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ETH Zürich

Dr. Lapo Boschi

UPMC Paris

Prof. Dr. Donat Fäh

ETH Zürich
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Scientists, therefore, are dealing with doubt and uncertainty. All scientific
knowledge is uncertain. This experience with doubt and uncertainty is
important. I believe that it is of great value, and one that extends beyond the
sciences. I believe that to solve any problem that has never been solved before,
you have to leave the door to the unknown ajar. You have to permit the
possibility that you do not have it exactly right. Otherwise, if you have made up
you mind already, you might not solve it.
Richard P. Feynman
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Although myriad applications exploiting the ambient seismic field have been reported
to date, comparatively little attention has been paid to its potential to resolve subsurface
attenuation. The ambient seismic field, however, may ultimately prove itself an invaluable asset in constraining subsurface attenuation structure. Especially areas with dense
seismometer coverage hold great potential. Moreover, since this coverage continues to
grow, significant developments may await in the future.
Subsurface structure in terms of attenuation is of great importance for many reasons.
For example, knowledge of the attenuation structure may aid in predicting ground motions caused by future large earthquakes. From a scientific perspective, a great deal of
new information may be extracted, potentially fostering research in related fields (e.g.,
geodynamics, hydrology). Both from an environmental and economic point of view,
inversion of the ambient seismic wavefield for attenuation structure may in the future
provide a means to image hydrocarbon reservoirs.
In sufficiently diffuse wavefields, simple cross-correlation of long noise time series
recorded by two receivers results in the response at one of the receivers as if there was a
source at the position of the other. I present a case study that shows that thus retrieved
surface waves can be used to recover attenuation beneath an array of ocean-bottom
seismometers. Given the small aperture of the seismic survey, this is unprecedented.
Unambiguous interpretation of recovered attenuation values is of major importance.
Lack of understanding of the effect that preprocessing has on the amplitude of the
noise cross-correlation prevents such unambiguous interpretation. I carefully examine
the effect spectral whitening has on the noise cross-correlation. Emphasis is given to
the dependence of the amplitudes on the length of the time windows employed in the
cross-correlation procedure. Short time-window lengths may require an additional compensation factor to correctly recover subsurface attenuation.
It is important to distinguish between two phenomena: loss of coherency due to scattering and attenuation due to dissipation of energy. Both phenomena cause attenuation.
Isotropic point scatterers provide a means to compare the attenuation in a scattering
medium to that in a dissipative medium. A wave passing through an assemblage of
point scatterers can be described by an effective wavenumber. This effective wavenumber describes the expected amplitude and phase of the wave as a function of the average
strength of the scatterers and the scatterer density. Equating the wavenumbers of both
media allows for a comparison of the noise cross-correlation in the scattering medium to
the noise cross-correlation in the dissipative medium. Despite the fact that both media
are described by the same wavenumber, I find that the expected rate of decay of the
ambient seismic field may differ between the two media.
This thesis presents (i) an industry scale case study, (ii) an analysis of the spectral whitening procedure and (iii) a systematic comparison between the noise crosscorrelation in a scattering medium and the noise cross-correlation in a dissipative medium.
Some of the results presented in this thesis, especially the derived formulae, require fur-
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ther validation. Nevertheless, significant new insights are presented which may aid many
researchers in the interpretation of their results.
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Obwohl zahlreiche Studien des seismischen Umgebungsrauschen bisher veröffentlicht
wurden, haben diese dem Auflösungspotential unterirdischer Dämpfung vergleichsweise
wenig Beachtung geschenkt.

Das seismische Umgebungsrauschen kann jedoch letz-

tendlich für die Abschätzung der unterirdischen Dämpfung von unschätzbarem Wert
sein. Vor allem Regionen mit hoher Seismometerdichte haben ein solches Potential. Da
sich diese Abdeckung in Zukunft erhöhern wird, dürfen darüber hinaus wichtige Entwicklungen zu erwarten sein.
Es gibt verschiedene wichtige Gründe, angemessene Kenntnisse der Dämpfung des
Undergrundes zu sammeln. Solche Kenntnisse werden beispielsweise die Bodenbewegungsvorhersagefähigkeid grosser Erdbeben verbessern. Aus wissenschaftlicher Sicht
können die neu erworbene Kenntnisse möglicherweise Fortschritte in anderen Forschungsbereichen fördern (z.B. in der Geodynamik und Hydrologie). In der Zukunft dürfte
sowohl aus ökologischer als auch aus ökonomischer Sicht die Inversion des diffusen seismischen Wellenfeldes für die Dämpfungsstruktur des Untergrundes ein vielversprechendes Verfahren sein, Kohlenwasserstoffreservoirs zu visualisieren.
In ausreichend diffusen Wellenfelder führt eine einfache Kreuzkorrelation des Rauschens
zwischen zwei Empfängern zu einem Signal an einem der beiden Empfänger als ob es
eine Quelle an der Position des Anderen gab. In dieser Doktorarbeit präsentiere ich
eine Fallstudie, welche zeigt, dass dementsprechend gewonnene Oberflächenwellen benutzt werden können, um die Dämpfung unterhalb eines Ozeanbodenseismometer-Arrays
abzuschätzen. Angesichts der kleinen Apertur des Arrays ist eine solche Studie ohne
Präzedenz. Die eindeutige Interpretation der gewonnenen Dämpfungswerte ist für die
Entwicklung zukünftiger Datenverarbeitungsschemata entscheidend. Um die Daten und
das Modell in Einklang zu bringen, habe ich das spektrale Whitening sorgfältig geprüft.
Die Abhängigkeit der Amplitude von der Länge des in dem Kreuzkorrelationsverfahrens
verwendeten Zeitfensters wird hervorgehoben. Kurze Zeitfenster erfordern möglicherweise einen zusätzlichen Kompensationsfaktor, um die unterirdische Dämpfung korrekt
zu bestimmen.
Es ist wichtig zwischen zwei Phänomenen zu differenzieren: Kohärenzverlust durch
Streuung auf der einen und Dämpfung durch Dissipation auf der anderen Seite. Isotrope
Punktstreuer liefern einen einfachen Ausweg aus diesem Dilemma. Das durch eine
Ansammlung von Punktstreuern propagierende Wellenfeld kann durch eine effektive
Wellenzahl beschrieben werden. Diese effektive Wellenzahl reflektiert die Abhängigkeit
dieses Wellenfeldes von der durchschnittlichen Stärke der Streuer und der Streuerdichte.
Die Gleichsetzung der effektiven Wellenzahl mit der Wellenzahl, welche das dissipative
Medium beschreibt, ermöglicht einen unmittelbaren Vergleich zwischen streubedingter
Dämpfung und intrinsischer Dämpfung. Trotz der Tatsache, dass sowohl das dissipative
als auch das streuende Medium durch die gleiche Wellenzahl beschrieben werden, habe
ich herausgefunden, dass das Abklingen des seismischen Umgebungsrauschens in beiden
Medien unterschiedlich sein könnte.

iv

Die wichtigen Erkenntnisse in dieser Arbeit, insbesondere die abgeleiteten mathematischen Formeln, sollten durch eine zusätzliche Validiering anhand von zukünftigen
Datenanalysen unterstützt werden. Diese Doktorarbeit kann vielen Forschern helfen,
ihre Ergebnisse besser zu interpretieren.
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Introduction

It appears, from all that precedes, reasonably certain that if there be any
relative motion between the earth and the luminiferous ether, it must be small;
quite small enough entirely to refute Fresnel’s explanation of aberration.
Albert Abraham Michelson & Edward Morley

The quotation above is taken from the classical paper by Michelson and Morley
[1887]. The authors’ efforts to proof the existence of the so-called ‘aether wind’ were
not rewarded and the outcome of their experiment has been referred to by some as ‘the
most famous negative result in the history of physics’ [Cropper , 2004]. In 1907, Albert
Abraham Michelson was the first American honored with the Nobel Prize in Physics.
His landmark experiment serves as a suitable introduction of this thesis. Let me explain
this briefly.
The Michelson-Morley experiment, as the experiment is known, should be seen in
the context of its time. In 1672, Robert Hooke was the first one to suggest that light
possessed a wave-like behaviour. Around 1800, after more than a century of debate, there
was a sort of consensus that light consisted of propagating waves. As for sound acoustic
waves, these light waves were assumed to propagate through a medium. At that time,
however, scientists knew that the space between the stars and the interstellar bodies was
not made up of air, as the consequent drag would have slowed down the motion of the
planets. So, as we on Earth were able to see the light from these remote stars, just what
was it that the light waves were traveling through? What was the medium? A potential
way out of this conundrum was proposed by Christiaan Huygens [Huygens, 1690]. He
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proposed a ‘luminiferous aether’ as the medium of propagation. In 1818, Augustin-Jean
Fresnel came up with a model that proposed a luminiferous aether in constant (almost)
stationary motion: the aether wind. The planets, however, were not assumed to incur
any deceleration due to the aether wind. Fresnel’s aether wind thus can be pictured
as some kind of ubiquitous permeating stationary wind through which the light waves
propagated.

a)

b)

Figure 1.1: The configuration of the experiment conducted by Michelson and Morley [1887] in a
simplified form ( a) and a sketch of their interferometer ( b). Adapted from[Michelson and Morley,
1887].

It was soon realized that, just as the speed of sound is relative to the air through
which it propagates, so the speed of light must be relative to the aether. While (i) the
direction of the conjectured aether wind was unknown and (ii) the wavelengths of light
waves are extremely short, it seemed technically impossible to detect any directional
dependence of the light speed. It was Albert Abraham Michelson who came up with an
ingenious and sensitive instrument of his own devising. In simplified form, the MichelsonMorley experiment (Figure 1.1a) was conducted as follows: a beam of monochromatic
light, sent from s, was partly reflected by the half-reflector a in the direction of b and
partly transmitted towards c; the mirrors b and c fully reflected the incident rays after
which the reflected waves from b and c again hit the half-reflector a where they were
again partly transmitted and reflected, respectively. Finally, the interference pattern of
the two superimposed waves was examined at d. While the expected aether wind was
assumed to be stationary, the interference pattern was not expected to change through
time. Rotating the whole instrument (Figure 1.1b), however, Michelson and Morley
expected the interference pattern to change because a rotation of the paths a-b and a-c
in a stationary moving medium would affect the travel-times along these paths differently.
Since they did not observe this expected change of the interference pattern, they rejected
Fresnel’s hypothesis of a stationary aether wind which is captured by the quote at the
beginning of the chapter. For many years, the negative result of the Michelson-Morley
experiment would linger uncomfortably in the scientific realm and it was only Einstein
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who, a few decades later, would discard the need for some kind of propagating medium,
i.e., aether wind, all together.
Michelson aptly named his instrument an ‘interferometer’. Ultimately, considering
the interference pattern of the waves was what enabled Michelson & Morley to reject the
aether wind hypothesis. The evaluation of interference patterns of waves to recover wave
or medium properties is called ‘interferometry’. It has become an important technique in
many areas and has found application in many fields; among others, astronomy [Thompson et al., 2008, and references therein], oceanography [i.a. Roux and Kuperman, 2004;
Godin et al., 2010], particle physics [e.g. Alexander , 2003; Weiner , 2000] and seismology
[Wapenaar et al., 2010a,b]. It is seismic interferometry that this thesis is concerned with.

1.1 Seismic interferometry
In 1968 John Claerbout derived an extraordinary relation between the transmission response of a horizontally layered medium and the same medium’s reflection response.
Specifically, he found that one side of the auto-correlation due to an impulsive source
at depth coincides with the seismogram obtained for an impulsive source on the surface. Many years later, he extended this to the cross-correlation of noise by making
the following conjecture for the three-dimensional (3-D) Earth [Rickett and Claerbout,
1999]:
By cross-correlating noise traces recorded at two locations on the surface, we
can construct the wavefield that would be recorded at one of the locations if
there was a source at the other.
In general, the cross-correlation is a measure of similarity of two waveforms as a
function of a time-lag applied to one of them. The cross-correlation C between two
recordings u(x) and u(y), captured at locations x and y, is computed according to,
1
C(t, T ) ≡
2T

Z

T

u(x, τ )u(y, τ + t)dτ,

(1.1)

−T

where the similarity is evaluated at time-lag t, τ is integration time and normalization
is performed with respect to the correlation time 2T .
Surprisingly, pre-dating Claerbout’s conjecture by many years is a patent application
by Charles E. Weller [Weller , 1969]. Filed in 1969, the patent gives a rather detailed
qualitative description of the cross-correlation method. The applicant claims ‘satisfactory recordings obtained in the gulf coast area with 8 hour recording times’, but without
the support of results. His description of the ‘background of the invention’ in the patent
application [Weller , 1969] elucidates the virtue of successful application of the proposed
method to real data:
Throughout the history of seismic exploration, seismic energy has been generated by means of seismic sound sources on or near the surface of the Earth
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to provide seismic waves that are reflected from subsurface structures to seismic receiving stations on or near the surface of the Earth. This approach to
seismic exploration has been extremely valuable in the past and is expected to
be of considerable value in the future. However, there are situations in which
it is desirable to avoid the need for seismic energy sources. Avoiding the
need for providing, and maintaining of devices for generating seismic energy
makes it possible for seismic exploration to be conducted in areas such as
heavily forested regions and other areas that are inaccessible to heavy equipment such as truck mounted drills, vibrators, etc.

1.1.1

Different types of interferometry

The type of interferometry Weller describes is commonly referred to as ‘passive seismic
interferometry’ (also often referred to as ‘ambient-noise seismology’). Two other types
of interferometry are ‘controlled-source interferometry’ [e.g. Bakulin and Calvert, 2004,
2006] and ‘coda-wave interferometry’ [e.g. Snieder et al., 2002; Campillo and Paul , 2003;
Snieder , 2004]. All three of them are considered ‘seismic interferometry’. In general,
seismic interferometry refers to the principle of generating ‘virtual sources’ through crosscorrelations [Bakulin and Calvert, 2004]. The cross-correlation is computed between two
receivers of which one can be turned into a virtual source. In the remainder of this
chapter I refer to a virtual source recording as an ‘empirical Green’s function’ (EGF).
From a theoretical point of view, the fundamental difference between controlledsource interferometry and passive seismic interferometry (together with coda-wave interferometry) lies in the order of summation and cross-correlation. In controlled-source
interferometry a signal due to a single source is recorded by a pair of receivers, after which
these two receiver recordings are cross-correlated. This procedure is repeated for a series of source positions and finally the cross-correlations are stacked. Controlled-source
interferometry, as the term already suggests, therefore still relies on man-made sources
[Bakulin and Calvert, 2004, 2006]. In passive seismic interferometry, however, seismic
noise recordings are cross-correlated. Since, by definition, a seismic noise recording
consists of many superposed signals, the need for an explicit summation over different
source positions is obviated. Summarizing, passive seismic interferometry (and codawave interferometry) involves a cross-correlation of two implicit sums of signals, while
controlled-source interferometry involves an explicit summation of cross-correlations over
different source positions.
It is noteworthy that Claerbout’s conjecture refers to passive seismic interferometry
as he specifically mentions ‘cross-correlation of noise traces’. Eventually, the conjecture
was proven by Wapenaar [2003]. For a comprehensive review of the field of seismic
interferometry I refer to Wapenaar et al. [2010a] and Wapenaar et al. [2010b].

1.1 Seismic interferometry

Figure 1.2: A simple 1D example explaining the presence of cross-terms in the crosscorrelation. Figure after Wapenaar et al. [2010a].

1.1.2

Cross-terms

The fact that noise recordings are essentially time-series of numerous superposed signals,
each due to a different source (location), complicates the retrieval of a stable EGF. More
precisely, it will give rise to ‘cross-terms’ in the cross-correlation [Cupillard et al., 2011;
Tsai , 2011]. Cross-terms are also often referred to as ‘spurious arrivals’ [Godin et al.,
2010]. A very simple one-dimensional (1D) example of this phenomenon is given by
Wapenaar et al. [2010a] (Figure 1.2). Consider two impulsive plane waves traveling
in opposite directions (Figure 1.2a). The two traveling impulses result in two distinct
peaks measured at receiver locations xA,B (as shown in Figures 1.2b,c, respectively).
Consequently, the cross-correlation will contain four distinct peaks (Figure 1.2d): two
‘coherent arrivals’ associated with the travel time between xA and xB (at tB − tA and
t0B − t0A ) and two cross-terms (at t0B − tA and tB − t0A ). Extending this to a total of N

simultaneously acting sources, the number of coherent arrivals coincides with N and the
number of cross-term with N (N − 1). In the presence of scattering, additional spurious
arrivals may be observed [Snieder et al., 2008; Ma et al., 2013]. Throughout this thesis,
the concept of cross-terms (or spurious arrivals) will be frequently considered.
The presence of cross-terms in noise correlations is the very reason that researchers
in passive seismic interferometry (or coda-wave interferometry) need to average their
recordings over a long time (or many events). Time-averaging results in a stable noise-
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correlation functions (NCFs) (and EGF, since the EGF is extracted from this noisecorrelation function). The reason that time-averaging yields stable NCFs is that the
averaging procedure decreases the amplitude of the cross-terms with respect to that of
the coherent terms [Snieder , 2004; Tsai , 2011]. In practice, time-averaging is accomplished by cutting time-series in shorter windows that are individually cross-correlated
and subsequently stacked [see Bensen et al., 2007; Groos et al., 2012, for a detailed analysis]. In theoretical work, it is usually simply assumed that noise sources are uncorrelated
and hence depleted of cross-terms [Cupillard et al., 2011; Hanasoge, 2013].

Figure 1.3: The emergence of an empirical Green’s function as a result of timeaveraging. Cross-correlations are computed for 1 hour windows from the recordings of two stations in the central USA. The difference in length between the blue
and red arrows increases as the square root of the number of days. For details I
refer to Seats et al. [2012]. Figure adapted from Seats et al. [2012].

1.1 Seismic interferometry

Snieder [2004] points out for coda-wave cross-correlations, that the cross-terms’ rootmean-square amplitude can be expected to grow approximately as the square root of
the total cross-correlation time. The same relation applies to the root-mean-square
amplitude of the cross-terms in passive seismic interferometry [Tsai , 2010, 2011]. This
dependency is intimately linked with the ‘source correlation time’ [Hanasoge, 2013].
The source correlation time is defined as the amount of time that needs to pass before
a source’s signal can be considered uncorrelated to signal emitted by that same source
at an earlier time. If, for simplicity, the source correlation time is assumed equal for
all sources and constant with time, the root-mean-square amplitude of the cross-terms
grows as the square root of the number of source correlation times [Tsai , 2011] (please
note that Tsai [2011] refers to the source correlation time as the e-folding attenuation
time of the system). In fact, since the amplitudes of the coherent arrivals grow linearly
with time and those associated with the cross-terms as the square root, the signal-tonoise ratio (SNR) can be expected to grow approximately as the square root of the
cross-correlation time [Snieder , 2004; Tsai , 2011]. Here, SNR is defined as the ratio of
the coherent arrivals with respect to the incoherent arrivals (i.e., the cross-terms). The
increase in SNR as the square root of the total cross-correlation time is in accordance
with observations [Garus and Wegler , 2011]. The emergence of an empirical Green’s
function is illustrated in Figure 1.3.

1.1.3

Passive seismic interferometry

Passive seismic interferometry has experienced a tremendous development over the last
decade. The first successful application of the cross-correlation technique to noise data
is due to Duvall et al. [1993] who cross-correlate fluctuations at the surface of the sun.
Promising results were obtained in ultrasound experiments [Weaver and Lobkis, 2001,
2002]. Its first successful application to the Earth is due to Campillo and Paul [2003],
after which many followed. The technique is also successfully applied to other media: i.a.
underwater acoustics [Roux and Fink , 2003], retrieving the building response [Snieder
and afak , 2006; Kohler et al., 2007] and infrasound [Haney, 2009].
While Campillo and Paul [2003] used earthquake coda to extract EGFs, Shapiro
and Campillo [2004] showed that broadband Rayleigh waves emerge by simple crosscorrelation of continuous recordings of ambient seismic noise. These surface waves can
be used for velocity inversion on a continental scale [Shapiro et al., 2005; Yang et al., 2007;
Stehly et al., 2009; Schaefer et al., 2011] as well as on a local scale [Brenguier et al., 2007;
Bussat and Kugler , 2009]. The obtained phase and group velocity maps have provided
the geophysical (and geological) community with a wealth of new information. More
recently, it has been shown that, under certain circumstances and for specific locations
and bandwidths, also body waves can be retrieved from the ambient seismic wavefield
[Draganov et al., 2007, 2009; Nakata et al., 2011; Poli et al., 2012].
Wapenaar and Fokkema [2006] show that the cross-correlation in equation (1.1) is
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Figure 1.4: Illustration of the dependence of the cross-correlation on the source
distribution. A and B depict the receivers and the dots represent noise sources.
Figure adapted from Stehly et al. [2006].

negatively proportional to the imaginary part of the Green’s function between those two
points, i.e.,
C(x, y) ∝ −=[G(x, y)],

(1.2)

where =[z] denotes the imaginary part of z and G the Green’s function. The relation

holds for arbitrary inhomogeneous, but lossless medium properties in the region enclosed
by the sources [Wapenaar and Fokkema, 2006]. Furthermore, the receiver pair needs to
be illuminated uniformly from all angles by far-field sources. Any deviation from a
uniform illumination renders the relation invalid. This can be deduced from Figure 1.4
in a very simple manner. Since source-receiver reciprocity prescribes that = [G(x, y)] =

= [G(y, x)], relation (1.2) implies C(x, y) = C(y, x). Clearly this is not the case if A and
B are not illuminated with equal power from all directions (Figure 1.4b). The degree of

asymmetry of the noise correlation function is a diagnostic for the relative energy flux in
both directions, i.e., from A to B and vice versa. Stehly et al. [2006] use the asymmetry
of one-year averaged NCFs between all stations of a network to identify the (average)
main noise source regions.

1.1 Seismic interferometry
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Figure 1.5: Power spectral densities for stations TORNY ( a and c) and PLONS ( b
and d) during winter, i.e. January, ( a and b) and summer, i.e. August, ( c and d).
Each plot shows PSDs of consecutive 1 hour windows in grey, while the thick solid black
line gives the mean PSD for that month. Locations of the stations are shown in Figure
1.6

It is widely recognized that a non-uniform illumination does not result in the exact
Green’s function. In fact, many studies have addressed the influence of the distribution
of sources on the cross-correlation [Yang and Ritzwoller , 2008; Tsai , 2009; Harmon et al.,
2010; Tromp et al., 2010]. Predominantly, these papers focus on interferometric surface
waves since ambient surface vibrations are considerably more energetic than ambient
body waves. In fact, the bulk of the ambient seismic noise studies relies on ambient surface waves. The indirect source of these so-called ‘microseisms’ is the atmospheric wind
which forces the ocean gravity waves generation. These gravity waves then couple into
the solid Earth by two distinct mechanisms, each resulting in a distinct peak in the seismic spectrum. The first is simply due to a direct coupling of pressure fluctuations into
the solid Earth [Hasselmann, 1963]. This direct coupling occurs predominantly close to
coastlines when ocean waves reach shallow water and interact with shallow seafloor [Hasselmann, 1963]. The corresponding ambient vibrations carry most energy around ∼ 0.07

Hz. These microseisms are usually referred to as ‘primary’ or ‘single frequency’ microseisms. The second peak, usually referred to as the ‘secondary’ or ‘double frequency’
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microseism peak, is associated with nonlinear interaction of (almost) opposite traveling
ocean waves [Longuet-Higgins, 1950; Kedar et al., 2008; Gualtieri et al., 2013]. These
microseisms peak around ∼ 0.14 Hz. When referring to cross-correlations or EGFs in
the remainder of this chapter, I specifically mean cross-correlations or EGFs associated

with surface waves. Figure 1.5 presents the Power spectral densities (PSDs) computed
from noise recorded by two central-European stations during January and August 2006.
The primary and secondary microseism peaks are clearly observable. Figure 1.6 gives
the locations of the two stations.
48˚

TORNY

PLONS

47˚

46˚
6˚

7˚

8˚

9˚

10˚

Figure 1.6: Locations of stations TORNY and PLONS (Figure 1.5 for PSDs)

Studies evaluating the effect of azimuthally varying source distributions generally
arrive at the same conclusion: knowledge of the distribution of sources is key to successful phase velocity inversion. For frequencies lower than ∼ 0.05 Hz, however, Yang
and Ritzwoller [2008] observe that averaging cross-correlations over a period of (more

than) one year averages out many of the strong azimuthal variations. Simulations by
these authors illustrate that that is what ensures the accuracy of the empirical Greens
functions for those frequencies. Also, despite the EGF’s dependency on the distribution
of sources, some recent studies have reported correlations between interferometrically
retrieved phase (or group) velocity changes and parameters such as, for example, precipitation rate [Sens-Schönfelder and Wegler , 2011; Nakata and Snieder , 2012]. For limited
amounts of data, however, it might be difficult to distinguish between variations in the
source distribution and such parameters. Also, at frequencies above 0.05 Hz, the uniformity of the noise power as a function of azimuth tends to decrease with increasing
frequency [Harmon et al., 2008]. Summarizing, in general, the distribution of sources
has a significant effect on the NCF and hence may harm the accuracy of phase velocity
measurements [Tsai , 2009; Harmon et al., 2010; Tromp et al., 2010]. The analysis in
Tsai [2011] suggests that non-uniformities in the ambient seismic field may have an even
stronger effect on the attenuation of the EGF.

1.1 Seismic interferometry

1.1.4

Attenuation and preprocessing

In general, attenuation is the gradual loss in intensity of any kind of flux through a
medium. Applied to seismology, attenuation causes seismic waves to decrease in amplitude while propagating through the solid Earth. It does not incorporate amplitude
decay due to geometrical spreading. Attenuation of seismic waves can be caused by two
mechanisms: (i) loss of coherency due to multiple scattering and (ii) attenuation due
to anelastic absorption, i.e., dissipation of energy. In both cases the attenuation can
be described by an exponentially decaying term [Nakahara, 2012; Foldy, 1945], i.e. the
amplitude decay is negatively proportional to e−αr where α denotes the ‘attenuation
coefficient’ and r distance.

Figure 1.7: Spectrum ( a) and whitened spectrum ( b) computed from one day
of vertical component data at station HRV (Harvard, MA, USA). Note that the
two microseismic peaks are clearly discernible. The shaded box indicates the
location of the 26 s period signal originating from the Gulf of Guinea [Shapiro
et al., 2006]. The taper seen at both ends of the spectra is largely attributable
to a 7 − 150 s bandpass filter. Figure after Bensen et al. [2007].

The first studies investigating the potential of the ambient seismic field to provide
knowledge about the attenuation of the subsurface are due to Prieto et al. [2009] and Lin
et al. [2011]. Both studies present promising results and the recovered quality factors
agree both with geology [Prieto et al., 2009] and decay rates measured from earthquake
signals [Lin et al., 2011]. Also, in both studies the recordings are ‘spectrally whitened’
prior to cross-correlation, i.e., the ‘complex coherency’ is computed. Spectral whitening
involves division of the spectrum by the amplitude spectrum, or, by a smoothed version
of the amplitude spectrum. This implies that phase information is retained. Whether
or not the amplitude spectrum is smoothed prior to division, matters; this will become
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clear in chapter 3 of this thesis. Figure 1.7 exemplifies the effect of spectral whitening.
Today, spectral whitening is a widely used normalization method in the ambient noise
community. In this regard, there clearly was precognition in Weller’s patent application
of 1969: ‘The data obtained at each receiving station is preferably subjected to an
automatic spectral whitening’.
To be able to recover correct subsurface attenuation rates, it is crucial to understand
the effect of the preprocessing methods (such as spectral whitening) on the amplitudes.
Next to spectral whitening, a frequently used preprocessing method is one-bit normalization. One-bit normalization is a rather crude time-domain normalization that involves
replacement of a time-series’ amplitude by its sign (Figure 1.8). Under the assumption
of Gaussian distributed noise, Hanasoge and Branicki [2013] derive a rather simple mapping from the amplitude of the one-bit normalized cross-correlation to that of the raw
cross-correlation (and vice versa).

Figure 1.8: Raw recording (a) and one-bit normalized recording (b) of ∼ 3 h of data windowed
around a large earthquake (Ms = 7.2, Afghanistan - Tajikistan border region) recorded at station
ANMO. Recordings are bandpass filtered between 20 and 100 s period to clarify the contamination
by the earthquake signal. For details see Bensen et al. [2007]. Figure after Bensen et al. [2007]

Notwithstanding the aforementioned similarities between the studies of Prieto et al.
[2009] and Lin et al. [2011], significant differences exist. For example, Prieto et al.
[2009] average complex coherencies associated with (almost) equally separated station
pairs, i.e, they average coherencies over the azimuth, while Lin et al. [2011] merely
correct for azimuthal non-uniformities in the ambient field’s power. Tsai [2011] derives
(for a homogeneously attenuating medium) how the decay of the complex coherency
is strongly dependent on the distribution of sources. This can be attributed to the
different dependencies of the numerator and the denominator in the spectral whitening
procedure. The denominator depends on the total noise power, while the numerator’s
amplitude depends only on the sources in the stationary phase regions. The latter is
specifically shown in Snieder [2004].
The results in Tsai [2011] suggest that, even after azimuthal averaging of complex
coherencies, recovered decay rates may vary as function of source distribution. That is
to say, it also matters whether sources are predominantly close to a pair of receivers, or
far away from those receivers. The azimuthal averaging of complex coherencies carried
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out by Prieto et al. [2009] is in essence equivalent to Aki’s normalized spatial autocorrelation (SPAC) [Aki , 1957]. For a two-dimensional stationary wavefield acting upon
a lossless homogeneous medium, Aki shows that the azimuthally averaged complex coherency coincides with a Bessel function of first kind of order zero. The proposition
by Prieto et al. [2009] involves multiplication of that Bessel function with an exponentially decaying term, i.e., with e−αr , where α and r are the attenuation coefficient and
distance, respectively. Nakahara [2012] shows that this is valid if the 2D medium is homogeneously populated with sources. As mentioned above, however, given non-uniform
source distributions,Tsai [2011] derives deviations of the behaviour of the complex coherency from this proposed model. Dependencies of the complex coherency on azimuthal
non-uniformities in the ambient seismic field have been reported before by researchers
in the SPAC community [e.g. Asten, 2006].

1.2 Thesis objective
The objective of this thesis is best summarized as a list of questions that need to be
answered. Most of the questions are subdivided in sub-questions. It is important to
mention that I only seek to answer these question for a two-dimensional (2D) ambient
seismic wavefield, i.e., applied to interferometric surface waves.
1. Can the methodology proposed by Prieto et al. [2009] be applied to reservoir-scale
ambient-noise recordings by ocean-bottom seismometers? (Chapter 2)
• How does the (pre)processing need to adapted?
• Can an excess decay (i.e., stronger than geometrical spreading) be observed?
• Can satisfactory results be obtained for all components?
2. Since complex coherencies are computed:
How does spectral whitening alter the behaviour of the cross-correlation?
(Chapter 3)
• Does the relationship between the complex coherency and the cross-correlation
change as a function of source distribution?

• Does the time-window length have an additional effect on this change ?
3. Is the decay of the cross-correlation different for different attenuation mechanisms?
(Chapter 4)
• How does the cross-correlation behave in a dissipative medium?
• How does the cross-correlation decay in a scattering medium?
• What is the role of the scattering cross-terms?
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• Do the scatterers mitigate or intensify a potential dependence on the source
distribution?

• How does this relate to spectral whitening?

1.3 Thesis outline
This thesis is composed of three papers: a published one, another one under review and
a third one that is ready to be submitted. Each paper makes up a chapter and the three
chapters are augmented by an introduction and conclusions section. I briefly discuss each
of the three chapters in this thesis outline. It is important to keep in mind that the three
chapters are chronologically ordered, i.e., they are testament to the progress over the
course of the last three years. As a consequence, some formulations and/or statements in
lower-numbered chapters have been superseded by findings in higher-numbered chapters.
Where that is the case, I have made sure to refer to the appropriate (later) section.
Furthermore, the long derivation in chapter 3 is an immediate consequence of the results
presented in chapter 2. Additionally, the appendix holds a co-authored study which
compares two different (but related) algorithms for phase velocity estimation from NCFs.
Chapter 2 presents a case study where seismic interferometry is applied to recordings by an array of ocean bottom seismometers offshore Norway. EGFs associated with
surface waves are retrieved from both the vertical and the acoustic components. Additionally, interferometric acoustic waves propagating through the ocean are observed.
The azimuthally averaged complex coherency is computed for the vertical component
between 0.2 and 0.4 Hz and for the acoustic component between 1.5 and 2.2 Hz. These
coherencies are used to obtain a frequency-dependent estimate of the subsurface attenuation.
Chapter 3 resolves an inconsistency between results of the data analysis in chapter 2
and the theory as it is known to describe the azimuthally averaged complex coherency
(SPAC). The chapter focusses on the spectral whitening procedure; in particular, its
connection with cross-terms. Two end-member cases are evaluated: one assumes spectral
whitening of cross-spectra depleted of cross-term energy, whereas in the other case crossspectra are normalized prior to cancellation of cross-terms. The analytical formulae for
the two cases are compared and numerically validated.
In chapter 4 a systematic comparison is made between the cross-correlation’s decay in
a dissipative medium and its decay in a scattering medium. Specifically, isotropic point
scatterers are used to mimic a multiple scattered wavefield. Assemblages of isotropic
point scatterers are described by an effective wavenumber which enables analytical validation of the numerically computed scattered wavefields. The effective wavenumber is
complex and hence incorporates the loss of coherency due to the multiple scattering. In
case of a wavefield consisting of waves incident from all angles with equal probability, a
connection is drawn between the cross-correlation in the scattering medium and the ef-
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fective Green’s function of that scattering medium. This results in an explicit expression
for the decay of the cross-correlation in such a wavefield.
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Attenuation of ambient seismic noise:
application to an array of ocean-bottom
seismometer recordings

“Data! Data! Data!” he cried impatiently. “I can’t make bricks without clay!”
Sherlock Holmes

Modified from:
Weemstra, C., L. Boschi, A. Goertz, and B. Artman (2013), Seismic attenuation from
recordings of ambient noise, Geophysics, 78(1), Q1–Q14, doi:10.1029/2012JB009481.
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Abstract
We apply seismic interferometry to data from an OBS survey offshore Norway and show
that ambient seismic noise can be used to constrain subsurface attenuation on a reservoir
scale. By crosscorrelating only a few days of recordings by broad-band ocean bottom
seismometers we are able to retrieve empirical Green’s Functions (EGFs) associated with
surface waves in the frequency range between 0.2 and 0.6 Hz and acoustic waves traveling
through the seawater between 1.0 and 2.5 Hz. We show that the decay of these surface
waves cannot be explained by geometrical spreading alone and requires an additional loss
of energy with distance. We quantify this observed attenuation in the frequency domain
using a modified Bessel function to describe the cross-spectrum in a stationary field.
We average cross-spectra of equally spaced station couples and sort these azimuthally
averaged cross-spectra with distance. We then obtain frequency-dependent estimates of
attenuation by minimizing the misfit of the real parts to a damped Bessel function. The
resulting quality factors as function of frequency are indicative of the depth variation of
attenuation and agree with the geology in the survey area.
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2.1 Introduction
Passive seismic interferometry involves the crosscorrelation of ambient seismic noise
recordings. The idea stems from the derivation of Claerbout [1968], who shows that the
auto-correlation of the transmission response of a seismic noise source in the subsurface
below a horizontally layered medium yields the reflection response of these horizontal
reflectors plus its time-reversed version. He later made an analogous conjecture for the
3-D Earth [Rickett and Claerbout, 1999]. In the eighties and nineties of the last century,
several attempts have been made to retrieve this impulse response from crosscorrelation
of real data, with the first convincing proof of concept produced by solar seismology
[Duvall et al., 1993]. The first successful application to acoustics, including a detailed
proof of the theory, can be attributed to Lobkis and Weaver [2001]. Other theoretical
derivations are given, e.g., by Derode et al. [2003a] and Snieder [2004] and, using a reciprocity theorem, by Wapenaar [2004]. The first successful application to the solid Earth
is due to Campillo and Paul [2003], who used seismic coda.
Shapiro and Campillo [2004] built on the work of Campillo and Paul [2003], showing
that broadband Rayleigh waves emerge not only from the coda of earthquakes, but also
by simply crosscorrelating ambient seismic noise recordings. These surface waves can be
used for velocity inversion on a continental scale [Shapiro et al., 2005; Yang et al., 2007]
as well as on a local scale [Brenguier et al., 2007; Bussat and Kugler , 2009]. An elegant
derivation of the underlying interferometric theory for surface waves is given by Tsai
[2009]. It has been shown that under certain circumstances and for specific locations
and bandwidths, also body waves can be retrieved from the ambient seismic wavefield
[e.g. Roux et al., 2005; Draganov et al., 2007; Zhang et al., 2009; Poli et al., 2012; Goertz
et al., 2012].
Ambient noise sources strongly vary with location and frequency. High levels of seismic noise are observed worldwide in the the frequency band from 0.05 to about 1 Hz
[Peterson, 1993]. The main peak within this bandwidth is the microseism peak. Microseisms are caused by ocean wave energy coupling into the solid earth. Typically, two
types of microseisms, dubbed “primary” and “secondary”, are observed at seismic stations. While the primary (or “single frequency”) microseisms have the same frequency
as the ocean waves that generate them, i.e. ∼0.08 Hz, secondary (or “double frequency”)
microseisms are observed at twice this frequency. Explanations for the origin of micro-

seisms were first given by Longuet-Higgins [1950] and Hasselmann [1963] for the primary
and secondary microseisms, respectively; for an updated discussion see, e.g., Stehly et al.
[2006]; Yang and Ritzwoller [2008]; Landés et al. [2010].
Recently, several researchers have focused on estimating attenuation based on interferometric measurements of surface-wave empirical Green’s functions (EGFs) made
on regional-scale (∼100-1000 km) seismic arrays [Prieto et al., 2009; Lin et al., 2011;
Lawrence and Prieto, 2011]. We show here that the methodologies developed in those
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studies can be applied equally well at the local (∼10-100 km) scale. Robust estimates
of seismic attenuation at this small scale are needed for several reasons. First, surface
waves traveling through sedimentary basins, whose seismic velocity is low, are amplified
by virtue of energy conservation, but the low quality factor that also characterizes sediments counters this effect, reducing amplitudes again. Neglecting this phenomenon may
lead to overestimation of ground-motion predictions. Second, hydrocarbon reservoirs
exhibit an abnormally strong attenuation contrast [Chapman et al., 2006], and measuring attenuation based on the observed ambient seismic wavefield might thus help us to
discriminate a reservoir’s fluid content. It should be noted that, as a consequence, the
inversion of the ambient seismic wavefield for attenuation may provide a means to image
hydrocarbon reservoirs. Finally, a good S-wave velocity and attenuation model of the
shallow subsurface would help to improve S-wave static corrections needed in oil and gas
exploration [e.g. de Ridder and Dellinger , 2011].
Prieto et al. [2009] show how one-dimensional depth profiles of phase velocity and
quality factor can be effectively derived from stacked cross-correlations of ambient noise.
This approach is extended to the case of three-dimensional velocity/quality factor heterogeneity by Lawrence and Prieto [2011], who recover phase velocity and attenuation
coefficient maps at periods of 8-32 s for the western United States. Lin et al. [2011] follow
a different approach, evaluating amplitude-decay of time-domain cross-correlations.
We adapt both the approaches of Prieto et al. [2009] and Lin et al. [2011] to the
reservoir-scale inverse problem associated with seismic recordings collected by a broadband ocean-bottom survey in the North Sea, covering an area of ∼220 km2 and with
average interstation spacing of ∼500 m. This demands several changes, described be-

low, to the data preprocessing and inversion procedures of Prieto et al. [2009] and Lin

et al. [2011]. We do not invert for velocity and attenuation structure as a function of
depth, but merely compare the frequency-dependent velocity and attenuation to the
depth-dependent geology, finding an interesting correlation.
We first identify an amplitude decay of the EGFs that cannot be associated with geometrical spreading and hence represents the effect of energy dissipation and scattering.
Second, we provide a reliable estimate of this excess decay in the study area based on the
frequency-domain results of our experiment. Because of the short duration of the survey, and the difficulties intrinsic to operating ocean-bottom instrumentation, however,
available data do not allow to robustly constrain lateral variations in attenuation.
In the following, we first summarize the theory of seismic noise interferometry and
its relation to the normalized spatial auto-correlation (SPAC) of Aki [1957]. We point
out the necessary assumptions and approximations and consequent limitations of our
formulation. We then describe the database available to us, formulate the associated
inverse problem, and finally discuss its solution and implications.
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2.2 Theory
An isotropic wavefield is a prerequisite for obtaining symmetric EGFs [Snieder et al.,
2007]. Such a wavefield can be generated by a homogeneous distribution of uncorrelated
stochastic sources surrounding the array [e.g. Larose et al., 2006; Wapenaar et al., 2010a],
or by multiple scattering among heterogeneities in a complex medium [Campillo and
Paul , 2003; Snieder , 2004]. The relation between the SPAC applied to a seismic wavefield
[Aki , 1957] on one hand and time-domain cross correlation of ambient seismic noise on the
other hand, pointed out by Yokoi and Margaryan [2008] and shown explicitly by Tsai
and Moschetti [2010], is the backbone of the method applied here because it justifies
azimuthal averaging of cross-correlations in a non-isotropic seismic wavefield.
Given the recordings u(x1 ) and u(x2 ), captured at surface locations x1 and x2 , the
normalized time-domain cross-correlation Cx1 x2 is defined
Cx1 x2 (t) ≡

T

Z

1
2T

u(x1 , τ )u(x2 , τ + t)dτ,

(2.1)

−T

where t is time, τ is integration time and correlation time is given by 2T .
In general, the SPAC is used to find similarities in a spatial field by evaluating, for
different space shifts ξ, the product of the field with a space shifted version of itself. This
product is then integrated over, and normalized by the size of the field A, where the unit
of A depends on the dimension of the actual field, e.g. m2 for area or m3 for volume.
The SPAC, as applied by Aki, similarly yields the “coherency” φ(ξ) of a time-dependent
wavefield u(x, t) for a shift in space by ξ and is defined as
1
φ(ξ, t) ≡
A

Z
u(x, t)u(x + ξ, t)dx,

(2.2)

A

where x denotes position and A describes the area over which the wavefield is evaluated.
The integration over, and normalization by A in equation (2.2) averages the product in
the integral over different x. For that reason, φ(ξ) is also called the spatially averaged
coherency [Asten, 2006].
Aki [1957] assumes a wavefield that is stationary in both time and space. Here,
“stationary” means that the amplitude is described by a stochast, whose joint probability
distribution does not change when shifted in time or space. It follows that for such a
wavefield the integral in equation (2.2) can be replaced by a time integral [Aki , 1957]:
1
φ(ξ) ≡
2T

Z

T

u(x, t)u(x + ξ, t)dt.

(2.3)

−T

Important requirement here is that T needs to be sufficiently long to obtain an approximately constant φ(ξ). The assumption of a stationary u(x, t), makes φ(ξ) independent
of x.
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Following Aki [1957], an “average coherency” hφi can be introduced,
1
hφ(r)i ≡
2π

Z

1
φ(ξ)dξ =
2π
|ξ|=r

2π

Z

φ(|ξ| = r)dθ,

(2.4)

0

with |ξ| = r the distance between two stations and θ their azimuth. After replacing φ(ξ)
in equation (2.4) with its expression (2.3), we obtain
hφ(r = |ξ|)i ≡

1
4πT

Z

2π

Z

T

u(x, t)u(x + ξ, t)dtdθ.
0

(2.5)

−T

It is important to note here that the average coherency is an average over both time
and azimuth, while the coherency is only an average over time (see equation (2.3).)
The averaging is completely transparent in the ideal case of noise sources distributed
uniformly in azimuth: in this case, φ(ξ) = hφ(r)i if |ξ| = r.
Tsai and Moschetti [2010] consider a single deterministic wave of frequency ω and
solve the time integral in (2.3) assuming the correlation time 2T is sufficiently long with
respect to the period of the waves. They next combine (through a simple integral) multiple sources, assuming them to be uncorrelated such that the cross-correlations of signals
generated by different sources (i.e., the “cross-terms”) cancel out. This assumption is
equivalent to the assumption of stationarity by Aki [1957]. Similar assumptions have
been made by other authors [Lobkis and Weaver , 2001; Snieder , 2004; Wapenaar , 2004].
Through this procedure, Tsai and Moschetti [2010] find analytically that
hφ(r, ω)i
= J0
φ(0, ω)



rω
c(ω)


,

(2.6)

where J0 denotes the 0th order Bessel function of the first kind, and c(ω) is the wave
velocity as function of angular frequency. This expression coincides with equation (42) of
Aki [1957]. The left-hand side of equation (2.6) is denoted hρ(r, ω)i ≡ hφ(r, ω)i/φ(0, ω)

and dubbed “averaged complex coherency”. Note that this averaged complex coherency
is normalized by the energy (φ(0, ω)), which will be independent of location and frequency for a stationary wavefield.
Tsai and Moschetti [2010] also show that the real part of the cross-correlation spectrum coincides with the SPAC. If we define the cross-spectrum Ĉx1 x2 (ω) ≡ F[Cx1 x2 (t)],

where F is the Fourier-transform operator, we get,

h
i
< Ĉx1 x2 (ω) = φ(ξ, ω).

(2.7)

The operator <[...] maps its complex argument into its real part, ξ = x1 − x2 . For a
stationary wavefield, this cross-correlation spectrum, similar to the SPAC in equation

(2.3), will converge towards one value when averaged over time. Equation (2.7), together
with equation (2.6), implies that an isotropic source distribution results in <[Ĉx1 x2 (ω)]
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coinciding with J0 (|ξ|ω/c(ω)) multiplied by a constant related to the power at frequency
ω, while its imaginary part will be zero [Tsai and Moschetti , 2010].
Time-averaging of coherencies stabilizes the average coherency in the case of a
stationary wavefield [Okada, 2003], i.e., it makes the cross-terms cancel. We denote
E[Ĉx1 x2 (ω)] the ensemble average of Ĉx1 x2 (ω) over different time windows. Similar to
the normalization of the average coherency by the time-averaged energy φ(0, ω) to obtain
the averaged complex coherency hρ(r, ω)i, we can normalize E[Ĉx1 x2 (ω)] with respect to
the time-averaged power of the wavefield at the two stations at x1 and x2 , which is app
proximated by E [|u(x1 , ω)|2 ] E [|u(x2 , ω)|2 ]. If the source distribution is anisotropic,
one can average both sides of equation (2.7) over the azimuth and using equation (2.6)
we get:
*

io
n h
+


< E Ĉx1 x2 (ω)
rω
r h
i h
i ≈ hρ (r, ω)i = J0 c(ω) .
2
2
E |u (x1 , ω)| E |u (x2 , ω)|

(2.8)

Azimuthal averaging is, just as for Aki’s SPAC, over all x1 and x2 for which |x1 −x2 | = r.

If the source distribution changes sufficiently over a certain timespan, averaging over

this timespan is similar to averaging over azimuth for a fixed source distribution [ChávezGarcı́a et al., 2005]. This means that if one has data for a ‘sufficient’ amount of time,
one can set up an inverse problem for a single station couple, i.e. fixed ξ, with the phasevelocity dispersion c(ω) as unknown. Ekström et al. [2009] implement such an inverse
problem by equating the known zeros of J0 (|ξ|ω/c(ω)) to the observed zero crossings of
<[Ĉx1 x2 (ω)].

It should be noted that throughout this formulation, azimuthal averaging would

not be needed in the ideal case of a wavefield generated by an azimuthally uniform
distribution of sources. In the real world, averaging is needed to mimic an isotropic
wavefield, combining a random set of ballistic fields recorded at different times and/or
locations.
The way of calculating the averaged complex coherency in equation (2.8) is the ‘de
facto’ standard practice in the SPAC-community [Okada, 2003], that is, the cross-spectra
are first ensemble-averaged and subsequently normalized by the average power spectra
[Okada, 2003]. Tsai [2011, eq. 21] evaluates essentially the same expression, deriving
the coherency in the limit of infinite time for fixed sources with random phases, and
hence assuming a stationary wavefield. In the case of Tsai [2011], this assumption is
required to justify neglecting the aforementioned cross-terms. While this assumption is
theoretically correct, it may be somewhat unrealistic in the application to real seismic
data as these are in general recorded over a wavefield that is subject to continuous change
in power [e.g. Stehly et al., 2006; Olofsson, 2010]. This will become clear in chapter 3.
Recent successful studies using surface waves obtained from ambient noise to constrain subsurface attenuation use a modified expression of equation (2.8) [Prieto et al.,
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2009; Lawrence and Prieto, 2011]. Latter authors “whiten” the recordings prior to crosscorrelation and obtain the “whitened complex coherency”:
* 
γ(r, ω) ≡ E 

i
h
< Ĉx1 x2 (ω)

|u (x1 , ω)| |u (x2 , ω)|

+
 .

(2.9)

Whitening is a commonly used tool to increase signal-to-noise ratios of signal from crosscorrelations of ambient seismic noise [Bensen et al., 2007; Brenguier et al., 2007; Seats
et al., 2012]. Whitened spectra are relieved of contamination by resonance peaks in the
spectra [Bensen et al., 2007; Brenguier et al., 2007] and allow for the wavefield to be
non-stationary between individual time windows.
Although the difference between expression (2.9) and (2.8) is clear from a processing
point of view, the actual difference from a theoretical point of view is more complicated.
From that point of view, the difference depends on the time it takes for cross-terms
to cancel each other. This, in turn, depends on the source correlation time, which
generally is unknown. In case cross-terms
cancel within a single time window,
r fully
h
i
individual |u (x1 , ω)| will coincide with E |u (x1 , ω)|2 (likewise for u at x2 ) and
hence the result for γ will coincide with that for ρ. On the other hand, if normalization
in (2.9) takes place prior to (complete) cancellation, the whitened complex coherency
can be approximated by a scaled version of ρ (see Chapter 3), i.e., a scaled version of
the Bessel function:


γ(r, ω) ≈ A(ω)J0

rω
c(ω)


(2.10)

The proportionality factor A(ω), with value lower than 1, is required to account for the
lack of cancellation of cross-terms. Additionally, incoherent noise, i.e., noise that is local
to x1 (or x2 ) and doesn’t propagate, may further lower A(ω).
Equation (2.10) clearly does not account for the effects of attenuation. Prieto et al.
[2009] propose to include attenuation through multiplication by an exponential factor
e−α(ω)r ,

γ(r, ω) ≈ A(ω)J0

rω
c(ω)



e−α(ω)r .

(2.11)

The “attenuation coefficient” α(ω) accommodates a more rapid decrease of the Bessel
function with interstation distance r, representing the effect of energy dissipation and
scattering. α is related to the surface wave quality factor Q by [Aki and Richards, 2002]

α(ω) =

ω
2QU (ω)


,

(2.12)

where U (ω) is the group velocity. Given a series of azimuthally and temporally averaged
complex coherencies for various interstation distances, a frequency-dependent estimate
of Q can be obtained. As surface waves of different frequencies sample different depths,
the change of Q with frequency can, to the first order, be associated with a change in
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material properties as a function of depth. The frequency dependent estimate of Q is
obtained by minimizing the error on the fit of the “damped” Bessel function to the real
parts of the averaged complex coherencies.
Tsai [2011] shows that in the presence of attenuation, the source distribution determines how the coherency decays with distance. He shows for a number of specific
source distributions how the real part of the coherency behaves as a function of distance
for a laterally invariant c(ω) and α(ω). If one evaluates the decay of the (azimuthally)
averaged complex coherency however, only radial symmetric source distributions need
to be considered, and the behavior of the coherency with distance is described by a
Bessel function multiplied by a term decaying with distance. The rate of decay of this
term depends on the distribution of sources away from the station couple, i.e. the radial
distribution of sources [Tsai , 2011]. Since our data consists of recordings of broad-band
ocean-bottom seismometers (BBOBS) over a survey area offshore Norway, we assume a
uniform radial distribution of noise sources with distance away from the center of the
array. For such a distribution of sources, multiplication of the Bessel function with a
decaying exponential term as in equation (2.11) is justified [Tsai , 2011].

2.3 Data
We analyze a passive seismic data set acquired in April-May 2007, and consisting of
broad-band ocean-bottom recordings distributed over a ∼220 km2 survey area offshore

Norway. The average water depth is 360 m and only deviates by a maximum of ∼9 m
from this average. Figure 2.1 shows the configuration of the array and the duration of
recording at each of the total of 117 locations. Stations did not all record synchronously:
of the 16 available instruments, 14 were systematically redeployed at new locations after
1 to 2 days of recording, and only two recorded continuously for > 12 days.
The constant station spacing of ∼500 m gives rise to a very nonuniform distribution of

the number of station couples and synchronous time windows with interstation distance,

as shown by a histogram of synchronous 60-s windows in Figure 2.2. A bin width
of 100 m is used to select and sort the station couples with respect to interstation
distance. The appearance of both distributions is similar and differences arise from
different synchronous recording lengths for different station couples. Beyond ∼12000 m
offset, the number of synchronous time windows decreases significantly.

Stations were all equipped with a broadband seismometer (Nanometrics Trillium 240)
and a differential pressure gauge (DPG) built by the Scripps Institution of Oceanography
[Cox et al., 1984]. The instruments have a flat response to particle velocity between 240
s and 50 Hz, and data are acquired with a sampling rate of 125 Hz.
A thorough description of the noise characteristics above ∼3 Hz is given by Olofsson

[2010], who finds that distinct noise of various origin can be found at frequencies above
∼3 Hz. Some of these sources are anthropogenic (i.a. closely passing ships and a nearby

2.3 Data

Figure 2.1: The configuration of the survey. The stations are shown by the color-filled
circles. The colors represents the total recording time of the station. Two black circles
mark the “reference” stations that were recording continuously for a period of over 12
days. The locations of two exploration wells are represented by red stars.

seismic survey) and some are environmental (e.g. flagpole vibrations caused by water
currents). All are outside our frequency range of interest.
Most ambient signal at frequencies below ∼3 Hz stems from infragravity waves and

Scholte waves [Olofsson, 2010]; Scholte waves are waves arising at a fluid-solid interface

[Scholte, 1943]. They have a particle motion similar to Rayleigh waves, but the velocities
are generally lower due to interaction with the overlying water column. Scholte waves
can be regarded as Rayleigh waves in the longer wavelength limit [Bohlen et al., 2004].
Dispersion of the Scholte waves is caused by sediment layering and the finite water depth.
The single-frequency microseism peak is not obvious in the data, but the doublefrequency peak is clearly visible between 0.15 and 0.40 Hz [Olofsson, 2010; Bussat and
Kugler , 2011] (see also Figure 2.7). Triangulation of frequency-wavenumber analysis
results of two arrays in Europe indicate, at least in winter 1995-1996, that a region near
the north-Norwegian coast is a strong source of secondary microseisms [Friedrich et al.,
1998]. Two modes are distinguished in the cross-correlations of the vertical component
data. These modes can be found in the DPG-component cross-correlations as well, but
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Figure 2.2: The number of synchronous time windows (top) and station couples (bottom) per interstation distance. The bin size is 100 m.

this component also shows a third mode due to water-guided waves as shown by Bussat
and Kugler [2011]. They were able to apply ambient-noise surface-wave tomography
methods on fundamental-mode Scholte waves recorded on the DPG-component.

2.4 Preprocessing
Because of the continuously changing station configuration, the first step is to evaluate
which stations are synchronously recording at which times. For each station couple, the
obtained period of synchronous recording is then cut in time windows of 60 seconds. We
cut neighboring time windows so that they overlap by as much as 75% of their total
length. Seats et al. [2012] show that overlap helps refining EGFs, by avoiding loss of
coherent signal traveling between a pair of stations, and this is particularly useful here
as the temporal extent of the survey was very limited. We Fourier-transform individual
time windows, and crosscorrelate in the frequency domain (i.e. multiply) the spectra of
simultaneous signals associated with different stations. More specifically, we follow the
following processing sequence for each time window:
1. Detrend the time window.
2. Apply a cosine taper of 2.5% of the trace length.
3. Fourier transform the traces.

2.5 Isotropy & time-domain attenuation

4. Whiten the amplitude spectra.
5. Multiply the spectrum of the first station with the complex conjugate of the spectrum of the second station, i.e. frequency-domain cross correlation.
We next stack individual cross-spectra to form an ensemble averaged cross-spectrum
for each station couple. Time-domain EGFs are obtained by inverse-Fourier transforming
the ensemble averaged cross-spectra. The ensemble averaged cross-spectra associated
with the same interstation distance r are stacked, i.e. the data are averaged with respect
to azimuth. This way, any information about lateral structure across the array will be
lost, but our database would hardly be able to resolve it anyway. The result is a measure
of γ(r, ω).
Whitening of the amplitude spectra before crosscorrelation consists of setting the
power of each frequency equal to 1 (see equation (2.9)). This means that the timedomain amplitude information is destroyed, but phase information is retained. For
our data this means that the higher frequencies are amplified with respect to the lower
frequency content of the microseism’s peak. The whitening procedure also removes power
differences between recordings and hence near-receiver amplitude effects are removed this
way.
Each individual coherency has the same weight in the ensemble averaging process
of the whitened cross-spectra, because the denominator in equation (2.9) is the power
associated with the individual time windows at the two station locations. Note that this
normalization is slightly different from the approach of Prieto et al. [2009]; Lawrence
and Prieto [2011] who smooth the two amplitude spectra before the cross-spectrum is
divided by their product.

2.5 Isotropy & time-domain attenuation
The Green function gathers (GFG’s) in Figure 2.3 show a clear moveout, with moveout
velocity ∼500 m/s for the lower frequency band (a), and ∼1500 m/s for the 1.0 to
2.0 Hz band. The frequency bands of Figure 2.3 are chosen based on the slownessfrequency plots in Bussat and Kugler [2011]. The 0.2 to 0.4 Hz band corresponds to
the fundamental-mode Scholte waves, while we attribute the 1.0 to 2.0 Hz moveout
to acoustic waves traveling through the water column just above the seabed: a group
velocity of ∼1500 m/s coincides with the speed of sound in water.

Figure 2.3 only includes cross-correlations with relatively high signal-to-noise ratio

(SNR). We define SNR empirically as the maximum absolute amplitude in the velocity
wedge of interest (350 m/s to 750 m/s for Scholte waves and 1000 to 3000 m/s for
water-guided waves) divided by the standard deviation of the noise windows. The noise
windows are defined as the windows corresponding to higher and lower velocities than the
velocity range of interest. A transitional margin outside of the velocity range of interest
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a)

b)

Figure 2.3: GFG of the vertical component for 0.2 to 0.4 Hz ( a) and of the DPG-component for
1.0 to 2.0 Hz ( b). Only cross-correlations based on synchronous recordings of more than 4 hours,
interstation distances of more than 3.2 km and SN R > 4 are displayed.

is employed, whose width depends on the frequency band of interest. Longer periodic
cross-correlations have longer margins between “signal window” and “noise window”.
Figure 2.4 summarizes the temporal change of the incident vertical-component wavefield for the frequency band between 0.20 and 0.40 Hz (i.e. fundamental-mode Scholte
waves). The most symmetric EGF, observed on day 12, is shown in Figure 2.5a while
the EGF with causal and anti-causal segments of most different amplitude is observed
on day 7 and shown in Figure 2.5b. Circles in Figure 2.4 are plotted along station-couple
back azimuth, and hence point towards the half plane where most energy is generated.
In terms of source distributions, this can be either a small region with a high volume
density of force or a broad region with only a slight increase in volume density of force.
These two end-members are indistinguishable based on one EGF alone.
From Figure 2.4 one can in principle estimate the average direction of propagation,
and relative strength of the ambient wavefield. This is in turn determined by a number of
factors. First, the source distribution: note, e.g., that a fully isotropic wavefield would
result in circles associated with station couples all falling in the center of the polar
plot, independent of azimuth. Second, the change of this source distribution over time,
because EGFs represent different periods of one day. Third, the array configuration.
Fourth, the interstation distance, with the associated amplitude attenuation caused by

2.5 Isotropy & time-domain attenuation

Figure 2.4: Polar plots show the difference between the amplitude of causal and anti-causal parts
of the EGFs, for four example days of recording, with each panel corresponding to one day. We only
take into account here vertical-component cross-correlations based on synchronous recordings > 4
hours, interstation distances > 3.2 km and a SN R > 4, and normalize each of them individually to a
maximum amplitude of 1. Station couples that fulfilled these criteria are connected by lines in the inset
maps. Each dot in a polar plot corresponds to one station couple, its angular coordinate coinciding
with the station-couple back azimuth, and it’s distance from the center of the plot proportional to the
difference between causal and anti-causal amplitude. Red dots correspond to the cross-correlations
shown in Figure 2.5

geometrical spreading as well as attenuation due to the medium properties. Finally, the
vertical and lateral structure of the subsurface can change the amount of decay from
place to place through differences in attenuation. We define attenuation here as the the
sum of “scattering” and “intrinsic” (i.e. absorption of energy) attenuation as we are
unable to separate the two.
Our goal with this study is to try to isolate attenuation effects, and, if possible,
the difference between attenuation due to geometrical spreading and attenuation due
to medium properties, from all other factors. To evaluate whether this is possible we
select two subsets of high-SNR (> 4) synchronous EGFs, each corresponding to stations
lying along one straight line (at interstation distances > 3.2 km). We plot in Figure 2.6
EGF amplitude as a function of interstation distance. Importantly, there is no temporal
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a)

b)
Figure 2.5: EGF with the lowest ( a) and highest ( b) amplitude difference over the
course of the four days evaluated.

variation of the source distribution between stations of the same subset because all
EGFs are based on the same period (> 4 hours) of recording. We next compare these
√
EGF amplitudes to amplitude decay proportional to a/ r caused by simple geometrical
√
spreading (dashed lines) and amplitude decay proportional to a/ r × e−αr (solid lines).
The latter model accounts for scattering and dissipation of energy of the ambient field.

The constant a and attenuation coefficient α are found by minimizing the L1-norm of the
√
differences between datapoints and the a/ r × e−αr curves. Figure 2.6 clearly suggests
√
that the EGFs amplitudes decay faster than with r and that an attenuating model
explains the data better for both causal and anti-causal parts of all data subsets. We
conclude that attenuation effects other than simple geometrical spreading can be inferred
from the data, and proceed to evaluate them quantitatively.

2.6 Frequency-domain attenuation
Azimuthal averaging of cross-spectra associated with equally spaced station couples approximates a Bessel function [Prieto et al., 2009; Lawrence and Prieto, 2011; Tsai and
Moschetti , 2010; Tsai , 2011]. The quality of the approximation depends on the lateral
variation of the subsurface velocity and attenuation structure, the spatial sampling of
the wavefield and the length of the crosscorrelated time windows. The correlation time
T needs to be sufficiently long with respect to the period of the waves considered, otherwise a significant error will be introduced; The degree of stationarity of the wavefield
trades off with the length of T [Tsai and Moschetti , 2010]. In our case T  1/ω for the
60 seconds windowing applied and frequencies evaluated here.

2.6 Frequency-domain attenuation

Figure 2.6: Amplitude of the Green’s function with distance along two station lines
of the causal (right) and anti-causal (left) parts. The stations for which recordings are
crosscorrelated, are shown in the inset at the bottom. The green EGF amplitudes are
based on 30 hours of synchronous recordings and the red amplitudes on 12 hours of
synchronous recordings. The √
fitted curves are color coded correspondingly. The solid
curves behave with r as (a/√ r) × e−αr while the dashed curves don’t account for
attenuation and follow an a/ r trend. Amplitudes are normalized with respect to the
value of the attenuating model (solid lines) at 3.2 km that fits the data best, i.e a.
Normalization is performed for each line individually.

The whitened complex coherency could also decay faster than a Bessel function due
to strong incoherent noise. In the presence of such noise, a constant value associated with
the incoherent noise amplitude would be a fraction of both frequency-domain amplitudes
in the denominator of equation (2.9). We expect this to have little to no effect on
our analysis for the considered frequencies, i.e. ∼0.20 - 2.20 Hz. This is based on
two observations. First, Ringler and Hutt [2010] show that the instrument-noise of

the Nanometrics Trillium 240 is in the order of ∼15 DB below the low-noise model of

Peterson [1993]. Second, we don’t have any (incoherent) cultural noise sources within
our array. Figure 2.7 gives example power spectral densities (PSDs) that are typical
for our dataset. PSDs for two periods for stations P01 and B01 are presented where
station B01 is denoted by the far most left dot in Figure 2.1. It is clear that the power of
our recordings is significantly higher than that of the low-noise model for the frequency
range considered [see also Olofsson, 2010].
We expect the power of the coherent noise at our survey site to be significantly
higher than that of the new low-noise model. We base this on the observation that
stations located close to the ocean or on oceanic islands in general show significantly
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higher (coherent) noise levels [McNamara and Buland , 2004; Peterson, 1993], while our
instruments are even deployed at the bottom of the ocean.

a)

c)

b)

d)

Figure 2.7: Power spectral densities for stations P01 ( a and c) and B01 ( b and d) during daytime
( a and b) and nighttime ( c and d) for two hours of recording. Each plot shows 120 PSDs of 60
seconds windows in grey, while the thick solid black line gives the mean PSD for the two hour period.
The dashed line denotes the low-noise model of Peterson [1993]. The daytime PSDs in the left
column are computed from recordings on 2007-04-27, 14:00:00-16:00:00 UTC, while the nighttime
PSDs in the right column are calculated from recordings on 2007-04-28, 00:00:00-02:00:00 UTC.

Frequency-slowness analysis of the EGFs shows that two surface-wave modes are
observed on the DPG component and vertical component: a fundamental mode and
a first-higher order mode [Bussat and Kugler , 2011]. These modes depend locally on
the subsurface elastic properties [e.g. Aki and Richards, 2002]. Averaging over different
couples, as done here, is meaningful so far as lateral changes of these properties are
sufficiently smooth.
We average over interstation azimuths by binning interstation distances into bins
with a width of 100 m. Whitened complex coherencies of station couples within each
bin are averaged and attributed to the mean interstation distance of the averaged time
windows. Bins representing less than 3 station couples or less than 6 hours of synchronous recordings are not taken into account. We evaluate two frequency bands: one
for the vertical component and one for the DPG-component. The frequencies we evaluate for the vertical component (0.20-0.40 Hz) correspond to fundamental-mode Scholte
waves [Bussat and Kugler , 2011]. We assured ourselves that the upper bound of 0.4

2.6 Frequency-domain attenuation

Hz employed is not affected by the first-higher order mode Scholte waves. We analyze
the acoustic mode of the DPG-component from 1.50 to 2.20 Hz. The DPG-component
analysis enables us to compare the obtained attenuation coefficients against values for
the attenuation of seawater that can be found in the literature.
a)

b)

Figure 2.8: Real part of the whitened complex coherency for interstation distances
500-12000 meters. Vertical component results are shown for 0.20-0.40 Hz ( a) and
DPG-component real parts for 1.50-2.20 Hz ( b). The cross sections associated with
dashed black lines at 0.25 Hz and 2.00 Hz are shown in Figure 2.9 and 2.10 respectively.
The triangles on the scale bar indicate that the maximum and minimum values are
off-scale.

Figure 2.8 shows the azimuthally averaged real parts, i.e. γ(r, ω), for interstation
distances with “sufficient” data coverage (bins that include ≥ 3 station couples and

> 6 hours of synchronous recordings). The oscillating behavior of a Bessel function
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can clearly be observed for both the vertical and DPG-component. Mind that the color
scale is different for the two plots. Especially the vertical component shows a decay with
distance that is significantly stronger than that of a Bessel function. We determine this
decay independently for each frequency by fitting the damped Bessel function defined in
equation (2.11), introducing the misfit function

M F (A, α, c) =

N
X
i=1

γ(ri ) − AJ0

r ω 
i
e−αri
c

(2.13)

based on the L1-norm, where N is the number of bins that meet the requirements
regarding data coverage and A denotes the vertical offset at r = 0 associated with the
proportionality in equation (2.11). The L1-norm mitigates the effect of outliers due to
limited azimuthal and/or temporal coverage in some bins [Lawrence and Prieto, 2011].
We conduct a three-dimensional grid search to find the values of attenuation α,
velocity c and offset A that minimize M F . For the vertical component, c is sampled
from 500 to 4000 m/s and incremented by 2 m/s, α values are increased from 0 to 4×10−4
Np/m in 200 steps and A is varied between 0 and 1 with an increment of 0.005. For the
DPG-component, c varies between 1000 and 2500 m/s and A between 0 and 1 with the
same increment, while α varies between 0 and 2 × 10−4 Np/m with an increment of 10−6

Np/m. Figure 2.9 and 2.10 show the damped Bessel functions J0 ωrc i e−αri associated
with the values of c, A and α that minimize M F for the vertical (at 0.25 Hz) and DPG
(2.00 Hz) components, respectively.
From both Figure 2.9 and 2.10 it is clear that the behavior of γ(r) is better explained by a damped than by a pure Bessel function. The improved fit is observed
for all evaluated frequencies of both components (0.20-0.40 Hz vertical-component band
and 1.50-2.20 Hz band of the DPG component). Tsai [2011] shows that for a source
distribution of only far field sources, amplitudes decay with 1/I0 (αr) instead of 1/eαr ,
where I0 is the 0th order modified Bessel function of the first kind. Explaining the slower
decay of the data points with the wrong model, i.e. 1/eαr instead of 1/I0 (αr), would
result in a consistent underestimation of the data points for short interstation distances
and a consistent overestimation of the data points for long interstation distances. On
the other hand, in case of sources distributed solely in the near-field, amplitudes decay
more rapidly than 1/eαr [Tsai , 2011] and explaining the more rapid decay of the data
points with the wrong model, would in this case result in a significant overestimation
of the data points for long interstation distances. Ultimately, the resolution of our data
does not allow a clear distinction between different radial source distribution models.
We justify our assumption of a uniform radial source distribution by the fact that all
receivers are offshore.
Both in Figures 2.9 and 2.10, the observed imaginary part of γ(r) is close to zero,
which points to a high degree of symmetry of the EGFs. This is an important indication
that the azimuthal and temporal averaging of the available data successfully approxi-

2.6 Frequency-domain attenuation

Figure 2.9: Observed real (green dots) and imaginary (red dots) parts of the binned,
whitened complex coherency γ(r), for the vertical component at a frequency of 0.25
Hz, compared to the corresponding best fitting Bessel function, with (solid black line)
and without (dashed black line) attenuation factor. The two histograms on top show
the data coverage as a function of interstation distance. The red histogram indicates
the number of time windows while the yellow histogram gives the number of station
couples.

mates an isotropic source distribution. We infer that it should be possible to obtain a
good one-dimensional estimate of attenuation at the location of the array.
It is interesting to compare the data-fit of the damped Bessel functions to the fit
achieved by Bessel functions that are not multiplied by an exponential term (i.e. MF is
minimized with α set to 0). Fitting damped instead of pure Bessel functions (Figure 2.11)
gives an overall decrease of MF for the vertical and DPG component of 58% and 17%
respectively. The decrease is significantly lower for the DPG component as attenuation
turns out to be lower for the acoustic mode waves.
The MF values associated with the best fit to γ(r) are shown in Figure 2.12 and
2.13 as a function of frequency, together with their corresponding values for A, c, α and
Q for the vertical component and DPG component, respectively. All three variables in
equation (2.13) are essentially an average over the survey area because of the azimuthal
averaging. At lower frequencies, the vertical-component phase velocity c (Figure 2.12a)
increases drastically, while above 0.30 Hz, phase velocity is ∼700 m/s. For this reason,

37

38

2 Application to OBS recordings

Figure 2.10: Same as Figure 2.9, but for the DPG component at 2.0 Hz

wavelengths of the best fitting functions are more than half the aperture of the array
below 0.20 Hz. Phase velocities for the DPG-component’s frequency band are gently
decreasing with increasing frequency; from just below 2100 m/s to ∼1800 m/s. MF values

are normalized with respect to values of A for a fair comparison between frequencies.
For frequencies higher than 0.4 Hz, the misfit increases significantly as γ(r) is affected
by the first-higher order mode Scholte waves.
We test the stability of the minima of the misfit function with a bootstrapping
experiment: 90% of the total number of interstation-distance bins are randomly selected
from the full set of bins; the same bin can be selected more than once. We calculate
a new misfit function from the sample and determine the minimum. We iterate this
process 100 times and end up with 100 estimates of α, A and c per frequency: in the
ideal case of a perfectly constrained solution, these estimates would all be equal.
Phase velocities prove to be well constrained as bootstrapping yields very little variability; error bars are coinciding with median values and hence are hardly visible for both
components (Figure 2.12a and 2.13a). The bootstrapping does yield some variability in
A and α values for both components. A slight trade-off between these two parameters
can be observed if we examine the cost functions’ M F associated with the best fit to
γ(r) and fix the phase velocity c. For the lower frequencies in the vertical-component
frequency band, i.e. towards 0.20 Hz and hence on the slope of the double-frequency

2.6 Frequency-domain attenuation

a)

b)

Figure 2.11: Difference between the (non-damped) Bessel functions and the real parts
of γ(r, ω) ( a) and the damped Bessel functions that best fit the real parts γ(r, ω) and
these real parts itself ( b). Whitened complex coherencies and models for the 0.200.40 Hz vertical component data are shown. The models as well as the real parts of
γ(r, ω) are normalized with respect to the proportionality factor A before differences are
calculated. The difference between the model and the data in ( a) can be associated
with attenuation due to the medium. The cross sections associated with dashed black
lines at 0.25 Hz and 2.00 Hz are shown in Figure 2.9 and 2.10 respectively. The triangles
on the color bar indicate that the maximum and minimum values are off-scale.

microseism peak [Peterson, 1993], values for A tend to be higher. The DPG-component
frequency band shows increased values for A for the higher frequencies.
The attenuation coefficient, α, associated with the lowest M F is presented in Figure
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Figure 2.12: Bootstrapping results as a function of frequency for the vertical component’s fundamental-mode Scholte waves. Phase velocity ( a), vertical offset at r = 0, A
( b), α ( c), normalized MF ( d) and quality factor ( e) are shown from top to bottom,
respectively. The purple dots denote the median of the calculated values. Lower and
upper error bars correspond to the 15.9th percentile and 84.1th percentile respectively,
i.e. the equivalent of 1 standard deviation for a Gaussian distribution. The black solid
and red curves in a are the phase and group velocity respectively.

2.6 Frequency-domain attenuation
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Figure 2.13: Same as Figure 2.12, but for the DPG component and frequencies between
1.50 and 2.20 Hz.
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2.12c and 2.13c as a function of frequency and for the vertical and DPG component
respectively. The quality factors associated with these decay values are shown in Figure 2.12e and 2.13e, respectively. Calculating the quality factors from α according to
equation (2.12) requires knowledge of the Group velocity U . We determine U by differentiating numerically our observed phase-velocity dispersion curve [Aki and Richards,
2002]. The vertical component’s group velocity is varying around 500 m/s with an
increasing trend, while the DPG component’s group velocity is varying around 1400
m/s with a decreasing trend (Figure 2.12a and 2.13a respectively). These values are in
agreement with the observed moveouts in Figure 2.3.
Figure 2.13e shows that surface wave quality factor as a function of frequency oscillates around a mean value of ∼100 for the DPG-component. As attenuation for this

component turns out to be rather low, a significant number of the bootstrapping samples
yield an attenuation coefficient equal to zero for some frequencies; this is associated with
error bars on the corresponding Q values reaching infinity. Variations become less severe
with increasing frequency however. The vertical component Q (Figure 2.12e) oscillates

around ∼20, and decreases with decreasing frequency below 0.30 Hz.

2.7 Comparison with other studies
Temporal and azimuthal averaging of spectral whitened data gives us realistic frequency
dependent estimates of Q which suggests that our method correctly extracts this information from the ambient seismic field. Our results show that the ambient seismic field
carries significant information about the anelastic Earth structure. This has been shown
before [Prieto et al., 2009; Lin et al., 2011; Lawrence and Prieto, 2011], but not for the
spatial and temporal dimensions presented here.
The bulk of the Scholte and acoustic guided wave analysis performed is based on
shallow water data, i.e. < 100 m [Klein et al., 2005; Zhou et al., 2009; Bohlen et al.,
2004]. The great water depth of this survey (∼360m) causes a downward frequency
shift of the modal transitions. Greater depths are able to accommodate lower frequency
Scholte and acoustic wave modes. Forward modelling by Klein et al. [2005] indicated
that an overlying water column of several hundred meters would be able to support
acoustic guided waves below 1 Hz. This is exactly what we observe for this dataset. We
will shortly discuss the obtained velocity and attenuation estimates for the respective
components and the relation to the local geology.

2.7.1

DPG-component frequency band

The phase velocities we obtain for the acoustic guided waves are, to a first order, in
agreement with values found by others [Klein et al., 2005]. Furthermore, the group
velocity to be expected for the conditions of our survey is about 1478 m/s. We use
Mackenzie’s equation for the speed of sound in seawater [Mackenzie, 1981] using a depth
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of 360 m, a temperature of 5o C and an average salinity of 36 ppt [Berx and Hughes,
2009] to obtain this value. Our group velocity oscillates around this value although it is
a bit lower for the higher frequencies.
The attenuation of acoustic guided waves for the frequencies considered here is still
not fully understood and quality factors in plain seawater are unknown for the frequencies
considered here [Jensen et al., 2000]. As the obtained attenuation coefficients are to
a first order constant with frequency, we estimate the attenuation coefficient for the
acoustic guided waves 0.00004 Np/m. This corresponds to a compressional wave quality
factor of about 100 (Figure 2.13). Future investigations focussing on similar frequencies
and environments (water depth, temperature, salinity) have to confirm our findings.
Because the DPGs are measuring pressure fluctuations only ∼50 cm above the sea-

bottom, it is unclear if or to what extent the estimated phase velocities and attenuation
values need to be associated with sea-bed sediment estimates of these parameters. Contrary to the fundamental-and first higher-mode Scholte waves, the slowness-frequency
spectra of the vertical and transversal components do not show the acoustic guided
waves [Bussat and Kugler , 2011]. The fact that the radial component does record the
acoustic guided waves, however, suggest a possible interaction of these waves with the
sea-bottom sediments. The very shallow sediments (upper ∼5 m) act as a purely com-

pressional medium because of the high water content [Jensen et al., 2000; Zhou et al.,
2009]. In general, the sound speed of these sediment sampling acoustic waves is only
slightly higher than the speed of sound in seawater, with their ratio approaching 1 with
increasing frequency [Klein et al., 2005]. It would be interesting to estimate phase velocities and quality factors for the radial component in a similar fashion as the ones
obtained for the DPG-component, and compare the parameters for the two different
components. This is, however, beyond the scope of this investigation.

2.7.2

Vertical component frequency band

Anelastic attenuation of Scholte waves is poorly addressed for the low frequencies considered here. Broadhead et al. [1993] analyze Scholte wave attenuation at two sites off
the coast of the Western US. For water depths of 2600m and 3800m they find average
quality factors of about 30-40 for a frequency range of 0.3 to 6.0 Hz. They expect, however, that the obtained Q’s are biased to lower frequencies. The higher frequencies in
the fundamental-mode Scholte wave frequency band give us surface wave quality factors
around 20 (Figure 2.12e) which is in good agreement with their values.
Nguyen et al. [2009] analyze shot recordings from one broad band OBS located at the
Ninetyeast Ridge in the Indian Ocean. They find that a surface wave quality factor of 40
is required for the uppermost mushy layer to explain the observed amplitude decay of the
Scholte waves with distance. The uppermost layer is relatively thin at the location they
investigate and the frequencies of the observed Scholte waves are significantly higher.
Nevertheless, their value is in agreement with our estimates. Other studies evaluating
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Scholte wave attenuation, end up with significantly higher estimates for surface wave
quality factors [Bromirski et al., 1992; Nolet and Dorman, 1996].

2.7.3

Relation to geology

Relating the estimated Q values and phase velocities of the vertical component frequency
band to the velocity inversion performed by Bussat and Kugler [2011], a first order
translation to depth can be made. Phase velocity in the 0.30 − 0.40 Hz band with low

values of ∼700 m/s is sensitive up to depths of 1000 m below the sea-bottom, but most

sensitive to the shallowest ∼150 m. These shallow depth sediments therefore probably
have an average Q value of about 20. Phase velocity increases with decreasing frequency

up to 1200 m/s at 0.20 Hz. At this frequency, velocities are attributed to depths greater
than 2000 m [Bussat and Kugler , 2011]. The very low quality factors for the 0.20-0.30
Hz frequency band imply a highly attenuating body at greater depth.

Figure 2.14: Geological groups as they were encountered while drilling well 35/11-14S.

Two exploration wells were drilled close to the center of the array (Figure 2.2). Both
wells penetrate to a depth of ∼2950 m below the sea-bottom and their characteristics are
listed by the Norwegian Petroleum Directorate [NPD, 2012]. The main lithostratigraphic

units shown in Figure 2.14 are based on the interpretation of the data of well 35/11-14 S.

2.8 Conclusions

The depth of encounter of the various groups doesn’t change significantly between this
well and the other exploration well located within the array, i.e. well 35/11-13 [NPD,
2012]; a maximum difference of 37 m is measured for the top of the Hordaland group
while deeper groups show even less variation in their depth of encounter. Several other
wells are located within ∼15 km of well 35/11-14 S; Their data demonstrate maximum
lateral variations of ∼1000 meters of the main lithostratigraphic units’ depth [NPD,

2012].

The low quality factors we observe for the frequencies down to 0.20 Hz can potentially
be attributed to the combined effect of chalk facies in the Shetland Group and shale facies
in the Rogaland Group [NPD, 2012]. In general, chalks are associated with lower quality
factors than siliciclastic rocks or less porous carbonate rocks and also shales are known
to have low quality factors [Sherrif and Geldart, 1995]. Reid et al. [2001] find shear
wave quality factors of about 20 for the top 200 meters of the Shetland Group based
on VSP datasets from the North Sea. This is in good agreement with the low quality
factors we find for the lower frequencies. A final remark is in order. It is shown in the
next chapter that γ may exhibit a stronger decay due to failing cross-term cancellation.
For station-station separations greater than one to two wavelengths this effect is largely
negligible. However, for smaller interstation distances this excess decay may have a
significant impact and hence could be another explanation for the relatively low quality
factors in the range 0.20-0.25 Hz.

2.8 Conclusions
Despite a very limited acquisition geometry in both time and space, i.e. 16 continuously redeployed broad-band ocean-bottom seismometers recording synchronously for
∼24 hours and a survey period of less than 2 weeks, we are able to extract stable EGFs
from this data set. We demonstrate that the EGF’s amplitudes show a larger decay

with distance as would be expected from purely geometrical spreading. We find that the
wavefield changes significantly over time and demonstrate that temporal and azimuthal
averaging of such a wavefield provides us with a good representation of an isotropic
wavefield. We obtain whitened complex coherency’s real parts to which damped Bessel
functions can be fitted reasonably well. Minimizing the misfit of these Bessel functions
enables us to quantitatively determine the energy decay with distance. In this way we
obtain very reasonable estimates for the quality factors of ∼100 for seawater at 360 m
depth and Q values of 25 for the sediments up to 1000 m depth, while greater depths

show even lower quality factors. These quality factors are obtained by exploiting the
ambient seismic field, which is unprecedented for an experiment of this scale and in this
environment.
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On estimating attenuation from the amplitude of
the spectrally whitened ambient seismic field

Anyone who attempts to generate random numbers by deterministic means is, of
course, living in a state of sin.
John von Neumann

Part of this chapter is accepted for publication as:
Weemstra, C., W. Westra, R. Snieder, and L. Boschi, On estimating attenuation from
the amplitude of the spectrally whitened ambient seismic field, Geophysical Journal
International.
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Abstract
The potential to recover local attenuation values from interferometric receiver-receiver
surface waves is assessed for two-dimensional wavefields. Specifically, the spectrum of
the cross-correlation (cross-spectrum) in a scattering medium is compared to the crossspectrum in a dissipative medium. The scattered wavefield is modeled by assemblages
of isotropic point scatterers. A heterogeneous medium represented by isotropic point
scatterers can be described as an effective medium whose phase velocity and rate of
attenuation are a function of the scatterer density and the average strength of the scatterers. Equating the attenuation rate of the effective medium to that of the dissipative
medium facilitates an immediate comparison of the behaviour of the cross-spectra. The
comparison is made for three experiments which are distinguished from one another by
their illumination: (i) a single plane wave (ii) a uniform distribution of sources in the
far-field and (iii) an arbitrary distribution of far field sources. Under the condition of
uniform illumination by plane waves, the Green’s function of the homogeneous effective
medium can be related to the cross-spectrum. This results in an analytical expression
for the expected behaviour of the cross-spectrum in the scattering medium. The relationship formalizes the expected decay which is found to be exponential as a function
of distance between receivers. This exponential decay is different from the decay of the
cross-spectrum in a dissipative medium illuminated by plane waves. The expected rate
of attenuation of the scattered wavefield is found to adequately describe the rate of decay
of the azimuthally and spatially averaged cross-spectrum.
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3.1 Introduction
Over the last decade the research field of ambient seismic noise has flourished. Its
success in geophysics dates back to the derivation of Claerbout [1968], who relates the
transmission response of a horizontally layered medium to the reflection response of the
same medium. He later generalized his theory to the cross-correlation of noise recorded at
two locations making an analogous conjecture for the 3-D Earth [Rickett and Claerbout,
1999]. The response that is retrieved by cross-correlating two receiver recordings can
therefore be interpreted as the response that would be measured at one of the receiver
locations as if there were a source at the other. This is now known as passive seismic
interferometry (SI) and its first successful application in seismology is due to Campillo
and Paul [2003]. The technique is successfully applied to other media than the Earth:
i.a. solar seismology [Duvall et al., 1993], underwater acoustics [Roux and Fink , 2003],
ultrasonics [Weaver and Lobkis, 2001, 2002], retrieving the building response [Snieder
and afak , 2006; Kohler et al., 2007] and infrasound [Haney, 2009].
While Campillo and Paul [2003] used earthquake coda to extract empirical Green’s
functions (EGFs), Shapiro and Campillo [2004] showed that broadband Rayleigh waves
emerge by simple cross-correlation of continuous recordings of ambient seismic noise.
These surface waves can be used for velocity inversion on a continental scale [e.g. Shapiro
et al., 2005; Yang et al., 2007] as well as on a local scale [e.g. Brenguier et al., 2007; Bussat
and Kugler , 2009]. More recently, it has been shown that, under certain circumstances
and for specific locations and bandwidths, also body waves can be retrieved from the
ambient seismic wavefield [e.g. Draganov et al., 2007, 2009; Nakata et al., 2011; Poli
et al., 2012; Lin et al., 2013].
Much attention has been paid to the preprocessing of data, which includes spectral
whitening and time-domain normalization [Bensen et al., 2007]. Time-domain normalization involves a variety of methods to remove earthquake signals and instrumental
irregularities from the recordings. Such events interrupt the stationarity of time-series.
The first successful applications employed the so-called one-bit normalization [Campillo
and Paul , 2003; Shapiro and Campillo, 2004; Larose et al., 2004], while later studies used
more involved time-domain normalization techniques [e.g. Sabra et al., 2005; Yang et al.,
2007]. Whitening of the spectra prior to cross-correlation, without any time-domain
normalization, turns out to be very effective [Brenguier et al., 2007; Prieto et al., 2009;
Lawrence and Prieto, 2011; Verbeke et al., 2012a]. Recently, Seats et al. [2012] have
shown that spectral whitening alone gives a faster convergence to year-long EGFs than
spectral whitening combined with running normalization or one-bit normalization.
In recent years, several researchers have focused on estimating attenuation based
on interferometric measurements of surface waves [Prieto et al., 2009; Lawrence and
Prieto, 2011, Chapter 2 of this thesis]. The methodology is based on the derivation of
the normalized spatial auto-correlation (SPAC) by Aki [1957]. He showed that, given a

3.1 Introduction

stationary wavefield over a laterally homogenous medium, the normalized azimuthallyaveraged cross-spectrum coincides with a Bessel function of the first kind of order zero
(henceforth Bessel function). A large amount of literature discussing the SPAC can be
found [e.g. Chávez-Garcı́a et al., 2005; Asten, 2006] and an extensive review is given by
Okada [2003]. Nakahara [2012] formulates the SPAC method in dissipative media for
one-, two- and three-dimensional scalar wavefields. The relation between the SPAC on
one hand and SI on the other hand is shown by Yokoi and Margaryan [2008] and Tsai
and Moschetti [2010].
The studies of Prieto et al. [2009], Lawrence and Prieto [2011] and the author (see
Chapter 2 of this thesis) estimate subsurface attenuation by fitting a damped Bessel function to the real part of the azimuthally-averaged coherency. The azimuthally-averaged
coherency varies as a function of distance for individual frequencies. This leads to an
estimation of the quality factor, Q, as a function of frequency. The obtained Q-values
are indicative of the depth variation of attenuation and correlate with the geology in the
survey area [Prieto et al., 2009; Lawrence and Prieto, 2011, Chapter 2 of this thesis]. It
should be noted that, despite these results, it is now well understood that the distribution of noise sources has a significant effect on the behaviour of the azimuthally-averaged
coherency [Tsai , 2011; Weaver , 2012].
An apparent inconsistency arises from the study presented in Chapter 2: they require
the real part of the azimuthally-averaged coherency to be fit by a downscaled version
of the damped Bessel function instead of a damped Bessel function with a value of 1
at zero distance. That is, the damped Bessel function coincides with the real part of
the azimuthally-averaged coherency up to a proportionality constant. The objective of
this study is to explain this inconsistency, i.e., the required proportionality constant.
This factor is not predicted by theory [e.g. Aki , 1957; Tsai , 2011], which suggests that
either one (or more) of the assumptions made in these theoretical studies is violated
in the analysis of the of the ocean-bottom seismometer recordings in Chapter 2. We
show in this study that the inconsistency observed in Chapter 2 can be explained by
the employed normalization procedure in the cross-correlation, whitening and stacking
process.
A commonly made assumption in SI–studies is that noise sources are uncorrelated.
This assumption implies that ‘cross-terms’, i.e., peaks in the cross-correlation originating
from simultaneously acting noise sources, cancel after ensemble-averaging [e.g. Aki , 1957;
Snieder , 2004; Wapenaar et al., 2011; Tsai , 2011; Hanasoge, 2013]. Mathematically
[e.g. Wapenaar et al., 2010a], this cancellation can be written as hNj (t) ∗ Nk (−t)i =
δjk [Nj (t) ∗ Nk (−t)], where δjk is the Kronecker delta function, h.i denotes ensemble

averaging and Nj (t) is the noise produced by a noise source at xj . The asterisk denotes
temporal convolution, but the time reversal of the second noise series turns this into a
cross-correlation. Given uncorrelated noise sources, ensemble averaging on one hand and
cancellation of cross-terms on the other hand are therefore closely related; in fact, the
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latter is the result of the former. Ensemble averages can be taken over time, azimuth
or a combination of these. In all cases, however, averaging needs to be sufficient for
cross-terms to cancel out.
In practice, cross-correlations are often computed in the frequency domain: noise
recordings are Fourier transformed and the spectrum at one station is multiplied by the
complex conjugate of the spectrum at another station. Spectral whitening involves an
additional step where the amplitude of the obtained cross-spectrum is set to unity for all
frequencies. Ensemble averaging, combined with spectral whitening, yields the complex
coherency computed in the attenuation studies mentioned above [Prieto et al., 2009;
Lawrence and Prieto, 2011, Chapter 2 of this thesis]. In this paper we show that the
behaviour of the coherency as a function of distance depends on the order of these two
procedures: spectral normalization of individual cross-spectra prior to averaging yields
a lower amplitude coherency than spectral normalization after ensemble averaging. This
lower amplitude can be attributed to the involvement of cross-terms in the normalization
procedure. Specifically, we find that the amplitude decrease is non-linear, which results
in an excess decay of the coherency at small receiver separations. Our results suggest
that the normalization procedure employed in Chapter 2 included cross-terms.
We use the model introduced by Tsai [2011] to evaluate the difference between spectral whitening after cancellation of the cross-terms and whitening prior to cancellation of
the cross-terms. After introduction of this model (section 3.2), we derive an expression
for the two just mentioned cases (section 3.3). Finally, we verify the obtained analytical
expressions numerically (section 3.4).

3.2 Crosscorrelations in an Ambient Seismic Field
We start with the definition of the time-domain cross-correlation Cxy : for recordings
uT (x) and uT (y), captured at surface locations x and y,
T
Cxy
(t)

1
≡
2T

Z

T

uT (x, τ )uT (y, τ + t)dτ,

(3.1)

−T

where t is time, τ is integration time and where we have normalized with respect to the
length of the employed cross-correlation window, i.e., T . We assume the length of this
cross-correlation window to be sufficiently long with respect to the longest period within
the frequency range of interest, i.e., T  1/ω, with ω the angular frequency. In case
of monochromatic signal oscillating with angular frequency ω this implies that the term

that includes the sinc function can be neglected [see e.g. eq. (6) of Tsai and Moschetti ,
2010]. We define the frequency domain cross-correlation, i.e., the cross-spectrum as
T (ω) ≡ F[C T (t)], where F is the temporal Fourier-transform.
Ĉxy
xy

We will now describe how the displacement at the surface due to ambient vibrations

can be written as a sum over sources. This description is similar to the model introduced
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by Tsai [2011]. Because we allow for attenuation, we base our discussion on the damped
wave equation:
1 ∂ 2 u 2α ∂u
+
= ∇2 u.
c2 ∂t2
c ∂t

(3.2)

Ocean microseisms, the main source of ambient seismic noise on Earth, excite surface
waves much more effectively than all other seismic phases; we therefore apply (3.2) to an
elastic membrane [Peter et al., 2007], interpreting u as any single-mode displacement,
e.g. Rayleigh waves. We assume c(ω) and α(ω) to be laterally invariant (or sufficiently
smooth as to such that an approximate solution can be obtained). The Green’s function
associated with the 2-D damped wave equation is approximated, for a single frequency,
by [Tsai , 2011],
G

(0)

!
r
rsx ω
2iαc
1+
c
ω


i
rsx ω −αrsx
≈ H0
e
,
4
c

i
(x; s, ω) = H0
4

(3.3)

where the approximation holds for weak attenuation, i.e., ω/c  α. H0 is a zero-order
Hankel function of the first kind (henceforth Hankel function) and rsx ≡ |s − x| is the

distance from the source (s) to the receiver (x). Note that both c and α may change
as a function of ω, but that we drop this dependency in the expressions for simplicity.
Alternatively, the constraint on the attenuation can be written in the form 2π/λ  α,

where λ denotes the wavelength and relates to the phase velocity and angular frequency
as λ = 2πc/ω.
We consider the displacement at x due to N sources. Each source’s signal is described

by a cosine oscillating with an angular frequency ω0 and amplitude A, but with a different
random phase φj ; the subscript refers to the source. The randomness of the phases
implies that we assume uncorrelated sources. Assuming each source to be oscillating for
a period of Ta seconds, the Fourier transform of its signal is computed in Appendix 3.A;
we refer to Ta as the ‘realization time’. We write the total displacement at x due to
sources at sj , where j = 1, ..., N , by
û(x, ω) =

N
X

Ŝj (ω)eiφj G(0) (x; sj , ω)

j=1
N

r ω 
iX
jx
=
Ŝj (ω)eiφj H0
e−αrjx ,
4
c

(3.4)

j=1

where the amplitude due to the source at sj is denoted by Ŝj (ω), its phase by φj and the
distance between that source and the receiver by rjx . We assume the phases φj to be
random variables homogeneously distributed between 0 and 2π. Note that Ŝj includes
the amplitude spectrum associated with the Fourier transformation of the random phase

54

3 Spectral whitening

cosine, i.e.,
Ŝj (ω) =

Aj Ta sinc [(ω0 − ω) Ta /2]
√
2 2π

(3.5)

where Aj is the actual amplitude of the source. Although the source only oscillates
at a single frequency ω0 , spectral leakage occurs due to the finite nature of its signal.
This leakage is captured by the sinc function. Note that this is different from the
analysis performed by Tsai [2011], who considers the cross-spectrum of the limiting
case, Ta → ∞. Furthermore, we note that site amplification is ignored, but could be
accounted for by multiplying the right-hand side of equation (3.4) with an extra function
of x and ω [Tsai , 2011].
The displacement at x may also consist of non-propagating noise, i.e., noise that
is local to x and hence is not accounted for by the damped wave equation. This nonpropagating noise could be due to local environmental sources [see e.g. Olofsson, 2010] or
instrument noise [e.g. Sleeman et al., 2006; Ringler and Hutt, 2010]. It can be incorporated by adding a term to equation (3.4) which describes its amplitude and phase [Tsai ,
2011]. We neglect this non-propagating noise however. This assumption might not be
valid for frequencies for which the ambient field has little power, but may be a reasonable
assumption for frequencies in the range of the microseismic peaks [e.g. Peterson, 1993;
McNamara and Buland , 2004; Sleeman et al., 2006; Ringler and Hutt, 2010].
The displacement model of equation (3.4) enables us to derive expressions for the
cross-correlation and auto-correlations associated with a single ‘source correlation time’.
The source correlation time gives the time required for the phase of a noise source’s
signal to become uncorrelated with the phase of the signal emitted by that same source
at an earlier time. Our model’s analogue to source correlation time is realization time
and, accordingly, phases φj are referred to as ‘realizations’. By definition, then, the
phase φj of a source at sj changes randomly between realizations. Note that Ta may
be frequency dependent and, also, may change from one source (region) to another. For
simplicity, however, we assume all sources to have equal realization times. The power of
a source is assumed constant between realizations.
For simplification, we first isolate the source phases in equation (3.4) and write the
displacement associated with a single realization at x as,
û(x, ω) =

N
X

fjx eiφj ,

(3.6)

j=1

with the phase independent part described by fjx , i.e.,
r ω 
i
jx
fjx (ω) ≡ Ŝj (ω)H0
e−αrjx
4
c

(3.7)

The frequency dependence of fjx is henceforth omitted because we only consider a single
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frequency.
We calculate the cross-spectrum for a single realization and frequency ω,
Ĉxy = û(x)û∗ (y)


N
X
= 
fjx eiφj  ×
j=1

=

N X
N
X

N
X

!
∗ −iφk
fky
e

k=1

∗ iφj −φk
,
fjx fky
e

(3.8)

j=1 k=1

where the complex conjugate of a variable z is denoted z ∗ . Note that we explicitly omit
the superscript T since this cross-correlation is computed over Ta . This sum can be
split in two summations: one sum over N cross-correlations of signal associated with the
N sources and another sum over N (N − 1) cross-correlations of signal associated with
different sources. The latter sum is over the so-called ‘cross-terms’ [explained in more
detail by Wapenaar et al., 2010a]. Splitting equation (3.8) gives,

Ĉxy =

N
X

∗
fjx fjy
+

j=1

N X
X

∗ i(φj −φk )
fjx fky
e

(3.9)

j=1 k6=j

The first summation does not depend on the phases of the sources and hence does
not differ from one realization to the other. We will refer to this term as the ‘coherent
term’ and it will be denoted by ĈxyC , i.e.,
ĈxyC ≡

N
X

∗
fjx fjy
.

(3.10)

j=1

The second summation however, does change from one realization to the other. Each
of the cross-terms in this summation has a different random phase and, also, a different
amplitude. Consequently, this summation will result in a random walk of N (N − 1)
different sized steps in the complex plane. We will refer to this term as the ‘incoherent
term’ and it will be denoted ĈxyI , i.e.,
ĈxyI ≡

N X
X

∗ i(φj −φk )
fjx fky
e
.

(3.11)

j=1 k6=j

We now consider the Fourier decomposition of the displacement associated with a
cross-correlation window of length T , i.e., F[uT ], denoted by ûT . The frequency-domain
source displacement over a time window of length T , with T coinciding with a total of M
realization times (T ≡ M ×Ta ), is simply a sum of the displacements associated with the
individual realizations, i.e., individual û (see Appendix 3.A). Note that we for simplicity

assume T an integer multiple of Ta . The displacement at x over a cross-correlation
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window of length T can then be written as
ûT (x, ω) =

M X
N
X

fjx hp eiφjp ,

(3.12)

p=1 j=1

where φjp is the phase of the signal emitted by source j in the p-th realization. Further, the term hp (ω) ≡ ei(ω0 −ω)(pTa −Ta /2) , accounts for the phase shift originating from

the difference in onset between the pth realization and the cross-correlation window (see
Appendix 3.A). Recall that in our formulation different realizations are analogous to
different time windows of length Ta where source phases are assumed to have changed
(randomly) from one time window to the next and that source amplitudes are assumed
constant between realizations. Using this frequency-domain expression for the displacement, the cross-correlation defined in equation (3.1) is, for a single frequency, obtained
by,
T
Ĉxy
(ω) = ûT (x)û∗T (y)

=

M X
M X
N X
N
X

∗
hp h∗q ei(φjp −φkq )
fjx fky

(3.13)

p=1 q=1 j=1 k=1
T in terms of the coherent term defined in equation (3.10) and an
We can write Ĉxy
T , i.e.,
incoherent term associated with Ĉxy



T
T
Ĉxy
(ω) = M ĈxyC + ĈxyI
,

(3.14)

T
where ĈxyI
is given by

T
ĈxyI
≡

M
M M N
N
1 XXX
1 XXXX
∗
∗
fjx fky
hp h∗q ei(φjp −φkq ) .
fjx fjy
hp h∗q ei(φjp −φjq ) +
M
M
p=1 q6=p j=1

p=1 q=1 j=1 k6=j

(3.15)
In the decomposition of

T
Ĉxy

we use the fact that the elements for which j = k and p = q

are independent of the random source phases, whereas the other elements, captured in
T , remain dependent on these phases. Similarly, Ĉ T
T
ĈxyI
xxI and ĈyyI are given by the

right-hand side of equation (3.15) with y replaced by x and x by y, respectively.
Note that equation (3.14) suggests that averaging over long time, instead of over
many different time windows, does not make cross-terms disappear: both the coherent
T , i.e., M Ĉ
T
term and incoherent term of Ĉxy
xyC and M ĈxyI , respectively, grow linearly
T is balanced
with M . Here it should be understood that the 1/M factor included in ĈxyI

by a factor M arising from the two-dimensional random walk of M 2 steps associated
with the double sum over the M 2 random phases. Since T scales linearly with M , this
implies that increasing the length of the cross-correlation window does not render the
T negligible. This perhaps surprising behaviour is discussed in more
cross-terms of Ĉxy
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detail at the end of section 3.3.

3.3 Spectral whitening and ensemble averaging
A frequently made assumption in SI studies is one of mutually uncorrelated noise sources
[e.g. Aki , 1957; Snieder , 2004; Wapenaar et al., 2011; Hanasoge, 2013]. This assumption
T
implies that cross-terms, i.e., ĈxyI
in our formulation, cancel after ensemble averaging.

In our framework, the ensemble average is defined as
T
Cxy

W
1 X T
Cxy v ,
≡
W

(3.16)

v=1

T
where W is the number of computed cross-correlations and each Cxy
is a different
v

cross-correlation, i.e., a cross-correlation associated with a different moment in time.
By means of the model introduced in the last section, we will now evaluate the relation
between (i) the employed cross-correlation window T , (ii) the realization time Ta and
(iii) the spectral whitening procedure. Specifically, we focus on two end-member cases.
The first is dubbed the ‘whitened averaged coherency’ and assumes that cross-terms
have vanished prior to spectral whitening. The second we dub the ‘averaged whitened
coherency’ and assumes that normalization takes place while the cross-terms are still
present in the cross-spectrum. Note, however, that in both cases cross-terms eventually
cancel each other out in the stacking process; it is simply the order of cancellation and
normalization that is reversed.

3.3.1

Whitened averaged coherency

The whitened averaged coherency between recordings captured at surface locations x
and y is defined as
E
T (ω)
Ĉxy
ρ(x, y, ω) ≡ rD
ErD
E
T
T (ω)
Ĉxx (ω)
Ĉyy
D

(3.17)

Note that local (site) amplification at the receivers, due to medium inhomogeneities, is
corrected for by this normalization [Okada, 2003; Weaver , 2012]. This is because any
such amplification would be present in both the numerator and denominator of (3.17).
The azimuthal average, denoted Av[...], is computed using all x and y for which
|x − y| = r. The azimuthal average of ρ we denote ρ̄. If we assume a spatially and

temporally stochastic wavefield over a lossless medium, we get [Okada, 2003; Aki , 1957],

ρ̄(r, ω) ≡ Av [ρ(x, y, ω)] = J0

rω
c(ω)


,

(3.18)

where J0 denotes the 0-th order Bessel function of the first kind and c(ω) the wave

58

3 Spectral whitening

velocity as a function of angular frequency (which implies that c is assumed to be independent of the surface locations x and y). It is useful to note that in case of a uniform
illumination of the receivers at x and y, i.e., an isotropic wavefield, ρ(x, y, ω) coincides
with a Bessel function for any orientation of the line connecting the receivers at x and
y [Tsai , 2011].
Tsai [2011] shows how ρ behaves in the presence of attenuation, that is, a lossy
instead of a lossless medium, and finds that the source distribution strongly determines
its rate of decay with distance. He shows for a number of source distributions how the real
part of ρ behaves as a function of distance for a laterally invariant c(ω) and attenuation
(we explicitly mention “laterally invariant”, because phase velocity and attenuation may
still vary as a function of depth). He proves mathematically that for small α(ω) and for
a homogeneous distribution of sources that

< [ρ(r, ω)] = J0

rω
c(ω)



e−α(ω)r ,

(3.19)

where attenuation is included through multiplication of J0 with an exponential factor
e−α(ω)r and where the operator <[...] maps its complex argument into its real part. The

attenuation coefficient α(ω) accounts for a more rapid decrease of the Bessel function
with interreceiver distance r and hence the effect of energy dissipation and scattering.

Importantly, the imaginary component of ρ(r, ω) is zero for such a distribution of sources.
T , Ĉ T and
Calculation of ρ involves computation of the ensemble averages of Ĉxy
xx
T individually. Tsai [2011] implicitly assumes T = T , i.e., M = 1, in equation
Ĉxx
a

(3.13), and evaluates the ensemble average of Ĉxy . He concludes that the cross-terms
in expression (3.9) can be neglected in the limit of infinite realizations. More explicitly,
he assumes two random walks associated with the ensemble average of CxyI : one where
the steps are associated with different realizations and the other the earlier mentioned
random walk associated with the cross-terms. Due to the correlation between cross-terms
∗ ei(φj −φk ) and f f ∗ ei(φk −φj ) this random walk will be a so-called ‘biased random
fjx fky
kx jy

walk’ however. Because of this and because we do not necessarily require T = Ta , we
T .
choose a different approach than Tsai [2011] to evaluate the ensemble average of Ĉxy

We define the source phases φjp in equation (3.13) to be random variables that are
independent and identically distributed (‘i.i.d.’) and described by a uniform distribution
T therefore depends on N × M random
between 0 and 2π. The cross-correlation Ĉxy

T is a random variable itself. These phases are the only variables in
variables and hence Ĉxy

equation (3.13) that vary between the different cross-correlation windows. Substituting
T is therefore given by,
(3.13) in (3.16), the ensemble average of Ĉxy

D

T
Ĉxy

E

W M M N N
1 XXXXX
∗
=
fjx fky
hp h∗q ei(φjpv −φkqv ) ,
W

(3.20)

v=1 p=1 q=1 j=1 k=1

where φjpv is the phase of source j for realization p within cross-correlation window v.
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T will tend to its expected value. Since we
For large W , the ensemble average of Ĉxy

assume the phases to be independent identicallyh distributed
random variables, the exi
T
pected value of the cross-correlation, denoted E Ĉxy , can be computed by integrating
equation (3.14) from 0 to 2π over φ11 , φ12 , . . . , φ1M , . . . , φN 1 , . . . , φN M . To reduce notational burden, we refer to this series of N × M random variables by φN,M . The expected
value is computed,

Z
h

T
E Ĉxy
=

2π

1

i

T
Ĉxy
(φN,M ) dφN,M

N ×M

(2π)

0

Z
= M ĈxyC +

1
(2π)N ×M
0

+

M X
M X
N X
X

2π
M XX
N
X

∗
fjx fjy
hp h∗q ei(φjp −φjq )

p=1 q6=p j=1

∗
fjx fky
hp h∗q ei(φjp −φkq ) dφN,M .

(3.21)

p=1 q=1 j=1 k6=j

Because the integrands in equation (3.21) traverse a circle in the complex plane from
0 to 2π, integration yields zero for these elements. Consequently, we find that crossterms indeed vanish and that only the coherent term ĈxyC , multiplied by M , survives.
T and Ĉ T coincide with M ×
Similarly, the expected values of the auto-correlations Ĉxx
yy

ĈxxC and M × ĈyyC , respectively. We therefore conclude, in agreement with Tsai [2011],

that,

ĈxyC
.
ρ(x, y, ω) = q
ĈxxC ĈyyC

(3.22)

Tsai [2011] shows how the source distribution determines the decay of the real part of
this identity with distance between x and y. For a number of specific (end-member)
examples he explicitly computes this decay.
T coincides with
It should be understood that the fact that the expected value of Ĉxy

M ĈxyC for any value of M does not imply that its convergence towards M ĈxyC is equally
T
fast for any value of M . In fact, the expected fluctuations associated with ĈxyI
scale

linearly with M because the expected absolute distance covered by a two-dimensional
random walk of M 2 steps coincides with M . Consequently, for larger M , it may well be
that more averaging is required to converge to M ĈxyC .

3.3.2

Averaged whitened coherency

We will now evaluate the effect of spectral whitening of the cross-spectrum prior to
cancellation of the cross-terms. We denote this by γ and in the context of our model it
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is defined as,
*
γ(x, y, ω, T ) ≡

T (ω)
Ĉxy
q
q
T
T (ω)
Ĉxx (ω) Ĉyy

+
(3.23)

Note that this expression coincides with hĈxy / Ĉxy i in case M = 1. Clearly, from a
model perspective, γ is different from ρ. Because we aim to explain the proportionality

constant required in the study presented in Chapter 2, we briefly put the difference
between γ and ρ in the context of those results.
The study presented in Chapter 2 employed cross-correlation windows with a length
of 60 seconds. Discrete Fourier transforms (DFTs) of these noise series were computed
for all stations and cross-correlation windows. For each individual station pair and
cross-correlation window, the spectrally whitened cross-spectrum was computed by multiplication of the spectrum associated with the first station with the complex conjugate of
the spectrum associated with the second station and subsequent normalization. For each
discrete frequency, the coherency was obtained by subsequent averaging of the normalized cross-spectra over different cross-correlation windows. This procedure implies that
their results should be interpreted as γ. We anticipate on the final result of this section
by introducing the azimuthally-averaged averaged whitened coherency, denoted γ̄. Similarly as for the whitened averaged coherency, it is defined as γ̄ (r, ω) ≡ Av [γ (x, y, ω)]

and averaging is over all x and y for which |x − y| = r. The results of the data analysis
presented in Chapter 2 indicate that


< [γ̄(r, ω)] = P (ω)J0

rω
c(ω)



e−α(ω)r ,

(3.24)

where P (ω) is a frequency-dependent proportionality factor. That is to say, other than
(3.19), they require multiplication of the damped Bessel function with a proportionality
constant.
We note that the coherency formulated and computed by Prieto et al. [2009] and
Lawrence and Prieto [2011] differs from both ρ and γ. That is, in these studies crossspectra are normalized with respect to the smoothed power spectral densities at x and
T (ω) and Ĉ T (ω) may well apy. These narrow-bandwidth averages of individual Ĉxx
yy

proximate the respective expected values, i.e., ĈxxC and ĈyyC , at the centre frequencies
of these bandwidths to a fair degree. Consequently, the results obtained by these researchers may be explained better by the behaviour of ρ than by that of γ. This is
discussed in more detail at the and of this section and in section 3.6. We now turn to
solving for γ analytically.
q
T , the ensemble average of Ĉ T / Ĉ T Ĉ T tends
Similar to the ensemble average of Ĉxy
xy
xx yy
to its expected value. In order to find a solution for γ we therefore need to evaluate the
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q
T / Ĉ T Ĉ T over the φN,M from 0 to 2π, i.e.,
integrals of Ĉxy
xx yy

Z
γ=

2π

1
(2π)N ×M
0

T
Ĉxy
q
dφN,M
q
T
T
Ĉxx
Ĉyy

(3.25)

As it stands, solving these integrals is not a trivial exercise and we therefore resort to
perturbation theory: we will rewrite the integrand as a Taylor series in the incoherent
terms. Let us therefore first write the cross-correlation and auto-correlations in terms
of their coherent and incoherent terms, i.e.,
T
T
ĈxyC + ĈxyI
Ĉxy
q
=q
,
q
T
T
T Ĉ T
Ĉxx
Ĉ
+
Ĉ
Ĉ
+
Ĉ
xxC
yyC
yy
xxI
yyI

(3.26)

Based on empirical arguments (Chapter 2 of this thesis), we suspect the solution for
ρ not an unreasonable proxy for γ and therefore pretend the incoherent terms in the
right hand side of equation (3.26) to be small. To that end, we introduce the auxiliary
parameter ,
T
T
ĈxyC +  ĈxyI
ĈxyC + ĈxyI
q
→q
.
q
q
T
T
T
T
ĈxxC + ĈxxI
ĈyyC + ĈyyI
ĈxxC +  ĈxxI
ĈyyC +  ĈyyI

(3.27)

Notice that  = 0 implies that the solution for γ coincides with that for ρ.
A Taylor expansion in the small parameter  yields a power series that quantifies
the deviation of (3.26) from the solution for ρ: a so-called perturbation series. The
right-hand side of the mapping in (3.27) we denote γ and its Taylor series about  = 0
is given in Appendix 3.B. This Taylor series can be reformulated in terms of ρ multiplied
by a power series in  (see equation (3.56)) The coefficients of this power series are
denoted γ0 , γ1 , γ2 , .... Coefficients are explicitly computed up to degree two and given
by equations (3.57)–(3.59), respectively.
Rewriting (3.26) as a power series in , i.e., a perturbation with respect to the solution
for ρ, is simply a vehicle to be able to evaluate the integrals over the random phases φN,M .
We do not actually expect the incoherent terms to be small for individual realizations.
That is to say, if we set  to 1, the perturbation associated with the amplitude of the
incoherent terms might not be so small. Importantly however, we do anticipate the
expected value of the perturbation to be small. With this rationale we therefore set
 = 1 in equation (3.56). This implies that we can compute γ by simply calculating the
expected value of the coefficients γ0 , γ1 , γ2 , .... The independent identically distributed
source phases φjp allow us to follow the same procedure as for the earlier calculation
of the expected value of the cross-correlation: the expected value of γ (with  = 1) is
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obtained by integrating the coefficients over the phases φjp from 0 to 2π, i.e.,

γ = E [γ=1 ] =

ρ

Z

(2π)N

0

2π

γ0 + γ1 + γ2 + O (γ3 ) dφN,M .

(3.28)

We neglect the expected values of terms that or of order higher than the second degree
and denote this approximation γap , i.e.,
γap = ρ (E [γ0 ] + E [γ1 ] + E [γ2 ])

(3.29)

The calculation of the expected values of the higher order terms is technically involved and their behaviour is slightly peculiar. Resummations or other techniques might
be needed, these issues are currently under investigation. Numerical calculations of γ
presented in section 3.4 suggest, however, that E [γ=1 ] (and hence γ) is sufficiently approximated by γap . Actually, we will show later in this section that E [γ=1 ] can be
approximated even further by approximating the expected value of γ2 .
The expected values of γ0 , γ1 and γ2 are given by the integrals in equation (3.28),
and are calculated in Appendix 3.C. The expected value of γ0 equals 1 and the expected
value of γ1 , given by equation (3.60), equates to zero. The expected value of γ2 is computed according to equation (3.61) and results in summations over source contributions
as is shown in equations (3.62) and (3.63). The expected values in equation (3.61) are
given by equations (3.64)-(3.68). We rewrite the first term in these equations to account
for the k 6= j exception of the second sum, i.e.,
N X
X

∗
∗
fkx fjy
fjx fky

j=1 k6=j

=

N X
N
X
j=1 k=1

∗
∗
fkx fjy
fjx fky

−

N
X

∗
∗
fjx fjy
fjx fjy
.

(3.30)

j=1

Consequently, the second term of each of the equations (3.64)-(3.68) reduces in amplitude
from (1 − 1/M ) to 1/M .

The behaviour of γ (and hence γap ) as a function of distance between x and y is

dictated by the distribution of sources and their amplitudes. In order to be able to
explicitly solve for specific distributions of sources, we transform the summations over
sources into integrations over these sources. The summation over N discrete sources at
R
locations sj turns into an integral S ds over surface area s. To that end we transform
the discrete fjx into a continuous distribution fsx using the continuous equivalent of the
right-hand-side of equation (3.7), i.e.,
r ω 
i
sx
fsx ≡ As H0
e−αrsx .
4
c

(3.31)

As is the source density as a function of location s and rsx denotes the distance between
that location and receiver x. Note that As includes an implicit normalization dependent
on the density of the discrete sources (i.e., a constant with units m−2 ), which ensures
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that the evaluation of the integrals and the result of the summations give equal values
and have equal units. Using the continuous fsx , the coherent terms, defined in equation
(3.10), become,
Z
ĈxyC =

∗
fsx fsy
ds,

(3.32)

∗
fsx fsx
ds,

(3.33)

∗
fsy fsy
ds.

(3.34)

S

Z
ĈxxC =
S

and

Z
ĈyyC =
S

Interestingly, the double sum in the right-hand side of equation (3.30) can be written
as the product of two sums, or, equivalently,
h
ithe product of two integrals. For examT
2
ple, the double sum associated with E ĈxxI , i.e., equation (3.64), can be written as
R
R ∗
PN
PN
∗
∗
∗
0
j=1 fjx fjx × k=1 fkx fkx . This product translates to S fsx fsx ds× S fs0 x fs0 x ds which

2 . The expected values of the products of the incoherent terms in γ ,
coincides with ĈxxC
2

i.e., equations (3.64)–(3.68), therefore translate to the following integrals, respectively,
Z Z
Z
h
i
1
∗
∗
0
T 2
fsx fs0 x fs0 x fsx dsds −
E ĈxxI =
f 2 f ∗ 2 ds
M S sx sx
S S
Z
1
2
= ĈxxC −
f 2 f ∗ 2 ds,
M S sx sx
Z Z
Z
h
i
1
T 2
∗
2 ∗2
E ĈyyI
=
fsy fs∗0 y fs0 y fsy
dsds0 −
fsy
fsy ds
M
S S
S
Z
1
2
f 2 f ∗ 2 ds,
= ĈyyC
−
M S sy sy
Z Z
Z
h
i
1
∗
2 ∗ ∗
T
T
E ĈxyI
ĈxxI
=
fsx fs∗0 y fs0 x fsx
dsds0 −
fsx
fsy fsx ds
M
S S
S
Z
1
= ĈxxC ĈxyC −
f 2 f ∗ f ∗ ds,
M S sx sy sx
Z Z
Z
h
i
1
T
T
∗
∗
0
f ∗ 2 fsx fsy ds
E ĈxyI ĈyyI =
fsx fs0 y fs0 y fsy dsds −
M S sy
S S
Z
1
= ĈyyC ĈxyC −
f ∗ 2 fsx fsy ds,
M S sy

(3.35)

(3.36)

(3.37)

(3.38)

and
Z Z
Z
h
i
1
T
T
∗
∗
∗
E ĈxxI
ĈyyI
=
fsx fs∗0 x fs0 y fsy
fsx fsx
fsy fsy
ds
dsds0 −
M
S S
S
Z
1
∗
∗
fsx fsx
fsy fsy
ds.
= ĈxyC ĈyxC −
M S

(3.39)
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In Appendix 3.D we calculate γap for sources distributed uniformly on a ring in
the far field. The integrals in equations (3.32)-(3.34) are explicitly solved for such a
source distribution in Appendix 3.E. In Appendix 3.F the behaviour of (3.35)-(3.39) is
explicitly computed. It becomes clear from the expressions obtained in Appendix 3.F
that the single integrals of products of four fsx,y in equations (3.35)-(3.39) only add
small corrections to the final solution for γap (see Appendix 3.D). Moreover, for M > 1,
the corrections’s amplitudes decreases as 1/M and hence will be smaller even. Although
the corrections are found to be small, specifically assuming sources distributed randomly
on a ring in the far field, we believe that that finding can be generalized to any source
distribution. This belief stems from the excellent fit we obtain to numerically computed
values of γ without accounting for these terms. This comparison is made in section 3.4
for two arbitrary source distributions. We will therefore neglect these single integrals
in (3.35)-(3.39) and hence obtain an approximation of E [γ2 ]. This approximation is
obtained by substituting the coherent terms associated with the double integrals for the
expected values in equation (3.61),
E [γ2 ] ∼
=

2
3ĈxxC
2
8ĈxxC

= −

+

2
3ĈyyC
2
8ĈyyC

−

ĈxyC ĈxxC
2ĈxyC ĈxxC

−

ĈxyC ĈyyC
2ĈxyC ĈyyC

1 1 ĈxyC ĈyxC
.
+
4 4 ĈxxC ĈyyC

+

ĈxyC ĈyxC
4ĈxxC ĈyyC
(3.40)

∗ , we recognize, using equation (3.22), that (3.40)
Since, by definition, CyxC = CxyC

coincides with −1/4 + (1/4) |ρ|2 . We introduce the ‘coherent approximation’, denoted
γapC , which approximates γap in the sense that E [γ2 ] in (3.29) is approximated by

(3.40). Note that this approximation is exact in case M tends to infinity. Substituting
this approximation and the expected values of γ0 and γ1 , i.e., 1 and 0, respectively (see
Appendix 3.C), in equation (3.29), we obtain,
3
|ρ|2
γapC = ρ +
ρ.
4
4

(3.41)

It is useful to note that, in case of an isotropic distribution of sources, ρ is purely
real [Tsai , 2011], which implies that |ρ|2 = ρ2 . We therefore recognize that for such a

distribution of sources γapC = (3/4)ρ + (1/4)ρ3 .

We can next use the results of Tsai [2011] who demonstrates how the source distribution governs the behaviour of ρ as a function of interreceiver distance rxy . The source
distribution is described with respect to the point centered between the two receivers at
x and y. In cases with sufficient sources sufficiently far away, ρ behaves as a decaying
oscillating function. For example, for an isotropic distribution of sources, ρ behaves as
a decaying Bessel function of order zero, where the decay depends on the subsurface attenuation, i.e., α, and the radial distribution of sources. For an anisotropic distribution
of sources, in turn, the behaviour of ρ can be described by a series of Bessel functions of

3.4 Numerical Verification

order 1...n where the weight of the higher order Bessel functions scales with the degree
of anisotropy of the source distribution [see, e.g., also Harmon et al., 2010]. The bottom line is that for greater receiver separations, the second term on the right-hand side
of (3.41) will tend to zero significantly faster than the first term. Our result therefore
suggests that, irrespective of the source distribution, the behaviour of γ is dominated by
the first term on the right-hand side (3.41) for greater receiver separations.
By computing γ numerically for two arbitrary source distributions, we confirm in
section 3.4 that, despite our approximations, the behaviour of γ is well described by
equation (3.41). First, however, we briefly discuss a somewhat surprising result arising
from our analysis. We showed in subsection 3.3.1 that averaging the cross-correlation
over many different time windows renders the amplitude of the cross-terms negligible, i.e.,
their expected values are zero. As pointed out at the end of section 3.2, however, equation
(3.14) suggests that averaging over very long time, instead of over many different time
windows, does not reduce the relative amplitude of the cross-terms. We believe, however,
that the fact that the cross-terms of the cross-spectrum do not cancel for large T does
not imply that the cross-terms of the cross-correlation do not cancel for large T . In
fact, we suspect that this cancellation is inherent in the computation of the inverse
Fourier transform. Although it will not be proven explicitly here, qualitatively it can
be understood by considering (i) the leakage to adjacent frequencies associated with the
finite realization time Ta and (ii) the sampling in the frequency domain due to the length
of the chosen cross-correlation window T .
The leakage due to the finite realization time results in a squared sinc function in the
cross-spectrum, i.e., sinc2 [(ω0 − ω) Ta /2]. The peak of this function has an approximate
width of ∆ωTa ≡ 2π/Ta . In practice, DFTs are often computed in order to calculate

the cross-correlation: the spectrum at x is multiplied by the complex conjugate of the
spectrum at y after which the cross-correlation is obtained through computation of
the inverse DFT of the cross-spectrum. The DFT associated with a cross-correlation
window of length T  TA has a sampling interval in the frequency domain of ∆ωT ≡ 2π/T .

Expressing ∆ωTa in terms of T and Ta , we have, ∆ωTa = M ∆ωT . Computation of the inverse
T over a bandwidth ∆ω may well cause cross-terms to become vanishingly
DFT of Ĉxy
Ta

small in the time domain. Similarly, we expect the cross-terms of the auto-correlation to
stack incoherently in case an M-point smoothed spectral density function is computed
[i.e., conform Lawrence and Prieto, 2011]. A formal derivation, however, is beyond the
scope of this work.

3.4 Numerical Verification
For two arbitrary source distributions we calculate ρ and γ numerically, using equations
(3.17) and (3.23), respectively. We assume T = Ta (M=1) and hence the cross-spectrum
T = Ĉ , which implies that the coherent and incoherent
is given by equation (3.8), i.e., Ĉxy
xy
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θ=π/2

250λ
θ=π

25λ

θ=0

λ/30

θ=3π/2
Figure 3.1: The setup of the numerical experiment. Sources, in blue, are randomly
placed (with the probability defined by equation (3.42) in this case) on a circle with
outer radius 250λ and inner radius 25λ. The bottom right zooms in on the very centre
of the experiment and shows a blow-up of the line of receivers. The receiver separation
increments with λ/30

terms are given by equations (3.10) and (3.11), respectively. The phase velocity c is
assumed spatially invariant and, since our model is monochromatic, we prescribe the
geometry in terms of the wavelength considered. Cross-spectra are calculated for pairs
of receivers equidistant from the centre of the distribution of sources (see Figure 3.1).
Interreceiver distances are incremented by λ/30, starting at rxy = 0. For each receiver,
we simply compute equation (3.4) with source contributions computed using the exact
Green’s function given by equation (3.3). These sources are given random phases between
0 and 2π.
A total of two-and-a-half million sources (N = 2.5×106 ) are randomly placed with the
probability prescribed by the source density function As (θ, r), which in a first experiment
we define,

 3 + 1 cos(θ −
As (θ, r) = 4 4
0,

5π
6 ),

25λ < r < 250λ

(3.42)

otherwise,

and in the following experiment we define,

 1 + 1 cos(2θ),
As (θ, r) = 2 2
0,

25λ < r < 250λ
otherwise.

(3.43)
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Figure 3.2: Behaviour of the whitened averaged coherency and the averaged whitened
coherency for a an attenuating medium with α = 0.15/λ. We have assumed a coinciding
realization time and measurement time, i.e., T /Ta = 1. The result of the first experiment, with the source distribution prescribed by equation (3.42) (and shown in Figure
3.1), is shown in ( a) and that of the second experiment, with the source distribution
prescribed by equation (3.43) , in ( b). The green dots and triangles present the real
and imaginary parts of the averaged whitened coherency, respectively, as obtained from
our numerical experiment. Similarly, the blue dots and triangles present the real and
imaginary parts of the whitened averaged coherency, respectively. The black lines depict
the behaviour of our analytical approximation of the averaged whitened coherency, i.e.,
equation (3.41). The red curves show the behaviour of our approximation in case the
second term at the right-hand side of equation (3.41) is neglected. For interreceiver
distances larger than approximately two wavelengths, the averaged whitened coherency
is approximated correctly by three quarters of the whitened averaged coherency. Distributions of normalized cross-spectra for individual realizations are given in Figure 3.3 for
the station separation for which Re[ρ] and Re[γ] are depicted by diamonds.
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Figure 3.3: Individual Ĉxy / hĈxx ihĈyy i ( a) and individual Ĉxy / Ĉxy ( b) for a

station separation of ∼ 1.6λ (see Figure 3.2). In both figures the geometric mean of
the values, i.e., ρ ( a) and γ ( b), are shown by a green and yellow dot, respectively. For
comparison ρ is also depicted in b.

We subsequently calculate the auto-correlations and cross-correlations, i.e., we compute
expression (3.8). Averaging over a total of 25 000 realizations (W = 2.5 × 104 ), where
source phases change randomly between realizations, we then calculate ρ and γ using

equations (3.17) and (3.23), respectively. Note that we do not average over the azimuth
(and hence do not compute ρ̄ and γ̄), because all our receivers are placed along a single
line.
Figure 3.2 shows the results for both experiments for a prescribed attenuation of
α = 0.15/λ. Both the real (circles) and imaginary (triangles) parts of ρ (blue) and γ
(green) are plotted. The black curves are calculated by substituting the obtained values
for ρ in equation (3.41). Despite our approximations, we observe that γapC coincides well
with the behaviour of the numerically-computed γ values for both source distributions.
The red curve gives the behaviour solely due to the first term at the right-hand side
of this equation, i.e., three quarters of ρ. For greater distances, the behaviour of the
numerically-computed γ values is well explained by this term only. The high amplitudes
of the real part in b can be explained by the relatively high number of sources in the
stationary-phase directions in the second experiment, i.e., source
density function (3.43).
q

Figure 3.3 exemplifies the distribution of individual Ĉxy / hĈxx ihĈyy i and individual
Ĉxy / Ĉxy for a station separation of ∼ 1.6λ. It illustrates how the collapse of individual

Ĉxy on the unit circle results in an amplitude decrease of ∼ 25%.

Let us for the moment consider a lossless medium. In case sources are distributed
uniformly with angle, ρ will then coincide with a Bessel function [Tsai , 2011]. This is
irrespective of the station-station azimuth. Non-uniformities in the illumination, however, result in deviations of the behaviour of ρ from a Bessel function (as illustrated
in Figure 3.2a). Nevertheless, for such non-uniform illumination equation (3.18) still

3.5 Appraisal of the theory using an array of Swiss stations

holds and hence ρ̄ coincides with a Bessel function [Okada, 2003; Aki , 1957]. This line
of reasoning, however, cannot be extended to γapC and its azimuthal average. The reason is the non-linear manner in which γapC is affected by deviations from an isotropic
distribution of sources. Consequently, the azimuthal average of γapC in a non-uniformly
illuminated wavefield does not coincide with γapC in a uniformly illuminated wavefield.
Nevertheless, for deviations from a uniform illumination that are not too large, the azimuthal average of γapC will not be very different from γapC in a uniformly illuminated
wavefield. Ultimately, only the second term of γapC , which has a maximum amplitude
of 1/4, exhibits the non-linear dependency. The azimuthal average of the first term of
γapC still coincides with 3/4 × ρ̄ (and hence 3/4 × J0 ). To appraise our approximation

of γ, i.e., expression (3.41), we therefore compute the azimuthal average of ensemble
averaged whitened cross-spectra. We use an array of Swiss stations and simply ignore
attenuation and the second term in (3.41).

3.5 Appraisal of the theory using an array of Swiss stations
As mentioned before, this study is motivated by the findings in chapter 2. More specifically, by the need to introduce P (ω) in order to properly fit a damped Bessel function
to the real part of the azimuthally averaged whitened cross-spectrum. We recall that
P attained values between 0.4 and 0.75, i.e., depending on frequency. In light of the
analysis in this chapter, this strongly suggests that the window-length of 60 seconds was
too short for cross-terms to cancel and hence whitening took place prior to cancellation. Other (additional) explanations, however, should not be ruled out. In fact, values
P < 0.75 require an additional explanation as our theory does not account for them.
Two of these possible explanations are, among others, (i) local, non-propagating noise
(e.g. instrument noise) and (ii) strong (earthquake) events present in the recordings.
The fact that we employ a two-dimensional model to explain the ambient vibrations, is
another potential reason why fudge factors below 0.75 are required. That is, the model
does not take into account possible coherent body wave arrivals.

3.5.1

Data Selection

We utilize data recorded by an array of stations in northwestern Switzerland to test
if short time windows will result in P values of ∼ 0.75. This data set is a subset of
the database created by Verbeke et al. [2012a] to obtain Rayleigh-wave velocity maps

of central Europe. Recordings by 18 stations over the whole of 2006 are used (Figure
3.4). The relatively dense station coverage makes this set of stations rather suited. We
will evaluate cross-spectra centered around 0.0625 Hz. The principal reason to focus on
this frequency range is the surface-wave phase velocity below the selected region: phase
velocity maps presented in Verbeke et al. [2012a] reveal that the surface-wave phase
velocity at 16 seconds (i.e., 0.0625 Hz) is fairly constant around 3300 m/s throughout
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48˚

BALST
PLONS

47˚

TORNY

46˚
6˚

7˚

8˚

9˚

10˚

Figure 3.4: Array of stations used to evaluate the behaviour of the azimuthally averaged
normalized cross-spectrum. Only station couples connected with lines are taken into account, i.e., station couples with station separations smaller than 100 km. Power spectral
densities of recordings over January and August at stations TORNY and PLONS, depicted in yellow, are presented in Figure 1.5

the region. Averaging over different station-station paths (i.e., azimuths) will therefore
not (or only slightly) result in additional errors while fitting a downscaled Bessel function
to the real parts of the azimuthally-averaged cross-spectra.
An additional reason to evaluate this frequency, is the noise power and source mechanism of the noise at this frequency. The power spectral density at stations Torny and
Plons, depicted yellow in Figure 3.4, are shown in Figure 1.5 for the months January and
August. It is clear that 0.0625 Hz approximately marks the peak of the ‘single-frequency’
microseism range [consult e.g. Stehly et al., 2006, for more information on the singlefrequency microseisms]. We therefore expect the ambient seismic surface wavefield at
this frequency to be sufficiently powerful and diffuse. Also, contrary to the ‘doublefrequency’ microseism peak [e.g. Gerstoft et al., 2008; Landés et al., 2010], we are not
aware of any single-frequency microseismic body-wave observations. Summarizing, the
noise power and noise source mechanism around 0.0625 Hz mitigate potential distortion
by local, non-propagating noise and body wave energy.

3.5.2

Data Processing & Bessel Function Fitting

We first remove the instrumental response from the signals. Second, since our model
relies on the diffusivity of the ambient seismic field, we remove events that interrupt the
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Figure 3.5: Cross-spectra at 0.06 Hz ( a), 0.0625 Hz ( b) and 0.065 Hz ( c) for all
station couples presented in Figure 3.4. The blue dots present the real parts while the
red dots depict imaginary parts. The Bessel function that minimizes equation (3.44) is
shown as a black line with the corresponding variables given in the top right corner. The
number of time windows used in the averaging process (per station couple) is given by
the histogram at the top.
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stationarity of the recordings (explained in Appendix 3.G). We then cut the remaining
event-free recordings into time windows of 15 minutes and remove mean and trend. For
each station couple separately, we subsequently Fourier transform the time windows,
compute the cross-spectra, whiten them, and stack them. Stacks are normalized with
respect to the total number of time windows summed and we only take into account
station couples with a station separation smaller than 100 km. The maximum station
separation is limited to 100 km to prevent degradation of our estimate of γ by potential
differences in the average phase velocity between different stations. The resulting crossspectra are presented in Figure 3.5 for three discrete frequencies.
Assuming that the azimuthal coverage of our data set is sufficient, we define the
misfit function, which is based on the L1-norm, as
M F (P, c) =

N
X
i=1


< [γi ] − P (ω)J0

ri ω
c (ω))


(3.44)

where N is the number of station couples, ri and γi the station separation and average
cross-spectrum associated with the ith station couple, respectively. The Bessel functions
that minimize the misfit for the three discrete frequencies presented in Figure 3.5 are
plotted on top of data points as black solid lines. It is reassuring to observe that M F
attains its minimum for values of P that are close to (or coincide with) 0.75. For all
frequencies associated with the primary microseisms peak, we obtain values between 0.7
and 0.75 for P . This strongly suggests that cross-terms are still present in the crosscorrelations of the 15-minute windows. We did not explicitly test whether including
attenuation and the second term in (3.41) in the misfit function would alter the retrieved
P (ω). A qualitative inspection of Figure 3.5, however, does not suggest this. Also,
taking into account attenuation would have resulted in a slightly elevated P (ω), whereas
including the second term of γapC would have slightly decreased the estimated P (ω).
Finally, the obtained (average) phase velocities agree well with those presented in Verbeke
et al. [2012a].

3.5.3

Non-stationarity & cross-terms

The ambient seismic field generally exhibits significant fluctuations in power, specifically
in frequency bands associated with microseism energy (Figure 3.6). Computation of ρ
will therefore downweight cross-spectra associated with low energetic time windows.
Instead, computing γ assigns equal weight to all time windows in the averaging process.
Three specific periods, each with a length of two days, have been selected to exemplify
this. The three two-day periods are delineated by blue dashed lines in Figure 3.6b.
Individual cross-spectra computed from recordings by stations Torny and Balst (Figure 3.4) are presented in Figure 3.7 for 15-minute windows; plot a, b and c correspond
to window 1, window 2 and window 3 in Figure 3.6, respectively. All data points are
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Figure 3.6: Band-pass filtered data (0.06 − 0.10 Hz) recorded by station TORNY during January
2006 (top) and the power spectral density at 0.0625 for that period (bottom). Red colored PSDs
exceed the fd-sta/lta-filter threshold (Appendix 3.G) and are neglected in the computation of the
cross-spectra presented in Figures 3.8 and 3.7. The blue dashed lines indicate beginning and end of
three periods for which individual cross-spectra are plotted in Figure 3.7.

normalized with respect to

q
hĈxx ihĈyy i where hĈxx i and hĈxx i are averages over the

auto-correlations associated with the individual 15-minute time windows in window 1
(at 0.0626 Hz). All cross-spectra are therefore normalized with respect to the same
value.
The fact that data points of the same color do not cluster in any of the three plots

in Figure 3.7, suggests that the scatter in these data points is due to cross-terms. Were
the phase and amplitude of the cross-spectra due to a single strong source, then such
clustering could be expected. Also, in that case, cross-terms would be non-existent and
P would coincide with one in Figure 3.5.
The individual cross-spectra in window 2 have significantly higher absolute values
and hence also the average cross-spectrum associated with window 2 has a significantly
higher amplitude than the average cross-spectra in window 1 and window 3. This
illustrates why computation of ρ is in practice problematic: the phase associated with
the geometric mean of the green dots in Figures 3.7a, b and c is mainly determined by
the phase of the cross-spectra associated with window 2. In other words, the ensemble
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Figure 3.7: Individual Ĉxy / hĈxx ihĈyy i between stations Torny and Balst at 0.0626
Hz. Each dot corresponds to a cross-correlation of two time windows of 15 minutes.
A 50% overlap between consecutive time windows is used. a, b and c present crossspectra in window 1, window 2 and window 3, respectively (see Figure 3.6). Note
that the denominator is obtained from the ensemble averaged auto-correlations obtained
for window 1. The color of the dots indicates their moment in time (see scale bar).
The green dots depict the geometrical average. For comparison, the axes in a, b and c
have the same scale. As a consequence, many cross-spectra exceed the minimum and
maximum axis values in b.
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Figure 3.8: Individual Ĉxy / hĈxx ihĈyy i ( a) and individual Ĉxy / Ĉxy ( b) for station
couple Torny and Balst at 0.0625 Hz over a period of two days, i.e., window 1 in Figure
3.6. In both figures the geometric mean of the values, i.e., ρ ( a) and γ ( b), is shown
by a green dot. Note that a is equal to Figure 3.7a, except that the axes have different
scales.

averaged cross-spectrum’s phase is predominantly determined by the phases of crossspectra associated with periods of increased noise power. As a consequence, computing
ρ does not fully exploit the randomness intrinsic to the ambient seismic field. This
randomness is better exploited by computing γ. Recently, Seats et al. [2012] found that
using relatively short time windows yields EGFs with higher time-domain Signal-tonoise ratios. Although we do not explicitly show it, we are unable to retrieve EGFs by
computation of ρ from year-long recordings of the stations couples in Figure 3.4.

3.6 Discussion and conclusions
The theoretical framework provided by Tsai [2011] illustrates how the whitened averaged
coherency behaves as a function of interreceiver distance for different source distributions.
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Most notably, he derives how its decay, and hence that of its azimuthal average, varies
as a function of source distribution in the presence of attenuation. His results are very
useful, but, in order to make proper use of them, one needs to make sure that the
whitened averaged coherency is properly obtained from the data. That is to say, the data
processing needs to be adequate in the sense that the cross-terms (i.e., the incoherent
parts in our model) cancel out and expression (3.22) is effectively implemented. This
is, in practice, not a trivial task, especially since the (average) source correlation time
is unknown. The length of the interval over which the ambient seismic field needs to
be averaged to make the cross-terms cancel out is therefore unknown. Our results in
section 3.5 validates the derived theory: a proportionality constant of ∼ 0.75 is found to

minimize the misfit between the Bessel function and the data points in case the averaged
whitened coherency is computed from the Swiss data.
There are two additional issues that make it difficult to retrieve the whitened averaged coherency as defined by equation (3.22) from ambient seismic noise data. First,
time-series are frequently interrupted by transient large-amplitude pulses, e.g. earthquake signals. Second, the ambient seismic field is essentially non-stationary, also at
the frequencies dominated by microseismic signal. It might be stationary over shorter
intervals, ranging from a few hours to a few days, but over timespans of months to years,
which generally are the periods for which data are collected in interferometric surface
wave studies, it is rather non-stationary. This has been recognized by researchers in
the SPAC-community before [see e.g. Okada, 2003]. The rate at which the power of the
ambient seismic field fluctuates may even be higher than the time needed for cross-terms
to cancel out. It is, for that reason, rather useful that normalization and cancellation
can be reversed. The newly derived approximation, i.e., expression (3.41), accounts for
the amplitude decrease associated with this reversal.
An alternative normalization procedure may provide a satisfactory solution to the
above mentioned difficulties in retrieving the whitened averaged coherency. As noted
previously, substituting the smoothed spectral density functions for the actual spectral
density functions in the normalization, may yield fairly correct estimates of the whitened
averaged coherency; e.g. conform Prieto et al. [2009] and Lawrence and Prieto [2011].
Of course, the width of the employed frequency band is a parameter that needs to be
determined carefully in such case. The relation between this bandwidth, the cancellation
of cross-terms, the length of the employed cross-correlation windows and the source
correlation time will be a topic of future work.
Our result enables us to reinterpret the results presented in Chapter 2. The procedure adopted by these researchers involved neither averaging of power spectral densities
over different cross-correlation windows nor averaging over different discrete frequencies.
Their procedure therefore did not allow cross-terms to cancel prior to normalization,
which may very well explain the fact that they require the real part of their azimuthallyaveraged spectrally whitened cross-correlations to be fit by a downscaled, decaying Bessel
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function, i.e., as in equation (3.24). They find that the proportionality constant generally varies smoothly with frequency and has values between 0.4 and 0.75. The fact that
values below 3/4 are found can be explained by (i) local, non-propagating noise (e.g.
instrument noise) and/or (ii) strong (earthquake) events present in the recordings. The
fact that we employ a two-dimensional model in this study, is another potential reason
why proportionality constants below 0.75 are required. That is, our model does not take
into account possible ambient body wave energy.
Our approximation for the behaviour of the averaged whitened coherency indicates
that fitting a downscaled, decaying Bessel function, i.e., as in equation (3.24), will only
result in significant error on the attenuation estimate at relatively small interreceiver
distance. Since surface waves in Chapter 2 are retrieved from cross-correlations of ambient vibrations recorded over a reservoir, offshore Norway, the aperture of the array of
ocean-bottom seismometers is only about 12 km. For frequencies increasing from 0.20 to
0.25 Hz, they find that phase velocities decrease from 1200 to 800 m/s. This allows for
the computation of the azimuthally-averaged spectrally whitened cross-correlations up
to a maximum of ∼ 2λ and ∼ 4λ for surface-wave frequencies of 0.20 and 0.25 Hz, respec-

tively. In Chapter 2 I find surface wave quality factors increasing from 8 at 0.20 Hz to
15 at 0.25 Hz. They attribute these (relatively) low quality factors to the local geology.
Since the spectrally whitened cross-correlations computed by these researchers should
be interpreted as the averaged whitened coherency, instead of the whitened averaged coherency, the employed model was incorrect. In retrospect, a downscaled decaying Bessel
function should not have been fitted to the obtained values of at such short interreceiver
distances (with respect to the wavelengths).
Quality factor estimates for pressure-component recordings, reported in the same
study, have reasonable values for frequencies between 1.5 and 2.2 Hz. Since phase velocities vary around 2 km/s for those frequencies, however, up to ∼ 10 wavelengths are

sampled by the array of ocean-bottom seismometers. The attenuation coefficient estimates are therefore, contrary to the estimates at ∼ 0.20 Hz, barely biased by the strong

decay of azimuthally-averaged averaged whitened coherency over the first wavelengths.

In recent years, spectrally whitened cross-spectra associated with single receiver pairs
have been used successfully to determine dispersion curves [Ekström et al., 2009; Tsai
and Moschetti , 2010; Boschi et al., 2013]. The method is based on Aki’s derivation for
the whitened averaged coherency [Aki , 1957]. The zeros of the real part of the timeaveraged and whitened cross-spectrum are associated with the zeros of a Bessel function
to obtain estimates of phase velocity at discrete frequencies. From our derivation it
follows explicitly that the zero crossings remain unchanged in case cross-terms did not
cancel prior to spectral whitening.
Many factors complicate the behaviour of the complex coherency, which recently
has been used to estimate subsurface attenuation [Prieto et al., 2009, Chapter 2 of
this thesis]. Especially the illumination pattern has a significant impact [Tsai , 2011].
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Irrespective of such factors, however, our derivation shows that explicit averaging of the
power spectral densities involved in the normalization process is required in order to
correctly retrieve the complex coherency. Importantly, if cross-terms do not cancel prior
to spectral whitening, our analysis reveals that the retrieved coherency is proportional
to the complex coherency at interreceiver distances larger than two wavelengths. At
shorter distances, however, the presence of cross-terms in the normalization process
causes the coherency to decay more rapidly. This decay could erroneously be interpreted
as subsurface attenuation.

3.A Fourier transform of a source’s signal
We define the Fourier transform of a real function g(t) as,
1
ĝ(ω) ≡ √
2π

Z

∞

g(t)e−iωt dt.

(3.45)

−∞

Consider a time-limited cosine oscillating with an angular frequency of ω0 and with
arbitrary phase φ over a period of Ta seconds, i.e.,



0,


u(t) ≡ A cos (ω0 t + φ) ,



0,

t < −Ta /2
−Ta /2 ≤ t ≤ Ta /2

(3.46)

t > Ta /2,

where A denotes the amplitude of the cosine. The Fourier transform of this function is
obtained by convolving the Fourier transform of a boxcar with that of an infinite cosine
oscillating with the same frequency ω0 . The Fourier transform of a unit amplitude boxcar
√ 
with width Ta and centered around t = 0 is given by Ta / 2π sinc (ωTa /2). The Fourier
transform of a cosine function oscillating with an angular frequency ω0 , phase shift φ
√ 

and amplitude A is given by Aπ/ 2π δ (ω0 − ω) eiφ + δ (ω0 + ω) e−iφ . Convolving

the two results and ignoring the negative frequency contribution, because we are dealing
with real functions only, yields
û(ω, Ta ) =

ATa sinc[(ω0 − ω) Ta /2] iφ
√
e .
2 2π

(3.47)

√
Note that the convolution includes multiplication by a factor 1/ 2π due to the normalization convention of the Fourier transform adopted in equation (3.45). The sinc
function formalizes the leakage to frequencies adjacent to ω0 , which is due to the finite
nature of the time window. This leakage decreases as Ta increases.
Let us now consider a sequence of M cosines oscillating with the same angular frequency ω0 and constant amplitude A, but with different random phases φj . With this
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sequence starting at t = 0 we have,


A cos (ω0 t + φ1 ) ,





...



uT (t) ≡ A cos (ω0 t + φj ) ,



..


.




A cos (ω t + φ ) ,
0
M

0 ≤ t < Ta
..
.
(j − 1)Ta ≤ t < jTa
..
.

(3.48)

(M − 1)Ta ≤ t < M Ta

The Fourier transform of this sequence is hence computed by
M Z
A X jTa
cos (ω0 t + φj ) e−iωt dt
uˆT (ω, Ta ) = √
2π j=1 (j−1)Ta

(3.49)

By changing the integration variable t = t0 + jTa − Ta /2 for each element of the sum, the
integrals in equation (3.49) can be evaluated using our result in equation (3.47). The
Fourier transform of the boxcar experiences a phase shift of (ω − ω0 )(jTa − Ta /2) due to

the change of integration variable. This phase shift accounts for the change in starting
time (t = 0 instead of t = Ta /2) and the forward stepping in time with steps jTa . Again
only considering the positive frequencies, we find,
M

uˆT (ω, Ta ) =

ATa sinc[(ω0 − ω) Ta /2] X iφj i(ω0 −ω)(jTa −Ta /2)
√
e e
2 2π
j=1

(3.50)

3.B Series Approximation for γ
The Taylor expansion about  = 0 is given by,
T
ĈxyC +  ĈxyI
γ ≡ q
q
T
T
ĈxxC +  ĈxxI
ĈyyC +  ĈyyI
(2)

γ(0) (

=

(n)

where γ

= 0) +

γ(1) (

(n)

γ ( = 0) 2
γ ( = 0) n
= 0)  +
 + ... +
 + ...,
2!
n!

(3.51)

denotes the n-th derivative of γ and n! the factorial of n.

We calculate the derivatives of γ up to the second order and substitute  = 0 to
obtain,
ĈxyC
γ(0) (0) = q
,
ĈxxC ĈyyC

(3.52)
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T
ĈxyI

γ(1) (0) = q
ĈxxC ĈyyC



T
T Ĉ
Ĉ
+
Ĉ
ĈxyC ĈxxI
yyC
xxC yyI
q
−
,
2ĈxxC ĈyyC ĈxxC ĈyyC

(3.53)

and
γ(2) (0)

2
T
T
2
T 2 Ĉ
3ĈxxI
xyC ĈyyC − 4ĈxxC ĈxxI ĈxyI ĈyyC
q
=
2 Ĉ 2
ĈxxC ĈyyC
4ĈxxC
yyC

+

T Ĉ
T
2
T
T
2
T 2
2ĈxxC ĈxxI
xyC ĈyyC ĈyyI − 4ĈxxC ĈxyI ĈyyC ĈyyI + 3ĈxxC ĈxyC ĈyyI
q
,
2 Ĉ 2
4ĈxxC
Ĉ
Ĉ
xxC yyC
yyC

(3.54)
respectively.
(n)

We recognize that ρ can be extracted from the expressions γ

(0) and account for

the division by the factorials, defining
(n)

γn

1 γ (0)
≡
.
n!
ρ

(3.55)

Substituting these expressions in the series in equation (3.51), this series is written as a
power series in  multiplied by ρ, i.e.,


γ = ρ γ0 + γ1  + γ2 2 + O 3

(3.56)

Substituting expressions (3.52) – (3.54) in equation (3.55), we obtain the coefficients
γ0 , γ1 and γ2 , respectively. We find:
γ0 = 1,

γ 1 =

T
ĈxyI

ĈxyC

−

(3.57)

T
ĈxxI

2ĈxxC

−

T
ĈyyI

2ĈyyC

,

(3.58)

and
γ2 =

T 2
3ĈxxI
2
8ĈxxC

+

T 2
3ĈyyI
2
8ĈyyC

−

T Ĉ T
ĈxyI
xxI

2ĈxyC ĈxxC

−

T Ĉ T
ĈxyI
yyI

2ĈxyC ĈyyC

+

T Ĉ T
ĈxxI
yyI

4ĈxxC ĈyyC

.

(3.59)

3.C Computation of the Expected Values
We calculate the expected values of γ0 , γ1 and γ2 which are given by equations (3.57)–
(3.59), respectively. The zeroth order coefficient γ0 is equal to 1 and hence E [γ0 ] = 1.
The expected value of γ1 is the sum of the expected values of the three terms in equation
(3.58). Because the individual elements of the summations associated with these three
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terms traverse a circle in the complex plane from 0 to 2π, we get [similar to integrands
in equation (3.21)],

Z
E [γ1 ] =

2π
T
ĈxyI

1
N ×M

ĈxyC

(2π)

−

T
ĈxxI

2ĈxxC

−

T
ĈyyI

2ĈyyC

dφN,M

0

= 0.

(3.60)

Similar to the expected value of γ1 , the expected value of γ2 is obtained by summing
the expected values of the individual terms in equation (3.59). While the denominators
consist of products of coherent terms, they are independent of the φjp and hence can be
excluded from the expected value computation, i.e.,
E [γ2 ] =

3
2
8ĈxxC

−

i
h
T 2
E ĈxxI
+
1

3
2
8ĈyyC

h

2ĈxyC ĈyyC

T
T
E ĈxyI
ĈyyI

i
h
T 2
E ĈyyI
−
i

1

h
i
T
T
E ĈxyI
ĈxxI

2ĈxyC ĈxxC
h
i
1
T
T
+
E ĈxxI
ĈyyI
4ĈxxC ĈyyC

(3.61)

In general, the expected value of the product of two incoherent terms can be computed by,

Z
h
i
T 2
E ĈxyI
=

2π

1

T 2 N,M
ĈxyI
(φ
) dφN,M

N ×M

(2π)

0

Z
=

1

2π
M XX
M XX
N X
N
X

(2π)N ×M × M 2
+

+

∗
∗
fjx fjy
fkx fky
hp h∗q hr h∗s ei(φjp −φjq +φkr −φks )

p=1 q6=p r=1 s6=r j=1 k=1
0
M X
M X
M X
M X
N XX
N X
X
∗
∗
fjx fky
flx fmy
hp h∗q hr h∗s ei(φjp −φkq +φlr −φms )
p=1 q=1 r=1 s=1 j=1 k6=j l=1 m6=l
M XX
M X
M X
N X
N X
X

∗
∗
fjx fjy
fkx fly
hp h∗q hr h∗s ei(φjp −φjq +φkr −φls )

p=1 q6=p r=1 s=1 j=1 k=1 l6=k

+

M X
M X
M XX
N XX
N
X

∗
∗
fjx fky
flx fly
hp h∗q hr h∗s ei(φjp −φkq +φlr −φls ) dφN,M .

p=1 q=1 r=1 s6=r j=1 k6=j l=1

(3.62)
These four summations originate from the square of the two summations in equation
(3.15). Only elements that are independent of all φN,M survive. For the first summation
this implies that only elements for which jp = ks and jq = kr survive. Integration of
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the first summation hence gives (2π)N ×M × M (M − 1) ×

PN

∗
∗
j=1 fjx fjy fjx fjy .

For the

second summation only elements for which jp = ms and kq = lr survive. Integration
P
P
∗
∗
therefore results in (2π)N ×M × M 2 × N
j=1
k6=j fjx fky fkx fjy . The third and fourth
summation contribute elements for which jp = ls and jq = kr and for which jp = ls

and kq = lr, respectively. Such elements do not existh and hence
the expected values of
i
T
2
these summations evaluate to zero. Consequently, E ĈxyI is given by,
N X
N
N
i
h
X
X
1 X
T 2
∗
∗
∗
∗
∗
∗
E ĈxyI =
fjx fky fkx fjy +
fjx fjy fjx fjy −
fjx fjy
fjx fjy
M
j=1 k6=j

j=1

(3.63)

j=1

The result in equation (3.63) can be applied to all products of incoherent terms by
simply substituting x and y accordingly. We get for the expected values in equation
(3.61), respectively:

 N
N X
i
h
X
1 X
T 2
∗
∗
∗
∗
E ĈxxI =
fjx fkx fkx fjx + 1 −
fjx fjx
fjx fjx
,
M

(3.64)


 N
1 X
∗
∗
+ 1−
fjy fjy
fjy fjy
,
M

(3.65)


 N
N X
h
i
X
1 X
∗
∗
T
T
∗
∗
fjx fky fkx fjx + 1 −
E ĈxyI ĈxxI =
fjx fjy
fjx fjx
,
M

(3.66)

j=1 k6=j

E

h

T 2
ĈyyI

i

=

N X
X

j=1

∗
∗
fky fjy
fjy fky

j=1 k6=j

j=1 k6=j

j=1


 N
1 X
∗
∗
+ 1−
fjx fjy
fjy fjy
,
M

(3.67)


 N
N X
h
i
X
1 X
∗
∗
T
T
∗
∗
E ĈxxI ĈyyI =
fjx fjx
fjy fjy
.
fjx fkx fky fjy + 1 −
M

(3.68)

E

h

T
T
ĈxyI
ĈyyI

i

=

N X
X

j=1

∗
∗
fjx fky
fky fjy

j=1 k6=j

j=1

and

j=1 k6=j

j=1

3.D Explicit computation of γap for a homogenous distribution
of far-field sources
In order to compute γap explicitly, we need to solve for a specific distribution of sources.
The result that is obtained in this Appendix reveals that the second term on the righthand side of each of the equations (3.35)...(3.39) tends to be small with respect to the
first term. That is to say, even for M = 1, we find that the corrections associated
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(θ
cos

x

R

2
y/

) rx

θ
rxy

y

Figure 3.9: Receivers at x and y are separated a distance rxy . Sources (not drawn) at
distances R from the centre are sufficiently distant to assume the angle θ to be equal
at x and y for an incoming wave.

with the single integrals of products of four fsx,y are relatively small. This, combined
with a good fit of our approximation to the numerically obtained behaviour of γ for an
arbitrary distribution of sources in section 3.4, justifies dropping these terms in our final
approximation.
For simplicity, we assume a homogeneous distribution of far-field sources (see Figure
3.1). Identical to Tsai [2011], we assume a constant As = A along a circle with radius
R >> rxy centered between x and y, where rxy is the distance between the receivers at
x and y (see Figure 3.9). As is assumed zero for locations, s, not situated on this circle.
We define θ the azimuth of the source relative to the line connecting the receivers. For
sources situated in the far-field, the source receiver distances rsx and rsy are accurately
approximated by R + cos(θ)rxy /2 and R − cos(θ)rxy /2, respectively.
For the assumed distribution of far-field sources, we can safely assume the sourcereceiver distances large compared to the wavelength considered (rsx >> c/ω). This
allows us to approximate the Hankel function by [Arfken and Weber , 2005],
 r ω  r 2c
sx
∼
H0
ei(rsx ω/c−π/4) .
=
c
πrsx ω

(3.69)

We use this approximation and the geometrical approximations for rsx and rsy to calculate the integrals associated with the coherent terms, i.e., equations (3.32)–(3.34). We
evaluate these integrals in Appendix 3.E and recover the result of Tsai [2011] for ρ, i.e.,
equation (3.73).
Equation (3.29) shows that γap is obtained by summing the expected values of γ0 ,
γ1 and γ1 and subsequent multiplication by ρ. The expected values of the former two,
i.e., γ0 , γ1 , coincide with 1 and 0, respectively (see Appendix 3.C). The expected value
of γ2 is obtained through solving equations (3.35)-(3.39). These solutions are explicitly
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h
i
h
i
T 2 coincides with E Ĉ T 2 and
computed in Appendix 3.F. We use the fact that E ĈyyI
xxI
2
2
ĈyyC
with ĈxxC
and find:

"

T 2
3ĈxxI

T Ĉ T
ĈxyI
xxI

T Ĉ T
ĈxxI
yyI

T Ĉ T
ĈxyI
yyI

#

−
−
4ĈxxC ĈyyC
2ĈxyC ĈxxC
2ĈxyC ĈyyC
"
#


ωr
1
1
1
3
1
xy
2
∼
J
−
I0 (2αrxy ) −
= − + 2
4 I0 (αrxy ) 4 0
c
8πM
16π 2 M

E [γ2 ] = E

+

2
4ĈxxC

+

1
2πM J0

ωrxy 
c

× I0 (αrxy )

< [J0 (ωrxy /c + iαrxy )] ,

(3.70)

where we use the relation J0 (z) + J0 (z ∗ ) = 2< [J0 (z)]. Substituting this result and the
expected values of γ0 and γ1 in expression (3.29), we obtain,
γap =


 ωr 

3
1
xy
3 ωrxy
J
J0
+
4 I0 (αrxy )
c
c
4 I03 (αrxy ) 0
"
#
 ωr  < [J (ωr /c + iαr )]
3 I0 (2αrxy )
1
1
0
xy
xy
xy
.
+
J0
−
−
ωr 
M
c
2π J0 cxy × I02 (αrxy ) 8π I03 (αrxy ) 16π 2 I03 (αrxy )
(3.71)

Note that this result is real and hence that = [γap ] = 0 for all ωrxy /c (with the operator

=[...] mapping its complex argument into its imaginary part). Note that in the absence
of attenuation, expression (3.71) reduces to,

3  ωrxy  1 3  ωrxy 
1
γap = J0
+ J0
+
4
c
4
c
M



1
3
1
−
−
2π 8π 16π 2


J0

 ωr

xy

c



.

(3.72)

The last term on the right-hand side of expression (3.71) is small compared to the
combined effect of the first two for all ωrxy /c. At ωrxy /c = 0 and for M = 1 it has
a value of ∼ 0.033 and, due to the I02 in the denominator, it also decays more rapidly

with increasing ωrxy /c. In equation (3.41) we introduce the ‘coherent approximation’,
dubbed γapC . It neglects the contribution of the single integrals in equations (3.35)(3.39) to the solution for γap . For our distribution of sources situated on a ring in the
far-field this implies that the last, lengthy term in (3.71) is dropped. Figure 3.10 presents
the theoretical behaviour of ρ, γap and γapC with M set to one.
From Appendix 3.F we understand that the reason that the single integrals over the
sources in equations (3.35) - (3.39) only give small contributions is twofold. First, the
double integrals result in a product of a sum of 2 (modified) Bessel functions, i.e., a
product of two coherent terms. The amplitude associated with this double integral term
therefore includes a factor 4 (22 ). This factor is also included in the products of the
coherent terms in the denominators of E [γ2 ], but is lacking in the result of the single
integrals, which only evaluate to a single sum of two (modified) Bessel functions or no
(modified) Bessel function at all. Second, a factor 1/π 2 in the integrand of the single
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Figure 3.10: Behavior of ρ (blue), γap (green) and γapC (black) for sources randomly
placed on a ring in the far-field and an attenuation coefficient of 0.15/λ. M is assumed
to have a value of one. The green and black line display the behaviour of equation
(3.71) with and without the last term, respectively.

integrals further decreases the amplitude of this term. We find that the single integrals
in equations (3.35)–(3.38) only give contributions with an amplitude of 1/2π
h as can be
i
T Ĉ T
seen in equations (3.83), (3.85), (3.88) and (3.91), respectively. In case of E ĈxxI
yyI ,
which result is given by equation (3.94), only a 1/4π 2 contribution of the single integral
is found.

3.E Computation of CxyC , CxxC and CyyC
We use the approximation of the Hankel function in equation (3.69) and the geometrical
approximations rsx ∼
= R + cos(θ)rxy /2 and rsy ∼
= R − cos(θ)rxy /2 (see Figure 3.9) to
compute explicitly the integrals in equations (3.32)–(3.34). We assume a constant As =

A. Using similar approximations (i.e. a uniform distribution of far-field sources on a
ring), Tsai [2011] explicitly calculates the time-domain coherent terms CxyC , CxxC and
CyyC . A subsequent Fourier decomposition gives him the following approximation for ρ:
ρ(ω, rxy ) =

 ωr 
1
xy
J0
,
I0 (αrxy )
c

(3.73)

where I0 denotes a 0-th order modified Bessel function of the first kind (henceforth
modified Bessel function).
Substituting the Hankel function approximation in the expression for fsx , i.e., equa-
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tion (3.31), and subsequently substituting the approximations for rsx and rxy , we get,
Z

∗
fsx fsy
ds

ĈxyC =
S

∼
=

cA2

2π

Z

8πω
0

∼
=

cA2 e−2αR

e−2αR /R
q
eiω cos(θ)rxy /c dθ
2
cos2 (θ)rxy
1 − 4R2
2π

Z

eiω cos(θ)rxy /c dθ

8πωR
0

=

cA2 e−2αR
4ωR

J0

 ωr

xy



c

,

(3.74)

where we have recognized an integral expression of the Bessel function [eq. 11.30c of
2 /4R2 in the denominator,
Arfken and Weber [2005]]. We have neglected cos2 (θ) rxy

because we assume R >> rxy . Similarly, CxxC is approximated by,
Z

∗
fsx fsx
ds

ĈxxC =
S

∼
=

cA2

Z

2π

e−α[2R+cos(θ)rxy ] /R

8πω

1+

0

∼
=

cA2 e−2αR

Z

cos(θ)rxy
2R

dθ

2π

e−α cos(θ)rxy dθ

8πωR
0

=

cA2 e−2αR
4ωR

I0 (αrxy ) ,

(3.75)

where we have made use of the fact that the cosine function is an even function around
π and hence recognized two integral expressions of the modified Bessel function [eq.
(9.6.16) of Abramowitz and Stegun [1964]]. We have neglected cos (θ) rxy /2R in the
denominator, because we assume R >> rxy . Following the same procedure we find for
CyyC ,
cA2 e−2αR
ĈyyC ∼
I0 (αrxy ) .
=
4ωR

(3.76)

Substituting the computed ĈxyC , ĈxxC and ĈyyC in equation (3.22), we recover the
expression for ρ obtained by Tsai [2011], i.e., equation (3.73).

3.F Computation of the Terms of the Expected Value of γ2
Using again the approximation of the Hankel function in equation (3.69) and the geometrical approximations rsx ∼
= R + cos(θ)rxy /2 and rsy ∼
= R − cos(θ)rxy /2 (see Figure
3.9), we solve the integrals in equations (3.35), (3.36), (3.37), (3.38) and (3.39). While
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the corrections associated with the single integrals of products of four fsx,y contain
∗ , we first calculate these separately. The obtained expressions
squares of fsx,y and fsx,y

are substituted when evaluating the single integrals to give:
2
r ω 
i
sx
AH0
e−αrsx
4
c
2
−cA −2αrsx i(2rsx ω/c−π/2)
∼
e
e
,
=
8πωrsx

2
fsx
=

∗2
fsx

2
fsy

∗2
fsy



2


−i
∗ rsx ω
−αrsx
=
AH0
e
4
c
−cA2 −2αrsx −i(2rsx ω/c−π/2)
∼
e
e
,
=
8πωrsx

(3.77)



2
r ω 
i
sy
−αrsy
=
AH0
e
4
c
−cA2 −2αrsy i(2rsy ω/c−π/2)
∼
e
e
,
=
8πωrsy

(3.78)



2


−i
∗ rsy ω
−αrsy
=
AH0
e
4
c
−cA2 −2αrsy −i(2rsy ω/c−π/2)
∼
e
.
e
=
8πωrsy

(3.79)



(3.80)

In order to calculate the incoherent terms we write the double integral over sources
as the product of two integrals. We subsequently substitute the appropriate
h coherent
i
T 2 , i.e.,
terms [equation (3.74), (3.75) or (3.76), or a combination of these]. For E ĈxxI
equation (3.35), we get,
E

h

T 2
ĈxxI

i

Z

Z
1
2 ∗2
=
ds ×
fsx
fsx ds
−
M
S
S
S
 2 −2αR
2
Z
cA e
1
∼
I0 (αrxy ) −
f 2 f ∗ 2 ds,
=
4ωR
M S sx sx
∗
fsx fsx

Z

fs∗0 x fs0 x ds0

(3.81)
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2 f ∗ 2,
We use equations (3.77) and (3.78) and approximate the integral of fsx
sx

Z
S

2 ∗2
fsx
fsx ds ∼
=

2π

Z

c2 A4
64π 2 ω 2

0

=

c2 A4
64π 2 ω

e−4α[R+cos(θ)rxy /2]
h
i dθ
cos(θ)rxy 2
R+
2

Z

2π

e−4αR
2

c2 A4 e−4αR
∼
=
64π 2 ω 2 R2

Z0

e−2α cos(θ)rxy /R2
1+

cos(θ)rxy
R

+

2
cos2 (θ)rxy
R2

dθ

2π

e−2α cos(θ)rxy dθ
0

=

c2 A4 e−4αR
32πω 2 R2

I0 (2αrxy )

(3.82)

where we have made use of the fact that the cosine function is an even function around
π and hence recognized two integral expressions of the modified Bessel function [eq.
2 /R2
(9.6.16) of Abramowitz and Stegun [1964]]. We have neglected cos (θ) rxy /R+cos2 (θ) rxy

in the denominator, because we assume R >> rxy . Substituting this expression in equation (3.81) we arrive at,
E

h

T 2
ĈxxI

i

c2 A4 e−4αR
∼
=
16ω 2 R2



I02 (αrxy )

1
−
I0 (2αrxy )
2πM


(3.83)

2 f ∗ 2 gives an a identical result to the one of f 2 f ∗ 2 although we
The integral of fsy
sy
sx sx
2 /R2 in the denominator in this case, i.e.,
neglect − cos (θ) rxy /R + cos2 (θ) rxy

Z
S

2 ∗2
fsy
fsy

ds ∼
=

2π

Z

c2 A4
64π 2 ω 2

0

=

c2 A4
64π 2 ω

e−4α[R−cos(θ)rxy /2]
h
i dθ
cos(θ)rxy 2
R−
2

Z

2π

e2α cos(θ)rxy /R2

−4αR

e
2

0

∼
=

c2 A4

e−4αR

Z

2π

1−

cos(θ)rxy
R

+

2
cos2 (θ)rxy
R2

dθ

e2α cos(θ)rxy dθ

64π 2 ω 2 R2
0

=

c2 A4 e−4αR
32πω 2 R2

I0 (2αrxy )

(3.84)
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h
i
T 2 , i.e., equation (3.36), we therefore obtain,
For E ĈyyI
Z
Z
Z
i
h
1
∗
0
∗
T 2
2 ∗2
fs0 y fs0 y ds −
fsy fsy ds ×
fsy
fsy ds
E ĈyyI =
M
S
S
S
 2 −2αR
2
cA
e
c2 A4 e−4αR
∼
I0 (αrxy ) −
I0 (2αrxy )
=
4ωR
32πω 2 R2 M


1
c2 A4 e−4αR
2
I0 (αrxy ) −
I0 (2αrxy )
=
16ω 2 R2
2πM

(3.85)

h
i
T Ĉ T
We calculate E ĈxyI
xxI , i.e., equation (3.37), substituting the result for ĈxyC and
ĈxxC ,
Z
Z
h
i Z
1
∗
0
∗
T
T
fs0 x fs0 x ds −
f 2 f ∗ f ∗ ds
E ĈxyI ĈxxI = fsx fsy ds ×
M S sx sx sy
S
S
Z
i
c2 A4 e−4αR h  ωrxy 
1
∼
f 2 f ∗ f ∗ ds.
J0
× I0 (αrxy ) −
=
16ω 2 R2
c
M S sx sx sy
We use (3.77) and approximate the integral
Z
S

2 ∗ ∗
fsx
fsx fsy

ds ∼
=

c2 A4

2π

Z

64π 2 ω 2

h

0

=

c2 A4

2π

Z

64π 2 ω 2
0

∼
=

c2 A4 e−4αR

R
S

(3.86)

2 f ∗ f ∗ ds,
fsx
sx sy

e−α[4R+cos(θ)rxy ]
iωrxy cos(θ)/c
dθ
i rh
ie
2
2
cos (θ)rxy
cos(θ)rxy
2
R+
R −
2
4

e−α[4R+cos(θ)rxy ] /R
iωrxy cos(θ)/c
dθ
i rh
h
ie
2
cos2 (θ)rxy
cos(θ)rxy
1 + 2R
1 − 4R2

Z

2π

ei cos(θ)[ωrxy /c+iαrxy ] dθ

64π 2 ω 2 R2
0

=

c2 A4 e−4αR
32πω 2 R2

J0 (ωrxy /c + iαrxy )

(3.87)
q

∼
= 1 in the
denominator and recognized an integral expression of the Bessel function [eq. (11.30c)
where we have approximated [1 + cos (θ) rxy /2R]

2 /4R2
1 − cos2 (θ) rxy



of Arfken and Weber [2005]]. We arrive at,
h
i c2 A4 e−4αR
T
T
∼
E ĈxyI
ĈxxI
=
16ω 2 R2

"
J0

 ωr

xy

c



#
1
I0 (αrxy ) −
J0 (ωrxy /c + iαrxy ) .
2πM
(3.88)

h
i
T Ĉ T
The expression for E ĈxyI
yyI , i.e., equation (3.38), can be obtained in a similar
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way,
Z
Z
h
i Z
1
∗
0
∗
∗2
T
T
0
fs y fs0 y ds −
fsy
fsx fsy ds
E ĈxyI ĈyyI = fsx fsy ds ×
M
S
S
S
Z
i
c2 A4 e−4αR h  ωrxy 
1
∼
f ∗ 2 fsx fsy ds,
J0
× I0 (αrxy ) −
=
16ω 2 R2
c
M S sy

(3.89)

where we have simply substituted the result for ĈxyC and ĈyyC . We use (3.80) and
R ∗2
approximate the integral S fsy
fsx fsy ds,
Z

∗2
fsy
fsx fsy

S

ds ∼
=

c2 A4

2π

Z

64π 2 ω 2

h

0

=

c2 A4

2π

Z

64π 2 ω 2
0

∼
=

c2 A4 e−4αR

e−α[4R−cos(θ)rxy ]
iωrxy cos(θ)/c
dθ
i rh
ie
2
2
cos(θ)rxy
2 − cos (θ)rxy
R−
R
2
4

e−α[4R−cos(θ)rxy ] /R
iωrxy cos(θ)/c
dθ
h
i rh
ie
2
cos2 (θ)rxy
cos(θ)rxy
1 − 2R
1 − 4R2

Z

2π

ei cos(θ)[ωrxy /c−iαrxy ] dθ

64π 2 ω 2 R2
0

=

c2 A4 e−4αR
32πω 2 R2

J0 (ωrxy /c − iαrxy )

(3.90)

q

2 /4R2 ∼
1 − cos2 (θ) rxy
= 1 in the
denominator. Substituting the result in equation (3.89), we obtain,
where we have approximated [1 − cos (θ) rxy /2R]

h

T
T
E ĈxyI
ĈyyI

i

c2 A4 e−4αR
∼
=
16ω 2 R2

"
J0

 ωr

xy



c

1
I0 (αrxy ) −
J0 (ωrxy /c − iαrxy )
2πM

#

(3.91)

We finally compute equation (3.39), i.e.,
E

h

T
T
ĈxxI
ĈyyI

Z
1
∗
∗
fsx fsx
fsy fsy
ds
=
ds ×
−
M S
S
S
Z
c2 A4 e−4αR 2  ωrxy 
1
∗
∗
∼
J
−
fsx fsx
fsy fsy
ds,
=
0
16ω 2 R2
c
M S

i

Z

∗
fsx fsy

Z

fs0 y fs∗0 x ds0

(3.92)

where we have used the fact that ĈyxC = ĈxyC and hence substituted the results for
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ĈxyC . We compute the second term,
Z
S

∗
∗
fsx fsx
fsy fsy
ds ∼
=

A2 −2αrsx 2c
e
ei[(rsx ω/c−π/4)−(rsx ω/c−π/4)]
16
πrsx ω
A2 −2αrsy 2c
×
e
ei[(rsy ω/c−π/4)−(rsy ω/c−π/4)]
16
πrsy ω

c2 A4 e−4αR
∼
,
=
64π 2 ω 2 R2

(3.93)

and substitute this in equation (3.92) to find,
i c2 A4 e−4αR
h
T
T
∼
ĈyyI
E ĈxxI
=
16ω 2 R2

"
J02

 ωr

xy

c



#
1
.
− 2
4π M

(3.94)

3.G A frequency-domain sta/lta filter
Because transient events in general, and earthquake events in particular, have a frequencydependent impact on the stationarity of recordings, we have developed a frequencydomain short-term average/long-term average filter (‘fd-sta/lta-filter’). For each frequency, time-series are cut into windows with the window length linearly related to the
period of the waves. The window length is thus frequency dependent. We thoroughly
experimented with this window length and best results were obtained using a window
length four times the period of the waves. An overlap of 50% between successive windows
is used.
The short-term average of the power-spectral density is taken over 5 successive time
windows (with 50% overlap), i.e., a 12-period span. We dub this the ‘sta-window’. The
long-term average is calculated over 199 time windows, i.e., a 400-period span. We dub
this the ‘lta-window’. The last sample of the sta-window and the first sample of the
lta-window are separated by at least an 8-period span, the ‘lag-window’. Importantly,
however, the lta-window may lag further behind, hence increasing the lag-window, when
it encounters time windows holding events. That is to say, detected events are not included in the long-term average. This entails the danger that a sudden increase in power
of the ambient seismic field will result in the removal of a long time-span of recordings
simply containing strong noise instead of a transient event. We did, however, not observe
such cases for the frequencies considered (i.e., up to 0.08 Hz) and the threshold used.
Times of sta-windows for which the sta/lta-ratio exceeds a threshold of 8 are saved to
file. These times are later used to mute windows in the cross-correlation and stacking
process. On average, the lower the frequency, the more data is discarded. Figure 3.11
shows an example of the performance of our sta/lta-filter over two days of recordings at
two separate frequencies.

3 Spectral whitening

a)

b)
PSD (dB)

−100 Frequency = 0.030 Hz

Station = TORNY

−120
−140
−160
−180
005

006

Julian Day (2006)

c)
−100 Frequency = 0.070 Hz

PSD (dB)

92

Station = TORNY

−120
−140
−160
−180
005

006

Julian Day (2006)
Figure 3.11: The recording made by station TORNY during the fifth and sixth of
January 2006 illustrates our fd-sta/lta-filter performance (see Figures 3.4 and 1.5 for
the location and PSDs, respectively). The non-filtered time-series is shown in a, while
the waveforms in b and c are filtered between 0.02 and 0.04 Hz, and 0.06 and 0.08
Hz, respectively. The bottom figures in b and c present the PSDs for successive time
windows at frequencies of 0.03 and 0.07 Hz, respectively. Red colored PSDs exceed the
threshold and are removed. Note that 0.07/0.03 more PSDs are computed at 0.07 Hz
than at 0.03 Hz due to the frequency-dependent window length.
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On the estimation of attenuation from the
ambient seismic field: Inferences from
distributions of isotropic point scatterers.

Examples ... show how difficult it often is for an experimenter to interpret his
results without the aid of mathematics.
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Abstract
The potential to recover local attenuation values from interferometric receiver-receiver
surface waves is assessed for two-dimensional wavefields. Specifically, the spectrum of
the cross-correlation (cross-spectrum) in a scattering medium is compared to the crossspectrum in a dissipative medium. The scattered wavefield is modeled by assemblages
of isotropic point scatterers. A heterogeneous medium represented by isotropic point
scatterers can be described as an effective medium whose phase velocity and rate of
attenuation are a function of the scatterer density and the average strength of the scatterers. Equating the attenuation rate of the effective medium to that of the dissipative
medium facilitates an immediate comparison of the behaviour of the cross-spectra. The
comparison is made for three experiments which are distinguished from one another by
their illumination: (i) a single plane wave (ii) a uniform distribution of sources in the
far-field and (iii) an arbitrary distribution of far field sources. Under the condition of
uniform illumination by plane waves, the Green’s function of the homogeneous effective
medium can be related to the cross-spectrum. This results in an analytical expression
for the expected behaviour of the cross-spectrum in the scattering medium. The relationship formalizes the expected decay which is found to be exponential as a function
of distance between receivers. This exponential decay is different from the decay of the
cross-spectrum in a dissipative medium illuminated by plane waves. The expected rate
of attenuation of the scattered wavefield is found to adequately describe the rate of decay
of the azimuthally and spatially averaged cross-spectrum.
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4.1 Introduction
Interferometric seismic imaging has experienced a tremendous growth over the last
decade.

Claerbout [1968] first related the autocorrelation of a horizontally layered

medium due to an impulsive source at depth to the reflection response of the same
medium. He later generalized this result to the 3-D Earth making an analogous conjecture for a pair of separated receivers [Rickett and Claerbout, 1999], which was eventually
proven by Wapenaar [2003]. By now, it is generally accepted that the cross-correlation
of recordings made by two receivers is related to (and can in practice be treated as
an approximation of) the Green’s function between the location of the receivers. The
Green’s function and the cross-correlation coincide if both the medium and the wavefield
satisfy specific requirements [see e.g. Wapenaar and Fokkema, 2006].
The first successful application to the solid Earth is due to Campillo and Paul [2003]
who used earthquake coda to obtain empirical Green’s functions (EGF’s). Shapiro
and Campillo [2004] showed that broadband Rayleigh waves emerge by simple crosscorrelation of continuous recordings of ambient seismic noise. The latter finding holds
in media other than the Earth: for example, helioseismology [Duvall et al., 1993], underwater acoustics [Roux and Fink , 2003], ultrasonics [Weaver and Lobkis, 2001, 2002],
engineering [Snieder and afak , 2006; Kohler et al., 2007] and infrasound [Haney, 2009].
Recently, several researchers have focused on estimating attenuation based on interferometric measurements of surface waves [Prieto et al., 2009; Lin et al., 2011; Lawrence
and Prieto, 2011; Weemstra et al., 2013]. Their work is based on the normalized spatial
autocorrelation (SPAC) by Aki [1957]. The relation between the SPAC on the one hand
and seismic interferometry on the other hand is shown by Yokoi and Margaryan [2008]
and Tsai and Moschetti [2010]. Aki [1957] showed that, given a stationary wavefield over
a laterally homogeneous medium, the azimuthally averaged whitened cross-spectrum coincides with a zeroth order Bessel function of the first kind. The whitened cross-spectrum
is generally referred to as ‘coherency’ [e.g. Tsai , 2011; Lawrence and Prieto, 2011]. The
studies presented in Chapter 2 and 3 of this thesis reveal that, in practice, care is required
while interpreting the behaviour of the coherency.
The interferometric attenuation studies of Prieto et al. [2009], Lawrence and Prieto
[2011] and the study presented in Chapter 2 of this thesis minimize the misfit between the
real part of the azimuthally and spatially averaged coherency and a zeroth order Bessel
function multiplied by an exponentially decaying term. These authors hence assume
that the appropriate model for the decay of the azimuthally and spatially averaged
coherency is an exponentially decaying function. The study by Tsai [2011], however,
suggests that this assumption is contingent upon another assumption, that is that noise
sources be uniformly distributed. Specifically, his results indicate that, in order to obtain
correct subsurface attenuation estimates, different attenuation models should be used for
different distributions of sources. Even for radial symmetric distributions of sources, the
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required model still strongly depends on whether sources are predominantly situated in
the far-field or in the near-field. In his analysis, however, Tsai [2011] confines himself to
intrinsic attenuation.
In this study we assess whether the effect of the source distribution found by Tsai
[2011] alters, were the loss of coherency due to multiple scattering instead of dissipation
of energy. More specifically, we evaluate multiple scattering between isotropic point
scatterers. Given the context, we restrict ourselves to the two-dimensional (2D) solution
of the wave equation. We first introduce the geometry considered and summarize the
behaviour of the coherency in a dissipative (i.e., non-scattering) medium (section 4.2).
Subsequently, we introduce the theory describing the behaviour of a wavefield due to
multiple scattering between isotropic point scatterers where energy is conserved (section
4.3). In section 4.4 we present the results of three numerical experiments. Also, we
derive an analytic expression for the cross-spectrum in the scattered wavefield under
the assumption of a uniform illumination of the receivers. Under this assumption, we
find the expected attenuation to coincide with the model proposed by Prieto et al.
[2009]. Contrary to the behaviour of the coherency in a dissipative medium, we find
this behaviour to be independent of the remoteness of the source distribution: whether
sources are predominantly situated in the near-field or in the far-field doesn’t play a role.
Finally, in section 4.5, we present an example that puts our results in perspective.

4.2 Attenuation of the ambient seismic field
The purpose of this study is to contrast the effect of two different possible mechanisms
of attenuation, i.e., scattering and dissipation of energy, on the decay of the coherency.
In this section we analyze the behaviour of the coherency in a dissipative medium.
We employ the same formalism as Cox [1973] to describe the cross-spectrum in a 2D
wavefield due to an arbitrary distribution of far-field noise sources. Cross-spectra will be
computed in the frequency domain, i.e., by multiplication of the reference spectrum with
the complex conjugate of the second spectrum. For a single angular frequency ω, the
propagation of a plane wave through a dissipative medium can be described by a complex
wavenumber k̃. The velocity of the wave is related to the real part of this wavenumber
by c(ω) = ω/<[k̃]. Furthermore, the attenuation coefficient, denoted α, coincides with
the imaginary part of k̃. The wavelength of the attenuating wave is λ ≡ 2πc/ω.

Similar to Cox [1973], we describe the 2D noise field by a superposition of plane

waves from all azimuths [see also Harmon et al., 2010; Tsai , 2011]; we thus consider
sources sufficiently far away compared to the wavelength considered. We evaluate the
cross-spectrum along a line centered at the origin and with θ = 0 (Figure 4.1). Receivers
are defined in pairs along this line: a receiver x in the direction θ = π and a receiver
y in the direction θ = 0 and, also by definition, both receivers in a pair are equidistant
from the origin and separated by a distance rxy . We consider the incoming signal u(θ)
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Figure 4.1: Receivers x and y, along a line with azimuth θ = 0, are separated a
distance rxy and equidistant from the origin. The cross-correlation is evaluated for this
configuration as function of rxy . The incoming waves are considered plane waves with
the amplitude a function of the azimuth.

at the origin, with θ the azimuth from which the signal arrives. We then express phase
and amplitude of an incoming signal with respect to that signal’s phase and amplitude
at the origin. Consequently, we can write the displacements recored by receivers x and
y immediately in terms of rxy . This is different from formulations where the phase
is considered with respect to the source [e.g., Tsai , 2011; Boschi et al., 2013]. Phase
shifting with respect to the origin implies that we assume k̃ to be constant over the
2D space occupied by the line of receivers. Far away from this line, however, c and α
may actually exhibit spatial variation: heterogeneity of the constitutive parameters in
the far-field is simply included in u(θ). Integrating the signal arriving from different
directions over the azimuth, the displacements recorded by x and y are given by,
Z

2π

ux (rxy , k̃) =

u(θ)eik̃ cos(θ)rxy /2 dθ

(4.1)

u(θ)e−ik̃ cos(θ)rxy /2 dθ,

(4.2)

0

and
Z
uy (rxy , k̃) =

2π

0

respectively.

We now assume signal from different directions to be uncorrelated, i.e., the statistics
of the ambient noise field are such that hu(θ)u∗ (θ0 )i = |u(θ)|2 δ(θ − θ0 ); the asterisk
denotes complex conjugation. This azimuthal decoherence is in practice exploited by

averaging over a sufficiently long time [see e.g. Groos and Ritter , 2009; Verbeke et al.,
2012a]. By virtue of the azimuthal decoherence, the ensemble averaged cross-spectrum
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is given by,
C D (rxy , k̃) = hux u∗y i
Z 2π Z 2π
0
=
hu(θ)u∗ (θ0 )i ei(<[k̃]+i=[k̃]) cos(θ)rxy /2 × ei(<[k̃]−i=[k̃]) cos(θ )rxy /2 dθdθ0
0
0
Z 2π
|u(θ)|2 ei cos(θ)ωrxy /c dθ.
(4.3)
=
0

The superscript D signals the incorporation of dissipation of energy in the cross-correlation
through the complex wavenumber. This notation allows for an unambiguous comparison with the cross-spectrum affected by scattering (section 4.4). Despite the fact that
attenuation has been accounted for, C D is independent of α, which is explained in more
detail in Tsai [2011]. The independence implies that cross-correlation of far-field sources
does not allow for the correct reconstruction of the Green’s function between x and y.
This can be attributed to the fact that the wave equation for a dissipative medium is
not invariant under time-reversal [Snieder et al., 2007]. Furthermore, we note that the
obtained expression depends on the choice of origin, which was observed by Weaver
[2012] previously. This dependence casts doubts on the usefulness of the result, but,
for our purpose of contrasting attenuation due to scattering with attenuation due to
dissipation, is not an obstacle.
Following Cox [1973], we decompose the power of the wavefield in a weighed sum of
sines and cosines and introduce the (non-normalized) power density function P (θ), i.e.,
2

P (θ) ≡ |u (θ)| =

∞
X

[am cos (mθ) + bm sin (mθ)] .

(4.4)

m=0

Substituting this Fourier series in equation (4.3), we find,

Z

2π
∞ h
X

C D (rxy , k̃) =

m=0

0

= 2π

i
am cos(mθ) + bm sin(mθ) ei cos(θ)ωrxy /c dθ

∞
X
m=0

am im Jm

 ωr

xy

c



(4.5)

where Jm denotes a Bessel function of the first kind of order m. In the last step we have
recognized the Bessel function series [eq. (9.1.21) of Abramowitz and Stegun [1964]].
Since the obtained expression only relies on the am , eq. (4.5) shows explicitly that the
cross-correlation is explained by amplitude variations that are symmetric with respect
to θ = 0, i.e., with respect to the line connecting the receivers. In the special case of a
uniform power density function, i.e., am = 0 for m > 0, C D is proportional to J0 , similar
to the result of Aki [1957] for a lossless medium. Given cross-correlations computed
from an array of receivers, equation (4.5) can be used to invert for a truncated series of
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the Fourier coefficients am [Harmon et al., 2010].
The focus of this study is the attenuation of the ambient seismic field. Recent studies
addressing this issue normalize the cross-spectrum by the product of the root-meansquares of the two amplitude spectra (see e.g. Chapter 2 of this thesis). As mentioned
previously, this physical quantity is generally referred to as the coherency [Prieto et al.,
2009; Tsai , 2011] and the normalization procedure itself as ‘spectral whitening’. For a
detailed analytical treatment of this procedure we refer to Tsai [2011] and Chapter 3 of
this thesis. The coherency is defined as
C D (rxy , k̃)
ρD (rxy , k̃) ≡ q
,
q
D (r , k̃) C D (r , k̃)
Cxx
xy
xy
yy

(4.6)

D and C D denote the ensemble averaged autocorrelation of recordings u and
where Cxx
x
yy

uy , respectively.
As shown by Tsai [2011], the ensemble averaged autocorrelation of recordings ux is
given by,
D
Cxx
(rxy , k̃) = hux u∗x i
2π

Z

P (θ) e−α cos(θ)rxy dθ

=

Z0

2π

=

∞ h
X

i
am cos(mθ) + bm sin(mθ) e−α cos(θ)rxy dθ

m=0
∞
X

0

= 2π

am Im (αrxy )

(4.7)

m=0

where Im denotes a modified Bessel function of the first kind of order m. We have
followed the same procedure as in our derivation of C D and arrive at a summation over
integral expressions of the modified Bessel function [eq. (9.6.19) of Abramowitz and
D,
Stegun [1964]]. The ensemble averaged autocorrelation of recordings uy , denoted Cyy

is obtained in the same way. A slight difference originates from the positive sign in the
real exponential term of uy ,
D
Cyy
(rxy , k̃)

= 2π

∞
X

(−1)m am Im (αrxy ).

(4.8)

m=0

Substituting equations (4.5), (4.7) and (4.8) in expression (4.6) we recover the result
of Tsai [2011], i.e.,
P∞

im Jm (ωrxy /c)
m=0 amp
.
P∞
m
m=0 am Im (αrxy )
m=0 (−1) am Im (αrxy )

ρD (rxy , k̃) = pP∞

(4.9)
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The behaviour of equation (4.9) is discussed in some detail by Tsai [2011] and applies
to arbitrary am , provided P (θ) > 0 for all θ.
It is useful to note that in case of a constant power density function, i.e., am = 0 for
m > 0, ρD coincides with [1/I0 (αrxy )] J0 (ωrxy /c). This decay is quite different from the
behaviour of ρD for a homogeneous distribution of sources, i.e., including sources in the
near field: in that case it coincides with e−αrxy J0 (ωrxy /c) [Snieder , 2007; Tsai , 2011;
Nakahara, 2012]. This difference is exemplary for the dependence of the coherency on
the source distribution in case of a dissipative medium, which has been pointed out in
detail by Tsai [2011].
Prieto et al. [2009] and Lawrence and Prieto [2011] use an exponentially decaying
model, i.e., e−αrxy J0 (ωrxy /c), to retrieve surface-wave attenuation. To overcome the
mapping of azimuthal source distribution variations into the attenuation coefficient these
authors compute azimuthal and spatial averages of the coherency. In the remainder of
this study we will refer to this procedure as ‘Prieto’s method’. Applied to a dissipative
medium, azimuthal averaging of coherencies associated with equidistant but differently
oriented receiver pairs largely corrects for azimuthal variations in the source distribution
[Tsai , 2011]. For example, the azimuthal average of the coherency computed for an array
of receivers illuminated non-uniformly by far-field sources will not be very different from
[1/I0 (αrxy )] J0 (ωrxy /c). Importantly, however, azimuthal averaging of the coherency
does not correct for variations in source power as a function of distance from the center
of the receiver array: in a dissipative medium sources are still required within the array
as well as outside the array to justify the use of e−αrxy J0 (ωrxy /c) as model.
At the frequencies considered in the studies of Prieto et al. [2009] and Lawrence and
Prieto [2011], the most notable ambient noise source is forcing by oceanic waves, either
direct [Hasselmann, 1963] or through nonlinear interaction [Longuet-Higgins, 1950]. Fitting e−αrxy J0 (ωrxy /c) to the azimuthally and spatially averaged coherency may therefore
be a good approximation for arrays of stations at the ocean bottom (e.g. as was done
in Chapter 3 of this thesis), expression (4.9) suggests it might not be for stations far
away from the oceans, e.g., central USA. The values found for α with Prieto’s method,
however, agree rather well with geology. Especially the attenuation rate maps produced
by Lawrence and Prieto [2011] show anomalies that coincide well with regional tectonic
features such as, for example, Yellowstone. At the periods evaluated in this specific
study, i.e., 24, 12 and 8 seconds, scattering due to crustal heterogeneities can be significant [Snieder , 1988]. Surface waves may exhibit significant decay while traveling through
such a scattering medium [Foldy, 1945; Wu and Aki , 1988; Groenenboom and Snieder ,
1995]. We will therefore now investigate the impact of scattering on the azimuthally and
spatially averaged coherency using distributions of isotropic point scatterers.
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4.3 Attenuation due to distributions of isotropic point scatterers
We model a heterogenous medium by a distribution of isotropic point scatterers. Such
scatterers can be thought of as medium heterogeneities represented by single points
which, in two dimensions, scatters circular symmetric waves. Assuming an assemblage
of isotropic scatterers embedded in a homogeneous and lossless background medium
allows for explicit computation of the wavefield [Foldy, 1945]. At the same time, a
wave traveling through an assemblage of isotropic point scatterers can be described
by an effective wavenumber whose phase velocity and rate of attenuation depend on
(i) the wavenumber of the background medium, (ii) the scatterer density and (iii) the
average strength of the scatterers. We note that isotropic point scattering is not essential
for the description of a heterogeneous medium by an effective wavenumber [Lax , 1951;
Waterman and Truell , 1961].
The total wavefield at a location r can be described as the sum of the background
wavefield Ψ0 and the wavefield due to the scatterers Ψs , i.e.,
Ψ(r) = Ψ0 (r) + Ψs (r).

(4.10)

Since the medium in which the scatterers are embedded is assumed lossless and homogeneous, propagation in this background medium is described by a real wavenumber k0 .
Similarly, the velocity of the background medium is denoted by c0 and its wavelength by
λ0 . In Appendix 4.A we show how equation (4.10) can be written as a linear system of
equations in case r coincides with the location of a scatterer. Solving this linear system
of equations for a single incident unit amplitude wave Ψ0 (r) ≡ eik0 ·r enables us to cal-

culate the total wavefield at any location r. In order to simulate a wavefield consisting
of many incoming waves, i.e., an assemblage of scatterers illuminated by a diffuse wavefield, the system of equations is solved for each incident wave and the final wavefield at
a location r is simply obtained by summing the individual wavefields at that location.
In the next section we present solutions for multiple scattering between isotropic point
scatterers for three different background wave fields. For all these solutions, energy is
conserved by virtue of the optical theorem.
The amount of energy an incident wavefield loses when impinging on an obstacle
is linearly related to the forward scattering amplitude by the optical theorem [van De
Hulst, 1949; Newton, 1976]. The relationship was first conceived of by Lord Rayleigh
[Strutt, 1871]. For a two-dimensional unit amplitude incident wave impinging on an
isotropic point scatterer the optical theorem reads [Groenenboom and Snieder , 1995]:
ΩT OT =

= [f ]
,
k0

(4.11)
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where =[f ] denotes the imaginary part of the scattering amplitude f and ΩT OT the

total scattering cross-section. In general, this cross-section represents the loss of energy
in the forward direction and hence depends on the wave vector of the incident wave,

but, since we consider isotropic point scattering, ΩT OT is independent of the direction
of the incident wave. The total scattering cross-section is also often referred to as the
extinction cross-section [e.g. Newton, 2002].
Removal of energy from the incident wave by a scatterer can be due to two mechanisms: absorption and scattering. The energy loss associated with the absorption is
usually referred to as the capture or absorption cross section, denoted ΩC , and the
loss of energy due to scattering is given by the scattering cross section ΩS [Newton,
2002]. We confine ourselves to isotropic point scatterers that do not absorb energy,
i.e., ΩC = 0. Conservation of energy therefore equates the total cross section of a
scatterer to its scattering cross-section. We show in appendix 4.B how this equality
enforces a relation between the real and imaginary part of the scattering amplitude:
p
<[f ] = ± −=[f ](4 + =[f ]). This relation bounds the imaginary part of f and hence

caps the maximum scattering amplitude, i.e., −4 ≤ =[f ] ≤ 0 and |f | ≤ 4. Positive and
negative real parts of f correspond to phase advances and phase delays, respectively,

and can be loosely interpreted as positive and negative velocity perturbations collapsed
to a single point.
Foldy [1945] considers the ensemble averages of the physical quantities of the wavefield, i.e., the behaviour of the average over a statistical ensemble of scatterer configurations is evaluated, henceforth ‘configurational average’. He explicitly derives expressions
for the configurational average of the wave function, the configurational average of the
square of its absolute value and the configurational average of the flux of the wave function. The configurational average of the cross-correlation is not treated in Foldy [1945].
In this work, we also consider the configurational average of the wavefield and denote it
by hΨ(r)i. The configurational average tends to its expected value in the limit of an infi-

nite ensemble of configurations. We will therefore use these two terms interchangeably in
this study. Also, in the remainder of this work, h·i denotes the average over a statistical

ensemble of scatterer configurations instead of a statistical ensemble of cross-correlation
amplitudes (i.e., as in section 4.2).

Foldy [1945] shows how the configurational average of the scattered wavefield depends
on the scatterer density ν(r, f ). In this study we assume, for simplicity, the scatterer
density as a function of space and the scatterer density as a function of scattering
amplitude to be independent. We can therefore drop the dependence of ν on f and
account for the dependence of the configurational average on scatterers with varying
scatterer amplitudes by introducing the random scattering amplitude F . We denote the
corresponding probability density function by pf : the probability of finding a scatterer
with scattering amplitude F = f is given by pf (f ).
Foldy [1945] shows explicitly that hΨ(r)i satisfies the wave equation with a com-
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plex wave number kef f . This effective wavenumber depends on the wavenumber of the
background medium, i.e., k0 , plus an additional term depending on ν and F . In two
dimensions we have [Groenenboom and Snieder , 1995],
s
kef f (r) = k0

1−

νhF i
,
k02

(4.12)

where the spatial dependence stems from the spatial variation of ν. Substituting kef f for
k0 in equation (4.29) essentially dampens the background wavefield and retards/advances
its phase (depending on the sign of <[f ] in equation (4.40)). Similar to k̃ in section 4.2,
the phase velocity and attenuation coefficient of the configurationally averaged scattered
wavefield are given by

ω
<[kef f ]

(4.13)

α = =[kef f ],

(4.14)

c=
and

respectively. Note that kef f is obtained by taking the principal square root in equation
(4.12) since that is the only square root with a physical meaning, i.e., corresponding to
α > 0.
Provided the scatterer density and the expected value of the random scattering amplitude are known, equation (4.12) can be used to compute the expected attenuation
and phase delay due to an assemblage of isotropic point scatterers. The expected value
of the random scattering amplitude is, by definition, given by

Z
hF i =

pf f df,

(4.15)

p
where integration is over all values of f for which <[f ] = ± −=[f ](4 + =[f ]). In the
next section we consider the simplest case of scatterers with equal amplitudes f0 , i.e.,

pf = δ(f −f0 ), where δ is the Dirac delta function. This implies that hF i = f0 . In section

4.5, however, we allow for scatterers with varying scattering amplitudes by setting pf
equal to a raised cosine distribution.

4.4 Numerical comparison and relation to theory
We compare numerically the behaviour of the cross-spectrum in a dissipative medium to
its behaviour in a medium populated with isotropic point scatterers. Since the average
wavefield in the scattering medium is described by kef f , comparison to this average
wavefield is immediate by setting kef f = k̃. In all experiments in this section we consider
a total of four thousand (N = 4000) scatterers which we randomly place within a circle
with radius R = 20λ0 (see Figure 4.3); this implies a constant ν = 4000/(π202 λ20 ). If we

4.4 Numerical comparison and relation to theory

a)

b)
Figure 4.2: Attenuation coefficient (a) and relative phase velocity decrease (b) of the
configurationally averaged wave as a function of scatterer density and the imaginary part
of the scattering amplitude. Note that we have prescribed the real part of the scattering
amplitude to be negative in equation (4.40).

furthermore consider an attenuation rate of α = 0.075/λ0 , inversion of equation (4.12)
yields hF i = f0 ≈ −1.067−0.309i. Furthermore, we impose a phase delay on the average

wavefield by prescribing <[f0 ] < 0. Under these assumptions, the rate of attenuation and

relative phase velocity decrease of the configurationally averaged wavefield are constant
throughout the medium. The scattering density and attenuation coefficient are both
expressed with respect to the wavelength of the background wave. Figure 4.2 presents
the rate of attenuation and relative phase velocity decrease as a function of ν and =[hF i].

The considered attenuation rate of α = 0.075/λ0 represents, for example, a surface wave
with a period of 8 seconds traveling with a background velocity of 3 km/s whose of
attenuation is described by an attenuation coefficient of 3.125 × 10−3 km−1 .

The configurational average of the physical quantities of interest, i.e., Ψ, C S and

ρS , is computed by averaging over a total of M ‘scattering realizations’; each realization
associated with a (different) random configuration of the scatterers. We consider three
different experiments which are discriminated from each other by their illumination of the
line of receivers, i.e., by P (θ). The order in which we conduct these experiments serves
to incrementally increase our understanding. In the first experiment we consider a single
plane wave impinging on the distributions of scatterers, subsequently we examine the
effect of a uniform P (θ) and, finally, we investigate the behaviour of the cross-spectrum
in case of some random illumination function.
In section 4.2 we explicitly assumed simultaneously acting uncorrelated sources. We
showed in equation (4.3) that this azimuthal decoherence reduces the calculation of the
ensemble-averaged cross-correlation to a single integral. In all our numerical experiments
(both in this section and the next), we will assume this azimuthal decoherence. This implies that for any superposition of plane waves, i.e., any P (θ), we compute cross-spectra
individually for each incident wave (including scattering events) and subsequently stack
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them.
Table 4.1: Symbols for the different physical quantities.

Symbol

Explanation

Ψ

Scattered wave field

Ψ0

Background wave field

Ψs

Wavefield due to scatterers (Ψ − Ψ0 )

CD

Cross-spectrum in a dissipative medium (propagation described by k̃)

CS

Cross-spectrum in a scattering medium

C0S
CsS

Cross-spectrum of the background wave field in the scattering medium

ρD

Coherency in a dissipative medium (equation (4.9))

ρS

The part of the cross-spectrum due to the presence of the scatterers (C S − C0S )
Coherency in a scattering medium (equation (4.17))

In order to compare the behaviour of the coherency in a scattered wavefield to the
analytical expressions obtained in section 4.2, we introduce the counterparts of these
expressions in the scattered wavefield. These counterparts are computed using displacements, i.e., Ψ(r), obtained from solutions of the multiple scattering inverse problem. We
compute the wavefield at discrete points along the line defined in section 4.2. Also, again
we consider pairs of receivers, x and y, equidistant from the origin (see Figure 4.1). The
cross-spectrum associated with a single scattering realization, denoted C S , is given by
C S (rxy ) ≡ Ψx Ψ∗y .

(4.16)

where Ψx and Ψy are the displacements at the locations of receivers x and y, respectively.
Since Ψ = Ψ0 + Ψs, the cross-correlation of the direct wave can be isolated: it is simply
obtained by multiplication of Ψ0 measured by receiver x with the complex conjugate
of Ψ0 measured by receiver y. We denote this measurable C0S and, additionally, define
the complementary part CsS ≡ C S − C0S . This complementary part includes correlations
between the direct wave and the scatterers and mutual correlations between the scat-

terers. In fact, for a single incident wave, CsS contains many of these ‘spurious arrivals’
(see Snieder and Fleury [2010] for a theoretical explanation and Godin et al. [2010] for
observations of spurious arrivals). The coherency in the scattered wavefield, denoted ρS ,
is defined as

C S (rxy )
q
ρS (rxy ) ≡ p
.
S
S
Cxx
Cyy

(4.17)

An overview of the symbols associated with the different physical quantities is given in
table 4.1. Configurational averages exist for those that depend on the scatterer positions.
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θ=π/2

20λ0

20λ0
k0

θ=π

θ=0

λ0/60

P(θ)=1/2π

a)

θ=3π/2

b)

Figure 4.3: The experimental setup of the first ( a) and second experiment ( b). Red
dots represent (a single scattering realization of) isotropic point scatterers. In our first
experiment we consider a single incident plane wave from a direction θ = π while in the
second experiment we prescribe a uniform distribution of far-field sources, i.e., uniform
P (θ). A zoom in on the very center of a depicts the receivers as black diamonds
separated by λ0 /60.

4.4.1

Experiment 1: A single plane wave

We consider a single incident plane wave illuminating the distribution of scatterers from
the azimuth θ = π (see Figure 4.3a). The spectrum is computed at 481 locations
(240 receivers x, 240 receivers y and one at the center) where the distances between the
receivers is λ0 /60. The configurationally averaged wavefield is obtained by averaging over
a total of 38400 scattering realizations. The spectrum associated with a single scattering
realization is shown, as function of location along the line of receivers, in Figure 4.4a
(realization no. 30001; chosen arbitrarily). In the same graph, the configurationally
averaged wavefield is plotted. It is clear that the impact of the isotropic point scatterers
is such that the spectrum associated with a single realization by no means approximates
the configurationally averaged wave. In Figure 4.4b, we separate the contributions of
Ψ0 and Ψs which shows that the direct wave has a significantly lower amplitude than
the signal due to the combined effect of the scatterers. Finally, Figure 4.4c presents the
configurationally averaged wavefield. The numerically obtained hΨi coincides with the

predicted configurational average, i.e., with the wave propagating with wavenumber kef f .

This confirms that our setup enables us to successfully simulate the configurationally
averaged wavefield. The increasing phase delay and decreasing amplitude with respect to
the direct wave is the (average) signature of the isotropic point scatterers. The decrease
in amplitude is predominantly due to the ‘randomization’ of the wavefield [Wu, 1982].
The cross-spectrum of the scattering realization presented in Figure 4.4 is shown in
Figure 4.5a. We only compute cross-spectra for receivers equidistant from the origin, so
rxy is incremented by λ0 /30. The strong fluctuations in the spectrum cause the crossspectrum to behave very dissimilar to the cross-spectrum of the direct wave (Figure
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Figure 4.4: The spectrum as a function of distance in the scattered wavefield. The
spectrum associated with a single configuration of the scatterers (Ψ) is presented in a.
The light blue and red dots depict the real and imaginary of the spectrum, respectively.
The solid blue and red lines represent the real and imaginary part of the configurationally
averaged wavefield, i.e., hΨi, respectively. The contributions of the direct wave (Ψ0 ;
dashed line) and the wavefield due to the scatterers (Ψs ; triangles) are separated in b.
The bottom graph ( c) shows the configurationally averaged wavefield obtained from
our numerical experiment (dots) and predicted by Foldy [1945], i.e., kef f (solid lines).
Also, the direct, non-attenuating wave, is plotted (dashed lines).
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Figure 4.5: The cross-spectrum as a function of distance in the scattered wavefield.
The cross-spectrum associated with a single configuration of the scatterers (C S ) is
presented in a. The green and orange dots depict the real and imaginary part of the
spectrum, respectively. The cross-correlation of the direct wave, i.e., C0S , (dashed
lines) and its complementary part CsS (triangles) are presented in b. Graph c shows
the configurationally averaged cross-spectrum obtained from our numerical experiment
(dots). For comparison, the cross-spectrum of the configurationally averaged spectrum
is plotted (solid lines).
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4.5b), where we have normalized both C0S (rxy ) and CsS (rxy ) with respect to C0S (rxy = 0).
This shows explicitly that the wavefield due to the scatterers has an impact on the crosscorrelation that is more than an order of magnitude larger than the cross-spectrum of
the direct wave. In the time-domain this manifests itself as high amplitude seismic
coda [Groenenboom and Snieder , 1995]. These coda can be used to retrieve the Green’s
function between a pair of receivers [Campillo and Paul , 2003; Snieder , 2004]. Since the
ambient seismic field is a combination of direct arrivals and scattered waves, however,
we do not aim to separate their effect in this study (Note that splitting C S in C0S and
CsS is not the same as separating the direct wave from the scattered waves, because CsS
still includes interactions between the direct waves and the scattered waves, i.e., it does
not only represent the coda but also includes the terms Ψx0 Ψ∗ys and Ψxs Ψ∗y0 ).
Perhaps surprisingly, the configurational average of the cross-spectrum of the scattered wavefield decays significantly (Figure 4.5c). This observation agrees with Foldy’s
result for the configurational average of the autocorrelation though (the configurational
average of the cross-correlation at rxy = 0 is simply the configurational average of the
autocorrelation). Foldy derives explicitly that the configurational average of the autocorrelation is larger than the autocorrelation of the configurational average and provides
an exhaustive physical interpretation. The difference can be interpreted considering the
interference between different wave arrivals, which, in general, reduces |Ψ|. Similarly,
interference between wave arrivals associated with different scatterer configurations has
the result that |hΨi|2 is, in general, less than h|Ψ|2 i.

4.4.2

Experiment 2: Uniform illumination from all angles

We illuminate the scatterers and receivers prescribing a constant power as function
of azimuth (P (θ) = 1/2π). To decrease computational costs, we evaluate the crossspectrum up to a maximum receiver separation of ∼5.3λ0 . Receiver separation is again
incremented by λ0 /30 (see Figure 4.3b). For an arbitrarily chosen scattering realization,

the cross-spectrum is presented in Figure 4.6a. The imaginary part of the cross-spectrum
is zero for all rxy . This agrees with the theory applicable to the setup of this experiment.
More precisely, for similar assumptions as ours, Wapenaar and Fokkema [2006, eq. 32]
show that the cross-spectrum between between any two points is negatively proportional
to the imaginary part of the Green’s function those two points, i.e., in our context,
C S (rxy ) ∝ −=[G(rxy )],

(4.18)

It should be understood that, provided uniform illumination from all angles by uncorrelated sources, relation (4.18) holds for arbitrary medium properties in the region enclosed
by the sources [Wapenaar and Fokkema, 2006]. In other words, G(rxy ) contains both
the direct wave between y and x, i.e., G(0) (rxy ), and scattering contributions. We have
ensured ourselves that this holds true for a single scattering realization by simply re-
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Figure 4.6: Graphs a and b present the same quantities as in Figure 4.5, but for
a wavefield consisting of plane waves incident from all directions with equal power.
Graph c compares the configurationally averaged cross-spectrum in a scattered wavefield
(green and orange dots) to the cross-spectrum associated with a dissipative medium,


i.e., equation (4.5) (solid red and darkyellow lines). The numerically computed < hC S i
coincides with theory, i.e., equation (4.25) (depicted by the solid black line).
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placing the receivers in one direction by point sources, computing the impulse response
measured by the receivers in the other direction and comparing the imaginary parts to
the C S . Note that in the absence of scatterers, G(0) (rxy ) can be substituted in (4.18)
and, using equation (4.31), we have C S (rxy ) = C0S ∝ J0 (k0 rxy ).
As in Figure 4.5, we have isolated the cross-correlation of the direct wave and plotted
it along with its complementary part (Figure 4.6b). We have again normalized both
C0S (rxy ) and CsS (rxy ) with respect to C0S (rxy = 0). Contrary to the cross-spectrum
associated with a single incident wave, CsS does not dominate the behaviour of C S :
we observe that C0S and CsS contribute approximately equally to the behaviour of the
cross-spectrum. This reduction in the relative strength of CsS can be explained by the
isotropic illumination of the scatterers. In accordance with theory, i.e., C S ∝ =[G (rxy )],

spurious arrivals vanish. This has been shown explicitly for both single scattered waves
[Snieder et al., 2008] and multiple scattered waves [Snieder and Fleury, 2010]. Compared
to our first experiment, the absence of these spurious arrivals in CsS seems to reduce its
amplitude with respect to C0S . For that reason, CsS leaves a significantly lower imprint
on the behaviour of C S for an isotropic distribution of sources. Most likely, it is also due
to this cancellation of spurious arrivals that we only need to average over 768 scattering
realizations to obtain a stable estimate of the configurationally averaged cross-spectrum
(compared to 38400 for illumination by a single plane wave). The configurationally
averaged cross-spectrum is presented in Figure 4.6c.
We recall that Foldy [1945] shows explicitly that hΨ(r)i satisfies the wave equation

with a complex wave number kef f . Consequently, for a homogeneous effective medium,
i.e., constant kef f , the Green’s function is given by,
hG (rxy )i =

−i (1)
H (kef f rxy )
4 0

(4.19)

which upon substitution of the right-hand side of expression (4.12) can be written as
−i (1)
hG (rxy )i =
H
4 0

q

2
k0 − < [hνf i] − i= [hνf i] × rxy .

(4.20)

Tsai [2011] notes that the Hankel function with a complex argument can, for b  a,

be approximated as follows,
(1)
H0

r
a rxy

ib
1+
a

!
(1)

≈ H0 (a rxy )e−brxy /2 .

(4.21)

Adapted to the argument of the Hankel function in equation (4.20) this gives a =
p
p
k02 − < [hνf i] , b = −= [hνf i] k02 − < [hνf i] and the approximation holds for −= [hνf i] 
1 (note that −= [hνf i] > 0 since, by virtue of the optical theorem, = [f ] < 0 for all scat-

terers). Substituting the approximation for the Hankel function in expression (4.20)
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Figure 4.7: The configurationally averaged coherency in a scattered wavefield (green
and orange dots) compared to the coherency in a dissipative medium, i.e., equation (4.5)
(solid red and darkyellow lines). For comparison, the predicted behaviour of <[hC S i],
i.e., according to equation (4.25), is plotted on top (solid black line).

yields
−i (1)
H
hG (rxy )i ≈
4 0

q

k02



− < [hνf i] × rxy e−αrxy ,

(4.22)

where, according to (4.21), α now is approximated by,
α≈

−= [hνf i]
2

q
k02 − < [hνf i].

(4.23)

Note that the right-hand side expression hence approximates = [kef f ]. Similarly, c is

approximated by

ω
,
c≈ p 2
k0 − < [hνf i]

(4.24)

whose denominator approximates <[kef f ]. We note that these approximations for c and
α can also be inferred directly from equation (4.12), since, for a complex number which

has a small imaginary part with respect to its real part, i.e., z = Aei(1+) with   1,
√
√
the principal square root can be approximated by z ≈ Aei(1+/2) .
We now draw an important connection between relation (4.18) and expression (4.22).
Although G (rxy ) includes both the direct wave and scattered waves between receivers

x and y, Foldy’s result implies that its expected value can be approximated by
equation
p

(4.22). Specifically, the imaginary part of this approximation behaves like −J0
k02 − < [hνf i] rxy e−αrxy

However, for isotropic illumination, relation (4.18) tells us that C S (rxy ) and =[G(rxy )]
are negatively proportional and hence so are hC S (rxy )i and h=[G(rxy )]i. Consequently,
we can conclude that,

q

2
hC (rxy )i ∝ J0
k0 − < [hνf i] rxy e−αrxy .
S

(4.25)

Thus, on the one hand we have the cross-spectrum associated with uniformly distributed
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isotropic point scatterers whose expected value decays according to e−αrxy , while, on the
other hand, we have the cross-spectrum associated with a dissipative medium which does
not decay at all (equation (4.5) with am = 0 for m > 0 and a0 = 1/2π). Figure 4.6c


shows that the analytical expression coincides with the numerically simulated < hC S i .
Also, for comparison, we have plotted the analytical solution for the cross-spectrum in
a dissipative medium. We should note that we have normalized hC S i with respect to
hC S (rxy = 0)i. Relation (4.25) is the main analytical contribution of this paper.

We investigate the impact of the spectral whitening procedure on the amplitudes.

Figure 4.7 presents the numerically obtained hρS i and compares it to ρD . The Figure
bears a striking resemblance to Figure 4.6c for two reasons. First, the attenuation of

ρD , given by expression (4.9) (with am = 0 for m > 0 and a0 = 1/2π), is extremely
small with respect to the attenuation of hC S i ([1/I0 (0.075rxy /λ0 )] versus 1, respectively)

which makes their behaviour very alike. Second and merely an observation, hρS i appears
to decay at an equal rate as hC S i, i.e., e−αrxy . We cannot analytically proof this equality,

but it can be understood intuitively by considering Foldy’s result for the expected value
of the autocorrelation in relation to the illumination considered. Given this uniform
illumination from all angles, h|Ψ|2 i can be expected equal for all receivers. Furthermore,
the loss of coherency, which depends on hνf i and is approximated by (4.23), can be due

either to few strong scatterers or many weak scatterers (see Figure 4.2a). On the one
hand, in case of few strong scatterers, the deviation of a single scattering realization from
the configurational average can be expected to be large and many scattering realizations
will be needed to converge to the expected values of C S and |Ψ|2 . On the other hand,

in the limit of an infinite number of isotropic point scatterers with their scattering
2
2
amplitudes approaching zero, each scattering
q realizations’ |Ψ| will approach h|Ψ| |i.
p
S
S in equation (4.17) may not alter the
This suggests that the division by Cxx
Cyy

decay of hρS i with respect to the decay of hC S i. This in turn suggests that hρS i ∝ hC S i

in this limit. An exponential decay of hρS i agrees with the findings of Lin et al. [2011].

4.4.3

Experiment 3: Non-uniform illumination

In our third and final experiment we illuminate the assemblages of scatterers with a
wavefield characterized by an illumination described by substitution of a0 = 1/2π, a2 =
1/4π and a3 = 1/5π in equation (4.4); the other coefficients are set to zero. The power of
the wavefield as a function of azimuth is shown in Figure 4.8. One should understand that
the results obtained for this particular source distribution and our interpretation of these,
cannot be extended directly to other non-uniform source distributions. Nevertheless,
some useful lessons can be learned from this last experiment.
Similar to the previous experiment, we evaluate the cross-spectrum up to a maximum receiver separation of ∼5.3λ0 and increment the separation of the receivers by
λ0 /30. We average over a total of 1536 scattering realizations in order to get a stable es-

timate of the configurationally averaged cross-spectrum. The configurationally averaged
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Figure 4.8: The power of the illuminating wavefield is defined by a0 = 1/2π, a2 = 1/4π
and a3 = 1/5π. The cross-spectra resulting from such illumination are shown in Figure
4.9
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by the solid black line.
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cross-spectrum and configurationally averaged coherency resulting from this source distribution are presented in Figure 4.9. Figure 4.9a compares hC S i to C D . It is interesting

to observe a relatively large difference between the behaviour of the two cross-spectra;
each associated with a different attenuation mechanism. The amplitude deviation of C D

from its behaviour associated with a uniform illumination is not experienced by hC S i.

In fact, the observed behaviour of hC S i is quite close to its behaviour in our previous

experiment (see Figure 4.6c), and hence quite close to the behaviour of the right-hand
side of (4.25). Also, while the imaginary part of C D is clearly oscillating, = [hC s i] de-

viates only slightly from zero. This indicates that, despite the non-uniformity of the

wavefield, the spurious arrivals cancel to a great extend for the illumination considered
here. Similar observations have been made by Froment et al. [2010]. Finally, the phase
of the symmetric part of the cross-correlation, i.e. that of the real part, is largely unaffected by the non-uniformity of P (θ); both for C D and hC S i. This suggests that phase

velocity measurements may give results that only slightly deviate from the real phase
velocity [Ekström et al., 2009; Tsai and Moschetti , 2010; Boschi et al., 2013]. This is in
line with earlier numerical simulations performed by Yang and Ritzwoller [2008].
The behaviour of the coherency (Figure 4.9b) is almost coinciding with the behaviour
of the cross-spectrum (Figure 4.9a); both for a scattered and a dissipative wavefield.
Regarding the latter, the stronger decay of ρD with respect to C D is negligible. One
should understand, however, that this difference in decay between C D and ρD is subject
to significant change when sources are located closer to the receivers [Tsai , 2011]. In
the following section we relate the results of our experiments to recent studies focussing
on the attenuation of the ambient seismic field by means of a simple example.

4.5 Relation to azimuthally and spatially averaged cross-spectrum
In this section we relate our findings to Prieto’s method. Ultimately, in the context of
scattering due to isotropic point scatterers, averaging complex coherencies associated
with a single station pair over different scattering realizations is essentially the same
as averaging complex coherencies associated with different station pairs with equal (or
almost equal) station-station separation; provided, of course, that the different station
paths traverse a region with constant or close to constant hνf i.

We exemplify the close analogy between Prieto’s method and averaging over different

scattering realizations utilizing station coordinates of a subset of the USArray (see Figure
4.10, left). This is rather arbitrary as we could have generated our own configuration
of seismic stations, but it makes the example more tangibly. In line with earlier studies
[Lawrence and Prieto, 2011, and Chapter 2 of this thesis], we introduce the binned
azimuthally averaged coherency, denoted ρ̄S . We discretize distance in bins with width
bw and enumerate the bins by giving them indices i = 1, 2, ..., N . The center distance
of a bin with index i is denoted by ri and the number of station pairs whose station-
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Figure 4.10: On the left: the USArray station locations at which the ambient wavefield
is computed. On the right: randomly generated scatterer locations and strengths (given
by the size of the circles) for a prescribed scatterer density of 1.22 × 10−3 scatterers per
km2 .

station distance r fulfills the criterion [ri − (bw/2)] ≤ r < [ri + (bw/2)] is denoted by

Mi . After assigning each station pair to the appropriate bin, the binned azimuthally
averaged coherency is computed by,
ρ̄S (ri ) ≡

M
1 Xi
ρSj ,
Mi

(4.26)

j=1

where for each bin the summation is over the total number of station pairs it contains,
i.e, Mi , and where ρSj denotes the coherency associated with station pair j. Similar
to the previously mentioned data analysis papers, we determine the decay of the real
part of the azimuthally averaged coherency by fitting a damped Bessel function. We
introduce the misfit function
M F (α, c) =

N
X
i=1

< [ρ̄S (ri )] − J0

r ω 
i
e−αri .
c

(4.27)

The fact that M F is based on the L1-norm, mitigates the effect of outliers due to limited
numbers of station pairs in some bins.
We consider a background wavelength λ0 = 40.8 km due to incident waves with
periods of 12 seconds that propagate with a velocity of 3.4 km/s. Furthermore, we assume
a uniform illumination from all angles and prescribe ν independent of location which
implies a constant kef f . We compute the wavefield 16 times, each time incrementing
ν by 0.306 × 10−3 km−2 . To make the example more realistic, we allow for scatterers
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Figure 4.11: Comparison between the attenuation rate and phase velocity retrieved
through our inversion for α and c by minimizing (4.27) (green and blue dots, respectively)
and the predicted attenuation rate and phase velocity according to equations (4.23) and
(4.24) (green and blue solid lines, respectively). The red circled dots correspond to the
azimuthally and spatially averaged complex coherencies presented in Figure 4.12.

with different scattering amplitudes. The probability of a scatterer’s strength, i.e., |f |,

is described by a raised cosine distribution,




1
|f | − µ
pf (f, µ, s) = T 1 + cos
π ,
s
pf

(4.28)

where µ denotes the mean and pf is supported between |f | = µ − s and |f | = µ + s;
R
the normalization constant pTf ensures that pf df = 1. In appendix 4.C we show how
hF i can be written explicitly in terms of µ and s. We set µ = 0.75 and s = 0.45
and use equation (4.47) to compute the expected scattering amplitude. Given a certain

scatterer density ν, the expected attenuation rate and phase velocity can be computed
by equations (4.14) and (4.13) through equation (4.12). The right map in Figure 4.10
illustrates the randomly generated scatterer locations and strengths for a prescribed
scatterer density of 1.22 × 10−3 scatterers per km2 .
The attenuation rates and phase velocities estimated by the minima of (4.27) are
compared to the predicted attenuation rates and phase velocities in Figure 4.11. Since
we have assumed uniform illumination from all angles, these predicted values are simply
given by equations (4.23) and (4.24). Furthermore, we used a bin width of 4 kilometers
while averaging the complex coherencies from different station pairs (bw = 4). As ex-
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Figure 4.12: Azimuthally averaged coherency (ρ̄S (ri ); green and orange dots) computed from the station configuration shown in Figure 4.10. An ambient-seismic wavefield
characterized by equal amplitude waves arriving from all directions is assumed. Plots a
and b are associated with scatterer densities of 0.92 × 10−3 and 4.59 × 10−3 scatterers
per km2 , respectively. Scatterers vary in strength according to equation (4.28) with µ
and s set to 0.75 and 0.45, respectively. The obtained behaviour is compared to the
expected behaviour of the coherency (hρS i; black solid line). Very few station pairs
have a station-station separation shorter than 1 wavelength and hence these results are
muted and disregarded.
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pected, the estimated values follow the same trend as the analytical curves and especially
the phase velocity is well constrained. We notice that the attenuation rate estimates deviate more from the analytical predictions for higher scatterer densities. This can be
explained by the higher deviation of individual realizations from their expected values
for higher scatterer densities. Figure 4.12 illustrates this effect since averages of ρS associated with individual bins exhibit a larger variation in plot b, which presents ρ̄S (ri ) for
a relative high scatterer density (see also Figure 4.11). Note that he imaginary parts are
again zero due to the uniform illumination and the relation resulting from it, i.e. (4.25).

A few caveats apply while translating our results for distributions of isotropic point
scatterers to data-oriented studies aiming to recover attenuation rates using interferometric surface waves. First, in case of abrupt changes in either scatterer density or scattering amplitudes, the effective wavenumber changes accordingly and the azimuthal and
spatial averaging may produce unexpected or meaningless results. Along those lines, it
is rather important that the typical length-scale over which hνf i varies strongly is larger
than the size of the regions over which cross-spectra are averaged. This remark applies
equally strong to dissipative media though [Tsai , 2011]. A second caveat concerns the
trade-off between scatterer density and scattering amplitudes: loss of coherency can be
due either to few strong scatterers or many weak scatterers (see Figure 4.2a). A region
with few strong heterogeneities, however, may well require an unreasonably high number
of individual coherency measurements, i.e. station pairs, to obtain a ‘stable’ average.
Moreover, it remains to assess whether the behaviour of the configurationally averaged
coherency, i.e., hρS i, will deviate from the behaviour of the configurationally averaged

cross-spectrum, i.e. hC S i, for a sparse distribution of strong scatterers. Our results

from section 4.4 suggest that their behaviour coincides and so does the comparison in

this section of ρ̄S with the predicted behaviour due to relation (4.25). In an attempt
to vary the scatterer density spatially in the presented example, we were unsuccessful
in recovering spatial variations in attenuation. Such an exercise, however, may well be
successful if numerical resources would allow a further increase in scatterer densities (and
an according appropriate decrease in scattering amplitudes).

We finally want to stress that with the experiments, analytical relations and examples presented in this paper we do not want to suggest that the method introduced by
Prieto et al. [2009] enables one to recover the ’true’ subsurface attenuation. Ultimately,
attenuation solely due to scattering is a rather unphysical assumption. Nevertheless,
our results do suggest that the decay of the (whitened) cross-spectrum may be more
sensitive to the local structure than suggested in earlier studies [Tsai , 2011; Hanasoge,
2013]. How much more, however, is largely dependent on the predominant attenuation
mechanism, i.e., scattering versus dissipation of energy, and their interaction.
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4.6 Conclusions
Provided assemblages of isotropic point scatterer and receivers uniformly illuminated
from all angles by plane waves, the configurationally averaged cross-correlation decays
according to e−αr . This is different from the decay of the cross-correlation in a dissipative
medium. For a uniform distribution of sources in the far-field, the latter cross-correlation
does not decay at all and only slightly if recordings are spectrally whitened prior to
cross-correlation. In this case it decays accroding to 1/I0 (αr). Our numerical results
suggest that the coherency’s decay in the scattered field is exponentially, i.e., just like
the cross-correlation’s decay. This is not analytically shown though. For a non-uniform
distribution of sources with the azimuth, we find that the scattering decreases the dependence of the cross-correlation’s amplitude on the illumination pattern. Finally, provided
a regionally constant (or smooth) scatterer density, azimuthal and spatial averaging of
cross-spectra computed from equidistant receiver pairs is equivalent to averaging over
different scatterer ensembles characterized by an equal scatter density.

4.A The solution of the multiple scattering process
In general, a scatterer’s radiation pattern is described by its ‘scattering amplitude’,
which depends on the direction of propagation of the incoming and scattered wave.
Isotropic point scatterers, however, are characterized by a scattering amplitude that
is independent of the incident and scattered wave vector. We denote the scattering
amplitude of a scatterer at rj by fj .
Consider a background wavefield,
Ψ0 (r) ≡ eik0 ·r ,

(4.29)

where the wave vector k0 prescribes the direction of propagation and wavelength of the
background incident wave (note that k0 = |k0 |). The wavefield at r due to scatterers
located at rj can be written as a summation over their individual contributions [Foldy,
1945; Groenenboom and Snieder , 1995], i.e.,
Ψs (r) ≡

N
X

G(0) (r, rj )fj Ψ(rj ),

(4.30)

j=1

where we sum over a total of N scatterers. G(0) (r, rj ) denotes the Green’s function of
the background medium.
In two dimensions, the impulse response to the scalar wave equation is given by
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[Groenenboom and Snieder , 1995]:
−i (1)
H (k0 |r − r 0 |)
4 0
exp (i (k0 |r − r 0 | − 3π/4))
p
p
≈
,
4 π/2 k0 |r − r 0 |

G(0) (r, r 0 ) =

(1)

where H0

k0 |r − rj |  1

(4.31)

is a Hankel function of the first kind and zeroth order. The approximation

is valid at distances much larger than the wavelength.

The wavefield at any location r can be obtained by substituting the right-hand
side of (4.30) for Ψs in equation (4.10). The summation in (4.30), however, requires the
wavefield impinging on the scatterers while the wavefield acting at any of these scatterers
depends in turn on the waves scattered away from the other scatterers. This mutual
dependence can be reformulated by eliminating a scatterer’s own contribution, i.e., for
the wavefield at the location of the j th scatterer we have,
Ψ(rj ) = Ψ0 (rj ) +

N
X

G(0) (rj , rl )fl Ψ(rl ).

(4.32)

l=1
l6=j

This linear system of equations can be written in matrix notation and solved for the
Ψ(rj ). The obtained solutions take into account all multiple scattering interactions.

We define


Ψ(r1 )







 Ψ(r2 ) 




Ψ ≡  ... 




 ... 



(4.33)

Ψ(rN )
and


Ψ0 (r1 )







 Ψ0 (r2 ) 




Ψ0 ≡  ... 




 ... 


Ψ0 (rN )

(4.34)
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and finally the square matrix with rank N,


f2 G(0) (r1 , r2 ) ... ... fN G(0) (r1 , rN )

−1



 f1 G(0) (r2 , r1 )


M ≡
...



...


f1 G(0) (rN , r1 )

−1

... ...

...

...

... ...

...

...

... ...

...

...

... ...

−1







.





(4.35)

In matrix notation equation (4.32) thus reduces to
M Ψ = −Ψ0 ,

(4.36)

Ψ = −M −1 Ψ0

(4.37)

which can be written as,

This system of equations can be solved numerically using, for example, LU decomposition. In the special case of equal fj for all scatterers, M becomes Hermitian and
Cholesky decomposition can be used to solve the system, which is approximately twice
as fast as LU decomposition. The solutions for the Ψ(rj ) can be substituted in expression (4.30) which enables us to calculate Ψs at any location r. Through equation (4.10)
we can subsequently calculate the total wavefield at that location.

4.B How the optical theorem caps the strength of an isotropic
point scatterer

Our rather idealized point scatterer doesn’t absorb energy, i.e., ΩC = 0. Conservation
of energy therefore equates the total cross section of a scatterer to its scattering crosssection. Because a scatterer is assumed to be isotropic, its scattering amplitude is
independent of the incident and scattered wave vector. Without loss of generality, we
position an isotropic point scatterer at the origin, and consider its wavefield as function
of distance r away from it, i.e.,
Ψ(r) = G(0) (r) × fj Ψ0 (0),

(4.38)
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where Ψ0 is given by equation (4.29). Its outward flux is therefore obtained by:
Z

2π

ΩS =
0

≈

1
8k0 π

2

G(0) (r) × f Ψ0 (0) rdθ
Z 2π
|f |2 dθ
0

2

=

|f |
.
4k0

(4.39)

The approximation stems from substitution of the far-field approximation for the Green’s
function, i.e., equation (4.31).
Equating ΩT OT , i.e., expression (4.11), to ΩS enforces a relation between the real
and imaginary part of the scattering amplitude:
p
<[f ] = ± −=[f ](4 + =[f ]).

(4.40)

This relation bounds both the imaginary part of f and the maximum amount of energy
removed from the incident wave, i.e.,
− 4 ≤ =[f ] ≤ 0

or

0 ≤ ΩT OT ≤ 4/k0 .

(4.41)

The optical theorem therefore caps the strength of the isotropic point scatterers. Positive
and negative real parts of f correspond to phase advances and phase delays, respectively,
and can be loosely interpreted as positive and negative velocity perturbations collapsed
to a single point.

4.C The expected scattering amplitude
The expected scattering amplitude hF i can be obtained by solving the integral in equa-

tion (4.15).

We evaluate this integral along the contour in the complex plane for

which f is defined. As shown in Appendix 4.B, this contour is described by the circle (<[f ])2 + (=[f ] + 2)2 = 4. We parameterize the contour by t, which gives f =
2ei(t+π/2) − 2i and f = 2ei(−t+π/2) − 2i for negative and positive <[f ], respectively. The
expected scattering amplitude is obtained by integration over t from 0 to π,

R
hF i = R






π

0




0


pf (t) 2ei(t+π/2) − 2i dt,

p
<[f ] = − −=[f ](4 + =[f ])


pf (t) 2ei(−t+π/2) − 2i dt,

<[f ] =

π

p
−=[f ](4 + =[f ]),

(4.42)

where pf becomes t-dependent by substituting the appropriate parameterization for
f (i.e., f = 2ei(t+π/2) − 2i and f = 2ei(−t+π/2) − 2i for negative and positive <[f ],
respectively).
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We now show how hF i can be computed in case the absolute scattering amplitudes

are drawn from a raised cosine distribution (cf. equation (4.28)). We only evaluate the
p
integral associated with <[f ] = − −=[f ](4 + =[f ]) for now and will return to positive

<[f ] at the end of appendix. Substituting equation (4.28) into equation (4.42) and
explicitly writing f = 2ei(t+π/2) − 2i we have,

Z
1
hF i = T
pf

t2

"

2ei(t+π/2) − 2i − µ
π
s

1 + cos

!#




2ei(t+π/2) − 2i dt

(4.43)

t1

where t1 and t2 are the positions on the half circles corresponding to |f | = µ − s and

|f | = µ + s, respectively. Since =[f ] = |f |2 / − 4 and f rotates around −2i, we obtain
after some algebra,

!

t1 = cos

|µ − s|2
+1
−8

t2 = cos−1

!
|µ + s|2
+1 .
−8

−1

and

The absolute value of f , in terms of t, can be simplified to
q

∗
2ei(t+π/2) − 2i =
2ei(t+π/2) − 2i 2ei(t+π/2) − 2i
p
= 8 − 8 cos (t).

(4.44)

(4.45)

(4.46)

which upon substitution in eq. (4.43) yields,

Z
1
hF i = T
pf

t2

"

!#
p


8 − 8 cos (t) − µ
π
2ei(t+π/2) − 2i dt,
s

1 + cos

(4.47)

t1

where the normalization factor is defined as

Z
pTf

and ensures that

R

≡

t2

1 + cos

!
p
8 − 8 cos (t) − µ
π dt
s

(4.48)

t1

pf df = 1.

We obtain hF i by numerical integration of expression (4.47). We note that the

expected value of F associated with positive <[f ] is simply obtained by substituting


2ei(−t+π/2) − 2i for 2ei(t+π/2) − 2i in equation (4.47).
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5.1 Thesis conclusions
The ultimate objective of this thesis is to increase our understanding of the attenuation
of the cross-correlation in an ambient seismic field. Achieving this objective requires
knowledge of the different factors that affect the cross-correlation’s amplitude, namely
(i) the structure of the medium and (ii) the illumination of the receivers. The impact of
the illumination pattern depends, among others, on the frequency, the azimuth of the
receiver pair and its location on Earth. In many cases the illumination pattern needs to
be taken into account while inverting for attenuation of the structure. Since this thesis
focusses mainly on the effect of the medium and the processing on the cross-correlation, I
have adopted the approach where the illumination pattern is assumed fixed (e.g. uniform
illumination) and the cross-correlation is evaluated given that specific pattern. The
following is a summary of the main findings and conclusions in this thesis.
The purpose of the analysis of the ocean-bottom recordings (chapter 2) was twofold.
First, to make an assessment as to whether any excess interferometric surface wave
attenuation could be measured. Second, and upon confirmation of the first, quantifying
this excess attenuation. The study revealed that empirical Green’s functions can be
retrieved by cross-correlating a mere few hours of ambient seismic noise recorded in an
ocean-bottom environment. EGFs were obtained from cross-correlations between both
the vertical and differential-pressure gauge recordings. Both components retrieved EGFs
associated with fundamental-mode Scholte waves. Moreover the differential-pressure
gauges revealed coherent energy traveling at ∼ 1500 m/s. These arrivals were associated
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with acoustic waves propagating through the seawater. The amplitude decay of the
interferometric fundamental-mode Scholte waves was investigated between 0.2 and 0.4
Hz. Two specific lines of seismometers were selected and the amplitudes of the EGFs
showed a stronger decay with distance than what could be expected from geometrical
spreading alone. Quantitative assessment of the decay resulted in frequency-dependent Q
estimates for both components. A first order comparison between the vertical-component
Q estimates as a function of frequency and the variation of the geology with depth gave
a reasonable agreement.
The objective of the second study (chapter 3) was to explain the proportionality
factor required to fit a Bessel function to the azimuthally averaged complex coherency
in chapter 2. The theory describing the azimuthally averaged complex coherency (i.e.,
SPAC) does not predict such a factor. The study therefore focused on the spectral
whitening procedure, in particular its connection with (cancellation of) cross-terms. In
essence, two end-member cases were evaluated. The first case assumed the cross-terms
had been fully cancelled prior to normalization, whereas the second accounted for the
presence of cross-terms in the normalization. An approximation of the solution for
the second case was obtained by Taylor expanding about the solution to the first case.
The obtained approximation demonstrates that, to a first order, the lack of cross-term
cancellation results in a ∼ 25% amplitude decrease. For station separations smaller

than approximately one wavelength, this decrease is lower. The obtained approximation

was successfully validated by numerical simulations. Also, computation of spectrally
whitened cross-spectra from recordings by an array of Swiss stations revealed approximately the same amplitude decrease.
The study presented in chapter 4 aimed to reconcile theory and published seismic
attenuation data analyses. The data analyses generally find an approximate exponential
decay of the cross-correlation, whereas theory prescribes that such decay may only be
expected in case of homogeneously distributed sources. This theory, however, assumes
a dissipative medium. Since scattering may also result in a significant loss of coherency,
I examined the behavior of the cross-correlation in a scattered wavefield. I showed that
strong scattering may explain discrepancies between current (dissipative) attenuation
models and recent data analysis results. Multiple scattering was simulated by means
of isotropic point scatterers. This approach allowed for a combined assessment, i.e.,
both analytical and numerical. This is because a wave passing through an assemblage
of isotropic point scatterers can be described by an effective wavenumber. This effective
wavenumber describes the expected amplitude and phase of the wave as a function of
the average scatterer strength density. Specifically, I found that under the assumption
of uniform illumination from all angles and a lossless medium the cross-correlation will
decay exponentially as function of station separation in the scattered medium. The
implication of this finding is illustrated by computing azimuthally and spatially averaged
cross-correlations. Finally, the dependency of the cross-correlations’s behavior on the

5.2 Future perspectives
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distribution of sources is reduced by the scatterers which is in line with earlier studies.

5.2 Future perspectives
This section consist of two subsections. The first is a summary of a post-doc proposal
successfully submitted with the Dutch Research School ISES (the acronym stands for
‘Integrated School of Earth Sciences’), which proposes to apply seismic interferometry
by multi-dimensional deconvolution (MDD) to a number of datasets and, additionally,
investigate the choice of the boundary conditions adopted in the derivation of the theory
underlying MDD. The second subsection lists a number of issues/challenges that are still
open to investigation.

5.2.1

Seismic interferometry by multi-dimensional deconvolution

Conventional seismic interferometry involves either (i) time-averaging of cross-correlations
of passive noise recordings or (ii) summing cross-correlations over individual active
sources [Wapenaar and Fokkema, 2006]. The first case requires the passive noise to
be excited by spatially uncorrelated sources. In both cases the sources are required to
be located, in a regular manner and sufficiently dense, on a surface surrounding the receiver pair and to have coinciding power spectra, i.e., the receivers need to be illuminated
uniformly from all directions. Alternatively, strong earthquake scattering coda may adhere to these conditions [Campillo and Paul , 2003; Snieder , 2004]. Further, the medium
needs to be lossless in order to retrieve the correct medium response. Violation (of one)
of these assumptions leads to deviations of the reconstructed seismic response from the
actual medium response. Particularly, deviations from a uniform illumination pattern
may result in inaccurate phase velocity estimates [Tsai , 2009]. Such inaccuracies lead
to erroneous tomographic subsurface-velocity images and/or erroneous subsurface monitoring results. Consequently, the accuracy of the reconstructed seismic interferometric
responses is of great importance.
Reformulating the theory underlying seismic interferometry by cross-correlation as
a multidimensional deconvolution (MDD) process obviates the need for the medium to
be lossless. Moreover, seismic interferometry by MDD corrects for non-uniform illumination patterns by means of a so-called point-spread function [van der Neut et al.,
2011]. Since the passive-seismic noise field exhibits a strong seasonal dependency [Stehly
et al., 2006, e.g.,], this correction, and hence interferometry by MDD, is particularly
relevant for seismic monitoring studies that use the ambient noise field: by correcting
for (temporally changing) deviations due to temporal variations in the distribution of
sources surrounding the medium of interest, the reconstructed responses remain only
sensitive to changing medium properties. Temporal phase-velocity variations derived
from the reconstructed responses can therefore more reliably be attributed to changes
in the subsurface.
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Figure 5.1: Configuration of the exploration scale LOFAR array near Annerveen, province of Drenthe,
NE Netherlands

Using numerically modelled data, seismic interferometry by MDD has shown to give
results superior to seismic interferometry by cross-correlation (Wapenaar et al., 2011;
Van Dalen et al., 2014). Deconvolution by the point-spread function corrects for the
non-uniform illumination pattern, yielding more accurate amplitudes and eliminating
non-physical arrivals. To date, no studies have been reported in which interferometry by
MDD has been applied to real seismic surface-wave data (for body waves it was applied
by Minato et al. (2011) and showed improvement). We therefore propose to apply seismic
interferometry by MDD to real passive seismic data in various contexts. Emphasis will
be placed on LOFAR data [Drijkoningen, 2007], but additionally the method will be
tested on European data obtained through ORFEUS, USArray recordings and, provided
permission is granted, on Valhall data [de Ridder and Biondi , 2013].
The LOFAR receivers are located in the northeast of the Netherlands and successful
implementation of the MDD-method may therefore contribute to our understanding of
the structure and composition of the crust and upper mantle beneath the Netherlands.
The geometry and the large number of receivers make the LOFAR data set very suitable
for interferometric studies. The LOFAR data set consists of recordings by an exploration
scale array (for imaging down to a depth of 4 km) as well as seismic data collected on

5.2 Future perspectives

earth-crust scale (lower resolution imaging down to a depth of 30 km). The exploration
scale array has an aperture of about 1000 meters and consists of two lines of fourcomponent sensors perpendicular to each other: a first line consisting of 24 sensors
separated by 48 meters and a second line consisting of 96 sensors placed at intervals of
12 meters (Figure 5.1). All these sensors are placed in boreholes at 50 meters depth.
Additionally, in the center of the array a series of 6 sensors is placed in a vertical
borehole down to depth of 125 m. The larger (earth-crust) scale array consists of the
exploration scale array augmented with a series of thee-component sensor arrays located
at further distances. Especially this larger scale array is suitable for the application of
interferometry by MDD on ambient seismic surface waves: this array has an aperture
larger than the wavelength of these surface waves. Using the LOFAR data set, we seek
to identify appropriate choices for the actual implementation of the method. That is,
application to real passive data requires answers to questions such as: ‘Can we separate
incoming and outgoing wave fields?’ and ‘What is the best inversion strategy in the
MDD process?’.
The second objective of the project is to investigate the choice for the boundary
conditions assumed in the derivation of interferometry by MDD. Currently, absorbing
boundary conditions are assumed for the medium associated with the reconstructed
responses. As a result of this assumption, only the incoming wave field serves as input for
the resulting MDD method. Waves propagating into the volume (plane in 2D) bounded
by the receivers (i.e., the virtual sources) therefore need to be separated from outward
propagating waves. Applied to ambient surface waves, the current MDD method is
therefore predominantly useful when the region bounded by the receivers is illuminated
from one side only [Wapenaar et al., 2011]. In practice, beamforming can be used to
select time windows during which the wave field is predominantly unidirectional (Van
Dalen et al., in prep.). Large amounts of (potentially useful) data are therefore discarded.
Prescribing different boundary conditions prevents the need to separate incoming and
outgoing wave fields and hence the need to discard large amounts of data [Waard , 2013].
The usefulness of the resulting modified MDD-method will be evaluated by applying it to
numerically modelled data and, eventually, to LOFAR data. Furthermore, the modified
MDD-method can be applied to European data obtained through ORFEUS, USArray
and/or Valhall data; these data sets possess a favorable station configuration for that
purpose.

5.2.2

Additional prospects

I believe that a combined inversion of the ambient-seismic surface wavefield for structure and source distribution is desirable. Under the assumption of sources sufficiently
far away, the forward solution (in ray-theoretical context) is already given by equation
(3.73). A misfit functional would need to be defined that will depend on the coefficients
describing the illumination pattern, i.e. equation (4.4), and the attenuation coefficient
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and phase velocity. Another, indirect way to account for the source distribution would
be to use simple array processing and thus correct for the source distribution by estimating the coefficients in equation 4.4. This, however, requires deconvolution of the
array response [Harmon et al., 2010]. In case a direct misfit functional is derived, such
deconvolution is unnecessary. Alternatively, the approach sketched by Hanasoge and
Branicki [2013] with the misfit functional defined in Hanasoge [2013] could be adopted.
An alternative approach to retrieve a stable station-station correlation would be
one in which earthquake evens are used as ‘controlled sources’.

This also renders

any temporal averaging unnecessary. The earthquake generated surface waves would
be cross-correlated individually and cross-correlations subsequently stacked. Selecting
earthquakes that ‘illuminate’ the receiver pair uniformly from all angles, it may ultimately be possible to retrieve a correlation function that approximates the Green’s
function significantly better than that obtained by simple cross-correlation of ambient
seismic noise.
Regarding the results in chapter 4, a rather simple test may give some insight into
the relevance of the results presented therein. First, two regions should be picked: one
for which a high degree of scattering can be expected (e.g., Yellowstone) and another
for which comparatively little scattering can be expected. The regions should not be
too far apart because the illumination of the regions should be approximately the same.
Preferably, they are therefore also far away from the coast. In both regions a single line
of seismometers will be deployed; both having the same azimuth. All noise recordings
of stations situated along the same line (following the usual procedure of preprocessing,
stacking, etc.) will be cross-correlated. The cross-correlations are sorted with stationstation distance (for each line separately) and their decay with distance can be examined.
Our results in chapter 4 suggest that the decay of the cross-correlation along the line
of seismometers deployed in the scattering region should be less affected by changes in
the source distribution. Evaluating the evolution of the attenuation along the two lines
using stacks of, for example, a few months, could therefore be an indirect (qualitative)
measure of the difference in the amount of scattering between the two regions. Necessary requirement is that the source distribution is changing over time; this is, however,
generally the case [Stehly et al., 2006].

5.3 Gulf of Aden tomography
A project with Institut des Sciences de la Terre de Paris (ISTeP) started at the beginning
of this year. The objective is to obtain a continuous tomographic image of the Gulf of
Aden’s northern margin (see Figure 5.2). The Gulf of Aden is a unique opportunity
to study the processes that led to a continental break-up. The continental break-up is
suspected to be influenced by the Afar mantle plume which may extend much farther
eastwards into the Gulf of Aden than previously believed [Leroy et al., 2010]. The aim

5.3 Gulf of Aden tomography

of this ambient noise study is to understand the structure of the margins of the Gulf of
Aden on a crustal scale, and the influence of a mantle plume on this structure all along
the Gulf of Aden and southern Red Sea. This study will combine the broad-band data
from the various portable instrument deployments.
One of the two methods described in the Appendix of this thesis is currently being
implemented. This method estimates the phase velocity between two stations by relating
the zero crossings of the cross-spectrum to the zero-crossings of a Bessel function (see
appendix A). The method is based on Aki’s derivation of the SPAC and relies on the
assumption of a wavefield uniformly illuminating the station couple [Ekström et al.,
2009]. In practice this assumption does not hold. At frequencies around the primary
microseismic peaks, however, time-averaging results in an illumination that is sufficiently
uniform to render the method successful [Yang and Ritzwoller , 2008]. The obtained
phase velocities will be used to solve the tomographic inverse problem.
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Figure 5.2: Only a limited number of high-quality permanent seismic stations span the Gulf of Aden
margins and so temporary experiments using portable broad-band equipment have been a major source
of information on the structure of the Gulf of Aden and southern Red Sea. An extensive campaign of
experiments has been conducted between 2009 and 2011 in the framework of the YOCMAL (Young
Conjugate Margins Laboratory) project, covering Yemen, Socotra island and southern Oman with
deployments of one year or more. Earlier temporary networks were deployed between 2003 and 2006
in southern Oman by the Dhofar Seismic Experiment Network. Additionally, data from permanent
seismic stations in Djibouti, Yemen and Oman are available. The gap in Central Yemen reflects desert
areas with limited access.
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Abstract
We apply two different algorithms to measure surface-wave phase velocity, as a function of frequency, from seismic ambient noise recorded at pairs of stations from a large
European network. The two methods are based on consistent theoretical formulations,
but differ in the implementation: one method involves the time-domain cross-correlation
of signal recorded at different stations; the other is based on frequency-domain crosscorrelation, and requires finding the zero-crossings of the real part of the cross-correlation
spectrum. Furthermore, the time-domain method, as implemented here and in the literature, practically involves the important approximation that interstation distance be
large compared to seismic wavelength. In both cases, cross-correlations are ensembleaveraged over a relatively long period of time (one year). We verify that the two algorithms give consistent results, and infer that phase velocity can be successfully measured
through ensemble-averaging of seismic ambient noise, further validating earlier studies
that had followed either approach. The description of our experiment and its results is
accompanied by a detailed though simplified derivation of ambient-noise theory, writing
out explicitly the relationships between the surface-wave Green function, ambient-noise
cross-correlation, and phase and group velocities.
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A.1 Introduction
The ability to observe coherent surface-wave signal from the stacked cross-correlation
of background noise recorded at different stations is essential to improve our resolution
of Earth structure via seismic imaging. Surface waves generated by earthquakes are
best observed at teleseismic distances, where the body- and surface-wave packets are
well separated, and, owing to different geometrical spreading, surface waves are much
more energetic than body waves; teleseismic surface waves, however, are dominated by
intermediate to long periods (& 30s), and their speed of propagation is therefore related
to mantle, rather than crustal structure [e.g., Boschi and Ekström, 2002]. The averaged
cross-correlated ambient-noise signal is instead observed at periods roughly between 5
and 30 s [e.g., Stehly et al., 2006, 2009], complementary to the period range of teleseismic
surface waves, and allowing to extend imaging resolution upwards into the lithosphereasthenosphere boundary region and the crust.
As first noted by Shapiro and Campillo [2004], the cross-correlation of seismic ambient signal recorded at two different stations approximates the Green function associated
with a point source acting at one of the stations’ location, and a receiver deployed at
the other’s. Such empirical Green function can then be analyzed in different ways, with
the ultimate goal of obtaining information about Earth’s structure at various depths between the two stations. Most authors either extract group velocity vg from its envelope
[e.g., Shapiro et al., 2005; Stehly et al., 2006, 2009], or isolate the phase velocity v [e.g.,
Lin et al., 2008; Nishida et al., 2008; Yao and van der Hilst, 2009; Ekström et al., 2009].
Fewer authors [e.g., Tromp et al., 2010; Basini et al., 2013] attempt to explain (invert)
the entire ambient-noise waveform.
Both v and vg are useful expressions of shallow Earth properties between seismic
source and receiver, or, in the present case, between two receivers. To measure vg one
must be able to identify the peak of the surface-wave envelope. This, as a general rule, is
easier than isolating the carrying sinusoidal wave (i.e. measuring v) at a given frequency.
There are, however, several properties of vg that make phase-velocity observations useful
and possibly preferable: (i) the envelope peak is less precisely defined than the phase of
the carrying sinusoidal wave; (ii) at least so far as the surface-wave fundamental mode
is concerned, vg depends on, and is in turn used to image, structure over a narrower
and shallower depth range than v [e.g., Ritzwoller M. H. amd Shapiro et al., 2001], so
that v is particularly helpful to resolve larger depths; (iii) a vg measurement needs to be
made over a wider time window than a v measurement, and contamination by interfering
phases is accordingly more likely.
While the validity of group-velocity estimates based on seismic ambient noise is
widely recognized, phase velocity is more elusive. For instance, Yao et al. [2006] have
noted an important discrepancy between two-station observations of phase velocity obtained from teleseismic vs. ambient signal. The systematic application of a far-field
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approximation, in the theoretical expression used to extract the phase from crosscorrelation observations (see eqs. (A.41) and (A.35) below), results in a π/4 shift with
respect to the cross-correlation of ballistic signal, which has caused some confusion as
noted e.g. by Tsai [2009]. We apply here two different approaches to measure interstation surface-wave phase velocity from one year of continuous recording at a dense,
large array of European stations, first compiled by Verbeke et al. [2012a]. Both methods can be derived from the same basic theoretical formulation [Tsai and Moschetti ,
2010]. One of them is based on time-domain cross-correlation, and is implemented, here
and elsewhere, using a far-field approximation of the wavefield equation. The other is
based on frequency domain cross-correlation, and on finding the roots of the real part of
the cross-correlation spectrum; it involves no far-field approximation. The consistency
between the two methods’ results further validates earlier phase-velocity tomography
studies conducted with either approach [e.g., Lin et al., 2008; Yao and van der Hilst,
2009; Ekström et al., 2009; Fry et al., 2010; Verbeke et al., 2012a].

A.2 Theory
We study the properties of the cross-correlation Cxy (t, ω), function of time t and frequency ω, of ambient surface-wave signal u recorded at two seismic instruments, located
at positions x and y. By definition
Cxy (t, ω) =

1
2T

Z

T

u(x, τ, ω)u(y, t + τ, ω)dτ,

(A.1)

−T

with the parameter T defining the size of the window over which the cross-correlation is
computed in practice. We limit our analysis to sources sufficiently far from both receivers
for the source-receiver azimuth θ to be approximately the same. If we denote ∆x the
distance separating the two receivers, it then follows, as illustrated in Fig. A.1, that the
surface wave of frequency ω and phase velocity v(ω) generated by a plane-wave source
at azimuth θ hits the receiver at y with an approximate delay
td = ∆x cos(θ)/v(ω)

(A.2)

with respect to the one at x.
Our treatment follows that of Tsai [2009] and Tsai [2011]; we review the formulation
carried out in those works, confirming the theoretical consistency, and pointing out the
practical differences between the data-analysis methods that we compare. The mathematical treatment leads to complete expressions for cross-correlation (section A.2.4),
and group, as well as phase-velocity of the ambient signal (section A.2.5). Like Tsai
[2009], we assume, as mentioned, that sources of ambient noise are far enough from our
station pair for the source-receiver azimuth to be approximately the same at the two
stations.
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Figure A.1: Modified from Tsai [2009]. Stations at x and y are separated by a distance
∆x > 0. Noise sources are far enough that the azimuth θ of any given source is about
the same with respect to either station.

Another important assumption of our and most other formulations of ambient-noise
theory is that the ambient signal be approximately “diffuse”. In practice, this is not
true at any moment in time, but can be at least partially achieved if the ambient signal
recorded over a very long time (e.g., one year) is subdivided into shorter (e.g., one-daylong) intervals, which are then whitened and (after station-station cross-correlation)
stacked [Yang and Ritzwoller , 2008; Mulargia, 2012]. This procedure is described in
detail by Bensen et al. [2007]; we refer to it as “ensemble-average”, rather than timeaverage, since shorter time intervals can be chosen to overlap [e.g., Seats et al., 2012;
Weemstra et al., 2013]. Over time, an array of seismic stations will record ambient
signal generated over a wide range of azimuths and distances, and the process of stacking
simulates the superposition of simultaneously acting sources. Stehly et al. [2006] show
that, at least in the period range ∼5-15s, most ambient-noise signal is likely to be

generated by the interaction between oceans and the solid Earth (i.e., ocean storms), and
the source distribution of even the stacked ambient signal is accordingly nonuniform. Yet,
there are both empirical [Derode et al., 2003b] and theoretical [Snieder , 2004] indications

that as long as a significant fraction of ambient signal hits a receiver pair along the
receiver-receiver azimuth, ensemble-averaging will result in successful applications of
ambient-noise methods. In our formulation, we treat sources as uniformly distributed in
azimuth with respect to the receiver pair.
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A.2.1

Monochromatic signal from a single source

In the absence of strong lateral heterogeneity in elastic structure, the momentum equation for a Love or Rayleigh wave can be decoupled into a differential equation in the
vertical, and another in the horizontal Cartesian coordinates. The latter coincides with
the Helmholtz equation and is solved by sinusoidal functions [e.g., Peter et al., 2007].
Seismic ambient noise can be thought of as the effect of a combination of sources
more-or-less randomly distributed in space and time. It is however convenient to start
our treatment, following Tsai [2009], from the simple case of a single source generating
a monochromatic signal of frequency ω. The first receiver then records a signal
u(x, t) = S(x, ω) cos(ωt + φ),

(A.3)

where the constant phase delay φ is proportional to source-receiver distance, and the amplitude term S(x, ω) is inversely proportional, in the first approximation, to the squareroot of source-receiver distance (geometrical spreading). The signal (A.3) is observed at
y with a delay td , i.e.
u(y, t) = S(y, ω) cos [ω(t + td ) + φ] .

(A.4)

(By virtue of eq. (A.2), td is negative when energy propagates from y to x (0 < θ < π/2)
and positive when energy propagates from x to y.)
Let us substitute (A.3) and (A.4) into (A.1), so that
Cxy

S(x)S(y)
=
2T

T

Z

cos(ωτ + φ) cos [ω(τ + t + td ) + φ] dτ.

(A.5)

−T

It is convenient to substitute z = ωτ , to find
Cxy =

S(x)S(y)
2ωT

Z

ωT

cos(z + φ) cos [z + φ + ω(t + td )] dz.

(A.6)

−ωT

We next make use of the general trigonometric identity cos(A + B) = cos A cos B −
sin A sin B, valid for any A, B, and
Cxy =

S(x)S(y)
2ωT

ωT

Z

n
cos2 (z) cos [φ + ω(t + td )] cos(φ)

−ωT

2

+ sin (z) sin [φ + ω(t + td )] sin(φ)

(A.7)

− sin(z) cos(z) cos(φ) sin [φ + ω(t + td )]

o
− sin(z) cos(z) sin(φ) cos [φ + ω(t + td )] dz,
which can be simplified if one notices that
Z

ωT
2

Z

ωT

cos (z)dz =
−ωT

−ωT

1
1 + cos(2z)
dz = ωT + sin(2ωT ),
2
2

(A.8)
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Z

ωT

sin2 (z)dz =

Z

ωT

1 − cos(2z)
1
dz = ωT − sin(2ωT ),
2
2

−ωT

−ωT

(A.9)

and finally
Z

ωT

−ωT

sin2 (z)
sin(z) cos(z)dz =
2


ωT
= 0,

(A.10)

−ωT

where the notation [f (z)]B
A = f (B) − f (A).

After substituting the expressions (A.8), (A.9) and (A.10) into eq. (A.7),
Cxy =

S(x)S(y)
2



sin(2ωT )
1+
cos(φ) cos [φ + ω(t + td )]
2ωT



sin(2ωT )
sin(φ) sin [φ + ω(t + td )] .
+ 1−
2ωT

(A.11)

It then follows from simple trigonometric identities (cosine of the sum, sine of the sum)
that
Cxy

S(x)S(y)
=
2




sin(2ωT )
cos [ω(t + td )] +
cos [2φ + ω(t + td )] .
2ωT

(A.12)

This expression can be simplified if one considers that the size 2T of the cross-correlation
window should be large compared to the period of the surface waves in question, i.e.
T  2π/ω, so that 2ωT  1. Eq. (A.12) then reduces to
Cxy ≈

S(x)S(y)
cos [ω(t + td )]
2

(A.13)

(compare with eq. (1) of Tsai [2009]). From eq. (A.13) we infer that the station-station
cross-correlation of a “ballistic” signal, i.e. generated by a single source localized in space,
and not scattered, is only useful if the location of the source is known. It coincides (once
amplitude is normalized) with the response, at one station, to a sinusoidal source located
at the other, if and only if the two stations are aligned with the source, i.e. azimuth
θ = 0 or θ = π, so that td = ±∆x/v.

A.2.2

Monochromatic signal from a discrete set of sources

Recorded seismic ambient noise is believed to be the cumulative effect of numerous localized sources, distributed almost randomly all around our pair of recording instruments.
The signal generated by a discrete set of monochromatic sources can be written as a
superposition of single-source signals, eqs. (A.3) and (A.4), resulting in
u(x, t) =

X

Si (x, ω) cos(ωt + φi )

(A.14)



Si (y, ω) cos ω(t + tid ) + φi ,

(A.15)

i

and
u(y, t) =

X
i
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where the summation is over the sources, φi is the phase delay associated with source i,
and the time delay tid between stations x and y also changes with source azimuth, hence
the superscript i. In analogy with sec. A.2.1, we next substitute (A.14) and (A.15) into
(A.1), and
Cxy


Z T
h
i 
1 X
k
cos(ωτ + φi ) cos ω(τ + t + td ) + φk dτ .
=
Si (x)Sk (y)
2T
−T

(A.16)

i,k



Let us consider the “cross-terms” (cross-correlations between cos(ωτ +φi ) and cos ω(τ + t + tkd ) + φk
with i 6= k) in eq. (A.16): they are sinusoidal with the same frequency ω but randomly
out of phase, and therefore do not interfere constructively. The remaining (i = k) terms,
on the other hand, interfere constructively, as we shall illustrate below, so that, after
the contribution of a sufficient number of sources has been taken into account, the crossterm contribution becomes negligible relative to them. Following other derivations of
noise-correlation properties, we thus neglect cross-terms from this point on [e.g., Snieder ,
2004; Tsai , 2009]. We are left with a sum of integrals of the form (A.5), which we have
proved in sec. A.2.1 to be approximated by (A.13), so that
Cxy ≈

A.2.3

X Si (x)Si (y)
2

i



cos ω(t + tid ) .

(A.17)

Continuous distribution of sources

Eq. (A.17) can be further generalized to the case of a continuous distribution of sources,
Cxy ≈

Z

∆x
v

− ∆x
v

ρ(td , ω) cos [ω(t + td )] dtd ,

(A.18)

where we have introduced the function ρ(td , ω), describing the density of sources as
a function of inter-station delay td , or, which is the same (recall eq. (A.2)), azimuth
θ. Integration is accordingly over td , and the integration limits correspond, through eq.
(A.2), to the interval of possible azimuths, from 0 to π. ρ is also a function of ω, as signal
generated by differently located sources generally has a different frequency content. To
keep the notation compact, we have incorporated the continuous version of the source
term Si (x, ω)Si (y, ω)/2 from eq. (A.17) in the source density function ρ(td , ω).
In analogy with earlier formulations of ambient-noise theory, we require the source
distribution to be uniform with respect to azimuth θ. To find the corresponding (not
constant) expression of ρ as a function of td , we note that, for azimuthally constant
source density, ρ(td ) multiplied by a positive increment |dtd | must coincide with the

corresponding increment |dθ| times a constant factor. Formally,
1
g(ω)|dθ| = ρ(td , ω)|dtd |,
2π

(A.19)
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where g(ω)/2π is the normalized value of uniform azimuthal source density, selected so
that its integral between 0 and 2π is exactly g(ω). The factor g(ω) serves to remind
us that source amplitude generally changes with frequency. After replacing |dtd | =
∆x sin(θ)|dθ|/v,

g(ω)
∆x sin[θ(td )]
|dθ| = ρ(td , ω)
|dθ|,
2π
v
or
ρ(td , ω) =

(A.20)

v(ω)g(ω)
,
2π∆x sin[θ(td )]

(A.21)

which is the expression of ρ = ρ(td , ω) corresponding to azimuthally uniform source
density.

A.2.4

Cross-correlation and Green function

It is convenient to separate the integral in eq. (A.18) into two integrals, one over positive,
and the other over negative td ,
Cxy ≈

Z

0

− ∆x
v

Z
ρ(td , ω) cos [ω(t + td )] dtd +

∆x
v

ρ(td , ω) cos [ω(t + td )] dtd .

(A.22)

0

The negative- and positive-time contributions to Cxy are usually referred to as anticausal
and causal, respectively.

Positive-time (causal) contribution to the cross-correlation
Let us first consider the second term (td ≥ 0) at the right-hand side of (A.22), which,
since ρ(td , ω) is real (see eq. (A.21)), can be rewritten
"
td >0
Cxy
≈ < eiωt

Z

∆x
v

#
ρ(td , ω)eiωtd dtd ,

(A.23)

0

where <(. . .) equals the real part of its argument. It is convenient to replace ρ(td , ω)

with its expression (A.21), and the integration variable td with θ. By differentiating
eq. (A.2), dtd = −∆x sin(θ)dθ/v, while the limits of integration 0, ∆x/v correspond to
azimuth θ = π/2, 0, respectively, hence, using the symmetry of the cosine,
"

td >0
Cxy

g(ω)eiωt
≈<
2π

Z

π
2

#
eiω∆x cos(θ)/v dθ .

(A.24)

0

(Recall that positive td corresponds to azimuth 0 < θ < π/2, while the opposite holds
for the td ≤ 0 term corresponding to π/2 < θ < π.)
We next rewrite the integral in terms of Bessel and Struve functions. Let us first
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consider the 0-order Bessel function of the first kind in its integral form
1
J0 (z) =
π

π

Z

cos(z sin(θ))dθ

(A.25)

0

(eq. (9.1.18) of Abramowitz and Stegun [1964]). The integral from 0 to π in (A.25) can
be transformed into an integral from 0 to π/2:
1
J0 (z) =
π
1
=
π

π

Z

cos(z sin(θ))dθ
"0Z

π
2

cos(z sin(θ))dθ +

cos(z sin(θ))dθ
π
2

0

1
=
π

"Z

1
=
π

"Z

2
=
π

Z

π
2

0
π
2

cos(z sin(θ))dθ −

#

0

Z

Z
cos(z sin(θ))dθ +

0

cos(z sin(π − θ ))dθ

π
2

0
π
2

#

π

Z

π
2

0

(A.26)

#
0

cos(z sin(θ ))dθ

0

0

cos(z sin(θ))dθ.

0

We then replace sin(θ) = cos(θ − π/2) and change the integration variable θ = θ0 + π/2,
Z π


2 2
π 
J0 (z) =
cos z cos θ −
dθ
π 0
2
Z

2 0
=
cos z cos θ0 dθ0
π −π
2
Z π

2 2
cos z cos θ0 dθ0 ,
=
π 0

(A.27)

and after substituting z with ω∆x/v,

J0

ω∆x
v



2
=
π

π
2

Z


cos

0
π
2

"Z

2
= <
π


ω∆x
cos (θ) dθ
v
#

iω∆x cos(θ)/v

e

(A.28)

dθ .

0

The 0-order Struve function also has an integral form
2
H0 (z) =
π

Z

π
2

sin(z cos(θ))dθ,

(A.29)

0

which coincides with eq. (12.1.7) of Abramowitz and Stegun [1964] at order 0 and sub√
stituting Γ(1/2) = π, with Γ denoting the Gamma function. We replace, again, z with
ω∆x/v, and

H0

ω∆x
v



2
= =
π

"Z
0

π
2

#
eiω∆x cos(θ)/v dθ ,

(A.30)
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with the operator = mapping complex numbers to their imaginary part. It follows from
(A.28) and (A.30) that
π
2

Z


 


ω∆x
ω∆x
π
J0
+ iH0
,
2
v
v

(A.31)


 


ω∆x
ω∆x
g(ω)eiωt
J0
+ iH0
.
4
v
v

(A.32)

eiω∆x cos(θ)/v dθ =

0

and substituting into (A.24):
td >0
Cxy


≈<

Following Tsai [2009], or all other authors conducting ambient-noise analysis in the
time domain, we next assume that inter-station distance be much larger than the wavelength of the signal under consideration, i.e. ω∆x/v  1. It then follows from eq.
(9.2.1) of Abramowitz and Stegun [1964] that

J0

ω∆x
v

r


≈

2v
cos
ωπ∆x



ω∆x π
−
v
4


,

(A.33)

and from eqs. (12.1.34) and (9.2.2) of Abramowitz and Stegun [1964],

H0

ω∆x
v




≈ Y0

ω∆x
v

r


≈

2v
sin
ωπ∆x



ω∆x π
−
v
4


,

(A.34)

with Y0 denoting the 0-order Bessel function of the second kind.
Substituting equations (A.33) and (A.34) into (A.32),
td >0
Cxy



iωt

r

h
i
v
i(ω∆x/v−π/4)
e
8πω∆x

≈ < g(ω)e
r
v
= g(ω)
cos [ω (∆x/v + t) − π/4] .
8πω∆x

(A.35)

Comparing eq. (A.35) to (A.13), we note a phase-shift π/4 between the cross-correlated
signal generated by a teleseismic event aligned with the two stations, and that obtained
from the ensemble-averaging of seismic ambient noise. π/4 is nothing but the phase-shift
between a cosine and a Bessel function, for large values of the argument (i.e., in the far
field). In our experimental set-up, a cosine describes the two-station cross-correlation of
a plane wave hitting the receivers from a single azimuth; the Bessel function (and hence
the π/4 shift) emerges from the combined effect of plane waves coming from all azimuths
(i.e. focusing over the receiver array).

Negative-time (anticausal) contribution to the cross-correlation
td <0 , i.e. the
An analogous treatment applies to the negative-time cross-correlation Cxy

first term at the right hand side of eq. (A.22), which after the variable change from td
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to θ becomes

"

g(ω)eiωt
≈<
2π

td <0
Cxy

Z

#

π

eiω∆x cos(θ)/v dθ .

(A.36)

π
2

To express also this integral in terms of Bessel and Struve functions, we first notice that
Z

π

π
2

Z
f (cos(θ))dθ =

π
2



π  0
f cos θ0 +
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2
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 π 
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π
2

Z
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(A.37)

f (− sin(θ0 ))dθ0 ,

0

for an arbitrary function f . From eq. (A.36) it then follows that
"

td <0
Cxy

g(ω)eiωt
≈<
2π

Z

π
2

#
e

−iω∆x sin(θ)/v

dθ .

(A.38)

0

Similar to eq. (A.27) in section A.2.4, we next replace cos(θ) = sin(θ +π/2) in expression
(A.29) for the Struve function, and change the integration variable θ0 = θ + π2 ,
H0 (z) =

2
π

Z

π
2

sin (z cos (θ)) dθ

0

Z π


2 2
π 
=
dθ
sin z sin θ +
π 0
2
Z

2 π
=
sin z sin θ0 dθ0
π π
2
Z π

2 2
sin z sin θ0 dθ0 .
=−
π 0

(A.39)

Making use of eq. (A.39), and of expression (A.26) for the Bessel function J0 , with
z = ω∆x/v, in (A.38),
td <0
Cxy


≈<

 



g(ω)e−iωt
ω∆x
ω∆x
J0
− iH0
,
4
v
v

(A.40)

where only the sign of H0 at the right-hand side has changed with respect to eq. (A.32).
We conclude that
td <0
Cxy

r
≈ g(ω)

v
cos [ω (−∆x/v + t) + π/4] ,
8πω∆x

(A.41)

i.e. the negative-time phase-shift is symmetric to the positive-time one, in agreement
with Tsai [2009].
td <0 (eq. (A.41)) and C td >0 (eq. (A.35)) one finds, according to eq.
Summing Cxy
xy

(A.22), an expression for Cxy valid at all, positive and negative times. To verify its

148

A Measuring phase velocity

validity, we implement it numerically and compare it in Fig. A.2 to the result of eq.
(A.17) applied to a very large set of sources, for the same frequency and inter-station
distance. Confirming earlier findings, the two differently computed cross-correlations are
practically coincident.
1.0
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Figure A.2: Numerical test of expression (A.41) + (A.35), with interstation distance of 500 km
and wave speed of 3 km/s. Cxy resulting from the direct implementation of (A.41) + (A.35) is
denoted by a solid line. We compare it with the result of applying eq. (A.17) to model Cxy from
the combined effect of 1000, far, sinusoidal (with 4-s period) out-of-phase sources located at 200
different, uniformly distributed azimuths from the station couple. Finally, we also compute Cxy from
eq. (A.16) (crosses), neglecting the cross-terms i 6= k; a slight decay, with increasing lag, in the
latter estimate of Cxy is caused by the finite length of the time-integral in the implementation of
(A.16). Amplitudes have been normalized. All modeled cross-correlations are perfectly in phase.

A.2.5

Group and phase velocity

We next consider the more general case of a seismogram formed by the superposition of
surface waves with different frequencies. Let us start with our expression (A.35) for the
cross-correlated signal, grouping the amplitude terms in a generic positive factor S(ω).
We then find the mathematical expression of a surface-wave packet by (i) discretizing
the frequency band of interest into a set of closely-spaced frequencies ωi identified by the
subscript i, and (ii) combining different-frequency contributions by integration around
each frequency ωi and summation over i, so that
u(x, t) =

∞ Z
X
i=1

ωi +ε

ωi −ε

 


∆x
π
S(x, ω) cos ω
+t −
dω,
v(ω)
4

(A.42)

where ε  ωi . It is convenient to introduce the notation ψ = ω(∆x/v + t) − π/4, and,
since ε is small, replace it with its Taylor expansion around ωi , i.e.


dψ
ψ(ω) ≈ ψ(ωi ) + (ω − ωi )
dω


,
ωi

(A.43)
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where [f (ω)]ωi denotes the value of any function f evaluated at ω = ωi . We rewrite eq.
(A.42) accordingly, and find after some algebra that the integral at its right hand side
 h i 

 

Z ωi +ε
2 sin ε dψ
dω ω
∆x
π
i
h i
dω ≈ S(ωi ) cos [ψ(ωi )]
S(ω) cos ω
+t −
dψ
v(ω)
4
ωi −ε

(A.44)

dω ω
i

(valid in the assumption that S be a smooth function of ω). If one introduces a function
vg (ω) =

it follows that

dψ
dω

v(ω)
,
ω dv
1 − v(ω)
dω

(A.45)

takes the compact form


dψ
dω


=
ωi

∆x
+ t;
vg (ωi )

(A.46)

we finally substitute it into (A.44) and substitute the resulting expression into (A.42),
to find

u(x, t) =

∞
X


S(ωi ) cos ωi

i=1



h 
i

 2 sin ε ∆x + t
vg (ωi )
π
∆x
h
i
+t −
.
∆x
v(ωi )
4
+t

(A.47)

vg (ωi )

Each term at the right-hand side of eq. (A.47) is the product of a wave of frequency
ω and speed v(ω) with one of frequency ε  ω and speed vg (ωi ). The latter factor, with

much lower frequency, modulates the signal, and we call “group velocity” its speed vg ,

which coincides with the speed of the envelope of the signal. Eq. (A.45) shows that, in
the absence of dispersion (i.e.

dv
dω

= 0) phase and group velocities coincide. In practice,

the values of v and vg are always comparable, and the large difference in frequency
results in a large difference in the wavelength of the phase and group terms.

Comparing eq. (A.47) to (A.42), it is important to notice that when phase velocity is
measured from the station-station cross-correlation of ambient signal, a phase correction
of π/4 must first be applied; the same is not true for group-velocity measurements. We
have shown in sections A.2.4 and A.2.4 that ambient-noise cross-correlation coincides
with a combination of Bessel functions, and that, for large values of their argument (corresponding to relatively large inter-station distance), Bessel functions can be replaced
by sinusoidal functions, whose argument coincides with the argument of the Bessel functions minus π/4. The π/4-shift in (A.42) and (A.47) arises precisely from this far-field
approximation.
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A.3 How to measure phase velocity
To evaluate whether phase velocity can be accurately observed in the ensemble-averaged
cross-correlation of ambient noise, we use two independent approaches to measure it
from the same data. Consistency of the results is then an indication of their validity.
The first approach (section A.3.1) consists of cross-correlating and stacking the surfacewave signal (∆t-long records of ambient signal in our case) to find the empirical Green
function (sec. A.2.4), from which phase velocity can be measured [e.g., sec. 12.6.2 of
Udı́as, 1999]. If, as is most often the case, one works in the far-field approximation, this
requires that a π/4 correction be applied to the data as explained in section A.2.5 (eq.
( A.47)). The other approach we consider is based on the result of Aki [1957], confirmed
by Ekström et al. [2009] for the frequency range of interest, that the spectrum of the twostation cross-correlation of seismic ambient noise should approximately coincide with a
0-order Bessel function of the first kind (section A.3.2); in this case, no π/4 correction
needs to be applied.

A.3.1

Time-domain cross-correlation

The procedure of ensemble-averaging ambient signal is described in detail, e.g., by
Bensen et al. [2007]; a long (e.g., one year) continuous seismic record is subdivided into
shorter ∆t intervals. The records are whitened so that the effects of possible ballistic
signal (i.e., large earthquakes) present in the data are minimized. The cross-correlation
between simultaneous ∆t-long records from different stations is then computed for all
available ∆t intervals, and the results for each station pair are stacked over the entire
year.
Bensen et al. [2007] measure group velocity from noise cross-correlations, and suggest
that phase dispersion can be obtained by integration of group dispersion curves. This
approach however is not sufficient to identify phase velocity uniquely. Meier et al. [2004]
provide an algorithm to derive phase velocity from the cross-correlation of teleseismic
signals recorded by stations aligned with the earthquake azimuth. Fry et al. [2010] and
Verbeke et al. [2012b] show that the algorithm of Meier et al. [2004] can be successfully
applied to the ambient signal recorded at a regional-scale array of broadband stations.
In reference to the study of Fry et al. [2010] where it was first introduced, we shall dub
this approach FRY. In the following we shall analyze a subset of the phase-dispersion
database compiled by Verbeke et al. [2012b] via their own automated implementation of
FRY.
The phase-velocity measurements of Verbeke et al. [2012b] are limited to the 0.02-0.1
Hz frequency range, where seismic ambient noise is known to be strong [Stehly et al.,
2009], most likely as an effect of ocean storms and the coupling between oceans and
the solid Earth [Stehly et al., 2006]. Frequency is discretized with increments whose
length increases with increasing frequency (from 0.02 to 0.05 Hz). For each discrete
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frequency value, ensemble-averaged cross-correlations are (i) band-pass filtered around
the frequency in question and (ii) windowed in the time-domain via a Gaussian window
centered around the time of maximum amplitude of (filtered) cross-correlation. Causal
and anticausal parts are folded together (i.e. stacked after reversing the time-dependence
of the anticausal one). The resulting time series is Fourier-transformed, and its phase is
identified as the arctangent of the ratio of the imaginary to real part of the Fourier spectrum, as explained by Udı́as [1999], section 12.6.1. Based on eq. (A.35), one must sum
π/4 to the resulting folded ensemble-averaged cross-correlation phase before applying eq.
(3) of Meier et al. [2004] (equivalent to eq. (12.56) of Udı́as [1999]). Importantly, this
π/4 shift is specific to ambient-noise cross-correlation, and must not be applied in twostation analysis of ballistic surface-wave signal, as shown by eq. (A.13). Phase velocity
is only known up to a 2πn “multiple cycle ambiguity”, with n = 0, ±1, ±2, .... After

iterating over the entire frequency band, an array of dispersion curves is found, each

corresponding to a value of n. Verbeke et al. [2012b] compare each curve (for all integer
values of n between -5 and 5) with phase velocity as predicted by PREM [Dziewonski
and Anderson, 1981], and pick the one closest to PREM.
Ensemble-averaged cross-correlations for two Swiss stations (Fig. A.3a) are shown in
Fig. A.3b. At long period (compared to interstation distance divided by wave speed)
the causal and anti-causal parts of the cross-correlation overlap, complicating the timedomain analysis of cross-correlation, whose results are shown in Fig. A.3c.

A.3.2

Frequency-domain cross-correlation and Bessel-function fitting

A different method, hereafter referred to as “AKI”, to extrapolate phase velocity from
the ambient signal recorded at two stations is proposed by Ekström et al. [2009], based on
much earlier work by Aki [1957]. The theoretical basis of this method has been recently
rederived by Nakahara [2006], Yokoi and Margaryan [2008] and Tsai and Moschetti
[2010]. As pointed out by Ekström et al. [2009], this approach does not require that
ω∆x/v  1, i.e. it will work for wavelengths comparable to interstation distance.

According to AKI, ambient signal recorded over a long time (e.g., one year) is, again,

subdivided into shorter ∆t intervals. Let us call pi (ω) the frequency spectrum associated
with a ∆t-long record at station i (Fig. A.4a, with ∆t=2 hours). After whitening, this
is multiplied with the simultaneous ∆t-long recording made at another station j (Fig.
A.4b), resulting in the cross-spectrum, or spectrum of the cross-correlation between the
two ∆t-long records (Fig. A.4c). This procedure is repeated for all available ∆t-intervals
in the year, which are then stacked together, i.e. ensemble-averaged (Fig. A.4d). The
resulting quantity is usually referred to as “coherency”. Based on Aki [1957],
 



pi p∗j
ω∆x
<
∝ J0
,
|pi | |pj |
v(ω)

(A.48)

where < ... > denotes ensemble averaging, the left-hand side is precisely what we call
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a)

b)

c)
Figure A.3: Illustration of the FRY method. (a) Locations (triangles) of stations
TORNY and VDL, from the Swiss broadband network. (b) Ensemble-averaged crosscorrelation of continuous signal recorded at TORNY and VDL, filtered over different
frequency bands as indicated; the bottom trace is the “full” waveform. (c) Array of possible phase-velocity dispersion curves from cross-correlation of the continuous recordings
made at TORNY and VDL; each curve corresponds to a different value of n, identified
by the curve colour as indicated. The black curve, closest to our selected reference
model (PREM), is our preferred one, but observations are only considered valid in the
frequency range marked by black squares.
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coherency, and the superscript ∗ marks the complex conjugate of a complex number. The

quantities at the right-hand side of (A.48) are defined as in section A.2.4 above, with ∆x

distance between stations i and j. (The alert reader might notice at this point that the
right-hand side of eq. (A.48) is proportional to Cxy : simply sum, according to eq. (A.22),
its positive- and negative-time contributions (A.32) and (A.40), respectively [Tsai and
Moschetti , 2010].) Again based on Aki [1957], the ensemble-averaged imaginary part
 

pi p∗j
=
= 0.
|pi | |pj |

(A.49)

Importantly, both equations (A.48) and (A.49) are shown by Aki [1957] to be valid
provided that the energy of ambient signal is approximately uniform with respect to
azimuth. As anticipated at the beginning of section A.2, this is typically not true at any
moment in time, but can be achieved, at least to some extent, by ensemble-averaging
[Yang and Ritzwoller , 2008].
Eq. (A.48) can be used to determine phase dispersion. In practice, observed coherency is first of all plotted as a function of frequency (i.e., the ensemble-averaged,
whitened cross-spectrum is plotted). Values ωi (i = 1, 2, 3, ...) of frequency for which
coherency is zero are identified. If ω = ωi for some i, the argument of (A.48) must
coincide with one of the known zeros zn (n = 1, 2, ...) of the Bessel function J0 ,
ωi ∆x
= zn .
v(ωi )

(A.50)

Eq. (A.50) can be solved for v,
v(ωi ) =

ωi ∆x
,
zn

(A.51)

and we now have an array of possible measurements of phase velocity at the frequency
ωi , each corresponding to a different value of n. Implementing (A.51) at all observed
values of ωi , an array of dispersion curves is found. Much like in the case of FRY
(section A.3.1), a criterion must then be established to select a unique curve.
Importantly, the observation of ωi on ensemble-averaged cross-spectra like the one
of Fig. (A.4d) is complicated by small oscillations that can be attributed to instrumental noise or inaccuracies related to nonuniformity in the source distribution. Before
identifying ωi , we determine the linear combination of cubic splines that best fits (in
least-squares sense, via the LSQR algorithm of Paige and Saunders [1982]) observed
coherency. Splines are equally spaced, and spacing must be selected so that “splined”
coherency is sufficiently smooth (Fig. A.4d).
Equations (A.48) and (A.49) are rarely satisfied by seismic ambient noise as observed
in the real world. At a given time, the wavefield associated with ambient noise is not
diffuse. The procedure of ensemble-averaging over a long time serves precisely to mimic
a diffuse wavefield by combining non-diffuse ones. Yet, there are important systematic
effects that ensemble-averaging does not remove: in Europe, for example, most of the
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recorded seismic noise is generated in the Atlantic Ocean [Stehly et al., 2006, 2009;
Verbeke et al., 2012a], and the requirement of an azimuthally uniform source distribution
is accordingly not met. Presumably, scattering partly compensates for that, but the
nonzero observed imaginary part of the coherency shown e.g. in Fig. A.4d indicates that
the problem remains [e.g., Cox , 1973]. The imaginary part should converge to zero if one
ensemble-averages not only over time, but also over station-pair azimuth [e.g., Weemstra
et al., 2013], but then information on lateral Earth structure would be lost.
It is practical to focus the analysis on zero crossings, rather than measuring the overall
fit between J0 and measured coherency. The latter depends on the power spectrum of
the noise sources, of which we know very little, and can be affected importantly by data
processing [Ekström et al., 2009].

a)

b)

c)

d)

Figure A.4: Illustration of the AKI approach. (a) Power spectrum obtained Fourier-transforming two
hours of ambient recording at station TORNY. (b) Spectrum from the very same two hours, station
VDL. (c) Product of the two spectra (coinciding with the spectrum of the cross-correlation of the two
time-domain signals) obtained after whitening both. (d) Results of ensemble-averaging an entire year
of spectra like the one at (c), for the same two stations: blue squares and red circles identify values of
real and imaginary parts found at various frequencies; the black solid line is the linear combination of
cubic splines that best-fits the observed real part of the spectrum. The locations of stations TORNY
and VDL are shown in Fig. A.3a.

A.4 Application to central European data

A.4 Application to central European data and cross-validation
of the two methods

Figure A.5: (A) Subset of European stations (circles) from Verbeke et al. [2012b] that
are also included in our analysis. We only compare phase-velocity measurements associated with ∼1000 station pairs connected by solid lines. (B) Distribution of epicentraldistance values sampled by the data set at A.

Fig. A.5 shows the set of ∼1000 randomly selected station pairs from Verbeke et al.

[2012b] that we shall analyze here. The corresponding phase-velocity dispersion curves

were measured by Verbeke et al. [2012b] following the procedure of section A.3.1, after
subdividing the entire year 2006 into day-long intervals and ensemble-averaging the
resulting day-long cross-correlations.
We apply the AKI method of section A.3.2 to continuous records associated with the
station pairs of Fig. A.5. Our implementation was originally designed for reservoir-scale

155

156

A Measuring phase velocity

application [Weemstra et al., 2013], but could be applied to our continent-scale array of
data after only minor modifications. For each station, continuous recording for the entire
year 2006 is subdivided into intervals of ∆t = 2 hours, with a very conservative 75%
overlap between neighboring intervals to make sure that no coherent signal traveling
from station to station is neglected [Seats et al., 2012; Weemstra et al., 2013]. This
results in as many as 45 spectra per day.

a)

b)

c)

d)

Figure A.6: Selected FRY phase-velocity dispersion measurements (black circles, connected by a
black line) compared with analogous frequency-domain (AKI) measurements (grey triangles), for
three station pairs: (a) AQU and GIUL, in central Italy, only ∼90 km away from each other, with
a North-South azimuth; (b) TORNY and VDL (see Fig. A.3a), with interstation distance of ∼190
km; (c) WTTA in western Austria and ZCCA in northern Italy, ∼330 km to the south. Triangles in
panel (d) mark the locations of all six stations considered here. We have not yet implemented an
algorithm for automatic selection of a preferred AKI dispersion curve, but the FRY curves clearly fit a
single branch of AKI datapoints. At low frequencies, and particularly at shorter epicentral distances,
the match is less accurate. At longer epicentral distances and high frequencies, occasional one-cycle
jumps as in (c) occur.

In Fig. A.6 we compare our new phase-velocity measurements with those of Verbeke
et al. [2012b] for three example station pairs. A visual analysis (which we repeated on
many more pairs) suggests that the two methods provide very similar results.
To evaluate quantitatively their level of consistency, we first expand FRY dispersion
curves over a set of cubic splines, and apply spline interpolation to estimate FRY-based
phase-velocity values at the exact frequencies (associated with zero-crossings of the Bessel
function) where AKI measurements are available. We subtract the AKI phase velocities

A.4 Application to central European data

from the FRY ones interpolated at the same frequency, selecting at each frequency
the AKI data point closest to the FRY one (we thus avoid the well known issue of
multiple-cycle ambiguity, that equally affects both approaches). We count the number
of discrepancy observations, independent of frequency, falling in each of a set of 50
m/s intervals, and plot the associated histogram in Fig. A.7. Both mean and standard
deviation of the FRY-AKI discrepancy are small (13 m/s and 151 m/s, respectively),
and we conclude that, in our implementation, the two approaches provide consistent
results when applied to the data. Outliers exist with misfit larger than ±1000 m/s, but
they would not be visible in Fig. A.7 even after extending the horizontal-axis range.

Figure A.7: Frequency of observed phase-velocity misfit (AKI values subtracted from
FRY ones) for the total set of ∼1000 analyzed station pairs. The mean is 13 m/s and
the standard deviation is 151 m/s.

We next analyze the dependence of FRY-AKI discrepancy on interstation distance,
through a second histogram (Fig. A.8a) where the misfit is averaged within ∼0.3◦

interstation-distance bins. In Fig. A.8b the misfit is likewise averaged within 2-mHz
increments spanning the whole frequency range of interest. Fig. A.8a shows that FRY
has a tendency to give slightly higher velocity estimates with respect to AKI; this effect
is reversed at very small and very large interstation distances. The misfit remains low
(∼30 m/s or less) at most interstation distances.
Fig. A.8b shows clearly that misfit is systematically smaller (.20 m/s) at relatively
high frequencies (&0.04 Hz) than it is at low frequencies of ∼0.02-0.03 Hz. This is
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a)

b)
Figure A.8: FRY-AKI phase-velocity misfit, for the total set of ∼1000 analyzed station
pairs, averaged within (a) ∼0.3◦ interstation-distance bins, and (b) 2-mHz frequency
bins.

expected, as low frequency might result in relatively small ω∆x/v, which would deteriorate the performance of FRY (but not of AKI) for short interstation distance ∆x: in
practice, the causal and anticausal parts tend to overlap in the short-∆x time-domain
cross-correlations, making it difficult to measure phase via the FRY method [e.g., Ekström et al., 2009].
The combined effect of short ∆x and low frequency is perhaps better illustrated in
Fig. A.9a, where both frequency- and ∆x-dependence of misfit are shown in a single,
2-D plot. It emerges that, even at low frequency, AKI and FRY are in good agreement for sufficiently large interstation distance. Fig. A.9b shows that, not surprisingly,
sampling is not uniform with respect to frequency and ∆x; most seismic-ambient-noise
energy in our station array is found at frequencies around ∼0.05 Hz, and some of the

A.5 Conclusions

discrepancy found at both higher and lower frequency (see in particular the top right of
Fig. A.8a) presubmably reflects the difficulty of finding coherent signal in the absence
of a sufficiently strong ambient wavefield.

a)

b)

Figure A.9: (a) FRY-AKI phase-velocity misfit, for the total set of ∼1000 analyzed station pairs, averaged within (a) ∼0.2◦ × 0.04-Hz distance/frequency bins; (b) number of pairs per distance/frequency
bin.

Overall, averaged discrepancies in Figs. A.8 and A.9 remain .50 m/s, with the exception of the lowest frequencies/shortest epicentral distances considered, where averaged
values can exceed ∼100 m/s. We take this as an indication that the AKI and FRY
methods provide essentially consistent results, and we infer that such results can be
considered reliable.

A.5 Conclusions
With this study we have conducted a detailed review of the theory of ensemble-averaged
cross-correlation of surface waves generated by seismic ambient noise, as more tersely
described by Tsai [2009], Tsai and Moschetti [2010] and Tsai [2011]. With our rederivation we attempt to focus the reader’s attention on the potential discrepancy between
the time-domain and frequency-domain approaches in phase-velocity measurements conducted on ambient-noise surface waves. The time-domain approach has generally been
applied in the far-field approximation [e.g., Lin et al., 2008; Yao and van der Hilst, 2009;
Fry et al., 2010; Verbeke et al., 2012a], and we have emphasized how this approximation is inadequate for interstation distances comparable to the seismic wavelengths. The
frequency-domain approach of Aki [1957] and Ekström et al. [2009] does not suffer from
this limitation.
We have employed our own implementations of the frequency- (AKI) and far-field
time-domain (FRY) approaches, to measure Rayleigh-wave phase dispersion from a year
of seismic noise recorded at a dense array of European stations [Verbeke et al., 2012a].
The two approaches provide overall consistent results. As shown in Fig. A.9, discrep-
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ancies are limited to the lowest frequencies and shortest epicentral distances, where the
far-field approximation on which the FRY method relies does not hold. We infer that
Rayleigh-wave phase velocity can be successfully observed, via ensemble averaging, from
continuous recordings of seismic ambient noise, at least within the frequency (∼0.03-0.1
Hz) and inter-station distance (∼0.5◦ -5◦ ) ranges analyzed here. We further confirm the
validity of published phase-velocity observations [e.g., Verbeke et al., 2012a] obtained
through the time-domain approach.
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{ Student representative in this board and responsible for the promotion of the interests of
research-master students of the faculty of Geosciences.
Main Achievements:
{ Managed to make the distribution of money originally purely reserved for excellent foreign
students attending the prestige Masters more fair.

October 2006 Organization of the Geo-industrial student excursion, Stavanger, Norway.

Main Responsibilities:
{ Establishing the early-stage contacts with relevant companies
{ Treasury
Main Achievements:
{ Visit to BP-Norway and SINTEF Petroleum Research, Stavanger and the organization of a
successful excursion

2005–2006 Full time treasurer of the Utrecht Geological Student Society (U.G.V.).

The U.G.V. is an active student society with 500 members and 150 (active) alumni. It organizes
several excursions, symposia and other activities yearly.
Main Responsibilities:
{ Managing and watching over the financial situation of the society
{ Treasury
Main Achievements:
{ Assigning a financial very healthy society to my successor
{ Organization of a four week student-excursion to Indonesia for 22 students, with the accent
on geological field-trips.

Languages
Dutch
English
German
French
Spanish

Mothertongue
speak: good
speak: good
speak: basic
speak: basic

read:
read:
read:
read:

good
good
moderate
basic

write: good
write: moderate
write: basic
write: basic

Interests
- Running
- Skiing
- Reading

- Football
- Music
- Travelling
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Publications
Peer-reviewed Articles

L. Boschi, C. Weemstra, J. Verbeke, G. Ekstrom, A. Zunino, and D. Giardini. On
measuring surface wave phase velocity from station-station cross-correlation of ambient
signal. Geophysical Journal International, 192(1):346–358, 2013.
C. Weemstra, L. Boschi, A. Goertz, and B. Artman. Seismic attenuation from recordings
of ambient noise. Geophysics, 78(1):Q1–Q14, 2013.

Expanded Abstracts
B. Birkelo, M. Duclos, B. Artman, B. Schechinger, B. Witten, A. Goertz,
K. Weemstra, and M. T. Hadidi, A passive low-frequency seismic survey in Abu
Dhabi - Shaheen project, SEG Technical Program Expanded Abstracts, 29 (2010),
pp. 2207–2211.
C. Weemstra and L. Boschi, The whitening of ambient seismic noise, in Neustadt
Workshop on Noise and Diffuse Wavefields, 2012.
C. Weemstra, A. Goertz, and L. Boschi, Towards a method for attenuation
inversion from reservoir scale ambient noise OBS recordings, SEG Technical Program
Expanded Abstracts, 30 (2011), pp. 1592–1596.

Invited Talks
May 2012 Cornelis Weemstra, Lapo Boschi, Roel Snieder, Alex Goertz and Brad Artman, Constraining attenuation from ambient seismic noise, Center for Wave Phenomena Annual
Meeting.
Breckenridge, CO, USA

Selected Conference Presentations
April 2013 Cornelis Weemstra∗ , Willem Westra, Lapo Boschi and Julie Verbeke, Improvement of
signal-to-noise ratios of surface wave signal obtained through ambient noise correlations,
EGU General Assembly, Oral.
Vienna, Austria

Nov 2012 Cornelis Weemstra∗ , Willem Westra, Roel Snieder and Lapo Boschi, The whitening of
ambient seismic noise, Neustadt Workshop on Noise and Diffuse wavefields, Poster.
Neustadt an der Weinstrasse, Germany

May 2012 Cornelis Weemstra∗ , Lapo Boschi, Roel Snieder and Alex Goertz, Constraining attenuation from ambient seismic noise, 3rd QUEST workshop, Oral.
Tatranska Lomnica, Slovakia

Dec 2011 Julie Verbeke, Cornelis Weemstra∗ , Lapo Boschi, Frédéric Deschamps, Edi Kissling
and Göran Ekström, Phase-velocity and azimuthal anisotropy under the Western Alps
measured from seismic ambient noise, AGU Fall meeting, Poster.
San Francisco, CA, USA

Dec 2011 Cornelis Weemstra∗ , Alex Goertz and Lapo Boschi, Constraining attenuation with
ambient noise-correlations of reservoir scale seismic data, AGU Fall meeting, Poster.
San Francisco, CA, USA

4/5

Sep 2011 Cornelis Weemstra∗ , Alex Goertz and Lapo Boschi, Towards a method for attenuation
inversion from reservoir-scale ambient noise OBS recordings, SEG Annual Meeting, Oral.
San Antonio, TX, USA

July 2011 Cornelis Weemstra∗ , Alex Goertz and Lapo Boschi, Ambient noise cross-correlations
applied to reservoir scale OBS-recordings, 2nd QUEST Workshop, Poster.
Hveragerdi, Iceland

Dec 2010 Cornelis Weemstra∗ , and Läslo Evers, Infrasound analysis of I18DK, northwest Greenland, AGU Fall meeting, Poster.
San Francisco, CA, USA
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