International Conference on Mathematics and Computational Methods Applied to Nuclear Science and Engineering (M&C 2011)
Rio de Janeiro, RJ, Brazil, May 8-12, 2011, on CD-ROM, Latin American Section (LAS) / American Nuclear Society (ANS)
ISBN 978-85-63688-00-2

3-D ANISOTROPIC NEUTRON DIFFUSION IN OPTICALLY THICK
MEDIA WITH OPTICALLY THIN CHANNELS
Travis J. Trahan and Edward W. Larsen
Department of Nuclear Engineering and Radiological Sciences
University of Michigan
2355 Bonisteel Blvd., Ann Arbor, MI, 48109
tjtrahan@umich.edu; edlarsen@umich.edu

ABSTRACT
Standard neutron diffusion theory accurately approximates the neutron transport process
for optically thick, scattering-dominated systems in which the angular neutron flux is a weak
(nearly linear) function of angle. Therefore, standard diffusion theory is not directly applicable for Very High Temperature Reactor (VHTR) cores, which contain numerous narrow,
axially-oriented, nearly-voided coolant channels. However, we have derived a new, accurate
diffusion equation for such problems, which contains nonstandard anisotropic diffusion coefficients near and within the channels, but which reduces to the standard diffusion approximation away from the channels. The new diffusion approximation significantly improves
the accuracy of VHTR diffusion simulations, while having lower computational cost than
higher-order transport methods.
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1.

INTRODUCTION

The neutron diffusion approximation to neutron transport is generally restricted to optically
thick, scattering-dominated systems. Indeed, the standard diffusion coefficient for a monoenergetic, isotropically scattering problem, 1/3Σt , becomes infinite in a void, often causing major
inaccuracies in the diffusion solution. Previous researchers have shown that this deficiency can
sometimes be corrected by redefining the diffusion coefficient as a tensor, causing the diffusion
process to become anisotropic [1-5].
Recently, we introduced a systematic derivation of new anisotropic diffusion coefficients for
physical systems containing voided or nearly-voided channels [6]. The diffusion coefficients were
systematically derived from a nonstandard formulation of the Boltzmann transport equation.
The previous work described a 2-D (flatland) implementation of this method.
In this paper, we describe the 3-D anisotropic diffusion approximation in detail and introduce a
procedure for calculating the diffusion tensor. We apply the method to a realistic class of 3-D
problems approximating Very High Temperature Reactor (VHTR) cores, which contain long,
axially-oriented, cylindrical channels containing coolant (helium gas). The anisotropic diffusion
coefficients are calculated with a simple Monte Carlo code and then implemented in the DIF3D
finite-difference diffusion code. Our numerical results demonstrate that the new anisotropic
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diffusion coefficients yield scalar flux estimates that agree very well with Monte Carlo estimates,
but are obtained in significantly less time.
In Section 2 of this paper, we derive the equations for the anisotropic diffusion method. In
Section 3 we briefly discuss the implementation of the method, including a description of the
codes used, and in Section 4 we present numerical results. We conclude with a brief discussion
in Section 5.
2.

ANISOTROPIC DIFFUSION APPROXIMATION

The results presented at the end of this paper are for isotropically-scattering problems, so
for simplicity the derivations in this section assume isotropic scattering. Anisotropic diffusion
coefficients for anisotropically scattering problems have, however, been derived and applied to
infinite medium problems with a single cylindrical heterogeneity [7].
We temporarily consider the one-speed Boltzmann transport equation in an infinite medium:
Z
Q(x )
Σs (x )
ψ(x , Ω0 ) dΩ0 +
,
(1a)
Ω · ∇ψ(x , Ω) + Σt (x )ψ(x , Ω) =
4π
4π
4π
Q(x ) → 0 as |x | → ∞ ,

(1b)

ψ(x , Ω) → 0 as |x | → ∞ .

(1c)

The Boltzmann equation defines the position and angle of every neutron in the medium. The
terms on the left represent loss terms due to neutron leakage and neutron collisions. The terms
on the right are gain terms due to the scattering source and fixed neutron source. We consider
problems in which:
• the mean free path of neutrons is on the order of 1 cm:
Σt (x ) = O(1) ,

(2a)

ψ = O(1) ,

(2b)

• the angular flux is order 1:
• the flux changes slowly over 1 mean free path:
∇ψ = O() ,
• the flux is nearly isotropic, but may not be linear in angle:
Z
Ωψ dΩ = O() .

(2c)

(2d)

4π

Integrating the Boltzmann equation over all angles, we get the neutron balance equation:
∇ · J (x ) + Σa (x )φ(x ) = Q(x ) ,
where:

(3)

Z
φ(x ) =

ψ(x , Ω) dΩ = scalar flux ,

(4)

Ωψ(x , Ω) dΩ = current .

(5)

4π

Z
J (x ) =
4π
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Equation (3) simply states that the neutron loss terms must balance neutron source terms in
steady-state. We define the scattering plus homogeneous source S:
S(x ) = Σs (x )φ(x ) + Q(x ) ,

(6a)

and we note that adding Σs (x )φ(x ) to both sides of Eq. (3) yields
S(x ) = ∇ · J (x ) + Σt (x )φ(x ) .

(6b)

Introducing Eq. (6a) into the right side of Eq. (1a) gives
Ω · ∇ψ(x , Ω) + Σt (x )ψ(x , Ω) =

1
S(x ) .
4π

Solving Eq. (7) for the angular flux gives
Z ∞ R
s
1
0
0
e− 0 Σt (x −s Ω) ds S(x − sΩ) ds .
ψ(x , Ω) =
4π 0

(7)

(8)

Note that if we integrate Eq. (8) over all angles, we obtain Peierl’s Integral Equation for the
scalar flux. Instead, however,R we introduce Eq. (6b) into the right side of Eq. (8) and operate
on the resulting equation by 4π Ω(·) dΩ to obtain an integral equation for the neutron current:
Z ∞ R
s
1
0
0
ψ(x , Ω) =
e− 0 Σt (x −s Ω) ds [∇ · J (x − sΩ) + Σt (x − sΩ)φ(x − sΩ)] ds ,
4π 0
Z
Z ∞ R
s
1
0
0
J (x , Ω) =
Ω
e− 0 Σt (x −s Ω) ds [∇ · J (x − sΩ) + Σt (x − sΩ)φ(x − sΩ)] ds dΩ . (9)
4π 4π
0
We expand the scalar flux about x and assume that the first derivative of J and the second
derivative of φ are O(2 ), i.e., they are negligible by the assumptions of Eq. (2), to obtain
Z
Z ∞ R
s
1
0
0
Ω
e− 0 Σt (x −s Ω) ds Σt (x − sΩ)φ(x − sΩ) ds dΩ ,
J (x ) ≈
4π 4π
Z0 ∞ R
Z
s
1
0
0
Ω
e− 0 Σt (x −s Ω) ds Σt (x − sΩ) [φ(x ) − sΩ · ∇φ(x ) + · · · ] ds dΩ ,
≈
4π 4π
0
or


J (x ) ≈

1
4π


 Z

1
Ωf0 (x , Ω) dΩ φ(x ) −
Ωf1 (x , Ω)Ω dΩ ∇φ(x ) .
4π 4π
4π

Z

(10)

Here we have defined
∞

Z
fn (x , Ω) =
0

Z
=−
(
=

sn e−
∞

sn

0

Rs
0

Σt (x −s0 Ω) ds0

Σt (x − sΩ) ds

d − R s Σt (x −s0 Ω) ds0
e 0
ds
ds
1

R∞
0

e

−

Rs
0

Σt (x −s0 Ω) ds0

ds

n=0
.
n=1

(11)

The assumptions on the smallness of the first derivative of J and the second derivative of φ are
valid in diffusive media and nearly voided media. The first integral in Eq. (10) evaluates to 0.
Thus we arrive at the following approximation for the current:
J (x ) = −D(x ) · ∇φ(x ) ,
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where D(x ) is the anisotropic diffusion tensor defined by:
Z
1
Ωi f1 (x , Ω)Ωj dΩ ,
Dij (x ) =
4π 4π

(13)

and
∞

Z
f1 (x , Ω) =

se−

Rs
0

Σt (x −s0 Ω) ds0

Z

∞

Σt (x − sΩ) ds =

e−

Rs
0

Σt (x −s0 Ω) ds0

ds

(14)

0

0

= the mean distance that a neutron at (x , −Ω)
will travel to experience its first collision.
If the system is homogeneous, Eq. (14) gives f1 (x , Ω) = 1/Σt , and then Eq. (13) gives the
standard diffusion tensor:
1
D=
I,
(15)
3Σt
where I is the 3 × 3 identity matrix.
If the system is heterogeneous, the tensor D is anisotropic but finite, even inside finite vacuum
regions. Introducing Eq. (12) into the balance equation (Eq. (3)) gives our main result, the
anisotropic diffusion equation:
−∇ · D(x ) · ∇φ(x ) + Σa (x )φ(x ) = Q(x ) .

(16)

It is useful to note that the function f1 satisfies a simple, purely absorbing, fixed source transport
equation. To show this, we operate on Eq. (14) by Ω · ∇:
Z ∞
Rs
0
0
Ω · ∇e− 0 Σt (x −s Ω) ds ds
Ω · ∇f1 (x , Ω) =
 Z s

Z0 ∞ R
− 0s Σt (x −s0 Ω) ds0
0
0
=
e
−
Ω · ∇Σt (x − s Ω) ds ds
0
0

Z s
Z ∞ R
d
0
0
− 0s Σt (x −s0 Ω) ds0
Σ (x − s Ω) ds ds
=
e
0 t
0 ds
Z0 ∞ R
s
0
0
=
e− 0 Σt (x −s Ω) ds [Σt (x − sΩ) − Σt (x )] ds
Z0 ∞ R
s
0
0
=
e− 0 Σt (x −s Ω) ds Σt (x − sΩ) ds − Σt (x )f1 (x , Ω)
Z0 ∞
d − R s Σt (x −s0 Ω) ds0
e 0
ds − Σt (x )f1 (x , Ω)
=
ds
0
h
i
Rs
0
0 ∞
= −e− 0 Σt (x −s Ω) ds
− Σt (x )f1 (x , Ω)
s=0

= 1 − Σt (x )f1 (x , Ω) ,
or, rearranging:
Ω · ∇f1 (x , Ω) + Σt (x )f1 (x , Ω) = 1 .

(17)

Up to now, we have assumed an infinite medium. For finite media with given boundary conditions, it is possible to repeat the above analysis using line integrals along the finite line segments
x −s0 Ω, from s0 = 0 to s0 = the distance to the boundary. However, doing this introduces significant complications, and at this stage of our work we are attempting to obtain the best possible
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results using the simplest possible models. Consequently, we have experimented with different
boundary conditions for Eq. (17). It is desirable that the anisotropic diffusion equation (Eq.
(16)) preserve the standard diffusion solution for a homogeneous medium. This can be ensured
by applying reflecting boundary conditions to Eq. (17), which yields the standard diffusion tensor given by Eq. (15). To date, our studies have found that reflecting boundary conditions on
f1 yield accurate results, so these are what we use in this paper. Further investigation of the
boundary conditions on f1 is needed in the future.
Equation (17) shows that the integrals in Eq. (13) can be evaluated very efficiently with a high
order transport method such as Monte Carlo, method of characteristics, or discrete ordinates.
In this work, Monte Carlo methods are used exclusively to solve Eq. (17).
To summarize, first we solve Eq. (17) for the function f1 using the Monte Carlo method with
reflecting boundary conditions. Next, we insert the solution for f1 into Eq. (13) to obtain the
diffusion tensor D. Finally, we use a straightforward deterministic diffusion method to solve
Eq. (16)) for the scalar flux φ. It is important to note that Eq. (17) is much less costly to solve
than the original transport equation, so the anisotropic diffusion method can be solved much
more rapidly than a high order transport method.
3.

IMPLEMENTATION OF THE METHOD

Two codes were used for applying this method to problems with nearly voided regions: a Monte
Carlo code for obtaining reference solutions and calculating the diffusion tensor, and the DIF3D
finite-difference diffusion code for obtaining diffusion solutions with standard and anisotropic
diffusion coefficients.
The Monte Carlo for Anisotropic Diffusion (MCAD) code was written specifically for this research. It is a multigroup Monte Carlo code that simulates particle transport in “legoland”
geometries in which material regions and meshes are all rectangular parallelepipeds. Material
compositions are defined on a coarse rectangular mesh, which can be subdivided into a fine
mesh if desired. The code is capable of tallying scalar fluxes, currents, and the diffusion tensor
components defined in Eq. (13) on either a fine or a coarse mesh. MCAD calculates true standard deviations by simulating particles in many large batches of particles and calculating the
standard deviation among the different batches.
The ultimate goal of this research is to provide an accurate diffusion method for modeling
VHTRs, and DIF3D is designed primarily for simulating VHTRs, so DIF3D is a good fit for
this project. The fact that DIF3D already accepts directional diffusion coefficients means that
no modifications to the code are necessary to apply the new method. The directional diffusion
coefficients correspond to the diagonal components of the diffusion tensor. Preliminary testing
suggests that for most streaming channel problems, the off-diagonal terms are small and have
little effect on the solution. For this reason, no attempt was made to add off-diagonal terms to
DIF3D.
To simulate a problem using anisotropic diffusion, MCAD is used to simulate the fixed source
problem defined by Eq. (17). MCAD tallies the integrals in Eq. (13) directly and writes the
problem geometry and directional diffusion coefficients to a DIF3D geometry specification file
called A.NIP3. DIF3D is then run with this input file to obtain a solution for the scalar flux.
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4.

NUMERICAL RESULTS

The anisotropic diffusion method has been applied to monoenergetic and four energy group,
fixed-source problems. For brevity, only monoenergetic results are presented here. The multigroup behavior is very similar to the monoenergetic case. Four-group cross sections are based
loosely off a set of homogenized fuel cross sections provided by Argonne National Laboratory.
In other words, they are contrived but realistic for VHTRs. One-group cross sections are simply
the fast group cross sections from the 4-group problem (Table I). Only fixed source problems
have been considered for simplicity, so fission cross sections and capture cross sections are both
included in the absorption cross section.
Table I: One Group Cross Sections Used in the Test Problem.

Material

Total, Σt

Absorption, Σa

[cm−1 ]

[cm−1 ]

Fuel

1.169E-01

1.459E-04

Graphite

1.720E-01

8.550E-05

Helium

2.547E-03

6.000E-09

z
y
y

x

z

(a) 3D View

x

(b) Core Cross Section

Figure 1: 3D View (a) and a Top View of the Core Cross Section (b) of the Test
Problem Geometry and Standard Diffusion Coefficient. An Isotropic Source of
1 n/s-cm3 is Distributed Throughout the Fuel Region (Light Blue). “Vac”
Indicates a Vacuum Boundary. “Refl” Indicates a Reflecting Boundary.
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(a) Scalar Flux

y

x

(b) Relative Standard Deviation

Figure 2: Monte Carlo Solution Obtained by MCAD Simulation of 50 Batches of 5
Million Particles.

The test problem presented here is a rectangular approximation to an annular VHTR core (Fig.
1). One quarter of a repeating, symmetric lattice structure is modeled. The overall geometry
is 180 cm wide, 20 cm thick, and 420 cm tall. A 60 cm wide, 360cm tall fuel block is reflected
by 60 cm of graphite on the top, left, and right sides. The bottom (z- face) represents the axial
midplane of the core and is a reflecting boundary. The front (y- face) and back (y+ face) sides
are the boundaries of the repeating lattice structure and are also reflecting. The top side (z+
face) is a vacuum boundary. To simulate an annular core, the left boundary (x- face) is reflecting
and corresponds to the center of the annulus. The right boundary (x+ face) is a vacuum. Two
helium channels, 10 cm by 5 cm, run up the front lattice boundary. This is a reflecting boundary,
so the channels are square in reality, and are approximately the size of a control rod void in a
VHTR. One channel lies within the fuel, one lies within the outer (x+ side) reflector. A flat
source of 1 n/s-cm3 is distributed throughout the fuel region.
Figure 1 is a plot of the standard diffusion coefficients given by Fick’s Law, 1/3Σt , on a log scale.
Boundary conditions on each face are also indicated in the plot. This plot shows the material
structure of the problem and confirms that the standard diffusion coefficient is very large inside
the long control rod voids. The size of the standard diffusion coefficient suggests that if we
apply standard diffusion theory to this problem, we will see an unphysically large amount of
neutron streaming along the channels. This will result in a scalar flux that is underestimated in
the lower section of the geometry and overestimated in the upper section of the geometry.
The scalar flux for this problem was first calculated using MCAD. This Monte Carlo solution
represents the “correct” scalar flux. Fifty batches of 5 million particles each were simulated.
The simulation ran for 20.23 hours and the maximum relative error is approximately 2.9%. The
scalar flux and standard deviation for the Monte Carlo simulation are plotted in Fig. 2.
The anisotropic diffusion tensor was calculated by an MCAD simulation of 50 batches of 50
million particles per batch. Note that more particles are needed for good statistics because
2011 International Conference on Mathematics and Computational Methods Applied to
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(c) ZZ Term

Figure 3: Diagonal Components of the Diffusion Tensor Obtained by MCAD
Simulation of 50 Batches of 50 Million Particles.

with no scattering, less track length is generated per particle. However, because there is no
scattering in this simulation, the time required to complete the simulation was only 1.19 hours,
almost 20 times less than the time to obtain the scalar flux using MCAD. The maximum error
for any of the components on the diagonal of the tensor is 2.7%. The three diagonal terms
in the anisotropic diffusion tensor are plotted in Fig. 3. All plots are on the same log scale
as Fig. 1a, so they can be directly compared to the standard diffusion coefficient. Away from
the streaming channels, the diffusion tensor is nearly isotropic and approximately equal to the
standard diffusion coefficient. Inside the channel, however, the anisotropic diffusion terms are
significantly smaller than the standard diffusion coefficient. The “radial” diffusion coefficients
(in the x- and y-directions) are approximately equal, and they are smaller than the “axial”
diffusion coefficient (in the z-direction). Thus, as we expect, neutrons may stream further along
the channel than across it, but the amount of streaming will be considerably less than in the
standard diffusion case.
Standard and anisotropic diffusion calculations were performed with DIF3D, which can be run
with directional diffusion coefficients that correspond to the diagonal terms of the anisotropic
diffusion tensor. The run time of the DIF3D calculation, be it isotropic or anisotropic, is on the
order of 2-3 minutes, and is negligible relative to the cost of the Monte Carlo calculations. The
errors in the scalar flux solutions relative to the correct Monte Carlo solution are plotted in Fig.
4. Note that the errors are plotted on different scales so that details are visible. As expected,
standard diffusion (Fig. 4a) predicts an excessive amount of streaming along the control rod
void channels. This causes standard diffusion to under-predict the flux in the center of the core,
and over-predict the flux at the upper core and top reflector. In particular, the location of the
helium filled control rod voids is clearly evident because of the large errors at the top of these
channels. The relative error in the solution throughout the core is roughly 8-10%, while above
the core the error is as high as 67.7%. On the other hand, anisotropic diffusion (Fig. 4b) is very
accurate throughout the problem. The relative error in the solution throughout most of the core
is roughly 1%, at the top of the core is roughly 2-3%, and throughout the problem is less than
5%. The maximum relative error of 1 occurs in just one anomolous cell on the corner of the
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(a) Standard Diffusion Error

x

(b) Anisotropic Diffusion Error

Figure 4: Error in Scalar Flux Relative to Monte Carlo Solution for Standard
Diffusion (a) and Anisotropic Diffusion (b).

problem. In virtually all other cells, the error never approaches such a large value.
Table II: Comparison of Run Times for Different Methods.
Method

Monte Carlo

Diffusion

Total

Calculation Time

Calculation Time

Calculation Time

[hours]

[hours]

[hours]

Monte Carlo

20.23

N/A

20.23

Standard Diffusion

N/A

∼0.05

∼0.05

Anisotropic Diffusion

1.19

∼0.05

∼1.24

For comparison of the different methods, run time data for each are summarized in Table II. We
see that the anisotropic diffusion method is an order of magnitude faster than the Monte Carlo
method for this problem, yet the accuracy is comparable. Standard diffusion, although fast, is
sufficiently inaccurate that it should never be applied to problems with streaming channels.
5.

CONCLUSIONS

In this paper, we have shown that the anisotropic diffusion method previously applied to infinitely long, nearly voided channels can be easily applied to arbitrary 3-D geometries. As was
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the case in the simplified geometry problems, the new diffusion tensor is anisotropic in heterogeneous geometries, and finite even in the presence of voided or nearly-voided regions. Scalar
fluxes obtained via this method agree very well with exact Monte Carlo solutions. However, the
computational cost of the anisotropic diffusion calculation is more than an order of magnitude
lower than the Monte Carlo calculation.
The anisotropic diffusion tensor can be calculated by solving a simple purely-absorbing, fixedsource problem on the true problem geometry. This can be done reasonably efficiently with any
high order transport method because there is neither a fission source nor a scattering source to
converge. Reflecting boundary conditions for this simple problem preserve the standard diffusion
solution for a homogeneous medium and perform well, even for heterogeneous systems.
We have shown that an anisotropic diffusion calculation can be performed an order of magnitude
faster than a Monte Carlo calculation. However, it can be argued that the anisotropic diffusion
method will also be faster than Sn for problems with streaming channels like those encountered
in VHTRs. To obtain an accurate solution in such problems requires a very large number of
angles or a specialized quadrature with many angles aligned with the streaming channels. Many
full transport sweeps will be required for the solution to converge, even if the Sn code is optimally
accelerated. Thus, we expect that anisotropic diffusion should be an order of magnitude faster
than optimally accelerated Sn . Our future work will seek to confirm this.
It is important to note that the anisotropic diffusion method can be readily implemented using
existing production codes. Although the Monte Carlo code used for this research was built
from scratch, the diffusion tensor could be calculated using an available Monte Carlo, discrete
ordinates, or method of characteristics code. Any diffusion code that accepts directional diffusion coefficients could employ the anisotropic diffusion method. Thus, the anisotropic diffusion
method can become a valuable reactor physics tool in the near future.
Although this method has been developed for and applied to VHTR analysis, it is applicable to
a wider range of problems. These include boiling water reactor analysis and pressurized water
reactor accident analysis in which coolant boiling results in void channels within the reactor. In
the future, we will attempt to apply the anisotropic diffusion method to these problems. We will
continue to investigate the boundary conditions for the function f1 , which is used to calculate
the anisotropic diffusion tensor. Future work will also study homogenization of the anisotropic
diffusion tensor for full-core analysis.
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