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Abstract

We review the systematics of Mandelstam cut contributions to planar
scattering amplitudes in the multi-Regge limit. Isolating the relevant cut
terms, we explain how the BFKL expansion can be used to construct the
perturbative n-point multi-Regge limit amplitude in certain kinematic
regions from a finite number of basic building blocks. At three loops and
at leading logarithmic order, two building blocks are required. These are
extracted from the known three-loop six-point and seven-point symbols
for general kinematics. The subleading and sub-subleading terms require
two and one further building block, respectively. The latter could either be
reconstructed from further perturbative data, or from BFKL integrals in-
volving yet-unknown corrections to the central emission block, on whose
construction we also briefly comment.
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1 Introduction

Recent advances in the study of scattering amplitudes have sparked renewed interest in the
multi-Regge limit of high-energy scattering. Besides its phenomenological significance, it
has long been noted that the perturbative expansion simplifies considerably in this limit:
Typically, the perturbative series has to be (and in fact can be!) resummed due to the appear-
ance of large logarithms, leading to factorized all-order expressions for scattering processes.
A further enhancement comes about in the case of planar N = 4 super Yang–Mills theory:
Here, the multi-Reggeon states that resum all-order gluon exchanges are governed by the
integrable Balitsky–Fadin–Kuraev–Lipatov (BFKL) [1] and Bartels–Kwieciǹski–Praszałowicz
(BKP) [2] Hamiltonians. This first appearance of integrability in the planar theory was
observed long before the extensive discoveries and applications of integrable structures
that took place during the past fifteen years [3]. Since the proposal of the exponentiated
Bern–Dixon–Smirnov (BDS) amplitude [4], the systematics of multi-Regge limit amplitudes
in planar N = 4 super Yang–Mills theory have been understood to a remarkable extent. In
fact, after a disagreement at strong coupling had casted doubt on the correctness of the BDS
amplitude [5], it was the absence of the expected Regge pole and cut terms that invalidated
the proposal at weak coupling [6], and that prompted the correction of the BDS amplitude
by the dual conformally invariant remainder function beyond five points [7, 8].

By now, the remainder function has been constructed to high loop orders by constraining
the possible function space through physical symmetry and analyticity requirements [9, 10].
This bootstrap program relies on various input, ranging from the mathematical theory of the
relevant functions [11, 12] to recursion relations [13] and the expansion around collinear
limits as dictated by integrability [14, 15]. In all cases, knowledge about the multi-Regge
limit has provided important boundary data to the bootstrap enterprise. Conversely, these
recent methods admit to compute the BFKL data, and hence the multi-Regge-limit remainder
function, to unprecedented orders [9, 16–18]. To date, this fruitful interplay has mostly been
restricted to the six-point case. An extension to seven-point functions has been initiated
recently [19]. Going to even higher points will require a better understanding of the relevant
function space. It is conceivable that the Regge limit will again provide valuable boundary
data in this regard.

It has been understood that obtaining the full analytic structure of multi-Regge limit
amplitudes requires to analyze the amplitudes in all possible kinematic regions [20–23]. In
fact, while the integrable structure at strong coupling becomes particularly amenable in the
multi-Regge limit [24], a discrepancy with the expectation from weak coupling has been
observed in one of the kinematic regions at seven points [25]. Recently, a systematic study of
the n-point two-loop remainder function in all kinematic regions at weak coupling has been
put forward [26]. The ability to study any number of points relied on the known two-loop
symbol of the remainder function for all multiplicities [27]. Passing from polylogarithmic
functions to their symbols constitutes a major simplification, both for the analysis of the
relevant expressions and for the systematics of the multi-Regge limit.

The goal of the present work is two-fold: One aim is to understand the results of the
previous study [26] from the perspective of Regge cut contributions. Secondly, we want to lift
the analysis to the three-loop level. To this end, we first isolate the Regge cut contributions
that contribute to a given region, and then expand the relevant contributions to the three-
loop order. Judiciously grouping the resulting terms, we find that the n-point three-loop
remainder function, in the simplest class of kinematic regions, reduces to a linear combination
of five building block functions. At the symbol level, the reduction extends to all kinematic
regions. The symbols of the building blocks required to reconstruct the n-point remainder
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function at leading logarithmic order are extracted from the known perturbative data. The
results of this work are assembled in a computer-readable file attached to this submission.

Overview. In Section 2, we aim to summarize the systematics of planar scattering ampli-
tudes in the multi-Regge limit in a self-contained way. Section 3 highlights the simplifications
and restrictions implied by specializing to certain kinematic regions, or by passing from
functions to symbols. In Section 4, we revisit the two-loop analysis of the multi-Regge limit
remainder function from the Regge cut point of view. Section 5 extends the analysis to three
loops, and we find that the remainder function can be decomposed into a few basic building
blocks. The latter are discussed in Section 6, and Section 7 presents our conclusion.

Note added: The simultaneous paper [28] has some overlap with the present work. In par-
ticular, there is a connection between the “factorization theorem” of [28] and the application
of the reduction identities (4.6) to the expansion of the n-point cut contribution carried out
in this work.

2 Background

Multi-Regge Kinematics. The 2→ (n− 2) multi-Regge limit is the n-particle generaliza-
tion of the simple s� t Regge limit for 2→ 2 scattering. To describe a general amplitude,
we will use the (3n− 10) independent Lorentz invariants

tj ≡ q2
j , qj ≡ p2 + p3 + · · ·+ pj−1 , j = 4, . . . , n , (2.1)

sj ≡ sj−1,j ≡ (pj−1 + pj)
2 , j = 4, . . . , n , (2.2)

ηj ≡
sjsj+1

(pj−1 + pj + pj+1)
2 , j = 4, . . . , n− 1 . (2.3)

Here, p1, . . . , pn are the n external momenta. By convention, they are all incoming, but may
have either energy sign. The 2 → (n − 2) multi-Regge limit is characterized by a large
separation of rapidities among the produced particles. In terms of the above kinematic
variables, it is attained for

|s| � |s4|, . . . , |sn| � t4, . . . , tn , (2.4)

where s = (p1 + p2)
2 is the total energy. See Figure 1 for an illustration of the kinematics.

Many quantities in the multi-Regge limit only depend on the kinematics in the transverse
space to the (p1, p2) plane. We hence define

pj = αj p1 + β j p2 + p⊥j , p1 · p
⊥
j = p2 · p

⊥
j = 0 , j = 4, . . . , n− 1 , (2.5)

and similarly for q4, . . . , qn. It is often convenient to switch to complex variables pj, qj whose
real and imaginary parts equal the two components of the transverse momenta p⊥j and q⊥j ,
respectively:

p⊥j =
(
<(pj),=(pj)

)
, q⊥j =

(
<(qj),=(qj)

)
. (2.6)

Frequently used combinations of the transverse momenta are the complex anharmonic ratios

wj =
pj−1qj+1

qj−1 pj
, j = 5, . . . , n− 1 . (2.7)
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Figure 1: Kinematic variables.

Planar N = 4 super Yang–Mills theory enjoys dual conformal invariance. Invariant quanti-
ties in this theory can thus only depend on conformally invariant cross ratios

Uij ≡
x2

i+1,jx
2
i,j+1

x2
ijx

2
i+1,j+1

, 3 ≤ |i− j| ≤ n− 2 (2.8)

of the dual coordinates
pj ≡ xj − xj−1 , xij = xi − xj . (2.9)

A basis of kinematically independent invariant cross ratios is provided by

uj,1 = Uj−2,j+1 , uj,2 = Uj−1,n , uj,3 = U1,j , j = 4, . . . , n− 2 . (2.10)

In the multi-Regge limit, these cross ratios converge to 1 or 0:

uj,1 → 1 , uj,2 → 0 , uj,3 → 0 . (2.11)

The ratios of subleading terms remain finite, and are related to the anharmonic ratios (2.7)
via

uj,2

1− uj,1
→ 1
|1 + wj|2

,
uj,3

1− uj,1
→

|wj|2

|1 + wj|2
. (2.12)

Kinematic Regions. In order to understand the full analytic structure of the multi-Regge
limit amplitude, it is important to analyze it in all physical kinematic regions. Our starting
point will be the physical region in which the energies of all particles 3, . . . , n are negative
(which means that those particles are effectively outgoing, instead of incoming). In this
region, all subenergies sj, j = 4, . . . , n, are negative.1 In all other physical regions that
we will consider, some of the particles 4, . . . , n− 1 have positive energies (those particles
become incoming), and hence some of the invariants sj become positive. These other regions
are sometimes called “Mandelstam regions”.2 They can be reached from the all-outgoing
region by analytic continuation of the kinematics. The various regions will be labeled by
the subsets I ⊂ {4, . . . , n− 1} of particles whose energies have been continued to positive
values. Alternatively, we will often label regions by ρ = (ρ4, . . . , ρn−1) ∈ Zn−4

2 , with ρj = ±1
(or just ρj = ±) indicating whether the respective particle has been flipped (its energy has
been continued) (−) or not (+).

Importantly, the various regions become disconnected in the strict multi-Regge limit.
That is to say, in order to continue the kinematics from one region to the other, one has to
complexify the subenergies sk (e.g. by continuing them along big circles).

1The Minkowski metric is assumed to have signature (−+++).
2One could also consider regions in which the energies of particles 3 and/or n are positive, but those regions

do not add further analytic structure to the amplitude, and will thus not be considered in the following.
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Multi-Regge Limit Amplitudes. Scattering in the multi-Regge limit is dominated by the
exchange of “Reggeized gluons” (or “Reggeons”), which are effective particles that resum
the contributions of entire classes of gluonic Feynman diagrams of all loop orders. The
simplest example is the four-point amplitude in planar N = 4 super Yang–Mills theory, for
which all perturbative contributions can be resummed and factorized into a single diagram:

AMRL
4 =

12

3 4
= Γ(t)sω(t)Γ(t) . (2.13)

Here, = Γ(t) is the gluon-gluon-Reggeon vertex (see e.g. [6]), and stands for the
exchange of a single Reggeon with propagator sω(t), where ω(t) is the (real-valued) Regge
trajectory. At five points, two different kinematic regions can be considered: The produced
particle 4 can either be flipped (−) or not (+). Strikingly, the factorization property of the
four-point amplitude extends to this case: In both regions, the planar five-point amplitude
again factorizes into a single diagram,

AMRL(±)
5 = ±

12

3 4 5
= Γ(t4) sω(t4)

4 Γ45 sω(t5)
5 Γ(t5) , (2.14)

where the (complex) gluon production vertex [8]

±

j
= Γj,j+1 = |Γj,j+1|e±iπ ω̂j,j+1 , ω̂j,j+1 = ω̂(tj, tj+1, ηj) , (2.15)

only depends on the kinematic region through the sign of its phase.
A general n-point multi-Regge-limit amplitude in any given kinematic region ρ receives

contributions from Regge pole [29] as well as Mandelstam cut terms [30, 31],

AMRL
n,ρ = ARegge pole

n,ρ +AMandelstam cut
n,ρ . (2.16)

Both the pole terms and the cut terms depend on the kinematic region ρ. The origin of
the Mandelstam cut terms are non-trivial contributions from multi-Reggeon bound state
exchange in intermediate t-channels. For planar amplitudes of up to five points, such
contributions are suppressed by powers of 1/Nc, and the amplitudes factorize as indicated
above. At six points, the first cut term appears, in the region (−−) where both intermediate
momenta have been flipped [7]. In a generic region ρ, the six-point amplitude therefore
reads [8, 22]

AMRL
6,ρ = (pole terms)ρ + cρ

6,1,4

12

3 4 5 6

, (2.17)

where the region-dependent coefficient cρ
6,1,4 is non-vanishing for ρ = (−−). Here, the

cut diagram stands for all contributions from two-Reggeon bound state exchange in the t5
channel. This picture generalizes to higher multiplicities: The planar n-point multi-Regge
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limit amplitude is a sum of region-dependent Regge pole terms as well as Mandelstam cut
contributions with region-dependent coefficients [6–8, 21–23, 32, 33]:

AMRL
n,ρ = (pole terms)ρ + ∑

j
cρ

n,1,j

j

12

3 n

+ ∑
j

cρ
n,2,j

j

12

3 n

+ . . .

+ ∑
j

dρ
n,1,j

j

12

3 n

+ ∑
j<k

eρ
n,j,k

j k

12

3 n

+ . . . (2.18)

Here, the symbol stands for the insertion of zero or more complex gluon produc-
tion vertices (2.15). For planar amplitudes, the number of exchanged Reggeons can at
most increase or decrease by one when passing from one t-channel to the next.3 All other
contributions are suppressed by powers of 1/Nc. The pole terms as well as the cut-term
prefactors can in principle be obtained from the general quantum field theory principles
of locality & unitarity. The procedure particularly relies on an expansion of the amplitude
into a sum of terms that each have no overlapping energy discontinuities, following the
Steinmann relations [35]. Determining the cut contributions in this way is a very intricate
and tedious procedure that has to be carried out region by region. This formidable task has
been completed for the seven-point amplitude [23], and a study of the eight-point case is
underway [33], but a generalization to higher multiplicities appears difficult. Below, we will
see that the coefficients cn,b,j are actually fixed by the two-loop analysis [26].

In fact, the Mandelstam criterion [31] significantly constrains the set of cut terms that can
contribute to any given kinematic region: It asserts that any cut contribution in which the
multi-Reggeon states span the adjacent t-channels tj, . . . , tk cannot contribute to regions in
which sj−1 > 0 or sk+1 > 0, that is4

cρ
n,k−j,j = 0 if ρj−1 = ρj or ρk = ρk+1 , (2.19)

and similarly for the further coefficients in (2.18). Here, the subscripts n, b, and j in cρ
n,b,j label

the total number of particles, the number of t-channels taking part in the multi-Reggeon
state, and the produced gluon that bounds the multi-Reggeon state on the left. For example,
as indicated above, the six-particle cut term (2.17) is only present in the (−−) region:

c(++)
6,1,4 = c(+−)6,1,4 = c(−+)

6,1,4 = 0 . (2.20)

BDS and Remainder Function. The MHV amplitudes of planar N = 4 super Yang–Mills
theory can be decomposed into two factors:

AMHV
n = ABDS

n Rn (2.21)

Here, ABDS
n is the Bern–Dixon–Smirnov amplitude [4], wich equals the tree-level amplitude

times the exponentiated one-loop amplitude, and which in fact produces the correct all-loop
four-point and five-point amplitudes. Starting at six points, it however fails to reproduce the

3The number Mn of admissible diagrams that can contribute to the n-point amplitude, as a sequence in n,
equals the Motzkin sequence, OEIS A001006 [34], with Mn/Mn−1 → 3 for n→ ∞.

4The reason is that in such cases, one of the Feynman loop integrals can be closed trivially, since all singularities
lie on the same side of the integration contour [36].
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correct Regge pole contributions, and it misses all Regge cut terms (beyond one loop) [6–8].
Hence it cannot be the full amplitude, but has to be corrected by a non-trivial remainder
function Rn. Since the BDS amplitude correctly captures all infrared singularities and dual
conformal weights, the remainder function is infrared finite and dual conformally invariant,
and thus can only depend on dual conformally invariant cross ratios (2.8). By definition, it is
only non-trivial starting from six points and two loops.

Passing to the multi-Regge limit, and stripping off the universal absolute value, the BDS
amplitude reduces to a region-dependent phase factor. From the latter, one can separate off
a conformally invariant, infrared finite part exp(iδρ

n), which again is region-dependent, and
contains the finite part of the one-loop Regge cut terms [8, 22]

ABDS,MRL,ρ
n

Γ(t4) |sω4
4 | |Γ45| |sω5

5 | |Γ56| |sω6
6 | . . . |sωn−1

n−1 | |Γn−1,n| |sωn
n |Γ(tn)

= exp(iφρ
n) exp(iδρ

n) . (2.22)

The universal denominator is a generalization of the five-point amplitude (2.14), and it
subsumes all dependence on the absolute values of the gluon production vertices Γk,k+1 and
Reggeon propagators sωk

k . The region-dependent phase eiφ absorbs the remaining infrared
divergences. The finite, conformally invariant piece eiδ combines in a non-trivial way with
the remainder function to a region-dependent linear combination of reduced pole and cut
terms [22, 23]:

exp(iδρ
n)Rρ

n = (reduced pole terms)ρ

+ ∑
j

cρ
n,1,j

j

+ ∑
j

cρ
n,2,j

j

+ . . .

+ ∑
j

dρ
n,1,j

j

+ ∑
j<k

eρ
n,j,k

j k

+ . . .

(2.23)

Here, the grayed-out parts of the cut diagrams have been divided out, and the (black) cut
pieces stand for the remainder after the division.

Factorized Cut Integrals. All reduced cut terms in (2.23) are infrared-finite, conformally
invariant functions of the complex anharmonic ratios wk (2.7). Just like the pole terms of
the four-point and five-point amplitudes, they enjoy the virtue of Regge factorization, in
the following sense: The multi-Reggeon bound states that propagate in the intermediate
t-channels are governed by the BFKL [1] and BKP [2] equations. The solutions to these
equations are most naturally expressed in terms of their SL(2, C) representation labels (n, ν).
Expressing all quantities in terms of these variables, the cut contribution factorizes into
a simple product: Reading a cut diagram from left to right, each t-channel m-Reggeon
state contributes one BFKL (or BKP) Green’s function Gm(nk, νk), each gluon emission that
increments or decrements the number of exchanged reggeons from m to m± 1 contributes
an impact factor Φm,m±1(nk−1, νk−1, nk, νk), and each intermediate gluon k that gets emitted
from an m-Reggeon bound state contributes a central emission block Cm(nk−1, νk−1, nk, νk).
Obtaining the full cut contribution requires completing the state sums in all t-channels by
summing and integrating over all nk and νk. The summation and integration amounts to a
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Fourier–Mellin transform from the (nk, νk) variables to the complex anharmonic ratios wk
that provide the kinematic dependence.

The subsequent analysis will focus on the cuts of the type shown in the middle line
of (2.23). For those terms, only the simplest impact factors [7]

ΦL,k ≡ Φ0,1(nk, νk) =
1
2

(−1)n

iνk + nk/2

(
qk−1

pk−1

)−iνk−nk/2 ( q̄k−1

p̄k−1

)−iνk+nk/2

+O(g) ,

ΦR,k ≡ Φ1,0(nk, νk) = −
1
2

1
iνk − nk/2

(
qk+1

pk

)iνk+nk/2 ( q̄k+1

p̄k

)iνk−nk/2

+O(g) (2.24)

and emission blocks [21]

Ck ≡ C1(nk, νk, nk+1, νk+1) = −
1
2

(
qk+1

pk

)iνk+nk/2 ( q̄k+1

p̄k

)iνk−nk/2

·

·
(

qk

pk

)−iνk+1−nk+1/2 ( q̄k

p̄k

)−iνk+1+nk+1/2

C̃(nk, νk, nk+1, νk+1) +O(g) (2.25)

are needed. The required Green’s function stems from the BFKL color-octet channel and
takes the form [7]

Gk ≡ G2(nk, νk) = ε
gEnk ,νk
k . (2.26)

Here, εk ≡ −
√uk,2uk,3 are combinations of “small” cross ratios (2.10) that approach zero in

the multi-Regge limit, En,ν is the BFKL color-octet eigenvalue, and

g ≡ g2
YMNc

8π2 (2.27)

is the planar coupling constant. The general two-Reggeon cut term fk spanning k t-channels
therefore takes the form [21, 25]5

fk(ε5, . . . , εk+4; w5, . . . , wk+4) ≡
4 k+4

=

i g ∑
n5,...,nk+4

∫
dν5 . . . dνk+4 ΦL,5 ε

gEn5,ν5
5 C5 ε

gEn6,ν6
6 C6 . . . Ck+3 ε

gEnk+4,νk+4
k+4 ΦR,k+4 . (2.28)

One can see that the exponentials of kinematic variables in the impact factors and emission
blocks indeed combine into Fourier–Mellin integral transformation kernels

wiνk+nk/2
k w̄iνk−nk/2

k = ρ2iνk
k eink ϕk for wk = ρkeiϕk . (2.29)

Perturbative Expansion. The expression (2.28) is valid to all orders in the coupling g,
where all coupling dependence is contained in the impact factors ΦL,R, the emission blocks
Ck, and the BFKL eigenvalues Enk ,νk . Upon a perturbative expansion, the BFKL Green’s
functions (2.26) expand in powers of g and of log(εk); the latter are the large logarithms
that are characteristic of the multi-Regge limit. Including subleading terms of the BFKL
eigenvalues, impact factors, and emission blocks, the cut contribution (2.28) at each order g`

in the coupling constant becomes a polynomial of degree (`− 1) in the large logarithms log εk.
Retaining only the leading terms in large logarithms amounts to the leading logarithmic

5The cut contribution is normalized such that the cut coefficient cρ=(−−)
6,1,4 of the six-point remainder function

becomes unity. This choice differs from the normalization used in [23] by a factor of 2i.
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approximation (LLA), the first subleading terms constitute the next-to-leading logarithmic
approximation (NLLA), and so on. At order g`, there are LLA terms of order log(εk)

`−1 all
the way to N`−1LLA terms of order log(εk)

0. At a given loop order, the coefficient of each
monomial in log(εk) is a function of the kinematics that exclusively depends on the complex
anharmonic ratios wk (2.7).

3 Symbols and Regions

Transcendentality and Symbols. Scattering amplitudes in planar N = 4 super Yang–
Mills theory display the property of uniform (or maximal) transcendentality, which means
that every term in the `-loop amplitude has the same transcendentality (or transcendental
weight) 2`. This concept relies on the assumption that the amplitude can be expanded
in products of multiple polylogarithms (iterated integrals over dlog integrands, MPLs for
short) [11] times zeta values times rational numbers.6 Every m-fold iterated integral is
assigned transcendentality m. Zeta values can be defined as MPLs evaluated on certain
values, and they inherit the transcendentality of their parent functions. For example, the
polylogarithms Lim(x) as well as the zeta values ζm have transcendentality m. Under
multiplication, transcendentality behaves additively.

Multiple polylogarithms obey many functional identities, which makes them unwieldy,
especially in expressions with many terms. All such functional relations trivialize when
one projects all MPLs to their symbols [38].7 The latter discard all information contained in
the choice of integration base point. In particular, the symbols are agnostic of all ambigu-
ities lying in the choice of functional branch. Since all branch ambiguities of MPLs have
subleading functional transcendentality (transcendentality of functional origin, as opposed
to numerical transcendentality), one typically discards all terms of subleading functional
transcendentality when mapping an expression to its symbol.

When projecting the amplitude to its symbol, the expression (2.23) simplifies considerably:
The reduced pole terms consist of trigonometric functions whose arguments include factors
of π [22, 23], hence their perturbative expansion contains extra powers of π = ζ2, which
implies that they carry subleading functional transcendental weight; they therefore get
discarded. Cut terms that involve more than two Reggeons stem from double (or higher)
discontinuities, hence they also have subleading transcendentality and get projected out.
Terms with multiple disconnected multi-Reggeon states (such as the last term in (2.23)) are
products of lower-loop cut terms, hence also these have subleading transcendental weight
and get discarded. On the left hand side of the equation, the factor eiδ can be truncated to 1,
since all higher terms again include additional factors of π. In summary, at the level of the
symbol:

Rρ
n '∑

j
cρ

n,1,j

j

+ ∑
j

cρ
n,2,j

j

+ . . . (3.1)

Here, “'” denotes equality at the symbol level. Moreover, here and in the following, the
remaining (black) cut pieces are understood to be one-loop subtracted, as the one-loop part
is (by definition) contained in the BDS factor that has been divided out. The dots stand for
further two-Reggeon cut terms that span any number of adjacent emitted gluons.

6It is expected that this class of functions is not sufficient to describe all amplitudes to all orders in general
kinematics. For example, elliptic integrals appear in the ten-point N3MHV amplitude [37]. However, it appears
conceivable that multiple polylogarithms suffice to describe all amplitudes in the multi-Regge limit. In any case,
all quantities considered in this work are expressible in terms of polylogarithms.

7For reviews, see [39].
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Symbols and Regions. At the symbol level, the discontinuity of an iterated integral along
a closed continuation path only depends on the overall winding numbers of the path around
the singular points of the integrand. From this property alone, it follows [26] that the symbols
S[·] of the multi-Regge-limit remainder function in the various kinematic regions obey the
relations

S[RI
n] = ∑

{k,l}⊂I
S[R{k,l}

n ] . (3.2)

and
S[R{k,l}

n ] = S[R[k,l]
n ]− S[R[k,l−1]

n ]− S[R[k+1,l]
n ] + S[R[k+1,l−1]

n ] . (3.3)

These relations hold independently of the loop order. The first relation states that the symbol
in any region I ⊂ {4, . . . , n − 1} is a sum of symbols in regions {k, l} where only two
momenta pk and pl are flipped. The second relation in turn expresses the symbol in those
two-flip regions as a linear combination of symbols in regions where all flipped momenta
k, . . . , l are adjacent, labeled by [k, l]. It is therefore sufficient to consider the symbol in those
all-adjacent regions.

Note that, since the cut terms can be assumed to be functionally independent, the
relations (3.2,3.3) among symbols imply identical relations for the cut prefactors cρ

n,b,j in the
various regions:

cI
n,b,j = ∑

{k,l}⊂I
c{k,l}

n,b,j , c{k,l}
n,b,j = c[k,l]

n,b,j − c[k,l−1]
n,b,j − c[k+1,l]

n,b,j + c[k+1,l−1]
n,b,j . (3.4)

It is not difficult to see that these relations are consistent with the Mandelstam criterion
described above. They completely determine the coefficients of all two-Reggeon cut contri-
butions of the type shown in (3.1) to the n-point remainder function in any kinematic region
ρ in terms of the coefficients c[k,l]

n,b,j of these cut terms in the all-adjacent regions ρ = [k, l].
In fact, the Mandelstam criterion implies that there is only a single two-Reggeon cut

contribution to the n-point multi-Regge limit remainder function in any all-adjacent region
[k, l], namely

R[k,l]
n,cut = c[k,l]

n,l−k,k

k `

, (3.5)

where the subscript “cut” indicates that the Regge pole terms are not included, and the dots
stand for the omission of (l − k− 2) emission blocks. In other words,

c[k,l]
n,b,j = 0 unless j = k , and b = l − k . (3.6)

In particular, the cut terms in all such regions equal (up to variable substitution and the
prefactors) the cut terms of the (l − k + 5)-point remainder function in the region where all
intermediate momenta are flipped:

R[k,l]
n,cut(εk+1, . . . , ε l ; wk+1, . . . , wl) =

c[k,l]
n,l−k,k

c[4,n′−1]
n′,n′−4,4

R[4,n′−1]
n′,cut (εk+1, . . . , ε l ; wk+1, . . . , wl) , (3.7)

with n′ = l − k + 5. Since the symbol of the remainder funtion is agnostic of the pole terms,
the equations (3.5) and (3.7) hold for the full remainder function at the symbol level.
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4 Two-Loop Expansion

We now want to analyze the two-Reggeon contribution (3.5) for any number of gluons at the
perturbative level. The following deconstruction is not restricted to symbols, but holds at
the level of full functions. By definition, all cut diagrams of the type (3.5) are understood to
be one-loop subtracted. The simplest case involves only two emitted gluons. Perturbatively
expanding the BFKL Green’s function and the impact factors, this simplest diagram consists
of three terms at the two-loop level:

= + + +O(g3) . (4.1)

Here, a naked line for the impact factor stands for its leading contribution (2.24), whereas
additional dots denote loop corrections. A vertical line in the t-channel two-Reggeon state
stands for the one-loop (order g1) piece of the BFKL Green’s function (2.26),

G2(nk, νk) = ε
gEnk ,νk
k = 1 + g E(0)

nk ,νk log(εk) +O(g2) , (4.2)

where

Enk ,νk =
∞

∑
`=0

g`E(`)
nk ,νk (4.3)

is the expansion of the BFKL eigenvalue. Due to the factor log(εk) in the one-loop Green’s
function, the first term in (4.1) provides the leading logarithmic approximation (LLA) at
this two-loop order. The subleading NLLA contribution consists of the second and third
diagrams, which have no line insertions, and stem from the trivial piece G2(g = 0) = 1 of
the Green’s function.

Turning to the longer two-Reggeon cut that appears in the (−−−) region of the seven-
point remainder function, the two-loop expansion yields five terms,

= +

+ + + +O(g3) . (4.4)

Here, the emission block makes its first appearance. A plain dotted line stands for the
leading-order emission block (2.25), and additional dots again denote loop corrections. The
LLA piece now consists of two terms, where either of the Green’s functions in the first or
second t-channel have been expanded to one-loop order. Hence the first term is proportional
to log(ε5), while the second term is proportional to log(ε6).8 The second line provides the
three NLLA terms.

A key fact for the subsequent analysis is the following observation [21]: Any number
of adjacent leading-order emission blocks, not separated by BFKL eigenvalue insertions,
can be absorbed in a neighboring leading-order impact factor (again not separated by BFKL
eigenvalue insertions). The result is the original impact factor, whose momentum gets
replaced by the sum of combined momenta. Similarly, any number of adjacent leading-order
emission blocks can be combined into a multi-gluon emission block, whose functional form

8Without loss of generality, it is assumed that the leftmost particle at the beginning of the cut is particle 4.
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is identical to the single-gluon block, but whose outgoing momentum is replaced by the sum
of all combined momenta.9 Diagrammatically, we will denote these identities as

≡ , and ≡ . (4.5)

Here, the dots stand for the insertion of any number of leading-order emission blocks. Using
these identities, one can reduce almost all diagrams in (4.4) to six-point diagrams. For
example,

= , = . (4.6)

Each term in the two-loop expression (4.4) a priori depends on both complex anharmonic
ratios w5 and w6 (2.7). But due to the identity (4.6), it is clear that all dependence of the first
term in (4.4) on w5 and w6 factors into a dependence on the single complex ratio

v5,6;5 ≡
p4q7

q4(p5 + p6)
=

w5(
1 + 1

w6

) . (4.7)

Similarly, the second term in (4.4) only depends on the single complex ratio

v5,6;6 ≡
(p4 + p5)q7

q4 p6
= (1 + w5)w6 . (4.8)

Restricting to the LLA (the first line in (4.4)), and using the identities (4.6), the three-particle
cut therefore reduces to a sum of two copies of the two-particle cut,

f LLA
2,(2)(ε5, ε6; w5, w6) = f LLA

1,(2)(ε5; v5,6;5) + f LLA
1,(2)(ε6; v5,6;6) . (4.9)

Promoting this equation to the full two-loop cut contribution (including the NLLA piece)
requires adding an extra NLLA term to the equation:

f2,(2)(ε5, ε6; w5, w6) = f1,(2)(ε5; v5,6;5) + f1,(2)(ε6; v5,6;6) + g2(v5,6;5, v5,6;6) , (4.10)

where

g2(v5,6;5, v5,6;6) = − − (4.11)

is a finite function of v5,6;5 and v5,6;6 (or of w4 and w5 via the relations (4.7,4.8)). Here, the last
two terms are, by analogy with (4.5) defined by evaluating the one-loop impact factors on
the sums of momenta p4 + p5 and p5 + p6, respectively.

This two-loop analysis straightforwardly generalizes to the cut contribution for any
number of particles. Using the identities (4.5), the LLO part of the general cut at two loops
can be written as

f LLA
k,(2)(ε5, . . . , ε4+k; w5, . . . , w4+k) =

4+k

∑
j=5

4 j 4+k
=

4+k

∑
j=5

f LLA
1,(2)(ε j; v5,4+k;j) . (4.12)

Here, the variables

vk,l;j ≡
qk−1 − qj

qk−1

ql+1

qj − ql+1
=

(1 + (1 + (. . . (1 + wk)wk+1) . . . )wj−1)wj

1 +
(

1 +
(

. . .
(

1 + 1
wl

)
1

wl−1

)
. . .
)

1
wj+1

(4.13)

9These identities are most easily understood in momentum space, as noted in Section III of [21].
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for j = k, . . . , l are anharmonic ratios that generalize (4.7,4.8); they are obtained by grouping
the adjacent momenta pk−1 + · · · + pj−1 = qk−1 − qj and pj + · · · + pl = qj − ql+1. The
inversion of this formula is

wj =
(vk,l;j−1 − vk,l;j)(1 + vk,l,j+1)

(1 + vk,l;j−1)(vk,l;j − vk,l;j+1)
, (4.14)

assuming the boundary conditions vk,l;k−1 = 0 and vk,l;l+1 = ∞. Including the NLLO
terms of fk,(2) and f1,(2) on both sides of equation (4.12), and again applying the reduction
identities (4.5), one can see that all subleading terms combine into a sum of seven-point
NLLO pieces g2 (4.11), evaluated with different complex ratios:

fk,(2)(ε5, . . . , ε4+k; w5, . . . , w4+k) =
4+k

∑
j=5

f1,(2)(ε j; vj) +
3+k

∑
j=5

g2(vj, vj+1) , vj ≡ v5,4+k;j .

(4.15)
This concludes the two-loop analysis of the general two-Reggeon cut (3.5). For any number
of emitted particles, the latter can be deconstructed into a sum of two building blocks, one of
them being the simplest two-particle cut f1, the other being the NLLO remainder g2 of the
three-particle cut f2.

Using equation (3.5), the result (4.15) directly implies an analogous relation for the cut
piece of the two-loop remainder function in the region (−− . . .−) where all momenta have
been flipped,

RMRL,(−−...−)
n,(2),cut (ε5, . . . , εn−1; w5, . . . , wn−1) =

cn

c6

n−1

∑
j=5

RMRL,(−−)
6,(2),cut (ε j; vj) + cn

n−2

∑
j=5

g2(vj, vj+1) ,

(4.16)
with the abbreviations cn ≡ c[4,n−1]

n,n−5,4 and vj ≡ v5,n−1;j. With the help of (3.7), very similar
relations hold for the remainder function symbol in any region [k, l] where any number of
adjacent momenta have been flipped.

Relation to Previous Work. At leading logarithmic order, the relation (4.15) had been
obtained before [21]. Here, we have generalized it to the full two-loop level, including the
NLLO terms. In fact, an explicit study [26] of the known two-loop symbol [27] has lead to
the slightly stronger observation

RMRL,(−−...−)
n,(2),cut (ε5, . . . , εn−1; w5, . . . , wn−1) '

n−1

∑
j=5

RMRL,(−−)
6,(2),cut (ε j; vj) + c7

n−2

∑
j=5

g2(vj, vj+1) . (4.17)

Also this result had been obtained before at leading logarithmic order [40]. Comparing (4.16)
with (4.17), one finds that the coefficients of all simple two-Reggeon cut contributions must
be identical,10

c[k,l]
n,l−k,k = c[4,5]

6,1,4 = 1 , n ≥ 7 , 4 ≤ k < l < n . (4.18)

Here, the second equality follows from the deliberate choice of normalization (2.28) for the
cut integral.

10Since [26] analyzed the two-loop symbol for up to ten points, the equality has only been rigorously estab-
lished for n ≤ 10.

13



5 Three-Loop Expansion

We are now in a position to extend the previous analysis to the three-loop order. At three
loops, the simplest cut contribution f1 expands to

f1,(3) = + + +

+ + + . (5.1)

Compared to the two-loop case, there are a few new ingredients at three loops: Two line
insertions in the two-Reggeon state (as in the first term) stand for terms where the BFKL
Green’s function (2.26) has been expanded to second order in the coupling g, while the BFKL
eigenvalue En,ν has been kept at leading order. A line insertion dressed with a dot stands for
one power of the one-loop correction to the eigenvalue En,ν. Each line (leading order or loop
corrected) comes with one power of the respective large logarithm log(εk). In other words,
expanding

G2(nk, νk) = ε
gEnk ,νk
k =

1 + g E(0)
nk ,νk log(εk) +

1
2 g2(E(0)

nk ,νk log(εk)
)2

+ g2E(1)
nk ,νk log(εk) +O(g3) , (5.2)

where E(`)
nk ,νk is the `-loop BFKL eigenvalue, the third term in (5.2) produces the first term

in (5.1), whereas the fourth term in (5.2) produces the third term in (5.1). The first term
in (5.1) constitutes the LLO part, the next three terms provide the NLLO contribution, and
the three terms on the second line form the NNLLO piece.

Passing now to the longer cut f2, one finds the following terms at three loops and leading
logarithmic order:

f2,(3) = + + +O(NLLA)

= + + +O(NLLA) . (5.3)

As shown in the second line, two of the LLA diagrams can again be reduced to six-point
diagrams, using (4.5). But, unlike in the two-loop case, one LLA diagram remains that
cannot be reproduced by six-point data. Removing the six-point pieces by subtracting two
instances of f1,(3) functions (5.1), one finds the remainder (without loss of generality, the
emitted gluons are labeled by {4, 5, 6})

g3(ε5, ε6; w5, w6) ≡ f2,(3)(ε5, ε6; w5, w6)− f1,(3)(ε5; v5,6;5)− f1,(3)(ε6; v5,6;6)

= + + + +

− − + + +

+ − − − − . (5.4)

14



Note that all terms involving the next-to-leading-order BFKL eigenvalue are captured by the
short cut terms f1(3). It is now straightforward to see that the general k-point cut diagram
fk,(3), to leading logarithmic order, becomes a sum of six-point functions f1,(3) and seven-
point functions g3:11

f LLA
k,(3)(ε5, . . . , ε4+k; w5, . . . , w4+k)

=
4+k

∑
j=5

f LLA
1,(3)(ε j; v5,4+k;j) +

3+k

∑
i=5

4+k

∑
j=i+1

gLLA
3 (ε i, ε j; v5,j−1;i, vi+1,4+k;j) . (5.5)

Including all NLLO and NNLLO diagrams in the functions fk,(3), f1,(3), and g3 on both sides
of the above equation, and judiciously organizing all terms, one finds that the subleading
contributions can be combined into two further NLLO building blocks gL, gR, and one
further NNLLO building block h. The full three-loop cut function fk,(3) can be written as

fk,(3)(ε5, . . . , εk+4; w5, . . . , wk+4) =
k+4

∑
j=5

f1,(3)(ε j; v5,4+k;j) +
k+3

∑
i=5

k+4

∑
j=i+1

g3(ε i, ε j; v5,j−1;i, vi+1,k+4;j)

+
k+2

∑
i=5

k+3

∑
j=i+1

gL(ε i; v5,j−1;i, vi+1,j;j, vj+1,k+4;j+1) +
k+2

∑
i=5

k+4

∑
j=i+2

gR(ε j; v5,i;i, vi+1,j−1;i+1, vi+2,k+4;j)

+
k+1

∑
i=5

k+3

∑
j=i+2

h(v5,i;i, vi+1,j−1;i+1, vi+2,j;j, vj+1,k+4;j+1) . (5.6)

The NLLO building block gL depends on four intermediate momenta. It takes the form

gL(ε5; w5, w6, w7) = − − + . (5.7)

In the third term of (5.6), this function gets summed over partitions of the sequence of
momenta (p4, . . . , pk+4) into subsequences

(p4, . . . , pi−1) , (pi, . . . , pj−1) , (pj) , and (pj+1, . . . , pk+4) . (5.8)

The building block gR is a mirror of gL:

gR(ε7; w5, w6, w7) = − − + , (5.9)

and in the fourth term of (5.6), it gets summed over the partitions

(p4, . . . , pi−1) , (pi) , (pi+1, . . . , pj−1) , and (pj, . . . , pk+4) . (5.10)

11Note that, contrary to the two-loop case (4.11), the three-loop building block g3 is defined in terms of the
original cross ratios w5, w6 rather than the combinations v5,6;5, v5,6;6.
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Finally, the N2LLO building block h reads:

h(w5, w6, w7, w8) = − −

+ + − −

− − − +

+ + + + . (5.11)

The last term in (5.6) sums this function over partitions of the intermediate momenta into
subsequences

(p4, . . . , pi−1) , (pi) , (pi+1, . . . , pj−1) , (pj) , and (pj+1, . . . , pk+4) . (5.12)

For the case k = 3, which is relevant for the eight-point remainder function in the (−−−−)
region, the last sum in (5.6) has to be replaced by the single term h̃(w5, w6, w7), where h̃ is
obtained from h (5.11) by removing the middle particle (and the associated LO emission
block, where possible).

Using (3.5), the deconstruction (5.6) implies an analogous relation for the three-loop re-
mainder function in the region ρ = [4, n− 1] = (−− . . .−) where all intermediate momenta
have been flipped:

R(−−...−)
n,(3),cut (ε4, . . . , εn−2; w4, . . . , wn−2) =

n−1

∑
j=5

R(−−)
6,(3),cut(ε j; vj) +

n−1

∑
i,j=5
i<j

g3(ε i, ε j; v5,j−1;i, vi+1,n−1;j)

+
n−3

∑
i=5

n−2

∑
j=i+1

gL(ε i; v5,j−1;i, vi+1,j;j, vj+1,n−1;j+1) +
n−3

∑
i=5

n−1

∑
j=i+2

gR(ε j; v5,i;i, vi+1,j−1;i+1, vi+2,n−1;j)

+
n−4

∑
i=5

n−2

∑
j=i+2

h(v5,i;i, vi+1,j−1;i+1, vi+2,j;j, vj+1,k+4;j+1) . (5.13)

Here, the identities (4.18) among the cut coefficients have already been taken into account.
Via (3.7), equivalent relations hold for the remainder function in all regions ρ = [k, l] where
any number of adjacent momenta {k, . . . , l} has been flipped. In more general regions, the
remainder function receives contributions from further cut terms (of the type shown in
the last line of (2.23)). Passing to the remainder function symbol, these further cut terms
drop out (due to their subleading functional transcendentality). Thus, by (3.2,3.3), the
deconstruction (5.13) implies a decomposition of the remainder function symbol in any
kinematic region in terms of the symbols of the five building blocks f1,(3), g3, gL, gR, and h.

6 Building Blocks

In principle, each term in the perturbative expansion of the Regge cut diagram (3.5) can
be computed from the integral representation (2.28), once the expressions for the BFKL
eigenvalue, impact factor, and central emission block are known to the desired perturbative
order. In the previous sections, we have shown that, by judiciously organizing all terms in
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the expansion, the n-point two-loop and three-loop cut contributions can be reconstructed
from a few basic building blocks that are functions of the anharmonic ratios wj. Once these
building block functions are known, the Regge cut contribution to the remainder function
can be computed via the formulas (4.16,5.13).

Here, we will content ourselves with treating the building block functions at the level
of the symbol. The symbol of the two-loop NLLO building block g2(v1, v2) has been ob-
tained [26] by taking the multi-Regge limit of the known two-loop remainder function
symbol [27] and using the decomposition (4.17).

At three loops, the six-point [41] and seven-point [19] remainder function symbols are
known. By definition, this data is sufficient to extract the symbol of the LLA building block
g3 (5.4). Applying in turn the first line of the three-loop decomposition (5.13), this admits a
reconstruction of the n-point remainder function symbol at leading logarithmic order.

We compute the multi-Regge limit symbol of the three-loop remainder function in the
same way as for the two-loop symbol. The procedure is detailed in [26], here we only give
a brief summary: Starting with the known six-point [41] and seven-point [19] symbols for
general kinematics, we expand all first entries in terms of the cross ratios (2.10) via the
symbol rule

(xy)⊗ (z) = (x)⊗ (z) + (y)⊗ (z) . (6.1)

Next, we collect all terms with the same cross ratio Uk,l in the first entry, strip off the first
entry, and multiply by 2πi. The result is the symbol of the discontinuity under continuation
along the path Uk,l → e2πiUk,l . We obtain the multi-Regge limit of each such discontinuity
by expressing the kinematic invariants in the symbol entries by the OPE variables

{Tj, Sj, Fj} = {e−τj , eσj , eiφj} , j = 5, · · · , n− 1 , (6.2)

of [15], setting Sj = Tj/
√

wjw̄j and Fj =
√

wj/w̄j, and by taking the limit Tj → 0, keeping
only the leading term in each entry. Next, setting Tj = (ε2

j wjw̄j)
1/4, and again expanding all

terms via (6.1), one can finally extract all large logarithms via the shuffle relations

log(ε j)
(
x⊗ y⊗ · · · ⊗ z

)
=
(
ε j ⊗ x⊗ y⊗ · · · ⊗ z

)
+
(
x⊗ ε j ⊗ y⊗ · · · ⊗ z

)
+
(
x⊗ y⊗ ε j ⊗ · · · ⊗ z

)
+ · · ·+

(
x⊗ y⊗ · · · ⊗ ε j ⊗ z

)
+
(
x⊗ y⊗ · · · ⊗ z⊗ ε j

)
. (6.3)

At seven points and three loops, the resulting expression for each discontinuity is a degree-
two polynomial in log(ε5) and log(ε6), whose coefficients are symbols with five entries that
exclusively depend on w5, w6, and their complex conjugates. Starting in the kinematic region
(+++) in which no intermediate momentum is flipped, each other kinematic region is asso-
ciated with specific winding numbers for all cross ratios Uk,l . Summing the corresponding
discontinuities then yields the remainder function symbol in the respective kinematic region.
In particular, the region (−−−) that contains the three-particle cut f2, only the cross-ratio
U2,6 (2.8) winds non-trivially. Applying the change of variables (4.7,4.8) and subtracting the
respective six-point three-loop symbols (5.4), one finally obtains the symbol of the building
block g3.

The NLLO and NNLLO building blocks (5.7,5.9,5.11) first appear in the three-loop
eight-point and nine-point amplitudes, and can thus not (yet) be extracted from available
perturbative data. In principle these functions could be computed term by term from the
integral representation (2.28). While the BFKL eigenvalue and impact factor are known
explicitly to N2LLA and N3LLA [7, 9, 17, 32, 42], and relating the multi-Regge limit to the
Wilson loop OPE [43] led to all-order proposals [44], the missing ingredient is the NLO and
NNLO central emission block (2.25).

In principle, the NLO emission block could be extracted from the building block g2
by subtracting the two reducible terms and inverting the Fourier–Mellin transform. This
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however requires knowledge of the full function g2, which at present is only known at
leading transcendental weight [26].

The attached MATHEMATICA file MRL3LLA.m contains the symbols for the building blocks
RMRL

6,(3) and g3, as well as a function that reconstructs the three-loop leading-logarithmic-order
remainder function symbol in any kinematic region from these building blocks.

Note on the Alphabet. The three-loop three-particle building block g3(ε5, ε6; w5, w6) has
the same alphabet ℵ (letters appearing in the entries of the symbol) as the two-loop three-
particle building block g2(w5, w6):12

ℵ = {w5, 1 + w5, w6, 1 + w6, 1 + w6 + w5w6} . (6.4)

Using the expansion (5.13), and expanding all variables vk,l;j in terms of w5, · · · , wn−1, the
alphabet (of the terms in the first line) becomes big and complicated for larger n. Had
one started with the n-point symbol, it would have been difficult to guess the variable
transformation (4.13) that simplifies the alphabet and symbol terms.

Beyond seven points, the full alphabet of the remainder function remains unknown, even
in the multi-Regge limit. At six and seven points, the alphabet apparently does not change
with the loop order, with the full alphabet already visible at two loops. It appears likely that
this pattern breaks at eight points (beyond the leading logarithmic approximation), since
this is the first instance at which the three-loop building blocks involve more independent
legs than the two-loop building blocks. It would be interesting to work out the consequences
of the deconstruction (5.13) on the higher-point alphabets in more detail.

7 Conclusion

Summary. Exponentiation and factorization are core features of the Regge limit. In the
expansion around large logarithms, they admit a reconstruction of perturbative amplitudes
to any multiplicity, once the BFKL building blocks (eigenvalues, impact factors, emission
blocks) are known. In this work, we have made this reconstruction explicit, up to the
three-loop order.

A central result is the relation (5.13), which expresses the simplest cut contribution to
the n-point remainder function at three loops in terms of a few basic building blocks. It
should be emphasized that the identity has a two-fold meaning: On the one hand, it holds at
the level of the remainder function symbol. On the other hand, it holds at the level of full
functions once one restricts the remainder function to its simplest cut contribution as in (3.5),
neglecting the Regge pole terms as well as higher Regge cut contributions such as the ones
in the last line of (2.23).

The second main result is the determination of the three-loop building block g3 at the level
of the symbol from the known seven-point three-loop symbol for general kinematics [19].
Together with the symbol of the known six-point building block [41], this permits the
reconstruction of the three-loop remainder function symbol at leading logarithmic order, as
implemented in the attached MATHEMATICA file.

Outlook. It would be interesting to better understand the general relation between the
BFKL building blocks—impact factors, eigenvalues, and emission blocks—and the perturba-
tive building blocks that we found for the full cut contributions. Of course, this relation is

12The full alphabet consists of ℵ and the complex conjugate set of letters ℵ̄. It becomes more symmetric when
switching to the variables v5 ≡ v5,6;5 and v6 ≡ v5,6;6, upon which ℵ → {v5, 1 + v5, v5 − v6, v6, 1 + v6}. When
replacing v6 by 1/v6, it becomes fully symmetric, namely ℵ → {v5, 1 + v5, v6, 1 + v6, 1− v5v6}.
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in principle provided by the Fourier–Mellin transform. However, the action of the inverse
Fourier–Mellin transform on general expressions of multiple polylogs is (to the author’s
knowledge) not understood systematically. Especially, it would be interesting to understand
how much can be learnt about the BFKL building blocks when the cut contributions are only
known at the symbol level. A better understanding of this point would admit to extract the
NLO emission block from two-loop data, from which the three-loop NLO building blocks gL
and gR could then be constructed.

We have only determined the three-loop six-point and seven-point building blocks at
the level of their symbols. That is, we have discarded all information about terms of lower
functional transcendentality. Acquiring the full building block functions would require to
reconstruct those lower-weight terms, for example by imposing physical symmetry and
analyticity constraints, or by comparison with the collinear limit. However, constructing
the multi-Regge limit remainder function at subleading functional transcendentality also
requires to take more general multi-Reggeon cut terms into account, such as the ones shown
in the last line of (2.23). While it is possible to project out these more general cut terms
by restricting to kinematic regions where only adjacent momenta have been flipped, these
higher cut terms form an interesting subject on their own that remains largely unexplored to
date.

An interesting and promising approach to understanding multi-Regge limit amplitudes
is the integrability-based Wilson loop OPE [14]. By an ingenious analytic continuation, the
full all-loop cut term f1 could be extracted from the six-point OPE [44]. While difficult, it is
conceivable that further cut terms can be obtained in a similar way.
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