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Introduction

Landau (1946) came to surprising result, that every small amplitude perturbation is
asymptotically damped in time. It was hard to understand how it is that equation
without any collision term allows for damped solution. Naturally, the question has
emerged what physical mechanism should lead to damping of Langmuir waves in
collisionless plasma, when it is just the collisions which damp Langmuir waves in
conventional collisional plasma. There was no knowledge about damping in some
other media which would be not accompanied by dissipation and thence also by loss
of information. Unfortunately, Landau in his paper doesn’t provided any physical
interpretation of his mathematical result and there was no experimental evidence on
it, thus earlier there were doubts whether it really describes any real physical phe-
nomenon. After all, doubts have passed away thanks to a first intuitive physical
explanation of Landau damping (Bohm and Gross, 1949a,b; Dawson, 1961) on the
basis of resonant energy exchange and its first experimental evidence (Malmberg and
Wharton, 1964).

The ultimate importance of the Landau damping lies in the fact that it represents
the only general way how perturbations in collisionless plasma should be damped. It
thus represents the only natural stabilization mechanism in contrast to many plasma
microinstabilities which represent a major difficulty in fusion devices. Landau damp-
ing is present in any collisionless plasma, whether magnetized or unmagnetized, clas-
sic or relativistic, high or low temperature, laboratory or space.

Landau damping has been playing important role in many applications, such
as plasma heating in fusion devices and laser-plasma interactions (Manfredi, 1997).
Needs to note that Landau damping has been discovered or applied in even more
exotic branches much beyond the domain of plasma physics, confirming its funda-
mental nature. To mention some of them (Sagan, 1994): high energy particle beams
(Chao, 1993; Hereward, 1965; Rees and Chao, 2008), superfluids and quarks, biolog-
ical system. Analogy between Landau damping and resonance mechanism of wave
generation on water surface by wind was also discussed (Vekstein, 1998), and surely
there we have missed many others.

Our aim in this work is to study damping phenomena in collisioneless plasma by
means of computer simulations. Two fundamentally different simulation methods are
used to carry out the simulations: Particle-In-Cell (PIC) and Eulerian (phase-space
mesh) method. We have developed own simulation program based on PIC method
along with intuitive graphical user interface (GUI) for effective interaction with sim-
ulation program. Vador for beginners (VFB), an open source solver (Filbet, Sonnen-
drücker, and Bertrand, 2001) based on Eulerian method, is used alternatively where
low noise is crucial. We have simulated all three basic damping regimes. Linear Lan-
dau damping was simulated using the PIC code, intermediate regime near the critical
threshold was simulated with VFB solver and O’Neil strong nonlinear regime was
simulated with both solvers.
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1 Project Goals

We have two main goals in this project:

1. Designing and developing the simulation program based on PIC method which would
allow simulation of kinetic processes in collisionless plasma.

2. Study the Landau damping and other related kinetic phenomenas by means of computer
simulations.

Development of PIC simulation program (first of our main goals) includes following
specific tasks:

1A. Developing the modern graphic user interface (GUI) which should be eventually
reused in development of other similar simulation programs. Main purpose of
the GUI is to allow for effective interaction between simulator and simulation
program. We believe that well made, intuitive, and user friendly user interface
can significantly improve the overall productivity and vice-versa.

1B. Development of the physical core of simulation program. This step consist
mostly from an algorithmization of macro-particle model. Two variations on
macro-particle based method would be implemented: The particle-in-cell (PIC)
method as a primary choice and gridless (or sheet) method as an alternative.

1C. Design and implementation of optimal diagnostic set, allowing to obtain essen-
tial information about simulated system state and behavior.

The Second main goal includes:

2A. Developing a small utility program which will numerically search for the roots of
plasma dielectric function for Maxwellian plasma and provide us with frequency
and growth rate for arbitrary small spatial harmonic Langmuir wave.

2B. Examining the long-time behavior of O’Neil nonlinear damping, aiming for de-
termination whether there should be any indication of asymptotic algebraic de-
cay to field-free state according to (Isichenko, 1997).

2C. Investigate the damping behavior in intermediate regime, searching for evidence
of critical initial amplitudes which mark the transition between an asymptot-
ically damped and undamped evolutions. Obtain the value of critical initial
amplitude.

2 PIC Solver

Simulation program which we have developed represents numerical model of 1d
Vlasov-Poisson system discretized by means of Lagrangian viewpoint, that is by us-
ing macro-particles (Lagrangian markers). It was designed so that it would be used
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Figure 1: Screenshot of PIC solver main window with opened plots.

in study of a fundamental plasma kinetic phenomenas in collisionless plasmas like
Landau damping, micro-instabilities (multibeam, bump-on tail, etc.), plasma wave
echoes, propagation of the waves in cold plasma, free transport, and others. This re-
quirements dictated using the simplest possible configuration which allows for study
of those processes. Main characteristics of the simulation program should be summa-
rized as follows:

• One dimensional with one velocity component (1d1v code).

• Periodic boundary conditions.

• Considers only electrostatic forces.

• Only electrons are allowed to move. Ions are approximated as a fixed uniform
positive background charge to neutralize charge of electrons.

We have incorporated both particle simulation methods (PIC and sheet) into our
simulation program. User can choose between them before the start of each simu-
lation run. Program code was written in C++ programming language exploiting its
object oriented capabilities. Physical core of the program was supplemented with the
modern graphic user interface (GUI) based on the Nokia Qt library. On the present
state, physical core of the program comprises approximately 5 000 lines of source code,
while GUI takes another 2 300 lines including the documentation lines. GUI is very
important in enabling the effective interaction of simulator with simulation program.
This point is sometimes overlooked. Emphasis was given to select a suitable diagnos-
tic methods and they optimal implementation, since diagnostic is most crucial for any
simulation.
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2.1 Program Flow

Execution of modern interactive applications is driven by a real-time user requests
and other events, which are dispatched by the main event loop. This allows for user
interaction with application, diagnostic windows update, etc.

2.1.1 Basic User Requests

There are plenty of user requests on which program must respond. Usually the first is
the request to initialize new simulation run according to user specified parameters and
prepares it to being run. Other usual requests are run (start) simulation, stop simulation,
stepping a simulation, etc.

2.1.2 Simulation Initialization

Simulation initialization begins on new simulation request. It proceeds through fol-
lowing steps:

1. User must first specify simulation parameters through setup dialog.

2. All input parameters and user settings are read from setup dialog.

3. Time counter is set to zero.

4. Requested number of macro-particles Nmp are loaded according to specified
loading method (quiet Maxwellian, random Maxwellian, manual positions and
velocities).

5. If perturbation was requested, it is added.

6. All simulation parameters are written to log-file for later reference.

7. Variables are normalized to computer units.

8. Force on macro-particles is solved for.

9. Diagnostics is initialized and outputted (initial state diagnostics).

10. Forward half-acceleration is applied to macro-particle velocities in order to ini-
tialize leap-frog integrator.

11. At this moment simulation is initialized and it is waiting for another user request
which is usually request to run the simulation.

2.1.3 Main Loop

Simulation model is advanced in time by looping through conventional particle code
loop sequence:

7



1. Macro-particles are moved to new positions using the actual force. Right after, it
is checked if they do not crossed the boundary of simulation box. If that happens
they are replaced by one periodic length L.

2. New forces on macro-particles are computed.

3. Macro-particle velocities are updated.

4. Time counter is updated (t = t + ∆t).

5. Diagnostics is updated

6. Go to 1.

2.2 Additional Functionality

Macroparticles Loading Random and quiet start initial loadings were implemented,
although in most simulations we have used only the later one for its reduced fluctu-
ation level. If needed it is also possible to add individual macro-particles in specific
position of phase space by manually specifying they initial position and velocity.

Add a Perturbation It is possible to excite any spatially harmonic perturbation or
specific superposition of them, giving the ability to produce arbitrary wave packets. It
is possible to automatically create the Gaussian wave packet. Perturbation is usually
added at the start of the simulation. Sometimes, however, it may be required to add
perturbation at any later time. We have need this to add second perturbation in
simulation of plasma wave echoes.

Turn Interaction Forces ON / OFF For us it was very useful having the ability to
explicitly turning on and off the interparticle forces, which physically means switching
between the free-transport mode (models the noninteracting gas) and Vlasov mode
(models the plasma) at any time throughout the simulation.

Drive the Plasma Externally Another useful application is to drive the plasma ex-
ternally with user specified spatially harmonic driving force with arbitrary temporal
frequency. User must specify frequency ωext, wavenumber kext and amplitude

_

Eext of
external driver field Eext. External driver should be turned on and off manually at
any time when user wants. Also there is possibility to specify time in which driver is
turned on / off automatically. If external driver is turned on it immediately jumps to
maximum

_

Eext and when it is turned off it immediately drops down to 0. Neverthe-
less, if needed, it is not difficult to add finite ramping and falling periods. Although
we have not used this very much, however it would be potentially helpful in study
specific aspects of Landau damping, particularly investigate its physical mechanism –
resonant particle interaction with the wave.
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2.3 Diagnostics

Diagnostics is essential in any computer simulation. Even if simulation can be ran well
without need of any diagnostics, however without it no informations about simulated
system behavior are available. Such simulation is totally useless since it behaves like
black box.

So as to know internal (physical) time which have been elapsed from simulation
start, there is time counter. User can select units in which time is showed, being it
length of time step ∆t, seconds, plasma periods τp or inverse plasma frequencies ω−1

p .
Other standard diagnostics is spatial distribution of various quantities like particle
density n(xj), charge density ρ(xj), field intensity E(xj) and potential φ(xj), where
indexes j stands for mesh point in PIC simulation or sheet position in sheet simulation.
Obtaining this diagnostics is very simple. Of course we watch for velocity distribution
of macro-particles f (v). Also essential are time histories of various quantities like
total energy, potential and kinetic energy, total momentum, entropy. Time evolution
of mean kinetic energy is followed along with time evolution of its two components:
mean thermal energy 〈εt〉 which represents mean energy of chaotic particle motion
and mean drift energy 〈εd〉 which corresponds to mean motion of macro-particles.
Total electrostatic potential energy in PIC simulation is obtained by two alternative
ways: 1. as a sum through mesh cells, 2. as a sum through spatial Fourier components.
Very important is power spectrum for electric field.
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3 Damping in Collisionless Plasma

It is often said that linear approximation to Vlasov-Poisson system is violated for
large amplitude initial perturbations. On closer look, giving only the magnitude of
the perturbation, isn’t sufficient to tell whether the linear treatment is adequate or not.
More appropriate criterion is the value of nonlinearity degree:

β =
ωb

|γL|
(1)

where γL is Landau growth rate calculated from linear theory and ωb = (ek
_

E/me)1/2

is bouncing frequency. It is characteristic oscillation frequency of electron near the
bottom of the wave potential well. Corresponding characteristic times scales are lin-
ear Landau damping time τL = 1/ωL and bouncing time τb = 1/ωb (= 1/2π multiple
of bouncing period Tb). Depending on β three qualitatively different regimes can be
identified:

β� 1 linear Landau (1946) damping regime
β ≈ 1 intermediate (transition) regime
β� 1 O’Neil (1965) strong nonlinear regime

Those three regimes were brought about historically. For β� 1 damping is exactly
linear Landau damping with exponential decay of electric field continuing indefinitely.
In O’Neil regime (β � 1) linearity is violated and particle trapping plays the funda-
mental role. Intermediate regime is demarcated only by validity limits of Landau and
O’Neil regimes. In this regime neither Landau nor O’Neil analysis holds and it should
be regarded as a weak nonlinear regime. Recently, Lancellotti and Dorning (2003) an-
alytically studied intermediate regime and Ivanov, Cairns, and Robinson (2004) made
some comprehensive studies by computer simulation.

Note, that if γL approaches zero, that is for very weak damping, linear Lan-
dau damping condition can break down for arbitrary small initial field amplitudes
(Buchanan and Dorning, 1995, p. 3029). For Maxwell velocity distribution γL → 0
for k → 0 therefore, very long waves can be subject to nonlinearity even for weak
perturbations.

3.1 Linear Landau Damping

Despite the existence of time asymptotic analytical solution for linear Landau damp-
ing, we have found it vital to make the computer simulations also in the Linear regime.
It can be reasoned by several points: 1. It is not very good idea to proceed with the non-
linear simulations without being familiar with linear regime first. 2. Linear damping
regime is at its own interesting subject with still active debate on its physical interpre-
tation. 3. Linear landau damping was ideal playground to test the ability of our PIC
solver to obtain correct results also for warm plasma. 4. In many places throughout
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Figure 2: Frequency vs. wavenumber for the five weakest damped oscillation
modes.

the work we have needed a values of Landau damping rate |γL| and corresponding
oscillation frequencies ωL and their dependence on wavelength, for example to obtain
the degree of nonlinearity β. We weren’t able to find any table of these values or
working solver of dispersion equation, hence we were forced to numerically search
for roots of the plasma dielectric function for Maxwell velocity distribution function.
We have proposed a handy numerical technique for searching the Landau poles using
the contouring ability of Python’s matplotlib package. Selected results are shown in
figures 2 and 3.

3.2 Critical Initial Perturbation

Lancellotti and Dorning (1998) analytic study suggested that there are critical initial
states which marks the transition between asymptotically damped and undamped
behavior. Computer simulations of Ivanov, Cairns, and Robinson (2004) and Brunetti,
Califano, and Pegoraro (2000) confirmed existence of a critical initial amplitude, but
numerical values which they obtained, have differed significantly. Here we provide
our own simulation in critical region.

To quantitatively describe the physics of Landau damping in the critical region,
Ivanov suggested the model of critical phenomena. In theory of critical phenomena
certain quantities (observables) y behave according to power law, when approaching
the critical point x?:

y(x) ∝ (x− x?)p (2)

where p is critical exponent. Particularly, in physics of critical Landau damping,
quantity x in (2) should be identified with initial perturbation amplitude α. Quantity
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Figure 3: Growth rate vs. wavenumber for the five weakest damped oscillation
modes.

y should be for example time tmin, which corresponds to moment when damping of
electric field is arrested. This time thus corresponds to first minimum of the electric
field envelope amin. Other quantities which scales according to (2) are tmax and amax,
time and amplitude corresponding to moment when maximum is reached after first
growth phase. For tmin, amin, tmax, amax we write:

tmin ∝ (α− α?
1)

p1 (3a)

amin ∝ (α− α?
2)

p2 (3b)

tmax ∝ (α− α?
3)

p3 (3c)

amax ∝ (α− α?
4)

p4 (3d)

where α?
i is a critical initial amplitude, which is to be found together with critical

exponent pi.
Let us shortly describe the procedure that we have used to determine these param-

eters from VFB simulation. As usually, we have perturbed plasma with spatially har-
monic perturbation with normalized wavenumber kλD = 0.4. Many long-time runs
were accomplished with various initial perturbation amplitudes up to α = 0.5. Time
evolution of the electric field component |Êk(t)| were followed and from it, values tmin,
amin, tmax, amax were determined. Figure 4 shows time evolution of the electric field
envelope for various initial perturbation amplitudes α in the critical region. In figure
5 we show all measured values of tmin, amin, tmax, amax against the initial perturbation
amplitude. This figure clearly indicates the existence of critical initial amplitude α?

(vertical dashed line). Near the critical amplitude even a tiny change in initial pertur-
bation amplitude leads to drastic change in damping behavior. Particularly, if α ≤ α?
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Figure 4: Time evolution of electric field envelope in the critical region for spa-
tial harmonic with kλD = 0.4 for different initial perturbation amplitudes α.

Simulation data obtained from simulation with VFB.

then tmin and tmax → ∞ while amin and amax → 0 in accordance with equations (3).
We have obtained critical amplitudes α?

i and critical exponents pi from least-square
fit to measured data according to functions (3). To obtain proper values of α?

i and
pi, only data from critical region should be used in fitting. If we tried to use in
fitting those data points which lies further from the critical region (with greater α),
then obtained fit wasn’t able accurately approximate data in critical region. Contrary,
using only few points from vicinity of the critical amplitude leaded to very accurate fit
in critical region, but it turns to be inadequate for points further from it. This can be
seen in figure 6 where we have zoomed into the critical region. Fitting curves (dashed)
start to deviate from original data for higher α and this deviation grows with α. This
suggests that different physical mechanism takes place in damping arrest in critical
region and O’Neil region.

Values of critical initial amplitude α? and critical exponent p are shown in table
1, where they are compared with corresponding values reported in (Ivanov, Cairns,
and Robinson, 2004). It can be seen that our values are in pretty good agreement
with Ivanov values, especially critical initial amplitudes. It is seen that the critical
amplitudes obtained for tmin, amin, tmax, amax are almost identical with average α? =

〈α?
i 〉 ≈ 8.482× 10−3.

It must be noted that if data points with α ≤ 0.0086 (the left-most points in figures 5
and 6) were included in fitting, the fitting algorithm were unable to find any suitable fit
at all. This indicate that this points were poorly measured. Since we have found critical
amplitude α? ≈ 0.0085, then simulation with α = 0.008 < α? should lead to indefinite
damping with no arrest and case α = 0.0085 ≈ α? is just critically damped with tmin →
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Figure 5: tmin, tmax, amin, amax vs. initial perturbation amplitude α in log-log
plot. Data points were obtained from simulation with VFB.

Quantity α? [Our] α? [Iva] p [Our] p [Iva]

tmin 8.496× 10−3 8.42× 10−3 −0.824 −0.901

amin 8.480× 10−3 8.51× 10−3 +2.738 +2.72

tmax 8.493× 10−3 8.41× 10−3 −0.954 −1.04

amax 8.459× 10−3 8.45× 10−3 +1.838 +1.88

Table 1: Critical initial amplitudes α? and critical exponents p obtained by fitting
data from VFB simulation. Corresponding values reported by (Ivanov, Cairns,

and Robinson, 2004) are denoted by [Iva].

∞ and amin → 0. Since in simulation in both this cases we have obtained arrested
damping, then it suggest that we approaching numerical limits of used simulation
method. Therefore if we observe that damping arrested for initial perturbation close
to critical amplitude then it should it is probably rather numerical artifact then real
physical effect. This limitations can be consequence of distribution function cut-off at
finite velocity vc or finite velocity and spatial resolution or roundoff-errors.

3.3 Long-Time Behavior in O’Neil Regime

As regarding the O’Neil regime, the most debated is the long-time behavior of electric
field. According to (O’Neil, 1965), electric field envelope undergoes first oscillations
due to trapped electrons with decreasing amplitude as a consequence of phase mixing
along the trapped electron orbits. Finally electric field settles at some steady finite
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value. This is the final state of nonlinear damping in O’Neil regime. Generally, there
is believe that this final state is some type of BGK equilibrium. In contrast, (Isichenko,
1997) derived that electric field decay should continue indefinitely according to t−1

law.
We have checked the long-time evolution in O’Neil regime for various perturbation

amplitudes up to α = 0.5, using the VFB solver. Figure 7 shows snapshots of a phase-
space distribution function taken from VFB simulation at different time moments us-
ing a fairly large initial perturbation amplitude α = 0.5 (giving the nonlinearity de-
gree β ≈ 7.55) which is a half of the maximum possible amplitude which should be
achieved assuming the spatially harmonic perturbation. This amplitude is by almost
two orders higher then critical amplitude α? ≈ 0.0085, which separates asymptotically
damped and undamped time evolutions. Phase space distribution function for such a
large perturbation shows very distinct time evolution when compared with evolution
in the linear case. At first sight there is evidently seen a formation of vortex structures
corresponding to electrons which are trapped by the wave. At the time t = 30 two
vortexes are visible, one centered at positive phase velocity and second centered at
negative phase velocity. These corresponds to backward and forward moving wave.
If the initial perturbation is not as large as it is here, but still enough large to trapping
being occur, then for all the time only those two vortexes would be seen. However for
such a large amplitude perturbation, formation of the third vortex at time ≈ 50 can
be registered. It is centered at zero velocity, and has smaller diameter. That vortex is
formed because forward and backward waves produces such a large electric field, that
they try to trap particles one from other, which then leads to formation of the other
trapped region. Thus both waves are simply not independent and they characteris-
tic action region given by the interior of the separatrix, overlap one another, which
doesn’t occur for smaller perturbations. In time t ≈ 76 phase-space is populated by
even more vortex structures of different size, density and moving at different veloci-
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Figure 7: Snapshots of phase-space distribution function taken from VFB sim-
ulation at different time moments for strong initial perturbation amplitude

α = 0.5, showing the formation of several vortex structures.

ties. From this figure it is clear that strong nonlinear Landau damping is very complex
phenomena and it is almost hopeless task to make exact analytic description. That is
why the numerical simulations are working horses in nonlinear regime.

Time evolution of electric field envelope is shown in figure 8 for selected initial
amplitudes with y-axis in log scale. Figure 9 is its zoomed version with y-axis now
in linear scale. Several points becomes apparent from these plots. There is rela-
tively fast oscillatory decay of field amplitude for a time period which decreases with
increasing initial amplitude. This time is called by some authors as saturation time,
although longer-time evolution shows that in fact no saturation occurs, since field
amplitude continues to decay oscillatory even after then, but much slowly. For long
times (ωpt > 3 000) very slow non-exponential decay of electric filed amplitude was
observed which is almost not visible in original scale (figure 8) only if we zoom-in
(figure 9). This decrease is however much slower as then that predicted by Isichenko.
In fact long-time evolution which we have observed seems to not contradict O’Neil
analysis, which states that electric field will settle down at some finite constant value
only asymptotically in t→ ∞, therefore it is not surprising that at finite times (even if
long) we see that it still decays.

Manfredi (1997) made simulations with very similar parameters like us, with veloc-
ity velocity resolution Nv = 4000 and 8000, running the simulation up to ωpt = 1600
in contrast to us ωpt ≈ 12 000. According to him, his simulation shows no further
decrease of field amplitude after time ωpt ≈ 900, only the oscillations around the ap-
proximately constant value. Brunetti, Califano, and Pegoraro (2000) have done similar
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Figure 8: Electric field envelope long time-evolution for various initial perturba-
tion amplitudes (semi-log plot). VFB simulations.

simulations like Manfredi up to time ωpt ≈ 2 500. They observation was very similar
to Manfredi’s: At time ωpt ≈ 950 he observed that decay of field amplitude stops and
start to oscillate around constant nonzero value. These observations are in contradic-
tion with our long-time results and also with O’Neil theory in which field amplitude
settles at constant nonzero value only for t → ∞. As seen in figure 9, our long-time
simulations were going to significantly longer times, then Manfredi and Brunetti sim-
ulations and decay of amplitude was still observed. For the case with α = 0.03 it
seems that field amplitude would really approach the finite nonzero value for t→ ∞,
however other cases in figure 9 are not so clear.

From figure 8 it can be seen that amplitude oscillation is very variable. For α = 0.03
and 0.06 oscillation amplitude is largest, while for α = 0.02, 0.1 and 0.2, oscillations
are almost not visible. It seems that specific oscillation character in saturation phase
depends on details how the trapped vortex was formed initially and on subsequent
phase-mixing. Mechanism of phase mixing is illustrated in figure 10.

Envelope oscillations in saturation phase shows irregular behavior, although usu-
ally single frequency is dominant, sometimes it was hard to find any dominant fre-
quency and it seems that oscillations consisted from more just then the single fre-
quency. In this cases it would be useful to made the temporal Fourier analysis on
envelope evolution in order to find frequency spectra. In figure 11 measured oscilla-
tion frequency is plotted against the perturbation amplitude and it is compared with
analytic formula for trapped electron oscillation frequency in linear harmonic oscilla-
tor (LHO) approximation. Dashed line is obtained using the initial electric field a0 in
the formula for bouncing frequency, while solid line was obtained by using the elec-
tric field in saturation phase asat. It is interesting that measured frequency for initial
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Figure 9: Long-time behavior of electric field envelope for various initial pertur-
bation amplitude. Note that y-axis is zoomed in to better see the decay.

perturbation amplitudes up to α = 0.08 are in accordance with solid line and between
α = 0.08 and 0.1 the transition to dashed curve occurs. It is seen that oscillation fre-
quency increases with initial perturbation amplitude in the full range of measured
α.

Figure 12 shows the scaling of saturation amplitude asat and relative saturation
amplitude asat/ao with initial perturbation amplitude α. Results are compared with
similar results in (Brunetti, Califano, and Pegoraro, 2000). Agreement is relatively
good. Discrepancies can be attributed to fact that in mentioned work saturation am-
plitude was determined as a maximum of the envelope, while we have determined it
as a constant value about which electric field envelope oscillates, which gives presum-
ably little smaller values than in Brunetti. Also, Brunetti has taken the samples from
earlier time moment, when oscillations need not be definitively saturated. We have
measured it in time interval ≈ (4 000, 12 000). It is also seen that relative saturation
amplitude takes its maximum at α ≈ 0.2, then it drops for higher α. However, absolute
saturation amplitude increases monotonically with α.

4 Conclusions

Three basic damping regimes in collisionless plasma – linear (Landau), critical and
nonlinear (O’Neil) – are studied by the two alternative simulation methods: particle-
in-cell (PIC) and Eulerian. Original 1d PIC solver was developed by us, while third
party open source Eulerian solver, called Vador for beginners (VFB), was used also.
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Figure 10: Orbits of particles in phase-space all starting at time t = 0 in same
position x = 0 (dashed line). At later times position of particles in phase-space

at given time t forms spiral-like curve (solid red).

It turns out that both of them are capable to follow such subtle kinetic phenomena
as linear Landau damping, however PIC solver requires using a special low noise
loading technique called quiet start. Nevertheless VFB solver should be regarded as
a more suitable choice for that specific task thanks to a very low noise of Eulerian
method. Linear Landau damping is simulated using the PIC method. Two effects are
proposed as being responsible for arrest of Landau damping, which otherwise would
be continued indefinitely. One of the, the multibeam instability, applies rather if fewer
macro-particles are used, while other one, the coarse graining along with a resonant
region shrinking, applies when more macro-particles are used. In critical damping
regime low noise simulation is of primary importance, thus VFB solver was used
preferably. Critical initial perturbation amplitude, which separates asymptotically
damped and undamped regimes, was determined from simulation data. Value α? ≈
0.00848 agrees very well with those obtained in (Ivanov, Cairns, and Robinson, 2004).
Long-time simulations of O’Neil nonlinear regime, using the VFB solver, show very
slow decrease of electric field amplitude (envelope) even at times of order ωpt ≈
12 000. Decay is other then exponential but definite conclusion, whether it tends to
stabilization at some finite nonzero value for t → ∞ or whether it would continue
indefinitely, can not be done.
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