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We discuss top-quark physics at the ILC with a focus on the full off-shell
processes for tt̄ and tt̄H production, including top-quark decays and also
leptonic W decays. A special focus is on the matching of the resummed
vNRQCD threshold calculation and the fixed-order NLO QCD continuum
calculation, where we present an update on the validation of the matching.
All of the calculations have been performed in the Whizard event generator
framework.

1 The Whizard event generator at NLO
Whizard [1, 2] is a multi-purpose event generator for both lepton and hadron colliders.
At leading-order, it can compute arbitrary SM processes and supports a multitude of
BSM physics (e.g. using automated interfaces [3]). For QCD processes, it uses the
color-flow formalism [4]. It has its own implementation of an analytic parton shower [5].
Moreover, it can perform simulations for a broad class of processes at next-to-leading
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order. The modern release series (v2) has been developed to meet the demands of LHC
physics analysis, while its treatment of beam-spectra and initial-state photon radiation
makes it especially well suited for lepton collider physics.
The generic next-to-leading order (NLO) framework in Whizard builds upon the
FKS subtraction scheme [6, 7], which partitions the phase space into regions wherein
only one divergent configuration is present. This divergence is then regulated using plusdistributions. FKS subtraction synergizes with Whizard’s optimized multi-channel
phase-space generator for the underlying Born kinematics, from which real kinematics
are generated. It is also very well suited to the parton shower matching procedures
employed, as described below. Whizard supports OpenLoops [8], GoSam [9, 10] and
RECOLA [11, 12] as one-loop matrix element providers as well as for the computation
of color- and spin-correlated Born matrix elements. At tree-level, they can also be used
as alternatives to Whizard’s standard matrix-element generator O’Mega [2].
For event generation, Whizard can produce weighted fixed-order NLO QCD events
that are written to e.g. hepmc [13] files. This allows for flexible phenomenological fixed
order studies, especially in combination with Rivet’s [14] generic event analysis capabilities. Matching to parton showers is achieved with an independent implementation [15]
of the Powheg matching method [16].
Apart from scattering processes, Whizard is also able to compute decay widths for
1 → N processes at NLO. The final-state phase space is built in the usual fashion,
whereas the initial-state phase space is adapted for decays. Computing decay widths
directly in Whizard allows for a consistent treatment of top and gauge boson widths
in an NLO calculation.

2 The t t̄ and t t̄ H continuum at NLO QCD
The new Whizard FKS implementation has been applied to an extensive study of fully
off-shell t t̄ and t t̄ H production at a lepton collider [17]. Top-quark and leptonic W
decays are taken into account including the full irreducible background. The (loop)
matrix elements are obtained from OpenLoops, which has been applied to a lepton
collider process including hexagon diagrams for the first time. Moreover, the resonanceaware modification of FKS subtraction [18] is used to treat intermediate top, Higgs and
Z resonances.
On the left-hand side of fig. 1, we show a scan of the total inclusive cross section for the
on-shell process e+ e− → t t̄ and the off-shell process e+ e− → b W + b̄ W − as computed
√ by
Whizard. The most striking feature is that right above the production threshold s =
2mt , both LO and NLO cross sections are strongly enhanced. Moreover, in the limit
√
s → 2mt the NLO corrections to the on-shell process diverge due to non-relativistic
threshold corrections, which manifest themselves as large logarithmic contributions to
the virtual one-loop matrix element. In the off-shell process, the Coulomb singularity is
regularized by the top-quark width, so that NLO corrections remain finite.
Nevertheless,
√
threshold corrections introduce a distinct peak in the K-factor at s = 2mt , with a
maximimum of about 2.5.
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The process e+ e− → t t̄ H provides a unique opportunity to measure the top Yukawa
coupling yt [19, 20] at the per cent level. Many new physics models, such as generic
2HDMs, the MSSM or composite and Little√Higgs models, predict significant deviations
of yt from its standard model value ytSM = 2mt /v. The right-hand side of fig. 1 shows
the dependence of the off-shell process on yt , parametrized as yt = ξt ytSM , both at leading
and next-to-leading order. The linear fit can be used to extract the parameter κ, defined
via [20, 21]
∆σ
∆yt
=κ
.
(1)
yt
σ
κ contains contributions from signal, background and inteference terms. Since the yt dependence of the cross section on yt is approximately quadratic, κ is close to 0.5. In
the above plot, we find NLO QCD corrections to κ to be significant. They decrease κ
from the value 0.52 at LO by about 4.6% to κ = 0.497 at NLO. A detailed analysis [17]
reveals that these negative corrections have to originate from interference terms.
Far above the threshold, the NLO corrections are rather small for both the on-shell
√
and the off-shell processes. For e+ e− → t t̄, the corrections remain positive for all s,
approaching the universal massless quark pair-production factor αs /π as the top mass
+ −
+
−
becomes negligible. In contrast,
√ the NLO corrections to e e√ → b W b̄ W decrease
significantly faster
√ for large s, are at the per cent level for s = 1500 GeV, and come
close to zero at s = 3000 GeV.
e+ e− → tt̄ and e+ e− → W + W − bb̄
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Figure 1 In the left plot, we show the total cross section for on-shell and off-shell t t̄
√
production as a function of s. In the lower panels, we display the K-factor for t t̄ and
b W + b̄ W − in green and red, respectively, as well as the ratio of off-shell to on-shell
results for LO and NLO in blue and red. In the right plot, we present the e+ e− →
b W + b̄ W − H LO and NLO cross sections as a function of the top Yukawa coupling
modifier ξt = yt /ytSM , as well as a linear fit.
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3 Top-Quark threshold resummation and NLO matching
The large NLO corrections encountered in the previous section are well-known to arise
from gluon exchange in the virtual correction to the top-quark production diagram. They
appear as logarithms of the non-relativistic velocity v and the strong coupling αs , which
can be resummed. One approach for this is vNRQCD [22, 23, 24, 25], in which an effective
Lagrangian for the interaction of non-relativistic heavy quark pairs is constructed. The
result of the resummation can, up to NLL, be included as a simple form factor Fi for t t̄
production. Hereby, i = {LL, NLL} denotes the order of resummation. The vNRQCD
results can be used in Whizard by embedding Fi within a gauge-invariant description
of t t̄ production, as elaborated further below. In this section, we report on the recent
development of the combination of the resummation with fixed-order NLO results to
achieve a consistent treatment of top production at a lepton collider at all center-ofmass energies.

3.1 Setup of the calculation
3.1.1 Relativistic embedding of the form factor
The resummed form factor is included in a gauge invariant way by factorizing the full
matrix element into a production and a decay contribution,
M = e+ e− TNRQCD t t̄ t t̄ T b W + b̄ W − ,
{z
}
|

(2)

≡Mprod

where the form factor only enters the production matrix element Mprod . The remaining
factor t t̄ T b W + b̄ W − contains propagators and decay matrix elements for both topquark lines. Equation (2) is represented diagrammatically in fig. 2. Specifically, we are
using a double-pole approximation (DPA) [26, 27, 28, 29]. Hereby, the momenta of the
top quarks and their decay products have to be projected on-shell in the matrix elements
to remove gauge-dependent contributions. In the denominators of the top propagators
and the phase-space Jacobians, the off-shell momenta are used. We extend the DPA also
below threshold by evaluating the matrix elements with momenta at threshold. This
can be seen as the closest gauge-invariant extension of the DPA that is non-zero below
threshold. For comparison, we also show results in the validation that can be obtained
if a gauge-dependent approach, i.e. signal diagram with off-shell momenta, is used.
3.1.2 Matching
The matching procedure combines the (N)LL expressions σNRQCD , including the (N)LO
decay, with the full fixed-order (N)LO results σFO for b W + b̄ W − including all irreducible
background processes and interferences.
By construction, the resummed result is only a valid√approximation for v ∼ αs . Its
contribution, therefore, has to become negligible for | s − 2mt |  Γt . This can be
achieved by introducing a switch-off function fs (v), which is multiplied to each strong
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Figure 2 Depiction of the factorized computation in the double pole approximation.
Double lines indicate top propagators and a dashed line crossing them a factorized
computation with on-shell projection.

coupling constant in the resummed computation1 . The explicit form is arbitrary, with
the minimal requirements
fs (vmin ) = 1 and fs (v = 1) = 0,

(3)

whereby the velocity v takes its minimal value at threshold. Due to the presence of
the width, vmin ∼ 0.1 > 0. For a realistic phenomenological description, we will switch
off not too close to threshold in order to use resummed results in a region as wide as
possible, but also not too far from threshold where any NRQCD loses predictivity and
validity. The next cornerstone of the matching procedure is the treatment of the first
order in αs . As both the resummed and the fixed-order result contain it, a naive addition
of both results yields a double counting of O(αs )-terms. To solve this problem, we use
expanded
σNRQCD
, the resummed cross section expanded to O(αs ). Thus, the master formula for
the matched cross section is
full
σmatched = σFO [αH ] + σNRQCD
[fs αH , fs αS , fs αUS ]
expanded
− σNRQCD
[fs αH ] ,

(4)

where in the full NRQCD calculation, the strong coupling has to be evaluated at hard
(H), soft (S) and ultra-soft (US) scales. To remove the double counting and to ensure the
expanded
NLL validity of σmatched , σNRQCD
has to be evaluated at the same (hard) scale as σFO .
Note that in eq. (4), all strong couplings in the NRQCD terms are already multiplied
with fs .

1

fs can in principle also be directly multiplied to the matrix elements, yet associating them with the
couplings ensures a smoother switch-off.
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Diagramatically, eq. (4) takes the form
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(5)
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b̄

with F̃NLL = FNLL − 1. The first summand after σNLO is the interference term between
the factorized computation, eq. (2), and the full LO amplitude, including all 2 → 4
contributions, indicated by the gray blob. This term contains both the full form factor
as well as its expansion. On the second line, we have the square of F̃ , which is followed
by its hard NLO corrections to the top decay: In the third line, we find the virtual
component, indicated by the small gray blob with αs inside. They operate only on
the legs they are attached to, i.e. each blob consists of one gluon loop connecting the
bottom and top quark. Finally, in the last line, there are the squared real amplitudes.
Here, each gray blob represents two diagrams for gluon emission from the bottom and
the top quark, respectively. Note that interference terms between the real diagrams
are discarded, as they would introduce infrared divergences not cancelled by the virtual
diagrams.

3.2 Implementation in Whizard
The form factor only has an analytical expression at LL, while at higher logarithmic orders, only numerical computations are possible. A dedicated tool for this is Toppik [30],
which is included in the Whizard distribution.
The factorized tree-level matrix elements are calculated by modified O’Mega codes.
We obtain loop matrix elements from OpenLoops. For this purpose, a dedicated matrix
element library for polarized top decays is used, especially for spin correlations in top
decays, which is publicly available. The one-loop decay amplitudes are then combined
with the same code for the production matrix element as for tree level amplitudes.
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We use the FKS setup of Whizard to evaluate eq. (5). The treatment of the fixedorder NLO cross section σNLO is identical to the previous section and ref. [17]. Thus,
we can use the standard algorithm and add the result to the rest of the formula. For
the remainder, slight modifications have to be made to the subtraction. They can be
summed up as the following.
On-shell generation of the real-emission phase space Like the Born matrix element,
the real-emission matrix element has to be evaluated using on-shell momenta. In FKS,
the phase space with an additional gluon Φn+1 is constructed based on the underlying
Born phase space for each possible emitter. Therefore, we already start with an on-shell
projected phase space. The emission mapping then has to ensure that this property is
kept. For this purpose, we use the same phase-space construction as in the resonanceaware FKS approach. There, Φn+1 is constructed so that the invariant mass of the
resonance associated with the emission is conserved. Fixing the invariant mass automatically ensures that an on-shell phase space stays an on-shell phase space, so that we
just adopt the same mappings outlined in ref. [18].
Decay subtraction The divergences in the factorized calculation all originate from the
t → bW g matrix element. It consists of two Feynman diagrams, one in which the gluon
is emitted from the top quark and another one in which it is emitted from the bottom.
Divergences can only occur in emissions from particles with on-shell momenta and zero
width. Therefore, in the full b W + b̄ W − matrix element, emissions from internal top
quarks do not yield divergences, as they are regulated by the width. However, in the
factorized approach, the gluon emission from the top quark is a singular contribution,
which needs to be subtracted. We call this additional singular region a pseudo-ISR
region. This way, each FKS pair (b, g) and (b̄, g) is associated with a pseudo-ISR pair
(b, g)∗ and (b̄, g)∗ , in which the gluon radiation occurs not from the bottom, but from the
top quark. This means that in the corresponding singular region, the FKS phase-space
contribution dij is evaluated with pi → ptop = pb + pW .
Omission of interference terms As outlined above, interference terms between emissions from different top-quark lines are not included in our calculation. Therefore, they
also need to be dropped from the soft expressions in which mixed-emitter eikonal integrals appear.

3.3 Validation and results
The implementation in Whizard can be checked against the analytical calculation of
ref. [31]. For reliable numerical predictions, a cut ∆mt on the reconstructed top invariant
mass is required [32], fulfilling
q
q
2
1S
(pW + + pb ) − Mt ≤ ∆mt and
(pW − + pb̄ )2 − Mt1S ≤ ∆mt .
(6)
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∆mt = 30 GeV, expanded, evaluated with αH , only s-wave contributions

∆mt = 100 GeV, expanded, evaluated with αH , only s-wave contributions
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Figure 3 Comparison of analytic results with the implementation in Whizard with the
factorized and the signal-diagram approach for ∆mt = 30 GeV and ∆mt = 100 GeV
using an expanded, LL or NLL form factor. The bands correspond to the envelope of
the scale variations mentioned in the text.
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We stress that although this cut depends on Mt1S , the invariant mass distributions will
be centered around the pole mass mt . While eq. (6) is exact in Whizard, in the analytic
calculation, we implement a cut on the nonrelativistic invariant masses,


p~ 2
t1,2 = 2mt E1,2 −
,
(7)
2mt
by requiring that
3
(8)
|t1,2 | ≤ 2Mt1S ∆mt − ∆2mt + O(v 2 ).
4
Here, E1,2 are the kinetic energies of the top and anti top quark, respectively, and p~ is
the top quark three momentum. These different cut implementations are one source of
disagreement between the Monte Carlo and the analytic results. In the threshold region,
the difference should, however, be of higher order.
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Figure 4 The fully matched total cross section for e+ e− → b W + b̄ W − including NLO
decays, the NLL form factor and the full NLO computation according to eq. (5). In
addition to the three curves that are obtained for each of the three choices of the
matching parameters (v1 , v2 ), we show the curve of pure fixed-order NLO and lines for
NLL (red, dashed) and the matched result without switching off (black, dotted).

√
In fig. 3, we show s-scans for a fixed value of ∆mt . We have two different cut choices,
a moderate, ∆mt = 30 GeV, and a loose cut, ∆mt = 100 GeV. A detailed analysis shows
that the analytic computation is only reliable for moderate cuts. The plots in fig. 3, show
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perfect agreement between the analytic computation and Whizard for the moderate
cut (∆mt = 30 GeV) within a window around threshold of at least 10 GeV. For the loose
cut, this range is reduced due to additional nonphysical contributions below threshold
in the analytic results. For comparison, we also show the gauge-dependent results that
can be obtained when embedding the form factor naively into the signal diagram, which
leads to systematically lower results.
√
Finally, in fig. 4, we present the matched total cross section as a scan over s around
threshold.
curve is similar to the pure NLL computation with LO decay
√ The matched
1S
around s = 2Mt and then smoothly approaches the fixed-order line. To estimate
the error due to the arbitrary switch-off function, we have performed the computation
for different values of start, v1 , and end, v2 , of the switch-off. We have experienced,
furthermore, that shifting the switch-off parameters to significantly lower values, like
v1 = 0.1, v2 = 0.2, cuts away too much of the
the
p threshold region and is far from
expanded
1S
|v| as hard scale for σFO and σNRQCD
matching curve. Note that we have used Mt
in eq. (4) instead of the more conventional hard scale Mt1S . This is the geometric mean
of the hard and the soft scale and thus a more consistent choice if one aims to combine
NLL and NLO results. With this choice NLO and NLL approach each other and overlap
at ∼ 357 GeV.
√ After this overlap, we expect the NLO to give the more reliable results
for higher s. Thus, higher values of the switch-off parameters are in principle possible
but likely unnecessary. Overall, we observe fairly mild matching variation uncertainties
as long as it contains the important physical regions. Finally, we want to emphasize that
the matched computation, even without switch-off, realized as (v1 = 1000, v2 = 10000),
does not have to be in between NLL and NLO as it is not a naive interpolation of these
results but the implementation of eq. (5).
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