendidas entre 1 0 y io*i eV .

El experimento se ha realizado con un espectrómetro de cristal rotativo, que se ha utilizado como fuente 

pulsada de haz monoenergético, y un analizador de tiempo de 16x 256 canales para el cronometraje de los 

neutrones dispersados. Con este dispositivo, se han obtenido simultáneamente datos correspondientes a diferentes 

ángulos.

El autor expone los resultados en forma de secciones eñcaces diferenciales y también en forma de "ley 

de dispersión". Estudia la interpretación física del fenómeno con ayuda de la función de correlación espacio- 

tiempo de Van Hove.

I. IN TR O D U C TIO N

In the past few years considerable effort has been spent on measuring 

the influence of chemical binding on the scattering of slow neutrons. In this
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way much information about many-particle systems such as solids, liquids 

and gases has become available.

The information about scattering behaviour is of primary interest for 

reactor physics because the binding effects determine the slowing down of 

neutrons in the energy region where the spectrum shape is most important. 

Data of moderators like HgO, DgO, graphite, beryllium and terphenyl have 

been measured with the phased-rotor systems at Chalk River and Idaho Falls 

[1.21-

Of similar interest for organic moderated and cooled reactors are the 

chemical compounds diphenyl, diphenyloxyd and the eutectic mixture of both 

called Dowtherm "A " .

In continuing the series of experiments with moderators several samples 

of Dowtherm "A "  and diphenyl have been studied using a rotating crystal 

time-of-flight spectrometer. The selected materials have the advantage of 

easy handling and of being primarily incoherent scatterers.

A  few incident neutron energies, 0.019, 0 .032  and 0.079 eV have been 

used. For each energy the scattered intensities were taken simultaneously 

at several angles. Usually the seven detector angles 20°, 40°, 60°, 70°, 80°, 

100° and 120° were realized. Examples of results are presented as raw data 

and in the converted form as differential scattering cross-section per solid 

angle and time-of-flight. Results as far as now available are also repre

sented in the well known scattering law form S(a,ß). S(a,ß) [3] is different 

from the function S(K,u) defined by VANH OVE[4].Energy  change is measured 

in units of KgT , ß = Tiu/KgT, where hu is the energy change and KgT  is the 

temperature of the sample in energy units. Momentum transfer is represented 

by a = &2к2 / 2M  KgT , where к = к - KQ is the difference of initial and final 

wave vector of the neutron and M  is the mass of the principal scattering 

nucleus. Furthermore the detailed balance factor is extracted with the con

sequence that S(a, ß) is even in ß.

The determination of the generalized frequency distribution p(ß)pro- 

posed by E G E L S T A F F  [5] was tried.

II. E X P E R I M E N T A L  A R R A N G E M E N T  

Apparatus

Bursts of monoenergetic neutrons have been producted with a rotating 

crystal using a neutron beam from the reactor Diorit at Würenlingen. A  

preliminary description of the spectrometer has been given earlier [6] . 

The general layout is shown in F ig .l . The rotating single crystal fulfills 

two tasks. Firstly, due to the Bragg reflection at the planes of the crystal 

it produces monoenergetic neutrons in a selected direction and secondly, 

due to its spinning, it chops the beam and delivers short pulses for the time- 

of-flight measurements. The present measurements are done with a copper 

crystal usually spinning at 14 200 rpm, using two (111) reflections per re

volution. The advantages of this device are its simplicity, the fact that there 

is almost no time-dependent background and the possibility of using several 

incident energies simultaneously. Principally the last feature allows to take 

all information needed for scattering law calculations in one single run.
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Fig.l

Schematic diagram of the rotating crystai spectrometer at the reactor 

Diorit, Wtireniingen, Switzerland.

In scattering experiments the sample position was 2 .65  m  behind the 

crystal. For a primary energy of 0 .032  eV the pulse width at this position 

was 22 ^s and the intensity about 1.5-10^ n/cm^ s. The performance of the 

machine was tested continuously with two B F 3 monitors in the monochromatic 

beam . One was a short distance in front of the sample and the other 2 m  

behind it. With these monitors energy, resolution and intensity of the in

coming neutrons could also be measured.

The scattered neutrons are detected with a set of 5 in diam. scintillation 

counters positioned at a distance of 2 m  from the sample and at angles of 

20", 40°, 60°, 70°, 80°, 100° and 120° with respect to the monoenergetic 

beam . The signals of each detector were fed into a group of 256 channels 

of a 4 096-channel magnetic core time sorter, using 8 ¡us channel width. 

The detector efficiencies have been determined by scattering from vanadium.

Scattering samples

For liquid Dowtherm "A "  sample containers consisting of an aluminum 

frame 0.06 cm thick covered with 0. 03 cm thick windows of aluminum have
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been m ade. The surface of the sample was 5 cm  broad and 15 cm  high, so 

that the full beam  cross-section could be used. The transmissions of our 

samples varied between 90 and 75%  for different incident energies and dif

ferent horizontal inclinations to the beam. Diphenyl which is solid at room 

temperature was heated slightly above melting point and cast in a similar 

frame.

III. M E A S U R E M E N T S  A N D  R E SU LT S

Before scattering runs were started, a flux map at the sample position 

was taken and the detector efficiencies were determined. Usually 20-h runs, 

10 h for sample in and 10 h for background, were m ade. Fig. 2 shows the 

results of a typical sample and background run.

.4)3

DOWTHERM "A" 20°C 

.SAMPLE 

E<,:0.079eV -BACKGROUND

70°

2 BEAM 

MONITOR

-t---- r----1--- n---- 1--- Г-*—i-----1
0 40 90 !20 )60 0 40 su

T IM E  C H A N N E L  (8jusec )

Hg. 2

Raw scattering curves for an incident energy of 0.079 eV and seven scattering angles. 

These data were obtained in 20 h. 10 h for sample in and 1 h for background.
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The principal step! in conversion of the experimental data.

Mem ory content of the time analyser was punched on paper tape. This 

tape was fed directly into a computer. A  computer programme has been 

written with which the data were normalized for equal initial intensity and, 

if necessary, also for equal background at small and large neutron velocities. 

Then data were converted to differential scattering cross-sections and finally 

to the scattering law form S(<?,ß). These steps are demonstrated in Fig. 3 

for the results at an angle of 70" and an energy of 0 .032  eV. No smoothing 

of the statistics and no corrections for the finite energy resolution have been 

done. The S-values as far as now available are shown in F ig .4 and 5. In 

these diagrams the results of two incident energies and seven different scat

tering angles are plotted for fixed (3-values as parameters. This kind of 

plot is a good check of the reliability of the data.
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TEM PERATURE 21°C

Fig. 4

IV . D ISCUSSION  A N D  C O N C L U SIO N S  ,

No significant differences between the room temperature scattering data 

for Dowtherm " A "  and diphenyl have been observed. The diphenyl cross- 

sections are somewhat higher for ß = 0 and decrease more rapidly with in

creasing ß-s.for small ß-s. Also there is no clear indication of resonance 

bands in the data.

The exact way to determine the space-time self-correlation function 

Gg(r, t) of Van Hove is to make double Fourier transformations of the measured 

differential scattering cross-sections. Because we have measured ол1у a 

limited range of energy and momentum transfers ihe results of such trans

formations would be doubtful. Instead we have tried the method of Egelstaff
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to extrapolate S/a; to ¡ 2 = 0  for different fixed j3. Multiplication of th^limit 

[S/of]^=o with yields a generalized frequency distribution p(ß) which is 

directly related to the velocity correlation function of the system. There 

is a fair agreement between solid and liquid data. The curves also show 

two peaks. In the region of the last peak several infra-red absorption bands 

have been found. But at present the uncertainties of the most points are too 

large as to draw more serious conclusions.

Measurements at other initial energies are in progress and measurements 

With higher temperatures are planned.
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D I S C U S S I O N

W . K L E Y : I do not quite understand your technique of obtaining back

ground data by removing the scattering sample from the impinging beam. 

W e  have found that if the sample is taken out of the beam the fast neutron 

background is also removed and therefore cannot be detected.

W . GLÄSER : I can only say that this is the usual technique for measur

ing background in other time-of-flight experiments as well. In background 

measurements account must of course be taken of the empty sample con

tainer in the beam. The monochroniatic beam is a very pure one, so there 

is only a very small fast neutron background. W e  have made corrections 

for differences in sample background in the beam and outside it.

B. N. B R O C K H O U S E : One of the attractive features of the rotating 

crystal spectrometer used by Dr. Gläser is that the fast neutron background 

is time-independent, so that a variety of ways are available for dealing with 

it.

W . K L E Y : Yes, but with the technique described by Dr. Glaser you 

not only produce thermal-neutron pulsed beams but you also get a continuous 

background of fast neutrons. When you put the sample in the pulsed beams, 

you have the continuous background of fast neutrons which is then seen by 

the detector as long as the sample is in the beam. When you take the sample 

out, you remove the fast neutron background.

W . GLASER : That is true, but there will be a difference between these 

two sorts of background and since the background is not time-dependent you 

can make a very good correction for these effects. The results would be 

somewhat better than with a fast-chopper system for example.

P . K. IY EN G A R : I think Dr. Kley' s point is that you could have cut the 

beam, say with a cadmium shield, and then have taken the background, which 

would include the fast neutron effects.

B . N . B R O C K H O U S E : I think it would be appropriate at this point to 

present a brief report on work which has been done by m y colleague 

L . N . Веска on rotational transition in cyclohexane.

A  number of "globular" organic compounds*, which undergo phase 

changes that are believed to be of rotational nature, have been studied using 

the rotating crystal spectrometer** at the NRU reactor at Chalk River. The

*  TIMMERMANS, J- phys. and chem. Solids, 18, (1961) 1.

**  BROCKHOUSE, B.N. "Inelastic Scattering of Neutrons in Solids and Liquids", IAEA, Vienna (1961)113.
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results for cyclohexane are shown in the figure below. At 115°K, below the 

transition at 186° K, the patterns show strorig elastic peaks and at least two 

inelastic peaks (at 6. 2 and lOm eV). The fact that the elastic peaks for the

Х'(Д)-WAVELENGTH OF SCATTERED NEUTRONS

Ftg.l

Wavelength distributions for cyclohexane at two angles and at temperatures 

above and below the transition.

two angles are not greatly different shows that the Debye-Waller factor is 

normal, and therefore that the molecule is not in rotation. At 215° К  the 

Debye-Waller factor is greatly reduced, especially at the larger angle. Thus 

the proton motion is very great and the molecule is presumably in rotation. 

Since the two peaks also disappear, they must represent rotational levels.

Other substances studied were 2-2-dimethylbutane and 1-4-diazo- 

bicyclo-(2. 2. 2)-octane, with differing but interesting results. A  full report 

is being submitted to J. chem. Phys.





A  STUDY OF THE DIFFUSIVE ATOMIC MOTIONS 
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Abstract — Résumé — Аннотация — Resumen

A STUDY OF THE DIFFUSIVE A TO M IC  M OTIONS IN GLYCEROL A N D  OF THE VIBRATORY M OTIONS  

IN GLYCEROL AND  LIGHT AND  HEAVY WATER BY C OLD  NEUTRON SCATTERING. The cold neutron scat

tering studies of the vibrational and diffusive properties of light and heavy water have been continued at the 

Stockholm reactor. Vibrational "frequency spectra" have been derived from observations on heavy water up 

to 350°C. The damping of the molecular vibrations and rotations is very strong at the higher temperatures.

A study has been performed on the quasi-elastic and inelastic scattering from glycerine, a hydrogenous 

liquid showing a strong variation of its viscosity with temperature. The diffusion constants that may be deduced 

from the experiment are several powers of ten larger than those calculated from the Einstein - Stoke or from 

the Eyring formulas using the measured viscosity. The variation of line width with temperature shows a tendency 

opposite of that for water, which indicates that for glycerine jump diffusion might be the most important 

process.Thebroadinelastically-scatteredspectrum from glycerine shows similarities to the spectra derived from

ÉTUDE DES M OU VEM ENTS ATOMIQUES DE DIFFUSION DANS LE GLYCEROL ET DES M OU VEM ENTS  

DE VIBRATION DANS LE GLYCÉROL, L'EAU LOURDE ET L'EAU LEGERE DU FAIT DE LA DIFFUSION DES NEU

TRONS FROIDS. Les auteurs ont continué les recherches entreprises au réacteur de Stockholm par la méthode 

de diffusion des neutrons froids sur les propriétés dé diffusion et de vibration des eaux lourdes et légëres. Ils 

ont déterminé le spectre de fréquence des vibrations à partir d'observations faites sur l'eau lourde, pour des 

températures allant jusqu'à 350°C. L'amortissement des vibrations et des rotations moléculaires est tr&s intense 

pour les températures élevées.

Une étude a été faite sur la diffusion quasi-élastique et inélastique dans la glycérine; la viscosité de ce 

liquide hydrogéné varie beaucoup en fonction de la température. Les constantes de diffusion que l'on peut 

déduire des expériences sont de plusieurs puissances de 10 supérieures à celles que l'on obtient en employant 

la mesure de la viscosité dans les formules de Einstein-Stokes ou de Eyring. La variation de la largeur de la 

raie en fonction de la température accuse une tendance opposée à celle que l'on observe pour l'eau : elle 

montre que pour la glycérine, la diffusion par sauts pourrait bien être le processus le plus important. Le large 

spectre de diffusion inélastique dans la glycérine présente des similitudes avec les spectres découlant des m e

sures faites dans l'eau lourde et dans l'eau légère.

ИЗУЧЕНИЕ ДИФФУЗИОННЫХ ДВИЖЕНИЙ АТОМОВ В ГЛИЦЕРИНЕ И КОЛЕБАТЕЛЬНЫХ ДВИЖЕНИЙ В ГЛИЦЕРИНЕ 

И ЛЕГКОЙ И ТЯЖЕЛОЙ ВОДЕ ПРИ П0М0ШЦ РАССЕЯНИЯ ХОЛОДНЫХ НЕЙТРОНОВ. На стокгольмском реакторе были

дены вибрационные "спектры частот". Очень оильное гашение молекулярных колебаний и вращений на

блюдается при более выооких температурах.

Исследования квазиупругого и неупругого рассеяния были произведены на глицерине, т .е . со

держащей водород жидкости, вязкость которой сильно изменяется в зависимости от температуры.

* Now at the Royal Institute of Technology, Stockholm, Sweden.
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ESTUDIO POR DISPERSIÓN DE NEUTRONES FRÍOS, DE LOS M OVIM IENTOS A TÓ M IC O S  DE DIFUSIÓN 

EN GLICERINA Y  DE LOS M OVIM IENTOS DE VIBRACIÓN EN GLICERINA Y  A G U A  LIGERA Y  PESADA. Han 

seguido en el reactor de Estocoimo los estudios sobre las propiedades de vibración y difusión del agua ligera 

y pesada por dispersión de neutrones fríos. Se han determinado los "espectros de frecuencia" vibratorios basán

dose en las observaciones realizadas con agua pesada hasta 350°, llegándose a la conclusión de que el amorti-

IN TR O D U C TIO N

Recently a considerable effort has been devoted to the study of the neu

tron spectrum scattered from light and heavy water. Various techniques 

involving the crystal spectrometer [1], the mechanical monochromator [2] 

and cold neutron techniques №J have been used to collect experimental data. 

The reason why these two liquids have been studied experimentally in so 

much detail are their importance as moderators in reactors and the hope 

that the complete understanding of the fundamental atomic motions in these 

liquids would make it possible to calculate the thermal and near thermal 

equilibrium neutron spectrum in a reactor [4, 5]. The observed differential 

neutron cross-sections have, however, proved to be very complex and dif

ficult to understand in full detail [6, 7, 8abe]. On the time scale of about 

iO'12 s within which the slow neutrons perform their interaction with the 

atomic motions, different kinds of either atomic or molecular motions in 

a hydrogenous scatterer may contribute to the scattering with different sta

tistical weights. To elucidate these phenomena it was thought to be of great 

interest to investigate a hydrogenous liquid, the viscosity of which should 

vary very strongly with temperature. A  good substance is glycerol for which 

the viscosity varies from 15 poise at room temperature to a few centipoise 

at 130°C. Accordingly the self diffusion coefficient should vary greatly over 

this temperature region, if the simple type of random walk formulae, like 

the Stoke-Einstein or the Eyring formulae, were to be valid for this case. 

As such a variation of the diffusive motions in an incoherently scattering 

liquid is advantageously studied by the neutron scattering technique an ex

tensive study of the cold neutron scattering from glycerol was undertaken 

at thé Stockholm reactor.

Earlier [9] a series of neutron scattering measurements on light water 

in a temperature range from -10°C to +92*C, and on heavy water from - IC C  

to +300°C, have been undertaken. These results will also be shortly discus

sed in this report.
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I. T E C H N IQ U E  O F  M E A S U R E M E N T  A N D  IN T E R P R E T A T IO N  O F  D A T A

In all the measurements to be discussed here a beryllium-filtered neu

tron beam was used as ingoing spectrum with the idea that the sharp edge 

at 3. 95 A  should operate as the monochromatic "line" in the study of the 

diffusive motions in the scatterer and the whole cold neutron spectrum as 

an approximation to the monochromatic beam in the study of the oscillatory 

motions in the scatterer. If accurate results are to be obtained in the study 

of line widths a careful examination of the shape of the line m easured in 

straight transmission has to be carried out [10, 1 1] (compare detailed dis

cussion on this subject carried out in the pp. 58-62 of [10], and in pp. 372-374 

of Ц1]. Such a measurement gives all the details about the instrumental ef

fects. As all the line width data to be discussed later to a large degree de

pend upon the accurate and careful interpretation of instrumental effects, 

a detailed discussion of the line shape studies will be given. Similarly the 

possible effects of the wide ingoing spectrum on the interpretation of the 

inelastically-scattered spectrum will be given careful attention.

(a) Width of the quasi-elastic line

Many measurements [1, 12, 13] have shown that the effect of the diffusive 

motions on the ingoing neutron line is to broaden it. For many liquids like 

water, glycerol and liquid helium in their respective lower temperature 

regions this broadening is very small. The interpretation of the experimen

tal line as a folding of two functions, the resolution and the very small natu

ral width, depends therefore critically on the shape of the ingoing neutron 

line. At the other temperature end, high temperatures, the natural line 

width is much larger than the resolution width and the main problem here 

is to separate the diffusive line from the intense inelastically-scattered 

spectrum Particularly for the small natural line width region it is desirable 

to have a high resolution.

The slow chopper time-of-flight apparatus used at the Stockholm reactor 

has been described in detail earlier [3] . The resolution has, however, been 

increased considerably by changing the detector. The detector formerly 

consisted of a BFg detector battery of an effective thickness of 6 . 5 cm. By 

using much thinner B F 3 counters filled to twice the pressure, 1150 m m  Hg, 

the thickness of the detector battery, now consisting of 41 counters with an 

effective area of 19X20 cm^ at the end of a 3 m  flight path, is only 3.1 cm . 

The percentage time resolution dt/t, due to flight time through the detector 

is thus decreased from 2% to l%.^The overall resolution of the instrument 

is at present 20 jus/m or 2%  at 4 A. In earlier work with this apparatus the 

corresponding figure was 30-40 ;ns/m. The effect of this increase of resolu

tion is illustrated in Fig. la. The sharp beryllium cut-off at 3.95 A  is re 

placed by two, one at 3.95 A  rising to 70% of full intensity and another at 

about 4.05 A  corresponding to the combined crystalline cut-off's of aluminium 

and iron in the beam. This aluminium and iron scatters out about 30% of the 

neutrons from the beam in the region between 4.05 and 3 95 A  as indicated 

in the figure. In Fig. lb, is given an example of the scattering picture from 

glycerol at 96°C and, 60° angle of observation still showing the dip in the 

intensity at about 4 A. Obviously only the part of the break corresponding
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Fig.l .

(a) The shape of the break region of the cold neutron spectrum observed 

in straight transmission. Also given is the spectrum expected for 

infinitely good resolution.

(b) The shape of the break region as observed in quasi-elastic scattering 

from glycerol at -t96*C and 60° angle of observation. The definition 

of the observed width value is shown as the time difference between 

A and B.

to the 3 .95 A  beryllium break should be used in the interpretation of the line 

width The following procedure of analysis was therefore adopted:

Each neutron energy in the theoretical neutron spectrum, f(E) ^ E  dE, 

indicated in Fig. la is supposed to be broadened according to a Lorentz func

tion,
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The result of the folding of this Lorentz function and the spectrum E  dE 

including the step at 4 .05A  is a broadened break similar to the one given in 

Fig. la or b. This broadened spectrum is converted to time-of-flight scale 

and again folded with a resolution function assumed to be Gaussian,

This of course again broadens the break and again tends to smear out the 

step between 3.95 À  and 4.05 Â. Using an electronic computing machine a 

great number of theoretical line shapes were calculated for a constant re

solution width At but for various values of the width A E  of the Lorentz func

tion. Finally the natural line width 2AE could be plotted as a function of the 

full width of the different lines. This full width includes the widths of the 

two breaks at 3.95 and 4.05 A  and is readily found from a plot of the calcula

ted line. With the calibration curve of 2AE as a function of full line width 

the only procedure that is necessary to do in order to get the natural line 

width 2AE, from an observation like the one given in Fig. lb is to draw the 

tangent to the 3.952 Apart of the break and extrapolate the top part of the 

curve until it intersects the tangent which determine the top point (A) of the 

tangent. Then the inelastically-scattered spectrum is extrapolated in under 

the quasi-elastic "line" until this extrapolated spectrum part intersects the 

tangent, which determines the bottom point (B) of the tangent. At higher 

sample temperatures when the quasi-elastic spectrum merges into the in

elastic spectrum over a wide energy region this separation becomes very 

difficult and puts a limit to the method of separating the inelastic and quasi

elastic spectra. The time distance between the top and bottom points read 

along the time-of-flight axis gives the full line width. Using the calibration 

curve, 2AE is then found directly. In this way a correction has been made 

for other scattering materials than beryllium in the beam. The remaining 

weak point is that a Lorentz shape is assumed for tne natural line broad

ening.

(b) Interpretation of the inelastically-scattered neutron spectrum

As shown by many scattering experiments on hydrogenous liquids neu

trons are scattered into energy regions far from the ingoing one. An example 

is given in Fig. 2 where the complete scattering pictures from glycerol at 

temperatures of 20°C and 130°C for an angle of observation of 60° are given. 

The observed neutron energy gains ranges from 0 to 100 m V . Obviously the 

shape of the inelastically-scattered spectrum in an energy range up to about 

20 m V  might be affected by the width of the ingoing spectrum ranging from 

0 to 5 m V  with a width of about 2 m V . Above 20 m V  the observed spectrum 

should correspond closely to the spectrum observed if all the primary neu

trons were concentrated in a line at the centre of gravity of the cold neutron 

spectrum. To investigate the effect of the width of the primary spectrum on 

the shape of the inelastically-scattered spectrum one has to fall back on 

some model for the scattering process and calculate the scattered spectrum 

for different ingoing energies. As the stochastic model of a liquid developed
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The complete neutron spectra scattered from glycerol at 20°C and 130"C 

and an angle of observation of 60°.

by R A H M A N , S IN G W I and S J Ö L A N D E R  [8c] had a certain success in ex

plaining the cold neutron scattering results on water, this model was used 

for the present investigation. The energy region within which this model 

seemed to be so relatively ¡successful just happens to be the energy region 

of interest here, i. e. from 5 to 20 m V. The reason for this is that the Debye 

temperature of many liquids falls in the range of 0-15 m V  There is also 

another reason why this model is preferred for this discussion namely that 

it includes so many features typical of a solid. As is alredy known, and 

will be shown again in this paper, liquids show many properties typical of 

a solid when studied on a time scale of 10'is to i o n  s. To investigate what 

the effect of the broad ingoing spectrum might be on the shape of the in

elastic spectrum in the energy transfer region 0-20 m V , this spectrum was 

calculated using the equation

dHdtD 2 7 r J ^
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where k, kg are the scattered and ingoing wave vectors, йы is the energy 

transfer, к = к- кд, T is the sample temperature and p(t) is the width func

tion of the self correlation function. The form chosen for p(t) is one in which 

both diffusive and vibratory modes of atomic motion are represented [8c] . 

Effectively three constants enter into the theory for p (t), namely a Debye 

temperature of frequency, Up. a frequency u' below which no vibratory 

modes occur and a damping factor Г, which describes how fast the vibratory 

energy in a mode is dissipated. This same model has also been used to 

calculate line widths for comparison with the present experimental data 

on glycerol. In this way the values for the three constants Ыр, ы' and Г ,  

which corresponds to the best fit to the line width data, were also used to 

calculate the inelastically-scattered spectrum. In this theory ы'/Up is the 

factor which mainly determines the line width, while Г determines the shape 

of the inelastic spectrum. For this reason computations were made for 

two values ofrnam elyr= 2.0 (strong damping) and Г= 0.5 (somewhat weaker 

damping). The values used for Ыр = 2.0 - 1 0 ^  and u' = 0.2 - 1013 rad/s (com

pare the line width data to be presented later in this paper). Computations 

were made for three cases:

(a) All the ingoing neutrons assumed concentrated in a line at X = 4 A;

(b) AU the ingoing neutrons assumed concentrated in a line at the centre 

of gravity of the cold neutron spectrum X = 4.7 A, and

(c) The ingoing energies divided into a large number of lines in the cold 

neutron range and each energy weighted properly according to the 

shape of the ingoing cold neutron spectrum. All the contributions 

at a given mark on the energy transfer scale are then added.

The scattered spectra were calculated for 30°, 90° and 120° angle of 

observation.

The results of this computation are given in Fig. 3. The interesting 

conclusion of this computation is that it does not matter if a whole cold neu

tron spectrum or a neutron line at the centre of gravity at 4.7 A  is used 

as ingoing spectrum. Another way of stating this result is, that the average 

value of the cross-section ?(E-*E') for energy transfer from E to E ', where 

E  is in the cold neutron region and E ' is a fix energy in the inelastic scat

tering region, is to a good approximation proportional to the cross-section

ty(E-*E') for energy transfer from the average energy, E, in the cold neutron 

spectrum to E ' . It is, of course, impossible to say something about the 

range of validity of this result. On the other hand, if all the neutrons were 

concentrated at 4A  the inelastically-scattered spectrum would have a dif

ferent shape. In the analysis of the inelastically-scattered spectrum we 

therefore assume that the whole cold neutron spectrum is concentrated at

4 .7 A.

As the measurements show that both glycerol and water have many pro

perties in common with solids as seen by cold neutrons, the inelastically- 

scattered neutron spectra are used to derive frequency spectra for the 

atomic vibrations on the basis of some simple solid state model. The model 

we have been using connecting the neutron cross-section and the frequency 

spectrum is the phonon expansion model. The cross-section for inelastic 

neutron scattering is then given by [14]
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Calculated inclastically-scattered neutron spectra from a substance of the glycerol type for three different 

assumptions about the ingoing neutron spectra, showing that the calculated spectra agree almost exactly at 

three angles of observation if either the ingoing wave length is 4 .7  A or if the whole cold spectrum is used

d 'q  2 к /  Мы ^ , A V (2W ) " ^  , , 
dUdM ко 2 kgT ' J  n "

n=l

(2)

where several symbols have the same meaning as inEq.(l). 2W  is the Debye- 

Waller factor, and the Gn are certain functions of the energy transfer tth). 

In the series of terms the first, the one phonon term, might be written:

2W Gi =
hK2-f(u) Of f(u)

2 M *2 b ) - s i n h
hh)

2квТ

2 ß s i n h ^
(3)
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where or = hK^/2MkgT with M  = the mass of the scattering atom andß = tu/kgT- 

f(tj) is the frequency spectrum, which is the object of the study. As follows 

from (2) and (3) the frequency spectrum is obtained from the measured ener

gy distribution I(cp) at the angle of observation <p from;

I(<p) ' ^ ̂  ̂  ^  "-f(h)) e " ^+ o f  sKj3,c). (2a)

As 2 W  contains a factor proportional to a, it is seen that f(u) is obtained 

from I(tp) only in the limit a->0. ALL the multiphonon terms included in ^ , о ) 

disappear in the limit of observation in the forward direction. This fac+ 

was discussed earJáef^for instance by E G E L S T A F F  [15] .

As shown by Fig. 2 the observed neutron spectra ranges out to energies 

of 100 m V , i. e. much higher than what would correspond to the observed 

Debye temperatures corresponding to 10-15 m V . Therefore the correction 

for multiphonon terms as well as the effect of the Debye-Waller factor should 

cover only the low part of the spectra, i. e. the energy range 5-20 m V . If 

the form (2a) is used over the higher energy transfer region, 20-100 m V , 

the' multiphonon terms must tend towards zero because of the high apparent 

Debye temperature which must be associated with these high frequency mo

des. Therefore, if the observations are made at a small angle, say 30°, 

and if the ingoing energies are small, the к-values and therefore the ai- 

valúes become small in the low energy transfer region, and as a first ap

proximation to the frequency spectrum we use

Цы)-1(Т)(ко/к)(ы/к%хр(йы/квТ)- 1] (4)

No correction has yet been made for possible coherence effects.

II. O B S E R V A T IO N S  O N  G L Y C E R O L

(a) Measurements

With the improved time-of-flight instrument at the Stockholm reactor 

R1 a series of observations were made on the neutron spectra scattered 

from glycerol at angles of observation, cp, of 30 ,60 ,  90 and 130°, A  wide 

temperature range was also covered in that the observations were made 

at -7, +20, +61, +96 and +130°C. As the viscosity of glycerol is very sensi

tive to any water content, a chemical analysis of its water concentration 

was made before and after measurements and found to be 0.25%. The sample 

holder consisted of an aluminium container with 1 m m  thick walls giving 

a sample size of 7X 10 cm^ and a sample thickness of 0.2 m m  corresponding 

to about 90% transmission. Round the thick outer rim of the container could 

be wrapped either a heating coil or thin pipes through which cooling liquids 

could be circulated (alcohol by dry ice or liquid nitrogen). The whole sample 

container was installed in a vacuum vessel with aluminium walls. The tem-
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peraPure was measured by thermocouples and electronically controlled. The 

runs made at - 7°C require a particular explanation.

It is known that glycerol has a freezing point of -89°C, where it goes 

over into a glassy state. If it is heated up very slowly it is maintained in 

this crystalline state up to +17°C, where a melting point is found [16] . There

fore it is possible to study glycerol both in the solid and the highly viscous 

liquid state at one and the same temperature. We made this measurement 

as follows. First the liquid was cooled down to -7°C by alcohol-cooling and 

runs were made-at 30, 60 and 90° angle of observation. The sample was 

then cooled down to -120°C by circulating liquid nitrogen round the sample 

holder. Then it was allowed to heat up from -120°C to -7°C in about 30 h. 

It was then maintained at -7°C by circulation of cold alcohol and runs were 

made at the same angles of observation as mentioned above. From previous 

laboratory experiments we had found out what speed of heating up was al

lowed to really maintain the crystalline state. Series of runs were always 

made with and without sample to find the background corrections. The data 

corrected for (a) background were further corrected for detector efficiency

(b) and chopper transmission (c). The only instrumental effects left are then 

the effect of the time resolution and the ingoing spectrum width, which were 

discussed in Section I. A  typical example of primary data corrected for the 

instrumental effects, a, b and с is given in Fig. 2.

(b) Line width data - diffusive motions

The primary data thus obtained naturally divide into the quasi-elastic 

part and the inelastic part as shown by Fig. 2. The quasi-elastic part was 

treated as described in Section la. The experimentally observed line widths 

are all collected in Fig. 4, where the observed values of 2 A E ,  are plotted 

as a function of к ̂ . As is well known the value of the line width tends to

wards the value 2hD к 2, when к tends to zero. Thus the slope of the tangents 

to the curve at the origin, equal to 2hD, gives values for the diffusion con

stant at the different temperatures. These values are plotted versus 1 /T  

in Fig. 5. Two important facts are noticed:

(1) The value of D  measured in this way is 100 times larger than pre

dicted by the Eyring formula

in a temperature region near room temperature. In fprmula (5) r is the 

radius of the molecule, 4 A ,  and t) is the viscosity, 15 poise at room 

temperature. At 130°C the calculated value and the measured are about 

equal, if one uses a value of 4 centipoise for r). The latter value of n is an 

extrapolation of measured data [17] . This would indicate that the neutron 

does not only observe the motion of the whole molecule but also - and per

haps mainly - the individual motion of the scatterer, the hydrogen nucleus, 

at room temperature. Another and still stronger indication in the same 

direction is that the width of the quasi-elastic peak observed at -7°C is the 

same in the liquid and in the crystalline states. The curve at 266°K of Fig. 4
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H g .4

The experimentally-determined natural line width of the quasi-elastically-scattered neutron 

spectrum from glycerol at various temperatures. Error bars include estimated systematic

errorsources.

Fig. 5

Self diffusion constant of glycerol as derived from the slope at the origin of 

the tangent to the line width curves of the previous figure.
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is identical in the solid and liquid phases. This can only happen, if the 

neutron mainly observes the proton motion, because the molecular motions 

must be rather different in the solid and liquid cases.

(2) As shown by Fig. 5 the temperature variation of D  may be described 

by a function D (T ) = 62 - 10'S exp(Eo/kgT) cm ^ /s  with Eo = 0.13 eV . This 

corresponds to an activation energy of 3000 calories/mol. The value ob

served at 130°C seems, however, to deviate from this law, indicating a 

more rapid variation of the observed D  at higher temperatures. This seems 

to be in conformity with the idea that at 130°C and higher temperatures the 

neutron is observing the motion of the molecule as an entirety, because 

then the observed temperature variation of D  should be described by Eq. (5).

The temperature variation [17] of ч is very strong as In n varies approxi

mately as T  *3.

Lately several models [8, 18] for the diffusive motions in liquids have 

been proposed and worked out. One of these models is the stochastic one 

developed by Rahman, Singwi and Sjölander. The cross-section in this model 

is'described by Eq. (1). The important magnitude is the width function p(t) 

describing the square of the deviation of an atom from the origin, where it was at 

time zero. Inthe present theory it is assumed that the atoms perform vibrations 

and that these vibrations have a Debye distribution with a characteristic Debye 

frequency, Up. Below a certain frequency, ы', all ofthe modes go into diffusion. 

By this artifice the condition found experimentally, that only a fraction of 

all the degrees of freedom are used up in diffusion, is automatically full- 

filled. In the wave picture it also agrees with the observation that no low 

frequency transverse modes can be propagated through a liquid. All the 

motions are damped and the damping is characterized by the damping con

stant Г. One of the variables, Ыр, was determined directly by m easure

ment ofthe angular distribution of quasi-elastically-scattered neutrons 

from room temperature glycerol using a three axis crystal spectrometer. 

The result was tJp = 2.0 - 1013 rad/s corresponding to an apparent Debye 

temperature, of 150°K, and this value was used in computations using 

Eq. (1). As it is assumed that the damping is strong and a certain saturation 

of the parameter Г  has occurred if Г= 2, this value was used. The value 

of Г  has a very small influence on the line width. The determining factor 

is ш'. A  series of computations was made of the cross-section. The full 

width of the calculated curve was then found on two extreme assumptions 

regarding the m ass, M , of the scattering unit namely M  = 92 which is the 

molecular m ass of glycerol СзНь(ОН)з and M  - 1, the proton m ass. The 

best fits are shown in Fig. 6. It will be seen in Fig. 6a that a good fit is found 

with M* - 0.45 rad/s at 96°C and with u ' = 0.2 rad/s at 20°C for M  = 92. The 

result of the computation with M  = 1 is seen in Fig. 6b . The parameter u' 

now taxes the values 0.10 rad/s at 96°C and 0.04 rad/s at room temperature. 

According to the conclusions from the values of the diffusion constant, it 

would be most logic to use a low mass value at 20°C and mass 92 at 96°C. 

However, the ratio of the calculated quasi-elastic to inelastic cross-sec

tions for M  = 1 does not agree with experiment, while the same ratio for 

M  = 92 seems to be in better agreement with the observations. On the whole 

it does not seem that the theory used here is able to explain the observed 

facts.
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Fig. 6

Examples of calculated line width curves of the quasi -elastic neutron peak of 

glycerol based on the Rahman-Singwi-Sjölander theory at two temperatures,

20°C and 96°C. Experimental values taken from the present investigaron

are also shown.

(a) Computation for mass 92.

(b) Computation for mass 1.

An interesting quantity in this connection to study is p(t). In Fig. 7 

p(t) is given for two of the cases considered. It is to be noticed that with 

the assumption of mass 92 the amplitude of the thermal cloud is small, p (t) 

being about 0.017 * 10*16 cm2 corresponding to an amplitude of 0.13 Â  at 

room temperature. At a mass value of 1 the same amplitude should be of 

the order of J2 i. e. 1.4 A  according to Fig. 6b. A  direct measurement of 

the angular distribution of quasi-elastically scattered neutrons from glycerol 

at room temperature gave a value for this amplitude of 0.15 - 0.20 A . B e 

cause of the difficulties to separate true quasi-elastically from inelasticaUy- 

scattered neutron intensity there is a relatively large uncertainty in this 

value. The amplitude of 0.15 Â  is to be considered as a lower limit. Thus 

a mass value intermediate between 1 and 92 ought to give the best agree

ment with observation. This should be equivalent to the statement that a 

complex motion consisting in both free proton or radical motion and motion 

of the whole molecule should agree best with the observation.
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a

b

Fig. 7

The width function p(t), which is a measure of the mean square displacement of an atom, for glycerol 

corresponding to the values of the parameters bjpoj' and Г giving the best fit wirh the experimentally ob

served line widths.

(a) Computation for mass 92.

(b) Computation for mass 1.

In this connection it is to be remembered that the ultrasonic relaxation 

time measurements [17] on glycerol give results of the order of 10*9 g in 

the temperature region -7°C to +20°C. This is a time much too long to be 

observed with the neutron technique, which again supports the idea that the 

neutron only observes the motion of some lighter parts of the heavy molecule.

Another way of discussing the line width data has been proposed by 

E G E L S T A F F  [19] . In this representation 2AE  is plotted as a function of 

D . This is shown in Fig. 8. As shown by Egelstaff the line widths would 

vary with temperature in two different ways if the diffusive motion should 

be of the type free diffusion involving a continuous motion of the molecules, 

or if it should be of the jump diffusion type. If the latter should be the case
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Fig.8

the deviation of the line width curves from the line A E  = 2hD«2 should de

crease with increasing temperature at a constant value of Dt^ . If the oppo

site was true, i.e. if free diffusion was the dominating process the line 

width curves should deviate more and more from the line A E  = 2hDx3 with 

rising temperature. As seen from Fig. 8 it appears that the jump diffusion 

process is dominating at lower temperatures and that perhaps the free dif

fusion process could take over the role as the main process at the higher 

temperatures, > 130°C. This conclusion is a very good agreement with the 

picture that at lower temperature only the jumping motion of the protons 

is observed by the neutron, while at the higher temperatures the motion 

of the large molecule as an entirety is observed.

It is worth noticing that if the jump diffusion is the dominating process 

the limiting value of the line width for large к-values is 2Ь/то , where To is 

the cycle time or period of the random walk-like diffusion process:

For the lowest temperatures studied here, -?°C and +20°C, it is possible 

to derive these time values from the line width curves of Fig. 4. At - 7°C 

one finds TQ = 1.8 - 10'H  s and at +22°C the result is.TQ = 0.9 - 10'H  s. Com 

bining these experimentally determined то - values with the D  values from 

Fig. 5, which are D  = 2 - 10*6 cm2/s  at -7°C and D  4 - 10*^ cm 2 /s at +20°C, 

one finds in both cases for the distance 1 covered in the time To the value

1.5 Â  which happens to be almost exactly half the measured hydrogen bond 

distance in.glycerol [19] . At these low temperatures most of the mean time 

Tg might be considered as a residence time . The gradual change of the shape 

of the curves might indicate that the importance of the transit time, ,



332 K. E. LARSSON and U. DAHLBORG

from one vibratory position to the next one gets an increasing importance. 

This conclusion is in conformity with the idea that at lower temperatures 

mainly the proton motions are observed, while at the higher temperatures 

the motion of the whole molecule is observed.

(c) Inelastic spectrum - vibratory motions

On  the theoretical basis discussed in Section lb frequency spectra, 

f(E), for the vibratory motions of the scattering units w.ere derived from 

the broad inelastically-scattered neutron spectra of which Fig. 2 gives two 

examples. Formula (4) used to derive f(E) of course corresponds to a first 

approximation. Fig. 9 gives examples of such spectra derived from observa

tions on liquid glycerol at temperatures of -7, +61 and +130°C .Th e  angle 

of observation was 30°. The spectra derived from other angles do not differ 

appreciably from the 30° observations. As will be seen from the figure there 

is a tendency of structure in the low energy region, E  < 0.04 eV, while the 

spectrum of higher vibrational energies is very flat. The structure at lower 

energies gets more and more smeared out with increasing temperature, 

again in agreement with the idea, that at higher temperatures the diffusive 

molecular motion is superimposed on the motion of some lighter parts of 

the molecule. This idea gets further support from the frequency spectra 

derived from the observations on glycerol made at 30° angle of observation

GLYCEROL

. *1-403°К

T=266*K

0 ' 552 ' ¡ЙМ ' Й№ ' ¡ЙЮ ' ЙЮ

ENERGY (eV)

Fig.9

Frequency spectra derived from inelastic ally-scattered neutron spectra obtained 

from liquid glycerol at temperatures o f -7, 461and+130°C .

Angle of observation is 30*.
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ENER6Y 

Fig. 10

Frequency spectra of glycerol in solid and liquid phase derived from measurements 

at -7*C at an angle of observation of 30°.

and at -7°C in the solid and liquid phases. These spectra are shown in Fig.

10. The spectrum derived from the crystalline state observation shows a 

rich structure with peaks at 6, 15, 19 and 27 m V . These peaks are effec

tively lost in the liquid phase. A  tendency of peaks shifted towards lower 

energies is noted. The corresponding two spectra derived from observa

tions at 90° angle do not show such a large difference between the solid and 

liquid state spectra in that the crystalline state spectrum is more similar 

to the liquid state spectrum. This could mean that some, of the peaks in 

the 30° spectrum have coherence origin because the к-values are small 

just in the energy region where the peaks occur [15] .

Ш . O B S E R V A T IO N S  O N  L IG H T  A N D  H E A V Y  W A T E R

A  series of observations [9] on the scattered neutron spectra from light 

water in a temperature range from -9°C to +92°C and on heavy water from 

-9°C to +300°C has been performed at angles of observation of 30° and 90°. 

Samples of 90% transmission were used, i. e. 0.2 m m  samples of HgO  and 

2.0 m m  samples of DgO.  Ip the'high temperature range for D g O  a sample 

container Consisting of 23 hypodermic needles of an outer diameter of 2.9 m m  

made of stainless steel and with a wall thickness of 0.2 m m  was used. Its 

construction is shown in Fig. 11. Because of difficult background problems 

with the sample container of stainless steel, giving Bragg reflections as
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Sample container for the scattering experiments on DgO at high temperatures.

(a) artists'vievof sample container

(b) cross-section of the container

(1)hypodermicneedle,

(2) framework of stainless steel,

(3) weldings,

(4) stainless steel filling lines for DgO.

well as incoherent scattering within the cold neutron region near 4 Â , the 

quasi-elastic scattering could not be studied with confidence. Therefore 

only vibratory properties derived from the inelastic ally-scattered neutron 

spectra will be discussed here.

Examples of neutron spectra scattered from D 2O  at 20**C, 155°C and 

300°C at 90° angle of observation are given in Fig. 12. The extremely high 

observed intensity in the cold neutron range, 0-5 m V , particularly at room 

temperature, depends upon the fact that the structure factor happens to have 

a peak in the corresponding region of к-values as indicated by the top part 

of the figure. In all spectra of this kind only the part found above 6 m V  was 

used to calculate frequency spectra according to Eq. (4).

A  series of examples of frequency spectra derived from the measure

ments on light water at 30° angle of observation are given in Figs 13 and 

14. In Fig. 13 is given the resulting frequency spectra derived from runs 

on H 2O  at -3 and +2°C, i. e. just below and just above the melting point. As 

shown the two spectra coincide. This is taken as an indication that at least 

near the melting point the vibratory motions in water closely resemble the 

motions in ice. In itself this observation is a justification for the use of 

the simple phonon formula (4). As the temperature is raised, the peak of 

the high energy vibratory modes, hindered rotations, is shifted towards 

lower energies (Fig. 14). Empirically it is found that in the temperature 

range 0- 100°C the product ЕщахХ T3/2 = constant = 34, where E ^ ^  is the
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FH 6H T  TtME (m s)

0.1 005 M2 0.01

ENER6Y (eV)
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Primary neutron :pectra obtained from D^O at 20*, 155* and 300*C 

and at 90* angle of observation.

Fig.12
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ENER6Y(*vl 

Fig. 13

energy of the peak in electron volts and T  is the temperature in °K . The 

low lying part of the spectrum, E  < 0.04, is smeared out when the tempera

ture rises (compare the results on glycerol) but its structure seems to be 

left unchanged as the peaks do not shift. The observations on D 2 O  are very 

similar as shown by Fig. 15. It is interesting to note that even in this case 

the hindered rotation peak is shifted towards lower energies as the tempera

ture is increased. The product E ^ ^ X  TV2is again found constant and = 26. 

If the ratio is taken one observes that (E^^)H^c/ (Hnax)D^o = 1.34, which is 

not far from J2 as it should be, if the H  and D  nuclei were the scattering 

centra and the motion was simple harmonic vibration.

As to the low frequency part of the spectra, E  < 0.04 eV, it could be 

distorted by two effects:

(1) The width of the incoming cold neutron spectrum,

(2) Coherence effects.



The change of shape of the derived frequency spectra for HgO at +2*C 

and ice at -3*C showing an exact coincidence.

Angle of observation 30*,
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The change of shape of the derived frequency spectra for H ,0  in the range +2 to 492*C. 
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Fig. 16

Frequency spectra for D^O  at the temperature 155°C and 300°C 

at angles of observation of 30* and 90*.

Concerning the first point it was shown in Section lb that if 4.7 Â  is taken 

as the ingoing neutron energy in the evaluation of f(E), there are probably 

not any serious errors produced in the low energy part of f(E). Concerning 

the coherence effects it is more difficult to say anything definitely. If, how

ever, the results on HgO  and D gO , presented in Figs 14 and 15, are com

pared it seems.improbable that the peak at 7 m V  in the case of H 2O  could 

be produced by some coherence effects as the coherent scattering in Hg О  

is about 4%  and in D 2O  about 80%. The peak in D 2O  should then appear much 

higher than in HgO which is not the case. The same argument might be used 

for the energy band round 20 m V . To further elucidate the situation in this
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low lying energy region examples of frequency spectra derived from D 2O  

runs at 155°C and 300°C are given in Fig. 16. As will be seen the spectra 

derived from 30° and 90° angle of observation do not agree in the energy 

range, E  < 0.035 eV. In the phonon model, which is of course doubtful ai 

these high temperatures, it is quite clear that the observations should not 

coincide until this spectrum part has been corrected for multiphonon terms 

and the Debye-Waller factor. From  the intensity distribution in the quasi- 

elastically-scattered peak in D 2O  at 90° angle of observation (Fig. 12) and 

the assumption that D gO  and HgO have the same Debye temperature at room 

temperature, namely [12] = 135°K, one may estimate that the Debye tem

perature of D gO  at 300°C is about = 75°K. This is a very low value com

pared to the sample temperature, 573°K, why a very large effect of multi

phonon terms should arise. A  correction for these terms would decrease 

the spectrum part between 6 and 15 m V , but the peak at 7 m V  would not 

disappear. It should be noted, that the instrumental resolution in the energy 

range, 0-40 m V , is as good as 2 - 4%.

tee at -3°C

H g .17

Low energy part of observed frequency spectra for H ¡ 0  at -3°C and +2*C 

compared with the calculated dispersion relations for ice.

Finally it is of interest to compare the low energy part of the frequency 

distribution observed at the temperatures of -3°C and +2°C i n J ^ O  with cal

culations of the dispersion relations in ice by F O R S L IN D  [21] . Using the 

elastic constants of ice he finds dispersion relations (Fig. 17) with resulting
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concentrations of acoustic vibrations in an energy range round 7 m V  and 

a concentration of optical vibrations round 20-25 m V . These regions exactly 

coincide with the observed peaks at 7 m V  and 25 m V  on ice at -3°C and 

water at +2°C, which again strengthens the idea of resembling a liquid of 

this kind to a solid. As shown by Fig. 14 the frequency spectrum of water, 

rich in detail near the crystallization point, is quickly smeared out, so that 

already at room temperature this smearing has reached a sort of satura

tion nature. This would mean that in water with its low viscosity the motions 

of the molecules are so vivid already at +20°C that the more distinct pro

tonic motions are masked by the chaotic diffusive motions of the molecules 

as entireties. The same type of conclusion was drawn from the study of the 

diffusive motions in glycerol, where, because of the high viscosity values, 

the gradual inset of the molecular motions is spread over a larger tempera

ture region.
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D I S C U S S I O N

W . K L E Y : With regard to the latter part of your paper, I think it is 

extremely interesting that the "frequency distribution" of light and heavy 

water should show such a similarity. However, in the case of Dg О  the
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measurement may not give the true frequency distribution, since it is im 

possible to reach all q values in reciprocal space by means of the cold- 

neutron technique. Should this fact have only a small effect on the frequency 

distribution, the technique might be used for any powder sample that scat

tered neutrons coherently.

K. E . LARSSON: I quite agree with your statement. The spectra in light 

and heavy water really do look similar and some contribution may well be 

made by coherence effects. However, in this early stage of experiment and 

theory in the field of coherent inelastic scattering of neutrons, at least as 

far as scattering from liquids is concerned, all we can do is make a guess 

and hope that the result is correct to zero order.

P . E G E L S T A F F : I think that the multiphonon effect might be of suffi- 

ficient importance to distort your frequency distribution in the neighbour

hood of the broad hindered-rotation peak. It might have the effect of moving 

the mean energy to somewhat higher value. I would be interested in your 

comments on this. I would also like to ask for further details on how you 

evaluated the Debye-Waller factor when deducing the frequency spectrum 

from the one-phonon formula, since it is impórtant to take the correct vi

brational contribution to this factor.

K . E . LARSSON : According to measurements which were reported at 

the previous Symposium in Vienna*, we found a Debye temperature of 130° К  

for water at room temperature. Only the low-frequency motions in the water 

spectrum (An >30m eV) could have contributed to building up this Debye- 

Waller factor of Op = 130°K. However, the measurements of the frequency 

spectra in ice and water (-2°С and +3 °C )  show that the spectrum naturally 

divides Lnto two parts, one for йы < 30-40meV and another for hu > 30-40 meV. 

The lower one, describing the acoustical and perhaps the optical modes of 

motion, is corrected for the Debye-Waller factor and multiphonon effects. 

The upper part, corresponding to the hindered rotation band, is not cor

rected at all since this part would have а О.щ of about 1200°К  in the Debye 

model. At this high Debye temperature the multiphonon terms and the Debye- 

Waller factor are small and therefore no correction is made. For this region 

T  < < Op. The curves on D gO  at +155° and +300° С show that only the 

йы < 30-40m eV  region needs a correction. Of course, I am fully aware that 

m y procedure is only a zero-order approximation. The curves presented 

are not fully corrected or final ones. They are intended solely to give an 

idea of the main features involved.

P. SC H O F IE LD : I do not think that there is any contradiction between 

the statements of Dr. Larsson and Dr. Egelstaff. The multiphonon contri

bution increases as you go up in energy and this has the very effect des

cribed b^ Dr. Egelstaff. It tends to produce greater intensity further down in 

the spectrum, hence the effect of shifting the peak downwards in Dr. Larssonls 

observations.

S. COCKIN G : For the benefit of the experimentalists, I would like to 

comment that the technique involving the use of highly pressured samples 

and a large number of narrow tubes is very valuable. It opens up the possi

bility of measurements at high temperatures and pressures, e. g. at the

*  Op. cit., p. 329
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critical point for many materials. At Harwell we have completed tests on 

aeveral tube sizes. In our design, a continuous tube is wrapped back on it

self to cover a large sample area. The containing tube, being of light gauge, 

is used as its own heater element.

K . E . L A R SSO N : I would like to point out, however, that in using this 

hypodermic-needle type of stainless steel container, you often run into 

trouble with Bragg reflections in the region of the incoming energies. This 

is the reason, for example, why we did not study the quasi-elastic scattering 

at higher temperatures.

P . SC H O F IE LD : Have nuclear magnetic resonance measurements been 

made on glycerol in the solid and liquid phases at the same temperature? 

It would be interesting to see if such measurements support the hypothesis 

of the protons hopping.

K . E .  L A R SSO N : No such measurements have been made, as far as I 

know.

K .S .  SINGWI: I think there is enough evidence about what D r . Schofield 

was asking because the spin lattice relaxation time has been observed in 

glycerine in great detail under various conditions of temperature and I think 

the value you get from D r . Larsson's data for the cycle time Tg comes out 

nearly the same as the correlation time which you get in the formula for the 

spin lattice relaxation time in glycerine in nuclear magnetic resonant experi

ments .

K .E .  LARSSON : Yes, this cycle time is about 1 .9 x 10 '^  s.
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Abstract — Résumé — Аннотация — Resumen

THE M O T IO N  OF HYDROGEN IN W A TER . Recent measurements of neutron scattering by water are 

combined with our previously published work, and analysed in terms of a generalized frequency functionp(6), 

and "non-Gaussian" components. The theoretical calculations are performed with the LEAP programme using 

the methods of Egelstaff and Schofield. Diffusive, rotational and vibrational components can be seen in the 

frequency distribution and the change of the first two with temperature observed.

M OUVEM ENT DE L'HYDROGÈNE DANS L'EAU. Les auteurs font la synthèse de mesures faites récemment 

sur la diffusion des neutrons par l'eau et de résultats précédents et ils en font l'analyse sous forme d'une fonction 

de fréquence généralisée p(6) et de composants non gaussiens. Ils font les calculs théoriques au moyen du 

programme LEAP fondé sur les méthodes de Egelstaff et Schofield. Il est possible de séparer les composantes 

de diffusion, de rotation et de vibration dans la distribution de fréquences ainsi que les variations des deux 

premières composantes en fonction de la température.

ДВИЖЕНИЕ ВОДОРОДА В ВОДЕ. Последние измерения рассеяния нейтронов водой объединены с нашей 

предыдущей опубликованной работой и анализируются с точки зрения обобщенной функции частоты р (б) 

и "негауссовскими" компонентами. Теоретические расчеты выполнены с помощью программы IÆAF с ис

пользованием методов Игельстафа и Скофильда. В распределении частот наблюдаются диффузионные, 

вращательные и колебательные компоненты, и найдено, что первые два изменяются в зависимости от 

температуры.

EL M OVIM IENTO  DEL HIDRÓGENO EN EL A G U A . Los autores combinan los resultados de mediciones 

recientemente efectuadas con los datos contenidos en un trabajo anterior y los analizan expresándolos como 

función de frecuencia generalizada p(B) y como componentes "no gaussianos". Los cálculos teóricos se han 

realizado según el programa LEAP aplicando los métodos de Egelstaff y Schofield.

En la distribución de frecuencias, es posible observar componentes de difusión, rotación y vibración, asi

IN T R O D U C T IO N

The thermal neutron scattering cross-sections of water have been 

measured over a wide range of neutron energies and angles of scatter by 

E G E L S T A F F  et al. [1] and H A Y W O O D  and T H O R S O N  [2] . Although the 

aim of these measurements was to provide input date for neutron spectrum 

calculations in light water reactor systems, nevertheless it is of interest 

to analyse these data to see what information about molecular dynamics is 

contained therein.

This discussion' will be divided into three parts. First the technique 

of analysis and its application to room temperature light water. Secondly 

the behaviour of water at 150° С compared to room temperature, and thirdly

*  Joint project between AECL, Chalk River and AERE, Harwell.
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the comparison of light and heavy water. It will be concluded that the hin

dered rotation level previously stated [3] to be at ^  0.06 eV, is very broad 

and asymmetric and extends to -'- 0 .15 eV, probably mixing with the vibra

tional level at ^  0. 2 eV and making the application of the K R IE G E R  and 

N E L K IN  [4] approximation rather unsatisfactory. The position in energy 

of this level decreases with increase of temperature or m ass. A  level at 

an energy of -'- 0. 015 eV is observed which is due to the motion of a group 

of molecules. An  initial estimate of the frequency distribution for proton 

motions in water is derived for water at room temperature and 150° C .

A N A L Y T I C A L  T E C H N IQ U E

It is not expected that the diffusive motions in water will seriously effect 

the other motions discussed above because of the time scale for diffusion 

is much longer than that for rotation. This can be demonstrated conveniently 

by reference to the generalized frequency distribution of E G E L S T A F F  [5] 

In this distribution the diffusive motion appears as a sharp peak near the 

origin, the width of which may be discussed theoretically [6] in terms of 

the time for diffusion. On  a simple model the peaks due to other motions 

would be broadened by folding the diffusive peak with them. Reference to 

Fig. 3a shows that this extra broadening would be a small effect.

Nevertheless, the interactions between molecules will be strong and 

this will lead to broadening of the peaks in the frequency distribution corres<- 

ponding to particular motions, as seen in Fig. 3a. These same interactions 

should lead to anharmonic contributions to the motions of atoms and mole

cules in water. Thus the effect of interactions can be observed in two ways, 

first through the shape of features in the frequency distribution and secondly 

through terms in the cross-section in addition to those obtained from an 

harmonic approximation calculation.

Treatment of the problem along these lines requires a reliable method 

of deriving the frequency distribution from the data. This is true even when 

the iterative procedure suggested by E G E L S T A F F  et al. [1] is used, be

cause the rapid convergence of the iterations depends upon a good initial 

estimate of this distribution. In the original method of E G E L S T A F F  [5, 1] 

the cross-sections were converted to a scattering law per unit of squared 

momentum transfer (S/a), A  linear plot of this quantity against momentum 

transfer squared (a) for a given energy transfer (ß) was extrapolated to zero 

momentum transfer. The intercept on this axis gave the first approximation 

to the value of the frequency distribution at that value of the energy transfer. 

One difficulty with this method is that for water the function S/a is not linear 

over the experimental range of a . However, for a reasonable range of ß values 

it is roughly exponential, as shown in a companion paper (EG E LST A FF  [7]). 

Thus extrapolations of log S/a versus a will be used here, and some typical 

examples are shown at Fig. 1 compared to a theoretical calculation des

cribed later. (Further details of the analysis of the data are given in an Ap

pendix. )

At the low values of ß and a where the diffusion term is important, this 

method of extrapolation is unsatisfactory. Also at higher values of ß where 

more than one type of atomic motion may be important the plots will be simi-
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EXTRAPOLATIONS OF ¿  TO *  = 0

HgO AT )50*C

Examples of extrapolation of water data to zero momentum transfer. The curves have been displaced from 

one another for the sake of clarity. The solid lines are the "best" curves through the experimental points, 

while the dotted lines have been calculated from an initial estimate of p{6) and are used for guidance in 

drawing the solid line. Curves are for water at 150*C.

lar to the upper curve of Fig. lb. In this case the extrapolation is strongly 

dependent upon the theoretical model used. However, rough calculations show 

that the ß-range considered here is sufficiently below the region of the vi

brational levels (which is the most important region for this effect) so that 

this effect is not large. Thus all the data will be treated as at Fig. 1.

The magnitude of the vibrational levels will affect the slope of the curves 

of Fig. 1. As shown later the variation of the ratio of areas in the rotational 

to vibrational sections of the frequency distribution alters the slope of these 

curves. Thus in effect, the Debye-Waller factor for the vibrational states 

is determined by measuring the amplitude of the rotational term as a func

tion of momentum transfer.

The calculations of S as a function of a can be made through the use 

of the harmonic approximation in the way described by E G E L S T A F F  and 

S C H O F IE L D  [8]. Over the entire range of ß the anharmonic terms average 

to zero, but over the range of ß being considered here they may give a purely 

positive or negative contribution to the value of S. In addition since they de

pend strongly on momentum transfer the slope of the lines in Fig. 1 may 

be modified by these terms. An approach will be adopted in which an attempt 

is inade to fit the data using the harmonic approximation only, and if a fit
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is not obtained the difference between calculation and experiment will be 

attributed to anharmonic effects.

At low values of a ,  several effects combine to distort the result. These 

effects may be listed as follows:

(1) Interference term in scattering law,

(2) Experimental resolution,

(3) Multiple scattering in sample,

(4) Anharmonic terms as discussed above.

The first three of these effects are of the same sign and produce a sharp 

rise in the value of S/a  at low и which can be easily distinguished empiri

cally. It is probable that the anharmonic terms would have their maximum 

effect at low values of a and j3 because this corresponds to a range of atomic 

movements over which the harmonic approximation breaks down), but this 

is not certain for a complicated molecule like water. In any case a sharp 

rise of S/a? at low values of a will be disregarded.

IN T E R P R E T A T IO N  O F  R O O M  T E M P E R A T U R E  W A T E R  D A T A

The first question to be considered in interpreting these data is the 

ratio between the low energy (rotational) and the high energy (vibrational) 

parts of the frequency spectrum. If water were composed of free molecules 

(HzO) in which the rotations took place about an axis nearly passing through 

the position of the oxygen atom, then this ratio would be almost unity. This 

is assumed in the N E L K IN  model of water [9]. On the other hand if water is 

considered as a crystalline hydride with similar structure to a metal hydride, 

then the ratio would be nearly zero. Probably the structure of water 

lies between these two extremes and the observed ratio will depend upon 

the nature of the intermolecular bonds.

The validity of the harmonic approximation will be assumed to show 

how this step in the analysis is made. Write:

where w(t) is a width function as used by V IN EYA RD  [10]. This function may 

be divided into components due to rotation and vibration (denoted by R  and 

V  respectively) as follows:

where Ay is the Debye-Waller constant for vibrational modes, and Uy(t) 

contains the time dépendance of the width function. Thus a "phonon" ex

pansion of the vibrational term gives:

(1)

w(t) = W^ (t) + Wy(t)

* (t) + Ay - Uy (t)
(2)

S(a, ß) = e-"Av [SR (a, j3) +0(aB)] (3)

where В is the valub of 1/ß^ averaged over the vibrational spectrum, and 

Su is the scattering law for the rotational part of the frequency spectrum.
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Now if the two parts of the frequency spectrum are fairly well separated 

then there will be a range of <x and ¡3 for which is nearly independent of 

the shape of the rotational spectrum and the terms О (cf ¡3) are not very im 

portant. In this situation the variation of S(a, ¡3) with will be determined 

by exp(-<* Ay), and hence can be used to give the value of Ay. This will be 

related to the ratio (G) of low to high energy parts of the frequency speetrum 

if the vibrational spectrum is confined to narrow ranges of frequency and 

can be represented as a set of 6-functions of pre-determined position and 

relative! size. In this case:

A ^

where is the relative amplitude and j3„ is the position of the nth vibra

tional level.

№thht

Fig. 2a

Frequency spectra for various cases.

At Fig. 2 these points are illustrated by numerical computations. Fig. 2a 

shows the several types of frequency distributions used; Fig. 2b shows the 

relative shapes obtained with the four ó-function (Nelkin) model of water 

compared to a model in which ó-functions for the vibrations are combined 

with the observed curve for rotations, and Fig. 2c shows the shapes obtained 

with observed rotational curve when combined with 6-function or rectangular 

vibrations. It can be seen that for the range of 0 covered and for the para

meter a between 4 and 16 the detailed shapes of the rotational and vibra

tional spectra are not very important. However the slope of the lines in 2c 

is less than that of 2b due to the ratio G  being changed from 1 to 0. 42 be

tween the two calculations. Fig. 2d shows the experimental data of E G E L S T A F F
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Fig. 2c

and 0 .42  for (c).
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Valm of я

Fig.2d

et al. [1] compared to the calculations for these two ratios. Considering 

only the region between <2 = 4  and 16, the ratio G  = 0. 42 gives a better fit 

to the data. This is confirmed by a similar test at values of ß other than 

those shown. Thus the intermolecular bonding in the water is intermediate 

between the two limits quoted above.

An initial estimate of the frequency spectrum of water can be obtained 

by the extrapolation method using the data of H A Y W O O D  and T H O R S O N  [2], 

as explained in an appendix. These data are given in Fig. 3a and the values 

of (S/c ) calculated from them are given in Fig. 3b (in these calculations 

a value of G  = 0. 42 was used). In both Figs. 2d and 3b the rise near the 

origin of a* can be seen clearly and is discarded for the reasons given above. 

However, for л >2 the calculated curves are in reasonable agreement with 

the experimental ones. Some discrepancies clearly exist however which 

may be reduced by further iterations, but it seems probable that differences 

of about 20% in the cross-sections could remain unexplained and must be 

attributed to anharmonic or non-symmetrical terms in the potential.

The frequency spectrum of Fig. 3a shows several interesting features. 

One is the existence of a clearly distinct diffusion peak hear the origin. The 

value at ß = O is determined by the diffusion constant, and the line has been 

drawn up to the calculated ß = 0 value from the last experimental point. A n 

other feature is the existence of a peak at ß = 0. 6 so far unexplained. The 

peak at ß - 3. 5 is now seen to be quite broad and extends to ß = 6; possibly 

it merges with the vibrational peak expected from infra-red experiments



Fig. За

frequency spectrum of water at room temperature via extrapolation technique.
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Fig. 3b

Comparison of calculation with experiment for spectrum of Fig. 3a.
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to be at ß = 8. If the distribution is divided into the two regions ß > 9 (which 

covers the major vibration peaks at ß-'- 20) and ß< 9, the ratio of these two 

parts is = 1 for a value of G  = 0.42 (as previously defined). This result sug

gests that the peak at ß - 3. 5 previously ascribed to the hindered rotation 

of single molecules, is due to a more complicated motion probably involving 

several molecules. It is possible that the hindered rotation of a single mole

cule is coupléd to the ß = 8 vibration which corresponds to the expansion 

and contraction of the angle between the hydrogen bonds.

Alternatively the vibrational part of the spectrum could have an ampli

tude corresponding to G  = 0. 42, if the lower part of the spectrum (ß < 7) 

corresponded to acoustical vibrations as in a crystalline lattice. The broad 

peak might then be a vibration of the tetrahedral unit proposed by B E R N A L  

and F O W L E R  [llj, and the ratio G  = 0.42 would be explained by appropriate 

bond strengths within the tetrahedron. If this explanation were correct the 

suspected phase transition at 42° С would be worth investigation by neutron 

techniques.

C O M P A R IS O N  O F  F R E Q U E N C Y  D ISTR IB U TIO N S  O F  W A T E R  A T  R O O M  

T E M P E R A T U R E  A N D  150° С

The extrapolation technique has also been employed for the data of 

H A Y W O O D  and TH O R S O N  [2] on water at 150° С with a frequency spectrum 

as giyen in Fig. 4. Initial calculations using the L E A P  computer programme 

and this distribution show agreement with the experimental data about as

Frequency spectrum of water at 150*C via extrapolation technique. 

The inset shows a comparison of calculation with experiment for 

S /a a s a f u n c t io n o f a f b r 0 = l .O .
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good as in Fig. 3b provided a value of G  = 1 is used. An example is given 

in the inset to Fig. 4.

If further calculations confirm that G ^  l at 150° C, it would indicate 

that the molecule is more free to rotate at this temperature than at room 

temperature as expected from the density difference. Again it is possible 

that the lowest vibrational level (which occurs for ß*̂- 5) is coupled with the 

rotational states. These facts suggest that the peak for ß ^  2 is due to rota

tion of a single molecule.

It is interesting to note that for the same intermolecular forces the 

rotational peak should move to higher energy as the temperature is raised. 

Comparison of Figs. 3b and 4 shows that the value of ßkt corresponding to 

the main peak is approximately independent of temperature. This shows 

either that different motions are involved or that the intermolecular forces 

have weakened considerably. Bothpossibilitiês may occur since water ex

pands considerably over this temperature range. An alternative explanation 

on a crystal model leads to the same effect due to expansion of the lattice. 

The peak at ß*^8. 5 in Fig. 4 is at a value of ßkT similar to that of the cor

responding peak in Fig. 3b.

Finally the diffusion peak near the ¡3 origin has increased with tem 

perature due to the sharp increase of the diffusion constant, but it still re

presents only a small fraction of the area of the frequency spectrum, (it 

should be noted that E G E L S T A F F  et al. [1] in Fig. 4b of their paper, plot 

the wrong value of the diffusion constant for 150° С water; if the correct 

value of the diffusion constant is used a sharp peak at the origin can be 

inferred from their data too). This means that the "effective m ass"for dif

fusion is equal to the m ass of many molecules at this temperature, as at 

room temperature.

A N A L Y S IS  O F  D 2O  S C A T T E R IN G  L A W  A T  R O O M  T E M P E R A T U R E

The interference terms in the scattering law for Dg О  can be evaluated 

empirically from the sharp rise of log (S/a ) near <x -* 0. After selecting a 

region of a over which the interference terms are negligible the data for 

H 2O  and B 2O  can be compared. This comparison demonstrates that the 

scattering law for D 2O  at ß 1 is significantly larger than that for H 2O . The 

difierence is not observed at values of ß*"3.

This affect can be explained by assuming that the frequency distribu

tion for oxygen in heavy water is concentrated at low values of ß compared 

to the range of ß for the deuterium frequency distribution. B U T L F R  [12 J 

has developed a model for DßO similar to Nelkin's model for H 2O  but as

sumes in addition that the oxygen can be represented as a nearly perfect 

gas. B U T L E R 's  [12] calculated scattering law is in reasonable accord with 

the measured values of E G E L S T A F F  et al. [lj (see Discussion).

Thus over the measured range of <y and ß the Dg О  data involves two 

different frequency distributions and hence cannot be interpreted without 

further assumptions. In this paper only the higher ß region will be considered 

where the oxygen contribution is small, and thus a part of the irtiquency 

distribution for deuterium may be obtained from the data. This region in

cludes a broad peak at ß - 2. 5 or ßkT^ 0. 06eV, compared to 0. 09 eV inH 2 O.
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The ratio of these values is - J  2 as would be expected either for the rotation 

of a single molecule or for the optical modes in a crystal.

The analysis of the peak at 0. 06 in the D g O  data is complicated by 

the influence of the oxygen frequency distribution. However if this peak is 

due to the rotation of groups of molecules the distributions for oxygen and 

deuterium would be similar. If the metal hydride type of model is considered 

the frequency distribution for oxygen would be mainly confined to lowß val

ues, and would be similar to the deuterium distribution in this region (since 

this is the region of acoustical modes). Thus both models suggest similar 

assumptions which could form the basis of further calculations.

C O M P A R IS O N  W IT H  O T H E R  D A T A

LA R SSO N  and D A H L B O R G  [13] have evaluated a frequency distribution 

for water at several temperatures from results of their experiments on the 

scattering of beryllium-filtered slow neutrons. These rpsuits cover a sec

tion of the scattering law taken along a line in energy-momentum space in 

which the energy change was almost proportional to the square of the mo-

Comparison of spectrum of Fig.3b with that of LARSSON and DAHLBORG[13]. 

The arrows show the position of peaks seen in infra-red spectra [15].
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mentum change. The frequency distribution was derived from these results 

by assuming that water is a solid and using a formula mentioned by P L A C Z E K  

[14]. While this frequency distribution has some similarities with those 

derived by E G E L S T A F F  et al. [1] and H A Y W O O D  and T H O R S O N  [2] there 

are significant differences. A  comparison between Fig. 3a and the results 

of Larsson et al. is showninFig. 5.The latter results have been renormalized 

to give the best agreement with the absolute scale of Fig. 3a in the region 

ß = 1 to ß = 2. 5.

From  Fig. 5a we can see that the position of the peak of the distribution 

is at ß = 3. 5 or ßkT = 0. 09 eV, while Fig. 5b peaks at ß - 2. 5 ßkT = 0. 065 eV. 

Ramian spectrum measurements [15] attribute a broad level centred about

0. 07 eV  to a hindered rotation of a single water molecule and this fits in 

equally well with either set of results. A  broad energy level attributed to 

"hindered translation" of a water molecule at 0. 02 eV is also seen in optical 

absorption spectra and this agrees with the weak level at ß = 0 .9  found by 

Larsson et al. better than with the peak centred around ß = 0. 6 found by 

Haywood etal. The level in Hg О  at 0. 0066 eV found by Larsson may corre

spond to a very weak level at 0. 0075 eV reported by B O L L A  [16] but not 

mentioned by other workers [15, 17]. It would be expected that such a strong 

level in the neutron scattering would be seen in the Raman spectrum unless 

the motions involve a symmetrical group of molecules.

The discrepancies between the two frequency distributions found by 

neutron scattering may be due to the different methods of evaluation of p(ß) 

used. Compared to the method used here, Larsson et al. make more as

sumptions and take data over a much smaller range of momentum trans

fer. However even allowing for the difficulties in both experiments it is 

not easy to account for the discrepancies. The difference may be due to the 

difference in the anharmonic terms in the cross-sections but work is still 

needed to clarify these questions.

C O N C L U S IO N

The experimental data analysed here differ from optical data on water 

(and also from other neutron experiments [3, 13]) in providing, for each 

value of the energy transfer, a wide range of momentum transfers. In prin

ciple this enables anharmonic or non-symmetrical terms in the potential 

to be studied, but in practice due to the smallness of these effects their 

study is rather complicated. In addition to precise and extensive measure

ments it is necessary to have an elaborate set of computed data to com 

pare with these measurements. The discussion in this paper has indicated 

how this can be done and that the above effects produce 20% changes in 

the cross-section of water over most of the range studied.

Measurements over a wide range of momentum transfer also allow the 

generalized frequency function to be determined with reasonable accuracy. 

In this paper only the main features of this function have been considered 

and how they vary with temperature and isotopic composition.

This discussion suggested that room temperature water was part way 

between a free molecular system and a crystalline hydride, whereas at
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150°C it was nearer to the free system. Interpretation of the data as a 

relatively free molecular system seems to be only about as successful as 

an interpretation of water as a (relatively) bound molecular crystalline 

system. N ew  calculations are required which are based on these models 

and give definite predictions of the shape and magnitude of the frequency 

distribution. Comparison of such predictions with the measured values would 

be very useful.

Analysis of neutron energy loss data (which mainly determines the peak 

in Fig. 3a) has given a higher energy to the hindered rotation of the water 

molecule than the energy gain data [ 3, 13]. This difficulty is not yet ex

plained.

The work reported here has indicated the value of these techniques and 

the data which may be obtained by their use. A  considerable extension of 

this work is needed to utilize them properly and also to understand the re

sults.

APPENDIX

M E T H O D  O F  AN ALYSIS  O F  S C A T T E R IN G  L A W  D A T A

The eariy work on the scattering law described by EGELSTAFF [1] was analysed in the following manner; 

individual values of S were plotted on an S versus time-channel or S versus energy transfer plot and a smooth 

curve drawn through the points. From this curve values of S at fixed В may be picked off and after being 

divided by the approximate a  are plotted as (S/o$ or log (S/c$ versus a  and extrapolated to a  = 0. From these 

values of Lirn s/ct, curves of p(6)can be drawn up. This method was also used by H A Y W O O D  and THORSON [2]. 

The above method suffers from the disadvantage that in drawing the smoothed ct rve small effects which are 

present at the same value of energy transfer at each angle of scatter may be averaged out. In the present

Fig.6

Values of (S/a)o for D^O at 22*C, obtained at two incident energies.
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method the raw data at each time channel (i. e. at tixed energy transfer values) are plotted in the form log

(S /a ) versus a  and extrapolated to a  - U. These individual values oi Lim S /otare converted to p(B).
of-*0

The results of H A YW O O D  et al. [2] have been reanalysed by this method and new values of p(6) evaluated. 

Results for positive and negative values of 6 and for various incident energies are compared on a graph of 

(S/ct)^ versus Й, and an example for room temperature D^O  is given at Fig. 6. Figs. 3a and 4 are simplified 

versions of these plots in which representative points are shown superimposed on a smooth line through data 

tor the type shown at Fig. 6. As can be seen by a comparison of Fig. 3a of this paper and Fig. 10 of [2] better 

resolution is obtained in interesting regions of 6 by the present method.
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D I S C U S S I O N

P. A. E G E L S T A F F : I would like to present the figure below which com

pares our data for D 2O  with some recent calculations by Butler (see

V ALU E OF ot t WtTH M-=20 ) 

F i g . l
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Ref. [12] ). Butler used a model in which the molecules were assumed to be 

free and it can be seen that the result of his calculation agrees with experi

ment. This is in contrast to the result described by Thorson for Щ О . One 

possibility is that, owing to the smaller amplitude of the D 's , a Dg О  mole

cule appears to be free in a situation where the larger amplitude of a hydro

gen atom vibration would cause the binding effects to show up.
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Abstract — Résumé — Аннотация — Resumen

THE SCATTERING L A W  FOR ROOM  TEMPERATURE LIGHT WATER . The Hanford triple-axis crystal 

spectrometer has been used to measure the Egelstaff scattering law for light water at 22°C for neutron wave 

vector changes up to 14Á-iand energy transfers in the range 0.05 to 0.25 eV . The values of initial neutron 

energy were 0.15, 0.20, 0.30, and 0.40 eV , and scattering angles ranged from 4 °to 72". Scattering by a va

nadium sample at 77°K served to establish the spectrometer resolution and efficiency functions.

The scattering law S(et,6) and the generalized frequency distribution p(ß) derived from it are in substan

tial agreement in the overlap region with results obtained by Haywood and Thorson at Chalk River. The function 

p(6) has been extended to ß*s 10 to include the region occupied by the lowest molecular vibration level near 

6 - 8 .  In this region the measured p(6) has a low sloping plateau, indicating that the vibrational peak has 

been smeáred out by broad instrumental resolution. The normalization integral of the measured p(6) is higher 

than its theoretical value.

LOI DE DIFFUSION DANS L'EAU LÉGÈRE A LA TEMPERATURE AMBIANTE. Les auteurs ont employé 

le spectromètre à cristal triaxial de Hanford pour mesurer la loi de diffusion d'Egelstaff dans l'eau légère à 

la température de 2 ? , pour un vecteur d'ondes neutroniques pouvant atteindre 14 A"* et pour des transferts 

d'énergie compris entre 0,05 et 0,25 eV. L'énergie neutronique initiale était de 0,15, 0,20, 0,30 et 0,40 eV 

et lesjtngles de diffusion étaieni compris entre 4° et 72". La diffusion par un échantillon de vanadium à 77*K a 

permis d'établir la résolution du spectromètre ainsi que les fonctions d'efficacité.

La loi de diffusion S(K,6) et la distribution des fréquences généralisée p(6) qui en dérive concordent 

bien dans la région de recouvrement avec les résultats obtenus par Haywood et Thorson, à Chalk River. La 

fonction p(6) a été étendue à ß м 10 de manière à englober la région occupée par le plus bas niveau de vibra

tions moléculaires, qui se trouve dans le voisinage de ß = 8. Dans cette région, la distribution p(ß) mesurée 

comporte un domaine à pente douce, ce qui indique que le pic de vibrations a été effacé à cause de la réso

lution large des instruments. L'intégrale de normalisation de la distribution p(ß) mesurée est plus élevée que 

sa valeur théorique.

ЗАКОН РАССЕЯНИЯ НЕЙТРОНОВ ЛЕГКОЙ ВОДОЙ КОМНАТНОЙ ТЕМПЕРАТУРЫ. Хэнфордский трехосный кристал-

этого опыта, находятся в существенном соответствии в районе перекрытия с результатами, полу

ченными Хейвудом и Торсоном в Чок Ривер. Функция р (ß) расширена до & * 1 0  и охватывает область, 

соответствующую самому низкому уровню молекулярной вибрации приблизительно ß - 8. В этой области 

измеренная р (ß) имеет наклонное плато, показывая, что вибрационный пик размазывается ввиду

*  Work performed underContractNo.AT(45-l)-1350 for the United States Atomic Energy Commission.
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LEY DE DISPERSIÓN DEL A G U A  LIGERA A  TEMPERATURA AMBIENTE. Los autores han utilizado el 

espectrómetro de cristal triaxial de Hanford para determinar la ley de dispersión de Egelstaff en el caso del 

agua ligera a 22°C, con variación del vector de onda neuttónica hasta 14 A 'i y transferencias de energía del 

orden de 0,05 a 0,25 eV. Los valores de la energfa neuttónica inicial fueron 0,15, 0,20, 0,30 y 0,40 eV, y los 

ángulos de dispersión variaron de 4° a 72°. La dispersión por una muestra de vanadio а 77°K (2УС ) ha servido 

para determinar el poder de resolución del espectrómetro y las funciones de rendimiento.

La ley de dispersión S(m,B) y la distribución de frecuencia generalizada p(6) derivada de la misma 

concuerdan esencialmente en la región de superposición con los resultados obtenidos por Haywood y Thorson 

en Chalk River. La función p(6) se ha ampliado hasta й <з 10 a fin de incluir la región ocupada por los niveles 

de vibración molecular müs bajos, en las proximidades de В = 8. En este intervalo, la distribución р(Й) medida 

presenta un rellano de pendiente poco acusada que indica que los picos de vibración han sido difuminados por 

el escaso poder de resolución del instrumento. La integral de normalización de los valores medidos de p(6) 

es superior a su valor teórico.

I. IN T R O D U C T IO N

Slow-neutron scattering measurements on light water provide significant 

information in two distinct areas. One is the area of nuclear reactor design, 

in which a knowledge of the slow-neutron differential (in angle and energy) 

scattering cross -section of important moderator and coolant materials is 

required for accurate calculation of neutron-thermalization effects. The 

second area is the physics of liquids, for which the same scattering cross- 

section provides detailed information on the motions of the hydrogen atoms 

present [1] .

A  number of workers have reported inelastic differential scattering 

experiments on water, in which relative scattered intensities were obtained 

[2, 3, 4, 5] . More recently, absolute cross-sections have been measured 

for water and other materials [6, 7, 8]. The present paper contains the 

results of work of the latter type, in which are covered larger energy trans

fers than hitherto reported.

II. T H E O R Y

V A N  H O V E  [1], S C H O F IE LD  [9] and E G E L S T A F F  [10] have shown that 

the scattering cross-section for an isotropic material m ay be written

where Ei = initial neutron energy, E^ = final neutron energy, <p = scattering

constant, T  = absolute temperature of sample, m  = mass of neutron, M  = 

mass of principal scattering atom and Ap = momentum transfer. The quan

tity S(a, ß), the so-called "scattering law", in general depends only on the

(Ap)3 _ m(Ei +Ея -2fEiE3l*cos(p) (1)
2MkT M kT

angle, = bound cross-section of principal scattering atom, к = Boltzmann's
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arrangement and motion of the atoms in the scatterer. Because scattering 

by protons with randomly oriented spins is almost completely incoherent,

S for water is sensitive only to the motion of individual hydrogen atoms, 

о and j3 are dimensionless variables proportional to the square of momentum 

transfer and the energy transfer, respectively [10]. They are scaled to 

similar relevant physical quantities of atoms in the scatterer and thus have 

magnitudes of order unity. The present cross-section results will be given 

in terms of S(<2, ß) because of its convenience and also to facilitate com

parison with previous work.

Valuable information about the motions of the atoms in the scattering 

system is contained in the generalized frequency spectrum p(ß), introduced 

by E G E L S T A F F  [11].

The function p(ß) is the Fourier transform of the velocity correlation func

tion of the atoms of the scattering system and is very closely related to 

the phonon frequency spectrum in the case of a solid scatterer. By extension 

to fluid scatterers, p()3) provides a rough picture of the frequency spectrum 

associated with translational and rotational motions as well as the vibra

tional ones. The limiting value of S/a required in Eq . (2) may be obtained 

by extrapolation of plotted curves of In (S/a) versus a [8]. A  check on the 

accuracy of p((3) is furnished by the P L A C Z E K  first moment theorem [12], 

which gives

III. A P P A R A T U S

The basic instrument is a triple-axis crystal spectrometer (Fig. 1). 

The first axis is heavily shielded and has an available range of approximately 

-15° to +30° Bragg angle. The Bragg angle for the crystal at this axis is 

changed manually by a shaft which penetrates the shielding blocksf The sec

ond rotation axis (sample axis) mounted on and outside of the rotating shield

ing allows a rotation of about 80° . The analysing spectrometer rotates about 

the second axis and can reach Bragg angles of approximately 45° in either 

direction. Vertical-axis crystal rotations are performed by commercial 

precision rotary tables, upon which are mounted interchangeable precision 

goniometers which provide for manual orientation and positioning of the 

crystals. All angular settings can be made to within a few 0. 01°, a much 

greater precision than required for the low resolution experiments reported 

here.

The spectrometer is equipped for automatic programming of arm angles 

by selected angular increments between two preselected angles. It can be 

operated by means of a selector switch in either of two modes of operation: 

(1) at a given scattering angle the analysing spectrometer moves through 

a sequence of Bragg angles to record an energy distribution, or (2) at a

(2)

(3)
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Fig.l

given Bragg angle of the analysing spectrometer an angular distribution about 

the scattering sample is taken. Automatic recording of the spectrometer 

arm angles, neutron counting data, and elapsed counting time of each count

ing interval is done by an electric typewriter.

The monoenergetic beam of neutrons incident on the scattering sample 

passes through a thin boron chamber to monitor the incident flux. The boron 

is a very thin and uniform layer cathodically sputtered on aluminium foil 

and has a detection efficiency of 5 X 10*5 at 0 .1  eV. Thus it has a very good 

1/v  efficiency at all energies of present interest. The detector for the ana

lysing spectrometer is a bank of three BFg counters in borated paraffin 

shielding. These detectors have a calculated efficiency of 25%  at 0 .15  eV.

The water sample holders have 0.001-in brass windows stretched over 

knife edges. They were intended to produce a uniform sample of known thick

ness. However, subsequent thickness measurements using an electrically 

contacting micrometer have shown that the nominal 0.030-in thick sample 

bulges to 0.037 in (averaged over the neutron beam), and the nominal 0 .0 13-in 
sample bulges to 0.020 m .

IV. E X P E R IM E N T A L  P R O C E D U R E  A N D  DETAILS

Beryllium monochromating crystals were used at both the first and third 

rotation axes of the spectrometer. The (0002) planes were used in the ana

lysing crystal for all of the runs and in the monochromating crystal for most 

of the runs. However, because of the presence of appreciable half-order 

contamination in the 0 .4  eV incident beam, additional runs were made using 

the (1120) planes in the monochromating crystals. The energy scales of 

the spectrometer were determined from narrow quasi-elastic scattering



peaks observed in both first and second order in the analysing spectrometer, 

as shown in Fig. 2.
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E2(af)

Fig.2

of 10° and 50*. The peak at 0.05 eV is due to 2nd order reñection by the analysing crystal. The points re

present raw data uncorrected for non-Bragg background in the analysing spectrometer and for scattering from 

the empty sample holder and environs, which are shown separately by solid and dashed lines, respectively.

Except for a few isolated points, the scattering law results to be pre

sented below are based on angular distribution data taken for selected initial 

and final energies. However, in order to take angular distribution data for 

which energy resolution effects can be ignored, it is necessary to make pre

liminary energy distribution runs at fixed scattering angles in order to locate 

the energy regions strongly influenced by the quasi-elastic scattering peaks. 

These peaks are shown in Fig. 2, from which it can be seen that, for an 

initial energy of 0. 2 eV, the range of final energies permissible without 

energy resolution corrections is 0.075 to 0.15 eV. For higher initial ener

gies the permissible range is smaller, because the quasi-elastic peaks are 

observed with poorer resolution in both orders.

The waier scattering runs were made for initial energies 0 .15 , 0. 20, 

0 .30 , and 0 .40  eV and for scattering angles ranging from 4° to 72° . Wave 

vector changes up to 14 A*i (a <*< 16) and energy transfers up to 0. 25 eV  

( 10) were covered. The sample temperature was 22 °± 2 °C .
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All of the present results on water were obtained with the 0.037-in thick 

sample mounted perpendicular to the incident beam. A  few runs were made 

with the 0.020-in sample, and shape differences of the order of 5 to 15%  

were indicated. However, these differences were not very significant statis

tically and no attempt was made to use data from the thinner sample for 

multiple scattering corrections. At the energies used in the present experi

ments the thick-sample transmission ranged from 77 to 85% .

The resolution of the monochromating spectrometer and the resolutiön 

and sensitivity of the analysing spectrometer were obtained by a series of 

energy distribution and angular distribution measurements of the scattering 

from a vanadium sample 0. 253-in thick. The vanadium was cooled to the tem

perature of liquid nitrogen to reduce one-phonon scattering to only a few 

percent of the elastic scattering even for the largest energy and scattering 

angle employed. Furthermore, the spectrometer energy resolution was 

broad enough to include a substantial fraction of the one-phonon scattering 

together with the elastic scattering. Thus the angular distribution for cold- 

vanadium elastic scattering should be isotopic for a very thin sample. The 

measured angular distributions, when corrected for absorption and multiple 

scattering are substantially isotropic, as shown in Fig. 3 for the case of

< ^ l d e g . l

Fig-3

served and corrected data points are shown. The curved line relative to the horizontal line gives the multi

ple scattering and absorption correction factors computed with a neutron transport code.

0 .15  eV.' In the figure, the observed scattering (corrected for background) 

and the observed scattering corrected for multiple scattering and absorption 

are plotted for each scattering angle. The straight line is fitted to the 

average of the corrected points, and the curved line in relationship to the 

straight line shows the magnitude and angle dependence of the correction 

factor. This result also establishes that the analysing spectrometer sensi

tivity is independent of scattering angle. These corresction factors for
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absorption and multiple scattering for vanadium were computed by means 

of an transport theory code [13],

The scheme used for determining the scattering cross-section of water 

relative to the known scattering cross-section of vanadium is based on the 

following assumptions:

(1) The resolution functions for the monochromating and analysing spec

trometers are Gaussian;

(2) The thin boron monitor has l/v  sensitivity;

(3) The water cross-sections being measured and the detector effi

ciencies are slowly varying functions within instrumental energy 

and angular resolution;

(4) The cold-vanadium scattering cross-section is perfectly elastic, 

isotropic, and independent of energy.

Under these assumptions it is a straightforward matter to derive the fol

lowing expression for the scattering law

S(a, (3) = F(Es ) eB/2 С ц ^- * E¡¡, <p) (4)

where the sensitivity factor F(Eg ) is given by

ТГ/ТГ  ̂- кТоуПу ________ 1 (5)
^ < ? м ,п н  С ,(Е з)А (Зз) ^

and where C ^ (E ^  Eg, tp) = normalized water scattering counts, cr„ = total scat

tering cross-section of vanadium, <Тць= bound total scattering cross-section 

of hydrogen, ny = area density of vanadium atoms in sample, n^ = area den

sity of protons in water sample, Су(Ед) = normalized vanadium scattering 

counts, and A(Eg ) = energy width (standard deviation) of the vanadium elastic 

peak. Сн(Е]-* Eg , <p) and Cy (Eg ) are each the number of accumulated scat

tered counts normalized to a fixed standard number of accumulated incident 

beam monitor counts. This normalization is done primarily for convenience 

in data handling, but it also has the further advantage that the factor 

(Eg /E i )i/Í2 m  Eq. (1) is cancelled because of the l/v  monitor efficiency. To 

determine F(Eg) it is necessary only to obtain an energy distribution of the 

vanadium elastic peak and measure its height and width. In Fig. 4 the energy 

distribution corrected for background is shown for the case of Ei = 0 .15 eV 

and scattering angle <p= 16° . The energy widths А(Ед) are obtained from 

such curves. The peak values, howëver, are obtained from corrected angular 

distribution curves, as in Fig. 3, to get better averaging. It is not necessary 

to know the individual energy resolutions of the monochromating and ana

lysing spectrometers, crystal reflectivities, or the sensitivity of the B F 3 
detectors. In this manner F(Eg) was measured at 0 .0 5 , 0 .1 0 , 0 .1 5 , 0 .2 Q  

and 0. 25 eV . A  smooth curve was then drawn to obtain interpolated values 

(see Fig. 5). In calculating F(Eg), values of 5.1 and 81b were used for <jy 

and <?нь* respectively.

In order to find the resolution for Ei and Eg separately, additional 

measurements were made of vanadium elastic scattering, using high reso

lution in the analysing spectrometer to determine the resolution of the mono

chromating spectrometer. The resolution of the analysing spectrometer
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E? (a n  

Fig. 4

Energy distribution at 16° scattering angle of 0 .15  eV neutrons 

scattered from 0.25 in vanadium at 77* K.

E2<eV!

Hg-5

The analysing spectrometer sensitivity function F(Eg) defined by Eq.(5) in the text.

The size of the plotted dots indicates the statistical error of the measured values.

The plotted curve is used for interpolation.

was then obtained by unfolding it from the overall resolution function ob

tained under conditions of standard resolution. The resulting full width at 

half maximum of the Bragg angle are 0. 5° for the monochromating and 1. 3° 

for the analysing spectrometer. For most of the energy region covered these 

Bragg-angle widths lead to values of 20 to 40%  for Aß/ß (full width at half 

m axim um ).

The  dimensions of the collimator slits are such that except for very 

small scattering angles, the angular resolution for the scattering angle is 

2.0° . The angular spread in the vertical plane is 4.6° . These are full widths 

at half maximum.

Cadmium  and gadolinium filters were used to determine the amount 

of order contamination in the Bragg diffracted beams. Less than 2% of the
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monitor counts of the incident beam were due to high-order neutrons. Since 

the scattered beam may be expected to have even less than this, it was not 

checked for higher orders. Unfortunately the otherwise highly desirable 

beryllium (0002) planes are susceptible to half-order contamination when 

conditions for multiple Bragg scattering are satisfied [14]. Filter measure

ments of the incident and scattered beams indicated that only approximately 

5 to 10%  of the count in both beams were due to half-order neutrons when 

the initial energy was 0 .15, 0 .20, or 0 .3 0 e V . However, at an initial energy 

of 0 .4  eV about 53% of the monitor counts in the incident beam were due to 

0 . 1  eV neutrons, while almost none appeared in the scattered beam . The 

net result of the order measurements was that, except for the runs at 0 .4  eV, 

no order corrections were made since (a) the effects are small and (b) they 

partially cancel out due to the presence of contamination in both incident 

and scattered beams. At 0 .4  eV  incident energy, the full correction indi

cated by the filter measurements was done. In addition two check runs at 

0 .4  eV  and one at 0. 3 eV  incident energy were made, using the beryllium 

(1Í20) planes of the monochromating crystal. These planes do not reflect 

half-order neutrons. The results obtained agree to within about 20%  of the 

corrected results obtained with the (00Ö2) planes.

Empty sample-holder runs were made for the water and cold-vanadium 

cases to correct for scattering by air and the sample holder windows . 

Throughout the series of experiments periodic measurements of the scat

tering from room-temperature vanadium were made to check the stability 

of the equipment. In most cases the duration of the run and the individual 

counting periods was arranged so that the spectrometer stepped through 

approximately three complete cycles of arm  motion. Control of counting 

time was by preset monitor count. In each run background data were taken 

at each spectrometer step by automatically shifting the analysing crystal 

several degrees away from the Bragg position.

V . R E S U L T S  A N D  DISCUSSION

The water scattering data corrected for background, empty sample hol

der and order contamination (when necessary as discussed above) were then 

reduced by means of Eq . (4) to the scattering law S(<x,ß), which is plotted 

in Figs. 6 and 7 versus a for various fixed values of j3. For ¡3 = -2.1, -3.Ö, 

-6.9, -7.9. and -8 .8  there is more than one independent determination of 

S(a,)3). At p = -2.1 and -3.0, most of the results were obtained for Ei =

0 .2  eV, but a few came from Ei = 0 .15  eV . At ¡3 = -6 . 9 results were ob

tained for Ei = 0. 3 eV  with beryllium (0002) planes and beryllium ( 1 ll20) 

planes. At ß = -7. 9 three determinations were made: for Ei = 0 .3  eV with 

^0 02 ) planes, for Ei = 0 .4  eV (0002) planes which required a large order 

correction, and for Ei = 0 ,4  eV with (1120) planes At ß = -8.8  results were 

obtained for Ei = 0 .4  eV with both types of crystal planes. The level of dis

agreement, which is approximately ±15%, is a fair measure of the system

atic errors due to multiple scattering, order contamination, possible struc

ture in the analysing crystal reflectivity, energy resolution effects, vari

ations in sample thickness, and variations in the stability of the counting 

electronics.
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Fig. 6

The scattering law S(a, 6) of water at 22*C as a function of a for various small values of 0.

In the absence of an error bar the statistical error is indicated by the size of the plotted symbol. о 2

S ( a . ß ) F o r H ?Oat22Qc
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ß - 9 . 8 2

10 12 14 16 18

Fig.7

The scattering law S(a, 6) of water at 22*C as a function of a for various large values of 6.

368 
D

.A
. 

K
O

T
T

W
I
T

Z
a

n
d

B
.R

. 
L

E
O

N
A

R
D



SCATTERING LAW FOR ROOM TEMPERATURE LIGHT WATER 369

In order to obtain the generalized frequency distribution p(ß) defined 

in Eq. (2), plots of In S/a versus a were extrapolated by eye to a - 0. Sample 

curves are shown in Fig. 8. In the extrapolation greatest weight was given

Fig.8

Curves of S /a  for various values of a, extrapolated to a = 0.

Uncertainties in the extrapolation due to statistical and 

systematic errors are indicated by dashed lines.

to the points for intermediate values of a , since the air scattering cor

rections are large for small a. Crude error estimates including systematic 

effects have been made for the extrapolated values.

The spectrum p(ß) obtained in the manner described above is plotted 

in Fig. 9 together with the results of H A Y W O O D  and T H O R S O N  [8]. In the 

region of overlap near the hindered rotation peak at ß = 3, the agreement 

with their results appears to be quite satisfactory. The present results give 

a sloping plateau without structure near (3 = 8, which corresponds to the low

est molecular vibration level of 0. 2 eV  in water. Since the resolution in 

ß is approximately 30%, no large amount of structure can be expected.

Despite the surprisingly good agreement between thç two sets of re

sults, the situation is not completely satisfactory. The trouble is that the 

normalization integral in Eq. (3) is too high by at least 46% when calculated 

from the p(ß) curve plotted in Fig. 9. Three possible reasons for this diffi

culty can be suggested at once. The first is that the increasingly broad re

solution in $ as ß increases may distort the broad hindered-rotation peak
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P

Fig. 9

The generalized frequency spectrum p(S) for water at 22*C.

Present results are compared to those of H A Y W O O D  and THORSON [8] .

The resolution in the present work is indicated by triangles.

centred near ß = 3, and cause it to be partially shifted to higher values of 

ß where it is giver much more weight in the integral. This it m ay not be 

valid to neglect energy resolution effects as was done in the present ana

lysis. A  second contributing cause may be multiple scattering. The present 

results have not been corrected for multiple scattering in the water sample. 

Crude estimates of this correction indicate that it may be as large as 15%. 

However, the correction cannot be adequately made experimentally with our 

sparse thin-sample data, and we have not yet had an opportunity to do the 

multigroup transport calculation necessary to make it theoretically. The 

third possible source of difficulty may be a systematic error in the S/a ex

trapolation which leads to an overestimate of p(ß). Unfortunately it is diffi

cult to make an independent estimate of this kind of error.
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Abstract — Résumé — Аннотация — Resumen

QUASI-ELASTIC SCATTERING BY ROOM TEMPERATURE LIGHT WATER. The energy width and inte

grated intensity of the quasi-elastic scattering peak of light water at 22°C have been measured on the Hanford 

triple-axis crystal spectrometer at à number of scattering angles for neutrons of energy 0.10, 0.15, and 0.25 eV. 

The energy resolution was 7, 11, and 10% , respectively. Wave-vector transfers ranged from 1 to 7 A"*.

The quasi-elastic peak was assumed to have a Lorentzian shape in correcting the observed peaks for 

resolution. When plotted versus the square of the wave-vector transfer, both the corrected line width and 

integrated intensity exhibit systematic differences correlated with the energy of the neutrons used. In general, 

the present widths are greater than those obtained with cold and thermal neutrons. Neither the simple classical 

model nor the Singwi-SjOlander model for self-diffusion in water give completely satisfactory agreement with 

the present results.

DIFFUSION QUASI-ÉLASTIQUE DAN S L'EAU LEGERE A  LA TEMPÉRATURE DU  LABORATOIRE. Les 

auteurs ont mesuré la largeur et la valeur intégrée du pic de diffusion quasi-élastique dans l'eau légère à 22°C, 

en employant le spectrom&tre triaxial h cristal, pour un certain nombre d'angles de diffusion et pour des 

neutrons ayant des énergies de 0,10, 0,15 et 0,25 eV. La résolution en énergie était de 7, ц  et 10% respecti

vement. Le vecteur d'onde variait entre 1 et 7 Â'\

On a supposé que le pic de diffusion quasi élastique avait une forme lorentzienne lorsqu'on a corrigé 

les pics observés pour tenir compte de la résolution. Si l'on porte sur un diagramme les largeurs de raies corri

gées et la valeur intégrée de l'intensité en ordonnée, et les tranferts du carré du vecteur en abscisse, on cons

tate que les raies et l'intensité présentent des différences systématiques qui sont en corrélation avec l'énergie 

des neutrons utilisés. D'une manière générale, les largeurs de raies sont plus grandes que celles qu'on obtient 

avec des neutrons froids ou thermiques. Ni le modèle classique simple, ni le modèle de Singwi-SjOlander 

d'autodiffusion dans l'eau ne donnent une concordance entièrement satisfaisante avec les résultats indiqués

КВАЗИУПРУГОЕ РАССЕЯНИЕ НЕЙТРОНОВ В ЛЕГКОЙ ВОЛЕ ПРИ КОМНАТНОЙ ТЕМПЕРАТУРЕ. Энергети-

DISPERSIÓN CUASI ELASTICA POR A GUA  LIGERA A  TEMPERATURA AMBIENTE. Los autores han medido 

la amplitud energética y la intensidad integrada del pico de dispersión cuasi elástica del agua ligera a 22°C,

*  Work performed under Contract No.AT(45-l)-1.350 for the United States Atomic Energy Commission.
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utilizando el espectrométro de cristal triaxial de Hanford en varios ángulos de dispersión para energías neutió- 

nicas de 0,10, 0,15 y 0,25 eV . El poder de resolución fue de 7 , 11 y 10%, respectivamente. Los desplaza

mientos de los vectores de onda fueron del orden de 1 a 7 Á*\

Al corregir los picos observados para tener en cuenta el poder de resolución de los instrumentos, se 

supuso que el pico cuasi elástico responde a una ecuación de Lorentz. Cuando se las representa en función 

del cuadrado del desplazamiento deí vector de onda, tanto el ancho de línea corregido como la intensidad 

integrada presentan diferencias sistemáticas que guardan una relación con la energfa de los neutrones empleados. 

En general, los anchos así obtenidos son superiores a los correspondientes a los neutrones fríos y térmicos. 

Ni el modelo clásico de dispersión simple ni el de Singwi-Sjölander de autodispersión en agua concuerdan de 

un modo completamente satisfactorio con los resultados obtenidos por los autores.

I. IN T R O D U C T IO N

Inelastic differential scattering of slow neutrons in general provides 

detailed information about the structure and dynamics of the scattering m a 

terial [1, 2]. Since scattering by light water is almost completely due to 

incoherent scattering by hydrogen, the inelastic differential cross-section 

is sensitive only to the motions of the constituent hydrogen atoms. Several 

years ago B R O C K H O U S E  found that the scattering cross-section for water 

as a function of final energy could be considered to consist of two overlap

ping components [3]. The first component covers a wide energy region and 

is attributable to a broad spectrum of fast atomic motions, such as rotations 

and vibrations.The second component is a rather narrow energy peak centred 

at the incident energy ; it is attributable to a slow diffusive motion. In the 

present paper only the latter component, the quasi-elastic peak, is con

sidered.

A  number of experimental studies of the quasi-elastic scattering by 

light water have been reported [3, 4, 5, 6, 7, 8, 9]. Those studies were done 

with either thermal or cold neutrons and covered the region of small values 

of momentum transfer. The present paper reports on experiments performed 

with neutrons of somewhat higher energy and correspondingly larger values 

of momentum transfer.

II. T H E O R Y

The property of quasi-elastic scattering which has attracted most in

terest is its energy width. Theoretical considerations show that in general 

the width may be expected to be a function of the self-diffusion coefficient 

and of the square of the momentum transfer H2Q 2 [1,2]. A  number of models 

for the diffusion process have been proposed [2, 3, 10, 11]. Most of these 

models predict that the quasi-elastic peak broadens as the momentum trans

fer (or scattering angle) increases, particularly in the region of small values 

of momentum transfer. The simplest model [2, 3], which corresponds to 

classical continuous diffusion, predicts that the line shape is Lorentzian 

with a full width at half maximum given by

A E  = Й Й DQ2. (1)

A  more complex model, in which a molecule oscillates for a mean time To 

and then diffuses by continuous motion for a mean time т^, has been sug
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gested by SINGWI and S JÖ L A N D E R  [10]..For »  Tg the process reduces 

to continuous diffusion and the width is given by Eq . (1). For the other ex

treme case in which << Tg the line shape is again Lorentzian and the width 

is given by

where e*2W ig the Debye-Waller factor (defined immediately below).

The classical diffusion model starting with a Gaussian "cloud" of finite 

size [2] predicts that the angular dependence of the integrated quasi-elastic 

peak intensity is

where Ig is the integrated intensity in the forward direction and 6u^ is the 

initial mean-square radius of the diffusing Gaussian cloud. The finite size 

of u is presumably due to vibrational and rotational motions which are very 

rapid on the diffusion time scale. The model of SINGWI and S JÖ L A N D E R [10] 

also gives an integrated intensity in accordance with Eq. (3) when «  Tg.

Ш . E X P E R IM E N T A L  D E T A IL S

The experiments were performed with the Hanford triple-axis crystal 

spectrometer [12]. For an initial energy of 0.147 eV  a series of energy 

distribution runs was made at scattering angles of 3°, 10°, 20°, 30°, 40° 

and 50°. A  preliminary analysis of these experiments has been reported 

earlier [13]. In these runs beryllium (0002) planes were used in the mono

chromating spectrometer and aluminium (200) planes in the analysing spec

trometer. The energy resolution was 11%. Subsequently, two brief series 

of runs were made at initial energies of 0.100 eV and 0,247 eV for scat

tering angles of 3°, 10°, 20° and 30° with resolutions 7% and 10% respec

tively. For these two series beryllium (1120) planes were used in the mono

chromator and beryllium (1013) planes were used in the analyser. In all 

of the runs listed above the water sample thickness was 1.7 m m ; the thick

ness of each aluminium window of the sample holder was 0.03 m m . Finally, 

in order to check the effect of sample thickness, runs were made for an 

initial energy of 0.146 eV at scattering angles of 4° and 40°, using a water 

sample 0.9 m m  thick between brass windows 0.03 m m  thick. In these thin 

sample runs beryllium (1120) and 1013) planes were used with an energy 

resolution of 11%. The sample temperature was 22 ± 2^C. The sample was 

mounted perpendicular to the incident beam.

A  few energy distribution measurements of elastic scattering were 

also made employing a vanadium sample of 6.4 m m  thickness to obtain the 

spectrometer resolution. However, it turned out that the resolution widths 

obtained with vanadium were very slightly larger than those obtained for 

water at small scattering angles, i.e . 3° or 4°.Perhaps the inelastic (phonon) 

scattering by vanadium broadened the elastic peak slightly. In any case the 

widths obtained from water scattering at small angles were used as reso - 

lution widths in the analysis of the data.

(2)

(3)
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An appropriate balance between intensity and resolution was obtained 

in the various series by varying the number of cadmium strips forming Soller- 

type slits in the analysing spectrometer. The incident beam was monitored 

with a thin boron chamber, while the scattered neutrons were detected with 

a bank of three В Ц  tubes. Subsequent measurements with cadmium and 

gadolinium filters showed that order contamination effects amount to only 

a few percent at the energies used. Background was measured by auto

matically rotating the analysing crystal a few degrees away from the Bragg 

position. For water runs at small scattering angles using the sample holder 

with aluminium windows, air scattering was determined by removing the 

sample holder. For water runs using the brass windows, correction runs 

were made with an empty sample holder.

IV . D A T A  A N D  AN ALYSIS

In Fig. 1 are shown three typical energy distributions, which have been 

corrected for non-Bragg background and air scattering. Since the incident 

energy is well above thermal energy, the low inelastic plateau is located 

mainly at energies lower than the initial value. The usual broadening of 

width and decrease of peak intensity with increase in scattering angle ob

served in line studies of the quasi-elastic peak [3, 5, 6, 8] is evident here. 

The shape of the spectrometer resolution function, as given by the curve 

obtained at a scattering angle of 3°, is Gaussian.

The method of analysis of the quasi-elastic peak used here is the semi- 

intuitive approach of B R O C K H O U SE  [3], who suggested that the peak may be 

isolated by subtracting off the inelastic component. In our first attempt the 

subtraction was carried out by drawing in a smooth interpolation of the in

elastic component and fitting the remaining peak to a Gaussian function by 

means of a least-squares computer program me. However, this scheme 

failed because the wider peaks had tails too high to be well represented. 

This characteristic of the data, as well as theoretical considerations [3], 

suggested that the true shape of the quasi-elastic peak may be approximately 

Lorentzian. Thus the analysis of the present data is based on the assumption 

of a Lorentz line shape.

Since the convolution of a Gaussian and Lorentzian function was not 

found to be convenient for computation, the least-squares fitting programme 

was generalized to include several of the lowest-order Hermite iunctions 

as well as the Gaussian to represent the broadened quasi-elastic peak and a 

linear term to represent the inelastic component. The width of the peak de

termined by the Hermite functions is then tentatively taken as the measured 

width of the resolution-broadened quasi-elastic peak. From  the ratio of this 

measured width to the resolution width, it is then possible to determine the 

ratio of the true (Lorentz) width to the resolution width. This operation 

is facilitated by appropriate graphs based on tables [14] of the function Ÿ (x, t), 

the convolution of Lorentzian and Gaussian functions. The shape of the fitted 

peak in the wings is then checked for consistency with the shape of the con

volution function determined by the tentative value for the measured width. 

If the shapes are not consistent, the linear function representing the inelastic 

component is adjusted (usually downward) graphically, and the widths are
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Representative quasi-elastic peaks for 0.15 eV neutrons at scattering angles of 3*. 20* and 40°. Background 

subtractions have been made as well as corrections for air scattering for the 3* case. Each correction was 

approximately 40 to 50 units on the intensity scale shown. Thé plotted curves were fitted by a least -squares

programme.

modified accordingly. In practice only one step of the iteration process is 

required to produce satisfactory agreement. W hen such an adjustment of 

the linear function is required, the statistical error estimates of the pa

rameters of the peak produced by the programme are augmented manually 

to take into account the additional uncertainty introduced. These adjustments 

of the error estimates are quite generous, since the entire concept of sub

tracting the inelastic component is rather uncertain. For the narrow peaks 

found at small angles of scattering, the statistical error dominates, while 

for the broadened peaks found at larger angles, the uncertainty due to the 

position of the linear term dominates.

The area of each observed peak (omitting the linear function) is also 

computed by the programme as a measure of the integrated intensity in the 

quasi-elastic peak. In principle, this scheme gives the integrated intensity
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independent of any assumptions about the true line shape. However, it is 

subject to error when a substantial part of the area is in the tails and the 

data do not cover the tails completely. When the linear function requires 

manual adjustment to produce a consistent shape, the calculated area is 

modified accordingly. Here again rather generous allowance is made for 

uncertainty in the process of subtracting the inelastic component.

In the analysis of the data the true width and integrated intensity have 

not been corrected for multiple scattering. Despite the rather large thick

ness ofthe 1.7 m m  sample ( t r a n s m i s s i o n ^  70%), rough estimates show 

that these corrections are only 3 to 5% for the cases covered. The effect 

on the peak width is small because a large fraction of the twice scattered 

neutrons are completely removed from the neighbourhood of the peak by 

broad inelastic scattering. The effect on the shape of the angular distribution 

of the integrated intensity is small because the difference in path length for 

neutrons at the various scattering angles is small. These conclusions are 

verified by the data taken at 0.15 eV using the 0.9-mm thick sample.

TABLE I

QUASI-ELASTIC SC A TT ER IN G  D A T A  A N D  R E SU LTS  F O R  W A T E R  A T 22° 

The quantities tabulated are : Eg = neutron energy, t = sample thickness, 

cp = scattering angle, Q2 = square of wave vector transfer, (AE)¡) = directly 

observed width of quasi-elastic peak, Ip = observed intensity at peak maxi

mum, A E  = true width of peak, 1 ^  = integrated intensity of peak

E„ y Q ' (AE)o AE 4nt

(eV) (mm) (deg) (A-') (10-3 eV) (arbitrary) (10*з (arbitrary)

3 0.13 - 5.8 ±0.1 270 ± 8 --- 1.0 ±0.03

10 1.46 6. 7 ± 0.2 222 ± 5 1.7 ± 0.4 0.94 ± 0. 04

0.1 1.7 20 5.82 7. 8 ±0.4 165 ± 6 2.7 ± 0.7 0.82 ± 0.06

30 12.9 11.1 ±0.7 114 ± 8 8.0 ± 1.0 0. 82 ± 0.17

3 0.20 16.8 ±0.3 690 ± 17 — 1. 0 ±0. 024

10 2.15 17.2 ±0.3 650 ± 12
- 0.9

0.97 ± 0.02

0.147 1.7 .

20 88.56 20.0 ±0.3 560 ± 10 5.8 + °'S 
- 1.0 0.98 ± 0. 024

30 19.10 21.8 ±0.9 320 ± 14 8,6 ± 1.5 0. 64 ± 0. 04

40 33.2 25.3 ± 1.1 178 ± 10 14.1 ± 1. 8 0.41 ± 0.03

50 50.7 24.1 ± 3.3 95 ± 15 12.3 ± 5.3 ' 0. 21 ± 0. 06

0.146 0.9

4 0/35 *16.3 ± 0. 5 133 ± 4 1.0 ± 0.02
40 33.2 23.4 ± 2.2 72 ± 5 12.2 ± 3.3 0.46 ± 0.10

3 0.33 24.0 ± 0.8 98 ± 3 — 1. 0 ± 0. 04

10 3.63 26.8 ±1.2 104 ± 4 5.2 ± 2.4 1.18 ± 0.04

0.247 1.7 20 14.3 31.0 ±3.0 88 ± 5 12.0 ± 3.6 1.18 ± 0.12

30 31.9 42.5 ± 5.6 50 ± 5 28.0 ± 8.Ó 0.74 ± 0.12
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The results of the analysis are given in Table I, which also contains 

other pertinent experimental information, i .e . the initial energy, sample 

thickness, and scattering angle and the square of the wave vector transfer 

Q2 in Columns 1 through 4. In Columns 5 and 6 the observed width and peak 

intensity of each resolution-broadened peak are given. The derived values 

of true width and integrated intensity normalized to unity in the forward 

direction are given in Columns 7 and 8.

V . R E S U L T S  A N D  DISCUSSION

The integrated intensities and line widths obtained in the analysis de

scribed above are plotted as functions of Q2 in Fig. 2 and Fig. 3, respectively. 

It can be seen that the results obtained at 0.10 and 0.15 eV are in good agree

ment. However, the results obtained at 0.25 eV show a systematic deviation 

from the others, despite very large uncertainties. Furthermore it must be

Q?t^)

Fig.2

integrated intensity i^t of quasi-elastic peaks versus for 0.10, 0.15 and 0,25 eV neutrons. For each

energy the intensity has been normalized to that obtained at a scattering angle of 3*. The plotted lines are 

given by I = I, е'<У"^ with the indicated values of u.
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0 1.0 2.0 9.0 4.0
a

H g .3

The full width at half maximum AE of quasi-elastic peak as a function of O'. The solid line corresponds to 

the simple diffusion model with D = 3.7 X 10'^cm^/s. The dashed line corresponds to the Singwi-Sjölander 

formula with 7-3 = 0.82 x 1 0 '"  s and D = 1.8 X 10'^cn^/s.

noted that for small values of Q2 the widths obtained are approximately twice 

as large as those determined with cold neutrons and thermal neutrons [3, 4, 

5, 6, 7, 8, 9]. Similarly the values found for the cloud size parameter u are 

about half as large as those obtained with slower neutrons [3, 7]. Thus the 

values of A E  and u appear to depend systematically on the energy of the 

neutrons used in the experiment. This suggests the possibility of appre

ciable systematic error in the experiments or the analysis scheme.

Temporarily ignoring this difficulty, one may reasonably treat the plot

ted results in two ways. The first is to give appropriate weight to all the 

plotted points in Fig. 3 and represent them in the simplest manner, i.e.with 

a straight line having the form of Èq. (1). Such a line has been drawn by eye 

inFig.3.It corresponds to a classical diffusion coefficientD=3.7X lO'Scm^/s, 

a value which is 50% to 100% greater than those obtained in neutron scat

tering experiments [6, 7, 8] and in tracer and nuclear magnetic-resonance 

experiments [15, 16, 17]. The second method of treatment is to ignore the 

discrepant results at 0.25 eV and to fit the concordant results at 0.10 eV and

0.15 eV. Since the width shows a tendency to saturate at large Q 2 , E q . (2) 

is appropriate. As  shown by the dashed line on the graph, a satisfactory 

fit is obtained for D  = 1.8 X 1 0 * 5  cm2/s,To = 0.82 X 10*13  s and u * 0.17 A ,  

the value of u having been obtained from the fitted line for 0.15 eV in Fig. 2. 

While the indicated value of D  is quite satisfactory, the value for Tg is ex-
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tremely small compared to the characteristic times of various physical 

processes in water [10].

The preceding discussion shows that neither of the suggested alterna

tive interpretations of the present results is completely satisfactory. This 

leads back to the possibility of systematic error in the experiment or ana

lysis. It is clear that the line widths are unexpectedly large. Possible causes 

of overestimation of the line widths are multiple-scattering, an energy de

pendence of the spectrometer sensitivity which distorts the measured peak, 

a non-Lorentzian line shape, and incorrect estimates for the subtracted in

elastic component.

There are, however, limits on the magnitude of the first three of the 

possible difficulties listed above. Each will be discussed in turn. First, 

multiple scattering has been shown experimentally to have a negligible effect. 

Second, there is no evidence for instrumental distortion, since the observed 

peaks have reasonably symmetrical shapes and are not displaced in position. 

Furthermore, similar results have been obtained with different monochro

mating crystals and different crystal planes. Third, an attempt has been 

made to evaluate the effect of line shape by trying a Gaussian in a few cases. 

However, this has given even greater line widths.

The fourth of the suggested causes of difficulty, i .e . incorrect esti

mates of the subtracted inelastic component, is hard to discuss quantitative

ly. Large allowances have already been made for uncertainty in the magni

tude of the subtracted inelastic component on the assumption that it can be 

represented approximately by a linear function within the instrumental re

solution. However, low-frequency vibratory motions correspondingto energy 

transfers of 0 .006  to 0 .010  eV [7] may give rise to a peak having a width 

comparable to the instrumental resolution. Such a peak would be almost 

inextricably superimposed on the true quasi-elastic peak due to diffusion 

and would cause overestimation of the diffusive peak width. It would also 

lead to a Debye-Waller factor corresponding to a small value of the cloud 

size parameter u, since the observed peaks would be sensitive to short- 

time motions occurring prior to true diffusion. In view of this possible source 

of difficulty, a definite knowledge of the behaviour of the diffusive component 

of the quasi-elastic peak at large values of Q 2  must await experiments at 

higher resolution.
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D I S C U S S I O N  

(on the previous two papers)

K. S. SINGWI: Since your incident neutron energy is so high, I would 

expect that all you were seeing was the gas-like behaviour of water mole

cules. In such a case there is no justification for analysing the quasi-elastic 

scattering in terms of diffusion, which is a form of long-term molecular 

behaviour. W ere  you trying to make a guess?

D. A. K O T T W IT Z : I agree, but it is tempting to attempt this analysis, 

even though it is hard to know what kind of m ass to use in the gas model. 

I am sure it would be greater than 1 and less than 18, but it would be difficult 

to give an exact figure.

K .E .  LARSSON: What are the transmissions of your samples?

D .A .  K O T T W IT Z : About 70%. However, we did work with a much thin

ner sample and the result on the widths were precisely the same. The rea

son is that most of the high removal in the thick sample is due to removal 

from the peak. W e  are dealing with something exactly like an absorption 

cross-section. There is very little probability of its reappearing in the peak 

upon second scattering. Owing to the thickness of the sample, there is very 

little broadening. This has been checked experimentally and by calculation.

D. T . G O L D M A N : I think Dr. Singwi would agree that, in principle, it 

is possible to perform this experiment to get the diffusive motion but that 

the high energy makes it very hard to get the necessary energy resolution.

D. A. K O T T W IT Z : That's right, if we could do it at a higher resolution, 

it would be quite feasible.
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Abstract — Résumé — Аннотация — Resumen

QUASI-ELASTIC SCATTERING OF COLD NEUTRONS IN WATER. The authors discuss the results of 

investigations carried out with a cold-neutron spectrometer into the quasi-elastic scattering of cold neutrons 

in water. The neutron source was a pulsed fast reactor. Measurements were made with resolutions of up to 

0.5% and ал energy of 5 meV.

DIFFUSION QUASI-ÉLASTIQUE DES NEUTRONS THERMIQUES DANS L'EAU. Les auteurs exposent les 

résultats de leurs recherches sur la diffusion quasi-élastique des neutrons thermiques dans l'eau, qu'ils ont faites 

& l'aide d'un spectrom&tre à neutrons thermiques. Comme source de neutrons, ils ont utilisé un réacteur à 

flux puisé de neutrons rapides. Le spectrombtie avait un pouvoir de résolution de 0,5% et les neutrons avaient 

une énergie de 5 meV.

КВАЗИУПРУГОЕ РАССЕЯНИЕ ХОЛОДНЫХ НЕЙТРОНОВ НА ВОДЕ. В докладе излагаются результаты ис-

DISPERSIÓN CUASI ELASTICA DE NEUTRONES FRÍOS EN AGUA. Los autores exponen los resultados de 

sus investigaciones sobre la dispersión cuasi elástica de neutrones Mbs en agua, efectuadas con ayuda de un 

espectrómetro de neutrones fríos. Como fuente de neutrones, utilizaron un reactor rápido pulsante. Las medi-

В последние годы было проведено несколько исследований нейт

ронных спектров, возникающих при рассеянии холодных нейтронов в 

воде [1-7J. В этих работах значительное внимание уделено квази- 

упругому рассеянию, т .е .  рассеянию с передачей энергии, малой 

по сравнению с энергией падающего нейтрона. Теория [8 ,9 ]  пред

сказывает, что при квазиупругом рассеянии моноэнергетических 

нейтронов в жидкости образуется спектр, имеющий лоренцову форму 

с полушириной

Г = 2hx^D, (1 )

где îüf - изменение импульса при рассеянии, D - эффективный ко

эффициент автодиффузии. Классические методы дают для коэффициен

та диффузии молекул воды в воде значение D=1,85-10 '^см  ^сек .Ана

лизируя квазиупругое рассеяние холодных нейтронов на воде,раз

личные авторы приходят к несогласующимся выводам, получая значе

ния D в пределах от D¡-<0,lD,ó доП = Б^ [ 5 ] .  Некоторые авторы ус

матривают также в спектрах рассеянных нейтронов пики, соответст

вующие передаче очень малых дискретных порций энергии (порядка 

5 * 1 0 '* э в )  [ 1 ,2 ] ;  другие авторы не находят таких пиков [4- 7].

В связи с отмеченными противоречиями представлялось интерес

ным провести измерения спектров нейтронов, рассеянных на воде,

383
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с разрешением,заметно лучшим разрешения, достигнутого в работах 

[1 -7 ] . В настоящем докладе сообщаются предварительные результа

ты таких измерений, выполненых на импульсном быстром реакторе 

Объединенного института ядерных исследований. Использовавшаяся 

экспериментальная установка описана в докладе [ ю ] .

На слой воды толщиной около 0 ,3  мм направлялся импульсный пу

чок нейтронов, фильтрованных бериллием. Нейтроны, рассеянные на 

угол 75 ± 1 0 ° ,регистрировались детектором, установленным на рас

стоянии 17 или 45 м о т  образца. Для измерения спектра нейтронов, 

падающих на образец, использовалось упрутоё рассеяние на ванадии. 

Результаты измерений при температуре воды 25°С приведены на рис.1 

и 2 . Из кривых вычтен фон, для нахождения которого падающий на

Рис. 1

Спектр нейтронов, рассеянных на ванадии (кривая 1)и 

воде (кривая 2 ) .  Расстояние от образца до детектора 

-^45 м.Ширина канала временного анализатора - 64мксек. 

Пунктирные кривые проведены по экспериментальным точ

кам. Сплошные кривые проведены по точкам,исправлен

ным на пропускание А1.



КВАЗИУПРУГОЕ РАССЕЯНИЕ ХОЛОДНЫХ НЕЙТРОНОВ НА ВОДЕ 385

образец пучок перекрывался кадмием. Фон был примерно в 4 раза 

меньше эффекта. В результате внесена также поправка на рассеяние 

алюминием (на пути рассеянного пучка находилась пластинка алюми

ния толщиной около 6 мм. Поправка расчитывалась по измерениям 

пропускания аналогичных алюминиевых листов, выполненным на базе 

45 м (р и с .З ) .

Как видно из кривой 1 (р и с .1 ) , полуширина наклона бериллиевого 

края составляет^120 мксекунд, что при расстоянии 45 м соответству

ет энергетическому разрешению 3'10**^эв для нейтронов с энергией 

в районе 5 , 2_*1 0 **з эв. Эту величину нужно сравнивать с предельным 

разрешением 2*10*"* эв, использованным в предыдущих работах [4 ] . 

Сравнение кривых 1 и 2 (р и с .2) показывает, вне всякого сомнения,

Рис. 2

Спектр нейтронов, рассеянных слоем воды толщиной 0 ,3  мм. 

Кривая 2 снята на расстоянии от образца до детектора 45 м ; 

кривая 3 - на расстоянии 17 м. Пунктирная кривая показы

вает форму спектра нейтронов,упруго рассеянных на ванадии 

на расстоянии 45 м.Все кривые исправлены на пропускание А1.

что при рассеянии на воде линия 5 ,2 *1 0 "^  эв уширяется. Для коли

чественной оценки нужно исходить из выражения для зависимости 

скорости счета N (t ) рассеянных нейтронов от времени пролета t :

Ео

N (t )d t  = d t ^ y 'F ( E ' ) o ( E ' ) W ( E ' , E ) d E ' ,  (2)

О
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где F (E ')d E '-  спектр падающего на образец потока; 

о (Е ')  - сечение рассеяния на образце;

W(EiE)dE - спектр рассеянных нейтронов для первичной энергии К  

В теории квазиупругого рассеяния [ .8 ,9 .]  W (Е',Е) - лоренцова 

резонансная кривая с шириной на половине высоту Г [1 ] . Для опре

деления Г можно воспользоваться расстоянием от середины бериллие- 

вого края для ванадия до максимума распределения для воды. Это 

расстояние сложным образом зависит от Г и законов F(E ) и <?(Е^. 

Поскольку последние в данной работе не изучались, этот путь ка

зался нам неоднозначным, и мы предпочли опираться на значение 

логарифмической производной N ' ( t ) / N ( t )  в центре бериллиевого 

края;. Значение производной слабо зависит от спектра F ( E ' ) ° ( E ' ) ;  

полагая F (E ')o (E ') ° °  Е ',нетрудно получить следующее выражение для 

Г , являющееся хорошим приближением:

Здесь Е „ ,to - энергия и время пролета для бериллиего края; под 

N (tg) следует понимать скорость счета при t = t^ , за вычетом под

ложки, не связанной с квазиупругим рассеянием. Оценка подложки 

не может быть проведена однозначно, так как неясно, являемся ли 

участок кривой в интервале 0 ,9 3  - 0 ,9 9  мсек "хвостом спектра" 

квазиупругого рассеяния, или здесь проявляются дискретные энер

гетические переходы. Если принять первое, а также пренебречь соб

ственной шириной бериллиевого края (что для расстояния 45 м не 

будет плохим приближением), то получается значение:

Можно принять Г = (5 ± 1)-10"'* эв, чему при угле рассеяния 75° 

(х2  = 3 , 7 -А**2 ) соответствует D = 0,5Do .

1&ш результат не отличается от последних данных Ларссона и Даль- 

борга [7 ] , получивших при комнатной температуре для х^ = 3 , 7 -A*2 
значение Г = (6 ± l) - 10 "*  эв.

В заключение остановимся на вопросе о малых дискретных пере

дачах энергии. Во многих из проведенных нами двух -трех-дневных 

серий измерений в спектрах вблизи бериллиевого края проявились 

ступеньки соответствующие передачам энергии ^  2 ,4  и 6- 10 '*  эв. 

Высоты ступенек составляли несколько процентов от полной интен

сивности при данном времени пролета. Положения и высоты ступе

нек в различных сериях измерений согласовывались, в том числе 

и в измерениях на базах 45 и 17 м (ри с .2 ) .  При суммировании всех 

серий ступеньки, однако, сглаживались. Хотя это может объяснять

ся дрейфами аппаратуры, в настоящее время вопрос о наличии или 

отсутствии ступенек остается открытым.

(3)

Г = (5 + 1)10-4 эв.

Во втором предположении подложка выше, и

Г s  3-10*"* эв.
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№

as
<50 200

4,7

Рис.З

Кривая пропускания 12 мм алюминия в области холодных 

нейтронов. Пролетная база - 45 м.

Измерения рассеяния нейтронов на воде продолжаются - прово

дятся измерения при различных температурах жидкости, а также 

со льдом.

Сравнение экспериментальных данных с теоретической кривой, 

рассчитанной по ф-ле(2) для значения Г = 6- 10"* эв.
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D I S C U S S I O N

A . S JÖ L A N D E R : At what temperature was this experiment done?

J. JANIK: All the curves shown in the paper are for room temperature. 

I would merely point out that for lower temperatures the broadening is 

smaller.

K. S. SINGWI: Do you have any data for width as a function of scattering 

angle? With your high resolution such data would be valuable for a number 

of reasons.

J. JANIK: No, I do not. W e  could have changed the angles to 30° but 

we did not make any experiments along those lines. Our findings are for one 

angle (75°) only.

P .A .  E G E L S T A F F : I wonder if the theoreticians present would like 

to consider ways of constructing a model which would show the small steps 

on the side of the quasi-elastic peak. I raise this point because any simple 

model, e. g. one based on a Gaussian G$(r, t), would lead to expressions 

in which the diffusive term is folded with the "phonon" terms. Consequently, 

small steps due to "phonon-like" energy levels would have the same width as 

the diffusion peak and would not be observed as steps.

I would also like to point out that at these Q  values, a Lorentzian line- 

shape is probably a very poor assumption. If the line-shape turned out to 

be nearly Lorentzian for the Q  value used in this experiment, it would in

dicate that more than one diffusive mode was being observed.

J. JANIK : Perhaps I should mention that since the theoretical quasi

elastic distribution (as shown in Fig. 4) fits the experimental data very well, 

the inelastic steps, if real, must have a very small intensity and appear as 

a "fine structure" only in the "quasi-elastic background".
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Abstract — Résumé — Аннотация — Resumen

CALCULATION OF THE INELASTIC SCATTERING OF NEUTRONS FROM POLYETHYLENE AND  WATER. 

A  model for the calculation of the scattering of thermal neutrons from chemical system was proposed by 

Nelkin. This model considered the actual dynamics of the scattering system as composed of a set of oscillatory 

motions, each describable by a Hamiltonian which commuted with each of the others. It was then possible 

to express the differential scattering cross-section in closed form. This model has been used to calculate the. 

scattering of neutrons by water. Some care must be taken in performing the numerical integration over angle 

and energy. The scattering model has been extended to the calculation of neutron scattering from polyethylene 

CnH2n- Analogous levels of polyethylene can be noted at 0.089 eV , 0.182 eV , 0.354 eV, and 0.533 eV. The 

differential and total cross-sections have been calculated for the scattering and the latter has been seen to be 

in reasonable agreement with experiment at room temperature. Scattering kernels have been calculated for 

a number of temperatures and where possible the results have been compared with experiment. In addition, 

neutron Лих spectra and diffusion lengths have been calculated using the equations of reactor physics. Compa

rison of these Results with experimental data indicates that such integral measurements are indicative of at 

least the gross features of the scattering system and should be analysed in conduction with the detailed diffe

rential cross-section results.

CALCUL DE LA DIFFUSION INELASTIQUE DES NEUTRONS PAR LE POLYETHYLENE ET L'EAU. Nelkin 

a proposé un modèle pour calculer la diffusion de neutrons thermiques dans des systèmes chimiques. Dans 

ce mod&le on considère que la dynamique réelle du système de diffusion se compose d'un ensemble de mou

vements oscillatoires, chaque mouvement pouvant 6tre décrit par un hamiltonien commutant avec chacun 

des autres. Il est alors possible d'exprimer la section efficace différentielle de diffusion sous une forme fermée. 

Les auteurs ont employé ce modèle pour calculer la diffusion des neutrons par l'eau. П faut prendre quelques 

précautions lorsque l'on fait l'intégration numérique par rapport aux angles et aux énergies. Le modèle de 

diffusion a été étendu aux calculs de la diffusion des neutrons par le polyéthylèneСд^п- On note des niveaux 

analogues à 0,089 eV , 0,182 eV , 0,354 eV et 0,533 eV. Les auteurs ont calculé les sections efficaces diffé

rentielle et totale pour la diffusion et ils ont constaté que la seconde est en bon accord avec l'expérience à la 

température du laboratoire. Ils ont calculé des noyaux de diffusion pour un certain nombre de températures et,

calculé les spectres de flux de neutrons et les longueuts de diffusion en se fondant sur les équations de la phy

sique des réacteurs. En comparant ces résultats et les données expérimentales, on constate que ces mesures 

intégrales donnent au moins des indications générales sur les caractéristiques du système de diffusion et qu'il 

conviendrait de les analyser en tenant compte des résultats détaillés relatifs aux sections efficaces différent 

tielles.

РАСЧЕТ НЕУПРУГОГО РАССЕЯНИЯ НЕЙТРОНОВ ПОЛИЭТИЛЕНОМ И ВОДОЙ. Модель для вычисления рассеяния 

тепловых нейтронов химическими соединениями была предложена Нелькином. Эта модель рассчитывала 

действительную динамику рассеивающей системы, состоящей из набора колебательных движений, каждое

*  Operated by the General Electric Company for the U . S. Atomic Energy Commission.
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CÁLCULO DE LA DISPERSION INELASTICA DE NEUTRONES POR POLIETILENO Y  AGUA. NelMn propuso 

un modelo para calcular la dispersión de neutrones térmicos por sistemas químicos. Con arreglo a este modelo, 

la dinámica real del sistema dispersante se consideraba compuesta por una serie de movimientos oscilatorios 

cada uno de los cuales podía describirse por un hamiltoniano que conmuta con los hamiltonianos de los otros 

movimientos oscilatorios. Ello permitiría; expresar la sección eficaz diferencial de dispersión en forma cerrada. 

Los autores han utilizado este modelo para calcular la dispersión de neutrones por el agua. Debe procederse 

con cierto cuidado al efectuar la integración numérica respecto del ángulo y de la energía. El modelo sella 

utilizado también para calcular la dispersión de neutrones por polietileno (СдНйп)- A 0,089 eV , 0,182 eV,

0.354 eV y 0,533 eV, se observan niveles análogos en el polietileno. Se ha calculado la sección eficaz dife

rencial y total de dispersión y la última parece concordar satisfactoriamente con los resultados de experimentos 

realizados a temperatura ambiente. Se han.calculado los núcleos de dispersión para varias temperaturas y, 

cuando es posible, los resultados se comparan con los de los experimentos. Además se han calculado los espec

tros de ñujo neutrónico y las longitudes de difusión utilizando para ello las ecuaciones de física de reactores. 

La comparación de estos resultados con los datos experimentales muestra que tales mediciones integrales cons

tituyen por lo menos un índice de las características generales del sistema dispersante y deben analizarse 

conjuntamente con los resultados detallados relativos a Ies secciones eficaces diferenciales.

1. IN T R O D U C T IO N

Theoretical methods for the calculation of the inelastic scattering of 

thermal energy neutrons by chemically bound systems have been proposed* 

in the past few years. They are of special importance in predicting the 

properties of reactor systems where the interaction between the slowing- 

down neutron flux and the moderator must be known. Since the wave length 

of a neutron with an energy in the thermal range is of the order of molecu

lar distances (=s¡ one A), it is necessary to properly take into account the 

chemical binding effects of the scatterer. Furthermore it can be shown 

that except for a factor of the ratio of the square root of the final energy 

to the initial energy, the scattering cross-section is a function solely of 

the energy change and the momentum transferred. Thus from a knowledge 

of the inelastic scattering cross-section, it is possible to derive informa

tion about the chemical system. This can be seen from an examination of 

the four-dimensional Fourier transform, G(r, t) of the differential cross- 

section, cP (y/díME, first introduced by V A N  H O V E  [1]

, -</  1  /  i ( i j t - K - r )  ^ o  d ^ c r

) '(2 ? r )3 N j  ^ к dHdE -  ( )

К  = к -kg, the momentum transfer

where
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and TiE = (^к ^ /2т )- (Ъ ^к д /2т ), the energy change.

If we write the cross-section as made up of a "self" part, and a "distinct" 

part, and correspondingly, G(r, t) = Gg(r, t) + Gd(r, t), Van Hove showed that 

in the limit as t 0,

Gs(r, 0)= 6(r), G^(r, 0) = g(r)

where g(r) is the correlation function of the scatterer, which is customarily 

measured in X-ray diffraction experiments. For a wave length appropriate 

to molecular distances, the energy of the electromagnetic radiation is too 

large to be affected by the chemical binding effects of the scatterer, which 

corresponds to the t -> 0 limit given above. Neutrons, on the other hand, 

have wave lengths and corresponding energies of just such a nature to be 

of use in determining the extended correlation function G(r, t). In this paper 

we shall be interested primarily in a calculation of the scattering process 

and then illustrate the necessity for using a proper model of scattering in 

calculation reactor fluxes.

In Section 2, a summary of the modified Nelkin water model is given 

together with some comparisons of predicted scattering cross-sections with 

experimental data. In Section 3 the polyethylene model is discussed. In 

Section ¡4 a method for the calculation of neutron fluxes is outlined and com

parisons of theory and experiments presented. Section 5 consists of a brief 

discussion of diffusion lengths and suggestions for further endeavour.

2. W A T E R

Since water is one of the most common reactor materials, a large num

ber of theoretical and experimental investigations of neutron scattering have 

used water as a target. In a purely theoretical sense this is somewhat un

fortunate because the complicated nature of the liquid system makes precise 

analysis difficult.

As noted above, the neutron scattering is a function of the properties 

of the scattering system. N ELKIN  [2] replaced the complicated phonon spec

trum of water [3] by the four distinct energy groups given in Table I, corre

sponding to an interaction Hamiltonian separable into four distinct com-

TABLE I

E N E R G Y  L E V E L S  O F  W A T E R  A N D  P O L Y E T H Y L E N E

Energy levels

Nature of level HzO CnHzn

Hindered rotational 0. 06 0. 089

Vibrational 0. 205 0.187

Vibrational 0. 474 0. 354

Vibrational 0. 488 0. 533
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ponents, on hindered rotational and three vibrational. These correspond, 

respectively, to the circular motion of the H-O-H molecule about its centre 

of mass in the field of the other molecules, and to the three degrees of free

dom of the H-O bond in the molecule. To these motions must be added the 

free movement of the entire water molecule. Since an exact treatment of 

the 0.06 eV hindered rotational level is quite lengthy, Nelkin replaces this 

by a vibrational level of different mass.

Nelkin approximated the intermediate scattering function introduced 

by Z E M A C H  and G L A U B E R  [4], X (R ,t )

by a product of the X 's  corresponding to the translation of the entire water 

molecule, the hindered rotational state and each of the vibrational states.

mation of harmonic motion for each of the degrees of freedom was made, 

using the formalism of Z E M A C H  and G L A U B E R  [4], similar functional 

forms for the intermediate scattering function result. For ease in calcula

tion it was further proposed to treat only one mode oscillation exactly at a 

time, considering the other oscillations in either the high energy transfer 

or zero energy transfer limit. Thus for water there are three natural re

gions corresponding to energy transfers of A E <  0.205 eV, 0 .205<LAE< 0.481 

eV and 0.481<, A E  ^,0.8 eV. Above an energy transfer of about 0.8 eV, the 

scattering is treated as that from a gas of free hydrogen atoms. Taking 

the time transform of the intermediate scattering function, the resulting 

equation for the differential cross-section is

where the undefined parameters are given in some detail by N E L K IN  [2]*.

The total cross-section as a function of incident energy was computed 

by integrating the results obtained from the numerical evaluation of Eq. (3). 

Some care must be taken in choosing the integration scheme to avoid the 

problems associated with numerical evaluation of integrable singularities

[5]. The results are shown in Fig. 1. To calculate the scattering from 

water, the individual hydrogen cross-sections were doubled and added to the 

oxygen cross-section (4 b). The agreement between experiment and theory 

for large incident energies was fixed by the choice of parameters but the 

comparison over the whole energy range shown is quite good. Also included 

is the calculated cross-section treating the scatterer as a system of a free 

gas of hydrogen atoms.

separately averaged over initial states of the system. Since the approxi-

dMdE 4я-

d^a _ On

2тгЁК2 "
-no)/2T

(3)

* In this original work Nelkin defined his regions corresponding to the incident neutron energy, rather 

than to the transfer energy.
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Fig.l

Total cross-section for the scattering of neutrons by water.

A  much more selective test of the quantitative accuracy of any scatter

ing theory is the accuracy with which differential cross-sections are deter

mined. A  large body of such experimental data for water has been measured 

by E G E L S T A F F  [6] who reports his results in terms of the dimensional- 

less quantities

=
Ei + Ef - 2^ jE iE f  4. j.' ' f-  ̂ r t , the momentum transfer

Ef - Ei
ß = --——  , the energy transfer (negative for an energy loss)

and the symmetric scattering law

d^cr(Ei-) E f ,^ )  ^  jEi g/g

An example of such a comparison, albeit the most satisfactory we have de

termined thus far, is shown in Fig. 2.

Additional comparisons between theory and experiment using Egelstaif's 

representation directly were also undertaken. One such example is shown 

in Fig. 3. W e  see that the comparison looks reasonably close except for 

small o?. This is inevitable in any theory which uses the free translation 

approximation since for a free gas kernel, S/or-)0 as a-)0. This is there-
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Fig. 2

The differential cross-section of water as a function of the cosine of the scattering angle 

for initial neutron energy of 0.14 eV and final energy of 0.06 eV .

Fig.3

The ratio S /a  as a function of a for the scattering of neutrons by room temperature water.

iore visual evidence for the need for including diffusive effects which are 

apparent at small momentum and energy transfers.

The cross-section for the scattering from water at 150°C was then cal

culated in order to compare with some available data [7]. In Fig. 4 we see 

that the disagreement between theory and experiment is greatest for small a.
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Fig.4

The ratio S /a  as a function of a for the scattering of neutrons by water at 150*C.

3. P O L Y E T H Y L E N E

A  study of the scattering from polyethylene was initiated since this sub

stance is commonly used in reactor assemblies, due to the similarity in the 

chemical structure of each. This similarity has made it possible to extend 

the vibrational model of water to the case of polyethylene.

The chemical structure of the polyethylene is that of along-chain organic 

molecule with the generic formula C„H:n [3]. Thus, it seemed possible to 

treat the individual component of the molecule, i. e. the H-C-H radical in a 

manner analogous to the representation of the water H-O-H molecule. To do 

this it was necessary to determine the frequency spectrum of the polyethy

lene molecule. W e  examined the data of N IE L S E N  and W O O L E T T  [9] for 

solid polyethylene and inferred the various energies of phonon excitation 

from their results. On the basis of their data, there appears to be reason

ably well-separated energy levels at energies of 0.089 eV, 0. 187 eV, 0.354 eV 

and 0.533 eV. These energies are given in Table I, and are listed along

side their possible analogous water levels. The total cross-section was 

then calculated assuming that each of the four levels corresponds to a nor

mal mode of oscillation of the hydrogen atoms of the polyethylene molecule. 

This is an especially simple model and involves the selection of only one 

arbitrary parameter, chosen so that at high neutron energies (E^ > 0.8 eV), 

the total cross-section be the same as that from a free proton gas. This 

takes the form of 1 = 1 /M  + 1 /my where M  is the total mass of the CH^ group 

[14] and m , is the effective vibrator m ass. There are now four regions, 

given by

Region I A E < 0 .1 8 7 e V ,

Region II 0.187 < A E  < 0.354 eV

Region III 0.354 < A E <  0.533 eV

Region IV  0.533 < A E  < 0 .8  eV.

In each region the translational motion is treated in the high energy limit
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and one of the vibrational modes is treated exactly, in complete analogy to 

the method used for water-scattering. The differential cross-section is 

again given by Eq. (3) with the parameters defined by Table II.

The parameters listed in Table II have been used to calculate the neu

tron cross-sections. The total neutron cross-section calculated by the pro

gramme was compared with the experimental data of B A C H  et al. [10]. These 

results agree quite well with earlier data of R A IN W A T E R  et al. and have 

much smaller statistical errors associated with them. The comparison is 

shown in Fig. 5 where we have plotted the data of Bach et al. and the theore

tical cross-section. It is apparent that calculated results are in quite good

TABLE II

P A R A M E T E R S  E N T E R IN G  IN TO  T H E  E Q U A TIO N  F O R  TH E  

SC A TT E R IN G  O F  N E U T R O N S  B Y  P O L Y E T H Y L E N E
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Region Ht 0.354 e V ^ .A E <  0.533 eV 

1/m = 1/M  + ]/2i4y 

m = 1.868

Ê = [(T/M ) + ( Ê , + E ^ 4 m y ) ] m  

= 0.0603 eV 

A '*  = [м^** + (Mg tanh Mg /2 T )* ']

A = 0 .9 1 6 e V

В = 4 my Mg sinh Mg /2 T  = 787. 6 eV 

M = M g=  0.354 eV

Region iV 0.533 eV < E < 1 eV 

1/m - 1/M  + 3 /4  Шу 

m =  1.302

Ê = T /M  + l/4niy (Ê, + Ë^ + Ëg) m  

= 0.0977 eV 

A = 4 m y M g t a n h M 3 /2 T  

= 2.296 eV 

B = 4myMasinhMa/2T 

= 3 .9 6 7 x i0 '*e V  

M3 = 0.533 eV

agreement with the experimentally-measured total cross-sections, a re 

sult not necessarily expected due to the naiveté of the model. The signifi

cance of these results is being investigated, but it would be of great benefit 

in this line to have available some differential cross-section measurements.

Fig. 6 presents an illustration of the various results for the ratio S(a, j3) 

/or as a function of a* for ¿3 = 3 .2  using different theoretical forms of the 

scattering cross-section. For comparison we have indicated Egelstaff's 

experimental water results. The sensitivity of the calculations to the choice 

of the scattering kernel is evident.

4. F L U X  S P E C T R A

A  critique of scattering models might be divided into two general cate

gories, differential and integral portions. The details of the differential
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0.МЧ 0Л) 0.1 1.0

ENERSY (tV ) POLYETHYLENE

Fig. 5

Total cross-section for the scattering of neutrons by polyethylene.

Fig. 6
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considerations have been described in the previous two sections. The total 

cross-section, an integral quantity, has also been discussed. In this section 

the direct application of calculated scattering cross-sections to reactor flux - 

spectra will be described. In this sense, the reactor itself performs an 

integral measurement of the cross-section. In performing calculations of 

flux spectra there arises the question of how well the reactor physicist is 

able to predict the observed behaviour of the reactor. This will not be dis

cussed in this paper, except to say that infinite medium-thermal neutron 

spectra appear to be able to be predicted quite satisfactorily, and these cal

culations will be described in this section.

The infinite medium thermalization equation for energy E  less than the 

energy of any source neutron is

[Ea(E) + Es(E)]<?<(E)-^ E(E'->E)<HE')dE' = S(E) (4)

where E^ and Eg are the absorption and scattering cross-sections. E(E'-^E) 

is the cross-section for scattering from energy E ' to the range dE about E

S (E )=J^  E(E'->E)<ME')dE'
E,.

is the source of neutrons scattered from energies above Ec to energies be

low Eg, <ME) is the neutron flux, and Ec is a cut-off energy chosen so that

ENERGY. eV 

Fig. 7

Infinite medium spectrum for material with 1 /V  absorption and By = 0 .1 .
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the Scattering from energies below Ec to energies above Ее can be neglected. 

Ec is also below the energy of any source neutron. If all quantities in (4) 

are evaluated at n values of E(=Ei), and the integral replaced by a sum, the 

n equation

[E a (E i)  +  E s (E i)< K E i) ]  - ^  E ( E j^ E j ) < M E j )  A j =  S (E i )  (5)

are obtained. This represents a system of n linear equations in n unknowns 

(the ф(Е^) and can be solved by direct matrix inversion to obtain the flux 

spectrum ^(Ei). Examples of flux spectra calculated with each of the ker

nels are shown in Figs. 7 and 8. Fig. 7 shows the infinite medium spectra

Fig. 8

for a region with only 1/V absorption and ßy =0.1. ßy = Еа(кТ)/Е^*(ю ) is the 

ratio of the macroscopic absorption cross-section at kT to the asymptotic 

(high energy) macroscopic hydrogen scattering cross-section). Fig. 8 shows 

these spectra for a region withp-y = 0.8. It is apparent from these graphs 

that the use of the different kernels yields quite different results and there

fore experimental comparisons are needed. This is further evidenced by 

the large differences in averages over these spectra of a unit 1/V cross- 

section. These figures are shown in Table III and can be seen to be quite 

different.

B E Y S T E R  et ed. [12] have measured infinite medium spectra in pure 

and poisoned water and polyethylene moderators. Fig. 9 shows Beyster's
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A V E R A G E S  O F  UNIT 1 /V  CROSS-SECTION
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0. 625

I<
0.025 eV

%(E)dE

pO.625

J  <HE)dE

Kernel 6y of Ф = . 1 <\l/V^>;ßyofP = .8

Massl .7826 .5217

Water .7593 .4901

Polyethylene .7292 .4585

Fig-9

Calculated and experimental neutron spectra In boric acid.
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experimental points as measured in various concentrations of boric acid. 

Also shown are the spectra as calculated on the basis of the free proton and 

bound water scattering models. All curves are normalized to the same l/E 

high energy dependence. These curves show that the free proton kernel is 

not adequate to calculate spectra in water while the water kernel is much 

better able to predict these spectra. Furthermore, calculations of Beyster's 

experiment is borated polyethylene (see Figs. 10 and 11; show that the water

Fig. 10

Calculated and experimental ̂ neutron spectra in borated polyethylene (5 .74  b /H  atom).

Fig.11

Calculated and experimental neutron spectra in borated polyethylene (10 .45  b /H  atom).
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kernel should not be used to calculate polyethylene spectra, but that the 

model created specifically for polyethylene must be used.

Thus we see that infinite medium-thermal spectra are quite sensitive 

to the form of the scattering kernel. Kernels are available for the predic

tion of these spectra with reasonable precision.

5. DIFFUSION  L E N G T H S

W e  have seen that the water and polyethylene kernels described above 

yield good results when used to predict infinite medium spectra. This, how

ever, is a test of only the Ц  scattering kernel. In order to get some idea of 

the ability of these models to predict the angular distribution of the scatter

ing law, some diffusion length calculations have been done. These serve 

as a test of the transport cross-sections.
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Following the methods of C A L A M E  [13] diffusion lengths in water and 

polyethylene have been computed for a range of temperatures. In these cal

culations the water and polyethylene kernels as well as the mass 1, free 

gas kernels were used. For water and polyethylene, the transport cross- 

section was computed from:

<Уп=(1-<3)0-3 = У  а о ( Е - > Е И Е 'У  ?i(E->E') dE ' .

Results of these calculations are given in Fig. 12 where comparisons are 

given with the results of R O C K E Y  and SKOLNIK  [14] and ESC H  [15]. From 

these curves it is apparent that the water kernel is able to give a reasonable 

description of the temperature dependence of the diffusion length, but the 

polyethylene model does not seem adequate except at room temperature. 

This lack of agreement is probably due to the fact that the temperature in

creases, the structure of polyethylene changes and the room temperature 

phonon excitation frequencies are no longer valid. Since no data on these 

frequencies for hot polyethylene were available the room temperature values 

were used for the calculation of kernels at all temperatures. Thus the need 

for experiments on hot polyethylene is indicated to permit the calculation 

of improved scattering kernels.
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Abstract — Résumé — Аннотация — Resumen

SYSTEM ATIC  STU D Y  O N  T O T A L  NEUTRON SCATTERING CROSS-SECTIONS OF  HY DR OGEN  C O N 

TAINING MOLECULES. In addition to the previously reported results of total scattering cross-section measure

ments with hydrogen containing molecules [Inelastic Scattering of Neutrons in Solids and Liquids", IAEA, 

Vienna (1961)] some new data for NH^, HgS (gases) and C H 4 (liquid) were obtained. The results for gases 

were compared with the theory of Krieger and Nelkin. The same comparison in the case of liquid C H 4 led to 

the conclusion that C H 4 molecules rotate freely in the liquid state.

New measurements of the scattering cross-sections of C H^SH  molecules in the gaseous and liquid state 

were also performed. The results do not confirm the previously reported data, i .e . they do not show any 

existance of peaks connected with the hindered internal rotation. However, a comparison with the theory of 

Krieger and Nelkin and the theory of Kolos gives evidence of inelastic transitions between successive energy 

levels of the hindered rotation. '

ÉTUDE SYSTÉMATIQUE DES SECTIONS EFFICACES TOTALES DE DIFFUSION NEUTRONIQUE DANS  

IÆS MOLÉCU1ES HYDROGÉNÉES. Les auteurs ont obtenu quelques résultats complémentaires sur les mesures 

de sections efficaces totales de diffusion neutronique dans les molécules hydrogénées telles que N H 3, HgS (gaz) 

et C H 4 liquide. Ils comparent les résultats relatifs au gaz aux prévisions de la théorie de Krieger et Nelkin. 

La même comparaison dans le cas de C H 4 liquide permet de conclure que les molécules de CH¿ tournent 

librement à l'état liquide.

Les auteurs ont aussi fait de nouvelles mesures des sections efficaces de diffusion dans les molécules de 

C H 3SH à l'état gazeux et à l'état liquide. Leurs résultats ne confirment pas les données qu'ils avaient signalées 

antérieurement: ils ne révèlent pas la présence de pics liés à la rotation interne amortie. Toutefois, une com

paraison avec la théorie de Krieger et Nelkin et avec la théorie de Kolos fournit la preuve de l'existence de 

transitions inélastiques entre les niveaux d'énergie successifs des états de rotation amortis.

СИСТЕМАТИЧЕСКОЕ ИЗУЧЕНИЕ ПОЛНЫХ ПОПЕРЕЧНЫХ СЕЧЕНИЙ РАССЕЯНИЯ НЕЙТРОНОВ ДЛЯ МОЛЕКУЛ,СОДЕРЖА-

ESTUDIO SISTEMÁTICO DE LAS SECCIONES EFICACES TOTALES DÉ DISPERSION NEUTRÓNICA DE 

MOLÉCULAS QUË CONTIENEN HIDRÓGENO. Además de los resultados referentes a la medición de las sec

ciones eficaces totales de dispersión neutrónica de las moléculas que contienen hidrógeno dados a conocer 

anteriormente (Actas del Simposio sobre dispersión inelástica de los neutrones en los sólidos y los líquidos, 

Viena, 1961), los autores han obtenido algunos nuevos datos relativos al NH^, SH^ (gases) y C H 4 (líquido).
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Han comparado los resultados referentes a los gases con los predichos por la teoría de Krieger y Nelkin. Esta 

misma comparación, efectuada en el caso de CH^ líquido, permite deducir que el movimiento de rotación 

de las moléculas de CH^ en estado líquido es libre.

Los autores han realizado nuevas mediciones de las secciones eficaces de dispersión de las moléculas 

de CH^SH  en estado gaseoso y líquido. Los resultados no confirman los datos anteriormente comunicados, es 

decir, no muestran la existencia de picos asociados a la rotación interna restringida. Sin embargo, la com 

paración de la teoría de Krieger y Nelkin con la de Kolos revela la existencia de transiciones inelásticas 

entre los niveles energéticos sucesivos de la rotación restringida.

IN TR O D U C TIO N

Continuing the measurements of total cross-sections for scattering of 

slow neutrons by molecules of gases and liquids [1 , 2] some new data for 

gaseous and liquid N H 3 , gaseous and liquid HgS gaseous and liquid CH 3SH, 

and liquid CH 4 were obtained. The results for gases were compared with 

the theory of K R IE G E R  and N E L K IN [3] . The results for liquids led to some 

conclusions concerning the molecular rotation in the liquid state. The re

sults for CH 3SH molecules led to a revision of the formerly-reported data 

[1 ] and gave some suggestions as to the internal hindered dotation of the 

molecules. А И  experiments were performed by using a slow chopper and 

a time-of-flight technique applying a simple transmission method [4] .

R E S U LT S  F O R  G A SE O U S  N H 3 A N D  Hg S

The purpose of the measurements was to prove the validity of the 

K R IE G E R  and N E L K IN  [3] theory for the scattering cross-section deter

mination in the thermal energy region. The previously reported data do not 

give a definite answer to this problem. The experimental data ofM ELKON IAN

[5] for gaseous CH4 fit very well the Krieger and Nelkin theory. A  similarly 

good agreement obtains in the case of gaseous С дЩ  [1] . The results of 

JANIK et al. [1, 6] for gaseous NH 3 confirm also the validity of the Krieger 

and Nelkin theory. RU SH  et al. [7], however, obtained a systematic devia

tion from the theory for these molecules. Finally the experimental points 

of H E IN L O T H  [8] for H gO  vapour deviate considerably from the Krieger 

and Nelkin theory.

Fig. 1 presents our new results obtained for gaseous N H 3 molecules, 

which again well confirm the validity of the Krieger and Nelkin theory.

Fig. 2 shows our experimental results for gaseous HgS molecules. The 

small but systematic deviation from the theory is in this case in the same 

direction as that obtained by Heinloth for Hg О vapour. It might be suspected 

that in view of the similarity of the geometrical structure of HgO  and HgS 

molecules, the disagreement between theory and experiment has the same 

origin in the above two molecules, and may come from the approximative 

character of the Krieger and Nelkin theory.

R E S U L T S  F O R  L IQ U ID  С Щ ,. N H 3 A N D  Щ  S

It is well known that the neutron scattering cross-section for molecules 

of liquid Hg О  is much higher than that determined from the Krieger and 

Nelkin theory and also much higher than the cröss-section for gaseous HgO.
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Fig.l

Total neutron scattering cross-section per proton of N H , moiecuie versus neutron energy.

0.005 (M1 0.02 0.05 0.1 0.2 E„ feV ]

Fig. 2

*  ж *  - experimental points for gas,

---  - K-N theory.
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Fig.3

This situation is shown in Fig. 3. The increase of the cross-section at the 

transition from gas to liquid might in this case be explained as arising from 

a hindrance of molecular rotations in liquid caused by the association.

In view of the symmetry of the CH 4 molecules, and in view of the lack 

of any association in liquid C H 4 it might be suspected that the molecules 

rotate freely in this substance in the liquid state. Fig. 4 shows our results 

for liquid CH 4 which are in perfect agreement with the Krieger and Nelkin 

theory for the gaseous substance, which confirms the above suggestion.

Our results for liquid N H 3 and HgS which are presented together with 

the results for gases in Figs. 1 and 2 show the effect of a hindrance of mole

cular rotation in the liquid N H 3 , which again might be explained by the as

sociation of the substance, and a rather small effect of this hindrance for 

liquid HgS which is in agreement with the look of any evidence of hydrogen 

bond in this substance.

R E SU LT S  F O R  G ASEOU S A N D  LIQUID  CH 3 SH

As .presented in the appendix to the paper of JA N IK  etal. [11 the re

ported peaks in the cross-section versus neutron energy curve for C H 3SH
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Fig. 4

*  * *  - experimental points,

---  - K-N theory.

molecules appeared to have been caused by Bragg-scattering which occurred 

in the walls of the vessels. Our new results, which do not show any peaks 

either for the gaseous or for the liquid substance, are shown in Fig. 5. It 

appears that the cross-section curves for the gaseous and the liquid CH 3SH 

practically coincide. It seems natural to assume that due to a lack of as

sociation the hindered rotation frequency in the liquid CH 3SH is not changed 

as compared with that in gas. It can also be seen from Fig. 5 that the ex

perimental points lie above the Krieger and Nelkin curve which was obtained 

when applying a reasonable value of 1270 cal/mol. for the hindered rotation 

barrier height [9], It is again natural to assume that thé inelastic effects 

which in the calculations based on the Krieger and Nelkin theory are not 

taken into account, play a significant role. Due to the fact that at the tem

perature of the measurements, 360° K , the higher levels of hindered rota

tion are excited, thus giving a variety of possible inelastic transitions and 

to the fact of splitting of these levels, the total cross-section curve does 

not show any peaks.

It should be pointed out that a similar behaviour and a similar evidence 

of inelastic effects was also reported for the gaseous C H 3O H  [10] . In this
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Fig. 5

Total neutron scattering cross-section per proton of C H ,S H  molecule.

case, however, the experimentally-obtained curve for the liquid substance 

lies above that for the gas, which might be explained by the known fact that 

the association in the liquid CH 3O H  significantly changes the hindered rota

tion frequency (from ca. 300cm'i toca. 600 cm**).
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D I S C U S S I O N *

P . S C H O F IE LD : I think the deviations you get from the Krieger-Nelkin 

theory must be due in part to the method of approximation of the Sachs- 

Teller mass tensor. This approximation is worst for highly asymmetric 

molecules and this is in conformity with the trend observed in your com 

parisons of experimental results with calculations.

К See also discussion on the paper by D . Bally et al. entitled "The Scattering of slow neutrons from 

hydrogen and ethylene"



NEUTRON SCATTERING CROSS-SECTIONS OF HYDROGEN 411

J. A . JANIK: If I understand correctly, you mean this difference between 

theory and experiment must arise from the approximative character of the 

Krieger-Nelkin theory, and it may be as you suggest. However, the Krieger- 

Nelkin theory assumes that there is no interaction between rotation and vi

bration and it may be that in the case of these molecules this should betaken 

into account.

P . S C H O F IE L D : Yes, but this wouldn't be so important at the higher 

energies. I think the major error in small molecules, for example H^S, 

m ay well be due to the form of averaging the mass tensor.
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Abstract — Résumé — Аннотация — Resumen

INELASTIC SCATTERING OF NEUTRONS BY METHYL- ETHYL- AND n-AMYL ALCOHOLS. The energy 

transfer spectra of methyl-, ethyl- and n-amyl alcohols in the liquid state at room temperature have been 

measured by cold neutron scattering and beryllium detector methods. A description is given of the apparatus 

used for the latter measurements.

The principle feature observed in each case is a broad band of energy transfers from 0 to 50 m V . At 

higher energies there is some indication of the excitation of a level at 170 m V  in the neutron energy loss 

spectra. This corresponds to the molecular vibrational mode in which the hydroxyl group bends with respect 

to the С -O bond observed by 1-R spectroscopy at 170 m V . The С -O bond stretching mode at 128 m V was not 

observed.

The 0 - 5 0  m V  band is discussed in relation to previous measurements of the variation of total cross- 

section for long wavelength neutrons and optical measurements of free and hindered internal rotation in alcohol 

molecules.

DIFFUSION INELASTIQUE DES NEUTRONS DANS LES ALCOOLS M ETHYLIQUE, ETHYLIQUE ET 

n-AMYLIQUE. Les spectres de transfert d'énergie des alcools mëthylique, éthylique et n-amylique ont été 

mesurés à l'état liquide et à la température ambiante, au moyen de la diffusion de neutrons lents et par des 

méthodes de détection au béryllium. Les auteurs décrivent l'appareil employé pour ces dernières mesures.

La caractéristique principale observée dans chacun des cas est une large bande de transferts d'énergie 

allant de 0 à 50 m V . Pour des énergies supérieures, quelques indices donnent à penser que le niveau de 170 mV  

est excité dans les spectres de perte d'énergie des neutrons. Ceci correspond au mode de vibration moléculaire

Le mode d'extension des liaisons С -O à 128 m V n'a pas été observé.

Les auteurs étudient la bande de 0 à 50 m V  en fonction de mesures précédentes de la variation de la 

section efficace totale des neutrons â grande longueur d'onde et des mesures optiques des rotations libres et 

des rotations internés amorties dans les molécules d'alcool.

НБУПРУГОЕ РАССЕЯНИЕ НЕЙТРОНОВ В МЕТИЛОВОМ, ЭТИЛОВОМ И НОРМАЛЬНОМ АМИЛОВОМ СПИРТАХ. Измерены

них величин полных поперечных сечений рассеяния нейтронов с большими длинами волн и оптическими 

измерениями свободных и несвободных внутренних вращений в молекулах спирта.

DISPERSION INELÀSTICA DE NEUTRONES POR LOS ALCOHOLES METÍÜ C O . ETÍLICO Y n-AMÍLICO. Los 

autores han medido los espectros de transmisión de energía de los alcoholes metílico, etQico y n-amílico en 

estado líquido a la temperatura ambiente por el método de dispersión de neutrones fríos y del detector de 

berilio. Describen los aparatos utilizados para llevar a cabo esas mediciones.

La particularidad mis notable que se observa en cada caso es una amplia banda de transmisiones de 

energía de 0 a 50 m V . Para energías más elevadas, hay indicios de la excitación de un nivel a 170 m V  en el

413
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espectro de pérdida de energía neutrónica. Ello corresponde al modo vibratorio molecular en que el radical 

hidroxilo se desplaza respecto al enlace С -O, observado por espectroscopia infrarroja a 170 m eV . No se ha 

observado el modo tensor del enlace С  -O a 128 m V .

L)s autores estudian la banda 0-50  m V  en relación con mediciones anteriormente efectuadas de la 

variación de la sección eficaz total para neutrones de onda larga, y con mediciones ópticas de movimientos 

rotatorios libres y restringidos en las moléculas de alcohol.

IN T R O D U C T IO N

The dynamics of alcohol molecules have been extensively studied by 

the optical techniques oi infra-red and Raman spectroscopy and results of 

this work are summarized by H E R Z B E R G  [1] . The frequencies of the vari

ous vibrational modes of the simplest aliphatic alcohol, methanol, have 

been measured and compared in both vapour and liquid phases. More recent 

interest in the behaviour of hydrogenous liquids as thermal reactor modera

tors has led to investigations of the neutron-scattering characteristics of 

organic molecules including the lower alcohols. Thermal and cold neutron 

scattering data are more sensitive to the lower energy transitions (s 0 .1 eV) 

associated with translational and rotational motion of the molecules.

N A SU H O G LU  and RINGO [2] have measured the total scattering cross- 

sections as a function of neutron wavelength between 5Ä and 20 A  of a series 

of the lower alcohols, and B R U G G E R  and EVANS [3] have reported inelastic 

scattering neutron spectra of ethyl and n-amyl alcohols by their spinning 

sample technique.

This paper describes measurements of the inelastic scattering of neu

trons by liquid samples of methyl-, ethyl and n-amyl .alcohols at room tem

perature using the complementary techniques of cold neutron scattering and 

the beryllium detector methods. The former measures the scattered neutron 

spectrum in the elastic and energy gain region, while the latter covers the 

energy loss spectrum from 40 m V  to 230 m V .

E X P E R IM E N T A L  D E T A IL S

(a) The beryllium detector apparatus

The beryllium detector apparatus, similar to that described by W O O D S  

et al. [4], consists of an array of seven low pressure (40 cm Hg)B*°F 3 pro

portional counters shielded by a polycrystalline beryllium filter and mounted 

on the arm  of the Dido High Intensity Crystal Spectrometer. A  schematic 

layout of the apparatus is shown in Fig. 1.

The scattering sample is mounted in the diffracted beam, energy Eo, 

produced by the single crystal monochromator. Neutrons scattered through 

90° ± 5° in the horizontal plane enter the beryllium filter, but only those 

having a scattered energy, E ', less than the beryllium Bragg cut-off, pass 

the filter and are detected.

With the present shielding arrangement the spectrometer arm  can be 

moved in 1° , 20 min or 6 min increments through 30° to 60° with respect 

to the direction of the collimated reactor beam incident on the monochroma

tor. For these experiments an aluminium single crystal was used. The crys

tal table is connected by a 1:2.tape and drum drive to the spectrometer arm,
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Fig.l

Schematic of the Dido Crystal Spectrometer using the "beryiiium detector" method.

and the monochromator mounted on this table can be oriented by remotely- 

controlled electric motors to bring (111), (220), or (331) planes into the 

Bragg condition. B y  this means the incident neutron energy, Eo, can be 

varied from 15 m V  to 350 m V .

A  U235 fission chamber monitors the intensity of the diffracted beams, 

and a remotely-controlled cadmium shutter between the monitor and the 

sample is used for background measurements. The highest measured mono- 

energetic neutron rate at the sample position is 7 X  10^ neutrons/s over 

an area of 10cm^ atEo  = 3 0 m V .

The count rate in the beryllium detector per count from the monitor 

(which has a 1/Vefficiency dependence over most of the range) is propor

tional to э^о/э ЯЭе (ко/к') 4т/?ь where kg and k' are the incident and scat

tered neutron wave vectors, Э^о/ЭЯЭе the differential cross-section and 

ajp the bound atom scattering cross-section of the nucleus.

The mean energy transferred to the neutron by the scattering process 

is e = E'- Eo. where E ' has been calculated to be 0. 0034 eV taking into con

sideration the efficiency of the "end-on" BFg counters, the residual cross- 

section of the beryllium filter below the cut-off and the k^*  ̂ dependence of 

the differential cross-section. The practical upper energy limit of the ap

paratus iß determined by the count to background ratio which falls rapidly 

in the region of 0 .10  to 0 .25  eV, because of decreasing reactor spectrum 

intensity and poor monochromator reflectivity of planes with high Miller 

indices.

As the beryllium filter has a small but finite transmission above 0.005 

eV the possibility of spurious peaks in the measured inelastic spectrum due 

to strong Bragg reflections cannot be discounted. This effect is only im 

portant for coherent scatterers but nevertheless each sample is checked 

by replacing the filter by a collimator and comparing the distributions ob

tained.
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The operation of the spectrometer is fully automatic, the output data 

being produced in the form of punched paper tape which allows data pro

cessing to be carried out directly by computer. The results are finally ob

tained in the form of a tabulation of normalized counts per monitor count 

against energy transfer, e . The data processing includes multiplication by 

the detailed balance factor, exp(e/2kgT), to give a cross-section proportional 

to the scattering law S(K, E) that is even in E .

Because the scattering from protons is largely incoherent there are no 

important interference effects in the observed cross-section which is gov

erned only by the average dynamics of the individual atoms. No correction 

has been made for scattering from carbon and oxygen in the present ex

periments .

(b) Cold neutron scattering apparatus

The cold neutron apparatus is described fully by HARRIS etal. in a paper in 

these proceedings entitled ''A cold neutron monochromator and scattering appa

ratus". The particular features relevant to these experiments were a mean 

incident energy of 5 m V , 8p s timing channels, and counters at 20°, 30°, 45°, 

60°, 75° and 90°. An  automatic sample changer brought the three alcohol 

samples and a vanadium standard into the scattering position in sequence 

for 10m in counting periods.

The results shown in this paper were all obtained with liquid hydrogen 

condensed into the cold neutron source described in a paper in these pro

ceedings by W E B B  and P E A R C E  entitled "The  performance and automatic 

operation of the liquid hydrogen cold neutron source in Dido".

(c) Samples

For the cold neutron scattering experiments, referred to as CN  in this 

paper, the samples were used in transmission for scattering through angles 

of 20° to 90° . The sample cans consisted of a pair of plates of pure alumi

nium with a 0.020 in recess milled on the inner face of one to form the alco

hol vessel. Each plate had a 2 in X  1 .5  in window milled to 0 .030  in thick 

and were assembled by bolting together with an indium wire gasket to form 

a liquid-tight seal.

For the beryllium detector experiments, referred to as E L B  in this 

paper, the samples were used in reflection for scattering into the detector 

at 90°. In this case the sample can was formed by milling the recess into 

cadmium metal in order to reduce the scattering from material behind the 

alcohol film.

The thickness of the samples were designed to give about 15% scattering. 

For n-amyl alcohol the effective thickness had to be reduced by including 

a 0 .012  in aluminium foil in the recess with the alcohol.

R E S U L T S

Fig. 2 shows a series of spectra obtained by the CN  method for M eO H . 

The recorded counts per timing channel have been corrected for background.
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200 400 600 800 1000 1200

TtME OF FUGHT ^s/m

ENERGY TRANSFER)N mV 

20? 50 20 Ю 5 2 5

200 400 600 800 Ю00 1200

HME OF FUGHT îs / m
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Scattered spectra for methyl alcohol using energy gain technique.

relative efficiency of the counters at the six different angles and for thetime- 

of-flight dependent efficiency of each counter. Also included in Fig. 2 is the 

curve given by the vanadium standard at 90°. The vanadium scattering is 

assumed to be wholly elastic in the peak so that the curve shows the incident 

spectrum velocity analysed at the counter position.

Fig. 3 shows similar results at two angles, 20° and 75°, for each of 

the three alcohols.

Fig. 4 shows the results obtained for M e O H  by the beryllium detector 

method using (220) and (331) monochromator planes. Here the curves are 

plotted in a form proportional to the energy symmetrical scattering law 

S(K, e). For direct comparison the 90° CN  results, plotted in the same form, 

are shown by open points. The results obtained with the (331) monochro

mator planes are also plotted in the inset on an expanded vertical scale and 

in this case the detailed balance factor has not been removed from the data.

The following features appear in the spectra:

(i) A  quasi-elastic peak which decreases in amplitude and broadens 

with increasing scattering angle. This effect is less pronounced 

for the higher alcohols.
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(ii) A  broad band of energy transfers up to 50 - 100 mV'. The shape of 

this distribution does not vary appreciably with angle but is flatter 

and less intense with respect to the quasi-elastic peak for the higher 

alcohols.

(iii) A  slight rise in the spectrum in the 170-220 m V  region observed 

in the E L B  measurements of M e O H  and EtOH .

DISCUSSION

(a) The quasi-elastic peak

The broadening of the incident spectrum in the near elastic region is 

characteristic of diffusive motions involving small energy transfers, i .e . 

characteristic of the long time behaviour (-'-10*12 g). in the case of a simple 

diffusion molecule obeying Pick's Law  the broadened width of a 5-function 

incident spectrum measured at half-maximum would be AE = 2RD¡ where 

К is the scattering wave vector given by К  = k' - ko (kg and k' are the incident
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ENERGY TRANSFER tmV)

Fig.4

Results for methyl alcohol at room temperature using the "beryllium detector" method.

and scattered neutron wave vectors, and D  is the self diffusion coefficient).

Recent studies of the diffusion broadening in the case of water and liquid 

metals have shown that the self diffusion coefficients derived by neutron 

methods are the same as the values obtained by macroscopic measurements 

if very small values of К  are employed. At higher К  the half-width is less 

than that given by the above formula.

AE was obtained from each spectrum by measuring the widths in energy 

at half-maximum from corresponding alcohol and vanadium peaks, after 

subtracting the estimated "rotational" scattering in the quasi-elastic region, 

and assuming that the observed shape is aLorentzian cross-section broadened 

by a Gaussian resolution function. Fig. 5 shows the results plotted against 

where Ко is the scattering vector of elastically-scattered neutrons 

of the mean incident energy. The error bars include estimates of the error 

introduced by subtracting away the "rotational" inelastic distribution as well 

as an error due to statistical scatter of the cross-sections. Also shown on 

the graph are two lines given by 2RDK(P using macroscopic values of the 

self diffusion coefficients obtained for methyl- and ethyl alcohol by PARTING

TO N , HU DSON  and B A G N A L L  [5] .

The experimental points for methyl alcohol are in reasonable agree

ment with their value of D  = 2.1 X 10*3 cm^s'i, but those for ethyl alcohol ex

ceed the predicted value by a factor of 2. In the case of amyl alcohol the 

observed value is about 1 .0  X  lO ^cm^s"^. By comparison of viscosities, and 

also the variation of D  with increasing molecular weight shown by Partington 

et a l ., the macroscopic self diffusion, coefficient of n-amyl alcohol is ex

pected to be less than the n-butyl alcohol value of 0. 50 X  10'^cm^s'^.

The macroscopic measurements [5] were made with molecules labelled 

by substituting a deuteron for the proton in the hydroxyl group. A  C ^  tracer
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Fig. 5

method was also used for M e O H  and gave a similar value of D . If the same 

process was being observed by neutron scattering the experimental curve 

should approach the predicted line asymptotically as¡ K¡ ->0. The accuracy 

of the present results is not sufficient to show whether this happens in the 

case of ethyl- and amyl alcohols. The results do suggest that for times of 

the order of 10 '^  s in the higher alcohols the hydrogen atoms (which govern 

the neutron scattering behaviour) are more mobile than the parent mole

cule.

(b) "Rotation" spectrum

N A S U H O G L U  and R INGO [2] deduced from the magnitude and variation 

of the total scattering cross-section per hydrogen atom for wavelengths 5A 

to 20A that in M eO H  the hydrogen atoms behaved as if bound to a point mass 

< 6 a .m .u .  From  this they concluded that the methyl group was still com

paratively free to rotate in the liquid state. Their identification of the methyl 

group depended on a comparison with the cross-section in the higher alcohols 

in which the majority of the hydrogens are in methylene groups, and also 

of the behaviour of the hydroxyl hydrogen atom in water. Optical spectro

scopy [1] of the vibrational levels involving this group show pronounced 

frequency shifts between vapour and liquid phases and support the view that 

the hydroxyl group is involved in polymer bonding which would impede rota

tion of the whole molecule in the liquid.
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The possibility that the spectra might be explained on a point mass 

model was tested by calculatingthe shape of a perfect gas spectrum of mass 1 

and m ass 3 and comparing these with the observed distributions (Fig. 2). 

The absolute scale for this comparison is arbitrary. Clearly the model is 

inadequate because perfect gas scattering is strongly dependent on scattering 

angle. Internal rotation of the methyl group with respect to the hydroxyl 

group has been observed in the infra-red spectrum of M e O H  vapour [6] but 

at lower excitation energies this motion is hindered by a potential barrier 

which converts it into a torsional vibration. The height of this potential de

duced from the infra-red spectrum is about 60 m V  while the value obtained 

by thermal measurements is 160 m V  [7]. Whichever value is taken few free 

rotation states will be populated at room temperature (kg T  = 25.3 m V) and 

the important motions would be torsional oscillations or hindered rotations. 

K O E H L E R  and D E N N IS O N  [8] suggested that the 1-R absorption band at 

270 an'i, corresponding to 33 m V , was the 1-0 transition of the torsional 

oscillator. No evidence of this transition appeared in the neutron scattering 

spectra.

The marked change in shape in the ethyl- and n-amyl alcohol "rotational" 

spectra suggest that the methyl group is not alone responsible, and that 

hydrogen atoms in the methylene group, CH& which are expected to be more 

restrained from free rotation also contribute.

(c) Vibration spectrum

The experimental E L B  results shown in Fig. 4 for methyl alcohol give 

no indication of excitation of levels at 128, 131 and 145 m V  observed in 

Raman spectroscopy and assigned to С-O stretching, and two CHg rocking 

modes respectively [1]. Above 160 m V  a rise in the spectrum sùggests that 

some or all of the O-H bending at 170 m V  and two CHg stretching vibrations 

at 181 m V  may be excited.

A  similar pattern is seen in ethyl alcohol, the only other case studied 

in sufficient detail. In neither case is the rise marked even allowing for the 

persistence of a background of scattering that appears to be associated with 

the "rotational" band.

CON CLU SION S

The use of the complementary techniques of energy gain CN  and energy 

loss E L B  scattering has enabled the neutron spectra of the three alcohols 

to be studied in detail over a wide range of energy transfers. The principle 

features of these spectra are a quasi-elastic peak and a broad "rotational" 

bend. In comparison the well known internal vibrational modes of the alcohol 

molecules are shown to have a small effect, and in two possible cases no 

excitation was apparent.

The origin of the band between 0 and 100 m V  which dominates all other 

processes in the lower alcohols at large scattering angles has been tenta

tively assigned to rotations involving principally the methyl group, but no 

correlation has yet'been found with the hindered internal rotation observed 

by optical spectroscopy.
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The discrepancies noted in the cases of ethyl and n-amyl alcohol which 

give self-diffusion coefficients derived from the broadening of the quasi

elastic peaks that are higher than the corresponding macroscopic values, 

contrasts with the case of water [9] and liquid metals [10] in which observed 

coefficients are lower in the same region of momentum transfers.
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D I S C U S S I O N *

P .A .  E G E L S T A F F : I would like to ask a question for clarification. Were 

the diffusion constant measurements on ethylalcohol made by tracer tech

niques with respect to the oxygen and carbon?

J. W E B B  (on behalf of D . H .  Saunderson. a n d V . S .  Rainey): No. The 

measurements on methyl and ethyl were done using deuterium as the tracer, 

and with methyl alcohol carbon was used.

K . E .  LA R SSO N : Fig. 2 shows spectra obtained at 90° and other fairly 

big angles. I suppose it would rather be difficult to analyse the quasi-elastic 

line in such cases so as to get the diffusion broadening? It would be very 

interesting to hear something about the method you used.

J: W E B B : The method was very simple. The large error bars on the 

graph of diffusion broadening included a generous allowance for the uncer

tainty - it was merely done graphically.

K . E .  LARSSON : Could you reasonably separate this quasi-elastic peak 

from the inelastic background at 90° or so?

J. W E B B : Well, it certainly becomes very difficult at the end.
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Abstract — Résumé — Аннотация — Resumen

MOLECULAR MOTIONS IN U Q U ID  M ETHANE. The molecular motions of methane in the liquid 

state are studied using the beryllium detector method. The rotational motions are found to be completely 

free at 102*K. A symmetrical splitting of the level L= 1 is observed. A comparison of the experimental results 

with transition probabilities calculated only from degrees of degeneracy gives good agreement for transitions 

A  L 5:2 and for those transitions A  L = I which have L s 2  as the initial state. These transitions, therefore, appear 

to be rather independent of L. Furthermore, the experiments indicate that with respect to their translational 

motions the molecules behave as in a gas.

MOUVEM ENTS MOLÉCULAIRES DANS LE MÉTHANE LIQUIDE. Les auteurs ont étudié les mouvements 

moléculaires du méthane à l'état liquide, en employant la méthode du détecteur au béryllium. Ils ont trouvé 

que les rotations sont complètement libres à la température de 102"K . Ils ont observé) une séparation symé

trique du niveau L= l .  Les résultats expérimentaux ont été comparés aux probabilités des transition calculées 

en se fondant uniquement sur les degrés de dégénérescence; l'accord entre eux est bon pour les transitions 

A  L &  2 et pour les transitions A  L= 1, dans lesquelles L &  2 a l'état initial. Il semble donc que ces transitions 

soient indépendantes de L. De plus, les expériences montrent qu'en ce qui concerne les mouvements de trans

lation, les molécules se comportent comme les molécules d'un gaz.

MOVIM IENTOS MOLECULARES DEL M ETAN O  LÍQUIDO. Los autores estudian los movimientos mole

culares del metano en estado líquido por el método del detector de berilio. Han comprobado que los movi

mientos de rotación son completamente libres a 102* K; asimismo han obtenido un desdoblamiento simétrico

ladas únicamente en función de los grados de degeneración da resultados satisfactorios para las transiciones 

A  L ^ 2  y para las transiciones A  L= 1 cuyo estado inicial es L ^ 2 .  Por tanto, estas transiciones parecen ser 

bastante independientes de L. Además, los experimentos muestran que las moléculas se comportan como en 

un gas, en lo que respecta a sus movimientos de translación.

í. IN TR ODUCTION

Le  but de cette recherche était d'abord d'observer des transitions entre 

les états de rotation pure de la molécule C H 4 . Bien que ces rotations aient

423
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pu être étudiées indirectement dans les spectres optiques de vibration [1], 

une observation directe est intéressante, surtout si elle peut être comparée 

h des observations faites à des températures inférieures, où l'on peut s'at

tendre a trouver un certain empêchement des rotations. Des 1930, PAU LIN G

[2] avait déjà supposé l'existence d'un empêchement de ce genre pour ex

pliquer une anomalie du type À observée a 20,4°K dans la chaleur spécifique 

du méthane solide [3]. Plus tard, des mesures en résonance protonique 

[4, 5] ont cependant révélé que ce changement de phase se produit sans donner 

naissance aux rotations libres, ét que ces dernières apparaissent progres

sivement à des températures plus élevées (— 65°K). Les résultats d'une in

vestigation neutronique du CHQ solide au dessus et en dessous de 20°K sont 

présentés dans une autre communication à ce congres.

Le second objectif était l'étude des translations dans l'état liquide. On 

peut en effet s'attendre à ce que le méthane liquide se comporte beaucoup 

moins comme un cristal que l'eau ou les métaux liquides puisque l'inter

action entre les molécules est certainement faible (en vertu de la symétrie 

tetraédrique, le moment octupolaire est le premier moment multipolaire 

électrique non nul).

2. M É T H O D E  E X P É R IM E N T A L E

Nous avons mesuré la distribution en énergie des neutrons diffusés au 

moyen d'une méthode innovée par B R O C K H O U S E  [6] et par S T IL L E R  et 

D A N N E R  [7]. On  place l'échantillon dans un faisceau de neutrons d'énergie 

Eo tandis qu'un filtre est inséré entre l'échantillon et le détecteur, de sorte 

que seuls les neutrons d'énergie inférieure à l'énergie de coupure Ef du 

filtre peuvent atteindre le détecteur. Le  nombre N(Eg) de neutrons comptés 

est proportionnel à

N (E o )^ J "R (E o - e )d e ^ S (e - E )d E  (1)

ou R(Eg - e) est la fonction de résolution de l'appareil et S(e -E) est la distri

bution en énergie des neutrons diffusés. Par cette méthode intégrale, un 

pic dans la distribution en énergie dès neutrons diffusés est transformé en 

un seuil de la courbe N(E(¡),

L'appareillage utilisé est représenté à la figure 1. On change l'énergie

Figure 1 

Dispositif expérimental
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des neutrons incidents par rotation discontinue du cristal monochromateur M . 

Les plans réflecteurs, d'espacement 9 .963A , sont les plans [001] duther- 

m ica* . Ki et Kg sont des collimateurs d'égale divergence (4,4 - 10*3 rad.).

L'échantillon de С Щ  liquide (pureté: 99,9%), d'une épaisseur de 1 m m , 

est obtenu par condensation dans un réservoir P , maintenu à -171°C. Les 

neutrons diffusés sont observés en réflection sous un angle Ф = 70°.

Com m e filtre F  nous utilisons un bloc de Be de 7 cm  de longueur. Sur 

la figure 2, la courbe B, qui représente la transmission du filtre, présente

7 6.5 6 5.5___________ 5 4.5 4

E;,(x10*3eV)

Figure2

Courbe A  : taux de comptage dans le faisceau incident en fonction de l'angle d'incidence sur les plans 

réflecteurs, le filtre étant inséré entre le monochromateur et le détecteur.

Courbe B : transmission du filtre.

*  Pour plus de détails, consulter [7 ,8].
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deux coupures importantes h des énergies respectives Ef = 6,32 et 5,20 meV. 

De la transmission mesurée, on déduit* que la largeur à mi-hauteur 2Ae 

est égale à 0,15 ± 2 meV à Eo = 5,2 meV. Enfin, le détecteur Z  est un comp

teur proportionnel h BFg .

Deux difficultés apparaissent lorsqu'on utilise cette méthode pour des 

neutrons froids :

a) Les réflections d'ordre supérieur du monochromateur ne permettent 

plus de contrôler le flux des neutrons incidents au moyen d'un m o 

niteur.

b) Pour chaque position du monochromateur, non seulement les neu

trons ayant perdu une énergie E ' Eo - Ef peuvent atteindre le dé

tecteur, mais encore ceux ayant perdu des énergies E '> .n^Eo- Ef 

( n = 2 ,3 ,  . . . ) ,

La  première difficulté a été surmontée en effectuant une normalisation 

des mesures prises à intervalles de temps égaux * . Quant h la seconde dif

ficulté, on montrera ci-dessous qu'elle ne joue pas dans notre cas parti

culier.

3. R É S U L T A T S  E X P É R IM E N T A U X

Les résultats expérimentaux sont donnés aux figures 3, 4 et 5 dans 

lesquelles les cercles représentent la différence entre les intensités dif-

Eo(meV)
Figure3

Résultats expérimentaux.

Les cercles O  représentent la différence entre l'intensité observée 1$ et le bruit de fond la (mesuré avec le 

réservoir vide) pour différentes valeurs de l'énergie Eo des neutrons incidents. Les points . représentent

les mêmes données normalisées.

% Pour plus de détails, consulter [7 ,8 ] .
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Resultats expérimentaux.
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fusées Is et le bruit de fond lu (mesuré avec le réservoir vide), tandis que 

les points représentent les mêmes données normalisées N(Eg). Les courbes 

montrent douze seuils caractérisés par un nombre romain, mis entre pa

renthèses lorsque la résolution des seuils est quelque peu incertaine.

On donne dans le tableau I les transferts d'énergie Eg - Ef correspon

dant aux différents seuils (pour Ц  on choisit la valeur pour laquelle il y a

TABLEAU I

T A B L E A U  D E S  ÉN ER G IES  Ep A U X Q U E L L E S  SE P R O D U ISE N T  

L E S  D IF F É R E N T S  SEUILS E T  D ES  TR A N SF E R T S  D 'É N ER G IE , 

E(,-Efi O U  E„- Eg,C O R R E S P O N D A N T  A U X  D E U X  C O U P U R E S

D U  F IL T R E

Matche E. 2A€i E.-Efi E.-E^ 9E.-üf 2At,

ï 19,8 1,15 14 .2 170 160

П 17.3 0,98 11.6 148 84

Ш 14,2 0,70 8.5 121 60

IV 11,5 0,55 5.8 102 37

V 10.3 0,45 5.10 3.90 87 27

VI 9 .1 0,37 3,90 2.75 76 18

vn 8,15 0,32 2,95 - 1.80 68 14

vin 7 ,40 0,27 2.20 1.05 61 10,7

IX 6,05 0,21 0,85 0.20 49 6 .5

X 5.30 0,16 0.10 1,15 42 4 .4

XI 4 .92 0 ,14 0.28 1.43 39 3 .5

ХП 4 ,25 0 ,13 0.95 2.10 32 2 .5

changement de pente). Les nombres de la troisième colonne représentent 

les valeurs calculées de la largeur h mi-hauteur, 2Ae, de la fonction de 

résolution pour les différentes valeurs de Eo- On voit que pour Ец >, 11 m eV 

la résolution de l'appareil ne permet pas de distinguer entre les deux cou

pures du filtre. On  prend donc dans cette région une valeur de Ef moyenne 

entre Efi et E ^ .  Dans les sixième et septième colonnes, on donne les trans

ferts d'énergie 9 Eg - Ef (le thermica ne donne pas de reflection du second 

ordre) et les valeurs correspondantes de la largeur à mi-hauteur 2Аез de 

la résolution. On  constate que ces transferts d'énergie peuvent seulement 

contribuer h N(Eg) sous la forme d'un socle, puisque tous les seuils sont 

plus étroits.

4. DISCUSSION

a) Niveaux de rotation

On  a comparé les transferts d'énergie observés avec les énergies des 

transitions entre les niveaux de rotation B L (L  + 1) calculées pour la molé-
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cule libre (В * 0,647 m e V  [9]). Les fleches dans les figures 3, 4 et 5 in

diquent les énergies Eo pour lesquelles un seuil dans N(Eg) résulterait de 

l'excitation de telles transitions. Pour Eo < 11 m eV, les grandes et les pe

tites fleches correspondent respectivement aux coupures Е д  et E ^ . Les 

nombres indiqués donnent les valeurs du nombre quantique L  associés aux 

deux niveaux impliqués dans la transition.

Les seuils I h VI peuvent s'interpréter sans aucun doute com m e ré

sultant de transitions entre des états de rotation libre de la molécule C H 4.

Les positions des seuils VII, VIII et XII peuvent être expliquées par 

une décomposition symétrique du niveau L  = 1 d'une quantité ± 0,36 m eV, 

puisque, d'une part, la transition 1 2 se trouve exactement au centre des

seuils VII et VIII, et puisque, d'autre part, le seuil XII se trouve déplacé 

de la transition. 1 - ^ 0  par une énergie égale à la moitié de la distance entre 

VII et VIII. Cette décomposition du niveau L  = 1 ne peut pas être observée 

dans les transitions de ce niveau vers des états avec L  > 2, comme on peut 

le voir en consultant la colonne 3 du tableau I.

Enfin les seuils IX, X  et XI résultent probablement de la superposition 

de plusieurs effets, parmi lesquels éventuellement des transitions entre 

le niveau L  = 0 et les deux composantes du niveau L = l e t  peut-être aussi 

une transition entre ces dernières, et certainement les pics élastiques re

latifs aux deux coupures en E ^  et E ^ .

b) Etude des transitions entre les niveaux de rotation

Un examen des figures 3, 4 et 5 révèle l'absence de certaines transi

tions. Une étude rigoureuse de l'intensité relative des différentes transi

tions exigerait le calcul des éléments de matricepourcestransitions.Comme 

ce serait extrêmement compliqué, nous calculerons ces intensités en tenant 

compte uniquement des autres facteurs, c'est-à-dire la polulation thermique 

des niveaux et leur dégénérescence. En  comparant les nombres obtenus 

avec les intensités observées on doit pouvoir déduire quelque information 

concernant la dépendence en L  des éléments de matrice.

A  cette approximation, la probabilité d'une transition L^-* L^ s'écrit

est la poulation thermique du niveau initial. S est le spin nucléaire total 

de la molécule et peut prendre les trois valeurs 0, 1 ou 2. Wg (L) est la dé

générescence.de l'état S, L . %  est la probabilité pour que le spin d'un pro

ton soit renversé lors de la diffusion du neutron; sa valeur est 0 ,655*. La 

première sommation dans la parenthese s'étend aux transitions AS = 0 ; la 

seconde (terme entre crochets)aux transitions AS = ± 1. Les (L) ont été 

calculés par la théorie des groupes [10]. Si on tient compte des différents 

modes de vibration de la molécule, ils prennent les valeurs dutableaull[ll] .

W (La, Lb) = Wth (L J  j(l - Wa) E W„ (LJW^ (L¿  

+W JW o (LJW i(Lb ) + W g (L JW i(L J  + 3 /4  Wi(LjWo(Lt,)

(2)

*  Pour plus de détails, consulter [8].
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TABLEAU II

D É G É N É R E S C E N C E  D E  L 'É T A T  D E  SPIN N U C L É A IR E  T O T A L  S 

E T  D E  N O M B R E  Q U A N TIQ U E  R O T A T IO N E L  L

L 0 1 2 0 1 2

0 2 3 5 6 152 741 455

1 6 45 15 7 210 1035 525

2 30 105 75 8 306 1275 765

3 42 231 105 9 342 1653 850

4 90 351 225 10 462 1953 1155

5 110 561 275 11 506 2415 1265

La troisième colonne du tableau III donne les probabilités de transition cal

culées au moyen de la formule (2).

TABLEAU III

P R O B A B ILITÉ S  W (A L )  DES TRANSITIONS La-* Lb E T  DES INTENSITES 

C A L C U L É E S , I(A E ),P O U R  L 'E X C IT A T IO N  D ES  TRANSITIONS A E

AE ' 

(meV)
L W(AL) I(Æ)

E

(meV)
AL W(AL) I(Æ )

1.29 0-+1 30 12
9. 06

6-+7

2-"4

4195

3633

275

2.59 1-+2 397 136

10.35 7-+8 2424 78

3.88

2-*-3

0-+2
2195

82
437

11.65

8-*9

3-+5

1-^4

1269

5513

M M

208

5.18 3-+4 3719 417

6.47

4-"5

1-+3

5570

786
416

12.94 9 - H 0 372 9

14.23

lO-^-ll

4-*-6

170

7812
169

7.76

5-"6

0-+3

5195

162
259

Avec notre technique expérimentale, l'intensité I(AE^) d'une transition 

avec un changement d'énergie AE^ est proportionnelle à

W (A E ^ ) /E ^ W (A E J

si W (A E ) est la somme des probabilités pour toutes ces transitions A L  qui 

conduisent au m êm e changement d'énergie A E . La  probabilité W(AE^) pour 

la diffusion élastique a été estimée en comparant la hauteur I(AËo) du pic
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élastique (figure 5) à la hauteur 1  ̂= 1(АЕз) de la marche V  (figure 4) :

I(AEo)/I(AEg) = [W(AEg) + ^ W (A E ^ ) ] /0 ,8  W (AEg) .

Le facteur 0,8 au dénominateur représente la transmission relative du filtre 

à Efg, puisque A E 3 à V  se référé à Efg, tandis que AEg se réfère à Е д .О п  

trouve alors W(AEg) ы 2 500. Les valeurs de I(AE) données dans la quatrième 

colonne du tableau III ont été calculées avec cette valeur de W (AEo).

Nous comparons dans la figure 6 les hauteurs relatives calculées Icaïc 

aux hauteurs relatives observées lobs des différentes marches. L 'accord

2.59 3,98 6,47 9,06

Figure 6

Comparaison des hauteurs calculées et observées des différents seuils.

est généralement bon, excepté pour les marches VI et VII + VIII, qui sont 

causées par, ou qui contiennent une contribution de la transition 1 2. Le

bon accord indique que pour les transitions A L  = 2 et A L  = 3, ainsi que pour 

les transitions A L  = 1 qui ont un moment angulaire initial L  ^  2, les élé

ments de matrice ne dépendent pas fortement de L  et A L . Le désaccord pour
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la transition 1 2 ne pourrait être que tres partiellement expliqué par une

erreur sur l'estimation de la probabilité W(AE(,) de la diffusion élastique. 

Com m e par ailleurs des mesures sur le méthane solide ont révélé la pré

sence à cet endroit d'un spectre de vibrations cristallines, on pourrait peut- 

être expliquer ce désaccord en supposant que l'intensité observée contient 

une contribution due à des vibrations cristallines résiduelles. S'il n'en était 

pas ainsi, on devrait admettre que l'élément de matrice pour cette transition 

a une valeur nettement différente de celle des autres éléments de matrice.

c) Mouvements de translation

L a  superposition des différents effets au voisinage des coupures du 

filtre ne permet pas une détermination précise de la hauteur et de la forme 

du pic élastique. Si on suppose une forme donnée par la courbe en poin

tillés dans la figure 5, on trouve une largeur à mi-hauteur de 1,62 m e V , 

ce qui correspond à une valeur de la largeur intrinsèque 2 A E ^  du pic élas

tique de 1,60 meVy mais l'incertitude sur cette valeur ne permet pas d'obte

nir des informations détaillées sur les mouvements de translation.

Pour des molécules qui se déplacent librement, la largeur à mi-hauteur 

du pic élastique est donnée par [12, 13].

2 A E ^  = 2 Ъ DRS

où D  est la constante de diffusion.AvecK=i2k.sin<î'/2 = l,80A"iàEo= 5 ,20meV 

ontrouve pour la constante de diffusion^ -171*C la valeur D = 3,8 - lO'Scm? sec'i.

Malheureusement la diffusion dans le méthane; liquide n'a pas été m e 

surée. On  peut la déduire de [14].

D  = kT/37rR?)

si pour la viscosité n à -170*C on prend la valeur [15] 1,42 - 10*3 poise. R est 

le rayon effectif de la molécule. On  trouve D  = 4,2 - 10*5 cm^sec'^ avec

R = ( ¿ ) ^  = 2 '4 9 Á .

Cette valeur du coefficient de diffusion est en assez bon accord avec celle 

que nous pouvons déduire de la largeur du pic élastique.
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D I S C U S S I O N *

H. HAH N : Although Dr. Stiller forbade me to mention it, I want to say 

that the beryllium filter method used here and in many of the other experi

ments was actually applied independently by D r . Stiller at the same time 

as D r . Brockhouse was using it.

H .H .  S T IL L E R : I should just like to mention that, in calculating the 

transition probabilities, it is necessary to take into account the distribution 

of the spin states on the rotational levels and the probability of spin flip 

during scattering.

P . A . E G E L S T A F F : You mean the evidence for the spin-flip process 

actually occuring is quite strong?

H .H .  S T IL L E R : Yes.

*  See also discussion on the paper by D . Bally et al. entitled "The Scattering ol slow neutrons from 

hydrogen and ethylene".
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Abstract — Résumé — Аннотация — Resumen

SCATTERING OF SLOW NEUTRONS BY CASEOUS METHANE. Slow neutron scattering by molecular 

gases is discussed. The most detailed comparison between theoretical and experimental results has been on 

gaseous methane which shows conclusively that the quantum nature of the rotational levels must be explicitly 

taken into account to obtain agreement with the experimental results. It is also shown theoretically that inter

ference scattering, that is interference scattering between two distinct atoms of the molecule, has an effect 

which can be observed. This effect has been observed experimentally in methane and apparently also for 

propane. It is pointed out that the theory makes quite definite predictions at smaller momentum transfers than

DIFFUSION DES NEUTRONS LENTS DANS 1Л M ETHANE G A Z E U X . L'auteur étudie la diffusion des 

neutrons lents dans les gaz moléculaires. Il compare de manière détaillée les résultats théoriques et expéri

mentaux relatifs au méthane gazeux; il en conclut qu'il faut tenir compte explicitement de la nature quantique 

des niveaux de rotation pour obtenir un bon accord avec les résultats expérimentaux. Il montre également 

d'une manière théorique que la diffusion d'interférence, c'est-à-dire la diffusion entre deux atomes distincts 

de la molécule, a un effet qui peut être observé. Cet effet a été effectivement observé expérimentalement 

dans le méthane et aussi, semble-t-il, dans le propane. L'auteur indique que la théorie permet de faire des 

prévisions certaines pour des transferts d'impulsion inférieurs à ceux qui ont été mesurés. Par conséquent, il 

faudra procéder à des expériences pour des transferts d'impulsion plus petits.

РАССЕЯНИЕ МЕДЛЕННЫХ НЕЙТРОНОВ ГАЗООБРАЗНЫМ МЕТАНОМ. Рассматривается рассеяние медленных

DISPERSION DE NEUTRONES LENTOS EN EL M E T A N O  G A SEOSO . El autor estudia la dispersión de 

neutrones lentos por gases moleculares. La comparación más detallada entre resultados teóricos y experi

mentales, que se ha realizado en el caso del metano gaseoso, demuestra de manera concluyente que la natura

leza cuántica de los niveles de rotación ha de tenerse explícitamente en cuenta para lograr concordancia 

con los resultados experimentales. El autor también demuestra teóricamente que la dispeisión por interferencia, 

esto es, la dispersión por interferencia entre dos átomos distintos de la molécula, ejerce un efecto observable. 

Este efecto se ha comprobado experimentalmente en el metano y también, según parece, en el propano. El 

autor señala que la teoría permite formular previsiones muy concretas acerca de transmisiones de cantidad de 

movimiento interiores a las que se han medido, por lo que es preciso realizar experimentos relativos a la 

transmisión de cantidades de movimiento más reducidas.

*  Work performed under the auspices of the United States Atomic Energy Commission.
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I. INTRODUCTION

G .W . GRIFFING

Precise theoretical formulae for the partial differential cross-section 

for the scattering of slow neutrons by molecules were presented by ZE M A C H  

and G L A U B E R  [1] severalyears ago. At the time there were no experimental 

results available so they had to be content with making comparisons [2] with 

experiments on the differential cross-section (angular distribution) of 

methane. Later K R IE G E R  and N E L K IN  [3] made use of the formulas of 

Zemach and Glauber to derive approximate formulas containing the mass- 

tensor introduced by SACHS and T E L L E R  [4]. The formulas of Krieger and 

Nelkin have been much used in the analysis of the experimental results. For 

many of the experimental results their formulas are apparently sufficient.

When some experiments on the scattering of slow neutrons by gaseous 

methane, which were conducted at the Materials Testing Reactor, were 

analysed [5] it was found that there were serious disagreements between 

the experimental results and the results predicted by the use of the formulas 

of Krieger and Nelkin. This discrepancy indicated that a quantum description 

of the rotational levels was needed.

In deriving their formulas Zemach and Glauber introduced operator 

representations which permitted the sums over the final molecular states 

to be taken consistent with the conservation laws. However this procedure 

did not result in formulas which are convenient for numerical purposes. 

Consequently the author [6] formulated the problem so that operator repre

sentations were used for the translational and vibrational modes but not for 

the rotational mode. This procedure resulted in formulas which are quite 

convenient for numerical purposes.

In Section II the theory is presented and discussed. Analytical expressions 

for a spherical molecule (methane) are obtained for the case in which vi

brational levels are not initially excited nor is the incident neutron energy 

sufficient to excite them. The methods used can be applied to obtain ana

lytical expressions for any type molecule. It might be of interest to remark 

that to obtain a given numerical result for a spherical molecule using these 

formulas takes about an order of magnitude more computing time than the 

time to get the corresponding result using the formulas of Krieger and Nelkin.

In Section III the theoretical results are presented. Comparisons with 

the available experimental results shows there is satisfactory agreement. 

Of particular interest is that an influence of the gain of energy from the 

rotational levels is predicted and is observed in the experiments. It is also 

shown that with an appropriate incident neutron energy-the influence due to 

an energy loss to the rotatiQnal levels can be observed. It is predicted that 

the influence of interference scattering from carbon-proton and proton-proton 

pairs can be observed. There are convincing indications that such an effect 

has been observed [7].

Section IV mainly recommends additional experiments which would be 

helpful for a further understanding of the scattering by gaseous methane. 

It also points out a need for scattering experiments on liquid and solid 

methane.
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II. A N A L Y T I C A L  E X P R E S S IO N  F O R  T H E  P A R T IA L  D IF F E R E N T IA L  

CROSS- SEC TION  A N D  S(«2, g)

The partial differential cross-section for the process in which the 

neutron momentum changes from ko to к with an energy transfer e in a col

lision with a molecule which simultaneously undergoes a transition from 

an initial state to a final state has been shown by Zemach and Glauber 

to be given by

<7fi(Eo,e,e) = (2T)-iE a„„./(k/ko)e"i6*<(fi/yt/)>dt,
J

with

and

C „ C ,

<( fi] yv')> = ̂ . I exp(iK - r >

X<^[exp(- iK .r^.)[^;> .

In (1) Ay and Cy are the bound coherent and incoherent scattering lengths 

of the vth nucleus and r„ its position vector. The scattering angle is given 

by 6, and к is the momentum change of the neutron during the collision. The 

initial and final total energy of the molecule are denoted by Ei and Ef and 

the initial energy of the neutron is given by Eo- The system of units are 

such that It has unit magnitude. ¿The quantity to be compared with the ex

perimental observations is the partial differential cross-section obtained 

by summing over all final states and taking a thermal average over all initial 

states in (1), that is

t?(Eo, e, е)= Е р ^ й (Е ^ ,е ,е ) ,  (2)

where p¡ is the probability that the struck molecule is in a given initial state.

In our formulation we will assume that the total energy of the initial 

state of the molecule is given by the sum

(E)i = (E ,^  + (E,)í + (EJ¡,

where (E[)¡, (Er)i and (Ev)i are the initial energy of the translational, 

roational, and vibrational modes of the molecule. A  similar assumption 

is made for the total energy of the final state. Thus in both the initial and 

final total energy the interaction energy between the rotational and vibrational 

modes is neglected. As a consequence of this assumption the molecular wave 

function can be written as a product

of the wave functions for the translational, cotational and vibrational modes
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for both the initial and final molecular states. The position vector r„ of the 

vth nucleus is given by the sum

= R  + by+Vy

with R  being the molecular centre of mass, b„ the displacement vector of 

the equilibrium position of the vth nucleus from the centre of m ass, and 

V „ the displacement vector of the vth nucleus from its equilibrium position. 

It will be assumed at the outset that rotational and vibrational effects are 

separable so (fi)vv')> in (1) can be written as a product given by

'( f i ] " "  )>=<(fi[vv ^ i i j v y . ^ f i j w  ^  , (3)

where

<fi]yv')^ = exp{it[(Et)¡ - (Ejf]} < (^ jJe x p (iK .R ))(^  )f >

X ((^ )J e x p (- iK .R )] (^ ) .)<

and similar expression for those quantities referring to the rotational and 

vibrational modes. In order to avoid confusion it should be pointed out that 

i and f on the left hand side of (3) refer to the initial and final molecular 

states while i and f in the various brackets on the right hand side refers to 

the initial and final states of that particular mode. For example i and f in 

<(fi]vy'^t refer to the initial and final states of the translational ,mode. 

Analogous interpretations are given in the remaining expressions.

Introducing the Hamiltonian operators H , and Ну associated with the 

translational and vibrational modes and Assuming the final states of each 

inode form a complete set, the summation over the final states of these 

modes is performed. The summation over the rotational states is considered 

later. With the understanding that the only final state summation remaining 

is that over the rotational state, (3) reduces to

X < (^ )J e ^ - B t ')e - ^ B W ] (^ ) .^  (4)

where R(t) and V(t) are the Heisenberg operators corresponding to the po

sition coordinate of the centre of mass and the position displacement due 

to vibration.

Since the molecule with which the neutron collides can have any given 

orientation it is necessary to average (4) over the initial molecular orient

ations. The dependence upon molecular orientations is contained in the 

rotational and vibrational factors of the product in (4). The assumption is 

made that the average of the product with respect to molecular orientations 

is equal to the product of their averages. This assumption has been in

vestigated for gaseous methane [8] in which the rotational states were treat

ed classically, the molecule was in its ground vibrational state, and the 

energy of the neutron was insufficient to excite the vibrational levels. For 

that case, it was found that this assumption is a good approximation. The
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justification of this assumption for the case in which the rotational states 

are to be treated quantum-mechanically is based partly on this result but 

more conclusively upon comparison of the numerical results with the ex

periments.

Zemach and Glauber have evaluated the thermal average of the ex

pectation value of the translational mode in which the. translational energy 

of the molecule is distributed according to a Boltzmann distribution. Their 

result is

<№t)i ] e ^ - ^ e ^ - ^ ) ( ^ J i > T  = exp[-^(it + t'T)/(2M)] (5)

in which the temperature T  of the gas is expressed in units of Boltzmann's 

constant and M  is the mass of the molecule.

Zemach and Glauber have also evaluated the thermal average of the 

expectation value of the vibrational mode. If it is assumed that the mole

cules are in their ground state and that the neutron does not have sufficient 

energy to excite a vibrational state their result is

e-^-Y„(0)№y)i = ^ e x p - ( 4 u j ' '  [ ( к - с ^ ^ ) '  + (к - с ^ ^ ]

where C is the amplitude vector of the fth nucleus andXth vibrational 

mode and the angular frequency of the Xth mode. Krieger and Nelkin have 

averaged over the molecular orientations in an approximate manner by aver

aging in the exponents of the exponentials. Their result is

l(^v)i>T,a = exp(-K2y^.)

Y ^ = S { ( 1 2 u J - H ( C ^ ) '  + ( C ^ f ] } .

If necessary this average can be taken in a more exact manner. However 

it is easily shown that averaging the exponent of the exponentials is correct 

up to second order in an expansion of the exponential in powers of [(к -CJM )2 

/(4u\)]. This is sufficient for our comparisons with experiment.

Consideration is now given to the rotational term<^fi¡yy'^>r in (4). It is 

necessary to sum over the final states, perform a quantum mechanical aver

age over molecular orientations, and take a thermal average over the initial 

states. It might appear expedient to introduce the Hamiltonian operator H , 

which permits an immediate sum of the final rotational states. However 

subsequent considerations of the resulting expectation values has led to the 

partial differential cross section being expressed by a classical description 

with a series of quantum corrections in which each are given by an expansion 

of a suitable parameter. As a result the expression for the cross-section 

appears quite formidable for numerical purposes. This is true for the linear 

molecule considered by Zemach and Glauber and the subsequent generali

zation to symmetric and asymmetric molecules by V O L K IN  [9].

The procedure adopted by the author is to evaluate

<(^ i J e x p & K .b ,,) ] ^ ,) ,  ><№/,); [exp (-ix- by.)](%,)¡> 

occurring in <^fi[yv'^ which then must be averaged over all possible initial
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orientations with respect to к and summed over all possible final orient

ations. R A H M A N  [10] has done this for linear, spherical, and symmetrical 

molecules. Since we are primarily interested in gaseous methane, which 

is a spherical molecule, only the results for this case will be given. There 

are four distinct combinations for the scattering from the nuclei of methane. 

These are v and f ' denote scattering from the same proton, у and v' scatter

ing from different protons, v and v' scattering from a carbon nucleus and 

a proton, and v and V  scattering from the carbon nucleus. The results listed 

in the above order are:

((Y , )J  exp ( iK .b j] (Ÿ , ),)><( (T,),] exp (-i«.b,,.)j ( T , ) ^ =  [(2J+ l)/(2 j+  1)]

< (У, h I exp(ix - b JI (Г, )f )  < (Г, ), I exp(-ix. b„.)] (Г, )¡)  = [2(2J + l)/(2j + 1)].

-* п=1^1 " 'Ь ' '  ("bp)' ' ' ^

<(yji[exp(iK.b„)[ (YJf )> ((*P,)flexp(-iK.by.)l (T,)i> = 2 jg(Kbp) ; (8c)

(YJi ] exp (iK . b,) ] (T J  f X  (Ÿ J  f ) exp (- iK . b,- ) j (Ÿ, )i > = 1 ; (8d)

where j and J are the quantum numbers for the initial and final rotational 

states, j„(x) is the spherical Bessel function of order n and argument x, 

and the choice of terms in the summation in (8b) is from ¡ j-J¡ to (j +J). It 

is assumed that the initial rotational states are distributed according to a 

Boltzmann distribution for a spherical top given by [11]

B J j)  = {(2j+ 1)2 exp[-j(j+ l ) /2 IT } /{E (2 j+  l)2exp[-j(j+ 1)/(2IT)]},

 ̂ (9)

where I is the moment of inertia.

The partial differential cross-section is obtained by inserting (4) into 

(2) and performing the time integration. The result for methane is

a(Eg, e, 8) = 4d (Eg, e, 6)+  12a .(Eg, e,e) + 8?cp(Pg; e,6 )+ ?cc№g, e, 6)

(10)

where p denotes a proton, p' a different proton, and С the carbon nucleus. 

In (10)

<?рр = арр(21г)-^(к/ко)[(2тМ)/(Тк2)!* ехр(-к\р)

X Eexp[-(e+<*)3/(2TK2/M)][(2J+l)/(2j+l)]

*  Ù ' b p ) ,
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Орр.= арр.(21г)'1(к/ко)[(2тМ)/(Тк2)]* e x p ^ - y ^ . )

X  ß exp [- (€ + a f/(2T K ^ /M )J[2 (2J+l)/(2 j+ l)]

X B T (j )^ .  ^{j^(<bp)-^ j^ fb p )- ! Jz^bp). . .}

°̂ Cp = 2äcp(2T)*^ (k/kg) [2тМ/(Т<с^ )]  ̂exp (- ^^p  )

X exp{-[(e + (KS/(2M))]/(2TK^/M)} jjKbp),

and

^cc=acd(2*)'^(k/koH2irM/TK2)]^ е х р (- к 2^ )

X {exp- [(e+(^/(2M ))l/(2T^ /M)}

where

If the momentum transfer к and the energy transfer e are considered 

to be independent variables then multiplying (10) by (kg/k) exp [e/(2T)] de

fines the function

S(«2,e) = Spp(x2, e) + Spp.(x2, e) + S p c (^  е) + ^ ( ^ , е )  (11)

where

Spp(K2,¡e) = 4(k./k)exp[€/(2T)]<ypp(Eo,e,e)

and the other terms are similarly defined. It is easily verified that S(*2, g) 

is an even function of e för a fixed value of "2 . Thus S(«2^ g) satisfies the 

condition of detailed balance [12]. This function is useful to check on the 

consistency of the experimental results as wellas the numerical calculation^.

S C H O F IE L D  [13] has mentioned that besides the condition of detailed 

balance it is necessary that the moments of the energy transfer e for a fixed

momentum transfer be satisfied. While this statement is true it should be

mentioned that the expressions developed here cannot be expected to obey 

the moment theorems. For simplicity let us suppose

Si(K2,€) = e-</2Tg^(K2,e) (12)

then it can be proved from general considerations and with suitable norm
alization that

00

У Si(¿=, e)d€ = 1. (13)

-00

This is the zero moment of the energy transfer. On  the other hand in the
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analytical formulation the energy transfer e must be greater than or equal 

to the negative of the incident neutron energy Eo. Since the assumptions in 

the theory require that the incident neutron energy be smaller than the energy 

of the vibrational levels and in addition these levels are not populated it 

cannot be expected that even the zero moment be obeyed. However, if 

Si(*2, e), for a given momentum transfer, decreases rapidly so the integral 

from -ooo to -Eo is negligible compared to the integral from - Eg to °° it 

would be obeyed in that sense. The situation regarding the higher moments 

is much more critical. Thus, in general, if physical information is to be 

obtained from* the moment theorems it is necessary for experiments to be 

conducted over all initial energies and also the theoretical models to be valid 

for all initial energies.

III. RESULTS

The value of the parameters that were used in the computations are 

given in the Appendix.

(a) The partial differential cross-section

The computed partial differential cross-section for a selected example 

is compared with the experimental results in Fig. 1 together with results 

obtained by using the mass-tensor approximation method of Krieger and 

Nelkin. First, it should be noted upon comparing the two theoretical re 

sults the necessity of treating the rotational levels quantum-mechanically. 

Even for an incident neutron energy as large as 70. 6 m eV it was found there 

is still considerable deviation at an angle of 16. 3°. However, as the scatter

ing angle increases for a given incident neutron energy, the deviations be

tween a quantum and a classical treatment decrease. The general situation 

is illustrated by comparing the graphs for 16. 3° and 26. 0°.

In comparing the theoretical results withthe experiments it is necessary 

to recognize that the experimental results represent the integrated con

tributions from a counter bank which has a horizontal spread of ±3. 5° about 

the quoted scattering angle as well as a somewhat smaller spread in the 

vertical. This together with other effects such as the beam size will tend 

to broaden the width and depress the peak of the cross-section curve. In 

Fig. 2 the experimental results have been normalized so that the main peak 

is approximately the same magnitude as the theoretical results. As can be 

seen, the experimental width is broader due to the above-mentioned effects 

as would be expected. On the other hand, as cah easily be seen in Fig. 1, if 

the rotations are treated classicaHy the resulting theoretical curve is 

broader than the experimental curve. This discrepancy stimulated the work 

on treating the rotations quantum mechanically.

Of particular interest in Figs. 1 and 2 is the small peak indicated by an 

arrow on the left hand side of the main peak. This is due to a gain in energy 

by the neutron from the rotational levels. It might be expected that a similar 

influence due to a loss of energy to the rotational levels would be present. 

The appearance of an influence of the rotational levels on the cross-section 

due to energy gain and the non-appearance of such an influence due to energy
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L A
26.0°

. V
0.5 ^ h

Fig.l

The experimental and computed partial differential cross-sections shown as a function of the scattered neu

tron wave-length. The solid line curve presents the results when the quantum nature of the rotational levels 

are considered. The dashed curve presents the results when the rotations are treated classically. The arrow 

indicates the maximum of that portion of the curve that is influenced by the rotations. The temperature of

the gas is 21 "c.

loss in these figures is qualitatively easy to understand. The importance of 

a possible rotational transition in the collision of a neutron with the molecule 

must depend on the relative population of the initial level. Suppose the 

Boltzmann distribution function has been normalized so

ЕВт(;})=1,
j

and Rj(AE) is a function whose value is equal to the relative population of 

the initial level j with A E  being a specified energy difference between that 

level and som^e possible final level. Let us define the function P (AE) as

P (A E ) = ?'Rj(AE), (14)

where the normalization is so that P(0) = 1 and the prime on the summation
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Fig. 2

The experimental'and computed partial differentia] cross-sections shown as a function of the scattered neu

tron wave-length. The.experimental data has been normalized to the theoretical results so that the magni

tude of the main peah is approximately equal. The arrow indicates the maximum of that portion of the 

curve that is influenced by rotations. The temperature of the gas is 21*C.

indicates that the sum is only over those states with the specified A E . For 

example, suppose A E =  12 m eV  for which the possible transitions are 9-* 8, 

5-*3, and 4-) 1; then if the gas is at 21°C one finds P(AE) = 0. 323. Supposing 

that the gain of energy by a scattered neutron is entirely due to rotational 

transitions, this P (AE ) can be plotted as a vertical line on a graph of P(AE) 

versus the scattered neutron wave-length at a wave-length of 1. 48A. Such 

reasoning was used by the author to predict where an influence due to an 

energy gain might be expected to be observed. Such a case is shown in Fig.4, 

where both an influence due to a gain and loss of energy is present. U n 

fortunately, there are no experimental data to confirm this case.

Although the above simple argument is convenient to use, it is only a 

guide and in some cases might be misleading. To formulate the argument 

more correctly suppose interference scattering is neglected. Then it can 

be shown that the cross-section for the transition from j to J of the rotational 

mode is proportional to

^4 [ (2 J+ l ) /(2 j+ l )]B r (j )  ^  j 'C b  )-

Setting the function Fj (AE) equal to this expression and defining the im 

portance function I(AE) of a possible energy transfer A E  as
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I(AE)=I?F. (AE) (15)
j J

gives the importance of a possible rotational transition in a collision of a 

neutron with the molecule. In (15) the importance function I(AE ) is normal

ized so that 1(0)= 1 and the prime onthesummationhasthe same significance 

as before. The importance function has been plotted on Fig. 3 to avoid con-

2.0 0  2.0 

SCATTERED NEUTRON WAVE LENGTH (Й)

Fig-3

The computed partial differential cross-section shown as a function of the scattered neutron wave-length for 

three selected temperatures. The vertical lines terminated by a dot are a plot of the importance function 

which is discussed in the text. They are plotted for a temperature of 2 l 'c .

fusing Figs. 1 and 2. It illustrates in a striking manner the reason for the 

appearance of an influence due to an energy gain and its absence for an 

energy loss in Figs. 1 and 2. An additional example of the importance 

function has been plotted on Fig. 4 which illustrates the reason for the ap

pearance of a feature due to both an energy gain and an energy loss.

In the actual physical situation each of these lines are broadened by 

the translational motion of the molecule which gives the resulting structure 

of the cross-section curve. The broadening increases as the scattering angle 

increases. It should be noted that the appearancë of a single importance 

line causes no apparent anomaly in the cross-section curve, but instead it 

is necessary for a number of the importance lines to be in close proximity 

for the influence of the rotational states to be observed.
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Fig-4

The computed partial differential cross-section shown as a function of the scattered neutron wave-length. 

This is an example showing both the influence of an energy loss and an energy gain. The vertical lines ter

minated by a dot are a plot of the importance function which is discussed in the text. The temperature of

thegasis21*C.

If the cross-section of the gas is compared at two temperatures it would 

be expected that the main peak would be lower and the width greater for the 

higher temperature. In addition the small peak due to an energy gain from 

the rotational levels would be expected to be higher and its width broader 

for the higher temperature, ibis is illustrated in Fig. 3 where the computed 

cross-sections are shown for temperatures of 115°C, 21°C, and -85°C with 

a scattering angle of 16 .3°C  and incident energies of 15 and 25 .2  m e V .

(b) The function S (^ , ç )

If the function S(K2, e) as given by (11) is divided by (оъ/4т), where сгь 

is the bound hydrogen cross-section, the resulting function is identical to 

the function considered by E G E L S T A F F  and collaborators [14]. Their dis

cussions are in terms of dimensionless parameters c = [K2/(2MT)J and 

ß= [e/2T)]. If the theory of Krieger and Nelkin was used to determine 

S(n2, e) these parameters would be very convenient since the resulting S(a,j3) 

would not depend explicitly on the sample temperature. However, the intro

duction of such parameters in (11) would not eliminate its explicit tempera

ture dependence in the theory presented here which forms a fundamental 

difference in theoretical predictions. Instead of these variables it is much 

more convenient to discuss S(x2, e) as a function of the dimensionless para

meter (xbp)2 for a .specified e since this parameter appears as the argument
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of the spherical Bessel functions and is particularly convenient for the dis

cussion of interference scattering which is observed.

In Fig. 5, S(x2, e) is shown as a function of ^bp)^ for a few selected 

values of the energy transfer e. To orient the reader, if Fig. 2 is consulted, 

the energy transfers correspond to scattered neutron wave-lengths of 2. 36A, 

2.13 A, 1. 9 7 A, 1. 76 A  and 1. 45 A  for consecutive increasing values ofthe energy

С<ГЬр)2

Hg-5

S(x^, e) shown as a function of ( кЬр)  ̂ for a few selected values of the energy transfer.

The experimental points are for с = 0 .0 . The temperature of the gas is 21*C.

transfer. The curves that are shown are extended to approximately one order 

of magnitude smaller in momentum transfer than the experiments that have 

been performed. One feature of interest in this figure concerns the asymptotic 

value of SfK^, g) as (xbpf-ь 0 with e ^ 0. This is the quantity needed to de

termine the generalized frequency distribution function introduced by 

E G E L S T A F F  [14, 15]. It would be thought that the curve labelled 

e = 3X10 '3eV  surely has reached its asymptotic slope value. However, per

forming calculations at smaller values of ("bpf shows that this is not the 

case for the curve bends and approaches more nearly the slope of e = 6X 10*3 eV. 

This suggests that caution must be exercised in the application of the methods 

of analysis introduced by Egelstaff.

A  feature in Fig. 5 of particular interest concerns the influence of inter

ference scattering as given by the second and third terms of (11) represent

ing proton-proton and carbon-proton scattering. Confining our attention to 

zero energy transfer, the interference scattering is mainly responsible for 

the dip in the curve for values of ^bp)2 lying between 5 and 15 and the sub

sequent hump between 15 and 30. Examining the contributions of the proton- 

proton and carbon-proton terms it is found that there is a tendency for these
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terms to cancel for values of («bp < 5, to give ä negative contribution of 

about 10% of the total for 5< (xbp)2 < 15, to give a positive contribution of 

about 10% of the total for 15 < (Kbp)S < 30, and for (nbp)2 > 30 the behaviour 

to be more complicated. This behaviour can be understood in terms of the 

spherical Bessel functions occurring in the theory.

The experimental data for e - 0. 0 has been plotted on Fig. 5. Since there 

are considerable scatter in the experimental data it is not possible to con

clude conclusively that the effect due to interference scattering has been 

observed. However, data for energy transfers of 3X  10 eV and 6X  10 "^eV 

supports such a conclusion. In addition, it would be expected that scattering 

results on gaseous propane should also show this effect. An  examination 

indcates that this is the case. There was no difficulty experienced at small 

momentum transfers in comparing the theoretical results of this paper with 

the experimental results which was experienced in [5] where a comparison 

was made with the results of the mass-tensor formulation.

In Fig. 6, S ( «2, g) is shown as a function of e'for various values of 

(Kbp)3. Neglecting deviations of the order of 5% due to interference scatter-

Ftg.6
S(<^. á  shown as a function of e fot a few selected values of (к^ЬрУ.

The temperature of the gas is 21*C.

ing, considering (13) and making an expansion of exp (-e/2T) then to second 

order in powers of (e/2T)
00

2 y s (« 2 ,e )d e = i . (15)

о

Thus if S(*2, e) decreases sufficiently rapidly as e increases for a fixed 

momentum transfer the area under the curves will be a constant. This is
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found to be the case for the curves with (кЬр)2 < 1 as expected. The small 

hump on the ("bp = Ю curve near e = 0 is due to the influence of interference 

scattering.

IV, CON CLU DIN G  REM ARKS

It has been shown that to explain the experimental results on the scatter

ing of slow neutrons by gaseous methane it is necessary to take into account 

the quantum nature of the rotational levels. Thefe are further experiments 

that would be desirable on gaseous methane. Below the vibrational threshold 

it would be of interest for experiments at smaller momentum transfers to be 

done so as to check further characteristics of the curve of S(t^ g) withe ^ 0 

which are predicted in Fig. 5. Experiments at incident energies large enough 

to excite the vibrational levels would be of interest so that the importance 

of their influence on the scattering could be assessed.

Methane should be a very suitable substance for investigations of the 

liquid state. Investigations by Raman spectra techniques [ 16] indicates that 

the molecular rotations are relatively unhindered by intramolecular inter

actions. Thus it would appear the essential difference between the gaseous 

state and the liquid state would be in the restrictions on the molecular trans

lational motion in the liquid state. Since the scattering by the gaseous state 

is well understood it would constitute a great aid in the analysis of experi

ments on liquid mçthane. Recently S T IL L E R  and H A U T E C L E R  [17] have 

performed scattering experiments on liquid methane and observed a number 

of rotational .transitions.

Finally scattering experiments on solid methane should be done. Such 

experiments would be helpful in understanding the liquid state. Experiments 

by Raman Spectra techniques [ 16] indicate that the rotations are still rela

tively free in the solid state. P A U L IN G  [18] proposed that the -point at 

20°К  in the specific heat curve was due to the cessation, of the rotations. 

Subsequent! experiments using nuclear magnetic resonance absorption 

techniques [19] indicated that this could not be the explanation. It would 

appear that neutron scattering experiments would be well suited to make a 

significant contribution.
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APPENDIX

The value of the parameters [3] [11] [20] used in the computations were C c  = 0. A c  = 0 .64X  10'** cm. 

Cp = 2 .52X10**2 cm, Ap = 0 .4 2 x 1 0 ' "  cm . bp = l . 0 9 3 x 1 0 '*  cm, ypp = 6 .2 6 6 x l0 '*s  cm ", y c c  = 3 .1375x  

lO 'M c m S , M  = 2 6 .7 5 7 x 1 0 '"  g. and 1 = 5 .3 3 0 x 1 0 '* °  g e m '.
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D I S C U S S I O N *

J. JANIK: To what extent is the symmetry of CH^ molecules necessary 

for your calculations ? In other words do you consider it possible to extend 

the calculations to other, less symmetrical, molecules?

G . G R IFF IN G : Yes. The methane molecule is a spherical top and this 

fact is used. The methods can be used for any type of molecule.

D .T .  G O L D M A N : Have you investigated the validity of the Krieger- 

Nelkin expression in the case where is very high? Krieger and Nelkin 

make the approximation that the average over orientation can be removed 

into the exponential. This corresponds to an expansion in powers of keep

ing only the first term. This would seem to indicate that the theory cannot 

be applied where к2 is high.

G. GRIFFING : If you go to sufficiently high momentum transfer, which 

is equivalent to saying, if the angle or the energy is large enough, I always 

found that the Krieger-Nelkin expression seemed to be very good .

*  See also discussion on the paper by D . BaUy et al. entitled "The Scattering of slow neutrons from 

hydrogen and ethylene".
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Abstract — Résumé — Аннотация — Resumen

THE SCATTERING OF SLOW NEUTRONS FROM HYDROGEN AND ETHYLENE. The angular distribution of 

1.61 Â wavelength neutrons scattered from hydrogen and ethylene has been measured.

For ethylene the pressure was varied from 15 to 60 atm and for hydrogen from 60 to 110 atm. The in

vestigated angular range was between 5° and 90*. The experimental results obtained have been compared 

with the differential cross-section calculated using the Krieger-Nelkin formulae.

DIFFUSION DES NEUTRONS LENTS PAR L'HYDROGÈNE ET PAR L'ÉTHYLÊNE. Les auteurs ont mesuré 

la distribution angulaire des neutrons ayant une longueur d'onde de 1,61 Â diffusés par de l'hydrogène et par 

l'éthylène.

Ils ont fait varier la pression de l'éthylène de 15 â 60 atm et celle de l'hydrogène de 60 A 110 atm. Le 

domaine angulaire étudié était compris entre 5 et 90". Les résultats des expériences ont été comparés aux 

sections efficaces différentielles calculées au moyen des formules de Krieger-Nelkin.

О РАССЕЯНИИ МЕДЛЕННЫХ НЕЙТРОНОВ ВОДОРОДОМ И ЭТИЛЕНОМ. Было измерено угловое распределение 

рассеянных в водороде и этилене нейтронов с длиною волны 1,61 А.

DISPERSIÓN DE NEUTRONES LENTOS POR HiDRÓGENO Y ETtLENO. Los autores han medido la distri-

I. IN TR O D U C TIO N

The angular distribution of 0.073 eV neutrons scattered from different 

gases was studied by A L C O C K  and HURST [1, 2, 3].The experimental results 

were analysed according to a semi-classical theory. The differential cross- 

sections, corrected for "outer effect" and for molecular vibrations, agree 

with the measured ones for the gases O 2, N 2 and C F ^  The experimental 

points for carbon dioxide show a strong disagreement between experiment 

and theory at angles smaller than 20°. This disagreement was assigned to 

the fact that the gas is near the liquid phase. The measured angular distri

bution for methane was not compared with a theoretical curve. Later on 

P O P E  [4],ZEEM ACH  and G L A U B E R  [5], KRIEGER and N ELKIN  [6] develop

ing the quantum theory of the neutron scattering from molecules used the 

A L C O C K  and H U R ST  results for methane [3] as a test for the theoretical 

curves. Recently R A N D O L P H  et al. [7] has measured the differential partial 

cross-section of 0.015 eV to 0.142 eV neutrons scattered from methane and 

compared the experimental results with the theoretical curves [5, 6].
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The Krieger-Nelkin formula for angular distribution of scattered neu

trons was compared with the experiment only in the case of a spheric top 

molecule. It was interesting to compare the same formula with the experi

mental results obtained in the scattering of neutrons from a molecule having 

a symmetry different from the spheric top, e .g . the ethylene molecule [8]. 

Using the Krieger-Nelkin formula, JANIK et al. [9] calculated the neutron total 

cross-section of ethylene and obtained a good agreement with the M ELK O N IA N  

results [10]. The agreement between the calculated neutron total cross- 

section of hydrogen [6] and the measured one in the energy range from

0.05  eV to 0 .5  eV [11] is not so satisfactory. This is due to the mass 

tensor approximation. In order to eliminate the error resulting from the 

use of a Maxwellian, distribution for the rotation of hydrogen molecules, an 

effective temperature T' different from the sample temperature was in

troduced.

The purpose of the present work is to compare the measured neutron 

angular distribution for ethylene and hydrogen with that obtained from the 

Krieger-Nelkin formula.

F i g . l
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II. E X P E R IM E N T A L  P R O C E D U R E

The scheme of the experimental device is illustrated in Fig. 1. The 

energy of the monochromatic neutron beam incident on the sample was of 

(0.059 ± 0.004) eV. The investigated angular range was between 10° and 90°. 

A  monitor located in the monochromatic beam serves as time-basis for the 

counter placed on the spectrometer arm. The scheme of the sample vessel 

is shown in Fig.2. The thickness of the samplevessel walls was of(0.8± 0.02)mm. 

The pressure range was between 15 atm and 60 atm for ethylene and be

tween 65 atm and 110 atm for hydrogen. The sample pressure remained 

constant during the period of a cycle of measurements. In order to verify 

the pressure constancy the full sample vessel was weighed before and after 

every cycle of measurements.

Samp/p /fadm /urn  соймпс/сг

-A, ,--------- ,
t i______i I_______ г

Reac(or /ace

'  crys/a/

есймпзАу 
(A 6 .S C J

Fig. 2

The scheme of the sample vessel (A) and filling device (C).

The sample vessel weight was 150 g and the weighing was made on an 

analytical balance with a precision better than 0.005 g. The studied ethylene 

had a purity of 99.95%., The more important impurities were ethan (0.03%) 

and nitrogen (0.005%). Hydrogen had a purity of 99.9%, the more important 

impurities being oxygen and water vapour.

The measured background with the empty sample vessel was corrected 

for the absorption of neutrons in the sample. Forthis purpose the BOUTRON- 

M E R IE L  formula [12] was used. The tabulation shows that for the studied 

samples the correction factor is practically constant in the angular range 

between 0° and 90° . For this reason the incoherent background of the 

empty sample vessel was corrected by using a constant factor whose value 

is equal to the average transmission of the gas. The average transmission 

of the studied gases was between 0.57 and 0.88 for ethylene and 0.8 and 0.87 

for hydrogen. The relatively smalltransmissions make the study of multiple 

scattering of neutrons desirable. The calculations of A L C O C K  and HU R ST  

[2] for a sample geometry different from the present sample shows that 

the correction factor for double-scattering is practical isotrope. A  similar 

result was obtained also in [7]. An  angular dependence of the double scat

tering is obtained by applying V IN E Y A R D 'S  calculations [13]. These cal

culations point to a relative simple expression for double-scattering on a 

plane sample. But if the formula for a plane sample is used to calculate 

the double-scattering of a cylindrical sample whose average thickness is



equal to that of a plane sample, a value larger than the real one is obtained. 

For this reason the correction for double-scattering was not considered in 

the present measurements.
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III. E X P E R IM E N T A L  R E SU LTS

The expression of the differential cross-section was calculated using 

the Krieger-Nelkin formula :

(1)

< = к-ko e = -i- -kg) Eo = ;rL  kg

where 6 is the scattering angle in the laboratory system, b̂ „, is the distance 

between the nuclei у and у', Мы is an equivalent mass of the у nucleus and 

-йд,/ is a constant which depends on the molecular vibrations, a ^  = A^ + Q  

= Ay A^', Ay, and Cy being the coherent and incoherent neutron scattering 

lengths of the у nucleus.

1. Ethylene

For hydrogenous substances the differential cross-section is practically 

reduced to the incoherent contribution of hydrogen. Using the usual values 

of An, Сн, An and Cc the following values for a^', were found :

анн = 6 . 5 7 7 X 10-24 cm2; ^  = 0 .4 1  X 10*24 cm;

--0.269 X 10-24 cm?; = 0 .1 7 6 X  10*24 cm .

The coefficients a^,(y ^ ¡7') being small compared to а^н and having an op

posite sign, the sum of the interference terms may be neglected in the for

mula [1]. The contribution of carbon at the incoherent differential cross- 

section was calculated in the approximation in which the vibrational factor 

ехр[-к2 уу„,] is equal to unity. Using the following values for the interatomic 

distance and for moments of inertia : bcc< = 1. 353 A ; 1^= 5.752 X  10-40 g.cm2; 

IyiS! Ig = 30.96 X  10*4  ̂ g.cmP the value Mg = 19.45 m  was found. The 

calculated in this approximation is practical isotrope and equal to 5% from 

¿Ын (10°). For this reason the experimental points will be compared with 

бнн(б) only.

The differential neutron cross-section ¿нн (6) was calculated using the 

following values of molecular constants 5 = (4 уцн m)*i = 0 .1055 eV  and 

Мц = 5.8109 m *^  The theoretical curves and the experimental points are 

represented in Fig. 3. As can be seen, in ä large pressure range (froml5atm 

to 60 atm) the experimental points are in agreement with the calculated 

curves. This shows that the Krieger-Nelkin formula is also applicable to
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a molecule whose symmetry is different from the spheric top. A  similar 

result was recently obtained by S T R O N G  et al. [14].

p -60 aim

T

' ' 0̂0
"°-POo

— - p .M a /m p ./5atm

О^-^О

M W  M  72 Ж ДЮ й  Ж Й  72 Ю
Леай?гт<у any/e

Fig.3

2. Hydrogen

Using the values Мц = m /0 . 2944 and ы "  0.1656 eV [6] the differential 

cross-section for two temperatures (the effective temperature T' * 289°K 

and the sample temperature T  = 300°K) was calculated.

'6

о -

^  ^  7F
ЛсаМег/пд ang/e (Degrees)

Fig.4

The angular distribution of neutrons scattered from hydrogen at two pressures.
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Although the differential neutron cross-sections differ from one another 

with about 2% in this temperature range, the angular dependence remains 

practical unchanged. In Fig. 4 are represented the theoretical curve calcu

lated for T* = 289°K and the experimental points for pressures of 65 atm 

and 110 atm. The good agreement between the calculated angular distribution 

and the measured one shows that the mass-tensor approximation may be used 

for such a purpose even in the case of molecules with a great rotational con

stant B.

As it was expected for hydrogen as well as for ethylene the rise of pres

sure does not lead to a diminution of the intensity at small angles because 

the "outer effect" is negligible. For ethylene at the room temperature the 

pressure of 60 atm is near the critical point. The agreement between the 

calculated бцн (8) and the experimental angular distribution of neutrons shows 

that the influence of the deviation of the gas from ideal state on the formula

[I] is not important for hydrogenous molecules.
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D I S C U S S I O N

P . E G E L S T A F F : I would like to make a general remark regarding the 

last few papers. The Krieger-Nelkin model replaces the rotational part of 

the scattering by a perfect gas term using an effective mass. The vibrations 

are allowed for by modifying the Debye-Waller factor. If the experimental 

results are taken in a region where this model applies, it seems to me that 

this automatically means that they do not include the basic information that 

one wishes to obtain on the physical properties of the scatterer. Would any 

theoretician like to comment on this point, please?

D .T .  G O L D M A N : Yes, The detailed physical properties of the nucleus 

cannot be determined unless the energy resolution gets very much better. 

On the other hand an understanding of the nature of the rotations themselves 

extends our knowledge of physical systems.
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THE INELASTIC SCATTERING OF COLD NEUTRONS BY METHANE. AMMONIA  AND HYDROGEN. The

moved to shorter wavelengths, and merged into the inelastic peak, which remained at the same wavelength. 

These peaks are consistent with scattering from a perfect gas of mass 16 or 17, together with inelastic scattering 

in which neutrons gain energy at the expense of molecular rotations. The short wavelength edge of the inelastic

broadeRed considerably, as would be expected for scattering from a gas of mass 2, and the peaks due to 

scattering by molecular rotations and molecular translations overlap.

DIFFUSION INELASTIQUE DES NEUTRONS FROIDS PAR LE MÉTHANE. L'AM MONIAC ET L'HYDROGÈNE. 

L'auteur a mesuré les sections efficaces différentielles de diffusion de neutrons ayant une longueur d'ondes de 

4 À , aux angles de 20°, 30°, 45°, 75* et 90°, avec l'appareil à neutrons froids de Harwell, dans trois gaz 

différents (méthane, ammoniac et hydrogène), à la température ambiante. Le méthane et l'ammoniac ont 

fourni des résultats semblables; aux petits angles, le spectre des neutrons diffusés consiste en un pic quasi- 

élastique se produisant pour à peu près les mêmes longueurs d'ondes que les neutrons incidents, mais plusieurs 

fois plus larges et en un pic inélastique pour les longueurs d'ondes plus courtes. Pour les angles de diffusion 

plus grands, le pic quasi-élastique se déplace vers les longueurs d'ondes plus courtes et disparaît dans le pic 

inélastique qui, lui, reste situé à la même longueur d'ondes. Ces pics concordent avec les résultats relatifs 

à la diffusion dans un gaz parfait de masse 16 ou 17 ainsi qu'avec une diffusion inélastique dans laquelle les 

neutrons gagnent de l'énergie aux dépens des rotations moléculaires. Le versant du pic inélastique situé dans

НЕУПРУГОЕ РАССЕЯНИЕ ХОЛОДНЫХ НЕЙТРОНОВ В МЕТАНЕ, АММОНИИ И ВОДОРОДЕ. Дифференциальные по-
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DISPERSIÓN INELÁSTICA DE NEUTRONES FRÍOS POR M E TA N O , A M O N IA C O  E HIDROGENO. En el 

aparato para neutrones fríos de Harwell se han medido, a temperatura ambiente, las secciones eficaces diferen

ciales de dispersión de neutrones de 4 A en ángulos de 20°, 30°, 45°, 75° y 90°, correspondientes a tres gases: 

metano, amoniaco e hidrógeno. El metano y el amoniaco han dado resultados análogos-, en los ángulos pequeños,

de onda más cortas y se confunde con el pico inelástico, que permanece en la misma posición. Estos picos son 

compatibles con la dispersión por un gas perfecto de masa 16 ó 17, acompañada de dispersión inelástica en que 

los neutrones ganan energía a expensas de las rotaciones moleculares. El borde del pico inelástico correspondiente 

a las ondas cortas es igual para todos los ángulos de dispersión, puesto que queda determinado por el factor de 

Boltzmann que rige la excitación de las rotaciones moleculares (a temperatura ambiente, la excitación de las 

vibraciones moleculares es despreciable). En el caso del hidrógeno, el espectro de los neutrones incidentes

IN T R O D U C T IO N

Many experiments have been performed to investigate the effect of mole

cular rotation on neutron scattering, but in none of the experiments have 

rotational effects been clearly separated from effects due to translations 

and vibrational motions of the molecule. Recent detailed measurements on 

methane [1] and propane [2] suggest that rotational effects are present, 

and G R IF F IN G  [3] has explained the results theoretically assuming dis

crete rotational levels, but their presence is a matter of inference rather 

than observation.

This paper describes preliminary measurements of the differential scat

tering cross-sections of three gases - methane, ammonia and hydrogen - 

at room temperature for 5 meV neutrons, in which molecular rotation effects 

have been observed. As the spacing of the lowest rotational levels in ammo

nia, for example, is only 2. 5 meV, and at room temperature the most popu

lated levels would give transitions around 25 meV, it is only by using such 

low energy neutrons that rotational effects can clearly be observed.

Methane was chosen for these experiments as it has a spherically sym

metrical molecule - the rotational levels cannot be investigated directly by 

infra-red spectroscopy. Amm onia has a simple molecule, a symmetrical 

top, and it has been the subject of detailed infra-red examination. In addition 

it is suitable for future investigations on the hindrance of molecular rota

tions in the liquid state as it can be liquefied at room temperature by the 

application of only 8 atm pressure. In experiments on hydrogen it was hoped 

to observe directly the transition from ortho-hydrogen to para-hydrogen.
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A P P A R A T U S

The neutron scattering apparatus described by HARRIS etal. [4] was 

used to measure the differential scattering cross-sections of methane, 

ammonia and hydrogen at room temperature for neutrons of about 0.005 eV 

energy at scattering angles of 20°, 30°, 45°, 75° and 90°. In the first ex

periment ammonia was contained at a pressure of 4 atm. (absolute) in a 

cylinder of aluminium-magnesium alloy, 5 cm  diam ., the walls of which 

were turned down to 0.75 m m  thickness over the central 5 cm of their length. 

(A  preliminary run was made with the cylinder evacuated, and the small 

contribution due to scattering from the walls subtracted from the subse

quent results). The ammonia sample scattered about 10%  of the incident 

beam . Only about 5%  of the scattered neutrons were multiplely-scattered, 

and this effect has been neglected. For calibration of the'efficiencies of 

the five counter arrays, so that absolute cross-sections could be determined, 

the ammonia sample was replaced by a sheet of vanadium as a standard com

parison sample. These first measurements were made using a low resolution 

rotor running at 280 c/sec.

The first experiment suffered from the disadvantage that the width of 

the incident neutron spectrum was comparable with the broadening expected 

in scattering from a perfect gas of mass 17. Further measurements were 

therefore made on ammonia, and also on methane and hydrogen, using a 

high speed rotor (625 c/sec) with higher resolution. Aluminium cylinders, 

similar in dimensions to that used in the first experiment, were filled with 

methane to apressure of 3atm (absolute), with ammonia to 4 atm (absolute) 

and with hydrogen to 6 atm (absolute). The methane and ammonia samples 

scattered about 10% of the incident beam, but the hydrogen sample scattered 

only 7%, so the hydrogen results obtained has smaller statistical accuracy. 

A  föur-position rotary sample changer carried the samples, and rotated 

each sample into the beam in turn for a ten minute counting period. In each 

run two gas samples were counted, together with the evacuated cylinder 

and the calibration sample.

The use of vanadium in the first experiment as a comparison sample 

is not ideal, as the vanadi&m was in the shape of a sheet, while the ammonia 

sample had the shape of a cylinder. Thus different counter arrays may have 

had different views of the vanadium sheet and the ammonia sample. This 

leads to uncertainties in the relative magnitude of the results at different 

angles. In the second experiment a specimen of terylene (Melinex) film was 

used as the calibration sample to determine the Relative efficiencies of the 

five counter arrays. The film, 0.001 in thick, was wound in a spiral on two 

grooved plates, rather like a photographic film in a developing tank. The 

terylene film was distributed fairly evenly over the volume of a cylinder 

the same size as the gas specimens, so each counter array would see the 

same amount of this comparison sample as it did of the gas samples. The 

scattering from terylene is not perfectly elastic, but ignoring inelastic scat

tering introduces an error of less than 1%  in the relative efficiencies of the 

counters. This error could safely be ignored, as greater errors arose due 

to variations in counter efficiencies between the different runs.

The total cross-section of the terylene comparison sample was not 

measured, so it is not possible to deduce the absolute differential cross
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sections of the gases. However the preliminary experiment on ammonia 

showed that the measured differential cross-sections were of the correct 

order of magnitude. The relative cross-sections at different angles deduced 

from the higher resolution measurements by comparison with the terylene 

sample should be of greater accuracy.

P R E L IM IN A R Y  M E A S U R E M E N T S  O N  A M M O N IA

The incident neutron spectrum transmitted by the rotor was measured 

by scattering from vanadium, and is shown in Fig. 1. Vanadium scatters 

almost entirely elastically and isotropically, so the results from all five 

counter arrays lie on the same curve. (A correction has been applied for 

absorption in the vanadium sheet). With the rotor running at 280 c/sec 

the number of neutrons transmitted was a maxim um , though the shape of 

the incident spectrum was complicated by the presence of a sharp dip at 

1100 p s /m  due to a Bragg reflection from the bismuth crystal in the beam.

Fig. 1 also shows the results of scattering from the ammonia sample. 

Scattering at 20° shows a "quasi-elastic" peak centred at 1000 ц s/m , about 

twice as broad as the peak in the incident spectrum. At 500 p s /m  there is 

a separate peak, corresponding to a neutron energy gain of about 0 .02  eV. 

At 30° the quasi-elastic peak has moved to 900 p s /m ; the energy gain peak 

has grown in magnitude, but its position is unchanged. At 45° the quasi

elastic peak has almost disappeared, and at 75° and 90° it has completely 

merged into the energy gain peak. All the curves have the same high energy 

limit at about 200^ s /m , and all have a long tail on the low energy side (only 

part of which is shown in Fig. 1).

These results have been compared with the computed cross-sections 

for a perfect gas of mass 17. To take account of the width of the incident 

neutron spectrum, the spectrum scattered elastically by vanadium has been 

approximated as shown by the dotted curve, by four components centred 

at 1000, 1100, 1200 and 1300 p s /m . The scattering due to these for com

ponents has been added together. This method of approximating the incident 

spectrum and introducing experimental broadening into the computed perfect 

gas curves is equivalent to neglecting the time-broadening if the incident 

neutron burst, and assuming the whole width of the vanadium curve is due 

to the spread of neutron velocities. The only parameter normalizing these 

curves is ratio of the cross-section of ammonia [5] to the bound-atom-sec- 

tion of hydrogen.

M E A S U R E M E N T S  O N  M E T H A N E , A M M O N IA  A N D  H Y D R O G E N

The results of the higher resolution measurements on methane, ammonia, 

and hydrogen are shown in Figs. 2, 3 and 4 respectively. In this experiment 

the incident spectrum was measured by a monitor counter in the neutron 

beam, at the same distance from the sample as the counters detecting scat

tered neutrons. This would be the spectrum observed at any of the counter 

arrays of the specimen scattered perfectly elastically. The width of the inci

dent spectrum is only one sixth of the minimum broadening introduced by 

scattering from any of the gases. The results for ammonia show the same
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qualitative features as observed in the preliminary experiment. The results 

for methane are identical with those fár ammonia within the experimental 

error. The scattering from hydrogen is quite different in its generad ap-
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pearance; at aU angles there is a single broad spectrum of scattered neutron 

energies, and no appearance cf an elastic peak.

The scattering from perfect gases of mass 16, 17 and 2 respectively, 

has been computed and compared with the results. The width of the incident 

spectrum, though less importait in these high resolution experiments, has 

been included in these computations as before by taking three bands of in

cident velocities, centred at lOlts, 1040 and 1070 p s /m , and calculating the 

weighted mean of the perfect gas scattering. The absolute differential cross- 

section of the terylene comparison sample is not known, so an arbitrary 

normalization factor has been applied to the results on each gas to compare 

them with the perfect gas cross-sections. Even in the range of energies 

where vibrational and rotational effects are not obvious in the scattered neu-
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tron spectrum, their effect on the translational scattering must be con

sidered. A  Debye-Waller factor has therefore been included, multiplying 

the perfect gas cross-sections. The magnitude of the Debye-Waller factor 

was estimated from the mean energies of rotational and vibrational transi

tions in the three gases.

DISCUSSION

The preliminary results on ammonia show clearly that part of cold neu

tron scattering resembles scattering from a perfect gas, and part is quite 

different. The quasi-elastic peak at 20° is very similar to scattering from 

a gas of mass 17, and at higher angles the quasi-elastic peak moves to



464 F.J. WEBB

looo

50Ф 

boo-,

400  

200

60&1 

400-

*
200^-''

20°

&OOn 

400  ̂

200. ..

óOOn

400-

200

600^

400-

200

30°

45"

SO"

— i---- 1----1---- 1------* 1 " --- r ^ _
400 400 800  tOOO 4 0 0  1400 /Д/m T-o-f

tOO 32 )б Ю 6 3 j О -! *2 nrscV Entn^ c.h<my

Fig. 4

Differentia) scattering cross-section of hydrogen.

higher energies as would be expected in gas scattering. There is some dis

crepancy in the magnitudes of the quasi-elastic peaks; the peak at 30° is 

higher than that at 20° . This is assumed to be caused by inaccuracy in the 

normalization, due to the different geometry of the ammonia and vanadium 

samples. Apart from the quasi-elastic peaks, there is a separate energy 

gain peak, which for all scattering angles has its maximum at about 500ps/m. 

The peak corresponds to energy gains in the range 10 to 100 m eV , which 

is just the range occupied by rotational transitions in a molecular gas at 

room temperature. The energy gain peaks are therefore presumably due 

to molecular rotations giving up energy to the neutrons. At 20° and 30° the 

rotational effects and translational effects are well separated. The high 

energy limit'is set by the Boltzmann factor corresponding to room tem
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perature. Vibrational transitions are in the neighbourhood of 100 m eV, and 

so would not be excited at room temperature (kT = 25 meV).

In the higher resolution measurements the normalization of the perfect 

gas curves is arbitrary, and the choice of Debye-Waller factors is approxi

mate, but clearly the quasi-elastic peaks observed at low angles in methane 

and ammonia are due to the translational motions of the gas molecules. At 

higher angles, where the translational peaks merge into the energy-gain 

peaks, and in scattering from hydrogen, where there is no separation of 

the translational effects at any angle, there is a considerable area of the 

curve unexplained by perfect gas behaviour. This is in the region where 

the energy gain is of the correct magnitude to be attributed to molecular 

rotations.

A  simple way of analysing the rotational part of the scattering curve 

is to make use of the function p(ß) suggested by E G E L S T A F F  [6] . This func

tion is defined by

p(ß)=ß2lim i$;(,*,ß ) (1)
a-*0 <*

where is the "self" part of the scattering law. For scattering fromhydro- 

gen atoms the interference part of the scattering law can be neglected. Since 

thf hydrogen cross-section is much larger than nitrogen and carbon cross- 

sections, S„ may be assumed to represent the scattering of the whole mole

cule as observed in these experiments. The value of p(ß) may be deduced 

directly from the experimental results at the five different scattering angles 

using Eq. (1).

This step has been performed for ammonia; the results are shown in 

Fig. 5. For small values of ß, that is in the neighbourhood of the quasi-

Fig-5

Experimental and theoretical values of p(8).
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elastic peak, it becomes increasingly difficult to extrapolate S/<y to <2 = 0. 

There is almost a delta function in p(ß) at ß = 0, representing the perfect 

gas behaviour; and therefore the data at ß values less than a resolution width 

(i.e . ß < 0.1) are of no value to this analysis. However at slightly larger 

values of ß the curve passes through a minimum pnd increases sharply as 

the origin is approached. At the higher values of ß the data are not sensitive 

to the resolution function.

The function p(ß) is related to the velocity auto-correlation function, 

and so it may be calculated readily by assuming a suitable theoretical model. 

E G E L S T A F F  has derived it for a hard sphere model [7] . Am m onia was 

approximated by a spherical molecule, with its moment of inertia the mean 

of the principal moments of ammonia, and p(ß) evaluated from the expres

sion (which is accurate for ß 3- 2)

The result is shown in Fig. 5: the normalization is arbitrary, p (ß) shows 

a peak in the region of ß = 0.4, as does the experimental curve, but at higher 

ß's it falls off rapidly.

SC H O F IE LD  [8] has suggested an improved model, in which the velocity 

correlation of a hydrogen atom moving on the surface of a rotating sphere 

is considered. This leads to a p(ß) of the form (for ß ^ 2)

This expression has a maximum in the right region, but it still falls off too 

rapidly as ß increases, though less rapidly than Egelstaff's formula.

G R IF F IN G  [3] has obtained the differential scattering cross-section 

of methane by assuming discrete rotational transitions. His treatment seems 

to approximate to a classical model in the range of ß observed in these ex

periments. Any divergence would be expected at small values of ß compa

rable to the spacing of the discrete rotational transitions, that is 2. 5 m eV  

which corresponds to ß = 0. 1. Thus the p (ß) derived from his calculations 

would be similar to those of E G E L S T A F F  [7] and S C H O F IE L D  [8].

To test how sensitive the differential cross-section is to the exact shape 

of p(ß), the differential cross-section for scattering through 20° was com

puted from the expression (2) for p (ß) to which was added a perfect gas term 

(M= 17). The calculated cross-section had a peak at 600^s/m , but its width 

was much smaller than the rotational peak observed in the experiment. In 

particular it fell to half its peak value at 4 7 0 ^ s /m , and to zero at about 

300;ns/m. The experimental curve only falls to zero below 200/^s/m. This 

is reflected by the difference in the p(ß) curves.

Further computations are necessary to check that the curve of p(ß) de

duced by extrapolating the experimental results to a = 0 is sufficient to ex

plain scattering results at all energies and all angles. If it is justified it 

may iinply that the moment of inertia to be used in these models is much

(2)

where =h^/lkT.

p(ß)-ß4 e-e'/zz'
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larger than expected, or that the vibrational levels are very broad and ex

tend into the rotational region.

CON CLU SION S

These experiments show the type of results which can be expected from 

the* scattering of cold neutrons by simple molecules. In particular, the 

effects of translational and rotational motions of the molecules are clearly 

separated. In comparison, measurements at higher neutron energies (15 meV 

to 142 m eV) on methane [1] and propane [2] do not show this clear separa

tion, though the results cannot be explained on a perfect gas model, and 

molecular rotations and vibrations have to be included to give tolerable 

agreement with theory. Thus measurements with cold neutrons will be most 

useful for detailed examination of the effect of molecular rotations on neu

tron scattering.

Analysis of the results for ammonia shows that the neutron scattering 

cannot be explained on two simple models of the rotating molecule; in parti

cular the observations for large energy transfers are inconsistent with the 

theoretical models. Further experiments of higher statistical and absolute 

accuracy, and further computations are necessary to show whether the effect 

of molecular rotations on cold neutron scattering can be adequately des

cribed by a classical model, or whether discrete rotational levels must be 

considered.
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D I S C U S S I O N

P.  S C H O F IE L D : With regard to the shape of your p(¡3), might it not 

be that this type of molecule is of the same nature as the pathological case 

which Egelstaff demonstrated in presenting his first paper* ?

*  "Practical analysis of neutron scattering data into self and interference terms", See these Proceedings.
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P . E G E L S T A F F : You mean this case of the sharp peak at the origin?

P . S C H O F IE L D : Yes.

J. W E B B : For what reasons?

P . S C H O F IE L D : Well, in presenting his first paper D r . Egelstaff 

showed this peculiar frequency distribution with a very sharp peak and then 

something else of much higher energy, and he showed that in this case the 

extrapolation procedure broke down completely and you got smeared-out 

distribution.

J. W E B B : The extrapolations are quite easy at the high values of ß.

P . S C H O F IE L D : They might be easy but wrong.

J. W E B B : Yes, that might be true.

G . GRIFFING : I have two comments. (l)You normalize p and until you

put your experimental results on an absolute basis it is incorrect to conclude 

that you are experimentally getting higher values than are yielded by my 

computations in the region of energy gain. (2) W e  have run an identical ex

periment at the Materials Testing Reactor, at the same incident energy 

as you had, and we found no evidence of the experimental results being

higher than the theoretical results. Indeed we shoilld expect the contrary

to be the case, bearing in mind resolution effects.

J. W E B B : Yes, I might mention one point about our normalization. In 

our first experiments, we put a sheet of vanadium in the beam and measured 

the scattering at the various angles, but this is not really satisfactory as 

the vanadium was a sheet and our gas samples were cylinders so one could 

never be sure that each of the counters viewed exactly the same sample. 

In our later work, therefore, we replaced this vanadium by a scroll of 

terylene film, which gave very nearly elastic scattering - a result which 

seems rather surprising in view of the polythene results that were presented 

yesterday - and we used this as an isotopic elastic scatterer to calibrate 

the relative efficiencies of our counters. Unfortunately, we didn't measure 

the absolute scattering from the sample but in the more accurate measure

ments, which we hope to do in a few weeks' time, this will, of course, be 

done.

H . S T IL L E R : I wonder whether the occupations due to spin states have 

been taken into account in these calculations; it is a surprising fact that 

if the spin states are taken into account, then specifically the high-energy 

rotational states are occupied much more (by a factor of 1 .5  or so) than 

one would expect from thermal occupation and ordinary degeneracy. I think 

this might explain the discrepancy between the experimental results and 

the theoretical ones.

J. W E B B : Certainly, we have made no allowance for this at all.
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